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On g—asymptotics for linear g—difference-differential equations
with Fuchsian and irregular singularities
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Abstract

We consider a Cauchy problem for some family of linear g—difference-differential equations with Fuchsian
and irregular singularities, that admit a unique formal power series solution in two variables X (t, z) for
given formal power series initial conditions. Under suitable conditions and by the application of certain
g—Borel and Laplace transforms (introduced by J.-P. Ramis and C. Zhang), we are able to deal with
the small divisors phenomenon caused by the Fuchsian singularity, and to construct actual holomorphic
solutions of the Cauchy problem whose g—asymptotic expansion in ¢, uniformly for z in the compact sets
of C, is X (t,z). The small divisors’s effect is an increase in the order of g—exponential growth and the
appearance of a power of the factorial in the corresponding ¢—Gevrey bounds in the asymptotics.

Key words: ¢g—difference-differential equations, g—Laplace transform, formal power series solutions,
q—Gevrey asymptotic expansions, small divisors, Fuchsian and irregular singularities.
2010 MSC: 34K25, 34M25, 34M30, 33E30.

1 Introduction

The second author has studied partial differential equations of the form
(1) 22972 (20,)"1 05 u(t, z) = F(t,z, 0, 0)u(t, 2)

where S, 71,72 are nonnegative integers and F' is some differential operator with polynomial
coefficients. These equations belong to a class of partial differential equations with both irregular
singularity at ¢ = 0 (in the sense of T. Mandai [21]) and Fuchsian singularity at z = 0. These kind
of problems have been extensively studied in the literature, see for example [1, 4, 9, 11, 20, 30]
for Fuchsian partial differential equations, and [6, 21, 22] for irregular singularities.

It is possible to construct formal power series solutions for the equation (1) of the form
G(t,z) =D ,,50 Um(t)2™/ml, with coefficients in C[[t]], for given initial data

(2) (02a)(t,0) = u;(t) € C[[t]],

0 <j <S8 -1, which are assumed to be 1—Borel summable with respect to ¢ in some direction
deR.

In the case r; = 0, it was shown in [18] that the formal series (¢, z) is 1—Borel summable
with respect to ¢ in the direction d if d is well chosen, as series with coefficients in the Banach
space of holomorphic functions near the origin with the supremum norm.



In the paper [15] the case 11 # 0 was treated, noticing that the formal series @ is in general
no longer 1—Borel summable, but one can show the existence of actual holomorphic solutions
u(t, z) which are Gevrey asymptotic of order larger than 1 to 4(¢, z) with respect to t in sectors
centered at 0 with finite radius in well chosen directions d € R. The reason for this different
behaviour is the presence of small divisors introduced by the Fuchsian operator (z0,)". More
precisely, the singularities of the 1—Borel transforms B, (7) accumulate to the origin in C as m
tends to infinity, so that the 1—Borel transform (Bu)(7, z) with respect to ¢ is only holomorphic
on a sector with infinite radius centered at 0 with respect to 7. This induces a large multiplier
effect on the [—th derivatives with respect to ¢ of the actual solution of (1) constructed with the
classical Borel-Laplace procedure u(t, z) = (LB@)(t, z) which grows like CK!!T'(1+ vI) for some
C,K > 0 and some ~ > 2 that can be expressed in terms of r1,rq, for all [ > 0.

In this paper, we study a g—analog of the problem (1), (2), discretized with respect to the
variable ¢, where 0 is replaced by the operator (f(qt) — f(t))/(qt —t) for ¢ € C (which formally
tends to 0 as ¢ tends to 1). Namely, we will consider the following linear ¢—difference-differential
equation

(3) (20, + 1) (toy)"? + 1) X (t,2) = E:W )(tog) "0k (D X) (¢, 2q 1)

with given initial conditions

(4) (B1X)(8,0) = X;(t) € C[[e)), 0<j<S—1,

where S,mq,m1 1 are nonnegative integers, for 0 < k < § — 1 and where ¢ € C such that
lq| > 1, o, is the dilation operator defined by (0, X)(t, z) = X(qt, z), and by (z) are polynomials
in z. As in previous works [16], [17], the map (t,z) — (q"0kt, zq~"™*) is assumed to be a
volume shrinking map, meaning that the modulus of the Jacobian determinant |g|™0*~™1k ig
less than 1. We will always assume that ro > 1, while 1 > 0.

Advanced/delayed partial differential equations have also been widely studied, see for ex-
ample [12, 13, 14, 23, 29, 32], and some authors have considered the use of special functions
transforms for the study of the asymptotic properties of the solutions of g—difference-differential
equations [10, 24]. Our present work is a contribution to this area.

It is not difficult to show (see Lemma 5) that this Cauchy problem has a unique formal power
series solution of the form

Z Xt hl ’

h>0

where Xj,(t) = Ym0 fmpt™ € C[[t]], h > 0. Our purpose is to construct actual holomorphic

solutions of this problem that are asymptotically represented by X (t,z) in a precise sense.
The key idea in our approach is the study of a related Cauchy problem,

(5) ((Zaz + )7’1 T2y 1)65 Zbk 710,k 8kW)(7_, Zq_ml”“)

with initial conditions
(6) (QIW)(1,0) = W;(r) € C[[r]], 0<j<S—1,

which, by the application of a ¢g—Laplace transform in the variable 7, provides information on
our initial problem (see Lemma 6). The g—Laplace transform we consider was introduced by



J.-P. Ramis and C. Zhang in [28], and in recent years it has been used with great success in
the study of the asymptotic properties of solutions of g—difference equations, see [8], in much
the same way as the classical Laplace-Borel transform has been applied to the asymptotic study
of formal solutions to differential equations and singular perturbation problems in the complex
domain (see the works of W. Balser [2, 3], B. Malgrange [19], J.-P. Ramis [26] or O. Costin [7]).
This new Cauchy problem (5), (6) is studied in two respects.

Firstly, assuming the initial conditions W; are holomorphic and have g-exponential growth
(of order 2) in a set V¢ = {vg" : v € V, h € Z}, V being a well chosen bounded open set in
C\ {0}, and with some restriction on the argument of ¢, we prove in Theorem 2 that there exists
a unique solution of (5), (6), of the form

Zh
(7) W(r2) = Wi(r)
h>0

holomorphic on V¢% x C and of g-exponential growth (of order 1) in 7, in the terminology of [2§],
uniformly for z in any compact set of C. The increase in the order may be seen as an effect of
the small divisors appearing in the problem.

Secondly, assuming the initial conditions W}, 0 < j < S —1, are holomorphic near the origin,
we prove in Theorem 4 that the solution in (7) has coefficients W}, holomorphic in discs Dj, whose
radii tend to 0 as h tends to infinity, in such a way that there exist constants Cy,T7, X7 > 0
such that A .

sup 03| < () () b+ 0 F a7

Teﬁj Tl Xl
for every m,j > 0. The important fact here is the g—exponential decrease of these bounds with
respect to j, what will turn out to be crucial in the following. These two results allow us to
analyze the g—asymptotic expansion of the g—Laplace transforms of the W}, (Proposition 3),
which is shown to hold in a common domain 7} 45, (see (9) for its definition) for all h > 0.

We are prepared to turn now to our main objective. Departing from formal initial conditions
X;,0<j <8 —1, whose ¢—Borel transforms W;(7) (in the terminology of [28]) satisfy all the
conditions in the previous two results, we are finally able to find a solution of our problem
(Theorem 5) in the form

Sh

X(t2) = Y LW (057,
h>0

which is holomorphic in 7y g5, X C, and such that given R > 0, there exist constants C >0,
D > 0 such that for every n € N, n > 1, one has

n—1 h

m? N r n(n— n
[X(0.2) = 30 D funt™ 55| < CD"D( (4 1))lgl" 0Pt
h>0m=0 .

for every t € Ty 450, 2 € D(0, R). Again one may note that the small divisors phenomenon has
caused the appearance of the term I'(7l(n + 1)).

The paper is organized as follows. Section 2 provides the facts concerning the ¢—Laplace
transform. Section 3 is devoted to the study of a first auxiliary Cauchy problem in suitable
weighted Banach spaces of formal Laurent series. This is needed in the following section, devoted
to the proof of Theorem 2. A second Cauchy problem in weighted Banach spaces of formal Taylor
series (Section 5) is applied in the next Section, which contains Theorem 4. Finally, Section 7



consists of the construction of the solution, and it also contains some remarks on the nature of
the solution in the special case that r; = 0, in which no small divisors appear.

We fix some conventions. C* stands for C \ {0}, and N for the set {0,1,2,---}. D(0,r)
denotes the open disc with center 0 and radius r > 0. Given a set V C C and ¢ € C, we define

VqZ:{vqh;UE‘/’hEZ}, VqN:{UthUGVv,hEN}.

2 A g—analogue of the Laplace transform and ¢—asymptotic ex-
pansion

In this section, we recall the definition of a g—analogue of the Laplace transform introduced in
the papers [28, 31] and some of its properties that will be useful in the sequel. For the sake
of clarity, we include the proof of these results (mainly available in [31]), since they contain
important estimates that will be used in the proof of our main result (Theorem 5).

Proposition 1 Let ¢ € C such that |qg| > 1. Let V be an open and bounded set in C* and
D(0, po) a disc such that V N D(0,p0) # 0. Let (F,||.||[r) be a complex Banach space. Let
¢ : VN UD(0,py) — F be a holomorphic function which satisfies the following estimates : there
exist C, M > 0 such that

8) lp(xq™)|[e < Mlg|™/2C™

for allm >0, allz € V. Let © be the Jacobi Theta function defined in C* by

@(CIZ) — qun(nfl)/an.

nez

Let § >0 and A € VN D(0,pg). We denote by

. A
9) Rygs={teC" |1+ m7| >0,V €Z}, Thgsrm = Rirgs ND(0,71).
The q— Laplace transform of ¢ in the direction A\g% is defined by

L0 = Y alamn/6(L2)
MEZ

forallt € T g6, if 11 < |A\g"/?|/C. Moreover, E;‘(gb)(t) defines a bounded holomorphic function

on Ty .5 with values in F when i < IAg'/2|/C. Assume that the function ¢ has the following
Taylor expansion

— fn n
(10) P(1) = Z pric=nT-A
n>0
on D(0, pg), where f, € F, n > 0. Then, there exist two constants D, B > 0 such that
n—1
(11) 1£3(@)(t) = > fut™|le < DB™[q|" "D/t
m=0

for alln > 1, for allt € Ty g5, -



Remark: In the situation described by (11) it is said that Eé(qﬁ) admits the series Y~ fmt™
as g—Gevrey asymptotic expansion of order 1 (whenever the exponent of |g| in the bounds is
n(n —1)/(2r) the order is said to be r). Analogously, a function that satisfies estimates such as
(8) is said to have g—exponential growth of order 1 in V™.

If (2) =), 50 an2" is an entire function such that there exists C' > 0 such that

|an| < Cexp(—(n — a)?/2)
for all n > 0 and some « > 0, then ¢ satisfies the estimates (8). For a reference, see [25].

Proof Since the Theta function ©(x) satisfies the g—difference equation O(gz) = qz©(x) for all
x € C*, we get that
A

) _ qm(m+1)/2(i)m@(?)

q
(12) o(t> t

for all t € C*. Moreover, from Lemma 4.6 of [27], there exists K1 > 0 such that

a"A

(13) ©(g" A1) > K16y |g| "D "

ne”L

‘ n

for all t € Ry 4.5, all m € Z.

In the proof, we will show the estimates (11). From them one may easily deduce that the series
defining ,C[)I‘(czb)(t) converges and defines a bounded holomorphic function on 7 45,,. We would
like to point out that many of the series following are initially formal, but we will finally prove
their convergence.

Let K > 0 be an integer. First of all, we give estimates for the sum ), #(¢™\)/O(¢™A/t).
From the estimates (13), we have that

A _K(K— A
(14) O()] = Kadlg| M2

|K
for all t € Ry 4. Using (8), (12) and (14), we get the estimates

1) e < 2 (a2 (e
DY AV Nl

for all m > 0, all t € Ry 4. So that if we choose a positive real number r1 < |A||q|*/2/C, then
there exist Dj, By > 0 (independent of K') such that

(15) Sl mA /t < Di(By)" g2y
m>0

for all t € Ty g6, -
In a second step, we give estimates for the sum » o ¢(q™A)/O(¢™A/t) — SO fat™, where
the f,, are defined in the Taylor expansion (10). From the formula

nn D/2m _
! Z@ mA/t



for all n > 0, given in [28], we can write (at least formally)

m m n fn my\n
Z¢(q A)/O(g"A/t) — ant Z@ m)\/t) Z W(q A)

m<0 m<0 n>K+1

-3 it (X )

an

for all ¢ € C*. From the fact that ¢ has convergent expansion (10) on D(0, pp), and since
|A| < po, there exist C; A > 0, with A < 1/|A|, such that

fn
(17) HWHF <CcA"

for all n > 0. From (16) and (17), we deduce that

(18) 1) ¢(a™N)/O(g™M/t) - ant”\|F<A(>+B<t>

m<0

where

=Y &rm > CcA™M(d™ )"
[0 A/1)] A/lt)

m<0 n>K+1

and

n
m>0

for all t € C*.

We give estimates for A(¢). By summing up the geometric series (convergent because A|q|™|A| <

AJ\| < 1 for all m < 0) and changing m into —m, we first have that there exists D > 0 such

that

(19) .A(t) < DAK+1 Z (‘qyfm‘)\‘)KJrl
P TDYO]
for all ¢ € C*. From (13), we have that
q_m)‘|K

O ™/0) > Kadlg| KK

for all m > 0, all £ € R) 4,5. We then have that

(‘Q|7m‘)“)K+1 < |A| | |K(K_1)/2|t|K(i
©(g™™A/)| — Ko |4l

for all m > 0, all t € Ry45. From (19) and (20), we deduce that there exist Do, By > 0
(independent of K) such that

(20) m

(21) A(t) < Dy(By) X |g|KE-1D/2)4 K

for all t € Ry 4,5



In the next step, we get estimates for B(¢). From (13), we have that
q"A
1©(¢™A/t)] = K15|q,7(K+1)K/2’T|KH

for all m > 0, all t € Ry 4,5. We deduce that

(g™ A)"] P\I”(
[©(gmA/)] — K16 Al

L
)KJrl’ |K+1)K/2| |K+1( )

g

for all m > 0, all 0 < n < K. From (22), the equality (K + 1)K/2 = K + K(K — 1)/2 and
the fact that |t| < r; whenever ¢t € T ,5,,, we obtain that there exist D3, B3 > 0 (independent
of K) such that

(22)

(23) B(t) < Ds(Bs)" g V2|t %

for all t € Ty 4.6, -

Finally, using the estimates

1D 6™ N)/0(d"A/t) — ant”\lw<llz¢ "A)/O(¢"AT) = ant I3

meZ m<0

+ 1] Z P(¢"N)/O(¢" A1) |p

m>0
we deduce from (15), (18), (21), (23) that
K
(24) 1) 6(a™N)/O(@™ A1) =D fut"lle < Da(Ba)* g HD2)8)%
meZ n=0

for some Dy, B4 > 0 (independent of K). Now, for K € N, K > 1 one may write

K
1D 6™ N)/O(g"A/t) — ant”\lm<llz¢ (@™ N)/O("A/t) = > fat" e + |1 /5t ™ |le

MmEZ meZ n=0

and take into account (24) and (17) in order to obtain (11), as desired. O

Proposition 2 Let V be an open and bounded set in C* and D(0,pg) be a disc such that
V N D(0,po) # 0. Let ¢ be a holomorphic function on Vg~ U D(0, po) with values in (F,||.||r)
which satisfies the estimates : There exist C, K > 0, such that

(25) l|6(xq™)||r < K|g|™/2C™

for allm >0, all x € V. Then, the function M¢(7) := 7¢(T) is holomorphic on V¢~ U D(0, po)
and satisfies estimates of the form (8). Let X € V. N D(0,po). We have the following equality

Ly(Me)(t) = tLy(9)(at)

forallt € Ty g5, if 11 < IAg'/2|/(Clql)-



Proof From the estimates (25), we get a constant r > 0 such that

1(M6) (g™ [z < rKlal™(jg|C)™

for all m > 0, all x € V. From Proposition 1, we deduce that Lg (M¢)(t) defines a holomorphic
function on 7y 6., if 71 < |Ag"/2|/(C|g|). On the other hand,

(26) tLy (o Z @ — A / qt

But we have that
t q"A

O(gmA/(qt))  O(gmA/t)
for all m € Z. Indeed, put y = ¢™\/(qt) in the identity ©(qy) = qyO(y). From (26), we get
that

CICEDY ) = £h019) ()

for all t € Ty g6, - O

For convenience, we recall the following concepts.

Definition 1 A series f(t) = > n>o [nt" € C[[t] is said to be g— Gevrey of order 1 if its so-called
formal q— Borel transform of order 1,

converges (i.e. it has positive radius of convergence).
The formal q—Laplace transform of order 1 of a series (1) =Y, <o gnT" € C[[7]] is defined as

L) = Y g

n>0
so that these formal transforms are inverse of each other.

It is immediate to check that, in agreement with Proposition 2, we have that for every
g € C[[r]],

(27) Lq(rg)(t) = tLad(at).

3 A Cauchy problem in a weighted Banach space of formal Lau-
rent series

With the help of the g—Laplace transform we will change our initial problem (3), (4) into an
equivalent one (5), (6), whose study will require the consideration of two auxiliary Cauchy
problems. The first of them, which we are going to present in this Section, will be crucial in
the study of the g—exponential growth of the coefficients of a solution of (5), (6). Although our
equation involves a complex number ¢ with |g| > 1, in this Section and in Section 5 we will be
only concerned with the value |g|, so we directly work with a real value ¢ > 1.



Definition 2 We consider the vector space Eq (1 x) of formal Laurent power series

h
Zz _
(28) Vigo)= D uaf'5y €Cllg,€7al]
l€Z,h>0 ’
such that | | .
L vl,h lX
Hv(fﬁ x)“(T,X) i lezzh>0 qP(l,h)T F < 0,

where T, X > 0, g > 1 are positive real numbers and where

P = 12+ 35h— k% if1>0,h>0,
’ —(1/2)h? if L <0,h >0.

The space (Eq (7, x), ||-|l(1,x)) is a Banach space.

Remark: Notice that we have a continuous inclusion (Ey (7 x1, ||-|l(7,x7)) = (Eq,7,x)s [-ll(7,.x))
when 0 < X < X'.

We consider the integration operator 9,1 defined on CJ[[¢, ¢~ z]] by
-1 " ~1
830 (V(éax)) = Z Ul,hflg ﬁ € C[[§7§ ,.’BH
1€Z,h>1

Lemma 1 Let my,s,h1,he > 0 be nonnegative integers. Let T, X > 0. Assume that the
inequalities hold

(29) s+ ho>2h1 , my > s+ ho.

Then, there exist C > 0 (depending q, s,hy,ha,m1) such that

(30) [l2*(07 "2 V) ("€,

X
1

o M x) < CXEHDVE )| x)

for all V(§,x) € Ey (7 x)-

Proof Let V (&, x) € C[[¢,¢71, 2]] as in (28). We have that

halp) zh
2% (9, "2 V) (g, i U h—(s 7" el
( )( € qml) ez h;}w+s l,h ( +h2) q’rnl(h—s)(h _ S)'§ h'
From the definition of the norm ||.||(7 x), we get that
h—(s+h2)
s(9—hso h1 L o |vl,h7(s+h2) ‘ I X
(31) ||SC (am V)(q 5’ qml )||(T,X) - Z qP(l,hf(s+h2)) (h — (S + hg))' X

1€Z,h>ho+s

| (h— (s + o)l o,
qP(l,h)fP(l,hf(S+h2))fh1l+m1 (h—s) (h _ S)' ’

In the rest of the proof, we will show that there exists a constant C' > 0 (depending on g,
s, h1, ha,mq) such that
1

(32) PR =PI (sth2))—hil+ma (h—s) ¢




10

for all l € Z, h > 0. Indeed, if [ > 0, then

PUR) = P, — (5 + ha)) — hal +ma(h — ) = 1(2212

—h1) +h(m1 — (s + ha))

(S + h2)2
2
for all h > 0. From the assumption (29), we deduce that the inequalities (32) hold for { > 0,
h > 0.
If 1 <0, then

—mi8s +

(S + h2)2
2

for all h > 0. From the assumption (29), we deduce that the inequalities (32) hold for [ < 0,

h > 0.

Finally, the inequality (30) follows from the expression (31) and the estimates (32). O

P(l,h) — P(l,h — (s + h2)) — hil + my(h — 8) = l(=h1) + h(m1 — (s + ha)) — mys +

Lemma 2 Let s,h; > 0 and Ty, Xo > 0. Then, there exists a constant C1 > 0 (depending on
q,8,h1,To, Xo) such that for all 0 < X7 < Xoq™* and for all Th > 0 satisfying

(33) ¢ MTy < Ty < Tpgz ™™
one has
(34) HxSV(thf, ‘r)H(TI,Xl) < Cle(g? x)H(To,XO)

forall V(& x) € Eq.(10,X0) -
Proof Let V(£,2) € C[[¢,£71, z]]. From the definition of the norm ||.||(7,x), one can write

. sl g X5
(35) [z V(" &) |xy = D P(l,h—s) T(l)(ho_ s
lezh>s '

1 Tiv Xivhys
{qP(l,h)—P(l,h—s)—hll(TO) (fo) Xo
In the rest of the proof, we will show that there exists a constant C; > 0 (depending on ¢, s, h1)
such that for all 0 < X; < Xp¢™° and all T satisfying (33), one has

1 Ty, Xa
qP R =P(lh=s)=Ml (?0) (yo

(36) <G

foralll € Z, all h > 0.
If I > 0, then

P(I,h) — P(I,h — 8) — Iyl = l(% — ) + h(—s) + 822
for all h > 0. So, we get that (36) holds for all [ > 0, all h > 0.

If I <0, then
2
Pl h) = P(Lh = 8) = hal = [(=h1) + h(=s) + 5
for all h > 0. Hence, we get that (36) holds for all [ <0, all A > 0.

Finally, the inequality (34) follows from the expression (35) and the estimates (36). O
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Lemma 3 Let ho > 0 and Ty, Xo > 0. Then, there exists a constant Co > 0 (depending on
q, ha, Ty, Xo) such that for all 0 < X1 < Xoq~"2 and for all Ty > 0 satisfying

(37) To < Ty < Tog"™/?,
one has
(38) 10, "2V (&, )1y x1) < CallV (& 2)||(10.x0)

for all V(§,7) € Eg (7, x)-
Proof Let V (&, x) € C[[¢,£71, z]]. From the definition of the norm I[-[l(7,x), one can write

h—h
(39) [10;"2V (& )] = > ospal gy Xp X
. ) (1, x1) = P(Lh=h2) "0 (h, — po)!
1€Z,h>ho q '

{an,h)—P(l,h—hz)(To) S B

In the rest of the proof, we will show that there exists a constant Cy > 0 (depending on g, ha)
such that for all 0 < X; < Xo¢~ "2 and Ty satisfying (37) one has

1 Ty

I
GPUR—PULh=h2) \ T

)’(fo)h <G

(40)

forall l € Z, all h > 0.
If I > 0, then
ha h3
P, R) = P, h = ha) = [(2) + h(~ha) + 2,
for all h > 0. Hence, we get that (40) holds for all [ > 0, all h > 0.
If I <0, then
1

P(l,h) — P(l,h — hy) = h(—hy) + §h2,
for all h > 0, and we get that (40) holds for all 1 < 0, all A > 0.
Finally, the inequality (38) follows from the expression (39) and the estimates (40). O

Let S, mo , m1k, 0 < k < S—1 be positive integers. Let D the linear operator from C[[¢, 1, z]]
into C[[¢, &7, 2]] defined by

S—1
D(V(& ) = V(6 x) = Y ap(@)(05V) (gm0, /™),
k=0

for all V € C[[¢,£71, 2], where ag(z) = >ser, @kst” € Clz], with Ij; be a finite subset of N, for
0<kE<LS—1.

We make the following hypothesis.
Assumption (A) For all 0 < k < S —1, for all s € I}, we have

s+S—k>2mop , mip>s+S—k
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We consider the operator A from C[[¢, ¢, z]] into C[[¢, £, x]] defined by

A(V(§,2)) = V(§,2) = D(9;°V (¢, 2) Zak (D55V)(gmorE, /g™ )

for all V e C[[€, €71, 2]].

From Lemma 1, we deduce the following

Lemma 4 Let T > 0. Then, there exists X > 0 such that A is a linear bounded operator from
(Eq,cr.x)5 I - ll(7,x)) into itself. Moreover, we have that

LAV (E 2)llrx) < *I\V(fa o). x)s

Jor allV € Eq (1 x)-
From Lemma 4, we deduce the next

Corollary 1 Let T > 0. Then, there exists X > 0 such that D o 8;5 1s an tnvertible linear
operator from (Eq (7 x),||-|l¢r,x)) into dtself. In particular, there exists C > 0 such that

1D(0;°b(¢, )l (r,x) < ClIb(E )|z, x)
for all b(§,z) € Eg (1x)-

Definition 3 Let Ty ; > 0, 0 < j < S —1 be real numbers. We say that (Tp j)o<j<s—1 satisfies
the assumption (B) if
1) The set

—m (s+j—k—2m0’k)
T := No<k<s—1 Nk<j<S—1,ser, 1[4 **To;,To,jq 2 ]

18 not empty,
2) There exists Ty € T such that

Ty = [T1, T1¢*) (N5 [Tog, Toj¢'?)
1s not empty.

Example: Let S > 1. For all 0 <k <5 —1, let I;; C N such that s € I, implies s > 2mq ;, + k.
For all 0 < j < S —1, we put Ty ; = Tp > 0. Then, we have that Ty € T and that T; = {Tp}.
So that (Tp,j)o<j<s—1 satisfies the assumption (B).

Theorem 1 Let S > 1 be an integer. For all 0 < k < S —1, let mg 1, my be positive integers
and ag(z) = Y ., arst® € Clx]. We make the hypothesis that the assumption (A) holds.

We consider the following functional equation

(41) oV (¢, ) Z ar(@)(DEV)(q™rE, w/q™F)

with initial conditions

(42) (@V)(£,0) =¢;(€) , 0<j<S—1
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We assume that ¢;(&) € Eq.(10.,X0) for 0 < j < 8 —1, where Xo > 0 and (1o ;)o<j<s-1
satisfy the assumption (B). Then, there exists X > 0 and for T € Ty, the problem (41),
(42) has a unique solution V(§,x) € Ey (7 x). Moreover, there exists C > 0 (depending on
S,q,ar(x),mo,mik, for 0 <k <S—1 and Xy, Ty, for 0 < j < S —1) such that

S—1

IV D)l rx) < C Y N85z, x0-

J=0

Proof A formal series V (£, x) € C[[¢,£71, z]] which satisfies (42) can be written in the form
V(& z) = 0;9U (&, ) + 1(&, ) where

S5-1 o
I(62) =Y 6;(O)=
=
and U(¢,z) € C[[§, &7, z]]. A formal series V (€, z) € C[[¢,£71, x]] is a solution of the problem
(41), (42) if and only if U (&, x) satisfies the equation
(43) D9, °U(¢,2)) = —D(I(€, 2)).

By construction, we have that

S-15-1

DU =33 s ™)

k=0 j=k s€lj

From Lemma 2 and the assumption (B), there exists X; > 0 such that for all 77 € T we have
that

5Tk (gm0rE) € By 1y xy)

foral0 < k< S—1,all k< j<S—1,all s €. Moreover, there exists C7 > 0 (depending
on Ix,j,mo k,X0,70,7) such that

(44) 12* 77 0;(a™ )|y, 1) < Cullds(llemy 5, x0)-

We deduce that D(I(§,x)) € Ey (1, x,) and from (44) there exists a constant C > 0 (depending
on q,ai(x),mok,mik, for 0 <k < S —1and Xo,Tp;, for 0 < j <5 —1) such that

S—1

(45) IDUE Dy, x1) < CF D 65 ez5,5,x0)-

J=0

From Corollary 1, we deduce that the equation (43) has a unique solution U (¢, ) € Ey (1 x,)-
Moreover, there exists a constant Cy > 0 (depending on g,ax(x),mqk,m1k, for 0 <k < 5 —1)
such that

(46) U, o)1y, x1) < C2l[DU(E, )1y, x1)-

Now, from the assumption (B), we choose 77 € T in such a way that Ty is not empty. Let
Ty € T;. From Lemma 3, there exists X; < X such that 9;5U(¢,z) € Eq,(T5,x2)- Moreover,
there exists a constant C3 > 0 (depending on ¢,S,71,X7) such that

(47) 105 5U (€, 2)l(15.x5) < CallU(E2)]1y,x1)
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From Lemma 2, there exists X3 < X such that I(§,7) € E; (1, x,). Moreover, there exists a
constant Cy > 0 (depending on S,q,Tp j,Xo, for 0 < j < .S —1) such that

S—1
(48) 11 @)y, x5) < C1 D b3 (E)lemy.x0)-
7=0

Finally, the formal series V(¢,2) = 975U (€, 2) + I(£, x), solution of the problem (41), (42),
belongs to Ey (7, x,). Moreover, from the inequalities (45), (46), (47) and (48), we get a constant
Cs (depending on S,q,ar(x),mo k,mik, for 0 <k <8 —1 and Xo,Tp 4, for 0 < j < S —1) such

that
S—1

IV D) (7,x0) < C5 > _ 85|75, %0)-

=0

4 A Cauchy problem in analytic spaces of g—exponential growth

Let S > 1, 71,72 > 0 be integers. For all 0 < k < S — 1, let mg ,m1 , be positive integers and
br(z) = Zselk brsz® be a polynomial in z, where I is a subset of N.

Lemma 5 For every choice of formal series X eClt]], 0<j<S—1, the Cauchy pmblem

(3), (4) has a unique solution in the form of a formal power series X t,z) Z Xh h' , where
h>0
X}, € C[[t]] for every h > 0.

Proof Let us put Xh(t) = ZmZO Jmnt™, b >0, fin € C. By substituting X in (3), one can
check that the left hand side turns out to be

ro—1 L

- rolm-—r m <
Z ( Z Smptst™ + E (Frpts + (h+ 1) frnpy pypsqr2 2 D/2gralm=r2)yy )ﬁ,
hZO m=0 m=rg .

while the right hand side is

S—1 S
S (Y y el
holgm1kh2 )

h>0 k=0 hi+ho=h,h1 €1}

The values fy, 5, m > 0,0 < h <5 —1, are given by the initial conditions. We begin obtaining
fm,s, m > 0. We look at the coefficients of 29 at both sides and impose them to be equal:

ro—1 S—1
Z Frst™ + Z (s + i mysqm(rz 1)/2 r2(m 7"2)>t Z Z brot™0k X1 (¢0k ).
m=rg k=0 0&l},

Since the right hand side is determined by the Xj, 0 <j <S§—1, we can recursively obtain
the fy, s, m > 0, by imposing the equality of the coefficients of ¢"* in each side for every
m=0,1,2,...

We can repeat this argument in a similar way as the second index in f,, ;, increases. O
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With the help of the g—Laplace transform, we reformulate our problem. Consider the Cauchy
problem

(49) ((Zaz + )7‘1’7'712 + 1 65 Z bk 70,k ak )(,7_7 Zq_mlvk)

with initial conditions

(50) (aiw)(TaO):Wj(T)GC[[T]] , 0<j<S-1

Lemma 6 The formal series X (t, z) ZXh —, where X, € C[[t]] for every h > 0, satisfies
h>0 !

the Cauchy problem (3), (4) if, and only if, the formal series W (1,2) ZB Xh — satisﬁes

h>0
the Cauchy problem (49) (50) with W(T) = Bqu, 0<j<S—-1.

Conversely, W ZWh h' , with W, € Cl[7]] for every h > 0, satisfies the Cauchy
h>0
problem (49), (50) if, and only if, the formal series X t,z) Z L Wh — satzsﬁes the Cauchy

h>0
problem (3), (4) with X;(t) = ﬁqu(t) for0<j<S—1.

Proof It suffices to insert each series in the corresponding Cauchy problem and apply (27). O

Let V be an open and bounded set in C*, and g € C with |¢| > 1. In the following result we
study the g—exponential growth of the coefficients of a solution to the Cauchy problem (49),
(50). We will depart from initial conditions W;, 0 < j < S — 1, holomorphic in V¢%. We make
the assumptions (A) and (B) in the previous Section, so that we may apply Theorem 1, and
we also suitably choose ¢ and V' in order to deal with a small divisors problem.

Theorem 2 Let the assumption (A) (of Section 3) be fulfilled by the sets I and the integers
mo,k.m1k, for 0 <k < S —1.

1) We make the following assumptions on q and on the open set V: q is of the form q = |q|e®,
with 0 = 1)277; for some b € N, b > 1. If we denote

V2 ={a2":2e€V},

we assume that there exists ¢ € (0, min{xw/b,7/2}) such that

r . 27l
v (ZLJOS(—W—F T,25)) -y

where S(d, ¢) stands for the unbounded sector in C with vertezx at 0, bisected by direction d and
with opening .
2) The following assumptions on the initial conditions hold: Let (Ty j)o<j<s—1 be a sequence
satisfying the assumption (B), there exists a constant Ky > 0 such that

1

172
(51) sup [W; (wq')| < Kolg|" (7—)'

1 1
— Wilzq ™| < Ko(To ;) ——5
0 S IWilea )l < Ko(Tog) 1
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forall0<j<S5—1,alll>0.
Then, there exists a unique solution of (49), (50)

(1,2) — W(r,2) ZWh
h>0

which is holomorphic on V¢* x C. Moreover, for all p > 0, there exist two constants C,T > 0
(depending on p,S,|q|,bix(2),mo k,m1k, for 0 <k < S —1 and Ty, for 0 < j < S —1) such that

1
(52) sup  [W(ad,2)| < CKolg|2" (=) ,  sup  |[W(ag!,2)| < CKT'
2€V,2€D(0,p) T 2€V,2€D(0,p)

for alll >0 (where Ko > 0 is defined in (51)).

Proof From the hypothesis 1) in the statement, there exists 6 > 0 such that
(53) [(h+ 1) a™q? + 1] > 6

foralll € Z, all h > 0, all x € V. We consider the sequence of functions W (7), h > S, defined
as follows

(54) Wh+s =) Z > bn, 20k q Wiy (zq)
l | Kkh
o hshemimer, (B 1)mar2get41) hylgmikhe

mo,kl

for all h >0, all l € Z, all x € V. One checks that the sequence Wy, (7), h > 0, of holomorphic
functions on V¢?, satisfies the recursion (54) if and only if the formal series

= ZWh(T)i

h>0

in the z variable, satisfies the problem (49), (50). From this we deduce that the solution W, if
it exists, is unique.
According to (51) and (54), we can recursively prove that the sequence (wyp)iez,n>0 defined by

(55) wyp, = sup [Wy(zq)],
zeV

for all [ € Z, all h > 0, consists of positive real numbers. Due to (53), the sequence (wy p)iez,h>0
satisfies the following inequalities: There exists r > 0 (depending on mq j, V') such that

lh+S Z Z |bkhy 7|0k Wy gk
1 q|m1,kh
k=0 h1+ho=h,h1 €I} 5 h2’q| LR

forall l € Z, all h > 0.
We consider the sequence of real numbers (v;1)1ez n>0 defined by the following recursion

UZh+S bk, [7]g™0 v gtk
(56) Z > = ;

hollag|m1 kb2
k=0 h1+ho=h,hiElx 2!lg|
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with initial conditions v;; = wy j, for 0 < j < S —1, all [ € Z. By construction, we have that
(57) wyp < U

forall l € Z, all h > 0.
In the following, we put ag(z) = >y, (|bks|r/d)2® for 0 <k < S—1 and we consider the formal

Laurent series
z”«"h
V(g,l‘) = Z /Ul,hg ﬁ
1€Z,h>0 ’

From the recursion (56), we get that V (£, x) satisfies the following Cauchy problem

S—1

(58) RV(E )= ap(x)(O5V)(Elq/™*, x/|q|™*)
k=0

with initial conditions

(59) (01V)(£,0) = w ¢l

leZ

From the hypothesis (51), we get that ¢;(£) belongs to E g, (Tv;,x0) for all Xo > 0. By hypothesis,
the assumption (A) holds for the sets I, and the numbers mg x,m1 ; and the assumption (B)
is fulfilled for the sequence Tp;, 0 < j < .S — 1. From Theorem 1, we deduce that the unique
solution V (£, z) of the problem (58), (59) satisfies V({,z) € Eq (7,x) for a real number X > 0
and T" € Ty. Moreover, there exists a constant C' > 0 (depending on S,|q|,ar(x),mq k,m1 i, for
0<k<S-—1and Xo,Tp,, for 0 <j <SS —1) such that

S—1

(60) V(& 2)ller,x) <CZ||¢J Nito,,.%0)-

7=0

From the inequality P(l,h) < % - %2, for all I € Z, h > 0, and (60) we get that there exists
a constant C' > 0 (depending on S.,|q|,ar(z),mor,m1k, for 0 < k < S —1 and Xo,Tp, for
0<j<S5-—1)such that

Lin 0o =2y Ln

— nl €K T"h!(—
T)(X) s Joinl < KoCllg| 2 ()
for all 1 > 0, all h > 0, where K is the constant introduced in (51). From the inequalities (57)
and (61), we get that

(61) lupp| < Kol \Q| |CI\ & h'(

21 _ p
sup W (aq',2)| < KoC'lg| 2 ()' (D lal ™" /()"

z€V,zeD(0,p) h>0
— _p2
sup W (ag ™, 2)| < KoC'T'(Y lal " 2(£)")
z€V,zeD(0,p) h>0
for all 1 > 0, all p > 0. So that the estimates (52) hold. O

Remark: Condition 1) in the previous statement could be replaced by a more general condition,
namely: Let ¢ and V' be such that (53) is verified for some 6 > 0 and for all [ € Z, all h > 0, all
x € V. However, we preferred to use 1) because of its easy geometrical interpretation.
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5 Second auxiliary Cauchy problem

We now suppose that the initial conditions Wy, 0 < h < S — 1, of (49), (50) are holomorphic
in suitably small neighbourhoods of 0. Our next aim is to obtain information on the rate of
decreasing of the derivatives of the functions Wj,, h > 0, coefficients of the solution constructed
in Theorem 2, near the origin. This will be done in the next Section, where we will need the
second auxiliary Cauchy problem we deal with in this Section.

Definition 4 Let ¢ > 1 be given. Let us consider the space Hr x of formal power series

h
Vi x)= Z Ul,hglﬁ € C[[¢, =]

1>0,h>0
such that N
279 X
|V(fa$)|/(T,X) = Z oinl T'" ﬂﬁ < 00,

1>0,h>0 ’
where T, X are positive real numbers.
The space (H7 x, |- ]'(TX)) is a Banach algebra.
Remark: We have a continuous inclusion (Hp x+, | - \’(T X,)) — (Hr,x), | - ]’(T X)) whenever
0< X <X

We can easily prove the following result, along the same lines as Lemma 1 in Section 3.

Lemma 7 Let m, s, h > 0 be nonnegative integers such that m > s+ h, and let T, X > 0. Then,
there exists C' > 0 such that

S — €T S
|25 (0, V) (&, q—m>\’<T,X> < CX*HMV (&, )7 x)

for all V(§,x) € Hip x)-
The following is immediate from the definition of Hr x).

Lemma 8 Let T,X > 0. The series R(§) = > .2, 241el to be considered mext, belongs to
Hr,xy if, and only if, T < 1/2.

Let S,m;y, 0 <k < S —1, be positive integers. Let F be the linear operator from CJ[[¢, z]]
into C[[¢, z]] defined by

T
I

FV(x) = 0V(Ex) = Y eul@)REDV)(E x/q™*),
0

>
Il

for all V' € C[[¢, z]], where

() = |brsla®,  0<k<S-1,

s€ly,

and R(&) is the one in Lemma 8.
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We consider the operator B from C|[¢, z]] into C[[¢, z]] defined by

BV (& x) = V(&) — F(9, V(¢ ) :Z (05 5V (& x/q™F)

for all V e C[[, z]].

From now on in this Section, we will make the following
Assumption (A2) For all 0 < k < S —1, for all s € I, we have
my > s+ 95 —k.
From Lemmas 7 and 8 we deduce the following result.

Lemma 9 Let T € (0,1/2). Then, there exists X > 0 such that B is a linear bounded operator
from (Hp xy, |- [ TX)) into itself, and

1
BV (& 2))|(7,x) < §|V(£a$)|/(TX
Jor allV € Hp x).
From Lemma 9, we deduce the next

Corollary 2 Let T € (0,1/2). Then, there exists X > 0 such that F o 0;° is an invertible
linear operator from (Hr,x,| - ](TX ) into itself. In particular, there exists C > 0 such that

F (05 56(&, @) x) < CIb(E, @) (7 x)
for all b(¢, z) € Hir x).

Theorem 3 Let us consider the Cauchy problem

S—1
(62) 5V(&,x) = en(x)R(E)(OEV)(& /g™ *)
k=0

with initial conditions
(63) (DIV)(£,0) = (), 0<j<S—1,

and assume that ¢;(§) € Hir,; x), 0 < j < S — 1, where Xo > 0 and To; > 0 for j =
0,1,...,8 — 1. Then, for every positive number T1 < min{Ty1,...,Tp,s-1,1/2}, there exists
X1 > 0 such that the problem (62), (63) has a unique solution V({,x) € Hp, x,). Moreover,
there exists C > 0 (depending on S, q, Xo, and ci(x), my g, To for 0 <k < .S —1) such that

‘ (67 T1 Xl) — C Z |¢J T037X0

Proof It heavily resembles that of Theorem 1,s0 we omit it. O
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6 Estimates for the derivatives of 1¥; near the origin

In the Cauchy problem (49), (50) we consider initial conditions W; which are holomorphic
functions respectively defined in open sets containing the closed disc

Dj={r:|r] <1/(2(j + )"/™)}

for 0 < j < S—1 (for the sake of brevity, we say that W; is holomorphic in D). Then, Cauchy’s
integral formula for the derivatives allows us to obtain constants A; > 0 such that for every
natural number n > 0 we have

max [0"W;(7)| < Alnl.
’TEDj

So, the assumptions in the following result are not restrictive.

Theorem 4 Consider the Cauchy problem (49), (50). Suppose Wj(1), 0 < j < 8 —1, are
holomorphic functions in D; such that there exist constants Ty j > 0 and a constant K > 0 such
that

0wy (7)] < K ()
max —_—
Teﬁj TO] 1—|—n2

forn>0,7=0,1,...5 — 1. Then there exists a formal solution of (49), (50),
z
= Z Wi(T)
h>0
where Wy, is a holomorphic function in Dy = {7 : |7| < 1/(2(h 4+ 1)"/™)}, h > S. Moreover,
there exist constants T1, X1 > 0 such that
1\n/ 1\J )

(64) sup [0"W;(7)| < C1 ()" (5 ) nbdt(G + 1)/ 72 g /2

7€D; Tl Xl

J

for everyn,j > 0, where Cy is a positive constant (depending on S,q,by(z),m1 , for0 <k < S—1
and Toj, for0<j < S —1).

Proof We look for formal series solutions of (49), (50) of the form

h
=Y Win

h>0

which leads to the equalities

Wy, S — bigh, Ok Wtk (T
(65) + Z Z 1 2+ ( )

20 hrhasimer, (P LT 1) halgmshe”

for all h > 0. These equations recursively define in a unique way the sequence {W},},>0, and
we easily see that W} is holomorphic in Dy, = {7 : |7| < 1/(2(h +1)"*/72)}, h > 0. We aim at
estimating the rate of growth of the derivatives of W}, in Dj,.

Let ng be a natural number. Differentiating ng times in (65) we get

Tm(),k

om OWthS n()! 1 8’2Wh +k(T)
(66) Z Z bkhl Z | |a ' ( 1T ) 7721 ho
=0 oo e LAl 115! ((h + 1) 1772 4 1) h2!q 1,kh2
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It is clear that
(67)
oM (

TmO,k

GroeTn) = 2 o

1\o! — | r )
M -Hamlr o <o A1l Ao! (m(),k Al). ((h + 1) 1772 4 1)

Following the proof of Lemma 7 in [15], we get that for all Ay > 0, all 7 € Dy,

1

((h‘l-l)ﬁr?"z.f_l )‘ < Aa!2 2t (h_|_1) S A2

(68) |02 (

We take (68) into (67) to obtain that

Tmo,k

l1! mo k! Y A 1
o < : F|mos—M 100+ (] 4 1)
| (((h + 1)r17-r2 + 1))’ )\1+>\2§1§m0 . )\1')\2' (mgvk — )\1)" | ( )
mo,k
mo, k! Aoli—A L (li=X1)
= 2] MoE=AMQNTAL(fh 1]
12)\1 mOk—)\l)H ( )"

1

oy
s S b2 (Rt

— (g )e B +

The previous estimates may be applied in (66) and they let us write
\8 OWthS l1+1 111’6 Wh2+k( )’
nolh! Z Z ’bkh1| Z 2 (h+1)7 l2!h2!|q‘m1,kh2 ’
k=0 hi1+ho=h,h1 €I}, li+la=ng

which may be rewritten as

1
™MW, h+1)=2"
’ h+S S E Z ‘bk}h’ Z 2ll+1 ( ) _

*1TL
nolhl(h—|—5+l 0l ho b€y L (h+5+1)72"
(69) Um+k+w 02 Wi, k()]
n .
(h + 1)”’ 2 Llhgl(hy + k + 1) 72|z
Let us put

0" Wi (7)]

= S G ey 020 R 20

From (69) we deduce that
Wno,h+S 111 Wig,hotk
noth! : kZO hﬁ-hgzh:hlelk i leZQ:no ’ Iathal|q|™ k"2
Now we define a multi-sequence {v; }1 5 by
VLh = Wi, [>0,0<h<S—1,
and by the following recurrence relations for ng > 0, h > 0:

S—1
Ung,h+S 41 Ula,ho+k
(70) = g E |bkh1 E ohi+ P TRETON oy
nolh! la!ha!|g|™1 -k 2’
k=0 h1+ho=h,hi1 €I}, l1+l2=ng
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It is clear that w;; < vy p for all [ > 0, all h > 0. Let us consider the functions

= |bgsla®,  0<k<S-1,

sely,
and
S 2
— 2[—‘,—1 l — .
R(§) =) 2" = — %
=0
Due to the recursions (70), one can check that the formal power series V (€, z) = 3, h>0 Lk fl—h

is a formal solution of the Cauchy problem (62), (63) with initial conditions

@IV)(&0 = 6;(0) =Y =L 0<j<s-1

>0

It is immediate to check that, for any Xo > 0, we have ¢;(§) € Hg, ; x,) for 0 < j < §—1.

From Theorem 3 and the fact that V(£,z) = > ni>0 L 5”“% is the unique formal solution of
(62), (63), we can find X; > 0 and 77 > 0 such that

| (57 T1 X1 CZ ’¢] TOJ)-XO

for a certain C > 0 (depending on S,q,ck(x),m;, for 0 < k < S —1 and X,Tp, for 0 < j <
S —1). From the last expression, one can obtain that

§ < Unj < C(;1>n<)é)jn!j!q_j2/2 [Szjl ’¢l(f)’,(TOJ,XO)} < Cl(%)n()é)jn!jﬂqrfﬂ.
=0

We conclude by the very definition of the multi-sequence {wy, j}n j>0, since

ne 1 N\J 9
W ()| = rn/rs < 2V it 4 1yrandre)g|—i%/2
fel%}j‘a ()] = wn (5 + 1) Cl<T1) ()_’1) nljl(j +1) 4]

as desired. O

7 Analytic solutions of the Cauchy problem with Fuchsian and
irregular singularities

Let W}, be the initial data in the Cauchy problem (49), (50), and suppose they are subject to the
hypotheses of Theorem 2 and to the hypotheses in Theorem 4. Those results give us a sequence
of functions {W},}5>0, holomorphic in V4% U Dy, for each h > 0, and such that the series

h
=" Wilr)

h>0

defines a holomorphic function on V¢# x C which solves the Cauchy problem.
Moreover, from (55), (57) and (61) in the proof of Theorem 2 we know that

1

(71) SuplWh(:ch)l < KoC'lg|Z g h'(T) ()"
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for all [,h > 0.

Let us choose A € V and 6 > 0. By (71) we see that every W}, verifies estimates as those in (8).
If we choose an integer n(h) in such a way that Mg € Dy, then, according to Proposition 1,
the g—Laplace transform of W), in the direction A\g""¢%, which clearly equals \gZ, is given by

n(h)

m ) gn(h)
(Wh)(t):ZWq—M:ZWh( >‘)7

E(/J\q (h) A
m )\ g™ m
meZ 6( 1 ;1 ) meZ 6( t )

so that it deserves to be denoted by £3(W},)(t). This function is well defined and holomorphic in

the set ’Z:\qn(m’q,(;,r(h), which is equal to 7}, 4 5(n), Whenever r(h) < A" Mg /2|T. We will show

that these radii r(h) can be taken independent of h, equal to 7o = |A¢/2|T/|q| = [A\g~/2|T for

every h > 0, and we will obtain precise estimates for the corresponding ¢g—asymptotic expansions.
Let us assume that the function W} has the following Taylor expansion at 0,

fn h
(72) Wilr) = 3 It o
nzz:o qn(n 1)/2

where f,,, € C, n,h >0, and 7 € D,.
Proposition 3 In the situation assumed in this Section, there exist constants B(h), D(h) > 0
(to be specified) such that

n—1

(73) [L3WR)(8) = > fmnt™] < D(R)B(R)" gD ||

m=0

for alln > 1, for allt € Ty 45r,-

Proof
According to the estimates (64) in Theorem 4, we can write
fnh n n 1 h | rln/rg —h2/2 n
(74) | g e } "W (0)] < Cl(n) (Z> hi(h + 1)1/ g =" /2 = C(h) A(h)
for every n, h > 0, where we have put, for short,
(75) Oy =) Mgl 2 A = (e ho
Xl ) Tl ) -
For each h > 0 we define
1
mp, ;= max{m € Z : |[¢"\| < T(h)}?

so that

1
(76) lg"AA(R) < 3 m < my,.

Also, we recall from Theorem 3 that 77 < 1/2, so
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and we deduce that
(77) q"\ € Dy, m < my,.

Moreover, by the very definition of mj,, we have that

—log(2|\|A(R))
log(|ql)

1
~2IMA(R)

(78) mp + 1> g

Let K > 0 be a fixed integer. Firstly, we give estimates for )
(71), (12) and (14), we get

m>myp, Wh (qm)\)/@(qm)\/t) USing
Wi (g™ A)
O(qmA/t)

for all m > my, all t € Ry ,5. For every t € Ty ;5. we have [t| < 7o < T|\||q|/2. Using (78),
we obtain that

IN

C’Kh t mi LNk, —p2
< g a2 i ()

TAllgl'2" X

. 1 im 1 | 2N A(R)
E < E — = < ,
(T|)\||€I|1/2) - () 1 —|g|=t [gmetl = 1 —q|7!

m>mp, m>mp, |q‘
hence
Wh(g™N) 2|\|C" Ky Lin —n2a, k) k(k—
79 A(R)R! (= M= (K=1)/2)4 K
1) Y Igimn S Tt - g A ) 1 S t

m>mp,

for all t € Ty g.6.r0-

In a second step, we give estimates for the sum > . Wx(q™A)/O(q"\/t) — S fant™,
where the f, ), are defined in the Taylor expansion (72). Taking into account (72) and (77), we
can formally write, as we did in the proof of Proposition 1,

_Z fnh ( Z )
it @ m)\/t

an

for all t € C*.
From (80) and (74), we deduce that

(81) | Y Wihl(g™\) /(g /t) — anht"|<A<> B(t)

m<mp, n=0
where
A= X faimm ey (Z C() A" (la A))
m<myp, >K+1
and

N » (V)"
B(t) = CWAM" | 2. g ]

m>mp,



for all t € C*.
We give estimates for A(t). Taking into account (76), we have that
(82)
1 A(R)|g™ N EH C(h)A(h)K+1 —m|\[) K+
Ay <cm) E (A(R)[q|™] \31 PG WEL )m (lql _|m|)
BN /0] 1- AWl = 1— Am)g A, 2 [elg A

m<mp,

m

for all ¢t € C*. From (13), we have that

—m _ _ q ™A
Ola A/ > K lgl KDL K
for all m > —my,, all t € R 45. We deduce that
(lgl~™Ap*=+! AL k(=125 L \m
83 < q t|” (—
(%) CERRYO IR i Y

for all m > —my, all t € Ry 4. From (82), (83) and (76), we conclude that
C(h)A(h) — |Al g™ K| K(K—1)/2)4 K
At) < A(h (K=1)/2)
® = 1 — A(h)|g|™»| A K161 — |q|~! ()" ld i

C(h) K| K(K—1)/2)3 K
< __Z\V

for all t € Ry 4.5
In the next step, we get estimates for B(t). From (13), we have that

™A
O(¢7M/1)| = Kidlq) -V L2 e

for all m > my,, all t € Ry 45. We deduce that

(g™ \)"| A" 1 K41 |(K+1)K/2, K+1 1 m
< — t —_—
ol = ka1 )
for all m > my, all 0 <n < K. Then,

1 mp+1

(g™ A)" A" 1 kg (K+1)K/2) 1) K+1 <|q\K+1*”)
(85) < == (57)" " ldl L e

2 o < ma W) [Q——

m>myp,

It is clear that |q|X+1=" > |q| for 0 < n < K, hence

1— PLGET >1—1g|”°, 0<n<K
If we write ) )
mp+1 K+1 mp+1\n
(W) = (\q|mh+1) (g™,
from (85) we deduce that
K
C(h 1 o t1am
B0 < gt el R S A A )
n=0

K
)K—i-l’q‘(K-l-l)K/Q‘t‘K-i-l Z(QA(hﬂ)\HQ‘mh—i_l)n-

n=0

SO
= K16(1 = |g|71) " |Alg|matt
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By (78) we know that 2A(h)|A||q|™*! > 1. For every real number x > 1 we have

K K /5

n < n K-n _ K
Zx _Z <n>m x (2x)
n=0 n=0

and we deduce that 2520(214( YA |g™» ) < (4A(R) A |gm 1)K Also, we have [t| <

IA¢~Y2|T whenever t € Th 460, and (K + 1)K/2 = K + K(K — 1)/2. Gathering all these
facts and using (78), we deduce that

t|C(h) (
= K16(1 — g7 A[g]matt

2IA[TA(h)C(h) K| K(K=1)/2| K
4A(h t

B(t) (h)|gl) g D721 %

(86)

for all t € Ty 4.6.r0-

Finally, using the estimates

1> Wih(g™N)/O(g"A/t) — anht <Y Wal@™N)/0(g™A\/t) — anhﬂ

MEZ m<my,

+ Y W@ /(g™ A1)

m>my,
we deduce from (79), (81), (84), (86) that
(87) o (W)( an nt"| < Di(h)Bi(h)" g D2
n=0
for all K > 0, for all t € 7 4,,, With
(88) By(h) = Bi(h+ 1)/, Da(h) = By(h+1)"/"2hBY|g| "/,

where B1, By and Bj are positive constants that do not depend on h. In order to conclude, it
suffices to write, for K > 1,

K-1

Lo (W) () = > Fant™] < 1Lo(Wi)( anht”mfmt I
n=0 =

and take into account (87) and (74). According to the expressions (75) and (88), one obtains
the estimates (73) with

(89) B(h) = Al(h_|_ 1)7“1/7‘27 D(h) _ Ag(h—l— 1)r1/r2h!A§’q|,h2/47

where Ay, As and Ag are again positive constants that do not depend on h. O

We are ready to obtain our main result.

Theorem 5 Suppose X;(t) = Ym0 fmt™ € C[[t]], 0 < j < .S —1, are given initial conditions
for the Cauchy problem (3), (4), and let

ZXh Zmehtmh'

h>0 ! h>0m>0
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be the only formal series solution of the problem (see Lemma 5). We suppose that the series
Xj(t), 0 <j<8S—1, are q—Gevrey of order 1, and that their formal q— Borel transforms
of order 1, Wj(1) = Bqu(T), which are holomorphic functions around 0, indeed satisfy the
assumptions of Theorems 2 and 4. We also assume that the rest of hypotheses of Theorem 2 are
satisfied. Let

Zh
Wi(r,z)=>_ Wi(r) 5y

h>0

be the solution of the Cauchy problem (49), (50), corresponding to the initial conditions Wj,

0<j<S—1. Then, we have that:

Zh

1) The function X (t,z) = ZE(’]\(Wh)(t)ﬁ is holomorphic in Ty 45+, X C.
h>0 '
2) The function X (t,z2) solves the Cauchy problem (3), (4).
3) If r1 > 1, given R > 0 there exist constants C > 0, D > 0 such that for everyn € N, n > 1,
one has

n—1 h
m# ~Anp !’ n(n— n
(90) [X(62) = 303 fmt™ 55| < D"+ 1)lg 2
h>0m=0 ’

for everyt € Ty 45+, 2 € D(0, R). . )
If r1 =0, given R > 0 there exist constants C' > 0, D > 0 such that for everyn € N, n > 1, one
has

n—1 h
z T - n
(91) [X(42) = D23 fmat™ 0| < CD gm0y
h>0 m=0 )

for everyt € Ty 45,0, 2 € D(0, R).

Remark: Due to the estimates (90) and (91), we may say that the function X (¢, 2) admits
h

the series Z Z fm,htm% as g—asymptotic expansion of order 1 in ¢, uniformly for z in the
h>0m>0

compact subsets of C. It may be noted that, because of the small divisors problem we have

dealt with, a new factor appears in the estimates, in terms of the Eulerian Gamma function.

The value 71 /r2 may be thought of as a sub-order, or a second-level order, in the asymptotic

expansion.
Proof 1) In view of (73), for n = 1, and (89) we have that
L3 (Wa)(t) = fonl < D) B[] < Ay (h+ 1)/ Ayh1 AL | ="/ g

for every h > 0, every t € T} 45.r,- On the other hand, by (74) we have that
1 \" 2
<C (7) hl|q| ="/
| fonl < Ch X lq|

for every h > 0. So, we conclude that there exist A4, A5 > 0 such that

L2 (Wh)(1)] < AgAlRl|g) /"
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for every h > 0, every t € T} .5r,- Then, for z € D(0, R) we have

h

z —
‘Zcé\(wh)(t)ﬁ|SZA4(A5R)’Z|Q| h2/4<007
h>0 : >0

so that the series converges and the function it defines is holomorphic in 7} 45, x C.

h
2) Since the series tho Wh(T)%
a solution of the Cauchy problem' (3), (4) by Proposition 2.

3) For every n > 1, every (t,2) € Ty 46, X D(0, R), the sum

n—1 Zh
Z Z fm,htmﬁ

h>0m=0

is a solution of (49), (50), one can guarantee that X (¢,z) is

is convergent, as we see from (74). One may take into account (73) and (89) and write

n—1 h
z
RS E I WATEHIED FTATED sATILS
h>0m=0 ’ h>0
< ApAflg"! /Q\t\" Z(h + 1) (A R) g
h>0
A n TLTL rin T
(92) = ATl IR S I Ay R g~
h2>1

In case r; = 0, the conclusion easily follows, since the last sum is convergent and independent
of n. In case 11 > 1, we follow an idea of B. Braaksma and L. Stolovitch [5]. Let & > 0, and
let v be a contour that goes from coe™ ™ to —e along the negative real axis, then it turns once
around 0 in the positive sense, and it goes from —e to coe’™ again along the negative real axis.
For

1
(93) M:M?’;H >0,
2

Hankel’s formula allows us to write

m
1 / ehss—n1gs
Clp+1) 2w /),

so that the sum in (92) may be written as

(94) F(M+ 1) Z(ASR) |q| /4/6/188—#—1 ds
271 7

h>1

r 1
_ Tl )Z / s gD A (A3 Ret) ds.

271
h>177

We consider now the entire function

z) = Z \q!f(h*1)2/4zh, z € C.

h>1
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The series converges uniformly in every closed disc. Observe that as s runs over 7, its real part
remains bounded above, and the same is valid for the modulus of As3Re®. So, we may write

F(A3Re®) =Y |q|~ "=/ (A3 Re®)"
h>1

uniformly in v, and the dominated convergence theorem ensures that

(95) Z/s”1|q| (h=12/4( g, Re*)h ds—/s“12|q| (=124 Ay Re*)h ds

h>1 v h>1
:/3_“_1F(A3Res)ds.
vy

Moreover, F'(AsRe®) remains bounded as s runs over +, say by M > 0, and it is easy to obtain,
estimating on each of the three parts of 7, that

M 2nM MM
(96) ]/s“lF(AgReS)ds] <2+ ™ <
5 It

el T per’

where M > 0 is some suitable constant independent of h. Gathering (92), (94), (95) and (96),
we see that

MH
0= 55 st < L D

21 ek
h>0m=0 &

It suffices to recall that I'(u+ 1) = pI'(1) and the definition of y, (93), in order to conclude. O

Remark: All the results in this work are valid for any 1 > 0, but the case r; = 0, as it may be
seen in the last Theorem, deserves some attention, since the Fuchsian singularity at z = 0 does
not appear any more. The most important consequence of this fact is the disappearance of the
small divisors phenomenon we had in general.

Moreover, the condition 1) in Theorem 2, concerning the argument of ¢ and the set V', can be
relaxed. Indeed, the estimates (53) hold if one assumes that there exists ¢ > 0 such that

(97) dist(V"2q™2, {—1}) > ¢,

where dist is the Euclidean distance between two sets in C. For example, suppose V' is such that
there exist Ry, Ro with
0< Ry <|z"| <Ry

for all x € V, and suppose that Ry < |g|R; and there exists j € Z such that
jal™™ Ry < 1< |q|?U TV Ry,

Then, one can easily check that the condition (97) holds. B
In Theorem 4 all the functions W}, are holomorphic in a common disc, say D, and there exist
constants 717, X7 > 0 such that
n/s 1 \J .
sup 01 ()| < € ()" () mtatlal /2
T€D 1 Xl

for every n,j > 0. The proof of Proposition 3 admits some simplification, and one obtains that

Ly (W) (¢ Z Frt™] < AshlAB|q| /4 AT gD 2 g,
m=0
for every h > 0, n > 1. Finally, no sub-order appears in the g—asymptotic expansion of the
solution X (¢, z).
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