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Abstract

We study Gevrey asymptotics of the solutions to a family of threefold singular nonlinear
partial differential equations in the complex domain. We deal with both Fuchsian and irregular
singularities, and allow the presence of a singular perturbation parameter. By means of the
Borel-Laplace summation method, we construct sectorial actual holomorphic solutions which
turn out to share a same formal power series as their Gevrey asymptotic expansion in the
perturbation parameter. This result rests on the Malgrange-Sibuya theorem, and it requires to
prove that the difference between two neighboring solutions is exponentially small, what in this
case involves an asymptotic estimate for a particular Dirichlet-like series.

Key words: Nonlinear partial differential equations, singular perturbations, formal power series,
Borel-Laplace transform, Borel summability, Gevrey asymptotic expansions.
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1 Introduction

We study a family of threefold singular nonlinear partial differential equations of the following
form

(1) (20 + ) @0+ + 1) X (20 = 3 bamos (2 O (D00 X) (1, 2, )
(s,k0,k1)ES
+ P(t,z,e, X(t,z,€)),

for given initial conditions
(2) (82X)(t,0,¢) = pj(te), 0<j<S—1.

The elements 1,79, r3,.S are nonnegative integers (i.e. belong to N =1{0,1,...}) with ro, S > 1.
S consists of a finite number of tuples (s, ko, k1) verifying k1 < S. The coefficients b x, x, (2, €)
of the linear part in (1) belong to O{z, €} for every (s, ko, k1) € S. Here, O{z, €} stands for the
set of holomorphic functions near the origin of C? in the variables (z,¢). In addition to this,
P(t,z,e,X) is a polynomial in the variables ¢ and X with coefficients belonging to O{z,€}. In
this problem, € plays the role of a complex perturbation parameter near 0 € C. The initial data
@;(t,€) in (2) are assumed to be holomorphic functions on a product of two sectors with vertex
at the origin of C and finite radius.



The family of problems considered in this work constitutes a generalization of the one studied
by the second author in [26] in mainly three respects. The first improvement concerns the
fuchsian operator (zd, + 1)™ which now appears on the lefthand side of the main equation.
The research of fuchsian singularities in the framework of partial differential equations is widely
developed, we provide [1], [7], [19], [21], [30], [34] and [39] as examples of references in this
direction. The second point under consideration has to do with the irregular operator (+20;+t)"2.
In the present work, a wider choice of 79 is allowed with respect to [26], where only 7o = 1 was
considered. The family of equations provided by (1) rests on the class of partial differential
equations with an irregular singularity at ¢ = 0 (in the sense of [29]). The solutions of such
equations and their asymptotic properties are studied in [10], [11], [29], [32], [33] among others.
The last generalization deals with the freedom on the choice of the powers of the complex
perturbation parameter €, which in [26] was taken to be r3 = 1.

The present work lies within the framework of the asymptotic analysis of singular perturba-
tions of initial value problems

(3) eLo(t, 2,0, 0;)[u(t, z,€)] + Li(u(t, z,€)) = 0,

where Lo is a linear differential operator and L is a nonlinear differential operator, for given
initial data (&u)(t,0,€) = h;(t,€), 0 < j < v — 1 belonging to some function spaces. Most of
the results one can find in the literature are related to the study of (3) when € is real and Lo is
an elliptic or a hyperbolic operator of second order which may act on real spaces of functions
such as infinitely smooth functions C*(R%) or Sovolev spaces H*(R?). These results provide
sufficient conditions for a solution u(¢, z,€) of (3) to admit an asymptotic expansion of the form

n—1

u(t,z,€) = Z wi(t,2)e" + Ry (t, z,€),
1=0

giving bounds for every remainder R,, and they are based on semi-group operator methods
(see [17]), the maximum principle and energy integrals estimates (see [22], [31]), or fixed point
theorems for the nonlinear equations (see [18], [22]). In [23] a general survey is exhibited on sin-
gular perturbations under both, asymptotic and numerical points of view. Although the papers
by M. Canalis-Durand, J. Mozo-Fernandez and R. Schéfke [9], and by the second author [25, 26]
consider these type of problems when working with a complex perturbation parameter e, with
solutions in spaces of analytic functions, and for partial differential equations which are singular,
as far as we know no treatment can be found in the literature dealing with a singularly perturbed
partial differential equation which additionally involves a Fuchsian and an irregular singularity.

The main aim of this paper is to construct actual holomorphic solutions X (¢, z, €) of (1)-(2)
and to get conditions for existence and uniqueness of the asymptotic expansion

n—1 K
X(t,z,6) = Y Hlt, ) + Ralt, 2,0),
k=0 ’

where the remainder R, (¢, z, €) is bounded in terms of a Gevrey sequence of certain order o > 0,
it is to say, there exist C', M > 0 such that
|R,(t,z,€)| < CM™n!%e|”, n=1,2,...

for every € on a sector, uniformly in (¢,2) on a product of a sector and an appropriate disc
centered at 0. In this case, compared to [26], the Gevrey order 1 will turn out to become



(r1 +r2)/r3, owing to the positive power of € and the appearance of the fuchsian and irregular
operators (20, + 1) and (t20; + t)"2, respectively.

The strategy followed is similar to the one shown in [26], which in turn rests on the one

n [9], by M. Canalis-Durand, J. Mozo-Fernandez and R. Schéfke. It consists of transforming
the problem (1), by means of the linear map ¢ +— t/ €"3/™2 into an auxiliary regularly perturbed
nonlinear partial differential equation which has an irregular singularity at ¢ = 0, preserving the
fuchsian singularity at z = 0, see (34). This transformation induces the existence of poles in the
coefficients of the new problem with respect to € at 0.

The solution of (1)-(2) is constructed by handling a resummation procedure of formal power
series, known as x-summability. This process is widely used when working with Gevrey asymp-
totic expansions of analytic solutions of linear and nonlinear differential equations with irregular
singularities. See, for example, [4], [8], [14], [16], [28], [35], [36]. The formal solution of the

auxiliary problem (34),
Y(t, z,¢€) Z Yin(z,€)

m>0

is such that, for every e, its Borel transform of order 1 with respect to t,

B
Ve(r,2) = Z V57€(2)W7 Vﬁﬁ('z) = Yﬁ(z7 €),

820

satisfies a new singular Cauchy problem, see (14)-(15). This turns out to be a non-linear convo-
lution integro-differential Cauchy problem with rational coefficients in 7, holomorphic in (7, 2)
near the origin and meromorphic in € with poles at 0.

For suitably chosen initial data (see Proposition 3), there exists p > 0 such that the function
V (7, z,€) := Vi(7, z) defines a holomorphic function on S; x D(0, p) x £, where Sy is a suitable
open sector with vertex at the origin, infinite radius, bisecting direction d and small opening,
D(0,p) :={z € C:|z| < p} and £ is a sector of finite radius with vertex at the origin. In addition
to this, one can prove that Vg(z,€) := V3 (2) verifies adequate estimates on the variable 7 for
every 8 > 0 so that Laplace transform £ can be applied, leading to a solution of (34)-(35).
While in [26] the only forbidden direction is m, here we come up with some other more (see
Assumption (A.1)). However, Assumption (B) in [26] remains unchanged in the present paper,
so that every equation studied in [26] fits in the family taken into account now. For every € € &,

the function iy

ﬂl

defines a holomorphic function in a sector of finite radius depending on €, times a neighborhood
of the origin (see Theorem 1). It is worth saying that the bounds verified by the coefficients
V(z, €) are obtained by means of fixed point arguments in certain well chosen weighted Banach
spaces of holomorphic functions, see Section 2.

Moreover, if one chooses appropriate initial conditions and a finite famlly of sectors {&; }ier

(t,2) = Yye(t,z) = ZLdV576 )
B=0

whose union forms a good covering (see Definition 3), X;(t, z,€) := Yy (e er2 t,z) turns out to be
a holomorphic and bounded solution of the main problem (1)-(2) on 7 x D(0, §) x &, for every
1 € I, where T is an open sector with vertex at 0 and finite radius. Actually, the difference
|X;(t,2,€)— X;41(t, 2, €)| tends to 0 in the variable € faster than exp(—M;/|e|41), for € € £NE;41,
uniformly in the other variables and where M; > 0 and Ay = r3/(r1 +r2) (see Theorem 2). The



procedure followed at this stage rests on a careful estimation of Dirichlet-like series of the form

_ 1 1
(4) Yo T,

k>0

where 0 < a < 1, « > 0 and € is small. It is worth mentioning that general Dirichlet series

o
g ane ?
n=0

have been thoroughly studied in the case when {\,,}7°, is an increasing sequence of real numbers
tending to +oo (see [20, 38, 2]), or a sequence of complex numbers with |A,| — oo (see [24]),
but (4) does not fit in these situations. Also, there is a well-known theory about almost periodic
functions, introduced by H. Bohr (see [6, 5, 13]), which are the uniform limits in R of exponential
polynomials > 7, are** where the values sj belong to the so-called spectrum A C R. However,
in our case we would be rather interested in the asymptotic behaviour of the sum when x
tends to oo in the positive imaginary axis. Our technique will finally rest on Euler-Maclaurin
formula, Watson’s Lemma and the equivalence between null Gevrey asymptotics and exponential
smallness.

The main result of the present work (Theorem 4) establishes the existence of a formal power
series ) "

X(E) = Z HNE?

k>0

with coefficients in the Banach space of holomorphic and bounded funcions on 7" x D(0, §) with

the supremum norm, which is the formal solution of (1). X is the Gevrey asymptotic expansion
of order (r1 + r2)/rs, of the functions X; on &;, for every ¢ € I. This last result is based on a
cohomological criterion of B. Malgrange and Y. Sibuya (Theorem (MS)).

The paper is organized as follows.
Section 2 is devoted to the study of the behavior of several operators acting on the elements in
a family of weighted Banach spaces. These results are applied in Section 3 when searching for
the solution of a parameter-depending nonlinear convolution differential Cauchy problem with
singular coefficients.
After a brief introduction from the classical theory of Borel-Laplace transforms, and after es-
tablishing some commutation formulas with multiplication and integro-differential operators in
Section 4.1, we focus our attention on finding a solution of a nonlinear Cauchy problem with
irregular and regular singularities and whose coefficients have polar singularities. This is per-
formed in Section 4.2. The link between the Cauchy problem solved in Section 3 and this one is
established by means of Borel-Laplace transform on the corresponding solutions.
In Section 5.1 we construct actual solutions X;, ¢ € I, of our initial problem and prove expo-
nential flatness of the difference of two of these solutions with respect to € in the intersection of
their domain of definition, uniformly in the other variables.
Finally, in Section 5.2 we conclude with the main result of the present work, leading to the
existence of a formal power series of the variable € with coefficients in an appropriate Banach
space of functions which formally solves equation (1) and is the Gevrey asymptotic expansion
of the functions X; of a certain order, for every ¢ € I.



2 Weighted Banach spaces of holomorphic functions on sectors

In what follows, for an open set U C C, O(U) denotes the set of complex holomorphic
functions in U. We consider an open sector £ with vertex at the origin and finite radius rg > 0,
and also an open sector Sy centered at 0 with infinite radius and bisecting direction d € R.
Let (pg)s>0 be a sequence of positive real numbers. In the following, Qg stands for the set
SaU D(0, pg), where D(0, pg) is the open disc centered at 0 with radius pg, for every 5 > 0.

Throughout this section, b and r are fixed positive real numbers with b > 1. In addition to
this, 1 and r9 stand for fixed nonnegative integers with ro > 1 and o is a positive real number.

The following definition of the norms in these weighted Banach spaces heavily rests on the
one appearing in [26]. These norms were appropriate modifications of those defined by O. Costin
in [15] and C. Stenger and the second author in [27].

Definition 1. For every f > 0 and € € & Fp s, denotes the vector space of holomorphic
functions v defined in g such that

: T 5@
Beo Qs " rseufi {’U(T)‘ (1 + €] 2 e I < 00,

lo(T)]

where ry(3) := ZQ:O ﬁ
Assumption (A):

A.1 Sector S, is such that

2k +1
< + >7T, k=0,...,m0—1
T2

differs from the arguments of the elements in Sy \ {0}.

A2 pgi= —2L— for every B > 0.
2(B+1)72

Remark: When S; verifies Assumption A.1, the roots of the polynomial 7 +— (5+1)" 77241,
. (2k+1 o
( T2 ) for k=0,...,ro—1, do not belong to S4. This

. (s
which are the complex numbers ——re

(B+1)2

is crucial in the following

Lemma 1. Under Assumption (A), a constant C1 > 0 (only depending on Sy and 1) exists

such that )

Gr

‘SC&,

for every B >0 and every T € Qg.

Proof. Let g > 0. It is straightforward to derive that

ro—1
) e
CESVIEES (D

for every 7 € {23, where

1 . r271 2k+1 1
A = e e



A similar argument as the one followed in the proof of Lemma 7 in [25] allows us to derive the
existence of a positive constant C; > 0, not depending on 3, such that

eiﬂ<%) 1
| 2 T
B+ (B+1)m
for every 7 € Qg and k =0,...,72 — 1. From (5) and (6) we conclude. O

(6) T

The next lemmas are devoted to the behavior of the elements in the Banach space introduced
in Definition 1 under certain operators. Let p > 0 The first lemma involves the integral operator
97! defined for every v € O(SqU D(0, p)) by 07 v(7) := [; v(r1)dr1, for 7 € SqUD(0, p). More
generally, for any kg > 1, we define the operator 8 ’QO by

Ty —1
(7) o "v(r / / / ’ V(T )ATiodTg—1 -+ - dm1, T € SqU D(0, p),

for every v € O(S; U D(0, p)).
Remark: The change of parametrization in (7) given by 7; = h;7;_1 for 1 < j < kg, with
To=71and 0 < h; <1forj=1,...,Ko allows us to write

1 1
(8) 07 "ou(T) = 110 / e / V(hyy - - haT) My (i, ...  higg—1)dhy, - - - dhy,
0 0

for every v € O(SqU D(0,p)). Here, My, (h1,...,hg,—1) is a monic monomial in hy, ..., Aky—1
for kg > 2, while M; = 1.

Lemma 2. Let s1, s2, ko, K1, 82, 3,5 > 0 be nonnegative integers. We assume

Bo < B  and k1 <AS.

s1
T _ .
Then, for every e € &£, the operator 6?2@ RO F52+“1757079ﬁ2+m = Fpise095,5 15 bounded.

Moreover, one has

T .
—0; OV3ythie (1)

|6|T(81+/€0)*82
€52

S e PR
B+S,6,08+s 2L B2+r1,6,0,085 41,

9)

(s1+ /@o)e_l s1t+ko b(s1++0) (s1+ Ko + 2)6_1 s1+r0+2 b(s14r0+2)
X[(J(S—m) ) (B+5+1) +( 5= ) (B+5+1) :

for every Vi, iy € Fotri e,0,08,1x, -

Remark: If s;1 + k9 = 0, the expression above must be understood to be the limit when
s1 + ko tends to 0. The case kg = 0 can be studied separately. Both can be directly checked
from the definition of the norms.

Proof. Let e € £ and V44, ¢ € Fgytr1,6,0,05, 1, - We assume ko # 0. From (8) we have

781+ko 1 1 |h,§ "‘h17’2
T s / e / Viythye(Pg -+ haT) <1 + ° l€e]2r )

5 (B2+k1)[hwg b1

751

2 07 Vot e(T)

e — b (Batrn) g - hir| el i

X
o1 7|2
(1+ Pegz)

My (ha, .- hug—1)dhy - - - dha |



for every 7 € Qg,44,. From this expression we get

S1

2
! T —1a S
ETzaT ‘/:824#‘61, ( ) < || |‘ )e el Ty (B+S)|7|
U 7 — 157 (rp(B+8) =7y (B2+k1))|7]
< ‘ ‘ HV,32+R17( )Hﬂ2+'{1’6’07952+n1 1+ ‘6‘% e Ter\t v (Ba+k1 .

By definition of 7, one has

,B+S—(ﬁ2+l€1)> S—Iil

B+S+1)P —(B+S+1)Y

ry(B+S) —rp(B2+ K1) >

This fact and the application of the classical estimates

mi
(10) supx™e " = <ml) e”™ . mq,mg >0,
2>0 ma
to the bounds achieved lead us to (9). O

Lemma 3. Let 8 > 0 be an integer and € € £. For all integers 51, Bo > 0 such that 81+ B2 =
and Ve(T) € Fpy e0,05 s We(T) € Fye0,0,, one has (Vex We) = [y Ve(r — s)We(s)ds belongs
to F57€7U7Qﬁ. Moreover, there exists a universal constant Co > O such that

Proof. Let (1,2, 3,€ as in the statements of Lemma 3. Let V(1) € Fp, 0,0, and We(r) €
Fy.c,0,04,- It is worth pointing out that €25 € €25, N €2g,.

From the fact that
[T =5\ e (0)lr—s|
5) 1 + ’ |27’ el
€

/0 Vi — 5)Wi(s)ds| =

= (rp(B1)|T—s|+rp(B2)|s
W) (1 B ) s om0
(1+ 55 (14 )

S C2‘E‘T ||‘/5(T)”[317€,O',Qﬁl HWe(T)H527670,952 °
/87670-7Qﬂ

/OT Ve(T — s)We(s)ds

ds

for every 7 € Qg, we deduce that

S ”‘/5(7-) ”517670'75251 HWE(T) ||527€7U’QBQ

/O Vi — 5)Wi(s)ds

L (1) (1—h)+r4(B2)h)

L e
XA (1+ G —np2) (1+ F02)

dh,

for T € Qgp.
In order to conclude, we only have to prove the existence of a universal constant Co > 0
verifying

(11)
T (ro(B1)(1=h)+ry (B
17, lel, B, B, ) = (1 ‘T’; e R NG |/ ‘T’ele\ 5(B1)(1=h)+r5( 2)2)
- (1= 12) (14 )

dh S |6|r02,



for every 7 € Q3. Since ry is increasing, one has 7,(51)(1 — h) + 7(82)h < 73,(5) from where we
deduce

|7]
I(|7], e, B, B1, B2) < J(|7],|€]) :/01 <1+ EE ((11 +h)2;><;-+ 7|2 h2) dh
[l IeFr

We have

Tl oLl [ 1+ [P
(12) " _/0 T+ P - WD)+ [P

From Corollary 4.9 in [15] we derive the right-hand side in (12) is a bounded function of 7.

Lemma 3 follows from J Jilelr
(rl.le) _ o Il _

e[~

sup -
|7|>0 €| |7|>0

where Cs does not depend on € € £. O

Let V € O(SqU D(0,p)). We put (V(7))*! := V(7). For every £ > 2 we define (V(7))* :=
V(7) * (V(7))*¢=1. By recursion, one can prove the following

Corollary 1. Let 3 € N, {1 € N with {1 > 2. We also fizr e € £ and we take p1, ..., B € N such
that 1+ ...+ B¢, =B and Vs, e € Fgﬁe’g,gﬁj forevery j =1,...,41. Then, Vg, ¢x--- *Vﬁel,e €
Fﬁ757079ﬂ. Moreover,

[Vl s x Vi o), < GO Vi Dl iy, [V )

9
B,6,0,23 Bey €088,

for a universal constant Cy > 0.

Corollary 2. Let 8,m1,£y > 0 be integers. For every e € £, the operator 6,,%8;50 from Fg ¢ 50,4

into itself is bounded. Moreover, there exists a positive constant Cs (only depending on o) such
that

L oty (7

em T

< Cyle|rfomm IVe(™)l 6,062
B7€7J7QB

Jor every Ve € Fj e o 0p-
Proof. If £y = 0, the result is straightforward. We consider the case when ¢y > 1. Let us fix

ect.
Let xc(7) =1 for every 7 € C. One can check

07V (r) = (xe(n)) " *Vilr).

From Corollary 1 we deduce that

L o-toy,

0 lo—
o 07 O VelT) < G el ™™ e (D)6 20 1VeM g e,

B7E7079ﬂ

for a universal positive constant Cy. Finally, the estimates in (10) allow us to write

| |2 =7 |7 2¢ L 2
HX(C(T)HOMLQO = sup 1+ P |2T e e <1+ ,
)

TE€S4UD(0,1 o

from where we conclude. O



Lemma 4. Let 3, be nonnegative integers such that 3 < (3. For every ¢ € £ one has
Fﬁ/7670—7QB, C Fpeony- In addition to this, for every V. € F/B/7€70—7QB, one derives

IVe(T)]

B,6,0,83 < ||‘/€(T)||B’,e,a,§2ﬁ/ '
Here, we are giving the same name to a function defined in Qg and its restriction to Qg.

Proof. The result directly follows from the definition of the norms, bearing in mind that g C
Qg and that 73 is increasing. O

Lemma 5. Let h(7,¢€) € O(Qy x &) such that there exists M > 0 satisfying

sup |h(r, ) < M.

(T,6)EQo xE
Then,
1(7, Ve g.e0005 < M NVe(M)lg o025 5
Jor every >0, e € & and Ve € Fp e oy
Proof. 1t is an immediate consequence of the definition of the norm. O

3 A global Cauchy problem

In this section, we study the behavior of the solution of the forthcoming auxiliary Cauchy
problem (14)-(15). Our main aim is to determine its solution in the form

(13) V(r,z,6) =Y _ Vs(r,¢)

defined on appropriate domains, and to obtain suitable estimates for the coefficients in (13) in
terms of the norm in Definition 1.

We keep the same notation as in the previous section. In particular, the values of r > 0,
0>0,b>1andry,re,S €N, with r; > 0 and ro, 5 > 1, are the same.

Let A; and Ay be finite subsets of N2.

For every (ko,k1) € Aj, I ry) 18 @ finite subset of N2. We assume x; < S for every
(ko,k1) € A1 For each (s1,s2) € I(x,x,) and every B € N, g s x0,01,8(T, €) stands for a
bounded holomorphic function defined on g x €. For every (kg, k1) € A1, we define the formal
power series

B
ey R
A(ro,k1) (1,2,€) = Z ( Z sy ,s0,10,1,8 (T, €)T7H €™ ﬁ) :

(‘91’52)61(&0,111) B>0

For every (fo,41) € A2, Jig,0,) is a finite subset of N. For a given m; € Jy, ¢y and 8 €
N, o, 00,01,8(7, €) stands for a bounded holomorphic function defined on Qg x £. For every
(Lo, 01) € Az, we put

B
S5 = 3 (L amnnalnae ™ G).

m1€J(g.00) B0



10

For any fixed € € £, we consider the following Cauchy problem

((20: + )72 + 1) OVi(r,2) = D (g ) (72, €07 0O Vi(T, 2)

(ko,k1)EAL

(14) + Z a(€0,€1)<7_ z 6)8 KO(V;(T7 Z))*élv
(£o,41)EAS 01 >2

for given initial data
(15) (OIV)(7,0) = Vie(1) € Fieon,, 0<j<S—1.

Proposition 1. We work under assumption (A) on the sets Qg for f > 0. For every e € &,
there exists a formal power series solution of (14)-(15)

(16) = Vae(7) p € O[]l
B>0

whose coefficients Vg belong to Fg o, for every B> 0, € € E. Moreover, these coefficients
verify the recursion formula

VB+S,€(7—) _ Z Z Z Qs1,s2,K0,K1,81 (T 6) 5152 87' (V,B2+N1, ( ))

Al (ko,k1) €A1 (51,52) €1 (g ,nq) Pr+Pa= ((B+1)mr + 1)Bud bt
(17)
I Z Z Z Oy fo,61,80 (T e)eimla;eo (VB ,e(T) 5ok Vﬁzl,E(T)) ,
(B+ 1)1 4+ 1)Bo! B! - - - Be,!

(€o,01)EA2,61>2m1€ (¢ ,01) Bo+B1+...+8e, =B
for every B >0, 7 € Qgig and € € £.

Proof. Let B > 0, 7 € Q3,g and € € £. Substituting (16) into equation (14) we deduce the
left-hand side is

S 2f
(18) ((20; + )17 + 1) OVil(r,2) = S ((B+ 1)11r" + DVies.(7) -
B=0 ’
Each term from the first sum in the right-hand side of (14) becomes
s B
(19) Z Z Qsy,59,K0,61,8 (Tv 6>7_ ! Z 8 V,3+H1, ) B

(51,52)€ (kg ,r1) B>0 B>0

—S8 K B' Z’B
- Z Z Z sy sg.mo,1,81 (T )T €200 Vg (T )ﬁﬂBQ! B!

(51:82)€L(xg,nq) B0 \B1+P2=0

Every term from the last sum in the right-hand side of (14) turns into

B
_ z
Z Z my 0,61,8(T, €)€ ml@

m1€J(gg,01) B20

| B
X Z ( Z M@T%(VBI’E(T)*...*VBZI’E(T)));!

B>0  Pi+..+Be, =B
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(20)

- Z Z Z & T fo b1 o (T 6) _mla_go(vﬁl,e(T) *oee ok Vﬁ@lf(T))

|
1
m1E€Jgq,00) B0 \Bo+B1+...+8¢, =8 Porbrt - Bey!

ZB
ﬁ-

The recursion (17) immediately follows from (18), (19) and (20). The domain of definition
of the elements in (Vz,)s>0 comes from the denominator ((5 4 1)"7"2 4 1) appearing in the
recursion. In fact, it could be taken larger than €, but this does not make any difference to
our final purpose. Furthermore, Lemma 1, Lemma 2, Corollary 1, Corollary 2, Lemma 4 and
Lemma 5 provide that the coefficients Vg . belong to Fg e 50, for every 8> 0 and € € €.

O

Remark: One can check that if the initial conditions Vj(r,€) := Vj (1) j =0,...,5 — 1,
are holomorphic functions on §; x € for every j =0,...,5 — 1, then V3(7,€) := Vj (7) are also
holomorphic functions defined in €23 x £ for every 8 > 0, due to the way they are constructed
from recursion formula (17).

For every 5 € N and € € £ we put

(21) ws(©) = Vel ety -

A recursion estimate for the elements wg is obtained in the next
Lemma 6. Under Assumption (A) and
(22) r(s1 + ko) > s, r(lop+ 41— 1) > my, (1 >2

for every (ko, k1) € A1, (81,52) € L(syx), (b0,€1) € A2 and my € Jiy, 4.y, there exist D1, Dy > 0
(depending on Sq, r2, re and the elements in the finite sets A1, Ao and the corresponding I
J(to,01)) such that

K0,K1)7

(23)
L/B—’_S(E) < Z Z Z Dy Asy 50,50,51,81 Wha+r (€) (B+S+ 1)b(81+ﬁo+2)

| - | |
/8 (ko,k1)€AL (81782)61(,€0’,§1) B1+B2=p ﬁl BZ

n Z Z Z Dy Bmhéo;ﬁhﬁo wg, ('6) o Woy, ('6)7
Bo! B! Be, !

(bo,L1)€A2,6122m1E€T (4 01) Po+-.-+Bey =B

for every B >0 and € € £, where

Asy 5, m0.51,81 = SUSI; . |@sy,55,60,51,6 (T3 €,
,€)E
(24) (7,6)EQ0 %
Bmhfo,ﬁhﬁo = sup |0¢m1,€07£1,60 (Tv 6) ‘
(1,€)€QoxE

Proof. Let 5 > 0 and € € £. Take ”.H/8+57670'795+5 on the two sides of the equality (17). A
direct application of Lemma 1, Lemma 2, Corollary 1, Corollary 2, Lemma 4, Lemma 5 and the
assumptions (22) allow us to write, for some C; > 0,

U)BE?(E) < Z Z Z 4 81752 ”07”1 B wﬁz;:.l( )

(ko,k1)EAL (51,82)€L(xq,nq) PLHB2=0

% |6‘r(31+ﬁo)*szc~«1(6 + S+ 1)b(31+n0+2)

I Z Z Z Bml,fo,fhﬁo C Cfl 1‘ ‘T(fo+€171)7m1 wﬁl (6) . wﬁfl (6)’

| | |
1! !
(€o,01)€A2,61>2m1E€J (4 ,0) Bo+-.-+Be; =B fo b Pey
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from which (23) easily follows. O
Proposition 2. Under the same hypotheses as in Lemma 6, let us define

Asy 52,0, (T Z A81,S2,H0,H175 ,6' € Cl[=]],

(25) £5>0

Biny o0 (% Z mhfo,ﬁhﬁ 5' C=]],

B>0

where the coefficients As, s, xo.k1.8> Bmi to,01,8 are given by (24). For every e € £ we consider the
Cauchy problem

OSu(z, €)= > Di(a0s+ S+ )P (A e (2)05 u(x, €))

(ko,k1)EAL (31752)€I(m0,~1)

(26) + > > DaBy e (2)(ul,€)",

(50,51)6442,4122 mlGJ(g()’gl)
with initial conditions
(27) (DJu)(0,¢) = wj(e), 0<j<S—1,

where the w; are the ones defined in (21).
Then, the problem (26)-(27) has a unique formal solution

(28) = ugl(e *GR[H
B>0

and the sequence (ug(e€))g>o verifies

(29) wg(€) < ug(e)

for every 8 > 0.

Proof. From the initial conditions fixed in (27) we have ug(e) = wg(e) for every 0 < g < 5 —1.
By inserting (28) into (26), and using (25), we obtain a recursion formula for the coefficients:

u§+g(6) _ Z Z Z Dy Asl,szﬂio,ﬂlﬁl UBs+r1 (6) (5 + 5+ 1)b(51+H0+2)

! ! !
B (ko,k1)EAL (31,52)61(,{0’,{1) B1+B2=p 61 /82

Bm1,fo,€1,ﬂ0 uﬁl (6) uﬁél (6)
(30) Y 2.2 D RTaT T

(bo,01)€A2, 122 m1E€T (4 ,01) Bo+...4+Bey =P

for every 5 > 0. So, it is clear that the ug(e), § > S, are uniquely determined real numbers,
and that the series (28) so defined will certainly be a formal solution of (26)-(27). By comparing
(23) to (30), one recursively obtains the inequalities (29). O

This section concludes with the effective detection of the solution of (14)-(15) and some
bounds satisfied by its coefficients with respect to the variable z.
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Proposition 3. Under Assumption (A), let Vj(1,€) := Vj(T), as in (15), be holomorphic
functions defined in 2; x £, 7 =0,...,5 — 1. Moreover, assume that:

(1) The functions A, sy rom1 (T), Bmy o0 (x) in (25) belong to C{z} for every (ko, k1) € A1,
(81,52) S I(Ho,lﬂ)’ (fo,gl) € Ay and my € J(€07£1)'

(ii) S > b(s1+ ko + 2) + K1 for every (ko, k1) € A1, and (s1,$2) € Lo 1)
(iii) r(s1+ ko) > s2, 7(lo + €1 — 1) > my and €1 > 2 for every (Lo, 41) € A2 and m; € Jto,01)
all (Iio, Iil) € Ay and (51,82) S I(Ho,lﬂ)‘
Then, there exists § > 0 such that, whenever wj(e) = ||Vj,e(7')||jwﬂj <6 forevery0 <j<S-1
and € € &, the problem (14)-(15) has a solution

B
V(r,z,¢€) ZVﬁTEB',

5>0

holomorphic in Sq x D(0,p) x € for some p > 0, and verifying that Vz(7,€) € O(Qg x &) for
every B > 0. In addition to this, there exists M > 0 such that

5
(31) Z HV/B T, € ||BEO'QB 5| — M’
B3>0

for every e € £.

Proof. From the classical theory of existence of solutions of nonlinear ODEs with complex pa-
rameters (see [12]), there exists § > 0 such that whenever w;(e) < § for every 0 < j < S—1 and
€ € £, one has that the unique formal series solution of (26)-(27), u(z,€) = 355 ug(e)x” /B,
belongs to C{z}, with a radius of convergence p > 0 independent of ¢ € £. Moreover, there
exists M > 0 such that

(32) > us0);
£>0

for every € € £. Now observe that, by Proposition 1 and the remark following its proof, Cauchy
problem (14)-(15) has a formal solution } -, Va(T, €)2? /B! such that Vj € Fp o0, for every

£ > 0. In this situation, Proposition 2 ensures that for every 8 > 0 we have ||V3(, e)Hﬂ oy =

wg(e) < ug(e), so that (31) is a clear consequence of (32). From here one can easily deduce that
> >0 Va(T, €)2” /B! indeed defines a holomorphic solution of (14)-(15) in Sg x D(0,p) x £. O

4 Analytic solutions of a threefold singular Cauchy problem

4.1 Laplace transform and asymptotic expansions

We recall the definition and main properties of Borel-Laplace summation process when consid-
ering formal power series with coefficients in a Banach space. For more details, see [4].

Definition 2. Let (E,||||g) be a complex Banach space. A formal power series

Z theE

is 1-summable with respect to t in the direction d € [0,2m) if
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1.- the formal Borel transform of X,

BX)(r) =)

= U2

7 € E[[7]]

is absolutely convergent for |T| < p, for some p >0, and

2.- B(X)(1) can be analytically continued with respect to T in a sector Sas = {1 € C*:
|d — arg(T)| < 8} for some 6 > 0. Moreover, there exist C, K > 0 such that

HB(X)(T)HE < CeKlTl e Sys.

If this happens, then the Laplace transform of order 1 of B(X)(T) in the direction d is given by

LYBX))(t) =t~ ’ B(X)(r)e tdr, L,=Rye? C Sy5U{0},

where v depends ont and it is chosen so that cos(y—arg(t)) > &1 > 0 for some positive constant
81. Under these settings, LYB(X)) is well-defined for

(33) t e Sior:={teC:|t|<R,|d— arg(t)] < 0/2},

foranym <0 <m+26 and 0 < R < 61/K, and it is known as the 1-sum ofX(t) in the direction
d. It turns out to be a bounded holomorphic function in Sqg r, and to admit X (t) as its Gevrey

asymptotic expansion of order 1 with respect to t in Sy r, meaning that for every 61 < 6, one
can find C, M > 0 with

n—1
LUBEN @) = D k| < OM el
p=0 ’ E

for everyn >1 and t € Sy, Rr-

One can state several algebraic properties on the formal Borel transformation. Direct com-
putations when inserting a formal power series into the expressions below lead to prove the
following

Proposition 4. For every X (t) = Y >0 an%, Gt) = > n>0 bn% € E[[t]], one has the following
(formal) equalities:

(182 + 0:)(B(X) (7)) = B X (1))(7), 07 H(B(X))(7) = BtX(t))(7),

A~

B(X) (1) = B((£20, + t) X (t))(7), /0 T(BX)(T — $)(BG)(s)ds = BtX ()G(¢))(7).

4.2 Analytic solutions of a singular Cauchy problem

Let S > 1 be an integer. We set 71,70 € Nwithr; >0andry > 1. Let b> 1, 0 > 0 and r > 0.

We fix d € R. Let Sy be a sector with infinite radius and bisecting direction d and 2; :=
SaUD(0,pj), for 0 < j < .S —1, which verify Assumption (A). £ stands for a fixed open sector
with finite radius r¢ > 0. We also fix v € [0, 27) such that Ry e? C Sy U {0}.
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Let S (resp. N) be a finite subset of N3 (resp. of N?). For every (s, ko, k1) € S, and ({g, f1) €
N, bs oo 11 (2, €), €0, (2, €) are holomorphic bounded functions defined on D(0, p) x D(0, &), for
some p,eg > 0 .

For every e € £, we consider the following Cauchy problem

((20: + 1) (20 + )™ + 1) 05Vae(t.2) = D oo (2, €)€ BT (9005 Yy ) (¢, 2)

(s,k0,k1)ES
(34) + Y (z o) AT (Y (¢, 2))0
(Zo,fl)e./\/
for given initial conditions
(35) (LY, )(t,0) = Yaei(t), 0<j<S—1.

The initial conditions Yy, ;(t), 0 < j < S — 1 are constructed in the following way: for every
0<j<S8—1,let Vj(r,€) be a holomorphic function defined in ©; x £. Moreover, assume there
exists > 0 with

(36) 86161? \V;(T, E)Hj’E’U’Qj <0, 0<j<S—-1.

Then,
Yd,s,j (t) = Eﬁ(‘/](Ta 6))(t)>

where Laplace transform is taken with respect to variable 7 in V}(7,€). From (33) in Definition 2,
t + Yy (t) defines a holomorphic function for all ¢ = |t[e?® such that cos(§ — ) > §; > 0 and
)
|t] < ‘E‘TF&)’ for some d1 > 0, where {(b) = >, 5 m
We now introduce a new condition, namely

Assumption (B):
s> 2Kkg, S >0b(s—ko+2)+ K for every (s, ko, k1) €S, 0y > 2 for every (fo,¢1) € N.

Remark: We find it adequate to clarify the role played by the assumptions above. While the
first inequality has to do with the condition appearing in the incoming Lemma 8, the second
and third ones are related to the conditions asked on the parameters appearing in Proposition 3,
when reducing the Cauchy problem (34)-(35) to the auxiliary one studied in Section 3.

The next result establishes the solution of (34)-(35) by means of the properties of Borel
transform and Proposition 3.

Theorem 1. Under Assumptions (A) and (B), let the initial data (35) be constructed as above.
Then, for every e € £, the problem (34)-(35) admits a holomorphic solution (t,z) — Y4(t,z)
defined in

Sd797|6|rgg(1b) % D(O’ 5)’

for any fired m < 0 < 7 + 26.

Proof. Let € € £. By means of the formal Borel transform with respect to ¢t applied to equation
(34), and taking into account Proposition 4, this equation formally turns into

((20: + D)2 + 1) OVe(r,2) = D Daous (2, )70 (r02 + 0,)™ 05 Ve(7, 2)
(s,k0,Kk1)ES

(37) + Z Clo 01 (2, E)E_T(ZO—F&_I)@;ZO (Ve(r, Z))*el .
(fo,fl)ef\/
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Let Vj () := Vj(r,¢€) for every 0 < j < S — 1. We consider
(39) (BIV)(7,0) = Vi(r) € O(Qy), 0<j<S—1,

the initial conditions associated to the equation (37). The equation (37) can be suitably rewritten
thanks to the two following technical lemmas. Their proof can be found in [26], Lemma 5 and
Lemma 6, so we omit them.

Lemma 7. Let Q C C be an open set and u : 2 — C a holomorphic function. For every kg > 0,

one has
2K0

(102 + 00)™u(r) = D trwy™™ ™05 u(7),

K=K0

for some constants ko €N, Ko < K < 2kp.

Lemma 8. Let 2 C C be an open set and u : Q@ — C a holomorphic function. We also fix
a,b,c € N such that a > b and a>c. Let A =a+b—c. Then,

o7 (TPoku(r)) = > oyt 0 u(r),

(b/’cl)GOA

where Op is a finite subset of Z? such thatV/ —c = A, ¥ >0, ¢ < 0 for every (V,c) € Oa,
and where oy o+ € 7.

From Assumption (B), equation (37) is rewritten as

(20 + D)7 + 1) OVe(r,2) = Y bamor (2,007 "y 77O O V(T 2)

(s,k0,k1)ES (r',p")EOs—x,

(39) + Z Clo, 01 (2, e)E_T(ZO+Z1_1)aq-_€0 (Ve(r, Z))*Zlv
(Zo,fl)EN

where Og_, is a finite subset of N2 such that for every (r',p’) € Os_y, one has r’ +p' = s — Ko,
and o,y € Z.

We consider the Cauchy problem (39)-(38). From (36), we have Vj € Fj o0, for 0 <j <
S —1. Moreover, (36) assures the verification of the first hypothesis in Proposition 3. In addition
to this, the remaining hypotheses in Proposition 3 are being verified from Assumption (B) and
the relationship among the indices involved. From Proposition 3 we learn that, as long as ¢ in
(36) is small enough, there is a holomorphic function on Sy x D(0, p) x &€ for some p > 0,

(40) (T, 2,€) = ZVgreﬂ',
B>0
which solves (39)-(38). In addition to this, one has V3 € O(Qg x &) and
5
8>0

Let 5 > 0. From (41) and the definition of the norms involved (see Definition 1), there exists
C > 0 (not depending on € nor ) such that

B 2\ 1
42 vsrol<cp (1) (14 70) e
(42) V(T €l P o

el
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for every 7 € Qg and € € €. If t = |t|e?, we deduce that

/ Va(, 6)6_%617'
L

v

</ [Vs(se™, e)le Ti7 s =6) g 5
0

00 B8 -
g/ cpl <1> o(FreO=7)s 0
0

when departing from ¢ such that cos(y—6) > &, > 0. If [t| < |¢]" =2 >¢(py» then the previous integral

converges. This implies that for every € € £, L4(V(7,€))(t) is well defined for

te S 5
dvevlelro-g(lb) ’

for any m < 0 < 7 + 28. Moreover, for every € € &,

B
(t,2) = Yye(t, 2) : ZEdV5Te >5'
20
defines a holomorphic function on Sde el 51 x D(0,%), for every m < 6 < m+ 26. From
A O'E
the fact that Vy(7,z,¢€) is a solution of (37)—(38) and from Proposition 4 we conclude that
(t,2) = Yi(t, 2) is a solution of (34)-(35) for every € € £. O

5 Formal series solutions and Gevrey asymptotic expansions in
a complex parameter for a threefold Cauchy problem

5.1 Analytic solutions in a complex parameter for a Cauchy problem

Let S > 1 be an integer. We fix r1, 79,73 € N with
r1 > 07 T2 > 17 and 3 > 17

and we put
T3

T2

ri=
We recall the definition of a good covering.

Definition 3. Let &; be an open sector with vertex at 0 and finite radius g for every0 < i < v—1.
We assume that £ N &1 £ O for 0 <i <v—1 (we define &, :=&y). When a family of sectors
{&}o<i<v—1 constructed as before verifies U;-’Z_Ol&' =U\ {0}, for some neighborhood U of 0 € C,
it is known as a good covering in C*.

Definition 4. Let {&;}o<i<v—1 be a good covering in C*. Let T be an open sector with vertex
at 0 and finite positive radius ry. We also fix a family of open sectors

Ud, 0.c5rr = {t € C*: |t| < eyrT, |di — arg(t)| < }

with d; € [0,27) for 0 <i<v—1, and 0 > 7, with the following properties:

1.- for every i, 0 <i <v—1, one has arg(d;) # W(Zlfqi;rl), 0<k<ry—1, and
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2.- forevery0<i<v—1,teT ande €&;, one has €'t € Udi 0,e5r7-

Under the previous settings, we say the family {(Uq, g.corr )o<i<v—1,T } is associated to the good
covering {€;}o<i<v—1.

Let us consider a good covering in C*, {&; }o<i<y—1.

Let S (resp. N) be a finite subset of N* (resp. N2). For any fixed (s, ro,%x1) € S and
(bo, 1) € N, let bg sg k1 5 Clp,0, De holomorphic bounded functions on a polydisc D(0, p) x D(0, €9),
for some p > 0.

For each 0 < ¢ < v — 1, we study the Cauchy problem

((z0. + 1) €™ (£20, + )" + 1) D2 Xi(t, z,€) = Z bs ko.r1 (2, €)° (070051 X;) (t, 2, €)

(S,no,nl)GS

(43) + > ez Ot XG(E 2,0),
(50721)6./\/

for given initial conditions

(44) (agXi)(t707 6) = (Pi,j(t, 6)’ 0<j<S-1,

where the functions ; ;(t, €) are constructed as follows:

We take a family of sectors {{Udi,gyegm}ogigy_l, T} associated to the good covering {&; }o<i<y—1-
For short, we write Uy, instead of Ud; 0,e5rr- Let 0 <i<v—1.

For every 0 < j < .S — 1, we consider a holomorphic function Vi; 0 Eind defined in Q;; x &;, where

Qjﬂ' = Sdi U D(O, pj)

and Sy, p; are as in Assumption (A).
We assume this function verifies:

a) there exist J,0 > 0 with

< 4.

J,€,0,825 .4

(45) sup HVUdi’g“j (7, e)‘
ee&;

b) There exists a function 7 € D(0, pj) — V;(7,€) such that Vi, ¢, i(7,€) = Vj(7,¢€) for every
0<i<v-—1,ec&, e D(,pj), so that one has VUdi,gi7j(T, €) = VUdiH,giH’j(T, €) for
every € € &N Eiq1, T € D(0, pj).

Let ; such that L, = R, e%V~1 C S; U {0}. The function

1

(46) i j(t,€) =Yg cj(€t) = e

/ Vo, &5 (T e)e_ﬁdT,
Ly,
is well defined for every 0 < j < .S — 1. ¢; ; turns out to be a holomorphic function defined on

7'><€z-.

Theorem 2. Let the initial data (44) be constructed as above. Under Assumption (A) on the
sets 4, and Assumption (B) on the constants appearing in (43), if § in (45) is small enough
the problem (43)-(44) has a holomorphic and bounded solution X;(t,z,€) on (T N D(0,h’)) x
D(0,%5) x &, for every 0 <i <wv —1, for some h' > 0.
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Moreover, for every 0 < i < v — 1 there exist constants 0 < h"” < K/, K;,M; > 0 (not
depending on €), such that

M;
(47) e TiuDI)(07h,,) ‘Xi+1(t7 Z, 6) — Xz(t, Z, 6)‘ < KZ exp ( — W),
z€ D(0,%)

for every € € & N &1 (where, by convention, X, := Xy).
Proof. Let 0 < i <v and € € &. We consider the Cauchy problem (34), with initial conditions
(48) (0Yy, )(t,0) = Yy, (1), 0<j<S—1.

From our hypotheses, Theorem 1 shows that the problem (34)-(48) has a solution (t,z) —
Y, «(t, 2), which is holomorphic and bounded in the set Ug, g 4|» X D(0, §) for some A’ > 0 (not
depending on ).

We put X;(t,z,€) =Yg, ((€"t, z) which defines a holomorphic and bounded function on (7 N
D(0,1')) x D(0, ) x &. We note that, by following the construction of X; and applying Hartog’s
Theorem, one can see that X; is holomorphic with respect to €. Also, one easily checks that
Xi(t, 2, €) solves the problem (43)-(44) on (T N D(0,h")) x D(0,5) x &.

In the second part of the proof, we obtain the estimates in (47).

Let 0 < i < v. Following the procedure of construction for X;(t, z, €), one can write

i(t, z,€) ZXﬂte

5>0

where

1 .
ert/ Vu,, &.,8(T,€)e”idr,

'Yz'

Xip(t,e) =

for every (t,z,¢€) € (TND(0,1")) x D(0, p/2) x &;. Here, the sequence (Vy, ¢, 5(7;€))s>0 consists
of the coefficients of the series in (40), and

B

VUd, T, Z,€) i= ZVUd,uﬁTeﬁ

£5>0

is the solution of the auxiliary problem (14)-(15), which is constructed in Proposition 3.

From assumption b) on the initial conditions and the recurrence formula (17), for every
B > 0 we derive that the functions Vi, g3, 0 < i < v — 1, define a holomorphic function
Vg(T,€) such that Va(1,€) = Vi, ¢ (7, g) for every 7 € D(0,p3), € € &. For B >0, (t,€) €
(TN D(0,)) x (& N E;41), this yields

1 _T
Xi+1’5(t,6) - )(z g(t 6) Tt /L VUdi+175i+1,,8 (7’, E)e TrdT
PB

2 » Vi1

(49) —/ VU, &.5(T,€)e” ertd7‘+/ Va(T, e~ idr |,

P
C(L ~vivitr)

where Los e T (22, 4+o00)eV~1i+1, Loy L (22, 4+00)eV ™1 and C(%2,7;,7i+1) is an arc of
207 PERRAS

circle with radius %ﬁ connecting %ﬁev ~vi+1 and %ﬁev ~17 with a well chosen orientation.
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First, we give estimates for I = |(¢"t)™! [ Log €)e”@idr|. Direction 7,41
2 Vi1
was chosen depending on €"t. In fact, one can affirm there exists d; > 0 with cos(vi41 —

arg(e"t)) > 01, for every e € E;411 N E; and t € T N D(0,h'). From (42), we obtain

VUdH_l Eit1,8 (7—’

L[ 1\* h2\ ! o h
I < |€t|™ / Cit15! (p) (1 + P |2T) exp(‘ ’Trb(ﬁ)h - WCOS(WH —arg(€'t)))dh
p

5/2
“ 8
et [T e <1> o <( o ) ;
" g t]” |e|”
01
= [t| 71 Cip B! (1)5 exp ((af(b) — 7)21)5“) |
o — ot )

for some Cjy1 > 0. Moreover, let d2 be a positive constant such that do < &1, and take

h" = ‘25(5)2 > 0. Then, for t € T N D(0,h’) with [t| < h” and every € € & N ;11 one derives

1\*° 1
—1
(50) I <65 Cipp! <p> exp(— ‘52 2h’| |r)'

Estimates for Io = [(€"t)~ ILPB Vi, & 5(T €)e” “idr| follow from similar calculations. In
8
this step we arrive at the ex1stence of C; > 0 such that

_ 1\” 02 pg
<stop | =
(51) |Ix] <65°Cip <p> exp(— 2h’| |T)

for every t € TN D(0,h”) and € € & N E;11.

Finally, we study I3 = |e"t|™! Va(T, €)e~=idr|. From (42), we have

fc(%ﬁmmﬂ)

vi 8 2\ ! oy i
I3 < ‘erﬂ_l Cp! 1 1+ Ps earb(ﬂ)2\§r 677ﬁ|571”t\ cos(f—arg(e t))Pide ‘
Yi+1 P 4’€|2T 2

By construction, the arc of circle C(%, ~;, 7i41) is chosen so that cos(6—arg(e"t)) > &1, for every
0 € [vi,viv1] (f v < vig1), 0 € [vir1, 7] Gf vie1 < 7y5), for every ¢ € T and all € € & N &1
From the previous inequality we derive

1 Bpg 1 01 pp 1
I < i1 —lCBL( = ) 57 “\J 2 [efr
3 < Pt = lCB <p> 2 Jert] eXp( (Itl Gﬁ(b)) 2 !e!?‘)

B
I\N"ps 1 o2 pp o2 pp
< i — yilopt (= - -
= Pt =€ <P> 2 Jert] exp< A efrie) P\ e e )

for all t € 7N D(0, 1), |t] < & (6)2 and every € € & N Eit1.

From (10) we derive

2¢~ ! d2 pg
< v, ! € _ P8
(52) I3 < |yi1 — 7|CB! ( > % eXp( e 4 ) ;

for t € TN D(0, 1), |t] < & (6)2 and every € € & NE;41.
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Taking into account (49), (50), (51) and (52) we arrive at

8
z
Xisat2,6) = X2, < 3 [Xpralt,) — Xislt, 0|
>0 '
Ci+ Ciy _b P8 (] A 2¢! _% P8 (] g
(53) STze I 5 )+ i = lC 5 D e 3)
B=0 B>0

for every t € TN D(0,1), |t| < ‘215_(2)2, e€&Né&qrand z € D(0,5).

The particular choice of pg := 1/(2(8+1)"/72), made in Assumption (A), makes it necessary
to work with the so called general Dirichlet series and apply the following

Lemma 9. Let 0 < a <1 and a > 0. There exist K,M >0 and § > 0 such that

11 _1
Ze +D% e g < K exp (—Me a+1) )
k>0

for every e € (0,0].

The proof of this lemma is postponed until the end of the current section not to interfere
the line of arguments.

From (53) and Lemma 9 we deduce that there exist K;, M; > 0 (not depending on €) such
that

M;
|Xi+1(t7 2, 6) - Xl(tv 2 €)| < Kie lel7s/(r1+72) )

for every t € T N D(0,h'), |t| < ‘f;g(gf, € € &N &y, if € is small enough, and |z| < £, from

where we conclude. O

The proof of Lemma 9 rests on the following results.

Lemma 10 (Watson’s Lemma. Exercise 4, page 16 in [3]). Let b > 0 and f : [0,0] — C be a
continuous function having the formal expansion Y, <qant™ € C[[t]] as its asymptotic expansion
of Gevrey order k > 0 at 0, meaning there exist C, M > 0 such that

< CMY NN,

)= ant”

‘ N-1
n=0

for every N > 1 and t € [0,6], for some 0 < § < b.
Then, the function

b a
I(x) :/ f(s)e =ds
0
admits the formal power series ann!z™t € C[[x]] as its Gevrey asymptotic expansion of
Geurey order k+ 1 at 0, it is to say, there exist C, K > 0 such that

N-1

I(z) — Z apnlz™t

n=0

< CYKN—I—I(N + 1)!1+n|$’N+1’

for every N >0 and z € [0,0'] for some 0 < ¢ < b.

Lemma 11 (Exercise 3, page 18 in [3]). Let §,q > 0, and v : [0,6] — C be a continuous function.
The following assertions are equivalent:
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1. There exist C,M > 0 such that [1(x)] < CM"n!|z|", for every n € N, n > 0 and
x € [0,0].

1
2. There exist C', M' > 0 such that [¢(z)] < C'e=M'/*" | for every x € (0,d].

Proof of Lemma 9: Let f : [0,4+00) — R be a C! function. From the Euler-Maclaurin
formula, one has

n 1 n n ,
(54) > 10 = 5O+ )+ [ s+ [ Bt e s o

for every n € N, where Bj is the Bernoulli polynomial B;(s) = s — 5. Here, |-| stands for the
floor function. L
Let € > 0. If we choose f in (54) to be f(s) =e D% <a® for s > 0, one has
N N 1 1 1 1
Z e FDTegh = 5(6_; + e (+D)° Ean)
k=0
o

+/0”6 T gt [1+Bl( H)<W+m(a)>}dt,

for every n € N. Taking the limit when n tends to infinity in the previous expression we arrive
at an equality for a convergent series:

1 1
E e FDT el
k>0
- “EDTql 4 By (t — |t])e” @07 < gt @ 1 dt
+/O e a + 1(—£J)6 a W+n(a)

1 1 11 1 [ __1 1 «

Ze € GO eqtdt + = Gt et [ — — 1 dt.
5¢ +/O e a +2/0 e a 6(t+1)a+1—i-\n(a)]

)

Let I (€) (resp. Iz(€)) be the first (resp. second) integral appearing on the right hand side of the
preceding inequality. The proof is reduced to demonstrate the existence of § > 0 and K, M > 0
such that

m\»—t

e

l\.’)\r—t

IA

_ M
(55) Ii(e), I2(e) < Ke /(eth
for every € € (0,0]. The change of variable s := W in I1(e) and I2(€) allows us to write
1
s 1 1 1
Ii(e) —/0 e < fi(s)ds, with fi(s) := @Séﬁeln(a)sl/a ,0<s <1,

and . )
S 1 S
Ir(e) = / e < fai(s)ds+ e/ e < faa(s)ds,
0 0

with f21(s) := |In(a)|f1(s) and fa2(s) := éeln(a)sll/“, 0 < s <1, for every € > 0. It is clear that
|£1(s)], | f2,1(s)| and |f2,2(s)| may be estimated by C’exp (—M’/s'/) for some C’, M’ > 0 and
for every s € (0,1]. From Lemma 11, we get that f1, fa 1, f2,2 have 0 as their formal asymptotic
expansion of Gevrey order a. Lemma 10 indicates that both I1(e) and ely(e) admit 0 as their
Gevrey asymptotic expansion of order a+1, and the same is true for Is(¢). Again, by Lemma 11,
one derives that there exist C”, M"” > 0 such that |I1(€)| and |I2(€)| can be upper bounded by

1//

C"e /D) | from where we can easily conclude (55). 0
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5.2 Existence of formal series solutions in the compex parameter for the
threefold singular problem

This final subsection is devoted to prove the main result of the present work, the existence of a
formal power series X (t, z, €) which asymptotically represents the solution of problem (43)-(44)
in a precise sense, for every 0 < i < v — 1. Indeed, under the same notation as in the previous
subsection, the formal power series X (¢, z, €) belongs to O((T N D(0,R")) x D(0, £))(lel], and
X;(t, z, €), solution of (43) — (44) admits X as its Gevrey asymptotic expansion of order ntrs
on &;, for every 0 <i<wv—1.

The proof rests on a cohomological criterion for summability of formal series with coefficients
in a Banach space, known in the literature as Malgrange-Sibuya theorem. For a reference,

see [4], [37].

Theorem 3. (MS)

Let (E,||-||g) be a complex Banach space over C. Let {&}o<i<y—1 be a good covering in
C*. For every 0 < 1 < v —1, let G; be a holomorphic function from &; into E, and let the
cocycle Ai(€) := Git1(€) — Gi(€) be a holomorphic function from Z; := ENE;11 into E (with the
convention that £, = & and G, = Gy). We assume that:

1. Gji(e) is bounded as € € &; tends to 0, for every 0 <i <wv —1,

2. A; has an exponential decreasing of order s > 0 on Z;, for every 0 < i < v — 1, meaning
there exist C;, A; > 0 such that

A

1Ai(e)llg < Cie 1917,
for everye € Z; and 0 <i <v—1.

Then, there exists a formal power series G(e) € E[[¢]] such that G(e) admits G(€) as its asymp-
totic expansion of Gevrey order s on &;, for every 0 <i <wv — 1.

The last assertion in Theorem 3 means that if we write G(e) = Y om0 Gne™ and fix 0 <4 <
v — 1, then for every proper and bounded subsector T; of & and all N > 1, one has

< KMNNEeN, ecT;
E

N-1
Gi(e) — Z Gre”
n=0

for some positive constants K, M > 0, not depending on V.

We now state the main result of this paper. Let I be the Banach space of holomorphic and
bounded functions defined on (7" N D(0, ")) x D(0, §), equipped with the supremum norm, for
h’,p> 0 and T as in Theorem 2.

Theorem 4. Under the hypotheses made on Theorem 2, if k' > 0 is small enough, there exists
a formal power series

X(t,z,€) := ZHH(t,Z)% € E[[e]],
k>0

which formally solves the threefold singular problem (43)-(44) and is the Gevrey asymptotic
expansion of order % of the E-valued function € € & — X;(t, z,€) constructed in Theorem 2,
for every 0 <i<v-—1.
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Proof. Let us consider the family (X;(¢, z,€))o<i<y—1 constructed in Theorem 2. For every
0<i<v-—1lande €&, weput G;(e) := (¢, z) = X;(t, 2, €), which belongs to the space E. From
(47), we derive the cocycle A; = Gyy1(€) — G;(€) is exponentially decreasing of order "2 on
the set Z; = & N &1, forevery 0 <¢ < v —1.

From Theorem (MS), one can guarantee the existence of G(e) € E[[¢]], series of asymptotic
expansion of order % of Gi(e), on &, for 0 < i < v —1. Let us define

Gle) := X(t, z,¢€) ZH tz
k>0

It only rests to prove that X is a formal solution of (43)-(44). From the fact that X;(e)
admits X (€) as its asymptotic expansion at 0 on &;, one has

(56) lim sup i(t,z,€) — Hy(t,z)| =0,
€20 (LTADON)xD(0.0/2)
(SR

forevery 0 <¢<v—1and{>0.
We fix 0 < i < v—1. By construction, X; satisfies (43)-(44). We differentiate in the equality
(43) ¢ times with respect to e. By means of Leibniz’s rule, we deduce that 0°X;(t, z, ¢) satisfies
min{¢,r3}
0! rz3—h 1 (42 r2 9SS 9l—h
> mrg(rg —1) .. (r3—h+ 1€ (20, + 1) (120, + )20°0 " Xy (t, 2, €)
h=1 o

+€"(20, + 1) (120, + t)”@f@in(t, z,€) + 050 X;(t, 2, €)

- Z Z h 'h e sno,nl(z 6))758(81108&16}02)( (t z 6))
1102

(S:HO,M)ES h1+ho=¢
(57)

]
+ Z Z ﬁ(a g0 (25 €))thothi= 11_‘[0JX (t,z,€) |,

Bl - -
(Z()yél)e./\/' h0+...+h41 =/ 0 ] 1

for every £ > 0 and (¢, z,€) € (T ND(0,5)) x D(0, %) x &. We take £ > r3 and let € — 0 in (57).
From (56) one gets a recursion formula verified by the elements in (Hy)¢>o given by

_ (8?11)575 7,{1)(2,0) s ko ars | Hh (t,2)
— Z Z ]21! 5909 272‘

(s,k0,r1)ES \h1tha={

(58) + > 3 (or CZ(;:;I) z,0) t€o+21 IH (Hh (t,2 ) 7

(£o,01)EN h0+---+hg1 =/

for every £ > r3, and (t,z) € (T ND(0,h”)) x D(0, p/2). From holomorphy of every bs ., x, (2, €)
and cg, ¢, (2, €) with respect to € near the origin, we have

a?bs KO.K Z, O 8€hc 2:7 0
(59) bs’no’m (Z’ 6) - Z ( ’ Of;ll)( >6h7 Cly, 0, (27 6) = Z (60’;5)()6h7
h=0 ' h>0 :
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for every (z,¢€) in a neighborhood of the origin in C2. In order to conclude, from recursion (58)
and (59), we deduce X (,2,€) = >_,~o Hxl(t, z)% is a formal solution of (43)-(44). O
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