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Abstract

We study the asymptotic behavior of the solutions related to a family of singularly perturbed
partial differential equations in the complex domain. The analytic solutions are asymptotically
represented by a formal power series in the perturbation parameter. The geometry of the
problem and the nature of the elements involved in it give rise to different asymptotic levels
related to the so-called strongly regular sequences. The result leans on a novel version of a
multi-level Ramis-Sibuya theorem.
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1 Introduction
In this work, we study a family of linear partial differential equations of the form

(1) (" ("9 + a)0Z X (L, 2, €) = Z bsory (2, €)% (0205 X)) (¢, 2, €),

(s,k0,K1)ES

for given initial data d2X (t,0,€) = ¢;(t,€), 0 < j < S —1.
Here, we assume a € C* := C\ {0} and S consists of a finite family of N}, where Ny
stands for the set of nonnegative integers {0,1,2,...}, S > k; for every (s,rko,k1) € S and
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e Innovacién, Spain



bskor, € O(D x E), where D and £ are a neighborhood of the origin and the domain of definition
of the perturbation parameter, respectively.

The initial data are provided as holomorphic functions defined in a product of two finite
sectors in both, the variable ¢ and the perturbation parameter e.

The shape of the problem under study is analogous to that in [15]. The main novelty in the
present article consists of the nature of the coefficients bsy,x, appearing in the equation. In [15],
those belong to O{z, ¢}, i.e. they are holomorphic functions in a product of neighborhoods of
the origin in both z and e variables. Here, if one writes

B
z
bswory (2, €) = Z bsmmﬁ(ﬁ)ﬁa
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for every (s, ko, k1) € S, the function by, ., g(€) turns out to be the sum of a formal power series
bsror18 (6) .

This study falls into the framework of the asymptotic analysis of singularly perturbed Cauchy
problems of the form L(t, z, 0, 0., €)[u(t, z,€)] = 0, where L is a linear differential operator, for
initial conditions (&2u)(t,0,€) = h;(t,€), 0 < j < v — 1 belonging to some functional space.

As a consequence of the unfolding of this problem, two different asymptotic phenomena
appear while studying the asymptotic behavior of the analytic solution with respect to its formal
one. On the one hand, the appearance of an irregular singularity t**19; perturbed by a power of e
causes a Gevrey-like asymptotics with respect to the perturbation parameter. Several forbidden
directions with respect to summability of the fomal solution would appear in this sense. On the
other hand, the nature of the coefficients by, 5 is crucial in the appearance of another different
asymptotic behavior of the solution. More precisely, we assume this coefficients are uniquely
asymptotically represented by formal power series IA)S,QO,{1 8, with remainder estimates given. The
asymptotic representation is given in terms of a more general sequence than Gevrey ones, the
so called strongly regular sequences (see Section 5.1 for the details).

The behavior of the solution of certain problems with respect to the nature of the elements
involved in their equations has been widely studied in the literature. More precisely, one can find
several works concerning Gevrey regularity of solutions of ODEs in the Gevrey case (see [6], [8])
and also involving more general Carleman classes of functions (see [7], [28]). Likewise, some
authors have focused some of their studies on the appearance of Gevrey classes of functions
involved in the study of solutions of PDEs (see [9], [24], [5], [25], [26]). This work aims to take
a step forward in order to deal with Cauchy problems in PDEs in which some of the elements
belong to certain general ultraholomorphic classes of functions. The phenomenon observed here
combines both Gevrey and a more general behavior related to a strongly regular sequence owing
to the inherent structure of the PDE and the nature of the coefficients involved, respectively.

The point of depart of our problem is the formal equation

(2) (€M (10" +a)OPX (2 ) = ) baggr (2,615 (005 X)) (2, 2,€),
(s,k0,Kk1)ES
where 5
- ~ z
bsnoiﬂ (Za 6) = Z bSHquﬁE?
B>0 '

for all (s, ko, k1) € S. After finding an analytic solution of (1), we also provide a formal solution
to (2) which are linked by a multisummability procedure, regarding both, a Gevrey order, and
the summability with respect to a strongly regular sequence M.



There are other works in the literature which deal with solutions of partial differential equa-
tions under the influence of a perturbation parameter, exhibiting singularities of different nature.
We refer to the works by M. Canalis-Durand, J. Mozo-Fernandez and R. Schéfke [4], S. Kami-
moto [14], the second author[19, 20] and the authors [17].

Regarding strongly regular sequences as those which govern the asymptotic behavior of the
solutions of certain equations, one can find some recent works on this direction. This is the
case of [21], [22] and [3]. Tt is worth remarking that the sequence involved in the 17 level
(see [11, 12]), related to the solutions of difference equations, turns out to be a strongly regular
sequence which falls out from classical Gevrey ones.

From the authors’ point of view, there is no additional difficulties in considering an equation
concerning two irregular singularities (t*+19; perturbed by two powers of ), as it was the case
n [15]. For the sake of simplicity of the calculations and clarity of the results, we have omitted
this more complicated approach.

The strategy followed is to reduce the problem to the study of an auxiliary Cauchy problem
by means of Borel transform. A fixed point argument in appropriate weighted Banach spaces
allow us to provide a formal solution W (7, z, €) to this auxiliary problem as a formal power series

in z, say
ﬁ

(1,2,€) Z Wa(,€)
B>0
the coefficients of which belong to certain complex Banach space, what entails appropriate
bounds in order to take Laplace transform along well chosen directions in 7 variable. The
solution of (1) is then given by

w Ve du 2P
X(t, z,€) Zk Ws( u,e)e_(tT’“) Uu%,

p>0 L

for ¢ in a bounded open set with vertex at 0, 7, and € in the domain of definition for the
perturbation parameter, £. Indeed, the previous formal power series converges near the origin
in the variable z.

Regarding the asymptotic representation of the analytic solution of (1), we study the differ-
ence of two such solutions when varying £ among the elements of a good covering in C* (see
Definition 6). We write (X;)o<i<y—1 for the finite set of solutions obtained when varying £
among the elements of the good covering. Depending on the geometry of the problem, one can
encounter two different cases:

1- If there are no singularities with arguments in between the integration lines defining
Laplace transform of the two solutions, then the difference of two consecutive solutions
in the intersection of the domains of the perturbation parameter is asymptotically flat
with respect to the asymptotic behavior coming from the coefficients in the equation (see
Theorem 3).

2- If there a singularity lies in between the two integration paths defining the Laplace trans-
form of the solutions, then the difference of such solutions is flat of some Gevrey order.

The existence of a formal solution of (2) is obtained from a novel version of Ramis-Sibuya
theorem involving both, Gevrey asymptotics and M-asymptotics. We conclude the work with
the existence of a formal power series X (t,z,€), which is written as a formal power series in z
with coefficients in certain Banach space, [E. This formal power series is decomposed into the



sum of an element in E{e}, say a(t, z,€), and X1, X5 € E[[¢]]. For every 0 < i < v—1, the actual
solution is written in the form

Xi(t,z,€) = a(t, z, €) + X} (t, z,€) + X2(t, 2, €).

The function € — X} (¢, z, €) is an E—valued function which admits X (¢, z, ) as its s1 /r; —Gevrey
asymptotic expansion on &, and € — X?2(t, 2, €) is an E—valued function which admits X 2(t, 2, ¢€)
as its Ml—asymptotic expansion on &, 0 < ¢ < v —1 (see Theorem 6). This result can be seen as
a multisummability result by generalising the characterisation of multisummability given in [1],
Theorem 1, page 57, to the framework of strongly regular sequences.

A plan of the work is the following.

In Section 2 we define a Banach space of functions and describe some of its properties with
respect to some operators acting on it. An auxiliary Cauchy problem is studied in Section 3. Its
formal solution is obtained by means of a fixed point argument in the space of functions described
in the previous section. Section 4 is devoted to outline the main properties of Laplace transform
and asymptotic expansions and also to describe the analytic solutions of the main problem. In the
first part of Section 5 we recall the main definitions and properties of strongly regular sequences,
asymptotic expansions and summability whilst in the second part, we provide the information
for the flatness of the difference of two consecutive solutions in the perturbation parameter. The
work concludes in Section 6 with the development of a Ramis-Sibuya-like theorem in two levels,
the existence of a formal solution to the main problem, and the asymptotic relationship between
the analytic solution and the formal one.

2 Banach spaces of functions with exponential decay

Let pgp > 0. We write D(0, pg) C C for the open disc with center at 0 and radius pg. For d € R,
we consider an unbounded sector S; := {z € C : |arg(z) — d| < 1} for some ¢; > 0. We put
Q:=5;U D(O, ,00).

Let £ be an open and bounded sector with vertex at 0.

Throughout this work, b and ¢ are fixed positive real numbers with b > 1, whilst £ > 2
stands for a fixed integer.

Definition 1 Lete € £ andr € Q, r > 0.
For every B > 0, we consider the vector space Fg o, consisting of the holomorphic functions
defined in Q, T+ h(T,€) such that

- 12k
€
=

€r

k
| (T, Ngea = sup{ exp (—arb(ﬁ) ‘%’ ) |h(T, e)\} < 00,
TEN €

where ry(B) = Zgzo(n +1)7°. It is straightforward to check that (Fjq, [l5.0) s a Banach
space.

The previous definition is motivated by the corresponding one in [15]. There, the domain
) did depend on € whilst in the present work it does not. This dependence was caused by the
existence of a movable singularity, not appearing in the current context.

The forthcoming assumption and results are analogous to those in [15], so we omit the details.
Assumption (A) guarantees the existence of a positive distance from the elements in 2 and the
singularity coming from the equation. The following results are concerned with the behavior of
some operators when acting on the elements in Fj .



Assumption (A): Let a € C with a # 0, and let s; be a positive integer. We assume that
ksyarg(t) # w(2j + 1) + arg(a) for j = 0,...,ks; — 1 and every 7 € Sy \ {0}. In addition to
. .- /ks
this, we take pp under the condition pg < %

Lemma 1 (Lemma 1, [15]) Under Assumption (A), there exists a constant Cy > 0 (which only

depends on k, s1, a) such that
1

— <
‘(l{iTk)Sl +al|~ C,

for every T € Q.

Lemma 2 (Lemma 3, [15]) Let € € € and B be a nonnegative integer. Given any bounded and
holomorphic function g(T) on Q, then

lg(T)P(T,)llg 0 < Mg lIA(T, )5 00

for every h € Fgcq. Here, the constant My is defined by sup,cq |g(7)|.

Proposition 1 (Proposition 1, [15]) Let e € € and r € Q, r > 0. We consider real numbers
v>0and &> —1. We also fix nonnegative integers S, o, § with S > 1 and o < 5. Then, there
exists a constant Cy > 0 (depending on o, S, 8, &, v and which does not depend on €) with

L (ﬂ—i— )b v+£€+3
Tk/o (Tk: o s)”sff(sl/k,@ds < CQ‘E‘HC(Q—HH{) (5_&> ”f(Ta 6)”@,6,9’

B7€7Q

for every f € Fycq.

3 An auxiliary Cauchy problem

Let Sg and Q2 be constructed as in Section 2. We also preserve the definition of £ and the choice
of the constants a, 1.
Let S, r1 be positive integers, and put

™
3 ri=—.
(3) oy
S stands for a finite subset of N3 under the next
Assumption (B): For every (s,ko,k1) € S we have k1 < S. Moreover, there exists a
nonnegative integer d,, > k such that

s=rkolk+ 1)+ dx,-

For every (s, ko, K1) € S, bsrgr, (2, €) is a holomorphic and bounded function defined in D x &,
for some neighborhood of the origin, D. We put

B
z
bswory (2, €) = Z bsmmﬁ(ﬁ)ﬁa
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with by, 3 € O(E) for every ko, k1 such that (s, ko, k1) € S and all 5 > 0.
We also fix constants A, , € C for every (s, ko, 1) € S and 1 < p < kg; their meaning will
be made clear in the proof of Theorem 1.



For every e € £ we study the Cauchy problem
4) () + @)W (7, 2,€)

k T Srg d
= X a0 | [ ) B oy Wi 0]
T (=20 0 o
(s,k0,K1)ES ( k )
N Tk Tk i 5K,0+kliﬁo—p)_1 o PO T (o L/k do
T Z KO:pF (6n0+k(50_p)) 0 (T B a-) ( U) z (0- 5 E)? ’
1<p<rop—1 k
for initial data
(5) (ag)W(Taan) :VVJ(T76) eFj,e,Qa OSJ SS—l
We assume that
(6) sup [Wj(7,€)l; g <00, 0<j<S5—1

ec&

Proposition 2 Under Assumptions (A), (B) and (6), there exists a formal power series solution

of (4), (5),

B
(7) W(t, z,¢€) ZWgTeﬁ',
>0
where Wg(T,€) € Fgcq for every e € €, B > 0. Moreover, there exist Zy, Z1 > 0 such that
(8) IWa(7, &)l < 22258

for every B >0 and every e € £.

Proof Let e € £, 7 € Q and § > 0. Taking the formal power series (7) into (4) one gets that a
formal solution of the problem satisfies the recursion formula

(9) W,B-I—S(T, 6) _ 1 Z Z SHOH1OC() 6*7‘(5*50) %

| k\s1
B! (kTk)st +a (e S a0 tars

1
k Org K Wal%‘ﬂ (G /kv 6) do

k T
oL e

k T+ S +e(r0—P) %% 1/k
T B\ 2moTRReTR) g P a1+fi1(a 76)d£
+ E AHO,Z)F <5H0+k(,{07p)> /0 (T U) k (kO') al! .
k

1<p<ko—1

Taking into account Lemma 1, the function 7 +— W3, (7, €) is well defined and holomorphic in
(2. We now prove it turns out to be an element in Fg .

If 0 < B < S —1, the statement is true from the choice of the initial conditions in (5). We
assume § > S and put wg(e) := [[Ws(7, €)[| 5 . o- By taking norms ||-[|5, 5. o at both sides of (9)
one obtains the inequality

w5+5(e) < 1 Z Z st-comao )|‘ ‘ r(s—k0) y

| k\s
B! |(kTF)s1 + a (s,k0,k1)ES a0+a1 =P




k
X - /T (7% — U)%T()*l(ka)“o Wai+r, (0%, €) do
F (%) 0 Oél! g
k B+S,e,0
k Tk S +h(r0—p) W, 1/k
T ko rQ 0—P) 4 p Wai+ky (o 7€)d£
+ - ; ) |Afﬂo,p r (5n0+k(f€0—p)) /0 (T 0') k (k'O') a1! pn
SPSKo— k B+S,e,0

Regarding Lemma 1 and Proposition 1, one can write

b — > +ro+1
wﬁg‘?(e) < Cl Z Z snolﬂao ’ |€‘ r(s— H0)|6‘T’k( 0+;§0) <IB f;‘_s + 1_) > k
’ (s,k0,k1)ES ap+a1=p5 o1 — K1
Cok™ Cak? Way +k1 (6)
@ > ’Ano’p’ (M) o!
k 1<p<Ko—1 3

Assumption (B) leads to
Jelro oD < Cy

for some C3 > which does not depend on € € £ nor xg. In addition to this, there exists Cy > 0,
not depending on € € £ such that

dkgt+k(kg—p)

( (B+5+1) >k+p+1<c Al
B+8—a1 - = B = [b(0ng [+ mo+ 1)+ )

Moreover, the domain of holomorphy for by, ., provides the existence of a positive constant
Cs, not depending on € such that

|b8501€15(6)| < 0566‘ = 33505167

for every € € £.
Let Bspgr, (2) = ZBZO Bgyor, Bzﬁ—f, which defines a holomorphic function in some neighbor-
hood of the origin. We consider the Cauchy problem

ko 1P
(10) 3fu(x,e):CCCC + Avo| ]
102C3 4(sn§)65 T( ) 1<p§,;0 ) OpF(W)

% T I_b(é,io/k—i-no—i-l)J —laxt (5~o/k+no+1)J -1 (Bsngm (x)amu(x’ 6)) ,
with initial conditions
(11) (9u)(0,€) = wj(e), 0<j<S—1.

One may check that the problem (10), (11) has a unique formal solution



whose coefficients satisfy the recursion formula

ug+s(e) sraomao ik
201020304 Z Z
' — !
. 2N [6(0ro/k + Ko +1)] 4 1)!
o kP Uqy 1y (€)
oyt T Ml |
F( > 1<p<ro—1 (#>

for every f > 0. It is clear from the initial conditions that u;(e) = wj(e) for 0 < j < § — 1.
Regarding the construction of the formal power series u(x, €) one concludes that

ws(e) Susle), B0,

Due to assumption (6), the classical theory of existence of solutions of ODEs can be applied to
the problem (10), (11) in order to guarantee that the formal power series u(z,€) is convergent
in a neighborhood of the origin, and the radius of convergence does not depend on the choice of
€ € £. So, there exist Zy, Z1 > 0 such that

,3
Zuﬁ —— < 7,
5>0
for all € € £. As a consecuence, 0 < ug(e) < ZlZgﬁ! for every 8 > 0, and
IWs (7,6l .00 = wale) < usle) < Z125 B! < o0,

for every S > 0. This concludes the proof. O

4 Analytic solutions of the main Cauchy problem

In the present section, we state the main singular Cauchy problem under study in this work, and
provide an analytic solution for it. The procedure rests on the k—Borel summability method of
formal power series which is a slightly modified version of the more classical procedure (see [2],
Section 3.2). This novel version has already been used in works such as [16] and [15] when
studying Cauchy problems under the presence of a small perturbation parameter.

4.1 Laplace transform and asymptotic expansions

Definition 2 Let k > 1 be an integer. Let (my(n))n>1 be the sequence

mg(n) =T (%) = /0 te e tdt, n > 1.

Let (E,||-||g) be a complex Banach space. We say a formal power series

X(T) = ianT” € TE[[T]]

n=1

is my-summable with respect to T in the direction d € [0,27) if the following assertions hold:



1. There exists p > 0 such that the my-Borel transform of X, B, (X), 1s absolutely conver-
gent for |T| < p, where

B, (X)(7 Z " e TE[[7]].

Q
k

2. The series By, (X) can be analytically continued in a sector S = {T € C* : |d—arg(7)| < &}
for some § > 0. In addition to this, the extension is of exponential growth at most k in S,
meaning that there exist C, K > 0 such that

HBmk(X)(T)HE < el s e
Under these assumptions, the vector valued Laplace transform of By, (X) along direction d is
defined by

R A _ kdu

Ly (B (X)) (1) =k | B (X)(w)e” D,
Y

where L., is the path parametrized by u € [0,00) — ue', for some appropriate direction
depending on T, such that Ly C S and cos(k(y —arg(T'))) > A > 0 for some A > 0.

The function Eﬁlk (B, (X) is well defined and turns out to be a holomorphic and bounded
function in any sector of the form S,y g ={T € C* : [T| < RYE |d — arg(T)| < 6/2}, for
some T <0 < T 426 and 0 < R < A/K. This function is known as the my-sum of the formal
power series X (T)) in the direction d.

The following are some elementary properties concerning the mg-sums of formal power series
which will be crucial in our procedure.

1) The function Eflnk (B, (X))(T') admits X (T') as its Gevrey asymptotic expansion of order
1/k with respect to ¢ in Sq9,r1/%- More precisely, for every 7 < 61 < 6, there exist C, M > 0
such that

£t (B Zapr < CM"T(1+ )\T]"

for every n > 2 and T' € Sy p1/e. Watson’s lemma (see Proposition 11 p.75 in [1]) allows us to
affirm that L&, (B, (X)(T) is unique provided that the opening 6; is larger than T

2) Whenever E is a Banach algebra, the set of holomorphic functions having Gevrey asymp-
totic expansion of order 1/k on a sector with values in E turns out to be a differential algebra
(see Theorem 18, 19 and 20 in [1]). This, and the uniqueness provided by Watson’s lemma allow
us to obtain some properties on mj-summable formal power series in direction d.

By * we denote the product in the Banach algebra and also the Cauchy product of formal
power series with coefficients in E. Let X, Xy € TE[[T]] be my-summable formal power series
in direction d. Let q; > g2 > 1 be integers. Then X1 + Xg, X1 * X2 and T 8q2X1, which are
elements of TE[[T]], are mg-summable in direction d. Moreover, one has

L, B (X0))(T) + L3, (B, (X2))(T) = L3, (B, (X1 + X2))(T),
L5 By (X0))(T) % L3, (B, (X2))(T) = L7, (B, (X1 % X2))(T),
TP L3, (B, (X1))(T) = L3, (B, (T 0 X1))(T),

for every T' € Sy 9 pi/k-
The next proposition is written without proof for it can be found in [16], Proposition 6.
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Proposition 3 Let f(t) = Y st ot € E[[t]], where (E,[|-[|g) is a Banach algebra. Letk,m > 1
be integers. The following formal identities hold.

By (8510 (1) (7) = k" By (F(1))(7),

. Tk ™ m . s
B (17 FO)) = gy [ (= 9 B (FO)6H
k

4.2 Analytic solutions of a singular Cauchy problem

Let S,s; > 1 7 > 0 be integers and a € C*. We define r as in (3). Provided that Assumption
(A) holds, we consider the construction made in Section 2 for £, Sy (also d1) and D(0, pp). We
take y € [0,27) such that R, e?” C Sy U {0}.

Let S be as in Section 3 and satisfying Assumption (B). For every (s, kg, k1) € S we take
the function by, (2,€) and Ay, € C for all 0 < p < kg — 1 as those in Section 3.

Let € € £. We consider the Cauchy problem

(12)  (T"0r)" + )02V (Toz,) = D basgm (2,6 TIPS Y)(T, 2, ),

(s,k0,K1)ES

under the initial conditions
(13) (0IY)(T,0,e) =Yj(Tye), 0<j<S-1

constructed as follows: For every 0 < j < S — 1, one considers a holomorphic function 7
W; (7, €) defined in . Moreover, we assume (6) holds, and construct Y; (T €) := L%, L(Wi(7,e))(T),
as the Laplace transform with respect to the variable 7, along direction d. Condmon 2 in Defini-
tion 2 is fulfilled so that the previous definition makes sense, providing a function 7" — Y;(T', €)
holomorphic in the set of all T = |T'|e? such that cos(k(y — #)) > A for some A > 0, and

1/k
7] < el , with £(0) = 3,50 G-
The next result follows analogous steps as the corresponding one of Theorem 1 in [15]. It is
based on an expansion of the operators involved which can be found in [27].

Theorem 1 Let e € £. Departing from the constructions within the present subsection, problem
(12), (13) admits a holomorphic solution

B
(14) (T,z) = Y(T,z,€) = Zﬁ (Wa(r,e))(T )5'
£>0
defined in
s « D(0, )
d707‘5‘r<0§b )1/k ’ZO )

where Zy is introduced in (8), and

A\ 0
S =TeC:|T|I< ||| —= arg(T) —d| < =
o () <l (Sap) o la® —d <

for some 6 > w/k. The Laplace transform in (14) is taken with respect to T variable.
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Proof From Assumption (B), one can write 7°07° in the form T‘SKOT”O(k“)@éﬁO for every
(s,k0,k1) € S, for some ., > 0. The expansion formula in page 40 of [27] allows us to
write

Toro ot hgso — o [ (ThHlapyro 4 N~ A, T (TR gy |

1<p<ro—1
for some A, , € C. Equation (12) is transformed into

(15) (T*107r)*t 4+ a)d5Y (T, 2, €)

= D b (@) TETROITI (TR )R 4 N A TREOTP (TGP 95 Y (T, 2, €).

(s,k0,k1)ES 1<p<rop—1

By means of the formal Borel transform with respect to T', and bearing in mind the properties
of such operator (see Proposition 3), equation (15) is transformed into (4), with W(r, z,€) =
B, (Y(T,z,€))(7). In view of (6), one has W € Fj o for 0 < j < S — 1, and moreover we may
apply Proposition 2 to the Cauchy problem with equation (4) and initial data

(16) (IW)(7,0,¢) = Wi(r,e), 0<j<S—1.

Consequently, there exists a formal solution of the previous Cauchy problem of the form

B
(17) Z We(, €)=
5>0 B
with Ws(7,€) € Fgcq for every e € £ and § > 0. In addition to this, there exist Zy, Z; > 0 with
6o || T
(Wa(T,€)| < Z1Z @W exp | orp(8) o ) B =0,

for every 7 € Q. If one writes T = |T'|e?, we deduce that

uk d
k Wg(u,e)e<7) “
L'Y

00 ok _r
< k;/ ]Wg(se )\e G cos(k(y—a g(T)))dS
0

ee b A
< k:ZlZgﬁ!/O exp([jjsk) — |T]’f] s*)ds,

for every 8 > 0. This entails that the function L%, (Wp(r,€))(T) is well defined for T' €
S A /&, for every T < 0 < T +25. Moreover,
dver‘e‘r<g§( )

)
B
(T,2) — Y (T, z,€) : ZE (Wa(r,e))(T )5'

5>0

defines a holomorphic function on S 0. ( A )l/k X D(O ) and it turns out to be a solution
O]

of the problem (12), (13) from the properties of Laplace transform in 2), Section 4.1 and the
fact that (17) is a formal solution of (4), (16).

|
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5 Formal series solutions and strongly regular multi-level asymp-
totic expansions in a complex parameter for a Cauchy prob-
lem

In this section we construct analytic solutions of the main problem under study and provide a
formal solution in the perturbation parameter linked to the analytic one by means of asymptotic
expansions of different nature. This behavior depends on the coefficients appearing in the
problem and its geometry. A multi-level asymptotic expansion is observed where not only
classical Gevrey asymptotic expansions come up, but also others belonging to a larger class,
related to the so called strongly regular sequences.

At this point, we recall the main properties of strongly regular sequences and its related
asymptotic expansions. We refer to [23] and [18] for further details.

5.1 Strongly regular sequences, asymptotic expansions and summability
In the following, M = (M,)pen, stands for a sequence of positive real numbers, with My = 1.
Definition 3 We say M is a strongly regular sequence if the following conditions hold:

(cg) M is logarithmically conver, it is to say, Mg < Mp_1Mp41 for all positive integer p.

(u) M is of moderate growth: there exists A > 0 such that Myi, < APYIM,M, for every
P,q € No.

(v1) M satisfies the strong non-quasianalyticity condition: there exists B > 0 such that

M M e,
>p (q+1)Mg1 = Mpp

Any Gevrey sequence of certain positive order «, (p!®),>0, is a strongly regular sequence,
but there are other sequences appearing in the literature such as those related to the 17 level
involved in the study of difference equations (see [11] among others).

One can generalize the concept of Gevrey asymptotic expansions in the framework of strongly
regular sequences. From now on, given a sector S with vertex at the origin, we say T is a (proper)
subsector of S whenever the radius of T is finite and T'\ {0} C S.

Definition 4 Let (F,|-||z) be a complex Banach space. Given a strongly reqular sequence M =
(Mp)p>0, we say a holomorphic function f, defined in a sector S C C with vertex at the origin
and with values in F admits the formal power series f =32 ap2P € F[[2]] as its M-asymptotic
expansion in S (when z tends to 0) if for every (proper) subsector T of S there exist Cp, Ap > 0
such that for all integer n > 1, one has

)= Y ape?|| < OrARM,|o", 2 €T
0<p<n-—1 F

Let M be a sequence of positive real numbers verifying properties (ag) and (1). The map

hy(t) :== 1'1)1;% MytP, t>0; hyvi(0) =0,

defines a non-decreasing continuous map in [0,00) onto [0,1]. Null M-asymptotic expansions
are characterized by means of hyy in the following terms.
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Proposition 4 Let F be a complex Banach space and let M be a strongly reqular sequence. The
following assertions are equivalent:

(i) f admits null M-asymptotic expansion (i.e. in Definition 4, ap = 0 for allp > 0) in a
sector S.

(ii) For every (proper) subsector T of S there exist Cr, Ar > 0 such that

(18) 1f ()l < Crhug (Arlz])
forall zeT.
Proof It is direct from the definition of hpp and M-asymptotic expansions. O

A concept of summability in this general framework was put forward in [18]. A relevant role
is played by the value w(M) defined by

o log(r)
(M) : ,,1_>oo log™ (—log(hpm(1/7)))

w(M) turns out to be a positive real number when departing from a strongly regular sequence
M (see [23]).

Definition 5 Let F be a complex Banach space and let Ml be a strongly regular sequence and
d € R. We say a formal power series f = Ym0 %z" € F[lz]] is M—summable in direction
d if there exists a sector S with bisecting direction d and opening larger than w(M)m, and a
holomorphic function f in S with values in F, which admits f as its M-asymptotic expansion

mn S.

Under the previous conditions, f is unique.

This last definition generalizes the classical one of Gevrey k-summable formal power series,
for £ > 0, which corresponds to the case M = (p!'/*),>0, for which w(M) equals 1/x. Watson’s
classical lemma guarantees uniqueness of a function admitting in a sector a (p!l/ ") p>0—asymptotic
expansion, whenever the opening of the sector is larger than 7 /.

5.2 Formal series solutions and strongly regular multi-level asymptotics in a
complex parameter

In this subsection we construct the analytic and formal solutions in powers of the perturbation
parameter, and relate them by means of different asymptotic behavior, depending on the nature
of the coefficients appearing in the equation and the geometry of the problem.

Let 71, s1 be nonnegative integers, with s; > 0. We take a € C* and define r as in (3).

Definition 6 Let (&;)o<i<v—1 be a finite family of open sectors such that & has its vertex at
the origin and finite radius rg, > 0 for all 0 < ¢ < v —1. We say this family provides a good
covering in C* if ENE4x1 # 0 for 0 <i <v—1 (where &, := &) and Up<i<,—1&E = U\ {0} for
some neighborhood of the origin U.

We assume rg, := rg for every 0 <i < v — 1, for some rg > 0.
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Definition 7 Let (&;)o<i<v—1 be a good covering in C*. Let T be an open sector with vertex at
0 and finite radius, say ry > 0 and a family of open sectors

0
Susbrr = {t €T |t < vh-rr.|d; — arg(t)] < 2} |

with d; € [0,27) for0<i<v—1, and w/k <0 < w/k+ 9§ for some small enough § > 0, under
the following properties:

1. One has arg(d;) # ™28 for gy j =0, kst — 1.
2. Forevery0<i<v—1,t€7T ande € &; one has €'t € Sdi,eﬂ“gT'T'

Under the previous settings, we say the family ((Sdi,g,rgrﬂr)ogigy_l, T) is associated with the good
covering (€ )osi<y-1-

Let us consider a strongly regular sequence M = (M,),>0, and we assume that w(M) <
1/(rk) (the case w(M) > 1/(rk) may be treated along similar lines, while the situation in which
w(M) = 1/(rk) is not included in our study).

Let (&)o<i<v—1 be a good covering which satisfies that the opening of &; is larger than w(M)7
for every 0 < ¢ < v — 1. We also choose a family ((Sdi’(;’Tng)ggig,,_l,T) associated with the
previous good covering. For the sake of brevity, for every 0 <7 <v —1 we put Sy, := Sdi,O,rng
and §; := Sy, U D(0, po).

Let S > 1 be an integer. We also consider a finite subset S of N3. For every (s, kg, k1) € S,
let boxor, (2, €) be a formal power series of the form

sngnl E bSNO’ﬂ/B

8>0

We assume that the formal power series byxyx, (2, €) belongs to O(D)][[¢]], where O(D) denotes the
Banach space of bounded holomorphic functions on a disc D centered at 0 endowed with the sup
norm. We make the hypothesis that ZA)SHO’HI (z,€) is M—summable on &;, for all 0 <7 < v —1 (see
Definition 5). Moreover, we assume that bex,0(€) = 0 for every (s, kg, k1) € S (this condition
will only be needed in the proof of our last result, Theorem 6). We denote by € — ngm (z,€) the
M—sum of by, (2,€) in & (seen as holomorphic function on & with values in O(D)). Using
Cauchy formula (in the variable z) together with Proposition 4, we get in particular that the

coeflicients b( )

sy 5 (€) Of the Taylor expansion of ngOm (z,€),

. B
_§ : (4) <
b((SK?()Hl (Z’ 6) - bsﬁ/onlﬁ(e)@

B8=0

satisfy estimates of the following form: There exist constants ¢y, co, c3 > 0 with

(19) B 5@ SadBl, €&,
and
(20) BUED (e) =08 ()] < erch Blhna(csle]), € € & N Eipa,

for all g > 0.
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We study the formal problem

(€ ()T + )00 X (t2,6) = D bangw (2, (P05 X) (8, 2, ¢),

(57’{Oa“§l)€S

and for every 0 < ¢ < v — 1, we study the Cauchy problem

(1) ()N + )Xtz = S b (5 O (O X)) (E 2, €)

SKokK1
(8,k0,K1)ES

under the initial conditions
(22) (0U(X:)(t,0,€) = dij(t,e), 0<j<S—1,

where the functions ¢;; are constructed in the following manner. For 0 < 7 < v — 1 and
0<j<S—1, we consider a function defined in ; x &, (7,€) — W, (7, €), such that:

a) The function W; ; is holomorphic in §; x &;.
b) For every e € &;, the function 7 — W; ;(7, €) belongs to the space Fj.q,, and

(23) sup HW'LJ (7_7 6) Hj,e,ﬂi < oo.
€es;

c¢) There exists K > 0 such that

[Wis1,5(7,€) = Wi (T, 6l c.0,n0,
(24) sup v - L L < 0.
e€&iNEit hM(K’d)

Let ; € [0,2m) such that L., := Ry e"V=1 C S; U{0}. We define
Yij(T,e) = L, (Wi (r,)(T).

This definition makes sense from the growth bounds on the function 7 — W; (7, €) given in
(23), as it can be checked from Definition 1 and Definition 2. The function T+ Y; ;(T', €) turns
out to be holomorphic for all T = |T'|e® such that cos(k(y; — ) > A, for some A > 0, and

|T| < ]e[”%, where £(b) = ano m Indeed, bearing in mind Theorem 1, the function
(T,z) — Yi(T, z,€) defined as in (14) by

2J
Y;,(Ta 2, 6) = Z Y:L,J(Ta 6)7'
j=0 I

is a solution of (12), (13) in S A /e x D(0, Z%)
i1l (557)

Finally, we put

kdu

(ﬁ@j(lﬁ, 6) = }/;7j(€rt, 6) = k?\/L WZ"]‘(U, 6)6_(%) ?,
Vi

for every (t,e) € T x &. From b), ¢; ; is well defined and from a), ¢; ;(t,€) turns out to be a
holomorphic function in 7 x &;.
We are in a position to construct the solution of the main problem.
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Theorem 2 Let the initial data (22) be constructed as before. Under assumptions (A) and (B),
the problem (21), (22) has a holomorphic and bounded solution X;(t,z,€) on (T N D(0,h")) x
D(0, Ry) x &;, for every 0 <i < v —1, for some Ry, h’ > 0.

Proof Regarding the construction of the initial conditions and Theorem 1, one has that (7, z) —

Yi(T, z,€) is a solution of (12), (13) in Sd o1l ( N )1/k x D(0, £ 7). One concludes the result by
i,0,]€|” o£(b)

defining

Y B
(25) Xi(t,z,€) :==Y;(e't, z,€) Zk‘/ W; g(u, €) e~ (&) CZL';',

>0 YL

and taking into account the properties of Laplace transform described in Proposition 3. The
elements of the sequence (IW; 3)s>0 are the coefficients of (7), determined by the recursion (9),
formal solution of the problem (4), (5). O

Next we study the rate of growth of the differences between the coefficients of like powers in
the formal solution obtained in Proposition 2 for the problem (4), (5), when considered in two
adjacent sectors of the good covering.

Proposition 5 Let 0 < i < v —1. In the situation described in the present section, and under
Assumptions (A) and (B), there exist ¢o, €1, Ko > 0 such that for every >0 and € € & N &t
one has

(26) IWis1,5(.€) = Wis(r, )50 0,00, < 100 Bna (Kalel) -

Wit1,8+5(1,€)=Wipts(re) .
A in

Proof For every § > 0, the recursion formula (9) allows us to write
the following way:

; Z Z bg?(;/l@)lag (6) - bgiﬁ)oﬂlao (6) 77"(57.%0)
(]CTk)Sl +a ao! ¢

(8,k0,K1)ES ap+o1=p

k Tk 1/k
x| — / (rF — 0)6:0 L(ko)ro Witt.apir (@ ,€) do
) 0

T (5% oq! o
k T* g+ (50 ) W; Yk
T ko OrgTRIROTP) 4 p "Vitl,ai+k1 (U 76) dﬁ
T A ==y i = ) ! o
1<p<rp—1 k
k
+ 7-7]6 /T (Tk — 0')6%_1(]@0)%0 (Wi+1,a1+m(01/k7 6) — Wi,alJr’fl (Ul/k’ 6)) dﬁ
() b ”
k Tk S +k(rg—D)
T k 2rp TR g P
+ D A“O”’F (W) /o T )
1<p<ro—1 k

(Wi+1,a1+l€1 (Ul/kv €) — Wi +r1 (Ul/kv E)) dj % bglfgomoéo (6) ¢~ T(5=r0)
ay! o ! ’

foreec&:=&NE1and 7€ Q= Q; N Q1.
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Let ¢ € £ Taking norms |||z, 5. in the previous expression and applying Lemma 1,
Lemma 2 and Proposition 1, one arrives at

”Wi+1,5+5(77 6) - Wi,ﬁJrS(T; 6) “B+S,€,Q
5!

< (4 Z Z (’bs?g}t)lao (6) - bgim)omao (6)’ M*T(S*no) Hm-l—l,al—&-m (Sl/ky e)Hoq—i-m,s,Q

O[o! 041!

(s,k0,K1)ES apota1=p

LI
e (8+5+1) )”““ B SV P p— L
K0P o
pro-am—m F<5Z°> 1<p<no—1 F(M)

HWi+1,a1+m (Sl/k, 6) - Wi,a1+m (Sl/ka 6) Hal—i-m,e,ﬂ

+ ‘ ‘rk( +no)
Ckll

Ko D b k 0 +ro+1
% CQf + Z |Anop| . C-Bf(:ﬁ - ( (/B; S+ 1) ) |bsfiof$10;0( )‘| ‘ r(s—ko)
T (ﬂ) (w) B+S—ar— kK ehl

% 1<p<ro—1

for suitable C7,Cs > 0. For the sake of brevity, we put
ko

F( - ) + Z |AHO’p|F(5"€O—5:E:’m_p))7

Dy, =

1<p<wo—1

and 7, = Lb(d% + Ko+ 1)] — 1. Analogous estimates as in the proof of Proposition 2 yield

|’Wi+1,B+S(T7 6) - Wi,6+5(7-7 6) H[3+5,6,9
5!

< 0102C3C4 Z Z D,m IB'

(s,k0K1)ES ap+ai=0 (B = Mo )!
+1 . 1/k
’bgztﬁ)lao <€) _ bg'go”‘lao (6)’ HWlJrlvo‘lJml (5 / ve)Herm,e,Q
1/k’ 6) o

HWiJrl,qurm (5 W/i7al+fﬂ (Sl/k’ 6) Haler,e,Q ’bgin)omao (‘5)‘

041! 040!

)

for some C3,Cy > 0.
We define wg(e) := [[Wit1,(7, €) = Wig(7,€) 5 for every § > 0. By taking into account
(8), (19) and (20) the previous expression allows us to write

U)[?Jg?'(e) S 01020304 Z Z D/@g 6 )
. (s,k0K1)ES ap+a1= B8 Nko

ZlZS”'H“(al + K1)! N Wy 44, (€)
a1! 041!

X [clcgohM(c;;]d) c1¢5°
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Finally, let us put for every >0

vg 1= sup _wsle)
€€ENEit1 hyp (K2| |)

where K5 > 0 is the maximum of the constants K and c3 appearing in the estimates (24) and
(20), respectively. Taking into account that ¢ +— hy(t) is increasing, the previous inequalities
imply that vg is finite for every 3, and moreover

(27)

VA Za1+m |
Vgt < C105050C, Z Z Dno ) 01620 |: 149 (Oél +/‘€1) + Vai+rk1
Nko

ﬁ‘ 051! al!
(s,k0K1)ES ap+a1=

Let

b(x) = p—— =0 Z c5x?, c(z) = m =7 Z

a>0 a>0

which are both holomorphic functions in some neighborhood of the origin. We consider the
Cauchy problem

k1) (o)
(28) W) (@) = C1OCsCs > D™ (b(a) (ul) + o) ™)
(s,k0,K1)ES
with initial conditions
(29) u(0)=v;, 0<j<S—1.
One may check that the problem (28), (29) has a unique formal solution
= Wﬁ* € Rif«]],
B>0
whose coefficients satisfy the recursion formula
(30)
UB+S leaﬁ—m (a1 + Kl)! Uay 4K
B‘ = 01020304 Z Z D,.go 6162 0 al + Ci ! :
ﬁ H()) 1 1

(s,k0K1)ES ap+a1=0

for every 8 > 0. It is clear from the initial conditions that u; = v; for 0 < 7 < S — 1, and
one easily concludes from (27) and (30) that vg < ug for every § > 0. The classical theory of
existence of solutions of ODEs can be applied to the problem (28), (29) to guarantee that the
formal power series u(x) is convergent in a neighborhood of the origin, so there exist ¢y, é; > 0
such that ug < 6165,8! for every 8 > 0, and hence

[Wisr5(7,€) = Wip(. )l 5,00 < 1 Blhar (Kale])
for all € € £ and 7 € 2, as desired. O

The next two results, crucial on determining the asymptotic behavior of the solution, provide
the key to apply a novel version of the so called Ramis-Sibuya theorem. The geometry of the
problem gives rise to different asymptotic behaviors we are about to deal with in different
situations.

The first case to consider is that in which no singularities fall in between two different
integration directions L., and L., , for some 0 <4 < v —1, and they can be chosen to coincide.
At this point, the difference of two actual solutions is an M-flat function.
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Theorem 3 Let 0 < i < v — 1. In the situation described in the present section, we make

Assumptions (A) and (B), and also assume that there are no singular directions w
1

for j=0,... ks — 1 in between ~; and vir1. Then, there exist K1, Ko > 0 such that
1 Xi1(t, 2, €) — Xi(t, 2, €)| < Kih (fq\e\) ,
for everyt € TN D(0,1), e € & NEit1 and all z € D(0, Ro), for some Ry > 0.

Proof As a consequence of (26), for every 5 > 0 one has

T

67’

(Wis1,5(7,€) — Wig(r,€)| < é180Blhu (Kﬂd) 1+‘er|k exp <<T7”b(5 +5)

k
L )
for all e € £, 7 € Q (we keep the notation in the previous proof). Under the hypothesis made
on the geometry of the problem, L., and L,,,, can be chosen in such a way that L,, = L,,,,.
At this point, one can estimate the difference of X; and X, regarding their definition in (25):

(31) ‘Xi-f—l(thve) _Xi(t7276>’

e fﬁcos ;—arg(te” d B
SkZ/ (Wis1,s(luleY ™1, e) — W g(JuleY 17 €)|e TaFId™ (Mot ||u’! |Zg||
u .

5>0"Y

- oo xa ul® U
< kér Yy (Golz])’hu <K2|e|> / Aexp ((o&(b) — cos(k(v; — arg(te")))r7") ‘L,Lk) die]

>0 0 14 |%* |ul

~ ~ © ulF U ~
< et (Ralel) 1 [~ e (-5 15 Y (1) ol

=0

< Kihy (f(2|6|)

for suitable constants Cs, K; > 0, as long as t € TN D(0,4), e € £ and z € D(0,1/(2&)). O

The second situation considers the case when a singularity lies in between two directions of
integration, L., and L., . This situation is handled by a deformation path argument.

Theorem 4 Let 0 < i < v — 1. In the situation described in the present section, we make
Assumptions (A) and (B), and moreover assume now that there exists j € {0,...,ks; — 1} such
that the singular direction %ﬁarg(a)

such that

lies in between v; and v;+1. Then, there exist f(g, Ky>0

. K
’Xi-‘rl(taZ?e) - Xi(t,z,6)| < K3 €xp <_6’;1k> )
for every e € ENEiv1, t € TND(0,K), and all z € D(0, Ry), for some Rj > 0.

Proof The definition of the solutions of the problem yields

| Xis1(t, 2, €) — X4(t, 2, €)]
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u \k d uw \k d B
[ Wenptw e @ [ g 2 EE
Lrita u L, u ﬁ

<k)

B8=0

foralle € &N &1, t € TND(0,k) and z € D(0, Ry).
One may deform the integration path in the expression above in order to get that

Elld
X120 = Xilt 2, S KD 1 = Tot Iy = i+ L5 5
B>0 :
where
d v d
= / Wi s(u e @ = I = / Wig(u, e)e (@) =L
Ly +1:p/2 L’Yi,p/2 U
u vk d wd
s ::/ Wit1(u, e F" Iy = / Wi g(u,e)e” Crliel
Cp/Q’gi’iH%H Y CP/2,02',¢+17% u
_(L)k du
I5 = (W/Z'+]_7B('U,, 6) - Wf’i,ﬁ(u, 6))6 Tt ;
L

0,p/2,60; 11

Here, L., | ,2 = [p/2, +OO)€\/_71%+17 Ly 2= [p/2, +OO)€\/_71%7 Cp/2,0:,i 11711
connecting (p/2)eY~1iit1 and (p/2)eV =1+ with a well chosen orientation, where 6; ;41 equals
(Vi t7i+1)/2, and Cp /20, ., ~; 18 an arc of circle connecting (p/2)eV~1iit1 and (p/2)eV =17 with
a well chosen orientation. Finally, Lo /20, ,,, = [0, p/2]eV Wit

We first settle upper bounds for |I;|. Bearing in mind the estimates in (8) we have that

N

for every 8 >0, 7 € Q and € € £ (with the previously fixed notation). This last inequality yields

is an arc of circle

T

67‘

(32) (Wip(T,e)l < legﬂ!i‘% exp (U"”b(ﬂ)
1+ |&

o0 — U k d u
ni< [ Wi, e (—M'k|’|k cos(k (741 — arg(tem)) dlu]
o

|ul

k |u® d|ul
exp | — g Cos(k(vit1 — arg(te’”)))) .

) < |£[*ef™* i Jul

u

67"

oo [ 15
ngZOﬁ!/pﬂWexp ory(5)

Analogous estimates as those appearing in (31) yield the existence of positive constants Cg, C;
such that

C
(33) 11| < CsZ5 Blexp <|€|7k> ,

forall 5>0,ee€ & andt €T NDO,AR).
One can follow the same steps as before to achieve estimates in the form of (33) when dealing
with |I2|. We now give upper bounds for |I3]|.

From the fact that (32) holds, one gets
E\ 2 /’Yi+1 ( (p/2)k
- exp | ——— cos(k(0 — arg(te"))) | df
) P Josiia |£]* el

p

2€”

_P_
’Ig| S legﬂ'% exXp <0’T‘b(ﬂ)
1+ &

2(%it1 — bis 2)"
< (’Y+1p 7+1)Z12§B!exp<_08(’p€/|rlz >’
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for some Cg > 0 and every t € T N D(0,h'), e € £. This leads to the existence of constants
Cy, Cp > 0 with

C
(34) |I3] < CoZ8 Blexp (-ﬁ) ,

for all 5> 0 and € € £. The previous estimates may apply to |I4| accordingly.
We conclude with the study of |I5|. Regarding (26), one has

u

k |ul® .
— exp _W cos(k(0;,i+1 — arg(te”)))

67’

i dful

15| < /m &125 B\ (K el)
“Jo

LD ]y

Jul”

for some ¢, ¢, Ko > 0, and all € € £. If t € T N D(0, k), then the previous expression can be
estimated from above, following the same steps as in (31), by

~ r/2 ul® U
élégB!hM(Kﬂd)/o exp <—011 ‘L‘Lk> d <’l’r’k> s

for some C11 > 0. This entails the existence of ¢5 > 0 such that

(35) |Is] < el Blhna(Kole)),

which is valid for all 8 > 0, and every € € £.
At this point, we observe that, as it can be found in [13], one has

n—00 log(n)

Since we have assumed that w(M) < 1/(rk), it is straightforward to check the existence of
A, B > 0 such that
M, < ABP(p)Y0) >0,

This fact, together with standard estimates, guarantee that
(36) han(Koe]) < e W/

for some K’ >0 and all e € €. )
In view of (33), (34), (35) and (36) we deduce the existence of K4, K5 > 0 such that

K
|Xi+1(t7za€) - Xi(t,Z,E)’ < k:exp <_|6|;1k) Z(K5|Z|)6a

B>0
for all 7N D(0,h') and € € £. From this, one concludes that
1 Xis1(t, 2 €) — X;(t, 2, €)| < Kge Ko/l

for some K3 > 0 and every t € TN D(0,4), e € € and z € D(0,1/(2K3)). O
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6 Existence of formal solution in the complex parameter and
two level asymptotic expansions

6.1 A general Ramis-Sibuya theorem in two levels

In the previous section, we have observed (Theorem 3 and Theorem 4) a different behavior of the
difference of two adjacent solutions, depending on the geometry of the problem and the nature
of the elements appearing in the equation. This causes the existence of a formal solution of the
main problem which can be put as a sum of two formal power series, related to both phenomena.

In the previous work [15], Section 6.1, the first and second authors developed a novel version
of Ramis-Sibuya theorem in two Gevrey levels. This result is no longer available in this problem,
where more general asymptotics, associated with strongly regular sequences, may appear.

For a reference on the classical version of Ramis-Sibuya theorem, we refer to [10], Theorem
XI-2-3. The next lemma is a general version of Lemma XI-2-6 from [10] in the framework of
strongly regular sequences.

Lemma 3 Let M = (Mp)pen, be a strongly regular sequence, and let (&;)o<i<v—1 be a good
covering in C*. Assume there exist f1,...,f, such that:

(1) fo is holomorphic in Ey—1 N Ep for every £ =1,...,v (where &, = &).
(1) There exist Cy,Cy > 0 such that
[fe(e)] < Crhna(Calel),
foreverye e E_ 1 NE, andalll=1,...,v.
Then, there exist iy, .. b,_1 and a formal power series () = > p>0 ape” € Cl[e]] such that
(1) ¢ admits 1& as its M-asymptotic expansion in &; (see Definition 4), for all¢ =0,...,v—1.
(13) fo(e) = e(e) — Yo—1(€) fore € Ei—1 NEy, for every 0 <L < v —1.
Proof We only give details at some strategic points in the proof where it defers from the proof
of Lemma XI-2-6 in [10], which is quite classical and known.
Let Cp:= {te% : 0 < t < g}, for £ =0,...,v — 1. Here, §; stands for a fixed argument in

Er—1 N &y, and 7g > 0 is such that Cp C (E,-1 N &p).
The function 1, defined for every £ =0,...,v — 1 by

R WA ()
Pele) hZ L

2
=0

can be continued analytically onto & by path deformation of the integrals involved. These
functions satisfy (i¢) in the statement. In order to provide the asymptotic behavior of (i), let
0 < /¢ <v-—1, and consider a subsector T of & which, without loss of generality, we admit to
have radius less than 7g. One can deform the path Cpiq (resp. Cp) to ég+1 (resp. ég) without
moving the endpoints so that T' is contained in the interior of a closed curve Cy + Yo — C~g+1,
where 7, is a circular arc from Fee' to Feefe+1. Moreover, one may assume that ég = Ly+ Ty,
with
Ly := {6 = teiwe 0<t< 7’571}
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and
Dpi={e=p(r):0< 7 <1},

for some r¢ 1 < g, some 6y < wy such that wy is an argument of & and where
pe(0) =re e, pg(1) = Fee’,
and re1 < |pe(T)] < 7g for 0 <7 < 1.
The function 1, can be rewritten in the form
-1 -1 -1
[ fe(©) de + fe+1(8) 3 fn(€)
Cy

- dé + — Inls) g
270 Jg, € — € 2mi Jo, , & —¢€ §+27T E—¢ &

(37) Po(e) =

“ng{e—1,637Ch
foreeT.

There exists a sequence of complex numbers (ap),>0 such that

I i)

(38) 27 Jr, § — €

N
d¢ = Z ape’ + M EN L 1(e),
p=0

for every € € T and all N € Ny, with

1 fe(©)
Enyi(e) := 2mi /s, m

We now provide upper bounds for |Eny1(€)|, € € T. It is straightforward to check that there
exists 0 < # < /2 such that

€ — €l > [¢]sin(0), &€ LpecT.

This entails

|Eny1(€)

re iwg rea
L e L[ e,
0 0

< —
= 27 tN+2¢in(f)  — 2wsin(6) tN+2

After the change of variable s = 1/t, one derives

C o) C o9
’EN-H (6) ! / hM(CQ/S)SNdS S 1/ hM(CQ/S)SNdS.
1

i
= 2msin(0) Jijre 2w sin(6) J,

Remark: In [23], Remark 5.8(i), it was proved that given K; > 0 there exist Ko, K3 > 0 such
that for every p € N one has

o

/ P~y (K Jt)dt < Ko K5 M,

0

Bearing in mind that M satisfies (i) property (see Definition 3) one concludes that

‘ < Cl ClKQKgAMl
~ 2msin(6) 27 sin(0)

for every € € T. One concludes from (38) that for every subsector T" of & there exist Ay, Ay > 0
such that

|En1(e) KoK My, < (AK3)N My,

L[ e, &
— d¢ — Pl < A{AN My le/NH! T N € N.
g7 ), = | S M ceT
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Analogous estimates can be obtained for the remaining terms of the sum in (37), and the
result is attained. O

One can also generalize in this context the classical notion of multisummability (see [1],
Chapter 6).

Definition 8 Let (E,||.||[g) be a complex Banach space, let & > 0 and let Ml = (Mp)p>0 be a
strongly regular sequence such that w(M) < 1/k.

Let € be a bounded open sector centered at 0 with aperture ww(M) 4 oo for some d3 > 0 and
let F be a bounded open sector centered at 0 with aperture % + 01 for some 61 > 0 such that the
inclusion € C F holds.

A formal power series f(€) = Yonsoan€” € E[le]] is said to be (M, k)—summable on £ if
there exist a formal series fa(e) € E[[e]] which is M—summable on & with M—sum fo : € — E
and a second formal series fi(e) € E[[e]] which is k—summable on F with k—sum fy : F — E
such that f = fi + fo. Furthermore, the holomorphic function f(e) = fi(€) + fa(€) defined on &
is called the (M, k)—sum of f on .

Theorem 5 (RS) Let (E,|-||) be a complex Banach space, (&;)o<i<y—1 @ good covering in C*
and fix a strongly reqular sequence Ml = (Mp)p>0. We assume G; : & — E is a holomorphic
function for all 0 < i < v —1 and put A;(e) := Giy1(e) — Gi(€) for every e € Z; := E N Eiy1.
Moreover, we assume the next assertions:

1) The functions G;(€) are bounded as € € & tends to 0, for all0 <i<wv —1.

2) Let o > 0 and nonempty sets 11,12 C{0,...,v—1} such that I; UI, ={0,...,v—1} and
LNl =0.

For every i € Iy there exist Ky, My >0 such that
_ My
|Ai()|lg < Kie 7, €€ Z;.

In addition to this, for every i € Is there exist Ko, Moy > 0 such that

1Ai(e)||g < Kihm(Malel), €€ Z;.

Then, there exists a convergent power series a(e) € E{e} defined on some neighborhood of
the origin and G*(¢),G?(¢) € E[[¢]] such that G; can be written in the form

Gi(e) = a(e) + Gi(e) + G2(e).

Gl(e) is holomorphic on & and has G'(€) as its 1/a-Gevrey asymptotic expansion on & for
every i € Iy. G%(e) is holomorphic on & and has G’Q(e) as its M—asymptotic expansion on &;,
fori e I.

Assume moreover that for some integer ig € Iy is such that Is, i, 5, = {i0—01,...,%0,...,%0+
d2} C Iy for some integers 01,92 > 0 and with the property that

(39) SZ‘O - Sﬂ/a - U En

h€I51,i0,52

where Sy, s a sector with aperture slightly larger than w/a. Then, the formal series G’(e) s
(M, o) —summable on &, as stated in Definition 8 and its (M, o) —sum is Gi,(€).
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Proof We define A(e) = A;(e)di; for j = 1,2, where §;; stands for the Kronecker function
with value 1 if ¢ € I; and 0O otherwise. A direct application of Lemma XI-2-6 in [10] (resp.
Lemma 3) provides that for every 0 < i < v — 1 there exist holomorphic functions \II} : & — C
(resp. W¥? : & — C) such that A{(e) = \I/gﬂ(e) - \I/f(e) for every e € Z;, 7 = 1,2. We put
W (e) = \I/é(e). In addition to this, there exist formal power series }_, <o dmje" € E[[e]],
j =1,2, such that for all 0 < ¢ < v — 1 and any closed proper subsector W C &, with vertex at
0, there exist Rg, Mg > 0 with

< Ko(Mo)N N1V eV,

N-1
() = > dmac™
m=0

E
and
N-1
TH(e) = D bmpe™|| < Ko(Mg)N Mylel",
m=0 E

for every e € W, and all positive N. The bounded holomorphic function a;(€) = G;(e) — ¥1(e) —
U2 (e), for every 0 < i < v — 1, and € € &; is such that a;11(e) = a;(€) for € € Z;. Hence, one
can define a holomorphic function a in a neighborhood of the origin which coincides with a; in
Eiforall 0 <i<v—1.

The result follows from here for G;(€) = a(e) + U} (e) + U2(e), e € & and 0 < i < v — 1.

Under the last additional assumption in the statement of the theorem, we can observe that
in the decomposition Gy, (e) = a(e) + G}, (e) + G3 (€), the function G} () can be analytically
continued on the sector Sy /, and has the formal series él(e) as asymptotic expansion of Gevrey
order 1/ on Sy, (this is the consequence of the fact that Aj(e) = 0 for h € Is, ;. 5,). Hence,
G, (€) is the a—sum of G1(e) on Sx/a- Moreover, we already know that the function G7 (e)
has GQ(E) as M—asymptotic expansion on &;,, meaning that G?O is the M—sum of GQ(E) on
&io- In other words, by Definition 8 above, the formal series G(e) = a(e) + G'(€) + G?(e) is
(M, @) —summable on &;, and its (M, a)—sum is G, (€).

O

Remark: In the problem under study, it is sufficient to depart from holomorphic func-
tions b1 () which are holomorphic and bounded in & N &1 and such that admit null
M—asymptotic expansion in their domain of definition. Under these initial assumptions, one
can apply the novel version of Ramis-Sibuya theorem in the present work in order to handle the
problem.

Remark: Observe that the latter statement in the Theorem is feasible under the Assump-
tions made on the geometry of the problem. If, for example, w(M) = (4rk)~!, the aperture of
the elements in the good covering can be chosen close but larger than this number. In order not
to attain singular directions, so that (39) holds, one should depart from a subset S satisfying

that s < 471y /k for every (s, ko, /1) € S.

7 Existence of formal power series solutions in the complex pa-
rameter

We state the main result in this work, which guarantees the existence of a formal power series in
the perturbation parameter which can be split into two formal power series so that the different
behavior of the actual solution appears explicitly.
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In the remaining results, E stands for the Banach space of holomorphic functions on the set
(T N D(0,h")) x D(0, Ry) endowed with the supremum norm, where b’ and Ry = min(Ry, Ry))
are given by the constants appearing in Theorems 3 and 4.

Theorem 6 We make assumptions (A) and (B), and suppose that the estimates in (23) and
(24) are satisfied. Then, there exists a formal power series

(40) X(t,z,¢€) ZHgtz—eE[[]]
B>0
formal solution of

(41) (€M (10" +a)0PX (tzy) = Y bagory (2, €)° (/005 X)(t, 2, €).

(s,k0,Kk1)ES
In addition to this, X can be written in the form
X(t,z,€) = alt,z,€) + X (t, 2,€) + X%(t, z,€),

where a(t, z,€) € B{e}, X'(t,2,¢€), X2(t, 2,¢) € E[[]]. Moreover, for every 0 < i < v — 1 the
E—valued function € — X;(t, z,€) constructed in Theorem 2 is given by

Xi(t,z,€) = al(t,z,¢€) + Xil (t,z,€) + XZ-Q(L‘, z,€),

where € — X}(t,z,€) is an E—valued function which admits XYtz €) as its s1/r1—Gevrey
asymptotic expansion on &, and where € — X?(t,z,e) is an E—wvalued function which admits
XQ(t, z,€) as its Ml—asymptotic expansion on &;.

Under the further assumptions on the good covering {&;}o<i<v—1 and directions d; introduced
in Definition 7 one can guarantee multisummability of the formal solution. Assume there exist

0 <ip < v—1 and two integers 61,92 > 0 such that for all h € Is, ;o 5, = {io—d1,...,1 .0+
02}, there are no singular directions % forany 0 < j<ks —1,in between Yp and

Yp+1, such that

SZO < ST1/81 U 8h

hels, ig.5,

where Sﬁ ] ' j 7‘1731' Then, the formal series X(t, Z,€)

is (M, 5b)-summable on &;, and its (M, $t)-sum is given by X;,(t, 2, €).

Proof Let (X;(t, z,€))o<i<y—1 be the finite family of functions constructed in Theorem 2. For
every 0 < i < v —1, Gi(e) := (t,2) — X;(t, z,€) turns out to be a holomorphic and bounded
function from &; to E. Bearing in mind Theorem 4 (resp. Theorem 3), the cocycle A;(e) =
Gi+1(e) — Gi(e) satisfies exponentially flat bounds of Gevrey order ri/s; (resp. bounds of
the form (18)) so that Theorem (RS) guarantees the existence of G(e), Gt (e), G2(e) € E[[e]],
a(e) € E{e} and G} (), G3(¢) € E(&;) such that one has the decompositions

Gi(e) = a(e) + G' () + G*(e),
Gi(e) = a(e) + Gi(e) + G(e),
where G (€) is a holomorphic function on &; and admits G'(e) as its Gevrey asymptotic expansion

of order s1/r1 in &, and where G?(¢) is a holomorphic function on & and admits G?(e) as its
M—asymptotic expansion in &;.
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Under the additional assumptions in the statement, the Theorem (RS) claims that the formal
series G(e) is (M, %)—surflmable on &, and that its (M, {1)-sum is given by Gj,(e). ‘
We now show that X satisfies (41). For every 0 < i < v — 1, the fact that GJ(e) admits

G (€) as its asymptotic expansion (Gevrey asymptotic expansion for j = 1 and in the sense of
Definition 4 for j = 2) in &; implies that

(42) lim sup 0°X;(t, z,€) — Hy(t, z)| = 0,
€=0,6€81 (1 e (TN{|t|]<h'})xD(0,Ro)

for all ¢ > 0. We derive ¢ < r; times at both sides of equation (41) and let ¢ — 0. From (42) we
get a recursion formula for the coefficients in (40) given by

Hy(t, 2) ‘ O bepgmim(2) OO Hy_ o (t, 2)
S 4 _ 0k1 t Yz )
ad; ( 17 )_ 2. 2 ml(C—m)  m (6 —m)!

(s,k0,k1)€ES M=1

Following the same steps one concludes that the coefficients in G (e) and the coefficients of the
analytic solution, written as a power series in €, coincide. This yields X(¢, z,¢€) is a formal
solution of (21),(22).

O
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