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Abstract

This paper concerns a class of optimal control problems, where a central planner aims to
control a multi-agent system in R? in order to minimize a certain cost of Bolza type. At
every time and for each agent, the set of admissible velocities, describing his/her underlying
microscopic dynamics, depends both on his/her position, and on the configuration of all the
other agents at the same time. So the problem is naturally stated in the space of probability
measures on R? equipped with the Wasserstein distance. The main result of the paper gives
a new characterization of the value function as the unique viscosity solution of a first order
partial differential equation. We introduce and discuss several equivalent formulations of the
concept of viscosity solutions in the Wasserstein spaces suitable for obtaining a comparison
principle of the Hamilton Jacobi Bellman equation associated with the above control problem.
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1 Introduction

There has been an increasing interest of the mathematical control theory community for the
so-called multi-agent systems, i.e., systems on a reference space X that are composed by
a number of agents so huge, that at each time only a statistical description of the state is
available. A common way to model such kind of system is to consider a macroscopic point
of view, where the state of the system is described by a (time-evolving) Borel measure on X,
i.e. the underlying space where the agents move.

If 11, is ameasure on X, and A is a Borel subset of X, the quantity i, (X) measures the total

i (

number of agent of the systems at time ¢, and the quotient represents the fractions of

Mt
the total amount of agents that are present in A at the time ¢. The case in which the system is

isolated, i.e., the total amount of agents is fixed in time, is of relevant interest. Indeed, in this
case, since u; (X) is constant, we can always normalize the measure p, assuming p;(X) = 1,
ie., u; € Z(X) the set of Borel probability measures on X. Thus the macroscopic evolution
is described by a curve ¢ >, in the space of probability measures. In the case X = R?, a
stronger mass-preservation property (i.e., that locally there are neither creation nor destruction
of agents,), can be obtained assuming that the trajectory p = {1, };¢[0, 7 of the system, seen
as a family of measures on X indexed by the time parameter, is expressed by the continuity
equation

O e + div(vepe) =0, nH

where v; (-) is a time dependent Borel vector field on R¢, and the PDE must be understood
in the sense of distributions.

Under mild integrability properties on v;(-), it is possible to prove that every solution
t — u, of the above PDE possesses a continuous representative, where continuity is taken
w.r.t. the weak™ topology induced by the duality with continuous and bounded functions on
R4, thus it make sense to couple the PDE with an initial condition in order to study the
macroscopic evolution of the system.

It is natural to introduce now a cost function on the system, and study various kinds of
optimization problems. More precisely, we are interested in studying the optimal control
problem where a central planner try to minimize a given cost function on the system by
acting on the agents. Another interesting problem—out of the scope of the present paper—
concerns the Nash equilibrium configurations when each agent try to minimize its individual
cost, possibly depending by the configuration of all the other agents. This case is a mean field
game problem, in the sense of [7,10,24].

The individual motion of each agent can be suject to nonholonomic constraints coming
from both local conditions, i.e., depending only on its instantaneous position, and from
nonlocal conditions, i.e., depending on the overall configuration of the agents present in
the system. The simplest possible case of nonoholonomic constraint coming from local
conditions is the presence of a maximum speed for the agents depending on its instantaneous
position. In this case, the admissible velocities for the agents passing through the point x € R?
are contained in a closed ball F(x) = B(0, g(x)) < R4, where g R — [0, +o00[ is a
function pointwise giving the speed limit. Anisotropic speed limit, i.e., limits depending not
only on the position but also on the direction, can be modeled similarly replacing the profile
of the ball with a suitable compact convex set.

In general, in presence of nonholonomic constraints on the dynamics of the agent, for
instance when the dynamics of each agent is expressed by a set-valued map F with values in
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R4, a natural requirement on the macroscopical vector field v (-) is to be a selection of the
same set-valued map F.

One of the most interesting features of the generalized control problem in the space of
probability measures in this formulation, which does not appear in the classical formulation,
is the possibility to take into account internal interactions between the agents, usually leading
to nonlocal nonholonomic constraints. Indeed, in the analysis of multi-agent systems, like
e.g., cell populations, fish swarms, insect colonies, human crowds, bird flocks, the collective
behavior is deeply influenced by complex interactions that usually arise among the subjects.
These interactions can be added both in the cost function, and in the dynamics. In the latter
case, this amounts to allow the set-valued map to depend not only on the position in RY,
but also by the current state of the system, i.e., considering set-valued maps F defined on
2R x R? with values in R,

An example can be given by penalizing the speed of the agents if the overall current
configuration is far from a fixed ideal travelling configuration which, for instance, guaran-
tees the safety of the swarm/collective. Denoted by u® = {M,R }tero,7] the ideal travelling
configuration, we can consider for instance

1
F(u,x) =B |0, ——5—— |,
( 1+W§(u,u5))

where W>(-) denotes the Wasserstein distance between probability measures, and study the
problem to achieve a desired configuration in minimum time. The optimal strategy in this
simple case will be a compromise between reaching first the ideal travelling profile to travel
at the fastest speed possibile (in this case 1), and letting the single agents free to move toward
the goal as fast as they can (in general, with speed less than 1).

Summarizing, in the general case the dynamics of the system consists of the continuity
equations (1) coupled with

v (x) € F(uy, x) for ps-almost x € R? and for a.e. 1 > 0. 2)

This feature leads to the conclusion that, in presence of interactions, the description of the
collective behavior cannot be reduced by the simple superposition of individual behaviors.

Indeed, in [16] it was addressed the problem to identify with geometrical tools and study
the macroscopical dynamics of a system where the microscopical agents were subjected by
a nonholonomic constraint modeled by a differential inclusion. However, it was made the
strong simplifying assumptions of no interactions between the agents, and therefore the map
F was assumed to depend only on the variable x € R?. In this paper, among the other results,
we provide an exension of the superposition principle to microscopical dynamics governed
by differential inclusions also in the case with interactions. Comparing to [16], this extensions
requires the use of appropriate fixed point argument, due to the fact that the evolution of each
agent is affected by the evolution of the others. This difficulty did not appear in the case
treated in [16].

The problem of rigorously approximate the control problem for the real-world multi-agent
discrete system with its mean field limit, i.e., the corresponding problem stated in the space
of measures, is of fundamental importance both from the theoretical and from the applicative
point of views. This problem can be traced back to [27], and a systematical survey of related
results can be found in [26]. This problem was addressed also in [13] for some models coming
from flocking models, in order to reduce the dimensionality of the problem of the kinetic
formulation. In [20] and [19] it is rigorously justified the use of mean-field approximations
in optimal control of multiagent systems of first order. The reader can find a comprehensive
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overview of the literature about kinetic formulation and applications, together with some
insights on research perspective, in the recent survey [1].

Closer to the problem studied in the present paper, in [8] and in [9] necessary conditions are
studied for control problems in the Wasserstein space. The first paper still in connection with
mean-field limit and the second one directly in the Wasserstein space. Both papers provide
such conditions in form of an extended Pontryagin Maximum Principle in the Wasserstein
space, however in order to obtain well-posedness of the adjoint equation heavy regularity
assumptions on the problem are needed.

Instead of a mean-field approximation approach, we study directly control systems stated
in the space of probability measure. This is motivated for instance by the case of incomplete
information on the state space, where we can model our knowledge of the state of the
system by a probability measure and study the corresponding evolution. This may occur
even when the evolution is purely deterministic (as in [12,14]), or when we consider games
with incomplete information (see [11,12]) or repeated games with signals (see [28]).

In this paper we will consider a Bolza-type problem, i.e., the minimization of a functional

JO)
T
o= Jig () 1=/ L) dt +9(ur) € RU {400}, 3)

on trajectories . = {L}s¢[s, 7] Satisfying the continuity equation (1) with an initial datum
1, and subject to the constraint v;(x) € F(u,, x) fora.e. t € [s, T], u;-a.e. x € R4,

A relevant class of bounded uniformly continuous functional £ which are interesting for
the applications is provided by

L) :// K(x,y)d(n® p)(x,y)),
R9 x R4

where K € C? (R? x R9). In terms of multi-agent systems, K (x, y) describes the cost of the
interactions between an agent located at the point x and an agent located at the point y. In its
simplest form, it can be expressed by K (x, y) = k(|x — y|), where k : [0, +oo[— [0, 4+-o00[
is continuous with compact support. The boundedness of the support of k express in this case
the fact that each agent is not influenced by the agents located too far away from him/her.

For the problem (3), a notion of value function can be given in analogy to classical Bolza
problem in optimal control, and our main goal is to characterize it as the unique solution of
a first-order Hamilton—Jacobi—Bellman equation (HJB in short) in the space of probability
measures. To this aim, we will use a convenient notion of viscosity sub/superdifferential, and
prove a comparison principle for first-order HIB equations.

The theory of HJB equation in the space of measures could be considered as a part of
a more general theory in metric spaces (see, e.g. [2,22]), but, since the space of measures
enjoys a much richer structure, specific tools were later developed in [12,14,21]. Using the
representation of the space of probability measures as a subspace of L? function on a suffi-
ciently “rich” probability space (see [10,24]), it was also developed a theory of generalized
differentiation and viscosity solution in the space of measures by adapting the concepts of
viscosity theory in infinite-dimensional spaces (see [17]).

In this paper the main result consists in proving that the value function is the unique
viscosity solution of a HIB equation in the Wasserstein space. For this task, we introduce a
suitable notion of sub/super differential in the Wasserstein space (which is very much inspired
from [12,25]) which leads to a definition of viscosity solution. Then we prove a compari-
son principle for viscosity solution of first-order HIB equations, by adapting a doubling of
variables argument used also in [12,25], extending the previous results to cover Hamiltonian
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function arising in the study of multi agent type. We also give several equivalent formulations
of sub/super differential which give equivalent definitions of viscosity solutions. It is worth
pointing out that here our intent is not to give abstract results comparing subdifferentials in
Wasserstein space (for this, the reader can refer to the recent paper [23]), but only to define
and study a subdifferential well-adapted to obtain a comparison result of the HIB associ-
ated to our multiagent control problem. Compared with [12], the comparison principle in
this paper requires milder regularity assumptions on the Hamiltonian (just a sort of uniform
continuity), while in [12] was asked a much stronger positive homogeneity in the second
variable and a Lipschitz conditions. This is reflected by the fact that the comparison principle
in [12] (and of [25], which was an extension of [12]) provides uniqueness only in the class
of Lipschitz continuous function, while the comparison principle of the present paper leads
to uniqueness in the bounded and uniformly continuous case. Anyway, the regularity of the
value function in our case is enough to authomatically guarantee the consistency between
the multiagent system and the mean field formulation. Furthermore, for such kind of result
we do not need the regularity assumptions of [9] or [8].

The paper is structured as follows: in Sect. 2 we introduce the basic notation and back-
ground, in Sect. 3 we describe the properties of the set of admissible trajectories, establishing
some results of existence and representation formulas, in Sect. 4 we analyze the optimal
control problem in the Wasserstein space, studying the regularity property of its value func-
tion, and prove a dynamic programming principle, and finally in Sect. 5 we provide the main
results of the paper, namely a comparison principle for viscosity solution of first-order HIB
equation, and the characterization of the value function of the Bolza problem as the unique
viscosity solution of a suitable HIB equation. At the end of the section, we also discuss
several equivalent formulations of the definition of viscosity solution in this context.

2 Preliminaries and notations

We will use the following notation.

B(x,r) the open ball of radius r of a metric space (X, dx), i.e., B(x,r) := {y €
X:dx(y,x) <r};

K the closure of a subset K of a topological space X;

Ix () the indicator function of K, i.e. Ig(x) = 0if x € K, Ix(x) = 4o0 if
x ¢ K;

dg (+) the distance function from a subset K of a metric space (X, d),i.e.dg (x) :=
inf{d(x,y): y € K};

Cl?(X 1Y) the set of continuous bounded function from a Banach space X to Y,

endowed with || f|lcc = sup,cx | f(x)| (if Y = R, Y will be omitted);
Ccl(x;Y) the set of compactly supported functions of C,?(X ; Y), with the topology
induced by Cl? (X;Y);
BUC(X;R) the space of bounded real-valued uniformly continuous functions defined

on X

Iy the set of continuous curves from a real interval / to R?;

Ir the set of continuous curves from [0, T'] to R;

e the evaluation operator e; : RY x I defined by e;(x,y) = y(t) for all
tel;

2(X) the set of Borel probability measures on a Banach space X, endowed with

the weak™ topology induced from Cg (X);
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A (R R the set of vector-valued Borel measures on R? with values in R?, endowed
with the weak™ topology induced from C? R?; RY);

[v] the total variation of a measure v € .# (R¢; R¥);

< the absolutely continuity relation between measures defined on the same
o-algebra;,

my () the second moment of a probability measure u € Z(X);

rtu the push-forward of the measure p by the Borel map r;

U Iy the product measure of u € Z(X) with the Borel family of measures
{metvex € Z(Y) (see Definition 6);

pr; the i-th projection map pr; (X1, ..., Xy) = X;;

I1(w,v) the set of admissible transport plans from u to v;

IT,(u, v) the set of optimal transport plans from u to v;

Wa(w, v) the 2-Wasserstein distance between p and v;

P (X) the subset of the elements &?(X) with finite second moment, endowed with
the 2-Wasserstein distance;

.%”d the Lebesgue measure on R?;

— the Radon-Nikodym derivative of the measure v w.r.t. the measure j;
"
Lip(f) the Lipschitz constant of a function f.

Now we give some preliminaries and fix the notation.

Given two nonempty sets A, S, we will denote by {ss}sca < Stheimagesofamap$ > ss
defined from A to S, seen as a subset of S indexed by the elements of A. In particular, when
A =N, {sp}neny € S will denote a sequence of elements in S. When the set A, S have
more structure, we will refer to regularity properties of {ss}sca € S meaning the regularity
properties of the underlying map § — ss.

Given Banach spaces X, Y, we denote by Z7(X) the set of Borel probability measures on
X endowed with the weak™® topology induced by the duality with the Banach space CS(X )
of the real-valued continuous bounded functions on X with the uniform convergence norm.

The second moment of u € Z(X) is defined by ma(n) = / ||x||%(d,u(x), and we set
X

25(X) = {u € 2(X) : my(R?) < +o0}. For any Borel mapr : X — Y and u € 2(X),
we define the push forward measure rtgp € Z(Y) by setting riu(B) = w(r~1(B)) for any
Borel set B of Y.

We denote by .Z(X; Y) the set of Y-valued Borel measures defined on X. The total
variation measure of v € .Z(X; Y) is defined for every Borel set B C X as

wI(B) = sup { D IveBolly ],
{Bilien
where the sup ranges on countable Borel partitions of B.
We now recall the definitions of transport plans and Wasserstein distance (cf for instance
[31]). Let X be a complete separable Banach space, 1, u2 € Z(X). The set of admissible
transport plans between (1 and p; is

My, po) = {w € (X x X) :pryfm = pi, i = 1,2},

where fori = 1,2, pr; : R? x R? — R4 is a projection pr; (x1, x2) = x;. The inverse a1 of
a transport plan @ € I1(u, v) is defined by x ' =itn e N, w), where i (x, y) = (y, x)
for all x, y € X. The Wasserstein distance between w1 and s is

W3 (i1, o) = inf / Ix1 — x> dm (x1, x2).
mwell(uy,m2) JXx X
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If o1, po € P> (X) then the above infimum is actually a minimum, and the set of minima is
denoted by

Iy (a1, pn2) = {ﬂ € (i1, 2) : W3 (w1, u2) =/

|1 —x2|pdn:(x1,x2)} .
XxX

Recall that %7, (X) endowed with the W>-Wasserstein distance is a complete separable metric
space, moreover for all u € 2 (X) there exists a sequence {u™ } yen < co{8, : x € supp u}
such that Wo(u, u) — 0as N — +o0.

To maintain the flow of the paper we postpone to an appendix the statement of the Dis-
integration Theorem and of the Superposition principle which will largely used throughout
the article.

3 The set of admissible trajectories and its properties

Here the admissible trajectories are the solutions of a continuity equation with constraints in
the flux. From a multi-agent system point of view, we have the following properties

— during the evolution, the total mass of the agents is preserved: we have neither creation
nor loss of agents;

— the dynamic of each agent is subject to non holonomic and possibly nonlocal constraints

— the macroscopic evolution will be the result of the superposition (average) of the micro-
scopic evolution of the agents.

We will focus now on the properties of the set of admissible trajectories.
Definition 1 (Admissible trajectories) Let I = [a, b] be a compact real interval, p =
{ishier € Po(RY), v = {v}rer € A4 (RERY), F 2 25(RY) x R? = R be a set-valued

map. We say that p is an admissible trajectory driven by v defined on I/ with underlying
dynamics F if

— the map ¢ — u, is Borel (see Definition 6);
— |v| K py forae.r el

v
- v (x) = —t(x) € F(uy, x) forae. t € I and p;-ae. x € RY;

t
— the map (¢, x) +— v;(x) is Borel and

/||UI||L2 dt < +00;
I 3

0; iy + div v, = 0 in the sense of distributions on ]0, T[xR4, equivalently

d
o | e du) = f (Vo (x), v(x)) dj (x), forall g € CH(R?)
t R4 R4

in the sense of distributions in |0, 7'[ (see (8.1.3) in [3]).
Given u € P (RY), we define the set
Q;zi,F(u,) = !u ={ s }rer < 3”2(1@’1) . there exists v = {v; };c; C L//Z(Rd; Rd)
such that p is an admissible traj. driven by v,

defined on / with underlying dynamics F and pu, = ,u}.
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We recall that, by Lemma 8.1.2 of [3], by possibly changing the family {x;};c; on a
Lebesgue negligible subset of I, we may always assume that ¢ — 1, is narrowly continuous.
Therefore given {1 }ier € MIF () we will assume always that it is continuous without loss
of generality. Moreover, by Theorem 8.3.1 in [3], the map ¢ — u, is actually absolutely
continuous from I to %, (RY) endowed with the Wasserstein metric.

Conversely, for any absolutely continuous curve ¢ +— p; defined on I = [a, b] with
values in % (Rd) endowed with the Wasserstein metric there exists a Borel vector field
(t, x) — v;(x) such that

[ iz, e < +o0,
and 0;u; + div(v; ;) = 0 holds in the sense of distributions on Ja, b[xR4.
An alternative characterization is of the admissible trajectories is given by the following
Remark 1 Define 7 : 2 (RY) x 4R RY) — [0,+00] and F : 2RI =
MR RT) — R U {+oc} by

v .
/ IF(u,x) <*(X)> dp(x), if v| < u,
R 1
IF(u,v)

+00, otherwise.
F (1) i={v e AR, RY) 1 Ip(p, v) < +00},

we have that u € M,F (w) if and only if there exists a Borel family v = {v;},e; such that
drpr +div v, = 0 in the sense of distributions, u, = u, and v; € #(u;) fora.e.t € I. Given
neE P (Rd), we say that v € Z () is an admissible measure-valued velocity at [.

We first show a result about the closedness of set of trajectories. To this aim, we consider
the following property of the dynamics

(F1) F: 2,(R?) x R? = R? is continuous with convex, compact and nonempty images,
where on 2, (R?9) x R we consider the metric

dz,®dyxre (1, X1), (L2, X2)) = |x1 — x2| + Waluer, n2).

We obtain the following result

Proposition 1 Assume that F satisfies (F1). Let (™), en be a sequence of admissible

trajectories defined on I such that u = {pc,(")}tel foralln € N, and let p = {is}rer S
P2yRY), v = (v lres € 4 (RY; RY) be Borel curves.
Suppose that

— for all n € N we have that p™ is driven by v = {v,(n) = v,(”)uﬁn)}zez, where
v,(")(x) € F(/Lf”),x)for a.e. t € I and ps-a.e. x € R4,

~ liminf / o l,2 < +oo;
n—400 I uﬁn)

— u™ — win the sense of distributions on I x R?, and for a.e. t € I we have
Wg(uﬁ”), ut) = 0asn — +o00;

— v® — v in the sense of distributions on I x RY, and for a.e. t € I we have v,(")—\*v,
asn — +00o;

Then w is an admissible trajectory driven by v.
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Before proving the above Proposition we state a Lemma which is a consequence of well-
known results of lower semicontinuity for functional depending on measures.

Lemma 1 Assume (Fy). Let {11} ,en be a sequence in 2, (RY) converging in Wy to 1 and
(v} ,en be a sequence in A (RY; RY) w*-converging to v. Then

S (ji, B) < liminf 75 (u™, v™).
n—+00
Proof We have .7 (1™, v™) € {0, +00}. In the case .75 (™, V™) = 400 for all but a
finite number of indexes 7, there is nothing to prove. Thus without loss of generality, we may
assume that Z¢(u™, V™) = 0 forall n € N.

Let (i, x) € 2,(R?) x RY. By the upper semicontinuity property of F, for all & > 0
there exists 8, ;, x > 0 such that if

dpywdyxrd (0, ¥), (H, X)) < 8e,,x
then
F(0.y) € F(ji,x)+¢B(0,1).

Let {x;};~0 be a countably dense sequence in RY. We set & = 8¢ and B =
B(x;, min{§; /2, 1/i}). Clearly, we have

/R R (%(x)) () = sup /E Ir i (%(x)) dfi(x)

There exists 7 > 0 such that for all n > n we have W (i, u(”)) < 8; /2, in particular for any

i € N we have
0= | I v dn®
- B F(u™, x) P(/(n) (X) n (x)

o "
Z/FIF(;z,xinB(o,l) Ly @) ) i)

According to e.g. Theorem 2.34 in [4], we have that for all i € 1

(n)
v
. . (n)
hnrnlnf /B,- Ty +eBOD (,u(") (x)) du(x)

v _
> /FIF(ﬂ,x[)+sB(O,l) (ﬁ(ﬂ) dii(x),

and so for ji-a.e. x € B; we have
v _ _
ﬁ(x) € F(ix, xj) + ¢B(0, 1).

Fix now a density point x for i. By density of the sequence {x;};en, there exists a subsequence
x;, such that x € B;, for all k, thus for k large enough we have

%(i) € F(ji, x;,) +&B(0,1) € F(j1, X) +2¢B(0, 1).

by letting ¢ — 0" and recalling the arbitrariness of the density point X, we conclude that

i(x) € F(ji, x) forae. x € R?, so Zx (1, V) = 0. The proof is complete. ]
m
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Proof of Proposition 1 1. Since for all n € N the trajectory ™ is an admissible trajectory
driven by v® foralln € N we have

™ +divo™ = 0.

Recalling that by assumption u™ and v™ converges in the sense of distributions to g
and v respectively, by passing to the limit in the sense of distributions we have

3,,u[ + div Vy = 0.
2. We denote by .4 C [ the set of ¢ € I where pLE") does not Ws-converge to jt; or vt(")
does not w*-converge to v;. By definition, we have that .4 is negligible. Since the trajectories
of the sequence are admissible, we have for alln € N

f 7 (1" v") dr =0,
1

thus, by Fatou Lemma and Lemma 3.4 we have

0 = lim inf Ir (uf”), v,(’”) dt > f liminf 7 (u™, v™) dt
NN I

n—-+o00 \ A n—-+o00

> FF (e, vp) dt = /jF(Mza v)dt > 0.
Ny 1

v
Thus we have |v;| < s and vy (x) := —t(x) € F(us,x) fora.e.t € I and us-a.e. x € R4,
1223

Moreover, since ¢t +— p; and ¢t > v; are Borel maps, we have that (¢, x) — v;(x) is Borel.
3. We recall that the functional

(w)w/ ‘K(x)
Rd | 1

is Ls.c. w.r.t. the weak™* convergence of measures (see e.g. Theorem 2.34 in [4]). In particular,
forallt ¢ .4 we have by Fatou’s lemma

2
dp(x)

2 o |?
2 gy = [ o] dueen < timing [P o| dp®
[v ()7 dpe(x) = ()| dup(x) <limin w @ dp ()
R4 Re | Mt n=>+00 JRd | 1,

=liminf | |2,
n——+00 LM(,,)
t

Taking the square root and integrating on / we have

U2 dr < lim inf v(n) 2> dt <liminf v(") 2 dt < +o0o.
L t I t I
I e ] >+ “1(") n—>+oo J; “1(”)

According to the previous steps, we obtain that

— p is a narrowly continuous curve, satisfying the continuity equation du; 4+ divv; = 0 in
the sense of distributions;
v
— v € u; forae.t € I, and v, (x) = —l(x) € F(uy, x) for u; ae. x € R? and a.e.
Mt

tel;
— it holds

/||Ut||L2 dt < 400.
I 23
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Thus u is an admissible trajectory driven by v. This ends the proof. O
Before stating our existence result for admissible trajectories we first need some more

assumptions on the set-valued map F

(F,) there exists a continuous increasing function 7" : [1, +00[—]0, +o0o[ and 6y > 0
such that

— the Cauchy problem
é(s) =7(6(s))0(s), fors > 0,
4
6(0) =1+ 6p.

has a solution 6(-) delﬁrzled on [0, T].
~ F(u,x) €T +m?())(1 + [x)B(O, D).

(F3) there exists L > 0, a compact metric space U and a continuous map f : 2,(R?) x
R? x U — R satisfying

[f ey, x1,u) — f(u2, x2, w)| < L(W2(ur, n2) + |x1 — x21),

for all u; € 9, (R?), x; e RY,i = 1,2, u € U, such that the set-valued map F' can be
represented as

F(u,x) = (f (. x,u) s u € UY.

Assumption (F») is strictly related to the construction of an a priori upper bound on the
second order moment of the time-evolving measure ¢ +— ;. Indeed, in order to prove the
existence, we aim to construct a relatively compact invariant domain and to apply a fixed-
point iterative procedure to build a sequence of curves in the space of probability measure
converging to an admissible trajectory.

Remark 2 We notice that actually (F3) implies (F>). Indeed, assume (F3). Then for all
we 2 R4 and x € RY, set

C :=max{l, L - max{|y|: y € F(5p,0)}},

we have

F(it, x) SF (80, 0) + L(Wa (e, 8o) + [xDB(O, 1) € C(1 +my> () + IxB(O, 1),

cc +mi*(w)(1 + xDBO, 1),

hence we can take 7' (r) = Cr, leading to existence of a solution to (4) in [0, T'] with

T < —-——.
C(1+6o)

Now we state the main result of this section

Theorem 1 (Existence and representation of solutions) Let T > 0 and assume (F1 — F).
Then for all n € P (RY) with mp(p) < 95, where 0y is as in (4), we have that there exist
k= {heror) S Pr®Y and v = {v)eeror) S AR RY) such that € ol 1 () is
an admissible trajectory driven by v. Moreover, there exists 1 € 2(R¢ x I'r) such that

1. ur =etipforallt € [0, T];
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2. forp-a.e. (x,y) € RY x Iy, we have

y () € F(efin, y(1)), fora.e t €[0,T];
y(0) =x.

Conversely, if g € PRY x I'y) satisfies (2) above, we have that . 1= {jt; = ein}te[0,7] €

W[({TJ(M) is an admissible trajectory driven by v = {v;l4s }1e(0,1], Where for a.e. t € [0, T]

and ps-a.e. y € R4

w = [ oy,
¢y

and 1,y is given by the disintegration ) = (; @ 1, y.

The measure § € 2(R? x I'r) can be identified with a measure on the space of contin-
uous paths in R?. In analogy to Theorem 5, the macroscopical behaviour of the system is
reconstructed as a (weighted) superposition of paths.

Before proving this theorem we need two Lemmas

Lemma2 LetC, T > 0and w : [0, T] x RY — R? be a map satisfying

1. x — w(x) continuous for all t € [0, T],
2. t — w;(x) measurable for all x € R,
3. lwi(x)| < CA + |x]) forallt € [0,T], x € R4,

Then

— there is a Borel map x — y, from RY to I'r such that for all x € R we have y,(0) = x
and y,(t) = w(yx (1)) fora.e. t € [0, T].

— forevery p € Zy(RY), set g = u ® 8y, and p = {141 }re0,7) With i, = e;fin, we have
that o; s + div(w, ) = 0 and o = w.

Proof Assumption (3) yields the existence of solutions of the Cauchy problem y (1) =
w; (y (¢)) with y(0) = x defined in [0, T'] for all x € RY.
We notice that if y (t) = w,(y(¢)) with y(0) = x, then

ly®] = |x| +/Ot lws (¥ (s)| ds < |x| +C/Ot(1 + [y () ds,
and so, by Gronwall’s inequality,
(IL+1y 0D < (1 + xDe® < (1+ |xDe.
We define the following map g : R¢ x I't — I'r

t
glx,y)(@) ==x + /O wyoy(s)ds — y(1).

Notice that g is continuous. Consider the set-valued map H : R¢ — I’y defined by

H(x) :={y € Boo(0, (1 + [x)eCT) : g(x, y) =0},
where, given r > 0,
Boo(0,7) = {y € AC([0, TI; RY) : |y (t)| < r forall 7 € [0, T},
i.e., the r-ball of the sup norm centered at the origin. The first assertion of the thesis now

follows from Theorem 8.2.9 in [5], while the second one is trivial.
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Lemma3 Let T > 0 and assume (Fy — F3). Let 0(-) be a solution of (4) fulfilling all the
properties in (F2), and set ¢t () = 1+ mé/z(u) forall u € P25 (RY). Define

D= | = (e € ACUO, T} Z2®) : £ (o) < 60),
and ¢ (uy) < 0(t) forallt €]0, T]}. (5)
Forall o = {{i:}1e(0,1] € D we set

o) == {M, ={ts}iclo,1) : there exists a Borel map (t, x) — v (x)
such that d;pu; + div(v,us) = 0, o = fio, and
v (x) € F(fi, x) fora.e.t € [0, T] and ju; -a.e. x € Rd}. (6)

Then we have ¥ # Q(jt) C D.
In particular, given p = {is}1e10,7) € Q), the map (t, x) +— v;(x) associated to p can
be chosen also satisfying

T
//|u,(x)|2dmdt<+oo.
0 R4

Proof We first prove that Q(ft) # . Since the set-valued map (¢, x) — F({i,, x) is contin-
uous with convex closed values, it possesses a continuous selection v;(x). By assumption,
we have

()] < TA +m* (@)1 + [x]) < YO + x]) < TOTH( + |x]),

recalling that 6(-) is increasing since 7°(-) is nonnegative. In particular, we have that every
integral solution of y () = v;(y(¢)) is defined on [0, T']. By Lemma 2, there exists a Borel
map x — ¥, such that for all x € R? we have Yx(t) = v (yx(2)) in ]0, T] and 5 (0) = x.
Then, set i = 10 ® &,,, s = €;11, V; = vy i, we have that i = {ji;};e0,71 € Q(f) thanks
to v = {Vr}ef0,7]-

We consider now any . = {i;}iefo,7] € Q). Since 1o = o, we have my(uo) =
mo (i) < Qg. Moreover, there exists v = {v; s }se[0,7] sSuch that

Oy +divoypu, =0,
and v,(x) € F(Q, x) fora.e. t € [0, T] and for p;-a.e. x € R, In particular, we have

oz, < Y@@ +mo(ey) ™)

According to Proposition 5, there exists § € Z(R? x I'r) concentrated on the pairs (x, )
where y is an integral solutions of y (s) = vs(y (s)) satisfying y (0) = x, such that i, = e,;ig
forallt € [0, T].

For p-a.e. (y(0),y) € R? x I'r,andfor0 <t < s < T we have

ly )| < ly@) +/‘ T (1 +m)* (uo)( + [y ()] dr
t

By taking the L% norm, and applying Jensen’s inequality, we have

s
my () sm;/z(u,>+/ T +ml?

t

(o)A +my () dr,
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soifwesetz(s) =1+ m;/z(us), we obtain that z(-) is a continuous function satisfying

z(s) Ez(t)Jr/ T (z()z(1) dr,

t

z(0) < 6(0).

Given0 <t < s < [0, T], we have
0(s) —z(s) = 0@t) — z(t) +/ [T(O(1))0(r) — T (z(r)z(7)] dr.
t

Since 8(0) > z(0), we can define
s=sup{r € [0,T]: 6(t) > z(¢) forall t € [0, 7]} > O.
We want to prove that s = 7. Assume by contradiction that 5 < 7. According to the above
relation, we have
5

0(s) —z(s) > 6(0) — z(0) + / [Y(O(1))0(t) — T (z(1))z(t)] dTt > 6(0) — z(0) > 0.
0

in particular, by continuity, there exists ¢ > O such thats + ¢ < T and 6(t) > z(7) for all
T €[5, § + €[, thus contradicting the maximality of 5. Thus, we have that z(s) < 0(s) for all
s € [0, T], and the inequality is strict at s = 0, hence u € D. Recalling (7), the increasing
character of 7°(-) and 6(-), and the definition of D, we have also

T T
/ / v () > dpy di < T(H(T))/ (I +ma(u)) dr < +o0.
0o Jre 0
o

Proof of Theorem 1 The existence will be proved by a fixed point argument. We define by
induction a sequence u™ = {uf”)},e[o,r] C D as follows.
~ We set £¥ = pand v” = 0 forall + € [0, T]. By assumption, we have that p(© =
0
(M ero.7 € D.
— Given p™ = {,u,(")},e[oj] € D, we choose p"™ € Q(u™) < D. The choice is

possible thanks to Lemma 3.
We notice that, by definition of Q(-) and by Lemma 3, for all n € N it exists a Borel map
(t, x) — w,(”)(x) such that

— oY+ divw™ ™) = 0, IL(()”) = U,
- wt(;ﬂ)(x) € F(uy", x) for uf*!-ae. x e R and ae. 1 € [0, T,
- / / |w,(")(x)|2du? dt < 4o00.
0o Jrd
Thus, recalling (F»),
w0l < T +m2@E N+ k) < TO)A + x]) < TOTHA + [x]),

hence, by applying Theorem 5, we define a sequence {§™},eny € Z(R? x I'y) satisfying
uf") = ¢, fig™ foralln € N, 1 € [0, T]. Moreover, for y®-ae. (x, y) € R? x I'r, we have
v (@) = w™ (y (1)) and y (0) = x, then

t t
ly (O] < |x] +/0 [w{™ (y ()| ds < |x] +T(9(T))/O (I+ [y @)D ds,
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and so, by Gronwall’s inequality, for all # € [0, T']
(L4 ly 0D < (14 |xDe" @M < (1 4 |x])e” @TIT
and fora.e. t € [0, T]
@) = w™ ) < TODHA+yO) < TOT) O (1 + |x)).

This yields
12
172
miPa® = ([ i )
xiT
Smé/z(ﬂ)‘F(I+m;/2(ﬂ))€r(9(T))T < 400,
and

/ 171200 dn'™ (x, y) <T(O(T))e? @INT ( / (1 + [x]) dn™ (x, y))
RdXFT

RXFT
=1 O(T)eT DT (1 4 m)* (1))
<T@ O (1 4 m)?(w)),

recalling that u(()") = pforalln e N.
Defined the functional £ : R? x I't — [0, +00] by setting

X+ 713 + 17 lloe, if y € AC(I) and y € L(1),

Elx,y) =
+00, otherwise,

we have that £ has compact sublevels in R? x I’y and
sup/ E(x,y)dn™ (x,y) < +oo.
neNJRIx Iy

By Remark 5.1.5 in [3], the sequence {§™},.cn is tight. In particular, up to a subsequence,
there exists € 2[R x I'r) such that g™ —*y. By the continuity of e;, we have that

w ~* = ey forall £ € [0, T].
Indeed, given 0 < s <t < T we have

Wa(u, ™y < [/

R ><FT

12
=[/ |y(r>—y<s)|2dn<"’(x,y)]
RdxFT

12
s|r—s|-[/ ||y‘||imdn<">(x,y>}
]RdXFT

<l — |- YOO (1 4 my(uy)
=lt —s- T OT)e” T (1 + my(w)),

1/2
le: (x, y) — e (x, Y)[>dn™ (x, y)]

recalling that ug’) = pu for all n € N. Therefore we have that {},cy is a sequence
of equiLipschitz continuous curves in 2 (R?) w.r.t. W-distance. Since they satisfy also

;L(()") = p for all n € N, the sequence is also equibounded. By Ascoli-Arzela Theorem, up to
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a (non relabeled) subsequence, it converges uniformly to a Lipschitz continuous curve. By
the uniqueness of the limit, we have that s converges uniformly to .

By Proposition 5.1.8 in [3], we have that for all (x, y) € supp » there exists a sequence
{(x1s ¥n)}nen such that (x,, y,,) € supp r]("), Xn — x and ||yy — ¥ |leo — 0. By the estimates
on w,(")(x), we have for n sufficiently large and for a.e. t € [0, T]

[Ya @] = TOT)A + [xa)) < T OT)Q2 + |xD),

SO {¥n }nen having uniformely bounded Lipschitz constants, thus y is Lipschitz continuous.
Moreover, for a.e. t € [0, T'] we have

p@ e (@m0 nz=mpc (@) Fou™. y).
meN meN n=m

Recalling the continuity of F and the fact that F is convex valued, for any ¢ > 0 there exists n,
sufficiently large such thatifn > m > n, we have F(,ugn), V(1)) € F(us, y(t))+€eB(0, 1),
thus

p(0) eco | F(u™, ya()) S F(ue, y () +¢BO, D).

n>m

In particular, by letting ¢ — 0, we have that 5 is supported on the set of (x, y) € R? x I'r,
where y € AC([0, T]; RY) such that y (1) € F(u, y (1)) for ae. t € [0, T]. Define now
v = {v}ref0.7] bY Vi = vy with

v (x) = /_1( )J?(t) dnex(y, 7).

where {1, r}:<[0,7] is the Borel family of probability measures obtained disintegrating n w.r.t.

xeR4
er,1.e.,n = w; ®@n; . Notice that v, (x) € F(u,, x) by the convexity assumption on F (i, x),

thus p is an admissible trajectory driven by v.

Conversely, if » is supported on (x, y) € R? x I'r, where y € AC([0, TY; R?) such that
y(t) € F(ug, y()) forae. t € [0, T], we define w = {us}re0,71 and v = {v;}s¢p0,77 by
setting 4, = e;fin, and v, = v,y with

v (x) = / L v@dnex(y, v,
e (%)
where n = u; ® ;. As before, v, (x) € F(u,, x) by the convexity assumption on F (i, x),
thus p is an admissible trajectory driven by v. The proof is complete. O

Remark 3 The convexity of the images of F is essential in the proof of Theorem 1. Roughly
speaking, from a multi-agent point of view it means that the macroscopical mass diplacement
can be faithfully represented by the mass transported by the agents at the micoscopical
level. Indeed, when the convexity assumption on the images of F fails we have two main
consequences:

— at the microscopical level the trajectories of y(t) € F(u, y(t)) are dense in the set
of the trajectories of the relaxed differential inclusion y (1) € co F(us, y(t)) for the
metric of uniform convergence by Filippov - Wazewski Relaxation Theorem (see e.g.
Theorem 10.4.4 in [5]), provided that F' is Borel and Lipschitz w.r.t. x. In particular, at
the microscopical level, the difference between working with F or co F' can be made
arbitrary small, if no derivatives of the trajectories are involved.
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— at the macroscopical level we loose the link between the function v,(-) and the set-
valued map regulating the dynamics of the agents, since the formula providing v (-) as
weighted average of the velocities of the concurrent characteristics induces intrinsecally
a convexification for the macroscopical flux v, ;.

In this sense, an example of such a situation was already provided in Example 1 of [16], for an
F independent on p, where the velocities of a nonnegligible set of microscopical trajectories
were different from the mean field v; for a nonnegligible amount of time. Therefore in order to
face meaningfully problems where the images of F are not necessarily convex, it is necessary
to distinguish between the microscopical dynamics (governed by F') and the macroscopical
vector field which in any case must be allowed to belong to co F.

Combining the above Theorem 1 with Lemma 1, we have the following compactness
result.

Corollary 1 Assume (F1) — (F3). Let S C UME%(R‘I) %QT](M), where 0y is as in (4). Then
m (1) <63

8 is relatively compact in C°([0, T1; 22(R?)) w.rt. the uniform norm (endowing &> (R%)
with the Wy-distance).

Proof Let {u™},cn be a sequence in S. In particular, there exists a sequence (wv®™},en
such that for every n € N it holds A {uf")}te[o,r], p® = {vt(") = v,(")p,f”)},e[o,r] -
(R RY) with 3,10 +div(e™ 1) = 0and v (x) € F(u™, x) forae.t € [0, T]and

wi-a.e. x € R4, Moreover, m2(,u((]")) < 0&. Thus u™ € Q(p). According to Lemma 3, we

have that ™ € D. In particular, there exists ™ € 2 (R? x I'r) such that M,(") = e,fin™ for

all € [0, T] and for g™ -a.e. (x, ) € R x I’y itholds y(0) = x and y(t) = v 0 y(¢) €
F(etﬂu,(n), y (1)) fora.e. t € [0, T]. Thus, recalling (F>),

W™ )] < YA +my > (W™ N A+ [x]) < YOO + [x]) < TOT))A + |x]),

As done in the proof of Theorem 1,

t t
ly ()| < |x|+/0 [ (y(s)|ds < |x|+T(9(T))/O (1+ |y ds,

and so, by Gronwall’s inequality, for all ¢ € [0, T']
(1+ 1y < (1 + [xDe @I < (1 4 |x])e” @IIT,
and for a.e. r € [0, T']
@) = 10" @) < TOTHA + |y ®))) < YOI CTT (1 4 |x)).
This yields

12
my2 (™) = (/R . (Ux1 + Iy 12) dn™ (x, y))
X1t

172

1/2
<m, /

(ug”) + (1 +m,
<00 + (1 4 g)eTOINT

(M(()ﬂ)))eT(G(T))T

and

f I e dp™ (x, y) <T(O(T))e? @TNT ( / (1 + |x]) dn™(x, y))
RdXFT R

XFT

@ Springer



58  Page 18 of 45 C.Jimenezet al.

<1 OT)e” O (1 4+ m)* (1))
<Y O(T))eTOINTg,.

Considering again the functional £ : RY x I't — [0, +-00] defined by setting

P + 113 + [17llzoe, ify € AC(I) and y € L®(1),
Ex,y)=

+00, otherwise,

we have that £ has compact sublevels in R¢ x I'y and

sup / ECx,y)dn™ (x,y) < +oo.
neNJRIx Iy

By Remark 5.1.5 in [3], the sequence {§™},cn is tight. In particular, up to a subsequence,
there exists € 2[R x I'r) such that g™ —*y. By the continuity of e;, we have that

/L;")—\*,ut := ¢,fin for all ¢ € [0, T']. Furthermore, we have
1
2
Wa(ui”, n) < [/ le: (x, ) — es(x, Y) 12 dn™ (x, y)]
R4 x R4

1
2
=[/ |y(r>—y<s)|2dn<">(x,y)]
R4 xR

1
2
s|r—s|[/ ||y'||%oodn<")<x,y>]
RJXFT
1

2
<[t —s| [ / 20T O (A 4 x)? dyp™ (x, y)}
RdXFT
<[t —s|TOT))e" CTIT (1 4 6p).

So the sequence {u™},,c is equibounded and equiLipschitz continuous, hence j is Lipschitz
continuous in %, (R?). Arguing as in the proof of Theorem 1, we have that 3 is supported
on pairs (x, y) € R? x Iy such that y(0) =x and y(¢t) € F(e/dn, y(t)) fora.e. t € [0, T],
thus u is an admissible trajectory. O

Remark 4 Assume (Fi) — (F3). Given any continuous curve g = {ls}se[0,7], We set
gu(t, x,u) := f(ius, x, u) and let

U = {u(-) : u(-) measurable and u([0, T']) C U}.
Recalling e.g. Lemma 7.3 in [18],

— the map R x U — Iy associating to (x, u(-)) the unique solution yﬁu(_) of p(t) =
g(t, x,u(t)), y(0) = x is continuous w.r.t. both the variable when on &/ we put the metric
of the convergence in measure;

— the set Dy := {y;’:u(_) cu(-) €U, x € RY) is closed.

If we define the set-valued map G : D, = U
Guly) ={uel: y}ft(o)’u(,)(t) =y(¢) forallt € [0, T]},
we have that G admits a Borel selection y +> u,, (see e.g. Theorem 8.2.9 in [5]). In particular,

forall y € Dy, we have y = V):L(O) uy (-)°
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As in classical control, it is crucial to be able to construct an approximation of a given
trajectory starting from an initial data by another trajectory starting from another initial data.

Proposition 2 (Gronwall-Filippov type estimate) Assume (Fp1) — (F3). Let [o, u(()G) IS
Py(RY), and p = {te}iero,r) € 5245 T (o) be an admissible trajectory. Then there exists

an admissible trajectory n@ = {;LfG)},E[O,T] € g([gT](M(()G)) such that for all t € [0, T]
we have

G LT G
Wa (s, ME )y < T Wa (o, M(() ),

where L is as in (F3).

Proof We will proceed by defining by recurrence a sequence converging to the desired tra-
jectory. Set p® =y = {M;O)}tE[O,T] and T € 170(/4(()0), ,LL(OG)). By assumption on F and
since u(o) is admissible, there exists n(o) e 2(R? x I'r) such that ;Lfo) = e,tin(o) for all
t € [0, T] and for n(o)-a.e. (x,y) € R? x I'r there exists a Borel map u, : [0,T] - U
such that y + u,, is also Borel and

p(0) = £il”, v (1), uy (1)), forae.t €0, T],
y(0) = x.

Given y € R?, we define amap 7y, : I'r — Iy by letting 7y, (y) be the solution of
(0 = F i 70, uy (1), forae.t €10, T],
7(0) =y.

for n©-ace. (y(0),y) e RY x I'y.
In other words, given y such that (y(0), y) € supp 7® we consider the control strategy
uy (-) generating it, and use the same control strategy to construct a curve Ty , starting from

y

Define two maps /o, ¢ : R xRY x I'r — R? x I'r by setting ¢ (x, y, ) = (x, ) and
V0@ y, 7)) =07 0 0). Notice that Yo (x, ¥, ¥) is well-defined only for 7©-a.e.
(y(0),y) e RY x I'r and all y € R,

Written 7© = ,u((]o) ® n)({O) for a Borel family {nj(co)} veRd» SEL

7,(1) = wﬂw)ﬁ (n ® 77)(60)) ,

and let u M = {Mgl)}telo,n be defined by ugl) := e,tp1. Notice that, by construction, we
have 7© = ¢t (n ® nff”). Thus (see e.g. formula (7.1.6) in [3])

Wa (', 1My < ®)

erop—e oy m .,
X

Formr ® ny-ae. (x,y,y) € RY x R x I'r, recalling (F3), we have

lesod(x,y,y) —eod mx,y,y)l

t
x—y+ /0 [ £, 7)1y ) = F 115, 7, 0 )8, 1y (5)) ] s
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t
<yt fo Flits, 6 1y () — Fliss T, 0 ()S), 1y (5))| ds
t
5M—ﬂ+L/
0

t
=[x =yl + L/O lesop(x,y,y) —es oY 0 (x,y, y)lds &)

y() =1, yo(y)(s)| ds

Recalling that, by the optimality of =,

/i |x—yﬁﬂn®n9xLyw)=/' Ix — y>dm(x, y)
R xR x I’y Rd x R4

0 G
=W3 (g 1),

taking the L? norm of (9) w.r.t.  ® 1, and using Jensen’s inequality yields

etoqﬁ—etown(o)‘

L2
xen)
t
0 (G
SW2(M(()),M(() ))+L/ €s0¢—€sowu<o>‘L2 ds
0 ©
RNy

By Gronwall inequality, and recalling (8), we obtain
0 1 0 G 0 G
Wau®, uy < et waud”, ) < et waul”, ul).

We construct now a sequence by induction.
Assume to have defined n(k) e R4 xI'p),k=1,....,n—1,insucha way that for
n(k)-a.e. (x,y) € R? x I'y there exists uy : [0, T] — U such that

v = fletn® Y, y), uy (1)), forae.t €0, T],
y(0) =x,

and satisfying

_ 0 (G
Waetn® et ®) < M W, g ))(k— D!

forallk =1,...,n—land ¢ € [0, T] (recall that 0! = 1). Then for ™~ D-ae. (x,y) €
R x I'r we define dn(x,¥) = (x,1,(y)) where 7, : It — Iy, and for @ D-ae.
(y(0),y) € R? x I'r, we have that T, (y) is the solution of

P(0) = fletn™ D, 7(0), u, (1)), forae.r € [0, T1,
y(0) =x,

and we set ™ := ¢, 1"~ D. We have

Waleitn ™™ etn™) < llev — e o gully2 -
n

Since

|et(-x’ 7/) — € o¢n(x7 y)'
<[
0
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t t
L f Wa(es2n®2, e ™Dy ds + L f () = () ()] ds
0 0

t t
L / Walesin ™2 egin®™ V) ds + L / les(r, 7) — €5 0 $u(x, ) ds,
0 0

taking the L? norm w.r.t. =1 and using Jensen’s inequality, we have

€r—e€; o
||t t ¢n“l‘3,(n—1)

t t
<L / Waestn™ =2, et~y ds + L / les —es o gull2, s
0 0 =

By Gronwall inequality, we obtain

Waertn™ ™V, et ™) <lles —erodull 2,
"

t
LetT / Wa(es 2™, egin™=) ds
0

T/Ie(n—l)LT.WZ(M(O) 10 Nl
0 070 T -2
tn—l
= Waug” ™)
In particular, since
+oo LT]n 1

W (n—1)7 )y <oLT W (0)’ G)
};&&% 2 (ertin e in™) <e T Wa iy, g )Z i

LT 0
—LTHT T Wz(u(() )’ 1 2

the sequence of continuous curves TR {ui")},qo,n is a Cauchy sequence in
co(qo, T1; ﬁz(Rd)) hence it converges uniformly to a continuous curve £® = {°},¢[0,71

where ug® = /LO 9 In particular, a measurable selection theorem (see e.g. Theorem 8.2.11
n [5]) yields

my(n™) = / /R L osup [IX1* + lec()I*] dn™ (x, )

x Iy 1€[0,T]

// P+ le ()P dn™ (x, )
teOT] Rder

< sup 2m2(e,jj17("))=2 sup mz(M; )~
t€l0,T] t€[0,T]

We recall that

l 2
2™y = Wa s, ™),

. 1/2
and so the sequence of continuous maps {¢ mz/

continuous map ¢ +— mé/ 2 (7°) (recalling also the Lipschitz continuity of W5 (8o, -)). For n

sufficiently large, we then have

( Mﬁ”))}neN uniformly converges to the

my(n™) <4 sup mo(ud®) < +oo,
t€[0,T)
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where the finiteness of the right hand side is ensured by the continuity of #® on the compact
[0, T].
Since
F(p, x) SF (80, 0) + L(W2(S0, n) + [x]) - B(O, 1)
=F (80, 0) + (Lma(p) + L|x]) - B(0, 1),

we have also that for g™-a.e. (y(0), y) e R x I'r

POI< | max fwl+ LmoGy”) + Ly 0]
Taking the Lfl"’) norm Yyields

I7Ol,2 < max  |w|+2L(0 +ma(u™))

Q) weF(50,0)
< max |w|4+2L(1+ sup my(ud))
weF(80,0) s€[0,T]

2
T
[ rpon, ar<r (| max jwieseas s mo)) <o
0 2 weF (50,0 5€l0.7]

We have

/ [P 4+ Iy 2 + 17122] dn® (e, )
]RdXFT

T
=my (y™) + / [y (01 dt dg™ (x, y)
R XFT 0

=mo(n™) + / f [y (O dn™ (x, y) dt
0 R‘IXFT

T
—mo(n™) + f IPOI, dr
0 ()

2
<4 sup mp(u°)+T max |w| +8L(1+ sup ma(u®))| < oo.
t€[0,T] weF (8 5€[0,T]

Hence, again by Remark 5.1.5 in [3], there exists > € PR x I'r) such that, up to a
subsequence §™ —*3°°_ By the continuity of the operator ¢; on R? x I'y, and recalling that
;L;") = ¢, 7™, we obtain u® = e in°°. Moreover, by Proposition 5.1.8 in [3], for n*°-a.e.
(x,y) € R? x I'y there exists a sequence {(x;, ¥»)}nen such that (x,, y,) € supp 17("),

Xp — x and ||y, — Y llco = 0. Fora.e. t € [0, T] we have

() € FU ™, y(@) € F(u®, 0) + LIy (0] + Wa (!, 1) B(0, D). (10
Thus, for n sufficiently large, we have W, (M(")
t € [0, T], and so

L) < land |y, (1) — y(@)| < 1 for all

Pa(Ol = C+ Liya()] = C+ LY oo + D,

where C := L + max{|v| : v € F(u;°,0), r € [0, T1}. So y is Lipschitz continuous. By
passing to the limit in the equation (10) , for a.e. r € [0, T'] we obtain

y() = f(u°, y (1), uy (1), forae.t € [0, T], and y(0) = x,
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In particular, set £(@) := u®, we have that 1% is an admissible trajectory satisfying all
the requested properties. O
Example 1 Possible choices for 7°(-) are

- Y(r) =C -logr forany C > 0 and T > 0. In this case we can also choose 6y > 0
arbitrarily, and 6(¢) = (1 + 90)€Ct.
— Y (r)=C -r* fora > 0. In this case we have
1+ 6y
(1 —aCt(1 4 )/’
thus we require «CT (1 + 6p)* < 1.

0(t) =

Remark 5 A possible variant of (F3), is to consider instead of (4), the existence of a solution
0(-) defined in [0, T'] to

an

6(s) = 2((s), 0(s)), fors > 0,
0(0) =1+ 6o,

where E : [1, +oo[x[1, +00[—]0, +0o0[ is a continuous function such that r — E(r, r) is
increasing, and r» — E(rq, r2) is convex for all rq. In this case, if 6(-) is such a solution, we
have also to assume that

y(s) = B(O(s), ¥ (5)),
y(0) =x

has a solution defined on [0, T'] for all x € R, while in the previous setting this was granted
by the sublinear growth of E(r;,r) = 7 (r1)ry w.r.t. the second variable. The proof of
Lemma 3 in this new setting requires only a straighforward adaption of the previous proof.
Moreover, in the case of (F3), this yields to existence for all initial conditions 6y and all times
T.

4 The value function and its properties

LetT > 0, £ : 2 (RY) x 4 (R4 RY) — RU {+o0} and & : 22 (R?) — R. Given p =
{iidrers.T1 € L () driven by v = {vi}ieps.1) € 4 (R RY) we define the functional
J() by

T
Jis, (e, v) 1=f L, vi)dt +9 (ur).
s

In particular, we say that fi = {{i;}se[s.7] € ,;zf[f r1(W) is an optimal trajectory starting from
w at time s if there exists b = {D;};efs.7] S 4 (R?; RY) such that ju is driven by % and

Jis. 1 (R, ¥) = inf [J[s,T](M, v) : pu € L py(u) driven by V} -
This enables us to define the value function V : [0, T] x 2>(R%) — R U {400} by

V(s, ) := inf [J[S,T](;L, v): e o () driven by v} . (12)

Recall that one can concatenate admissible trajectorie;s as follows: Let I} = [a, b], I =
[b, c]witha < b < c.Given u¥) € gilf(/,t(’)drivenby v® i =1, 2withu® e Wg(Rd)and
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1 i i . 1 1
n® =g set (e, v) = (), v for t € I\{b), i = 1,2, and (up, vp) = (1, vy).
Then o = {its}icfac € 7 (D) is an admissible trajectory driven by v = {v/}rejp.c],

that will be called the concatenation of (0¥, v and (;L(2), v®). We will denote I by
1D O u® and v by v © v®.

Proposition 3 (Dynamic Programming Principle) We have for every t € [s, T,
T
Vs, p) = inf {/ L(g, vyt + V(T 1) < (1, v) € sz%[inw} SN
A

In particular, given any p € ,;zf[iT](p,) driven by v, we have that the map

T
T > huv)(T) ;:/ L(pg, ve)dt + V(z, pue)
S
is nondecreasing on [s, T, and it is constant if and only if V (s, u) = Jis, 71(), v).

Proof Denote by W (s, ) the right-hand side of formula (13).
Takee >0,s <t <T,u € ,;zf[iT](u) driven by v. Let fi € ,Q{[ET](MT) driven by v be such
that

Jie (R, V) — & <V (T, pr).

We set it = f5,7) © i, ¥ = v|[5,7] © ¥, and notice that fi € M[fn(u) is driven by v.
With this choice we have

T T
Vis,u) < J(@L, %) = / L(pe, ve)de +J (R, v) < f L, ve)dt + V(z, ue) + 6.
s N
By letting ¢ — 0, we obtain
T
Vis, ) = / L, ve) dt + V (T, pr),
s

for all s < t < T. By the arbitrariness of u € "Zf[f,T](M) driven by v, we obtain V (s, u) <

W(s, ).
Fixnow e > 0,andlett € [s, T]and u € M[ET] (u) driven by v be such that

T
Wis. u) + ¢ z/ Ll v) di + V(. o).
S

As before, let it € ,Qi[f T](uf) driven by v be such that

Jieri(, V) — & < V (T, fr).

Define 1 € M[ET](M) and ¥ by setting fi = p[5 -} © jft and b = v |5 ] © ¥, and notice that
i is driven by v. This leads to

T T
W(s,u)+282/ £<u,,ut>dr+V<r,uf)+sz/ LGy, vi) di + o1 (G B)
S S

=Jis,11(L, P) = V (s, w),

and so V (s, u) = W(s, ).
We prove now the assertions on the map /4 »)(-). Let s < 71 < 75 < T. We have

T
hu,vy (1) =/ L(pe, ve)dt + V(Ty, pgy)
N
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T] 1]
5/ L, vy) dt +/ Ly, vi)dt + V (12, fry) = hp,v)(12),
s 71

where we used the fact that V. = W and pi, 7] € '@7[1:1,T] (i7,) is driven by vj¢, 77. This
proves that T > h(y, v)(7) is nondecreasing.
To conclude the proof, we notice that

h(u,v)(s) =V(s, u,
T T
) (T) =/ c(u,,v,>dr+V(T,uT>=/ LQur, vy di + g(ur) = TG ),

Thus V (s, u) = J(m, v) if and only if hy y)(s) = hu,v)(T) which, recalling the mono-
tonicity property of /iy, y)(-), is equivalent to say that /2, ,)(-) is constant. O

We will now focus our attention on the special case where £ depends only on j.
From Corollary 1, we may deduce the existence of optimal trajectories

Corollary 2 Assume F—F», that L depends only on 1, and that L, are lower semicontin-
uous. Then we have that the infimum (12) is actually a minimum, i.e., for all (s, n) such that

1+ m;/z () < O(s) there exists an optimal trajectory starting from | at time s.

Proof Since £ depends only on u, we have that the functional Jis 7| defining V () reduces
to

T
Jis, () =/ L) dt +9(ur),

and it is Ls.c. By Corollary 1, we have that M[f T () is compact, therefore Jig 71(-) admits
a minimizer in mf[SF T (w), i.e., there exists an optimal trajectory. O

We also obtain the following regularity property of the value function

Proposition 4 Assume F| - F3, that L depends only on | and that L, are bounded and
uniformly continuous with modulus w. Then the value function is bounded and uniformly
continuous.

Proof Let 1o, 0y € (R?). Given an optimal trajectory u € szflf T J(Mo), by Proposition 2
there exists admissible trajectory 6 € ,;z%[f 7] (6p) such that for all ¢ € [s, T']

Wa(ur, 6) < T+ Wi (o, ).
Thus we have
T
Vi(s,60) — V(s, no) < / [L£6) — L ()] dt +9(Or) — 9 (ur)
N
By the uniform continuity of £ and ¢, we have
V(5.60) = V(5. o) < (T — )o@ T+ W (o, 60)) + w (e T+ W) (o, 60)).

Switching the roles of 6y and 9, we obtain a similar estimate, yielding

[V (s, 60) — V(s, o)l
LT LT
< (T = )wE T Wy (1o, 00)) + w T Wa (1o, 60)),
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i.e., the continuity w.r.t. the p-variable. We prove the continuity with respect to 7. Let u €
QZ(R‘Z). Assume that 0 < s < 5o < T. By taking an optimal trajectory p = {ts}e[s;, 7] €

yﬁg T (u), the dynamic programming principle yields

52

Vst ) = Visa, ) = [/ L) dt +V (s2, ,usz)] — Vi(s2, )

1

52 o
< f LGu)di + (T — 52w T Wa(u, usy))
81

LT
+ @ T Wa (1, 115,)),

and the right hand side tends to 0 as |s; — s2| — 0 by the continuity of £ and ;. If instead
0 < s2 <1 < T, by taking an optimal trajectory g = {{s}re[s,, 7] € chf[fz,r](u), we have

51
Vs, w) — V(sa, u) =V(s1, n) — [/ L(pe)dt + V(sy, /vle)j|

2

1 LT
< / L(ur)ydi + (T = sD)o@ T WaGu, )
S

2

LT
+ @ T Wa (i, ),

and the right hand side tends to 0 as |s; —s2| — 0 by the continuity of £ and w,. In particular,
we obtain that for any sy, so € [0, T'] the difference V (s1, ) — V(s2, 1) is bounded from
above by a quantity which tends to zero as |s; — s2| — 0. By switching the roles of s and
52, we obtain the desired continuity. O

5 Characterization of the value function

We first introduce a notion of super/sub differential and associated viscosity solutions for
HJB equation. The relevance of this notion is demonstrated later by obtaining a comparison
result and the characterization of the value as the unique solution of the HIB equation.

5.1 Viscosity solutions of Hamilton Jacobi Bellman equation

We will first proceed the construction of the sub/superdifferential. Before this we introduce
the following definition (Section 8.5 in [3])

Definition 2 (Optimal displacements) Let u € 25(R?). A function p € L2 (R) is called an
optimal displacement from p if p = Idga — T where T is an optimal transport map between
w and THu. In particular, we have

W3, (dga = p)gi) = W3, Thp) = /R PP dp(o).
We will use extensively the following characterization of optimal displacements.

Lemma 4 (Characterization of optimal displacements) Let ;1 € P (RY), p € Lil(Rd).
The following are equivalent:

i. p is an optimal displacement from 1
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ii. there exists up € P (RY and & € I, (w1, m2) such that
p(x) =x —/ ydme(y),
Rd

where {1y}, cra is the family obtained by the disintegration 1 = 1 ® my;
iii. there exists uy € 22(RY) and w € I, (w1, n2) such that

f <¢<x),x—y>dn<x,y)=f G, p()) dpt1 (x),
R4 xRd R4

forall ¢ € L2 (R).

Proof (i.) = (iii.). We easily get (iii.) by setting # = (Idga x (Idge — p))fipe1 and

p2 = (Idge — p)ur.
(iii.) = (ii.). We have

/ (@), p(x)) dp1(x) :/ (@), x —y)dm(x,y)
R d Rd

xR

_ / (G, x — ¥) drs (Vs (x) = / (G (). x — / v e () dpua (x)
R4 R4 R4

for all ¢ € Lil(Rd). Thus p(x) = x — / vdm,(y) for pi-a.e. x € R,
R(l
(ii.) = (i.). Let uo € 2, (R%) and & € IT,(ju1, o) such that

px)=x— /Rd ydm,(y), for pi-ae. x € RY,
withw = u) @ m, € I1,(u1, 12), and set
T(x):= /Rd ydmy(y) for pi-ae. x € RY,
we have to prove that 7 is an optimal transport map between 11 and 7j¢1. By Section 6.3.2

in [3], we have that supp = is cyclically monotone, i.e.,

N N

D bxi vy < Y (i i), (14)

i=1 i=1

,,,,,,,,,, ~ a family such that
xi ¢ Nforalli =1,..., N thenform,, —a.e.yi,...my, —a.e.y, the inequality (14) holds.
Thus, by integration, taking all x; ¢ N:

N N

D i TOa)) =Y (i, /R Vi d7t; (3i))

i=1 i=1

N
= / (Z(xi,y») d7e, (1) ... dmy (YN)
RNd

i=1

L.

i=

N
(xi, yi+1)> dry, (y1) - . . dyey (YN)
1
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N N
Z (xi, / Vi1 dmy, (vig1)) = Z (xi, T (i),

hence graph T is cyclically monotone outside N, so T is an optimal transport map. O

Lemma5 (Optimal displacements and W) Let u, fi1, 12 € PR and =t € M,(f1, fi2).
Then, considered the disintegration T = [11 ® T of T w.r.t. the first marginal, and defined

px)=x —/ y da*(y)
R4
we have that p is an optimal displacement from 11 and for all ® € I1(ji1, ) it holds

| |
§W2 (e, r2) — EWz (L1, i12)

12
s/<p(x>,y—x>dn(x,y>+o<<f |x—y|2dn(x,y>> )
R4 x R4

Proof p(-) is an optimal displacement by Lemma 4 (ii). By disintegration of & write:
T = @t
Then build a transport plan & € IT(u, j12) by setting for all ¢ € C?(]Rd x RY):
/ @(y,2) da(y, z) ;:/ ¢(y,2) dr* (y)da* (2)d u(x).
R4 x R4 R4 xR4 xR

Then, it holds:

1, |
= 2(MaM2)—§Wz(M17M2)

2
1 2= 1 2=
<5 ly —zl7dm(y.2) — 5 Ix —z|"dm(y, 2)
2 JRdxrd 2 Jrdxrd
1 2 X — X - 1 2 5=
=3 ly —x+x —z|7dn” (y)da* (2)d i1 (x) — 5 Ix —z|"dm(y, 2)
2 JRAxRI xR 2 Jrixrd
1 -
= f/ |y—x|2dn(x,y)+/ (x —z,y = x)da* ()dm (x, y).
2 Jrixprd R4 xR xRY
The conclusion follows by moving the integral in z inside the scalar product. O

We now define the following notions of generalized gradients

Definition 3 (Super/sub differentials in R x &%) Let w : [0, T] x £, (R > Rbea map.
Given (, 1) € [0, T] x 2,(R?%) and § > 0, we say that (p7, pp) € R x L%(Rd) is a
8-viscosity superdifferential of w at (¢, 1) if

1. pj is an optimal displacement from fi;
2. forallp € 2R, t [0, T]and w € IT(1, 1) ,

w(t, 1) — wiE, i) < prt — 1) + /Rd<p,z(x>, v —x)dn(x. y)

+5\/|t —1? —I—/ lx — y|2dm(x,y)
Rd
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12
+o (|t — 7+ (/ lx — y|2dn(x,y)> ) .
]Rd

We denote by D;’w(t_, 1) the set of such §-superdifferential (py, p;z). Similarly the set of
§-viscosity subdifferentials Dy w(t, ju) is given by Dy w(z, i) = —D;(—w)(t_, ).

We consider an equation in the form
dw(t, w) +H(w, Dw(t, n)) =0, (15)
where 7 (i, p) is defined for any u € 25 (R?) and pE Li(Rd).

Definition 4 (Viscosity Solutions) A function w : [0, T] x 2, (R — Ris

e asubsolution of (15) if w is upper semicontinuous and there exists amap C : 7, (RY) —
10, +o0[, C(-) bounded on bounded sets, such that

pr+ 2w, pp) = —C()s,

for all (¢, n) €10, T[x 2> (RY), (p;, pu) € Df w(t, n), and § > 0.
e a supersolution of (15) if w is lower semicontinuous and there exists a map C :
25 (R?) =10, +00[, C(-) bounded on bounded sets, such that

pr +H(w, pp) < C(u)é,

for all (¢, ) €10, T[x 2> R?), (pr, pu) € Dy w(t, ), and § > 0.
e a solution of (15) if w is both a supersolution and a subsolution.

Given i, ua € 2(R?), and denoted by T € II,(u1, 2) the unique solution of the
minimization problem

mm{ [,

we disintegrate T = j11 ® 7, (see Theorem 4) and define p,, 4, € L/2u’ Gui. e € Liz by

2

X = / ydmy(y)
R

dpui(x) :m=p Qmy €ll, (N15M2)} )

PM,M(X)Z x_/ ydmy(y),
R4

(16)
Q) = v = [ o,
R4 ;
where 771 € 1T, (m2, i01) is the inverse of the transport plan T, disintegrated as ! =
n2 @ Ty ! Notice that, according to Lemma 4, Dy, 18 the optimal displacement from 11

to uo of minimal norm.
From now on, the space X := [0, T] x & (R?) is endowed with the metric

dx ((s1, 1), (52, u2)) = \/(51 —52)% + W3 (u1, p2),
and we notice that (X, dy) is a complete metric space. We endow X x X with the metric
dxxx(z1.22) = dx ((s1, 1), (52, 2)) +dx (11, f11), (12, [12)) .

for all z; = (s;, i, i, ;) € X x X, i = 1,2. Again, we have that (X x X,dxxx) is a
complete metric space.
We now state and prove the following comparison result
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Theorem 2 (Comparison) Let wy, wp € BUC(X; R) be a viscosity subsolution and super-
solution of the equation (15). Assume that there exists a continuous nondecreasing map
wyp : R? = [0, +oo[ such that wy (0,0) = 0 and

12wV, Ap 0) — AP Aq,0 400
<wx (Wz(u(l), @), Wi (u, u(z))) :
forallx >0, uV, u® e 2 (R?). Then

inf fwa(r, ) —wi(r, W} = inf  Awr(T, w) —wi(T, w}.
t,u)eX

(@ ;LG?}z(Rd)

In particular, the equation (15) coupled with a terminal condition w(T, ) = g(u), admits
at most one continuous and bounded solution.

We will need the following Lemma, of independent interest.

Lemma6 Let wi,wy; € BUC(X;R). Given ¢,n,0 > 0, we define the functional ® :
X x X - RU {+o00} by setting

1

o o .
(s, i top) =4 BH T if st # 0,

+o00, if st =0.

Let 8 > 0 and assume that 7 = (5, ji1,1, f1o) € X x X with 5,1 €]0, T satisfies

®(2) = (2) +ddxxx(z,2) forall z = ((s, u1), (1, n2)) € X x X. a7
Then o ~
s—1 o - -
( —n- = 3>eD;w1(s,m),
e 527 ¢
e (18)
7L 9 e prw (. i)
e ’ ¢ S 2 7#2 ’

where p = pp, . a, and § = qu, ., are as in (16).

Proof The proof follows from the same argument of Claim 1 of Theorem 3.4 in [25], we
repeat it for sake of completeness. By taking (¢, u2) = (7, fi2) in (17), we have

D (2) < D(s, 1, 1, f12) + 8dx ((s, w1), (5, i£1)), forall (s, 1) € X,
which, recalling the definition of ®, yields
wi(s, m1) — wi(s, my) <

1 - -
<50 W3 i) = WG i) + s = 1) = G = %] +

+5\/W22(m,m>+|s—§|2—n<s—s>+o(1— 1). (19)
N N

Observing that
1

1 1
——-=——=5+o(s -5
s 5 5
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and using Lemma 5 we obtain formula (18). The proof of the second relation of (18) follows
a symmetric argument. O

Proof of Theorem 2 Set

A= inf  Aw(T, p) —wi(T, wi,
neZH(R4)

and notice that since .7 does not involve w, we have that w; — A is still a subsolution. Thus
without loss of generality we can assume A = 0. Assume by contradiction that

=& = inf {wa(s, u) —wi(s, w} <0,
(5,)€[0,T]1x P2 (R4)

and choose (fo, o) € [0, T1 x 25 (RY) such that

&
wa (to, (o) — wi (to, mo) < 5

We notice that, by continuity of w; and wy, we can always assume that fy 7 0, moreover we
2
fixo > Osuchthat—o < % Let R > 0.
Givene, n > 0, we define the functional &, : X x X — R U {400} by setting

Doy (s, 1V, 1, 1) = war, u@))—wl(s n®) + 3 d2 (G, ™), .1 ®)) = s
+242,
s t

if st # 0 and Wa(uo, ) < R, i = 1,2, while ®g, (s, uV, 1, u®) = +o00 otherwise.
Define zg = (%o, 10, t0, o) € X x X. Since @, is lower semicontinuous and bounded from
below and (X x X, dxx x) is complete, by Ekeland Variational Principle, for any § > 0 there
eXists Zeps = (Seps, pLg])a Tenss N‘(si)a) € X x X suchthatforany z = (s, u(l), t, ,u(z)) e XxX
we have
cbsr](zsr]t?) = CI)sn(ZO)»
(20)

cbsn(zsm?) = q)m] (z) +ddxxx(z, ZanS),

moreover we set pg;s = dx ((sgmg, Mgl,,)g), (tens, /,LWS)), and notice that sg;5 # 0, and

Wa (0, p1g) < Ri=1,2.

1
Claim 1 Forall 0 < n < 1 we have lim, 5_ o+ *Pgms =0.
e

Proof (of Claim 1) In the second inequality of (20), we choose

(1))

1 2
= (SEV]37 Mén)gs S{;‘r]é‘s Mgna ’ @ )

(@)
22 = (Leps, Mens» Tenss Hens)s

thus obtaining
Dy (Zens) — Pen(z1) < dxxx (21, Zens),
(Dsn(zerlé) - d)er/(ZZ) < ddxxx(z2, an&)a

and so

2<D£17(Z8178) - q)en(zl) - qDEII(ZZ) < ddxxx(z1, ZanzS) + 8dxx x (22, ané)
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Recalling the definition of @, this implies
2 1 2 1
I:wZ(tsnBa Mf;,,)(g) — w2 (Senss MZ,,)(;)] + I:wl(tsm% Min)(;) — w1 (Senss Min)(g)] +

1
=Pl < 28063 + 1(Sens = fenp) < Peny (28 + 1), 1)

We prove first that lim \ Pens = 0 for all n > 0. To this aim, we fix > 0 and distinguish
£,8—0
two cases:

— assume that there exist « > 0 and sequences {&, },eN, {8 }neny With &,, 8, — 07 such

that liT Penns, = 2c. Then there exists n > 0 such that for all » > 7 sufficiently
n——+00

large, we have o < pg,;5, < 3, and so
o2
=2 (lwilloo + lw2lleo) + o < 3a(28, +n),

n

leading to a contradiction since the left hand side tends to +oo, while the right hand side

is bounded.
— assume that there exist sequences {&,}nen, {8nlneny With €,,8, — 0T such that
lirJrrl Penns, = —+00. Then there exists 7 > 0 such that for all n > 7 such that
n——+00
Eny8n < 1/2

2
=2 (lwilloo + llw2lloo) + 2)05",]5,, =< Zpsy,nﬁ,, s
leading to a contradiction.

Thus for all n > 0 we have lim sup pgps < 0, andso lim pgps = 0 forall n > 0.
£,6—0T £,6—07t

We conclude now the proof of the Claim noticing that (21) implies

1 2 1
gpgzng < 28+ peps  + lwateps, Mf;,,)(;) — w2 (Sepss ui,,)g)l
2 1
Hwi (Zens, I’Lin)s) — wi(Sepss /"Li‘r])[s)|

Since pgps — Oas e, § — 0™, by the continuity of w1, wy we conclude that the right hand
side tends to 0, thus proving Claim 1. O

Claim2 Claim 2: For ¢, 8, n > 0 sufficiently small, we have s¢s, teys €10, T'[.
Proof (of Claim 2) We argue by contradition, assuming that sg,s, fzps €10, T'[. By Lemma 6

we have
Sens — Lens 0 Pens 1)
< A € D;wl (San& ,ugng) s
e s e

end

Sens — lens  qens — 2)
(f’ e € Dy wy (tsn(S: Méng) s

(22)

where peps =p 0y @ andgeps =q ) @ .
. 'U'en5’ &enéd m;rﬁ’ﬂsnd . . .
Since w; and w, are a sub- and super-solution, respectively, and noticing that

Wa (o, ug,?(;) < Rforalle, n,6 >0,i =1, 2, we have

S — 1, o
—Cs < end end _n_T_i_%(M(l) pzné)7

e Sens ens:
Sens — Lens . (2) Yens
Coz STIm (0 da5)
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where C = sup{C(n) : Wa(u, o) < R}, and C(u) is as in the definition of viscosity
superdifferential (Definition 4). By combining the above relations, we have

o
%(an)a’ qlns) —«%”(Miln)a’ P:;a) <205 —y— - <205 — 1.

&end

By assumption, we have

2
2)  Gens 1) Pens Pens
10 2) o (1. 22) o (22,

and so
2

0
—Wur ()Oanév ‘:’6> <2Cé—n,

leading to a contradiction, since - recalling Claim 1 - the limit for &, § — 0% of the left hand
side is O for all n > 0, while the limit of the right hand side is strictly negative. O

Claim 3 For ¢, 8, n > 0 sufficiently small, we have s¢p5 7 T and .5 # T

Proof (of Claim 3) We notice that, by definition of & and recalling (20),
&

20 20
—= 4+ — >wa(to, o) — wi(to, o) — Nto + — = D¢y (20)
2 1o to
2 1
zd)sr/(Zsr/S) = w2(t8n87 ﬂén)g) — wi (senéa Hén)g)

I, o o
+ glogmﬁ - ﬂssns +

Send Tens
_ My _ Wy, Lo o
> — @2(Pens) + w2 (Ses, Mgms) w1 (Senss :ugms) + gpgyls nit,

where w;(+) is the continuity modulus of wy(-). Given 0 < n < &/(8T), we can choose
&, 8 > 0 such that

1, 200 &
2(Pens) — ZPens + nT + o =7 (23)
and so . e
=5z = wasens. Hgyg) — W1 GSenp. Igyy)- 24)

We prove the assertion by contradiction, assuming first s.,s = T . In this case, since we have
assumed A = 0, we have wy (T, Mgln)a) —wi (T, p,iln)a) > 0, leading to a contradiction with
(24), thus s¢;s # T. The proof of the case 75 = T can be done in the same way.

By Claim 2 and Claim 3 and the choice of o, we have s¢y5, feps ¢ [0, T, against the

definition of £. Thus we have £ = 0 and the proof is complete. O

5.2 Main result

Now we characterize the value function as unique viscosity solution of a suitable HIB equa-
tion.

We consider a set-valued map F satisfying (F1) — (F3), and assume that £ and ¢ are
bounded and uniformly continuous, and define the following Hamiltonian function for all
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ne P RY, py e Ly (RY,

T, pp) = L(1) + inf f (Pu(x), v(x)) dp(x). (25)
v()eL? (RY) R4
v(x)EF(jL,x) p-a.e.x

We recall that, as observed in Remark 4.2 in [25], from Theorem 8.2.11 in [5] we have indeed

H(y pu) = L) + HF (1, pu),

where

%F(M,pu)zf inf  {p,(x),v)du(x).
R4 veF (u,x)

Theorem 3 Consider a set-valued map F satisfying (Fy) — (F3), and assume that L and 4
are bounded and uniformly continuous. Then the value function 'V : [0, T] x 2[Ry - R
of the Bolza problem is the unique bounded and uniformly continuous viscosity solution of

afu(tﬂ M) + %(M5 Du(t7 M)) = 07
(26)
u(T, u) =9,
where the Hamitonian 7€ is defined by (25).

Proof We will proceed in several steps.
Step 1. The Hamiltonian ¢ of Definition (25) satisfies the assumptions of Theorem 2.
Let w1, w2 € 22(R?) be given, and py, uy» Gy, @s in the statement of Theorem 2
defined by m € I1,(t1, n2), L as in (F3). From a measurable selection theorem (see e.g.
Theorem 8.2.11 in [5]), we have

%F(Ml»pm,uz)

=inf {/ (v(x),x — y)dm(x,y) : v(-) Borel selection of F(up, ~)}
R4

=f inf  (vr,x — y)du(x, ),
Rd vieF (u1,x)
ffF(,uQ’q;Ll,/Az)

=inf {/d(v(y), y —Xx) dnfl(x, y) : v(-) Borel selection of F(u2, .)}
R

=inf {/d(v(x), x —y)dm(x,y): v(-) Borel selection of F(u2, -)}
R

:/ inf (v, x — y)dr(x, y).
R

d v2€F (ua,x)

Set § = LWa (e, n2). Given any ¢ > 0 let w, € F(uy1, x) + 6 B(0, 1) be such that

inf  (v2,x —y) zinf{(w,x —y): we F(ug,x)+8B(0, 1)}
v €F (12,x)

>(wf, x —y) —e&.

In particular, there are v{ € F(u1, x) and v® € B(0, 1) such that we = v{ 4 §v* and so

inf  (vp,x —y) =], x —y) + 8", x —y)—¢
v €F (12,x)
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>(vf, x —y) = 8lx —y[ —e.
We then have

inf (v, x—y)— inf (2, x —y) <LWaluy, p2) - [x —yl +e¢
vi€F (n1,x) v EF (n2,x)
L
<
2
By integrating w.r.t. & (and recalling that x is optimal),
e%F(/’Lh p,u.|,lL2) - %F(ML qﬂl,uz)

5/ [ inf  (vLx—y) — inf (vz,x—y)}dn(xa)’)
RdxRd [ vieF(ni,x) v EF (u2,x)

L o )
< (W5 (1, m2) + Ix — yI7) + & | dm(x, y)
RixRd |2
=L - W3 (1, ) +&.
Letting ¢ — 0T and switching the roles of i1, 12 yields

| (1s Py i) — A (125 Gy )| < L - W3 (it j12).

Since £ @ Z2RY) - R is uniformly continuous with modulus w,, and recalling that

(e, Apu) = AAF (1, py) forall A > 0, we have

| (1, APy i) — P (s Mgy )| < @2 (Wapr, w2)) + L - W3 (w1, p2),

hence the assumptions of Theorem 2 are satisfied by taking w_» (r, s) = w,(r) + Ls. This

proves the statement of Step 1.
Step 2. The value function V is a viscosity solution of (26).

Claim 1 V is a subsolution of (25).

(W3 (w1, ) + |x — yI?) + ¢

Proof (of Claim 1) Take (7, ji) €]0, T[x 2, (RY), § > 0, (p;, p) € Dy V(#, iv). Given any

admissible trajectory {u/}ief7, 1] € sz[gﬂ(ﬂ), and 7y € I1(j, uy), set

A= (t—z_)z—i—/ lx — y|2dm(x, y).
R4 x R4

By the Dynamic Programming Principle in Proposition 3, we have for any m; € IT(f, ;)

t
0 <V, ) — VI, ) +/_. L) ds
t

t
Sp,-(t—r‘>+/w <p,1(x),y—x>dnt<x,y)+6-At+o<Ar)+[ L) ds
t

xR
Hence, dividing by r — 7 > 0,

A
t—t

1
< pit——= (pa(x),y —x)dme(x,y) +
t— 1 JrdxRd

o(4y) A
A t—1

1 t
+——= | Lnyds+
t—1tJ;

27
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Fix ¢ > 0 and let v;j(-) be a Borel selection of F(ji, -) such that
/ (Pa(x), vi(x)) dji(x) < inf/ (pa(x), v(x))di(x) +e,
R4 x R4 v JRd xR

where the inf is taken on all the Borel selections of F (i, -). By Filippov’s Theorem (see e.g.
Theorem 8.2.101n [5]), we can find a Borel map u® : R? — U such that vg(x) = f(L, x, uy).
Choosing {it;},¢[7.7] as (s = ety with 5 supported on

7}(t) = f(lu’ls y(t)7 u;)a
y(@) =x,

and ; = (ey, €7)fin, leads to

1
l. — m 5 - d )
Jim Rded(pM(x) y—x)dm(x,y)
. ) —y(@)
— lim (pa o), EE Y e, )
t—1t Rquf,T] t—t

/ (Pa(x), vy(x)) dn(x, y)
RdXF[;YT]

< inf/ (Pa(x), v(x)) dji(x) + ¢,
R4 xR4

v
where we used the fact that for g-a.e. (x, y), we have that y € C!([7, T]) and y(7) =
F(@Lx ) = v (x).

Similarly,
tim s [y Pdm) = tim [
m ——- X — T (X, = l1m
t—1 (l — l)2 R4 x R4 Y ! Y t—1 JRd xR

:/Rd y lus (x)1> dn(x, y)
X

2

y(@®) —y@) Ay, )

t—t

2
E/ ( max |w|+LWz(ao,m+L|x|) dn(x.y)
Rd xRd \weF(80,0)

53~< max |w|2+2L2m2(ﬁ)),
weF (§p,0)

leading to

.Y - _
lim < (143 max |w[2+2L2my() | =: C(R).
weF (8.0

>t —1

Notice that the function C(-) defined above is bounded on every bounded set. In particular,
by taking the limit as # — 7 in (27), and recalling the continuity of  — u, and of £, we
have

—C(w)é = pr + inf/ {(pa(x), v(x)) dja(x) 4 & + L(1).
v JRIxRE

By letting ¢ — 0%, we have p; + (1, pp) > —C(f1)8, which ends the proof of Claim 1.

Claim 2 'V is a supersolution of (25).
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Proof (of Claim 2) Take (7, i) €10, T[x 2,(RY), § > 0, (p;, pp) € Dy V(t, i1). By
the Dynamic Programming Principle in Proposition 3, given an optimal trajectory p =
(Hrdietr. ) € F ) () we have for all x, € TG, py)

t
0=V(t,u)— V(t, 1) +[ L) ds
t

t
Zpi(l—t_)-i-fd (Pﬁ(X),y—X)dnt(x,y)—5~Az+0(Az)+[ L(ps) ds
t

xR
where A; is defined as in Claim 1. In particular, we have

At_ ) |:5 _ O(Az)]

t—t

1 1 !
>pit+—— (Ppn(x), y —x)dme(x,y) + 7-/ L(ps)ds.
t—1 Jpigga t—1J;

By taking the lim inf for t — 7T, we have

C(p) -6 = p;+ liminf

t—it t—1

/ (Pa(x), y —x)dme(x, y) + L(i),
R4 xRd

where C(f1) is defined as in Claim 1. Let € PR x I7, 7)) be such that u; = e/fin
and that for p-a.e. (x,y) € R? x IT7, 71 we have y(@) = xand y(t) = f(us, y (1), ux(t)),
where u, (¢) is a suitable Borel selection with values in U. By choosing &; = (e;, ¢7)tin and
N = [ ® ny, we have

= ey —ndmeo = [ pae SO )
RY x I 71 r—t

t—1 JrdxRd

1 t
- / (pa(x), —— / 3 (s) ds) dn(x. y)
RJXF;T] t—1J;

nf (pa(x),vydn(x,y)ds
l—f//ﬂ@dxq,TJveF(Mx y(s) br ey

|: inf  (pp(x),v) — 5s|P;1(X)|] dn(x,y)ds,
dx Iz 7 veF (j1,x)

_l‘—lr R

where §; = L(Wy(us, 1) + |y (s) — x|). By inverting the order of integrals and applying
Fatou’s Lemma, we have

lim inf _/ (pa(x), y —x)dm(x,y) >
R4 xR

t—>it —1t

1 t
> lim inf - inf i(x),v) — 8| pi dn(x,y)d
- [ o i | [%ggﬁ’x)(p,i(x) ) .y|p,t<x>|} 7.y ds

=/R inf (pa (), v) dax),

d veF(ji,x)

by the continuity of s — §5. Thus we have obtained

C(n)é = py +/ inf (pa(x),v)du(x) + L) = p; + (I, pp),
Rd vEF (ji,x)

and the proof of Claim 2 is ended. O
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Step 3 Since V is a viscosity solution to (26), in view of Step 1 we deduce from Theorem 2
that V' is the unique BU C solution to (26). The proof is complete.

5.3 Equivalent formulations of viscosity solutions

In this section we discuss several equivalent definitions of sub/superdifferentials which leads
to equivalent definitions of viscosity solutions.
The following Lemma shows that in Definition 3 we can restrict to & € I1,(ft, v).

Lemma7 Letu: 2, (R?) — R, 8 > 0, and letp € LIZ-L(]R‘]; R?) be an optimal displacement
from i € P (RY such that for all v € P (R and y € I1,(ix, v) we have

u(v) — u(fn)

5/ (p(x),y—x)dy(x,y)—i-(?\// lx —yI2dy(x,y) + 0 (Wa(ix, V).
R4 R4

Then p € D;u(/l).

Proof By Theorem 8.5.1 in [3], there exists a sequence {¢;, },en € C Cz (R9) such that Vo, —
pin L%(Rd; R%). For any x, y € R?, there exists § € {Ax + (1 — 1)y : A € [0, 1]} with

n (V) — u(x) = (Vg (x), y — x) + (D>, (0)(y — x), y — x)

and

on (V) = u(x) = 1D*@nlloo - Iy — x1* < (Vgu(x), y — x) <
< 0u(¥) — @u(x) + 1D*@nlloo - Iy — x|

Given t € I1(jx,v) and y € I1,(jx, v) we have
/ (Vo). y —x)dy — / (Vou(x). y — x)dn
R4 x R4 R4 x R4
< / on () dy - / on() dy — / on(y) d
R4 xR4 R4 x R4 R4 xR4
+/ 0 (X) ATt + +1|D*@p | ([ ly — x[*dm + W3 (i1, u))
R4 x R4 R4 x R4
=[D*¢nlloo (/ ly = x> dm + W3 (i, v)) :
R4 xR4
Forall 61,6, € IT(jz,v), and ¥ € L7, (R?; R?) set
u(V)—u(ﬂ)—/ W),y —x) dO) (x, )
R4 x R4

172
([, 0-sraosen)
4 x

Setr := [pa, g |y — x|? dm, we have:

A()l,()z(l//) =

0<Wy(it,v) <r,
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then

1 D%l (/R Iy =P + Wi v))
X

172
/ |y—x|2d7r
RY xR

<Ay 2 (V@) + 27| D>gp |l oo

Ar x(Von) fAy,n Von) +

This implies
Ax 2 (p) SAn,n(V(Pn) + Ve, — P”L%2
<Ay 2 (P) + 271 D*pnlloc + 21V en = P2

We recall that by assumption lim sup A, ,, (p) < 8. Thus

V=L

1/2
(/R y ly — x> dm(x, y))

Wa(iz. v)
+2r1D%0nlloo + 21 Ven = Pl 12

Ar x(p) < - max {07 Ay,n(P)}

=max{0, Ay (P)} + 2r | D*@nllo + 2/ Veon — Pllsz

In particular, we have

limsup Az (p) < max{0, limsup A, , (p)} + 27| D*gylloc + 21 Ve — Pl

V— [ V— L
and by letting r — 0 and n — 400, we deduce

lim sup Apx (p) <6,

V— L
ie Su(fn
.. p € Dju(fn). ]

We present here another approach in the computation of generalized gradient in the Wasser-
stein space, which is frequently used in Mean Field Game theory. Following [10] and [23], the
main idea is to represent the Wasserstein space as the space of the law of random variable of
a certain probability space, and to use the linear structure of the space of random variables in
order to define derivatives. We want to perform a comparison between these two approaches.

Consider (£2, B, IP) be a probability space, where £2 is a complete separable metric space,
B is the Borel o-algebra, and P an atomless Borel probability measure on (§2, B).! Given
a random variable X : 2 — R? on (82, B, P), we denote by XtP € W(Rd) its law, i.e.,
X4P(B) = P (X~!(B)) for every Borel set B C R?. We recall (see e.g. [29]) that, by the
assumptions on P, for every u € % (RY) there exists X € L2(§2: R?) such that u = X4P.
Conversely, for every X € L2(£2; RY) we have X{P € 22, (RY). Moreover

WaGur, ) = inf {1X1 = Xall 2+ XigP = pui, i = 1,2}

! For instance, (2,B,P) = (Rd, Bor(Rd), zd

10,174 ), where “?T[IO 13 denotes the restriction of the Lebesgue

measure on [0, l]d.

@ Springer



58  Page 40 of 45 C.Jimenezet al.

!’ig. 1 The map §* ifla linear LH%(Q)
isometry from Lj; (RY) to Hy. -
The map 7, denotes the -1 e -
prO_]eCthl’l on Hy in the Hilbert Xao ﬂ-lfx Ax
space L2 (.Q) 9 rmd “

L2 (R%) — Hx

Given u : 2,(R?) — R, we recall (see [10]) that its lift U : L2(£22; R?) — R is defined by

U(X) = u(XtP) forall X € L3 (825 R7). We alsorecallthatafunctlonU L? p(82; R > R

is called law-dependent it U (X 1) = U(X>) forall X1, X, € L3 p(82; RY) s.t. X]n]P XotP.
Clearly, every lift of functions defined on 22, (R?) is law- dependent.

Lemma8 Let X € L2 (£2; ]Rd), and define
={poX e Ly(2:RY) : ¢ € L3 p(RD}.
Then Hy is a closed linear subspace ofLHZJ,(.Q; RY). Moreover, the map
X, : Ly p(RY) — Hy
defined as X,(¢) = ¢ o X is a linear isometry.
Proof Let £ € Hy. Then there exists a sequence {p, o X},en € Hy such that
nEI-Eoo Ipn o X = &ll12(2.re) = 0.
In particular, we have that there exists C > 0 such that
1Pallz, eigeay = 170 © Xl 2(2ip0) < C

thus, up to subsequences, we may assume p,— p weakly in L2 tth(Rd ) for a certain p €
_P(Rd) Given any ¢ € L2 ﬁP(R ), we have

0= lim (¢,p,—p);2 = lim ((;50)(,])0)(—]7,,oX)L%F:((Z)oX,poX—S)L]}zI

n——+oo Xﬁ? n—-+oo
Thus forall g o X € Hx we have (¢p o X, POX_@LD% = 0, hence (P, poX—g)Lé = 0 for

all® € Hy.Hence poX—& € H}%. Butsince poX —£ € Hy and because Hxy N Hy = {0}
we deduce that £ = p o X € Hy. The last assertion follows from the fact that ¢ — ¢ o X is
obviously linear, moreover, set © = X, we have (Fig. 1)

I 0 X172 0, :/Q"”"X(‘“)'zdm“’)sz I dpa(x) = 19117,
]

Our aim is to find a convenient representation of the sub/super differentials of Definition 3
by using the set Hy defined in Lemma 8. We state it only for the superdifferential, for the
subdifferential the argument is symmetric.

Proposition5 Ler U : [0, T] x L%(.Q) — Rbeamap, t € [0,T], X € L]ZP(.Q) 5§ >0,
(pr, &) e R x L2 5(£2). Assume that U (-) and & (-) satisfy the following properties:

1. U(t, ") is law-dependent;
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2. there exists Y € Hy such that & = X — Y and Wr(X{P, YiP) = ||§||L]%.
3. forall Z € L%,(.Q) we have

U, 2) - U X) < pi(t — 1) +/Rd(§(w), Z(0) — X()) dP(w)

+5\/|t —TP X = Z2, 4o (1= 71+ 1X = Zll2).
P

Then, defining u : [0, T] x 2[R > R byu(t,u) =U(t, Z) forall Z € L%F(Q) such
that ZP = pand t € [0, T'], and setting j1 := X1, we have that there exist p; € L%(Rd)
such that & =y, (€) = pj o X and (pz, pp) € Dy u(t, iv).

Conversely, given u : [0, T] x @z(Rd) — R, its lift U : [0,T] x LI%)(.Q) — R,
(i, 1) € [0, T] x Z(RY), (p;, pp) € Dfu(i, ), there exist X,Y € L3(82) such that
(X, )P € I, (jx, (Id — pp)gin), moreover & = py o X and U (-) satisfy all the properties
(1-2-3) above.

Proof Property (2) implies that £ = g, (§) = p o X for a certain optimal displacement

p € L} (R?) from ji, since Y € Hy. Exploiting properties (1) and (3), given v € #(R?)
and chosen Z € L]ZP(.Q) such that U (¢, Z) = u(t, v), we obtain

M(LU)_M(I_vﬁ)Spt_([_t_)—i_‘/l% (Pﬁ(x)sy_x)dﬂ(xd’)

d

+a\/|z — 12 +/ lx — y|2dn(x,y)
Rd

1/2
+o <|z — 7+ (/ |x —y|2dn(x,y)> ) )
Rd

by setting T = (X, Z)ilP. The converse is trivial.

We conclude this section by giving a characterization of superdifferentials with specific
test functions from L%,(.Q) — R whose gradients belong to the superdifferential. For sake
of simplicity we omit here the ¢ variable.

Definition 5 (Quadratic test functions) Given Y € L%(Q), we define the smooth map Qy :
L2(£2) — R by setting for all Z € L3(£2)

1 2
Oy(Z2) = EIIZ - YIILT%-
Forall X e Lﬂ%(.Q) we consider the set 7' (X) of all maps Qy such that

Y € Hx and Wo(X{P, Y{P) = || X — Y||L]%). (28)

Proposition 6 (Superdifferentials with test functions) Let U : LIZP,(.Q) — R be a law-
dependent map, § > 0, X € LE%,(.Q), Y € Hy such that (28) holds true, and Qy € T (X)
such that for any Z € L]Iz,,(.Q)

U(2) = Qy(2) =UX) = Qy(X) +8[IZ - X|
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i.e. U — Qy has a local §-maximum at X. Then, denoting by & € L]ZP,(.Q) the gradient
in L3(82) of Qy at X, and defining u(SP) = U(S) for all S € L%(£2), we have that
£ =np (&) = po X with p € Df u(u).

Conversely, given u : 2,(R?) — R and denoted by U : LIZP(SZ) — R its lift, given
p € D;u(u), set& = po X, there exists Q € T (X) such that for all Z we have that U — Q
has a local §-maximum at X and DQ(X) =& € LIZP,(.Q).

Proof Assume that U — Qy has a local §-maximum at X. Thus, for every Z € L%P(Q) we
have

U(Z) = U(X) <Qy(Z) = Qr(X) + 81 Z = X|l 2 + (I Z = XI|2)
=6, Z = X)+381Z = Xl 2 +0(1Z = X1 2),

where we used the smoothness of Qy. The first assertion now follows from Proposition 5.
We prove now the second assertion. According to the last part of Proposition 5, it is
possible to find Y such that

U(Z) -UX) =6, Z = X) +8I1Z = Xll 2 +oUIZ = Xll12)
=(X =Y, Z=X)+8-1Z = X2 +0(1Z = XIl 2)
! 2 1 2
—EIIZ —Y|° - EIIX =Y +8-1Z = X2 +ollZ = Xl 2),
thus it is enough to take Q = Qy(-) to conclude. ]
Remark 6 Let U be a bounded upper semicontinuous law-dependent map. Givenany Y € L2,

ifwefix C = B L (X, r), wehave that f := Qy — U is a lower semicontinuous function on

C bounded from below. Since L%F(Q) is an Hilbert space, we can apply Stegall’s variational
principle (see [10]) obtaining for all § > 0 an element X} € (L]%(Q))/ such that f + X7 has
a (strong) minimum in C and || X}l < 8. In particular, there exists X5 € C such that for all
ZeC

Oy (Xs) — U(Xs) + (X5, Xs) < Qv(2) —U(Z) + (X5, Z).
Rearranging the terms, we obtain for all Z € C
U(2) = Qy(2) = U(Xs) — Qv (Xs) + (X5, Z — X5).

We can extend this inequality to the whole of LEZ,, by adding a term on the right hand side
which vanishes as Z — X, thus forall Z € L% we have

U(Z)-Qy(2) = U(Xs) — Qy(Xs) + (X5, Z — Xs) + o(1Z — X|),
< U(Xs) — Qy(Xs) +811Z — Xs| + o(I1Z — X))

i.e., U — Qy has alocal §-maximum at Xs.

Remark 7 We notice that in the definition of 7'(X) it is required, beside the optimality con-
dition W (XtP, YiP) = | X — Y”Lﬂ%’ also that Y € Hy. In this way, we have that the

L>-gradient at X of any Q € T(X) is a law-dependent function, which is coherent with
the fact that, to have a suitable notion of super/sub-tangent test function at X € L% for a
law-dependent function, their gradient at X must actually define univocally an element of
Li where u = XtP.
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On the other hand, to restrict Z € Hy in the lifted function (i.e., considering less possible
variations from the point of interest X) is equivalent to consider in the original function only
measure v which can be reached from p by transport maps. In this case, even if ¥ ¢ Hy,
the projection g, (§), where & is defined as in Proposition 5, define an element of the
8-superdifferential (restricted in this sense). This was essentially the case considered in [12].

Remark 8 1t is worth pointing out that even if the equivalent definitions of section 5.3 are
given in L]%)(.Q), they do not reduce to the classical definition of viscosity solution [17] in
the Hilbert space L%,(.Q). In particular the comparison theorem of [17] does not apply. This
is why we needed to state a new comparison theorem (Theorem 2) in the context of our
optimal control problem. For other definitions of viscosity solutions where the uniqueness
and comparison results of [17] may be used, we refer the reader to [23].

Remark 9 Several different notions of the sub/superdifferentials have been introduced and
studied in the space of probability measures (see for instance [2,3,12,14,21-23,25]). Our goal
is not to give a comparison between these sub/superdifferentials and the sub/superdifferential
introduced in the present paper which is well adapted to obtain a comparison result for Hamil-
ton Jacobi equation and thus to obtain a characterization of the value of the studied optimal
control problem which is the aim of the article. A more detailed comparison between existing
sub/superdifferentials and its relevance for Hamilton Jacobi equations will be discussed in a
forthcoming paper.

A Some results on measure theory

We refer to Section 5.3 in [3] for the following preliminaries of measure theory.

Definition 6 (Borel families of measures and generalized product) Let X, Y be separable
metric spaces and let X > x +— my € Z(Y) be a measure-valued map. We say that x — my
is a Borel map (equivalently, that {m,},cx is a Borel family) if x +— m,(B) is a Borel
map from X to R for any Borel set B C Y, or equivalently if this property holds for any
open set A C Y. This implies also that for every bounded (or nonnegative) Borel function
f 1 X xY — R. the function defined by

X > /yf(x, y)dm(y)

is Borel. Thus given any Borel probability measure u € 4(X), we can define uniquely a
measure i @ my € (X x Y), called the generalized product between p and the family

{mx}xex by setting
/ e, y)d(n @ me)(x, y) :/ [/ w(x,y)dﬂx(y)] du(x)
XxY X Y

forall ¢ € C}?(X x Y). Notice that the first marginal of u ® 7, is .
The following result is Theorem 5.3.1 in [3].

Theorem 4 (Disintegration) Given a measure u € Z(X) and a Borel map r : X — X,
there exists a family of probability measures {iuy}yex S P (X), uniquely defined for rtu-
a.e. x € X, such that ue(X\r~'(x)) = 0 for ripu-a.e. x € X, and for any Borel map
¢: X xY — [0, 400] we have
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fso(z)du(z)zf [/ w(z)dux(z)} d(rgp)(x).
X X LJr=1(x)

We will write p = (rgpn) @ py. I X=X x Y and r~1(x) C {x} x Y forall x € X, we can
identify each measure py € (X x Y) with a measure on'Y.

We also recall an adapted version of Theorem 8.2.1 in [3].

Theorem 5 (Superposition principle) Let 1 = {us}ief0,7] be a solution of the continuity
equation 9;j4; + div(v, ;) = 0 for a suitable Borel vector field v : [0, T] x RY — R4

satisfying
[v; (x)]
x)dt < 4+00.
/ A@d 1+ x| dwg(x)

Then there exists a probability measure § € PRY x I'p), with I't = CO([0, T]; RY)
endowed with the sup norm, such that

(i) n is concentrated on the pairs (x,y) € R? x I’y such that y is an absolutely continuous
solution of

vy =v (@), for Llaete(0,T)
y(0) =x,

(i) pus = esfipforallt € [0, T].

Conversely, given any 0 satisfying (i) above and defined p = {111 }:c[0,7] as in (ii) above,
we have that o j1, + div(v, ) = 0 and =0 = y (0)dn.
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