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ABSTRACT

We discuss practical design constraints for snapshot Mueller matrix spectropolarimeters, and reveal a robustness
problem with existing designs. By carefully choosing the ratios of thicknesses between the four thick retarders
used in these systems, we can avoid requiring extremely tight tolerances, though at a cost in overall bandwidth.
We provide example designs and quantify the robustness-resolution tradeoff.
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1. INTRODUCTION — CHANNELED SPECTROPOLARIMETRY

Channeled spectropolarimetry takes advantage of the wavelength dependence of thick retarders to obtain spectral-
ly-resolved Stokes vector measurements.! By orienting a pair of thick retarders at 45° from one another, the
various elements of the Stokes vector cause interference fringes in the spectrum, where the amplitudes and
frequencies of the fringes carry the Stokes parameter information (see Fig. 1).
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Figure 1: The channeled spectropolarimeter layout, showing two example input spectra and their resulting
channeled spectra. In the Fourier domain, we can see the seven channels of data (DC plus three positive and
three negative) individually separated along the OPD axis.

If we represent the Mueller matrices of the components with P(¢), for a linear polarizer oriented at angle ¢ to
the horizontal, and R(¢, d) for a linear retarder oriented at angle ¢ with retardance J, then the Mueller-calculus
of the system will take an input Stokes vector si, = (so s1 S2 33)T and produce an output spectrum I of?

Tout(A) = d - P(0%) - R(45°,d2) - R(0°,01) - sin
= % [so + 51 cos(d2) + s2sin(d1) sin(d2) — s3 cos(d1) sin(ég)]
= 1[50+ 581(61'52 + e7102) )
+ é[(SQ — i53)e"(02H01) | (55 4 is3)e 1 02H00) 4 (—gy —isg)e (92700 4 (—gy + isg)e 02 70)] |
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Figure 2: (Left) An example channeled spectrum. (Center) The magnitude of the channeled spectrum’s Fourier
transform. Window functions have been superimposed onto the plot to indicate the seven channels. (Right) A
table showing the relationship between the OPDs §; of the two retarders and each channel’s encoded polarization
content.

where d = (1 0 0 0) is the detection row vector. Note that all of the s; and §; in this equation are wavelength-
dependent. From this result, we can see that the four Stokes components are each encoded into the intensity
spectrum, where the data is modulated into seven heterodyne frequencies, centered at OPD values of: 0, +do,
+(d2 + d1), and (02 — 91). If we take the Fourier transform of this spectrum with respect to wavenumber
o = 1/X), then we obtain the 7-channel distribution shown at the far right of Fig. 1. By filtering the Fourier
domain (OPD) spectrum, we can reconstruct the individual Stokes component spectra s;(o).

The seven channels of data are centered at heterodyne frequencies determined by the OPDs of the retarders.
In order to locate the positions of the channels, we write the expression for the retardance OPD as a function of
wavenumber, given by
d(o) =2t B(o)o,

for a plate of thickness ¢, of birefringence B(0) = ne(c) — no(o), at wavenumber o. Because the birefringence is
also wavelength-dependent, we can rewrite this expression as!

0(o) = 2mt (B(oo) + [g—f} 0000) o,

where o is the central wavenumber of the spectrum: oy = %(omin + Omax)-

For quartz retarders, a useful rule of thumb is that the OPD is approximately 0.8% of the thickness of the
crystal, when operating in the visible spectral range. Different sources give different values for the birefringence,
S0 it is best to measure the value directly. However, by the 0.8% rule, we can say that a 6.6 mm thick retarder
produces roughly 53 pm of OPD. Most of this OPD is determined by the average birefringence term B(oy),
while the gradient term 0B/ reduces the sum by about 9% is due to negative slope with respect to increasing
wavenumber.

From the OPD values, we can also determine the resolution of the reconstructed Stokes spectra. For the
7-channel system shown in Fig. 2, the spectral data is split by a factor of 7 between the available channels.
Conventional spectrometers are typically designed to oversample the spectrum in order to prevent aliasing and
to improve light collection. If we assume that the sampling is 4 times the Nyquist rate, then we can only resolve
out to one-fourth of the full OPD domain, so that a 4000-element detector generates a spectrum with no more
than 1000 resolution elements. Thus, a 1000-resolution-element spectrum split between 7 channels of data will
allow up to 1000/7 = 143 resolvable spectral elements per reconstructed channel. If we know the spectral range
and spectral resolution of our spectrometer, then we can design the retarder OPDs to fill out this domain for
optimal measurement bandwidth.
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2. SNAPSHOT MUELLER MATRIX SPECTROPOLARIMETRY

Recently, channeled spectropolarimetry has been subsumed under the more general category of “channeled
polarimeters”,® and has also been extended to active (Mueller matrix) spectropolarimetry.* For snapshot Mueller-
matrix spectropolarimetry (SMSP), we employ two channeled spectropolarimeters: a high-resolution CHSP on
the analysis side, for measuring the spectrum exiting the test sample, and a lower-resolution CHSP operating in
reverse for illumination, so that the polarization state incident on the sample is modulated along the wavelength
axis. If the Mueller matrix of the sample varies only slowly with wavelength, then the measurements will not
overlap in the OPD domain and can be accurately recovered. Figure 3 shows the resulting system layout, with
polarizers P; and Ps, and retarders R, R, R3, and Ry.

Taking the same approach as (1), we assume an unpolarized light source of intensity Iy so that s, (o) =

(IO(U) 00 O)T. The intensity at the spectrometer is therefore given by

Iout(a) =d PQ(OO) R4(45°, 54) R3(0°, (53) M RQ(OO, (52) R1 (450, (51) P1(0°) Sin<0') y (2)
where M is the sample Mueller matrix. Writing out (2) in terms of the individual Mueller matrix elements gives
1
I(o) = in) (moo ~+ M1 cos §1 + Mg cos iy

+ mygg cos 41 sin dg + M3 €oS do sin d1 + M1 €Os 01 COS 04 + Mo Sin d3 Sin 04 — M3g COS I3 Sin iy
+ Mo sin 1 sin 93 cos 4 + M3 Sin d1 cos do oS 04 + Moy cos d1 Sin d3 sin dy (3)
+ Mo sin d1 sin do sin d3 sin d4 + o3 Sin d1 cos do sin d3 sin d4 — M31 cos §1 cos d3 sin dy

— Mg sin 01 sin dy cos d3 sin d4 — M3z sin d; cos do cos d3 sin 54)

With the proper choice of retarder thicknesses, the various matrix elements are separated into independent
channels in the Fourier domain, as for example shown in Fig. 4. Inspired by the dual-rotating-retarder Mueller
matrix polarimeter,® this example shows the channels for a 5:1 ratio of thicknesses for the pair of analyzing
retarders to the generating pair, and a 2:1 ratio of thicknesses for the retarders within each pair. Thus, we
designate this as a 1:2:5:10 configuration, for the relative thicknesses of R; through Rjy.

The 1:2:5:10 configuration, however, is only one example of many possible configurations. To develop a more
general structure for analyzing the possible designs, we can list the various possibilities as shown in Table 1.
This structure is similar to one developed by Alenin and Tyo for analyzing channeled polarimeters.?> Here we
leave the values of the ¢; undefined as yet, and look at the various possible combinations, with the constraint
that a given channel OPD can be formed by summing, differencing, or ignoring each of the retardances in turn.

From Table 1 we can see that there are 49 possible channels containing data. The advantage of using this
table is that we can simply substitute into the four modulation factors §; in order to get the OPD value of each
of the 49 total channels, for any given configuration of retarder thicknesses. Some other possible choices that
are of particular interest include: 1:1:5:5 (suggested by Dubreuil et al.%), 2:1:4:11 and 3:1:3:2 (both suggested
by Alenin and Tyo?), and two new configurations 2:1:7:15 and 1:2:7:15. Table 2 lists the various OPD values
generated by these configuration choices. At the top of the table are two rows summarizing the characteristics of
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Figure 3: The basic layout of the snapshot Mueller matrix spectropolarimeter. Retarders R; & R4 have their
fast axes oriented at 45°, retarders R & R3 at 0°. Polarizers Py & P both have their transmission axes oriented
at 0°.
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Figure 4: The 37 channels C), in the Fourier domain for the 1:2:5:10 configuration. The OPD axis is in multiples
of the OPD of the thinnest retarder. The heights of the channels shown here indicate the channel amplitudes

for unit inputs.

each configuration, labelled “A” and “B”, giving the number of “multiplex channels”, and the maximum OPD
respectively.

Looking along row “B”, we can see that among these designs, the 3:1:3:2 system provides the smallest overall
bandwidth, using a maximum OPD of only 9 times the thinnest retarder. The 1:2:5:10 design requires twice that,
at 18 times, and the 2:1:7:15 requires the largest amount, at 25 times the thinnest retarder. Another important
consideration, however, is the effect of multiplexing on the signal-to-noise ratio (SNR) of the reconstructed
spectra. Alenin and Tyo pointed out that although the 3:1:3:2 design provides the smallest overall bandwidth, it
is also noisy. The originally proposed 1:2:5:10 design is likewise noisy, but swapping the first two channels (i.e.,
a 2:1:5:10 design) halves the noise in the reconstructed data.3 Alenin and Tyo suggest using a 2:1:4:11 design as
providing an optimal noise performance.

Here we would like to point out a crucial parameter that has not been discussed before: the multiplex factor
given in column “A”. This factor describes the number of OPD values in the Fourier domain for which there are
multiple pathways through the table to reach the same OPD value. This is a problem for robustness because a
small thickness error in one retarder with respect to its design value can cause one pathway to this OPD (one
encoding of the Mueller matrix elements) to shift relative to the other, so that extracting one without causing
error in the other is a difficult task. Looking at row “A”, we see that here too the 3:1:3:2 design is problematic,
with 15 multiplexed channels. This forces the system designer to require tight tolerances on the thickness of all
four waveplates in order to achieve good Stokes spectra estimates. The 1:2:5:10 and 2:1:4:11 designs are better,
having only 7 and 6 multiplexed channels, respectively, but the multiplexing problem remains.

Among the designs we have analyzed so far, a 2:1:7:15 design appears to have the lowest overall OPD without
multiplexed channels, and thus may be considered an optimal configuration for tolerancing purposes. Table 2
also lists the 1:2:7:15 design, in which the first two retarders are swapped, but this one has 7 multiplexed channels
while the former design has none. Achieving this robustness to manufacturing tolerances, however, comes at a
price in bandwidth: the system needs to resolve the channeled spectrum out to an OPD value of 25 times that
of the thinnest retarder, while the reconstructed spectra are limited in bandwidth to the OPD of the thinnest
retarder. Fortunately, however, we can say that the noise performance is optimal. Since minimizing multiplexing
also minimizes the number of channels that need to be combined in order to separate out each individual Mueller
matrix element, the 2:1:7:15 design provides the same minimum noise value achieved by Alenin’s 2:1:4:11 setup.

Returning to the example spectrum used for the channeled spectropolarimeter, we can make the bandwidth
constraints more concrete. If we have a spectrometer with a resolving power of 1000 and employ this for a
2:1:7:15 design SMSP, then the data will be split into 51 separate channels, giving a maximum resolution in
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Table 1: General mapping between retardances and the Mueller matrix element data contained in each channel
for a 4-retarder SMSP. The “#” column gives the “modulation path number”.

01 02 03 04 contents / (64so) # 01 b2 3 Oa contents / (64s0)
0 0 0 0 0 16moo
1 — 0 0 0 +8mo1 25 — 0 — — —2ms1 — 2ims1
2 =+ 0 0 0 +8mo1 26 + 0 — — —2ma1 — 2ims31
3 0 0 0 — +8mio 27 — 0 - — +2mo1 — 2imas1
4 0 0 0 + +8m1o 28 + 0 =+ — +2mo1 — 2ima3y
5 — — 0 0 —4mos + 4imo3 29 — 0 — + +2meo1 + 2imas1
6 + — 0 0 +4mo2 — 4imos 30 + 0 — -+ +2mo1 + 2tma
7T - 4+ 0 0 +4mo2 + 4imos 31 — 0 + + —2ma1 + 2931
8 —+ + 0 0 —4mos — 4imo3 32 + 0 —+ —+ —2ma1 + 2ims1
9 - 0 0 — 4+4m1 33 - — —  —  +mo2 + ma3 — tMma3 + tMma2
10 + 0 0 — H4+4mn 34 + — -  —  —mgy— ma33+imaz —1M32
11 - 0 0 +  +4mu 35 - + —  —Ma2 + Mm33 — iMa3 — iM32
12 + 0 0 + +4mn 36 + + = =  +ma2— m33+ime3 + im32
13 0 0 — — —4msog — 4imso 37 — — + - —Mma2 + Mma33 + iMa3 + i1Ma32
14 0 0 + —  H44mgo — dimso 38 + -  + +mo2 — M3z — iMma3z — iM32
15 0 0 - +  44mao + 4imsp 39 - + + = 4mo2 + m33 + ima3 — iMm32
166 0 0 + + —4dmgo+ 4imao 40 + + 4+  —  —mo2 —m33 —ima3 + imaz
17 — — 0 — —2mia + 2ima3 41 = = = aF —Ma2 — M33 + 1Ma3 — 1M32
18 4+ — 0 =  +2mi2 — 2imis 42 4+ -  — 4+ +mo2+m33 —ima3 +ima2
19 — + 0 =  +2miz+ 2tmas 43 - + - 4+ +mo2 —m33+ime3 + imaz
200 + 4+ 0 — —2mi2 —2imis 4 + + — 4+  —ma2 + ma33 — iMa3 — iMa2
21 — — 0 + —2mi2+ 2imas 45 - - 4+ 4+ +mo2 —ma33 —ima3 — iM32
2 4+ - 0 +  +2mi2—2im3 46 4+ - 4+ 4+ —mo2+ m33+ime3 +imaz
23 — + 0 4+ +2maz+ 2tmas 47 — 4+ 4+ 4+ —moz —ma33 — iMa3 + iM32
24 4+ 4+ 0 4+ —2mi2 —2imis 48 + + 4+ +  +mo2+ms33+imaez —imas

the Mueller matrix element spectra of 19 elements. For non-aliased measurements, each Mueller matrix element
spectrum should be bandlimited to this extent.

3. CONCLUSION

In addition to the signal-to-noise ratio in the reconstruction, and the resolution bandlimit, we have shown a
third criterion important to the design of a snapshot Mueller matrix spectropolarimeter. This criterion is not
an issue for channeled spectropolarimeters, since the limited number of channels there means that each channel
is formed from taking only one unique pathway through the retarders. In the SMSP, however, the same OPD
can be achieved through multiple pathways, so that small errors in retarder thicknesses will produce multiplexed
data of one heterodyne channel overlapped with another, shifted, heterodyne channel. Avoiding this places tight
tolerancing requirements on the retarder manufacture.
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Table 2: The various OPDs obtained by substituting a set of four retarder thicknesses into Table 1, given in
units of the thinnest retarder’s mean OPD. Row “A” represents the number of multiplex channels, and row “B”
represents the maximum OPD, produced by the resulting system.

2:1:4:11  1:2:5:10 1:1:5:5  3:1:3:2  2:1:7:15 1:2:7:15

A: 6 7 12 15 0 7
B: 18 18 12 9 25 25
0 0 0 0 0 0 0
1 -2 -1 -1 -3 -2 -1
2 2 1 1 3 2 1
3 -3 -3 —2 —4 -3 -3
4 1 =1 0 2 1 —1
5 =1 1 0 =2 =1 1
6 3 3 2 4 3 3
7 —11 —10 -5 =2 —15 —15
8 11 10 5 2 15 15
9 —-13 —11 —6 -5 —-17 —16
10 -9 -9 —4 1 -13 —14
11 9 9 4 -1 13 14
12 13 11 6 5 17 16
13 —14 —13 =T —6 —18 —18
14 —10 —11 —5 0 —14 —16
15 —12 -9 —5 —4 —16 —14
16 -8 -7 -3 2 —-12 —-12
17 8 7 3 -2 12 12
18 12 9 5 4 16 14
19 10 11 5 0 14 16
20 14 13 7 6 18 18
21 —15 —15 —10 —5 =22 =22
22 =7 -5 0 1 —8 —8
23 7 5 0 -1 8 8
24 15 15 10 5 22 22
25 —-17 -16 —-11 -8 —24 —-23
26 —13 —14 -9 -2 —20 —21
27 -9 —6 -1 -2 -10 -9
28 -5 —4 1 4 —6 =7
29 5 4 =1 —4 6 7
30 9 6 1 2 10 9
31 13 14 9 2 20 21
32 17 16 11 8 24 23
33 —18 —18 —12 -9 —25 —25
34 —14 —-16 —-10 -3 —-21 —-23
35 —16 —14 —10 -7 —23 —21
36 —12 —12 -8 —1 —19 —19
37 —10 -8 =7 -3 —11 —11
38 —6 —6 0 3 =T -9
39 -8 —4 0 -1 -9 =T
40 —4 -2 2 5 -5 -5
41 4 2 —2 -5 5 5
42 8 4 0 1 9 7
43 6 6 0 -3 7 9
44 10 8 2 3 11 11
45 12 12 8 1 19 19
46 16 14 10 7 23 21
47 14 16 10 3 21 23
48 18 18 12 9 25 25
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