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ABSTRACT

The ferromagnetic Heisenberg spin-'/2 quantum spin chain describes a quantum spin system of spin-'/2 particles on a
one-dimensional lattice. In the thermodynamic limit, the spectral gap of this system closes at rate of O (n_Z). We
demonstrate this by proving an upper bound on the spectral gap using the variational principle and a lower bound

using the martingale method.

1. INTRODUCTION

Determining the energy of a physical system is an ubiquitous problem in physics, and especially
in quantum mechanics, where the possible energy values on are often discretized. Calculating the
ground and first excited energies are often of particular importance, especially in areas such as
molecular physics and thermodynamics. The gap between these two energies, and whether it remains
open or closes in certain limiting cases, will determine many fundamental principles of a system; for
example, systems with an open gap have correlation functions which decay exponentially [6, 11].

In a quantum spin chain, particles are fixed in space on the sites of the integer lattice Z. These
particles can not move and thus only interact through their spin. A particle of spin-s located at the
site # € Z is described by the Hilbert space Hy, = C?s*!. For a finite subsystem A C Z, the total
state space is given by the tensor product of the on-site Hilbert spaces, namely

Ha = () Ha

zeEA

The algebra of observables A,y at a site x € Z is the set of all (2s 4 1)-dimensional complex
matrices, A3 = Mas11(C). The algebra of observables for a finite subsystem A C Z is then given
by Ax = ®zeaAqyy. All observables corresponding to a measurable quantity in a physical system
are Hermitian; the possible values of a measurement are exactly the eigenvalues. One example of
an observable is the Hamiltonian H, a Hermitian matrix representing the total energy of a system.
The smallest eigenvalue of the Hamiltonian is the ground state energy, and the others are the excited
state energies. The gap between the ground state energy and the first excited state energy is called
the spectral gap.

In this thesis, we will calculate the spectral gap of a particular nearest neighbor quantum spin
system, called the ferromagnetic Heisenberg spin-12 model. After introducing this model, we will
calculate its spectral gap in two steps; first, by explicitly calculating an upper bound on the gap,
followed by proving a lower bound using a technique called the martingale method. By showing that
these bounds are of order O(n~2), we prove the gap must close at exactly this rate, by the squeeze
theorem.

2. THE FERROMAGNETIC HEISENBERG SPIN-/2 MODEL

In this section, we introduce the ferromagnetic Heisenberg spin-Y2 model. After describing the
basic mathematical construction, we give an expression for the Hamiltonian of the system in terms of
an operator which transposes the particles on the lattice. This expression is then used to characterize
the ground state space of the system as the set of all states which are symmetric under permutations.

2.1. The Hamiltonian. The ferromagnetic Heisenberg spin-¥2 model (abbreviated from now on
as the Heisenberg-1/2 model) describes a one-dimensional lattice of spin-Y2 particles which interact
with their nearest neighbors.

Hl HQ H3 H'n,

Each particle x € Z is described by a vector in Hy,, = C2%. A system of n particles is then
described by

My =QC*=C".
x=1



Let S* = %ai, where ¢ is the i*" Pauli spin matrix, given by

o) N O R R

The 4 x 4 interaction of the ferromagnetic Heisenberg-/2 model between with two neighboring
particles is given by

R
h:—ZS’@SH—fﬂ

4
x=1
1 .
r=1

0 0 0
110 1 -1 0
(2:2) “9210 -1 1 0
0 0 0 0

where we have shifted by —%IL so that the minimum energy is zero.
In an n particle system, the interaction between particles z and x + 1 is given by

hz,z+1:]1®...®h®]l®...®]l.
~—— —_——

r—1 n—x
The Hamiltonian of the entire system is then given by

n—1

H[l,n] = Z hz,:r+1~

r=1

Theorem 2.1. The Hamiltonian of the ferromagnetic Heisenberg-12 model is gapless in the ther-
modynamic limit (i.e., n — o0). The gap closes at a rate of O(n=2) where n is the number of sites
of our lattice. More specifically,

2

1 T™n

m? < gap (H[l,n]) < m

In the rest of this section, we will demonstrate a useful construction of the Hamiltonian and the
ground state space using transposition operators. In Section 3, we will provide useful background
information on the group SU(2) and show that our model is SU(2)-invariant. In Section 4, we will
prove an upper bound on the gap by using the variational principle (see Theorem 4.2). Finally,
in Section 5, we will introduce the martingale method and apply it to our model to prove a lower
bound on the gap (see Theorem 5.6).

2.2. The ground state space. In order to calculate the ground state space, we will rewrite the
Hamiltonian in terms of a transposition operator and utilize properties of frustration-freeness, defined
below.

Definition 2.2. A nearest-neighbor quantum spin chain is frustration-free if
(a) hgzt1>0Vx=1,...,n—1, and
(b) ker(Hp ,,)) # {0} for alln.
For a frustration-free model, the ground state space is given by the kernel of the Hamiltonian.
As a consequence, gap(H[; n)) = A1, where A; is the first excited energy of the Hamiltonian. We

will show that the ferromagnetic Heisenberg-/2 model is frustration-free. To this end, the following
lemma will be useful.

Lemma 2.3. In a frustration-free model, ker(Hi; ) = ﬂg;ll ker(hy z41).



Proof. Assume that ¢ € ﬂn;% ker(hy z+1). Then,

n—1
Hpy iyt = (Z hz,m) ¢
x=1

1

S
|

[
(]

(h:r,erﬂ/J)

1

I
=

Therefore, ker(Hyy 1) 2 (V1) ker(hy zi1)-

r=

Now assume ¢ € ker(H(; ,)) and consider,

n—1
§ hx,erl
=1

Let 1 <z < n—1 be arbitrary. By Definition 2.2(a), ()|hs 441]|%0) = 0. Since hy 441 is self-adjoint,
by the spectral theorem [3, Chapter 8.6] it has a basis of eigenvectors e, ..., esn with corresponding

0 = (Y| Hp,m|¥) = <¢

n—1
¢> = Z <¢|hz,z+1|w> :

r=1

. . 2’7l
non-negative eigenvalues A1,...,Agn. Let b =37 | cie;. Then,

0= (Y|hg,ot1|t)

on
= g Citq
i=1
2”1
<E Ci€;
i=1
2’7’1,
2
= E /\i\ci| .
i=1

Therefore, either A\; = 0 or ¢; = 0 for all 4, and so

’l/) = Z cie; € ker (hr,ﬂﬁ-i-l) .

7 s.t.
Ai=0

h:r,:chl

o
Z Ciei>
i=1

on

Z Ci/\iei>

i=1

This holds for every z, so 9 € ﬂz;; ker(hy z41)- [ ]

In order to show that the ferromagnetic Heisenberg-/2 model is frustration-free, we must now
show that its kernel is non-empty. This is equivalent to the ground state space being the kernel
because hy z+1 > 0 by 2.2(a). We will do so by showing that the kernel is the set of all symmetric
vectors, which we define next.

A permutation o € S, induces a permutation operator 7, : C** — C?" given by

(23) To <® 7/’1) = ®wa(x)

We extend this definition to #H; ;) linearly. Note that the 7 operators form a group under composi-
tion, where

—1
(24) Toy, © Toy = Toi009s T, = Tog-1.

We say that a vector ¢ is symmetric if 7,(¢) = ¢ for every o € S,,.



For a transposition 0 = (z x4+ 1), we write 7, = T4 4411 =1® - @7 Q-+ ® 1 where

o O O
o= O O
o o = O
— o o o

Now, we may rewrite h in terms of 7, using our prior calculation in (2.2):

1 0 0 0
0 1 -2 0
=211 0o =2 1 ot
0 0 0 -1
0 0 0 0
1o 1 -1 0
=500 -1 1 0
0 0 00
1
25(1—7)

Therefore, the Hamiltonian for a lattice with n sites is given by

H[ln :%Z Tww-i—l

We are now ready to calculate the ground state space. This lemma not only completes our
justification for H[; ;) being frustration-free, but will also provide an easy characterization for vectors
in the ground state space, which we will need to use throughout our proofs for the upper and lower
bounds of the spectral gap.

Lemma 2.4. The ground state space of Hy; ), denoted Gy ), is the set of symmetric vectors.

Proof. Assume ) is symmetric. Then, ©) — 75 ;1% = 0 for all 1 <z < n. Therefore,

n—1

1
Hygo =5 (1= Toar1) =0,

z=1

and the set of symmetric vectors is a subset of ker(H[; ,,). Thus, our model is frustration-free.
Assume 1) € ker(Hy; ,). By Lemma 2.3 and the previous step of this proof, Hyy , is frustration-

free, so ¥ € ker(hy y4+1) for all 1 <z < n. Therefore, ¥ = 7, z+1%. Since {(12),...,(n—1n)}isa

generating set for S, by (2.4), ¢ = 7,4 for all ¢ € S, so ¢ is symmetric. [ |

3. REPRESENTATIONS OF SU(2)

In this section, we introduce the group of special unitary matrices of dimension 2, SU(2), and its
associated Lie algebra su(2). We characterize the representations of su(2) and show that a unique
representation (up to isomorphism) exists for each half-integer spin value. We then apply this to
our Heisenberg-"2 model, demonstrating that it is SU(2) symmetric. Schur’s Lemma then gives a
characterization of the ground state space in terms of the representations of su(2), which will be
used in Section 5 to prove a lower bound on the spectral gap by determining in which irreducible
representation the ground state space lies.
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3.1. Irreducible representations. The group SU(2) is the set of all special unitary matrices of
dimension two [3, Chapter 9.6]:

SU(2) = {A € GLy(C) | A* = A~}
The corresponding Lie algebra su(2) (over R) is the space of all traceless, self-adjoint matrices
su(2) = {A € GLy(C) | A" = A, Tr(A) = 0},

where the Lie algebra bracket is given by the usual commutator: [A, B] = AB — BA.
To find a basis of su(2), we start with the requirement that a;; = —ass, and then impose self-
adjointness:

A=A = {a“ ‘“2] = {a“ aﬂ

a1 —a11 a12 —aii
a c+di
A - [ J }
c—di —a

for a,c,d € R. Therefore, su(2) = span{S*, 52, 53} over R where S, 52, 53 are given by (2.1).
We consider complex su(2), for which a second basis is given by {S2, ST, S~} (where S* = S14iS?,
and S~ = S —iS?), which satisfies the relations

(3.1) (S35 =8, [$3,5]=-8", [ST,57 =253

Lemma 3.1. If v is an eigenvector of S* with eigenvalue X, then STv and S~™v are either zero or
eigenvectors of S® with eigenvalues A +1 and A — 1, respectively.

Proof. Let v be an eigenvector of S with eigenvalue A. Then,
S35ty = ST 83+ 9%, 91w
=AStu+ Sto
=(A+1)STw. [ |

A finite-dimensional group representation of a group G is a group homomorphism p : G — GL,,(C).
The value n is the dimension of the representation. An invariant subspace is a subspace W C V
such that, for all g € G, p,W C W. If p is a representation on V', and W has no invariant subspace,
then p is called an irreducible representation. Otherwise, the representation is reducible, and there
are invariant subspaces Vi,...,V, with corresponding irreducible representations p; = p|y, such
that V=V @ ---@V,,and p=p1 ®--- D p,. Amap p: A— GL(V) is a representation of the Lie
algebra A if p([C, B]) = [p(C), p(B)] for all B,C € A. Similar to group representations, a reducible
Lie algebra representation can be decomposed into a sum of irreducible representations acting on
invariant subspaces.

Lemma 3.2. There is a unique (up to isomorphism) n-dimensional representation of su(2) for each
non-negative integer n.

We denote the n-dimensional irreducible representations of su(2) as D(®) for Vo-integers s = 0,1/2, .. .,
where D(®*) has dimension 2s + 1. We denote the associated n = 2s + 1 dimensional vector space on
which D) acts by V).

Proof of Lemma 3.2. First, a zero dimensional representation is the trivial representation which
maps all elements of su(2) to the identity. We will now show a representation exists for all positive

integers n. Let s = %(n —1), and let vy, ..., v, be the standard basis for C". Relative to this basis,



let
s
s—1
53 =
1-s
i —S
0 a -
0 a9
St =
0 Ap—1
- O -
"o :
al 0
S— — ag O
L Gn—1 O_
where a,, = \/s(s+1) — (s —m)(s —m+1). These matrices then satisfy the commutation re-

lationships for su(2) given by (3.1). Therefore, they generate a representation for each integer
dimension.

Furthermore, this representation must be irreducible because the basis can be obtained by re-
peated applications of ST and S~ to an arbitrary (non-zero) vector: Let v = ajvy + -+ + an,v, # 0.
Let ay be the last non-zero coefficient (i.e., a; = 0 for all k < i < n). Now, 1/a}(ST)*v = v; for
some a’ # 0. Finally, the remaining basis vectors vy, ..., v, may be obtained by v; = 1/a;(S7)* tv;
for some a; # 0. Obtaining the basis vectors from any non-zero vector in this way is only possible
in an irreducible representation.

We now show that any two irreducible representations of su(2) of the same dimension must be iso-
morphic. Each irreducible representation must have the same n distinct eigenvalues of S3. A choice
of representation then corresponds to a choice of basis, each basis vector being an eigenvalue of S2.
Let V and V' be two such bases, corresponding to representations p and p’. Then, let T : V — V’
represent a change of basis such that, for each eigenvector v € V of S3, T'(v) is an eigenvector of S3
with the same eigenvalue. Now, T~ !pT = p/, so the representations are isomorphic. |

Importantly, the tensor product of two irreducible representations may be rewritten relatively
simply as the direct product of irreducible representations.

Theorem 3.3 (Clebsch-Gordon Series). For two irreducible representations D), D®) of su(2),
D) @ DO = pls+t) @ pls+1-1) o ... g ps=tD)

The next theorem demonstrates the usefulness of considering the Hamiltonian in terms of the
irreducible representations of su(2).

Theorem 3.4 (Schur’s Lemma [3, Theorem 10.7.6]).

(a) Let p and p’ be irreducible representations of G on wvector spaces V. and V', respectively,
and let T : V' — V be a G-invariant transformation. Then, either T is an isomorphism,
orT =0.

(b) Let p be an irreducible representation of G on a vector space V, and let T : V. — V be
a G-invariant linear operator (i.e., Vg € G, T o pl, = pyoT). Then T is multiplication by a
scalar: T = cl.



There is an equivalent theorem for Lie algebra representations.

On an SU(2)-invariant Hamiltonian, the second part of Schur’s Lemma guarantees that any vector
lying entirely inside an irreducible representation is an eigenvector for the Hamiltonian. Therefore,
the decomposition of V into the su(2)-invariant subspaces simultaneously diagonalizes an SU(2)-
invariant Hamiltonian.

3.2. Application to the ferromagnetic Heisenberg-1/2 model. We will now consider how SU(2)
may be applied to the ferromagnetic Heisenberg-/2 model. These results will be particularly useful
in Section 5, where we will construct a state which bounds the spectral gap from above by consid-
ering states which must lie inside a particular irreducible representation. We now show that the
Hamiltonian in the ferromagnetic Heisenberg-2 model is SU (2)-invariant, and that Schur’s Lemma
may therefore be applied.

Proposition 3.5. The Hamiltonian of the ferromagnetic Heisenberg-1/2 model is SU(2) symmetric.

Proof. Let {c',0% 6%} be the basis for SU(2) given in (2.1), and let h be as given in (2.2).
Then, [h,0" ® 0] = 0 and [h,0' ® 1 + 1 ® o'] = 0 for each of i = 1,2,3. Therefore, h is SU(2)
and su(2) symmetric. [ |

The following lemma characterizes one of the irreducible representations, and therefore one of the
eigenspaces. We will later see that this eigenspace corresponds to the first excited state.

Lemma 3.6. The highest weight irreducible representation of (V(%))®” is the space of symmetric
vectors.

Proof. We generate a basis for the highest weight irreducible representation as in Lemma 3.2. The
vector corresponding to the largest eigenvector of S will be in the highest weight irreducible repre-
sentation; in this case, ¥ = |1 ... 1). This vector is symmetric. In the representation (D(%))@)”,

n

ST=> (12)%* @ S, ® (1))
k=0
_ Joo
21 0

Ta(Si) = ZTU ((]12)@)’9 ® Sl_/2 ® (]12)®(n7k71))

where

Let 0 € S,,. Then,

k=0

= (1) W @ 87, @ (1,)® 7o~
k=0

— S*

Therefore, S~ is symmetric. A symmetric operator applied to a symmetric vector will yield a
symmetric vector; therefore, 1; 41 = S~1; is symmetric, so V{"/?) C Giin)-

By induction, all of the basis vectors are symmetric and therefore in the kernel; therefore, the
highest weight irreducible representation is in the kernel. All that remains to show is that every
symmetric vector is in the highest weight irreducible representation. Note that there are n + 1
linearly independent symmetric vectors on n sites. This is the same as the dimension of the highest
weight irreducible representation, V("/?) so V("/2) = Gl1n)- |

4. UPPER BOUND ON THE SPECTRAL GAP

In this section, we prove an upper bound on the spectral gap of O(n~2) for the ferromagnetic
Heisenberg-72 model. We first introduce the variational principle, a technique for calculating ener-
gies, and then apply this technique to our model.



4.1. The variational principle. The variational principle can be used to establish an upper bound
on the lowest non-zero eigenvalue of linear operators. When applied to a frustration-free quantum
system, it gives an upper bound for the spectral gap above the ground state.

Theorem 4.1 (Variational Principle). Let H € M, (C) be an n x n Hermitian matriz with spec-
trum Ao < A1 < ... < A,. Denote the ground state of H by G = ker(H — A\gI). Then,

L
veer gl

where Ay is the second smallest (distinct) eigenvalue of H.

Proof. By the spectral theorem, let {ei,...,e,} be an orthonormal basis for C". By relabeling,
let €1,...,€m, €ms1,-..,en have eigenvalues \; < Ay < ... < A, 0,...,0. Then, for any ) € G+,

¥ = (erln) ler) + -+ + (em[Vm) em) -
When applied to H,
H ) = Ai(e1lyn) len) + -+ A (em|¥m) [€m) -
Left-multiplying by (¢| = (e1]| (e1[v1) + - - - + (em] {em|¥m) yields

(WIH ) = Ml{ex|)* + -+ Al {em )]
> A1 (et + -+ [eml¥) )

=M [lo*
Therefore,
st S0
W0

Let 1 be in the eigenspace corresponding to eigenvalue A;. Since H is Hermitian, ¢ 1 G. Then,

(VIH[) M (Y

= = Aq.

ll® ll?

Therefore, A1 is the infimum. [ |

4.2. Application to the ferromagnetic Heisenberg-'/> model. In this section, we apply the
variational principle we introduced in Section 4.1 to prove an upper bound on the first excited energy
of the ferromagnetic Heisenberg-Y2 model. To apply this method, we need to consider vectors that are
orthogonal to the ground state space. We will begin by establishing a criterion using the permutation
operators introduced in (2.3) for determining if a vector ¢ belongs to the orthogonal complement of
the ground state space. We will define a variational vector that satisfies this criterion, which belongs
to the class of so-called one-particle states, defined below. In Lemma 4.5 we will prove an upper
bound on the expected energy of any one particle state, that we will apply to our variational vector
to prove the main result, which we now state.

Theorem 4.2 (Upper bound on spectral gap). Let Ay be the first excited energy of Hyy ). Then,

)\ < 7T2n
Y4 —12(n+1)

In Lemma 4.4 we establish a criteria for determining if a vector is orthogonal to the ground state
space. To state this result, recall our definition of a permutation operator given by (2.3),

To <® 1/%) = ®wa(7)
i=1 i=1

The next proposition demonstrates that the permutation operators are unitary.



Proposition 4.3. For all o € Sy, 7,-1 = 7}. Namely, 1, is unitary.

Proof. Let o € S,,. Since 7, only permutes the vectors of the standard orthonormal basis of C2"
without changing the magnitude of a vector, (7,4|7,%) = (¥|¢) for all ¢p € C>". But, by the
definition of an adjoint, we also have that (Y|v) = (Y|7i75¢). Therefore, 75 o7, = 1. A similar
calculation shows that 7, o 7 = 1. So, 7 = 7,1 = 7,1 by (2.4). Therefore, 7, is unitary. ]

We can now state a sufficient condition for being in an excited state of the Hamiltonian in terms
of the permutation operator.

Lemma 4.4. Let o) € C2". If there is a 0 € Sy, such that 7,9 = —, then ¢ L G.

Proof. Let ¢ € C*" and ¢ € G. Assume that there is a 0 € S, such that 7,4 = —1). Then, by
Lemma 4.3,

{Ylp) = (Wlro-1¢)
= (o ¢p)
= (=¢l¥)
=—({¥ly).
Therefore, (¢]p) = — (|p) = 0. Since ¢ and ¢ are orthogonal, 1) L G. ]

We define a one particle state to be a linear combination of vectors of the form |z) = |1 ... 41T ... 1)
with the down spin in the 2" position. We will begin by deriving a general expression for <¢|H (1,n] |w>
for one particle states by using the permutation operator. Then, we will choose an excited state,
apply Lemma 4.4 to show that it is perpendicular to the ground state, and apply the variational
principle to establish an upper bound on the spectral gap.

For a general one-particle state, the expected energy can be calculated exactly. This is the content
of the next lemma.

Lemma 4.5. Let ¢ = >."_, ¢, |z) be a one-particle state. Then,
2
<w|H[17”]W]> = Z ‘Cm - Cw+1| .

x=1

Proof. Let ¢ = Y_"_, ¢, |z). Consider the energy of a one-particle state,

n—1
<¢|H[1,”]‘w> = <w Z(]l - Ta:,w-l—l) ¢>
=1
n—1
= (=D [1* =D Wlrewr1v).
r=1
When [¢) is a one-particle state, we may expand [¢) = >°0'_ ¢z |2),
n—1 n—-1 n n
Z <¢|Tx,x+1w> = Z Z Z@cz <y|7—x,x+lz> .
=1 r=1y=1z2=1

Now, (y|Tz,0+12) = dy,r,- where 0. . is the Kronecker delta. Note that y = 7, 112 for all possi-
ble z,y, z if and only if one of the following is true:
(1) y=z+1, z=m=x,
(2) y=z,z=2+1,
(3) y=zandy #z,x+ 1.
Therefore, for any fixed 1 <z <n—1land 1 <y <mn,

n
Z@Cz (YlT2212) = |Cy|2(1 — Oyat1 = Ozy) + CyCy—10y,241 + CyCyt10ay.

z=1
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We will now sum over « and y for each term. Taking into account that »-,_, |cy|2 = |lv|?,
n—1 n — n
2 2 2
) SIIELAETMED ol poly RS
r=1y=1 r=1 y=1
n—1
2 2
Dl = (leal® + |2a]) -
z=1
Additionally,

n—1 n
§ E Cycy léyx+1'— § Cx+1cx7

r=1y=1
n—1 n n—1
E E CyCy+10z,y = E CoCrtl-
z=1y=1 =1

Combining these summations, we obtain

(W Hpm ) = (n = 1) Il + Z (Ieal® + el = 11 = Gerss — e
= Z (|C$|2 — CzCaq1 — CaCoy1 + |Cx+1‘2)
=1

n—1
:Z|cx—cx+1|2. [ |
r=1

Proof of Theorem 4.2. We will now prove this section’s main theorem by constructing a one-particle
state perpendicular to the ground state with energy decaying at a rate of n=2. We make the ansatz

-1
Cy = COS <M> .
n—1
We first show that this vector is perpendicular to the ground states using Lemma 4.4. From our

definition of ¢;, ¢; = —Cp—py1. Let

/2]
o= J][@ (n-z+1)

r=1

where there is no ambiguity because the above transpositions mutually commute. By this construc-
tion, 7, [z) = [n —x 4+ 1) for all 1 <z <n, so

To#’zzjz:cm‘x>
=1

— Z —Cppt1n—x+1)
r=1
= —dj.
Thus, by Lemma 4.4, ¢ 1 G. So, by the variational principle,

Al
G
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We first calculate the magnitude of v, namely,

ik Zcos (=)

Using the trigonometric identity

sm((N +3)0)

al 1
cos(kf) = —=
> > ()

2

we can simplify [|[¢]|* as

B n— ;27r
9 n 1 1 Sln( )
[l =31t3 1—5
2Sln n”)
n+1_1+8”f1 27”%
2 2 28111
_n+1
22

Finally, we calculate the energy of this ansatz. Using sinf < 6 for # > 0 and the trigonometric

identity
cosf — cosp = —2sin (9_;¢> sin (9;¢> ,

(B2 o (2)
o () ()

Lemma 4.5 shows

(Y| Hpm|[¥) Z o = caal” = Z

2

2

-

r=
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Therefore, by Theorem 4.1,

(Y| Hpm )
]|
7T2n

S =02t 1)

At

5. LOWER BOUND ON THE SPECTRAL GAP

In this section, we calculate a lower bound on the spectral gap of the Heisenberg-Y2 model of
order O(n~2%), which is the same order as found in Section 4. To do this, we begin by introducing
the martingale method in general, and then applying this method to our model specifically.

5.1. The martingale method. We consider a frustration-free, translational invariant (i.e., shift-
ing the lattice does not change the observables) quantum spin system with Hamiltonian acting
on Hpyp) = C2" given by

L—1
H[I,L] = Z hw,w+1-
z=1
Recall that by Lemma 2.3,
L—1
ker(Hy, 1)) = ﬂ ker(hy pi1)-
r=1

For any A C [1, L], define G5 to be the orthogonal projection onto G := ker(H, ), where we use
the convention Gy,) = 1. A consequence of frustration-freeness is the following:

Proposition 5.1.

(a) If Ay C Ao, then Gp, G, = Gp,Gr, = Gy,.
(b) IfAyNAy = 0, then Gp, Gy, = GA,Gh, -

Proof. By Lemma 2.3,

Im(GAl) = ﬂ ker(hx,w+1)a
{z,z+1}CA,

Im(Ga,) = ﬂ ker(hy p41)-
{z,z+1}CAs

Assume Ay C Az, Then, (g, o 11ycp, ker(hewr1) © Mg otr1rca, ker(hoes1), so that, by defini-
tion, Im(Gyp,) C Im(Ga, ).

Let {e1,...,em} be an orthogonal basis for Im(G,,), and by the basis extension theorem, ex-
tend this to orthogonal bases {ei,...,e,} and {e1,... ey} for Im(Gy,) and H[y r), respectively
(p>n>m). Let [¢) = >-P_, c;e; be arbitrary, and consider

GAQGAl |'¢)> = GAQ

n
E Ci€g
i=1

Az |7/}> .
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Similarly,

Ga,Go, |0) = Ga,

n
Z Ci€i>
i=1

m
Z Ci€;

i=

= GA2 |7/)> .

=

Therefore, Gp, G, = Gp,Ga, as claimed.
Assume that A; N Ay = (). Further assume, without loss of generality, that A; precedes As. Then,
for some orthonormal projections P € Ap, and Q € Ayp,, we may write
Gr, = P 1p, @ T\ (A 0A,)s
Gr, = 1a, @ Q@ Tp\(a,un,):
Gp, Gy, = Gp, G, = PR Q @ Tz (A uny)- u

Next, we define operators E,, (1 <n < L) on Hpy 1) as

1- G[LQ] n=1
(51) En = G[Ln] — G[l,n-‘,—l] l<n<L

Immediately from this definition, F,, forms a resolution of the identity:

L
(5.2) Z E, =1.
n=1

We show that the set {F,, | 1 <n < L} is a mutually orthogonal family of orthogonal projections,
that is,

n

First, note that E,, is the sum of orthogonal projections. Orthogonal projections are self-adjoint,
so F, is also self-adjoint, i.e., EX = E,. Consider F,FE,, for 1 < n,m < L. Without loss of

n
generality, assume n < m. Then, by Proposition 5.1(a), we have

EnEm = (G — Gunsn) (Grm) — Glm+n)
=G Grm = G Gpme) = G Gram + Grnt)Gime)
= Gm) = Grms1) — (1= nm)Grm) + Glimey)
= 6o Em.

A similar calculation shows that (5.3) holds if m < n.
For the martingale method, we will need a bound of the spectral gap of a single interaction
term hg z41-

Proposition 5.2. Let v be the smallest non-zero eigenvalue of hy z4+1. Then,
ha:,:v+1 > ’7(]1 - G[x,m+1])-

Proof. Recall that h; ;41 > 0 because our model is frustration-free. Since the image of a map is
orthogonal to the kernel of the map,

Im(hﬂﬁyl’Jrl)l = Im(G[x,$+1])

Therefore, 1 — G| 441) is the orthogonal projection onto the image of hy z41-
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By the spectral theorem, there exists non-negative eigenvalues Aq,..., A, and an orthonormal
basis {e1,...,e,} such that

ha eyt |"/} Z)‘ eZW}

Furthermore, the elements e; corresponding to non-negative eigenvalues form an orthogonal basis
for the image of k[, ,41), and thus for the image of 1 — G| ;41)- Therefore,

(@lhaar1l) =D X (eslth)
=1

> Z (i)
Ao
=7 (|1 = G iy |t) -
Therefore, hy o1 > V(1 — Gz041)- ]

The next assumption is key for the martingale method. We will show that it is satisfied by the
ferromagnetic Heisenberg-"2 model.

Assumption 5.3. There exists a constant €, 0 < € < such that, for all1 <n <L -1,

f}
(54) EnG[n,n+1]En <e€ En.
Equivalently,

That the above two expressions are equivalent can be seen by the following equivalences:
|Gt Ball < € = [|Gpunen Bt || < 1]
= (U]BuG i Buv) < € ()
> E.Gjyni1)En < €E,,

where the final equivalence follows from (5.3).
Given Assumption 5.3 holds, we can prove a lower bound for the spectral gap of Hy r.

Theorem 5.4 (Martingale method). Let A1 be the lowest non-zero eigenvalue of the translation
invariant, frustration-free Hamiltonian Hyy ). Then, the following estimate holds under Assump-
tion 5.3:

A > (1 - \@6)2.
The proof of this theorem will rely on the following inequality.
Proposition 5.5. For any ¢1,¢2 € C™ and ¢ > 0,

[(1]62)] < & [l ull t 5 H¢2||
Proof. Consider,

1 2
(*f”“f’l” VAL ||)
1
= clonll = 20l Il + 2 el

_Cz o2
= ll61ll® = gl g2l + 5 lléall®.
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So, lg1]l g2l < S lléall* + & [l62]®. Invoking the Cauchy-Swartz inequality |(¢1]d2)| < [[é1]] |||
gives

[(¢1]62) [dull + 5 H¢z|| u

<2

Proof of Theorem 5.4. Let ¢ L Gy 1. Then, G119 = Ery = 0; by plugging in the resolution of
the identity (5.2) and using the mutual orthogonality of E, (5.1) and (5.3) we find

[ = <w w>

L-1

(5.6) =Y (WIEaly).

n=1

L

S5,

n=1

Moreover,
(W En|t)) = (¥|(L = Gppns1) Entd) + (U|Glnns1) Ent)) -
By introducing another resolution of the identity and using Proposition 5.1,
L—1
(V|G En|v) = < Z EnGnn1) n¢>

(57) = <¢‘ n—1 1 En)G[n,n+1]En1/)> y

where E,_; is absent for n = 1. The final line follows by observing that, if m < n — 2, then E,,
and Gi, n41) commute by Proposition 5.1(a), and if m > n + 1, then they commute by Proposi-
tion 5.1(b). In either case, £, Gn ni1)En = G 1] EmEn = 0 by (5.3).
Invoking Proposition 5.5, for any constants ¢, ¢y > 0, (5.7) becomes
1 c
1Bt < 5= (@] (1= Gl ¥) + 5 (01Ent)
1
(58) + 5eg (U BaGlnen But) + 52 (V|(Bu1 + En)*9).
By Proposition 5.2, the first term of (5.8) can be estimated by
1
<7/}’ (]l - G[n,n-&-l]) 1/)> < ; <'l/’|hn,n+1'l/’> s
and by (5.2), the third term of (5.8) can be estimated by

<w’EnG[n,n+1]Enw> < 62En~

Plugging these estimates back into (5.8),

(5.9) (2) IEwt = 2 (Bt + B0 € — (blhnsrd).

Note that [|[(En_1 4+ En)¥||> = [|En_1¢|> + ||Ent||* since E,_1, E, are mutually orthogonal.

Now, by (5.6),
L—-1 62
S (2 ) 1m = (2-a- S ) Ioi?

n=1
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and

L—-1 L—-1

2 2 2
D Bt + EDGI* = c2 Y (1Baat| + | Enthll)
n=1 n=1

L-2
= ¢ (d)ll2 + IIEn¢|2>

n=1

< 2¢z |I|*

Therefore, summing (5.9) over n yields

62

1
(2-a = =) ) < ps (Y[ Hp,) -

Recall that ¢ was chosen to be in the eigenspace corresponding to the eigenvalue A;. There-
fore, A1 [¢]|* = (| Hpj1 1j¥), and we obtain the inequality

62
M 2 e (21— £ =220 ol
2

We are interested in optimizing the lower bound A;. To do so, we must maximize

C2

62
flei,e2) =1 (2—61 - — —202) .

Solving f., (c1,c2) = fe,(c1,ca) = 0 produces ¢; = 1 —/2¢ and ¢y = ¢/v2.
Finally, by plugging in these values of ¢; and co, we find

2
c1 (2—01 — 2—202) = (1—\/56)2.
2

Therefore,
AL > (1 = V2€)2. [

5.2. Application to the ferromagnetic Heisenberg-/2 model. We are now ready to apply
the martingale method to the ferromagnetic Heisenberg-/2 model to obtain a lower bound on the
spectral gap.

Theorem 5.6. The spectral gap of the Heisenberg-'/2 Hamiltonian Hpy 1) closes at a rate bounded
below by O(n=2). Specifically,

H > —.
gap(H1 n)) > 2

In order to invoke Theorem 5.4, we must show that the Heisenberg-%2 model satisfies Assump-
tion 5.3. In order to do so, we must calculate the value

G n,n E’n,
(5.10) € = sup 7H inn 11 B .
vro [l
To do so, we will use the following lemma.
Lemma 5.7. Let A € Myn+1(C). Then,
2 2
R O VY

2 2 "
e L |
P#0
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Proof. Note that E,, = G[1n] — G nt1) = Gn)(1 — G ny1)) by Proposition 5.1(a). We will rely
on the fact that E,¢ = ¢ if and only if ¥ € Gy ) N Qﬁ7n+1]. To demonstrate this, first assume
that F,¢ = 1. Then, since G[; ,,) = G[Ql’n],
Gy = G Ent

= nd}

= w

Therefore, 1 € Gy ). Now, by Proposition 5.1(a),

VY =G (1= Gupgr)) ¥
= (1 - Gpns1) G

= (1 = Gunsn) -
Therefore, (1 — G[1,5,417)¢ = ¥, or equivalently, G|y ;4119 = 0. Therefore, ¥ € Gy ;) N gﬁ,nﬂ].
Next, assume that ¢ € Gy ) N gﬁ’nﬂ]. Then, (1 — G py11)? =¥ and Gy 9 = 1), so

Bt = Giu (1= Gy ¥ = 0.

This finishes establishing that E, = 1 if and only if ¢ € Gp; ) N Q[Ji 1]

We now prove our lemma. Let ¢ & G[1,,,) N G’[Ji 1) and let ¢’ = E,,¢. Then, E,¢' = ¢’, and
[AE,¢'|| = [[Ad'|| = || AE. ]| -

Note that ¢ = ¢ + (1 — E,)¢. By the mutual orthogonality of E,, ||¢|*> = [|¢/|* + [|(1 — En)o|,
and so ||¢]| > ||¢||. Therefore,
JAB.6l _ 1AE,S|

]l le'll

so the supremum could not have been achieved at ¢, and the supremum of HAII%IlIM must be achieved

1
on Gi1n) NG 4y
Therefore,
2 2
B2 _ 4y .
PR 2
oo 0P vecumnod ey I
$£0

Proof of Theorem 5.6. By Lemma 5.7, we are interested in vectors ¢ € g[l,n]mgﬁ S Since G[1 ) =~ v (/)
is the space of symmetric vectors on the first n sites, v will be of the form

P = Z Ck,pwp ® |k> y Ckp € C

where v, is the normalized, symmetric state with spin p, and ¢, € C.

Recall the definition of V("/2) introduced in Section 3.1, and see the comment following the state-
ment of Lemma 3.2. Since ¢, € G|y ,,) = vV (*/2) it must be that ¢ € V"2 @V (/2 x V" H 12 gy (=12
where we are applying Theorem 3.3. By Lemmas 2.4 and 3.6, we know that V(" *%/2) = Gl1,n+1]-
Therefore, ¢ € Gy ) NG,y = V7).

It can be shown that [G, n11], U["LL]] =0 forall i = 1,2,3; therefore, G|, ;,41] is SU(2)-invariant.
Along with V(" ~Y/2) being an irreducible representation of SU(2), by Schur’s Lemma [3, Chap-
ter 10.7], G n41) is multiplication by a scalar on V(" =V/2)  Therefore, G[n’nJrl]wH is a constant
scalar, regardless of the choice of v, and so we need only construct a single 1) € V(" ~/?)
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Let ¥1,99 € g[lyn] be ¥ = ’L/Jn/g @ ), 2 = 1[%/271 ® 1), and ¥ = —nypy + 1o Let i) € c?"
refer to a spin-up particle being in only the i*" position. Note that ¢y = [t...1]) = |[n+1)
and ¢y = 37" |i). Note that ¥ L Gpy np1] as

(Wl1 + ) = —n | + 2]

=-—n-+n
=0.

We can now show that Assumption 5.3 is satisfied by 5.10. By Lemma 5.7,

G[n,n+1]En¢ = G[n,n+1]¢
= G[n,n—i—l]wQ - nG[n,n+l]7v/}1
1
1) = 1)+ 2 () + I 1) = )+ o+ 1)
-1

=)+ —1) = o (jn) + |+ 1))
Therefore,
|G| ym— 1420750
V]l Vn +n?
1 n?—1
5.11 = —/ =
(5.11) oA R

Our value of € is given by (5.11). Note that this is less than 1/v/2, satisfying Assumption 5.3.
Finally, we may invoke Theorem 5.4 to show that the rate at which the spectral gap closes is
bounded from below by O(n~2). By plugging ¢ into Theorem 5.4 and using the value of v = 1
(corresponding to the smallest non-zero eigenvalue of hy 441, see (2.2)) gives

AL > (1= V2€)?
2
n?—1
- (“\/m)
_ (1_ (nl)(n+1)>
n(n—+1)

(- 1_;)2.

To see that this is O(n~2), we now take the Taylor expansion of /1 — % with respect to %:

2

1 1 1
1o e =1 = —
n 2n  8n2
<1 1
- 2n
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6. CONCLUSION

In this thesis, we applied two broad techniques, the variational principle and the martingale
method, to prove both an upper and lower bound on the spectral gap of the ferromagnetic ferro-
magnetic Heisenberg-%2 model in the thermodynamic limit. The variational principle is a general
principle applicable to a wide variety of quantum systems, and we utilized a specific representation of
our Hamiltonian in order to apply it. The martingale method is applicable to more general systems
than demonstrated here, including to multi-dimensional lattices.

However, the techniques demonstrated here will are not applicable to the antiferromagnetic
Heisenberg-*2 quantum spin chain (in which the negative sign of (2.2) is dropped) as this model
is not frustration free. A technique called the Bethe ansatz provides an exact expression for the
spectral gap in this model [7, 8, 9].

This thesis also focused specifically on particles with spin value 2. A famous conjecture by
Haldane [4, 5] states that integer-spin Heisenberg ferromagnets are gapped, while the half-integer
Heisenberg ferromagnets are gapless. In 1988, Affleck, Kennedy, Lieb and Tasaki introduce a vari-
ation of the spin-1 Heisenberg ferromagnetic chain (known as the AKLT model) that satisfied Hal-
dane’s conjectured [1, 2].

Proving that the upper bound closes at a rate of O(n~2) is sufficient to prove that the ferromag-
netic ferromagnetic Heisenberg-2 model is gapless. By proving that this is also a lower bound, we
have proven that the spectral gap closes at ezactly this rate by the squeeze theorem.
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