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On the generalized Buckley-Leverett equation
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'Institute of Mathematics of the Polish Academy of Sciences, Warsaw 21 00-956, Poland
 Department of Mathematics, University of California, Davis, California 95616, USA

(Received 12 August 2015; accepted 29 March 2016; published online 12 April 2016)

In this paper we study the generalized Buckley-Leverett equation with nonlocal
regularizing terms. One of these regularizing terms is diffusive, while the other one
is conservative. We prove that if the regularizing terms have order higher than one
(combined), there exists a global strong solution for arbitrarily large initial data.
In the case where the regularizing terms have combined order one, we prove the
global existence of solution under some size restriction for the initial data. Moreover,
in the case where the conservative regularizing term vanishes, regardless of the
order of the diffusion and under a certain hypothesis on the initial data, we also
prove the global existence of a strong solution, and we obtain some new entropy
balances. Finally, we provide numerics suggesting that, if the order of the diffusion
is 0 < @ < 1, a finite time blow up of the solution is possible. Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4945786]

. INTRODUCTION

In this paper we study the case of the Buckley-Leverett equation with generalized regularizing
terms provided by fractional powers of the laplacian (—A)*/? = A?

u?

ou+ 0y | ———m
tt u?+ M(1 — u)?

] = —vA% — uAPdu, x € Q, t > 0, (1)

with initial data
0 < u(x,0) = up(x) < 1,

and where M > 0 is a fixed constant. Here Q is either Q = Ror Q = T.

Let us immediately emphasize that ug(x) < 1 is not a smallness condition, since, in applica-
tions, u denotes a certain proportion (compare the following literature outline). Equation (1) is a
nonlocal regularization of the classical Buckley-Leverett equation

O + 0, W;_u)z]:o,xeg,»a )
The nonlinearity in Equation (1) is regularized in two different ways: first, due to the diffusive term
—vA%u,
and second due to the conservative term
—uAPou.

Equation (2) was derived by Buckley and Leverett in Ref. 4 and it has been well studied since
then (see LeVeque?’ and Mikeli¢ and Paoli*”). This equation is used to describe a two-phase flow
in a porous medium. For example, oil and water flow in soil or rock. In this situation u represents
the saturation of water and M > 0 is the water-over-oil viscosity ratio. Equation (2) is a prototype of
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conservation laws with convex-concave flux functions (see, for instance, Lax,2® Glimm,"? Hong,22
Hong and Temple,”® and Bayada et al.’). Under the effect of dynamic capillarity, (2) needs to be

modified with two regularizing terms (see Hassanizadeh and Gray>*?!),
2
Oy + Oy m] = v@iu + vz‘raia,u, xeQ, t>0. 3)

Equation (3) has been studied by many authors. For instance, Van Duijn et al.?! derived existence
conditions for the solution of the travelling wave form. Moreover, this leads to admissible shocks for
(2), which violate the Oleinik entropy condition. In Ref. 24, Hong et al. proved the global existence
of a classical solution to (3) with uy € H'(R). Furthermore, they proved that the solution becomes
C*((0,00) x R). For Equation (2), Hong et al. proved that if the total variation 7.V.(up) is sufficiently
small, then there exists a solution to (2). Wang and Kao?? studied (3) on a finite interval Q = (0, L)
and showed that the solution, u;,, converges to the solution u., on the half-line as L — oo.

A. Aim and outline

The purpose of this paper is to study (1). We are mainly interested in the global existence of
solutions together with their qualitative behaviour as well as in the finite time singularities.

We provide details of our results in Subsection I B. Subsection I C contains notation, including
the definition of a weak solution and certain preliminaries. Section II provides new entropy inequal-
ities for the fractional laplacian that are interesting by themselves, therefore these inequalities
are stated for an arbitrary dimension d. Sections II-VIII contain proofs of our results. Finally, in
Section IX, we provide some numerical results suggesting the existence of finite time singularities
for the cases 0 < @ < 1 and yx = 0. These numerics also suggest that in the critical case a = 1 the
solution exists globally. This is in agreement with the results for the Burgers equation with frac-
tional dissipation by Kiselev et al.,> and Dong et al.'* Let us remark that, when the term uAf0,u
is added to the equation, even for @ = 8 = 0.25 there is no evidence of blow-up. Consequently, our
numerics appear to discard a finite time blow-up scenario when p > 0.

To the best of our knowledge, all our results are new.

B. Results

First, let us provide a result concerning the global existence of weak solutions for (1), cor-
responding to rough initial data, i.e., merely 0 < up < 1 a.e., as well as concerning new entropy
balances (that are needed in the existence part of the result, but are interesting by themselves).

Proposition 1. Let 0 < ug < 1, ug € LY(Q) N L™(Q) be the initial data for (1) with v > 0, 0 <
a <2, u=0and M > 0. Then there exists a global weak solution such that

u € L=(0,00; LY(Q) N L¥(Q)) N L*(0, 00; HY'X(Q)).

Furthermore, if u is an L*(0,T; H'(Q)) solution to (1), then the following entropy inequalities hold

/Qu(t) log(u(t))dx+v/0r/QA“u(s) log(u(s))dxds < /Quolog(uo)dx, 4
and
/ [u(t) P ] log (u(t)? + M(1 — u(t)?) dx )
I 1+M g
2M13 1
T /Qarctan (W(E — 1)) dx

log (u(s)* + M(1 — u(s))?)

+v/0t/QA"u(s)

2(M + Du(s)?
u(s)? + M(1 — u(s))?

] dxds
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and

up +

),

M1 1
-2 /arctan (VM (— - 1)) dx.
1+M Q up

Let us remark that the terms

T M] log (ug + M(1 — up)*) dx

/I/A“u(s) log(u(s))dxds
0 Ja

2(M + Du(s)?

a(s P+ M1 — ()] 29s

/I / A"u(s)[log (u(s)* + M(1 - u(s))*) +
0o Ja

will provide a L2 bound on a fractional derivative of the solutions. The proof of Proposition 1 will
be established in Section III.

Our next results concern the qualitative behaviour of smooth solutions. In case Q =T, we

denote the average of g by

) = 5= /T uo(x)dx.

Proposition 2. Let u be the classical solution to (1) with initial data 0 < ug < 1, where v > (),

O<a<2and M > 0. Then,

1.

forQ =T,

_2M(+a)cos((-a)r/2),
lu@llLoery < (uo) + (lluolle — (uo))e nlte

2. forQ =R,

lluoll L

llu(@) L < I
(1 + al’(l+a)c0;5£1—(l)7f/2) ||M0||Zoot) @

Our main results address the problem of global existence of smooth solutions. More precisely,

we have results for three cases, depending on the values of the parameters « and .

1.

the subcritical case: the higher space derivative is in the dissipative term, i.e., 1 < max{a, 8} <
2. Here we show global existence of smooth solutions with no restrictions on the initial data.
Compare Theorem 1.

the critical case: the transport term exactly balances the regularizing terms, i.e., 1 = max{a, B}.
Here, for 4 > Oand B = 1, we prove global existence of smooth solutions without any size restric-
tion on the initial data. In the other cases we need certain smallness conditions. Namely, for
u=0,v>0and @ = 1, we obtain global existence of smooth solutions for initial data satisfying
a smallness restriction on the lower order norm L*; this smallness restriction is explicit in terms
of v and M. Finally, in the case ¢ > 0, « = 1 and 0 < 8 < 1, we obtain the global existence for

initial data satisfying a smallness condition in H # The smallness restriction is here slightly
less explicit, but easily computable. See Theorem 2.

the supercritical case: the higher space derivative is in the transport term, i.e., 0 < @ < 1 and
p = 0. Even here, for Q =T, we are able to prove global existence of smooth solutions for
smooth, periodic initial data satisfying an explicit smallness restriction on the Lipschitz norm
Whe,

The remaining open problems are in the critical and supercritical regime. In particular, our

results do not apply to the case where

max{a,B} <1, u>0,

and there is no large data, global results for the critical case with u=0,v > 0, = 1. In the
context of the latter, let us observe that on one hand, there are certain new methods available for
nonlinear problems with nonlocal critical dissipation, like the method of moduli of continuity by
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Kiselev et al.,”® the fine-tuned DeGiorgi method by Caffarelli and Vasseur® or the method of the
nonlinear maximum principles by Constantin and Vicol'? (see also Constantin et al.”). But on the
other hand, our nonlinearity is more complex than the typical ones.

Now, let us state the main theorems. First, we study the subcritical case max{«, 8} > 1.

Theorem 1. Let 0 < ug < 1, ug € H*(Q) be the initial data for (1) with M > 0. Then (1) has a
global solution

u € C([0,T], H(Q)) N LX0,T; H**'*(Q)) forall0 < T < co.

Moreover, fort < T, the solution satisfies

t
2 2 2 2 2
IR, + )] + 2 / (IR, ol = Nl + pelliol 2
0
provided

o citherv > 0,1 < a < 2,u=0and s > 1 (purely dissipative regularization),
eoru>0v=>0,1<max{a,B} <2 and s > max{l + g} (dissipative-conservative regular-
ization).

For the critical case, let us define the following constants.

Definition 1. Let y* be a constant such that
yM+1) 200 (v + M)(M + 1)
=v
M M2
and let y be any fixed number such that 0 <y < y*.
Next, let Cs be the Sobolev’s constant corresponding to the embedding

s

148 ©
H72 — L™,

We have

Theorem 2. Let O < ug < 1, ug € H(Q), s > 1 be the initial data for (1) with M > 0. Then (1)
has a global solution

u(t) € C([0,T],H (Q) N L¥0,T; H***3(Q)) VT <

that satisfies the energy balance

t
2 2 2 2 2
@Il + pllu@liy g2 + V/O lu()Iya/2ds = lluolly, + plluollyp 2
Under the following conditions:

(1) Either v >0, 0 <@ <2 and u >0, B =1 (conservative regularization with no smallness
conditions on the data).
(i) Orv > 0, @ = 1, u = 0 and the initial data is such that

lluollL < . (6)
In this case the solution satisfies the maximum principle
lu@llgo.s < lluollgo.s-
(i) Orv >0, =1, u > 0,0 < B < 1 and the initial data is such that
2
lloll7 > + (1 + p)llutollFy0.5 + pelluoll® 1,5 < (1 + ,u)%- ™)
H 2 s

Then, the solution satisfies the maximum principle

2 2 2 2
70.5 1 = llHollgo.s ol 14p-
(Ol 0.5 + mllu®N” 15 < lluollyo.s + plluoll®
H 2 H 2
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Remark 1. The fact that

2u B W u —2M(1 — u))
W+ M1 -u? @2+ M1 -u)p)
independently of the value of u, allows for a global result relying on a condition related to M,

v, and u. However, we are interested in results that deal with every possible value of the physical
parameters present in the problem.

< C(M), (8

L®

In our opinion, there are two reasons, at least in the case u = 0, why the smallness condition (6)
may be seen as a rather mild restriction. The first one is that the size restriction affects a lower norm,
merely L™, keeping the higher seminorms as large as desired. The second one is that, given M and
v, the constant y* can be easily computed. For instance, if we further assume y* < 1, the expression
for y* is explicit:

’ 1+M

. i { —1+\/1+2(M+1)v}
y" =min{1 .

In particular, y* = O(v) for v < 1.

The last case, namely where 0 < @ < 1, is harder because the leading term in the equation is the
transport term. However, under certain conditions, we can prove the global existence of solutions.
Before we can state the relevant result, we need some notation.

Definition 2. Let y and M be given, positive constants. Define () as follows:
2y(M + 1) . dy(y + M)(M + 1)? N 4y (y + MY (M + 1)?

i(y) =

M M? M?
293(M + 1) 8y (y + M*(M + 1)
L2 )’ 8y + M)Y )’ ©)
M? M3
Next, let y* be a small enough constant such that
ra 1- 2
£y < yTUE @ cos((1 —a)n/2) 10

big

Then we have the following.

Theorem 3. Let Q =T and 0 < ug < 1, uy € H® with s > 2 be the initial data for (1), where
M>0andv>0,0<a<1, u=0.Fixany 0 <7y <vy* withy* in accordance with Definition 2. If
the initial data is such that

HMOHWLM(T) <7,
then there exists a global solution
u e C([0,T],H(T)) N L*0,T; HS**'X(T)) VT < co.

Furthermore, this solution satisfies the maximum principle

)l 1.y < Netollg oo

and the energy balance
t
2 2 2
llu@ll7, + V/O ()l 2ds = lluoll -

In the above theorem, we impose domain restrictions and stronger smallness assumptions.
These domain restrictions are due to the better behavior of the fractional laplacian in a bounded
domain. The size restrictions on data are again on a lower order norm (Lipschitz) and with a rather
explicit constant.

Finally we obtain the standard finite time blow up for certain initial data in some Holder
seminorm.
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Proposition 3. Fix a constant M > 0 and consider p =0, min{v,a} = 0. Then, there exist
0 <up<1e HXQ) and T* < o such that the corresponding solution, u(t), of Equation (2) has a
finite time singularity in C% for 0 < 6 < 1, i.e.,

lim sup ||u(t)||cs = co.

t—-T*

The proof of this result is obtained by a virial-type argument. However, we remark that it
can also be obtained by means of pointwise arguments (see Castro and Cérdoba’ for an appli-
cation of these pointwise arguments to prove blow up). These virial-type arguments have been
used for several transport equations even in the case of nonlocal velocities (see Cérdoba et al.,'”
Dong et al.,'* Li and Rodrigo,”® and Li et al.?°). In this case, the transport term is highly nonlinear
and this method fails in the case of viscosity v > 0,0 < @ < 1.

C. Notation and preliminaries
1. Singular integral operators

We denote the usual Fourier transform of u by . Given a function u : Q — R, we write
A%u = (—=A)*'?u for the fractional laplacian, i.e.,

Au(€) = |£1a(E).

This operator admits the kernel representation

A®u(x) = Caa )| PV, / _u-uly) (11

S Td |x — y = 2my|dre

if the function is periodic and

A%U(x) = Co.g PV, / wx—uy) (12)
rd |x —y|dre
if the function is flat at infinity. Notice that we have
ra+ 1- 2
Cot = (I +a)cos((1 —a)r/ )’ (13)

e

where I'(+) denotes the classical I" function.

2. Functional spaces
We write H*(Q) for the usual L>-based Sobolev spaces with norm
I W = I+ 1 s N fNazs = NAS Fllg2.

The fractional L”-based Sobolev spaces, W*? (Q9), are

105 £ (x) — 0¥ £ ()]

Ix — y| P LD

WP = {f € LP(Q1),0;"f € LP(@?), € LP(Q"x Qd)} ,

with norm

1 s = 1T + AN s s

where

‘ M f) - ot rr
VAP = I8Y £, + / / 0710 = 0TS
Qd Jad

|x — y|d+(3'—|.SJ)P
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3. Entropy functionals

For a given function # > 0, we define the following entropy functionals

ilul = | o) togux) - uo) + 1), (14)
Q
Folu] = / (1 + u(x))log(1 + u(x))dx. (15)
Qd
These two entropies have an associated Fisher information,
11l = [ Autolog(aton (16)
Qd
I [u] = / A%(x)log(1 + u(x))dx. a7
Qd
The third entropy that we are using reads
Flu] = / u(x)log (u(x)* + M(1 — u(x))?) dx, (18)
T
with its Fisher information
I%u] = /A“ulo (u* + M(1 — u)?) dx +2(M + 1)/L””2 x (19)
3 B T & Tu2+M(l—u)2
4. Notation
Recall that we denote the mean of a function by
1
W =5 [ utndy.
T Jr
Let us introduce f and a as follows:
u(x,1)?
1) = 20
Flu(x1) u(x,t)? + M(1 — u(x,1))? (20)
and
d 2 M(1 -
a(u(x.1)) = df _ 2u(x,)M(1 — u(x,1)) 21

du — (u(x,0)? + M(1 — u(x,1))2)?"
Finally, let us introduce the notation for the mollifiers. For € > 0, we write J. for the heat kernel at
time ¢ = € and define

Jex [ =Tef-

5. Weak solutions to (1) and their local existence
We start this section with

Definition 3. Let yu,v > 0and 0 < T < oo be a fixed positive parameter. The function
u e L¥([0,T) x Q)
is a (very weak) solution of (1) if

T
/ / (6,6 — vA“S + uNB,Blu + D [
0 Q

for every test function ¢(x,t) € C2([0,T) x Q).
If a solution u verifies the previous definition for every 0 < T < oo, it is called a global solution.

u?

—_— | = B
u? + M(1 _u)z] = /Q[”A 01 + ¢ljr=o uo,

Lemma 1. Let uy € H®, s > 2 be the initial data for (1) with u,v > 0and 0 < o, < 2. Then
there exist T (uy, M) and the unique solution
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u € C([0,T(uo, M)], H*(2))
to (1). The maximal time of existence T (ug, M) is characterized by

limsup {Ju(®)lly1,0) = o
t—>T (up, M)

Proof. Using the same ideas as in Ref. 24 (Theorem 3.1), we can construct solutions to the
regularized problem

2
ue,&

“z,a + M(1 = uc 5)?

6tue,6 + ax

} = —vA%s — UNPdue s + E@iugé + 68)%0,%75,

with initial data u, 5(0) = up. Standard energy estimates give us uniform bounds. Then we can pass
to the limits €,0 — 0. The proof of the continuation criteria can be obtained by energy methods. O

Il. THE ENTROPY INEQUALITIES

In this section we provide the proof of three entropy inequalities that, in our opinion, may be of
independent interest.

Proposition 4. Let u be a given function and 0 < @ < 2, 0 < € < /2 be two fixed constants.
Then

el /- < C(Ot d, €)|ul| 1L ul, (22)

el < C S llual| Lo [u] (23)

provided that the right hand sides are meaningful.

Proof. Letus fix i = 1. First, we symmetrize

Cuw-uly)
Il = adZ /pov [, ooy

- QdZ/ PV/Td w0 D) oo u(y))dyd

— d
= |x =y = 2my|dte

u(x) —u(y) | (u(x)

. o) dydx
Td |x — y — 2my|dte g u(y)) Y

aJTd
> 0.

Furthermore, since (a — b) log (‘3’) > 0, every term in the series is positive, i.e., for every y € Z4, we

have
u(x) —u(y) ( u(x) )
V. | dyd 0.
/TdPV/Td |x — y = 2my|d+e % \utmy) Y =

]-a ad u(x) — u(y) (u(x))d dx. 24
/Td /T b yira 2y ) &4

Let us consider first the case 0 < u € L'. We have

letllprsrer = / / uo) —ul o
d J1d |x — y |d+775

:/ / / Ju(x) = u(y)| |x — y|~ 5+
1 Jra Jo Lix - y|9*% -yl g +e

In particular
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|su(x) + (1 = s)u(y)l'?
|su(x) + (1 = s)u(y)|'/?
< I?'SI;)'S,

1 2
- 1
11:/ / Ju(x) utgy)| dsdxdy,
1d Jra Jo  [x =yl fsu(x) + (1 = s)u(y)|

1 —
e [ [y,
Td JTd Jo |x — yl|d-2€

This latter integral is similar to the Riesz potential. Due to the positivity of u, we have

1
1-
12:/ / / su(x) + ( d_sz)u(y)dsdxdy=C(€)||M||Lla
Td J1d J) |-x_y| €
C(e) / ed
€) = —dy.
d |y|d-2€

u(r)—u(y) ()
hi= /TdPV/Ta b= gl Og(uw))dydx'

,C© o
Cmdllullufl [u].

dsdxdy

with

with

‘We have

Consequently, we get

||“||Wa/2 el =

The case 0 < u € L™ was first proved by Bae and Granero-Belinchén.? For the sake of complete-
ness, we include here a sketch of the proof. Using (24), we have

_ 2
I
cp el O M

4
a2 < = llulloZy [u].
a,d

SO

The proof for the case i = 2 is similar. O

lll. PROOF OF PROPOSITION 1: WEAK SOLUTIONS

We prove the result for Q = T, but the same proof can be adapted to deal with Q = R. We
consider the regularized problems

M2

€ _ a 2
Oilte + Oy YT = —VA%Uc+ €duc, x €T, t >0, (25)

with the regularized initial data

ue(x,0) = Je * up(x) + €,
and € < 1/2. These approximate problems have global classical solution due to the Theorem 3.1
in Ref. 24. Consequently, we focus on obtaining the appropriate e-uniform bounds. By assumption
0 < u(x,0) < 1. We apply the same technique as Cérdoba and Cérdoba'! (see also Refs. 1,2,5,7, 8,
13, and 16-19 for more details and application to other partial differential equations), i.e., we track
lue@®llLe = ue X1, 1) = Me(t)
and

mlg udx,t) = u x,,t) = M2).
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Due to smoothness of u,, we have that M(¢), Mi(¢) are Lipschitz, and consequently almost every-
where differentiable. Hence, using

MU = Sl = ), W0 = Gl x0),
together with the kernel expression for A%, we have the e-uniform bounds
0<e<udx,t)<1.5.
By space integration of (25), we get
llue@®llzr = NueO)lLr < lluollpr + 7.
We compute

UeOxlte

d a
Eﬁ[ue] = /Tatue log(“e)dx = /]I‘ l/l% +M(1+e— us)zdx - VIl [ue] - ejlz[ue]~

We have

2ucdyu(l + M) = 2M (1 + €)d,uc
dclog (u2+ M(1 + € —u.)*) = uedcuel + M) (I+e) e
uz+ M(1+ € —u.)?

and as a consequence

/ UOxUe M(1 +¢€) Oxlie d
= X
rluz+ M(1+ € —u.)? M+1 JruZz+ M +e—u)?
3 M(1+¢€) [ Ocue 1 d
= 2 oW
M+1 T Ug 1 +M(l+£ ue)
l+e—u
-M Ox ——
]

VM
T M+1
=0.

Ox

w7 (L2

Thus, we conclude

Fludo)] + v / IoMud(s)]ds + € / Pluds)lds = Fi[u0)].
0 0
As
Filud0)] < C.

we get a e-uniform estimate. Now we apply (23) from Proposition 4 and u.(x,t) < 1.5 to get

t
| oy <
0

Consequently, we have e-uniform bounds
ue(t) € L=(0,00; L) N L*0, 00; H*'?)
and the first entropy inequality (4). For the second entropy inequality (5), we compute

w0 + uM(1 — u)(—=0,u)

dx =11 + .
u? + M(1 — u)? TEaTa

d

—Falu] = /(9,ulog (u2 + M(1- u)z) dx + /2

dt T T
We are going to handle both integrals separately. We have

3 / u? 2udyu + 2M (1 — u)(—dxu)
T+ M(1 - u)? W2+ M(1 - u)?

dx

—v /A"u log (u” + M(1 — u)*) dx
T
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2ud,u
= [ ————dx—v | A%log(u*+ M(1 — u)*) dx
/ru2+M(l—u)2 /]1‘ g ( Y)
= —v/A"u log (u® + M(1 — u)?) dx,
T

where in the second term we have used
2udu + 2M(1 — u)(=0u) g 1
@+ M1 -uw2? T2+ M(1-u)?)’

The second integral reads
A%uu? 2ud
L=—-2v(M + 1)/$dx - M/$dx.
T uz+ M(1 - u)? T uz+ M(1 —u)?
Now we compute
(1 + M)ud,u — Mo,u

d
= [ log(®>+ M1 -—u))dx =2 dx,
g ). log (W + M(—w)dx =2 | = m o

SO

i/log(uz+M(1 — u)?) dx
T

/ 2ud,u di = 1
MO -2 T 1M |dr
1
—2VMi/arctan(VM(— - 1)) dx] .
dl T u

Collecting all these computations we get

Flu(t)] + V/O I u(s)]ds + T M [/T log (u(t)2 + M(1 - u(t))z) dx

—ZW/Earctan (\/ﬁ(% - 1))dx]

M
= F3lug] + T [/Elog(u(z)+ M(1 —uo)z)dx

-2V [ arctan (m(i - 1)) dx] .

Uo

IV. PROOF OF PROPOSITION 2: DECAY ESTIMATES

Let us prove first the periodic case. The L' norm is preserved. Consequently, the mean propa-
gates. We again apply the technique of tracking M(#) and Mi(z). Recall

lu@llLe = u(X11) = M(@).
The smoothness needed to proceed with M(z)’ is, for this proposition, an assumption.
Since x,y € T, |x — y|'** < (2n)'*®. Hence, using (11) and (13), we get

2I'(1 + @) cos((1 — a)n/2) (%0 1) — (o))

A%u(X,) > i

Consequently,
2I'(1 + a) cos((1 — a)n/2)

oy (o) = (o).

M) = (1) = () = ~Au(%) < -

Integrating this ODI, we have
_2F(1+a)cos((]—(y)7r/2)t
(@)oo < Cuo) + (luollLe — (uo))e Gmlte
Let us turn our attention to the flat at infinity case. Again the L' norm propagates. We take a positive
number r > 0 (that will be specified below) and define
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Uy ={n € BO,r) s.t. u(x,) —u(x, —n) > u(x;,1)/2}
and U, = B(0,r) — U,. We have

_ _ u(x
s = [T~ oy > [ = iy > e,
R U
so (for u(x;) > 0),
2
Zwller g 26)
M(xt)

u(x,) —u(x, — y)
|y|1+(l
u(x;) —u(x;, — y)
> c(a)P.V. /u] TS
u(%) (Zr i 2||M0||L1) |

2r1+" Lt( f[)

A%u(x,) = c(a/)P.V./
R

> c(a)

‘We choose now
_ 2ol
u(x;) ’

thus, recalling (13), we have that

C(z, 1 M( }t)lﬂl

Au(x) > ——-—
(X0 2 e Tl

for both u(x,) > 0 and u(x,) = 0. With the same argument as in the periodic case, we get

Co ()12
2% Tlugll?,

d
)l <

thus, using explicit value of C,, | we arrive at

lluollL
(@)l < X

a T(1+a)cos((1-a)m /2) ”uOHZoo h
2l+ag lluoll 7y

1+

V. PROOF OF THEOREM 1: GLOBAL SOLUTIONS FOR max{a, 8} > 1

Equipped with the Lemma 1 and its proof, we can focus on the appropriate energy estimates
that ensures global existence (rigorously, we should do this on the level of the regularized problem)
Notice that we also have a global bound

t
I, + lluCOIP, 5+ 2 / (I, ol < Htoll 2 + pellutol 27)
0

We split the proof in three parts: the first one is devoted to the proof of the purely parabolic
case p = 0. Then, in step 2 and 3 we consider the cases >0, B <1 <aand u>0, @ <1 < S,
respectively.
Step 1: Case u = 0. We perform the estimates for s = 1, the case s > 1 being analogous.

Testing (1) against Au and using the self-adjointness, we have that

1d

55””“20.5 =h+D, (28)
with

_ 2u u?(2u — 2M(1 — u))
= _/Q(u2 +M(1—up 2+ M(1 - u)?)’ )axUAudx’ )
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L=—vlul ... (30)
H 2
Due to Holder’s inequality
2u w?Qu—2M(1 —u
1< |~ . (1-u) G31)
u?+ M(1 - u) W+ M1 —u)?)
Using interpolation
1
1A Nl < CIIfIIHosIIfII“
H 2
and (8) we have
2
I < IIuIIHosllull“JC(uo,M) < NlullF 0 5¢(uo, M) + v|lull® 1y -
H 2 H 2
We conclude
lee(®)llgz0.5 < ol o.se M. (32)
Testing (1) against —92u and integrating, we have
1d
EEHMHz 1=+ 1, (33)
with
2 2Qu-2M(1 -
L=- / 2w wQue2MU W) e, (34)
o\uw?+M(1 —u) W?+ M1 —u)?)
L= —vlul? .q. (35)
H "2
We have the bounds
2u u?Qu—-2M(1 —u
2 - MO < g M)l
w+ M —u)* 2+ M(1 - u)?) G36)
2u W Qu —2M(1 — u))
2 2 3 < c(uo, M)|lull g1,
u?+ M(1 - u) W+ M1 —u)?)

s0, using interpolation, we have

2u B W u —2M(1 — u))
W+ M1 -u? 2+ M1 -u)p)

< c(uo, M)||ullgg1-a 2.

Hl—ar/Z

We use the duality pairing H'~%/2 — H2/27! together with Moser’s inequality and embeddings to
obtain

2 W2Qu - 2M(1 -
el 2 wu=2MA ), 102ull o

u?+ M(1 —u) W+ M(1 - u)?)? a2

2u _ uz(zu - 2M(1 - Li)) ”8 I/l” I- /2“14“ L+a/2
u?+ M(1 - u)? (1,¢2+M(1—u)2)2 o o

2 20u - 2M(1 -
2 wQue MUy elulieers
u?+ M(1 —u) W+ M1 —u?)” )| gi-ar

4
< C(an M’ V)eC(u()’M’V)t + 5”“”?{1“1//2'

Notice that the above estimate can be also derived using the Kato-Ponce inequality. As a conse-
quence,

t
v
||u(t)||i,1 + 5/ ||u(s)||21+a/2ds < c(ug, M, v)ectoM>)t
0
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Step 2: Case u > 0, 8> 1 (and 0 < @ < 2). We consider the case s = %, the other cases
(s> %) being analogous. Using (27) together with 8 > 1, we have

lu@llre < Cllu@)ll sz < C(B, py M, ug).
Now we test (1) against Au. Due to (29)-(31) with (8), we obtain

2

EE(IIM(I)II o5+ Hllu@I? 1+;,>)+2VIIM(I)II2 ca < C(B.pts Moug)|Jull, -

Integrating, we obtain

2 2 2 2 CB,u.M,
N0 5+ llu@I? 1.5 + / e o
H 2 H 2

Testing against —82u we can perform energy estimates as in Step 1. We obtain

EE llu()II7,, + ullu(t)IIZH;z;) +vllu(@)I? 1eg S C(B. s M,ug)|0.u(@)]]7 »-

We use the interpolation inequality

£ llze < CUAR N A1

SO
3 2 2 c
Clloxu@ll; 5 < Clioxull; alldxull 2 < Cllullgisllully, < IIMIIHH;;/Z + C(p,u)ePrMo10).
Now we can use Gronwall’s inequality to obtain
t
2 H 2
@7, + SHu@)IP 5 +2v [ )P | ods < C(B, u, M,ug)eFH-M-uor,
H 2 g+ 0 't

Step3: Caseu > 0,0 < S <landv > 0,1 < @ < 2. As before, we test (1) against Au. Using (8),
we obtain

——(Ilu(t)ll 5+/1|Iu(t)llj1.+ﬁ)+VIIU(I)I|2 o < COM)|ully,

2dt b
Now we use the interpolation
T ,B T ﬁﬁ
+a +a
@l < ClluollHﬁ/z [lu(@)l] ey
For @ > 1 we have that
2 —
—ﬁ < 1,
l+a-p

hence
t
2 2 2 c(M 2
(Ol 705 + pllu@l” 1.5 +ZV/ lu()I? Lgds < M ugl* |,
H 2 0 H 2 H 2

Now, we test against —32u. We can conclude as in Step 1. We obtain

)17, + /vtllu(t)ll2 &7 V/ IIM(S)II2 g ds < Mgl
H 2

VI. PROOF OF THEOREM 2: GLOBAL SOLUTION FOR max{a, B} =1

Step1l: Casev >0, =1, u=0.
We do the case s = 1, the other cases being analogous. Testing (1) against Au and using the
self-adjointness, we have Equations (28)—(31). Notice that under the hypothesis

lluollL= < y.
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Since ||u(t)||L~ < ||ugl|L~, We have that

2u w?(Qu — 2M(1 - u)) 27(M +1) 272()/ + MY(M + 1)?
w+ M1 -u? @2+ M1 - u)2)? M M? ’
Using that
2y(M + 1) 2y2(y + M)(M + 1)2
M M? v
we conclude
llue(®)ll 0.5 + 5/ llu()17,1ds < lluoll o.s, (37

for a small enough 0 < §. Notice that this ¢ only depends on M, u, and v.
Next, testing (1) against —9%u and integrating by parts, we get (33)—(35). If we integrate by
parts in (34), we get

v
Iy < c(uo, M)l|uell g1 [10xull7 4 < (o, M) llullyy, + z“””ip.s te. (38)

The first inequality above uses also (36) and the second the interpolation

1fllza < CIAIGS LFI0S
Using (38) in (33), we obtain
—IIM(I)II2 @I, s < cluo, M Y)lully,, + ¢,

and, due to Gronwall’s inequality together wit (37), we obtain
t
lall,, + v / l(5)I, 1sds < cluto, M, v)es WM.
0

This ends the proof of case (ii) of our thesis.

Step 2: Case v > 0, = 1,u > 0, < 1. In this case we cannot use the pointwise methods, so
we cannot get immediately ||u()|| = < ||luo||z~. Estimate (27) implies a global bound in H#/2, but
this bound is too weak to give us a pointwise estimate for u. However, as

lluolle < Cslluoll 115 <.
H 2

testing (1) against Au and using the definition of y and y*, we have, as in step 1,

1d

o (||u<z)||§,os+u||u<t>||2 HB) + ol <

As a consequence, we obtain the global bound
t
2 2 2 2 2
@l 0.5 + pllu@I” 1.5 + 5/ ()l 1ds < Nluollyyo.s + plluoll” 1.p-
H2 0 H2

Now we test against —92u and we conclude as in Step 1. Case (iii) is proved.
Step 3: Case v > 0, > 0, 8 = 1. In this case, (27) implies a global bound in H°>. Then,
testing (1) against Au and using (8), we have

o (O s+ I, ) + I 1. < CODI

As a consequence, we can apply Gronwall’s inequality to get a global bound

()11, 5+,UI|u(t)|I21+V/ Ilu(t)ll2 ca < Clu, M) g7,

2

Now we test against —02u and we conclude as in Step 1. Case (i) is proved.
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VIl. PROOF OF THEOREM 3: GLOBAL SOLUTIONIFO < o < 1ANDu =0

We consider the case s = 2, the other cases being similar. Let us write X, for the point where
O,u reaches its maximum, i.e.,

Oxu(Xy,t) = max(du(x,t)) = My(t) > 0.

With a similar argument as in the proof of Proposition 2 (see also Ref. 11), we have

d 2 2(Qu —2M(1 -
—M;(t) = —0x . 4 (2u (1= w) Oxlt — vA%Ou
dt W+ M -u)? 2+ M(1 - u)) x=%; x=%;
Due to the kernel expressions (11) and (13), we have
VA0 u(X;) < —vCy10cu(Xy).
Due to the smallness choice (10) and ||u(z)|| .~ < ||uo||z=, We have
A=lo 2u B u?(u — 2M(1 — u))
N+ MO -u? @2+ M(1 - u)P)?
<Z(y")
< VCa,l.
Consequently,
d 2 2(Qu —2M(1 -
M) < |-6, - _wQuZ2MA ) e <o,
dt w+ M =-u)? 2+ M(1 - u)?)? ‘
Let us write X . for the point where d,u reaches its minimum, i.e.,
Oxu( %,,t) = min d,u(x,t) = my(t).
As before, due to the kernel expression (11) and (13), we have
~VAYOu( X,) = —vCq,10xu( X,).
Consequently, with the same argument, we have (for negative d.u( %,,1))
d 2 2(Qu —2M(1 -
Zm(r) = -0, - _wum2MA ) o A,
dt W+ M1 —u) 2+ M(1 - u)) x=%
2 2(Qu —2M(1 -
> () |0 5t WCuZIMU W)
u*+ M(1 - u) (u? + M(1 - u)?)
> 0.
Hence
lu@llw1o0r) < lletollw 1.oopry- (39
We test Equation (1) against §7u and integrate by parts. We have
ld,
EEHuHHz =I5+ I, (40)
with
2 2QQu—-2M(1 -
15=_/a§ 2w wQuo2MU i) g e @1)
T u?+ M(1 - u) (> + M(1 —u)?)
Is=—vlullP .o (42)
H'2

Using (39), we have

Is < c(ug, M)|lull,,

thus, applying Gronwall’s inequality, we have
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2 , M
g ds < Ilugllfe oM.

t
I, +2v / ()|
0 H
VIIl. PROOF OF PROPOSITION 3: FINITE TIME SINGULARITIES
First, we study the case v = 0. Let us take 1 such that
uy = 0, up(0) =0,

and

0
Jo= / uO(x)dx < oo,

P lxle

(43)

We argue by contradiction: assume that we have u(¢) a global C? solution corresponding to uy.

Recalling the expression a(x) given in (21) we define the characteristic curve y(t), solution to
y'(t) = a(u(y(1),0)), y(0)=0

and
v(x,t) = u(x + y(1),1).
Notice that, due to (1),
%u(y(t),t) =0.
Thus
u(y(1),1) = uo(y(0)) = 0 = v(0,1).

Now we have

0o (x) = duu(x + y(1),1) + Oxv(x)a(v(0)) = dv(x)(a(0(0)) - a(v(x))) = =0y (f(v(x))) ,
with f given by (20). For a fixed 0 < § < 1, we define

¢(x) = |x|°1_ g
and

J(@) = /R(v(x,t) —0(0,1))¢(x)dx.

Notice that if J(¢) blows up, due to the inequality

O —
J(0) = / 2@ 00D 4 o@lles = lu@)lcs.

1 |x[®
the solution forms a singularity.
Testing Equation (45) against ¢(x), we have

0 0
%/-1 v(x)p(x)dx = —/_1 8y (f(v(x))) d(x)dx
0
= [ swtmapas e
0 1
= 6[1 f(v(x))—|x|1+6dx + f(v(-1))

|x|2(5

0 2
) / OO d + fw(=1)

6 0
o [ ey

0 2
S ( / | v(x)¢<x>dx) ,

where we have used the positivity of the solution and Jensen’s inequality.

>

=

(44)

(45)

(46)
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‘We obtain the ODI

J(@),

d
—J() >
dt ()_1+M

and the blow up of J(¢) in finite time T* = T*(8, up, M).
We have proved the case v = 0, but the proof of the case 0 < v and @ = 0 is analogous and can
be easily adapted from here.

IX. NUMERICAL SIMULATIONS

In this section we present our numerical simulations suggesting a finite time blow up in the
case v > 0, 0 < a < 1. To approximate the solution, we discretize using the fast fourier transform
with N = 2% spatial nodes. The main advantage of this numerical scheme is that the differential
operators are multipliers on the Fourier side. Once the spatial part has been discretized, we use a
Runge-Kutta scheme to advance in the time variable.

In our simulations, we consider the initial data

2

wo(x) = 1 — e (1 - ’“_2) 7)
T

and values M = v = 0.5 and u = 0. Then, we approximate the solution for (1) for different values of

the parameter 0 < a < 1. In particular, we study four cases,

1. a=0.25,
2. a=0.5,
3. a=0.75,
4, a=1.

Qualitatively, the evolution in the cases @ = 0.25, @ = 0.5, and @ = 0.75 looks alike. The nu-
merics suggests that a blow up of the derivative appears in finite time in the cases @ = 0.25, @ = 0.5,
and @ = 0.75 (see Figures 1 and 3)

lim sup ||dxu(t)|| Lo = oo.
t=>Tmax
However, in the case @ = 1, the solution seems to exists globally (see Figure 2).
In Figure 3, we plot the evolution of ||d,u(t)|| . This figure shows that in the critical case
a = 1, the derivative may grow for a short time, even if it remains globally bounded for large times.
Next, we add the term uA#3,u. We consider the same initial data (47) and values M = v = u =
0.5. Then, we approximate the solution for (1) for different values of the parameters 0 < @, 8 < 1.
In particular, we study three cases

0=0.25,v=M=0.5

1
T

—1=0

=+=1=0.079
[| =——1=0.159
t=0.189

-3

FIG. 1. Evolution in the case @ =0.25, v =M =0.5, u =0.
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o=1,v=M=0.5
T

0.3H == t=0

- = =1=0.495
02 ——1=0.895
t=1.295
t=1.695

FIG. 2. Evolutionin the case a =1,v=M =0.5, u =0.

T
. —_—0=0.25
'
* ' ---0=0.5
1
' —0=0.75
40 . o=1 ]
1
1
35 ' B
1
1
30, " =
o '
= '
T 25 1 —
S 1
x
S 1
= 1
20 1 -
1
1
15 ' 4
1
1
'
10/ ' B
5 i
| I I I I I I I I
0 01 02 03 0.4 05 06 07 0.8 09 1

FIG. 3. Evolution of ||Oxu(?)||p~, v=M =0.5, u=0.

—0=0.25
22H===0=0.5
—0=0.75

04
0

FIG. 4. Evolution of ||Oxu(t)||L~, v=M =u=0.5.

p—

a=p=0.25,
2. a=p=05,
3. a=p=0.75.
Interestingly, we observe (see Figure 4) that even for small values of @ and 3, in the case with
> 0, there is not evidence of finite time singularities.
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