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ABSTRACT. We address a spectral problem for the Dirichlet-Laplace operator
in a waveguide I1¢. II¢ is obtained from an unbounded two-dimensional strip IT
which is periodically perforated by a family of holes, which are also periodically
distributed along a line, the so-called “perforation string”. We assume that the
two periods are different, namely, O(1) and O(e) respectively, where 0 < ¢ < 1.
We look at the band-gap structure of the spectrum o as € — 0. We derive
asymptotic formulas for the endpoints of the spectral bands and show that o¢
has a large number of short bands of length O(g) which alternate with wide
gaps of width O(1).

1. Introduction. In this paper we consider a spectral problem for the Laplace
operator in an unbounded strip IT = (—oc0, 00) x (0, H) C R? periodically perforated
by a family of holes, which are also periodically distributed along a line, the so-
called “perforation string”. The perforated domain II¢ is obtained by removing
the double periodic family of holes w?® from the strip II, cf. Figure 1,a), (4)-(6).
The diameter of the holes and the distance between them in the string is O(e),
while the distance between two perforation strings is 1. € < 1 is a small positive
parameter. A Dirichlet condition is prescribed on the whole boundary 9II¢. We
study the band-gap structure of the essential spectrum of the problem as ¢ — 0.
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We provide asymptotic formulas for the endpoints of the spectral bands and
show that these bands collapse asymptotically at the points of the spectrum of the
Dirichlet problem in a rectangle obtained by gluing the lateral sides of the periodicity
cell. These formulas show that the spectrum has spectral bands of length O(e) that
alternate with gaps of width O(1). In fact, there is a large number of spectral gaps
and their number grows indefinitely when ¢ — +0.

It should be emphasized that waveguides with periodically perturbed boundaries
have been the subject of research in the last decade: let us mention e.g. [34], [21],
[22], [2] and [3] and the references therein. However the type of singular perturbation
that we study in our paper has never been addressed. We consider a waveguide
perforated by a periodic perforation string, which implies using a combination of
homogenization methods and spectral perturbation theory.

As usual in waveguide theory, we first apply the Gelfand transform (cf. [6], [30],
[33], [26], [11] and (11)) to convert the original problem, cf. (7), into a family of
spectral problems depending on the Floquet-parameter n € [—m, ] posed in the
periodicity cell w® (cf. (13)-(16) and Fig. 1, b). Each one of these problems has
a discrete spectrum, cf. (18), which describe the spectrum o€ as the union of the
spectral bands, cf. (20) and (9). One of the main distinguishing features of this
paper is that each problem constitutes itself a homogenization problem with one
perforation string. As a consequence, in the stretched coordinates, cf. (30), there
appears a boundary value problem in an unbounded strip = which contains the unit
hole w (cf. (2), (31)-(33) and Fig. 2).

The above mentioned homogenization spectral problems have different boundary
conditions from those considered in the literature (cf. [5], [14] and [16] for an
extensive bibliography). Obtaining convergence for their spectra, correcting terms
and precise bounds for discrepancies (cf. (10)), as € — 0, prove essential for our
analysis. We use matched asymptotic expansions methods, homogenization theory
and basic techniques from the spectral perturbation theory.

1.1. Formulation of the problem. Let
I={x=(z1,22): 1 €R, 22 € (0,H)} (1)

be a strip of width H > 0. Let w be a domain in the plane R? which is bounded by
a simple closed contour dw which, for simplicity, we assume to be of class C*°, and
that has the compact closure

U=wUdwC =, (2)

where w?

is a rectangle, the “limit periodicity” cell in II,
w® = (~1/2,1/2) x (0, H) C TI. (3)
We also introduce the strip II¢ (see Figure 1,a) perforated by the holes
w(j, k) = {z: e HNay — j,x0 —ekH) € w} withj€eZ, ke{0,...,N -1}, (4)

where ¢ = 1/N is a small positive parameter, and N € N is a big natural number
that we will send to co. The period of the perforation along the xj-axis in the
domain

r=m | =Gh (5)

JEZ k=0
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is made equal to 1 by rescaling, and similarly, the period is made equal to eH in
the xo-direction. The periodicity cell in II¢ takes the form
N-1
o =w’\ U w=(0, k),
k=0
(see b) in Figure 1). For brevity, we shall denote by w® the union of all the holes in
(4), namely,

N-1
w® = U U w(4, k), (6)
JEZ k=0
while w is referred to as the “unit hole”, cf. (2).
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FIGURE 1. a) The perforated strip II¢ is obtained by removing the
double periodic family of holes w? from the strip IT = (—o0, 00) X
(0,H). The periodicities 1 and eH come from the width of he
periodicity cell w® and the distance between two consecutive holes
in the perforation string. b) The periodicity cell w*® is obtained by
removing a periodic family of holes of diameter O(g) from w® =
(=1/2,1/2) x (0, H). It contains one perforation string.

In the domain (5) we consider the Dirichlet spectral problem

—Auf(z) = Xus(x), xellf,
{ uf(z) =0, =€ oIl°. (7)

The variational formulation of problem (7) refers to the integral identity
(Vus, Vo). = A° (v, 0) e Yo € Hj(TT°), (8)

where (-, ). is the scalar product in the space L?(II¢), and Hg(II?) denotes the
completion, in the topology of H!(II¢), of the space of the infinitely differentiable
functions which vanish on 9II° and have a compact support in II¢. Since the bi-linear
form on the left of (8) is positive, symmetric and closed in H{(II¢), the problem
(8) is associated with a positive self-adjoint unbounded operator A% in L?(II¢) with
domain Hg(I1¥) N H2(II¢) (see Ch. 10 in [1]).

Problem (7) gets a positive cutoff value )\i and, therefore, its spectrum o° C
[Af,00) (cf. (20) and Remark 5). It is known, see e.g. [30], [33], [11] and [26], that
¢ has the band-gap structure

o* = J B, (9)
neN
where B}, are closed connected bounded segments in the real positive axis. The
segments By, and B;, , ; may intersect but also they can be disjoint so that a spectral
gap becomes open between them. Recall that a spectral gap is a non empty interval
which is free of the spectrum but has both endpoints in the spectrum.
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1.2. On the results and structure of the paper. In Section 2 we address
the setting of the Floquet parametric family of problems (13)-(16), obtained by
applying the Gelfand transform (11) to the original problem (7). They are homo-
genization spectral problems in a perforated domain, the periodicity cell @w®, with
quasi-periodicity conditions (15)-(16) on the lateral sides of @®. Obviously, each
problem of the parametric family (13)-(16) depends on the Floquet-parameter 7, cf.
(11), (19) and (20). For a fixed n € [—m, 7], the problem has the discrete spectrum
AS(n),i=1,2,---, cf. (18). Section 2.2 contains a first approach to the eigenpairs
(i.e., eigenvalues and eigenfunctions) of this problem via the homogenized problem,
cf. (27). To get this homogenized problem, we use the energy method combined
with techniques from the spectral perturbation theory. We show that its eigenva-
lues AY, i =1,2,--- do not depend on 7, since they constitute the spectrum of the
Dirichlet problem in v = (0,1) x (0, H), cf. (24). In particular, Theorem 2.1 shows
that

As(n) =AY as e—0, Vnel[-mn], i=1,2--.

However, this result does not give information on the spectral gaps.

Using the method of matched asymptotic expansions for the eigenfunctions of
the homogenization problems (cf. Section 4) we are led to the unit cell boundary
value problem (31)-(33), the so-called local problem, that is, a problem to describe
the boundary layer phenomenon. Section 3 is devoted to the study of this statio-
nary problem for the Laplace operator, which is independent of 1 and it is posed
in an unbounded strip = which contains the unit hole w. Its two solutions, with
a polynomial growth at the infinity, play an important role when determining cor-
rectors for the eigenvalues A$(n), ¢« = 1,2,---. Further specifying, the definition
and the properties of the so-called polarization matriz p(Z), which depend on the
“Dirichlet hole” w, cf. (38) and Section 3.1, are related with the first term of the
Fourier expansion of certain solutions of the unit cell problem (cf. (39) and (42)).
The correctors eA}(n) depend on the polarization matrix and the eigenfunctions of
the homogenized problem, and we prove that for sufficiently small ¢,

A5 () — A? — e (n)] < cie®? (10)

with some ¢; > 0 independent of 7. These bounds are obtained in Section 5, see
Theorems 5.1 and 5.2 depending on the multiplicity of the eigenvalues of (24).
Al(n) is a well determined function of 7 (see formulas (61), (62), (68), (69), (71)
and Remarks 3 and 4); it is identified by means of matched asymptotic expansions
in Section 4.

As a consequence, we deduce that the bands Bf = {A5(n), n € [—m,n|} are
contained in intervals

{A? +eBt — ¢;e%? , A? + EBi + cis?’/z} ,

of length O(¢), where B | Bi are also well determined values for each eigenvalue A?
of (24) (cf. Corollaries 1 and 2 depending on the multiplicity). All of this together
gives that for each i such that AY < A9, |, cf. (23), the spectrum o opens a gap of
width O(1) between the corresponding spectral bands B and B ;.

Dealing with the precise length of the band, we note that the results rely on the
fact that the elements of the antidiagonal of the polarization matrix do not vanish
(cf. (70)-(75)), but this is a generic property for many geometries of the unit hole
w (see, e.g., (47) and (51)). Also note, that for simplicity, we have considered that
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w has a smooth boundary but most of the results hold in the case where w has a
Lipschitz boundary or even when w is a vertical crack, cf. Section 3.1.

Summarizing, Section 2 addresses some asymptotics for the spectrum of the
Floquet-parameter family of spectral problems; Section 3 considers the unit cell
problem; Section 4 deals with the asymptotic expansions; in Section 5.1, we formu-
late the main asymptotic results of the paper, while the proofs are performed in
Section 5.2.

2. The Floquet-parameter family of spectral problems. In this section, we
deal with the setting of the Floquet-parameter dependent spectral problems and
the limit behavior of their spectra, cf. Sections 2.1 and 2.2, respectively.

2.1. The model problem on the periodicity cell. The Floquet-Bloch-Gelfand
transform (FBG-transform, in short)

1 .
u(z) = U (x;n) = o Z e "Myt (21 + n, x2) (11)

Y neZ
see [6] and, e.g., [30], [33], [11], [26] and [4], converts problem (7) into a n-parametric
family of spectral problems in the periodicity cell

w*={xell’: |r]<1/2} (12)

see Figure 1,b. Note that x € II¢ on the left of (11), while z € @*® on the right. For
each n € [—m, 7], the spectral problem of the family is defined by the equations

=AU (z;m) = A°(n)Us(z;n), = € wf, (13)
Us(z;n) =0, xel®, (14)
US(1/2,20;m) = €U (—=1/2,29;n), x2 € (0, H), (15)
oUue 1 - oU¢e , 1
- (= . — oin _ .
(9271 (27552777) € 81‘1 ( 27372;77)’ To € (O7H)7 (16)

where I'® = 0w® N JII¢, n is the dual variable, i.e., the Floquet-parameter, while
A% (n) and U¢(+;n) denote the spectral parameter and an eigenfunction, respectively.
If no confusion arises, they can be denoted by A® and U¢, respectively. Conditions
(15)-(16) are the quasi-periodicity conditions on the lateral sides {£3} x (0, H) of
w®.

The variational formulation of the spectral problem (13)-(16) reads:

(VU,VV)_. = A* (U, V) Ve HL(wf;T°), (17)

we per

where H).(w®;'¢) is a subspace of H'(w®) of functions which satisfy the quasi-
periodicity condition (15) and vanish on I'®. In view of the compact embedding
HY(w®) C L*(w®), the positive, self-adjoint operator A(n) associated with the
problem (17) has the discrete spectrum constituting the monotone unbounded se-
quence of eigenvalues

0<Ai(n) <AS(m) < <AL <o =00 (18)

which are repeated according to their multiplicities (see Ch. 10 in [1] and Ch. 13
n [30]). The eigenfunctions are assumed to form an orthonormal basis in L?(w®).
The function
n € [=mm] = AL () (19)
is continuous and 2w-periodic (see, e.g., Ch. 7 of [9]). Consequently, the sets

By, ={A5(n) : n € [-m 7]} (20)
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are closed, connected and bounded intervals of the real positive axis R. Results (9)
and (20) for the spectrum of the operator A°(n) and the boundary value problem
(7) are well-known in the framework of the FBG-theory (see the above references).
As a consequence of our results, we show that in our problem, depending on the
geometry of the unit hole, and for certain lower frequency range of the spectrum,
the spectral band (20) does not reduce to a point (cf. (72), (47), (70) and (74)).

2.2. A homogenization result. A first approach to the asymptotics for eigenpairs
of (13)-(16) is given by the following convergence result, that we show adapting
standard techniques in homogenization and spectral perturbation theory: see, e.g.,
Ch. 31in [27] for a general framework and [14] for its application to spectral problems
in perforated domains with different boundary conditions. Let us recall =® which
coincides with @® at ¢ = 0 (cf. (12), and (3)) and contains the perforation string

w®(0,0),...,w(0,N —1) c =°. (21)
Theorem 2.1. Let the spectral problem (13)-(16) and the sequence of eigenvalues
(18). Then, for any n € [—7,w|, we have the convergence
A () =AY, ase—0, (22)
where
0<AV<A) <--- <A <o =00, asm — oo, (23)

are the eigenvalues, repeated according to their multiplicities, of the Dirichlet pro-

blem
—AU%z) = AU (x), ze€v, v=(0,1)x(0,H)
U%z) =0, =zc€av.

Proof. First, for each fixed m, we show that there are two constants C, C,, such
that

(24)

0<C<A,(n)<C,  Vne[-mml. (25)

To obtain the lower bound in (25), it suffices to consider (17) for the eigenpair

(A%, U®) with A° = A5(n) and apply the the Poincaré inequality in H'(w®) once

that U*® is extended by zero in w*. To get C,, in (25) we use the minimax principle,
(VV,VV)_.

AS = min ma A
m (1) Be CHM (s ) vers vz (V,V)

per e

where the minimum is computed over the set of subspaces E, of H)/I(w®; T'¢) with
dimension m. Indeed, let us take a particular E:, that we construct as follows.
Consider the eigenfunctions corresponding to the m first eigenvalues of the mixed
eigenvalue problem in the rectangle (1/4,1/2) x (0, H), with Neumann condition
on the part of the boundary {1/2} x (0, H), and Dirichlet condition on the rest of
the boundary. Extend these eigenfunctions by zero for « € [0,1/4] x (0, H), and by
symmetry for x € [—1/2,0] x (0, H). Finally, multiplying these eigenfunctions by
e gives B¢, and the rigth hand side of (25).

Hence, for each n and m, we can extract a subsequence, still denoted by ¢ such
that

AL () = An (), Up(im) = Up (1) in HY (@) — weak, ase =0,  (26)
for a certain positive A (1) and a certain function U2 (;n) € HL"7 (=), both of

per
which, in principle, can depend on 7. Obviously, U2 (-;7) vanish on the lower and

upper bases of @’. Also, we use the Poincaré inequality in @® D w, cf. (3),
|U; LA(° \ @) || < C|VU; L*(@° \@)|| VYU € H (=" \®@), U =0 on duw,
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and we deduce
e UG Cim)s L2({la1] < /23 n@®)|* < Ce|| VUL (5m); L2 ({laa] < e/2} nw®)J2.
Now, taking limits as ¢ — 0, we get UC,(-,n) = 0 on {0} x (0, H) (cf., e.g., [16]
and (25)). Hence, we identify (A% (), UY (-;n)) with an eigenpair of the following
problem:
—AUp, (w3n) = Ay, (mUp (z3m), @1 € {(=1/2,0)U(0,1/2)}, 22 € (0, H),
US(x;m) =0 forag € {0,H}, 71 € (—=1/2,1/2) and 21 = 0, x5 € (0, H),

U (1/2,29;n) = eMUL (=1/2,x9;m), x2 € (0, H), (27)
oU?° Ul

m . — ,in m_ .
8131 (1/27‘%.2777) € 6$1 ( 1/27‘%.2777)7 T2 € (OvH)7

where the differential equation has been obtained by taking limits in the variational
formulation (17) for V € C§°((—1/2,0) x (0, H)) and for V € C§°((0,1/2) x (0, H)).

Now, from the orthonormality of UZ,(+;n) in L?(ww®), we get the orthonormality
of UY (-,n) in L?(w?). Also, an argument of diagonalization (cf., e.g., Ch. 3 in [27])
shows the convergence of the whole sequence of eigenvalues (18) towards those of
(27) with conservation of the multiplicity, and that the set {U2 (-;1)}5°_; forms a
basis of L?(w?).

In addition, extending by n-quasiperiodicity the eigenfunctions U2 (;7),

Ul (z;7m) z1 € (0,1/2)
0 (. — m\t 1), ) )
e ={ B e, o) (28)

we obtain a smooth function in the rectangle v, and moreover that the pair (A2, (),
UY (-,m)) satisfies (24). In addition, the orthogonality of {U? (-;n)}S_; in L?(=?)
implies that the extended functions {u2, (-;7)}2°_; in (28) form an orthogonal basis
in L?(v), cf. also (55), and we have proved that A% (n) coincides with A%, in the
sequence (23) for any n € [—m, ]. Consequently, the result of the theorem holds. [

Remark 1. Note that the eigenpairs of (24) can be computed explicitly

2
2 . .
Agp — 72 <n2 + 22> , ng(x) = 7h sin(nmxy) sin(prze/H), p,n € N.  (29)
The eigenvalues AJ), are numerated with two indexes and must be reordered in the
sequence (23); the corresponding eigenfunctions ng are normalized in L?(v). Also,

we note that if H2 is an irrational number all the eigenvalues are simple.

3. The unit cell problem and the polarization matrix. In this section, we
study the properties of certain solutions of the boundary value problem in the
unbounded strip =, cf. (31)-(33) and Figure 2. This problem, the so-called unit cell
problem, is involved with the homogenization problem (13)-(16) and the periodical
distribution of the openings in the periodicity cell @w*®, but it remains independent
of the Floquet-parameter.

In order to obtain a corrector for the approach to the eigenpairs of (13)-(16)
given by Theorem 2.1, we introduce the stretched coordinates

fi (61,52) :6'71(1‘1,17276]{3[{). (30)
which transforms each opening of the string w*®(0, k) into the unit opening w. Then,
we proceed as usual in two-scale homogenization when boundary layers arise (cf.,

e.g. [28], [18], [32] and [24]): assuming a periodic dependence of the eigenfunctions
on the &y-variable, cf. (34), we make the change (30) in (13)-(16), and take into
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o

[1]

F1GURE 2. The strip = with the hole w. = is involved with the
unit cell for the homogenization problem (13)-(16).

account (22), to arrive at the unit cell problem. This problem consists of the Laplace
equation

_AW(E) =0, €5, (31)
with the periodicity conditions
ow ow
W(glﬁH):W(fho)? 7(517[{):7(5170)7 51 ER7 (32)
3 3
and the Dirichlet condition on the boundary of the hole w
W) =0, £ € dw. (33)

Regarding (31)-(33), it should be noted that, for any A® < C, we have
Ay 4+ A° =7 (Ag + A7),

and £2A° < Ce? while the main part A¢ is involved in (31). Also, the boundary
condition (33) is directly inherited from (14), while the periodicity conditions (32)
have no relation to the original quasi-periodicity conditions (15)-(16), but we need
them to support the standard asymptotic ansatz

w(xe)W (e ), (34)

for the boundary layer. Here, w is a sufficiently smooth function in x5 € [0, H] and
W is H-periodic in & = e 1.

It is worth recalling that, according to the general theory of elliptic problems in
domains with cylindrical outlets to infinity, cf., e.g., Ch. 5 in [26], problem (31)-(33)
has just two solutions with a linear polynomial growth as & — 4oc0. Here, we
search for these two solutions W* (&) by setting &1 for the constants accompanying

&1 (cf. Proposition 1). In order to do it, let us consider a fixed positive R such that
wC (—R,R) x (0,H) (35)
and define the cut-off functions x4+ € C*°(R) as follows

(y) = 1, for £y > 2R,
X£W) = 0, for +y <R,

where the subindex =+ represent the support in £&; € [0, 00).

(36)

Proposition 1. There are two normalized solutions of (31)-(33) in the form

W) = Ex+(€0)& + Y X+ (E)prs +WH(E),  €€E, (37)

T=%
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where the remainder Wi(g) gets the exponential decay rate O(e~1€1127/H) " and the
coefficients pr+ = pr+(2), with 7 = £, which are independent of R and compose a
2 X 2-polarization matriz

o per®) e ®
p“)—(ﬁ(a) P (=) ) (38)

Proof. The existence of two linearly independent normalized solutions W+ of (31)-
(33) with a linear polynomial behavior +&; + p14, as =&, — oo, is a consequence
of the Kondratiev theory [10] (cf. Ch. 5 in [26] and Sect. 3 [20]). Each solution
has a linear growth in one direction and stabilizes towards a constant p4 in
the other direction. In addition, it lives in an exponential weighted Sobolev space
which guarantees that, substracting the linear part, the remaining functions have a
gradient in (L%(Z))2.
Let us consider the functions

WE(€) = WH(©) F x4 (6161, (39)
which, obviously, satisfy (32), (33) and
—AWEE) = FH(E),  €eE, (40)

with FE(&) = FE(&1) = A (x(61)&1) = (92, x+ &1 + 20, x+). By construction,
F¥ has a compact support in +¢; € [R,2R].

Let CZper (Z) be the space of the infinitely differentiable H-periodic functions,
vanishing on Ow, with compact support in =Z. Let us denote by H the completion

of C2%,.(2) in the norm

W, H]| = [V, W; L*(Z)]-
The variational formulation of (40), (32) and (33) reads: to find W* € U sa-
tisfying the integral identity
(Vywi7vyv) = (Fi’V)

YV € H. (41)

Since supp(F¥) is compact, we can apply the Poincaré inequality to the elements
of {V € HY([-2R,2R]) x (0, H)) : Vs, = 0}, to derive that the right hand side of
(41) defines a linear continuous functional on #H. In addition, the left-hand side of
the integral identity (41) implies a norm in the Hilbert space H, and consequently,
the Riesz representation theorem assures that the problem (41) has a unique solution
W € H satisfying (41).

In addition, since for each 7, 7 = 4, function WT(f) in (39) is harmonic for
|€1] > 2R with gradient in L?((—oco, —2R) x (0, H)) N L%((2R, +00) x (0, H)), the
Fourier method (cf., e.g. [13] and [26]) ensures that

WT(E) =] _,_O(e*(iﬁl)%r/H) as £ & — 400,
where the constants 7. are defined by

R R N
= Th_rgO E/o WT(£T, &2)dEa= Th_r)r;O ﬁ/o (WT(£T, &) — 76, 2T)dEs. (42)
Obviously, ¢f (ci respectively) are independent of R and they provide all the con-
stants appearing in (37); namely, ¢} = pr4(E). Hence, the result of the proposition

holds.
O



10 S.A. NAZAROV, R. ORIVE-ILLERA, M.-E. PEREZ-MARTINEZ

3.1. Properties of the polarization matrix. In this section, we detect certain
properties of the matrix p(Z). This matrix represent an integral characteristics of
the “Dirichlet hole” @ in the strip II. Its definition is quite analogous to the classical
polarization tensor in the exterior Dirichlet problem, see Appendix G in [29]. Let
us refer to [23] for further properties of matrix p(Z) as well as for examples on its
dependence on the shape and dimensions of the hole.

Proposition 2. The matriz p(Z) + R1 is symmetric and positive, where I stands
for the 2 x 2 unit matriz and R given in (35).

Proof. We represent (37) in the form

W (€) = Wi () + { R (43)

The function VVOi still satisfies the periodicity condition of (32) and the homogene-
ous Dirichlet condition (33) but remains harmonic in Z\ Y*(R), Y*(R) = {( € =:
+¢; = R}, and its derivative has a jump on the segment Y*(R), namely

4
Wi (€2) = 0, [%L(fz)z—la & € (0.1),

where [¢]+(&2) = ¢(£R £0,&) — ¢(£R F0,82).

In what follows, we write the equations for 7 = £. Since AVVOjE = 0, we multiply
it with WJ and apply the Green formula in (Z\ Y*(R)) N {|&1| < T}. Finally, we
send T to +oo and get

oW
91&1]

/ W3 (2R, £)dé, = / Wi (R, 52)[ } (&2)des
+
= — (VeWg, VeWg) . (44)

On the other hand, on account of (43) and the definition of W7, we have

owT™
amL (&) =0

Wi (£R,&) =W (£R,&) and {

Consequently, we can write

H +
Wg (£R, &2)dés = / WT(£R,§2) {%TZ) }i (§2)d¢2

- (WT(iR,@) T @ -wiene [WL@Q)) i,

0

0&1] 0l¢1|

and using again the Green formula for W7 and W, in a similar way to (44) we get

H
/ Wy (2R, &)dés
0
i T

(7T 6) ~ Wi (T 0) g1, 2) )
=-H (pri( ) + 67’ iR) (45)

Here, we have used the following facts: 9/9|&1] is the outward normal derivative at
the end of the truncated domain {£ € = : |§;| < R}, the function W{ is smooth

H OW;
= li (T
+fim ) (W (T &) 5]
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near Y*(R), the derivative W /9|€;| decays exponentially and, according to (37)
and (43), the function W5 admits the representation when +¢& > 2R (cf. (37))

WEE(€) = x4 (&1) (p+x + R) + x5 (&1)pss + WE(E).
Considering (44) and (45) we have shown the equality for the Gram matrix
(VgWJ, Vﬁwét)a =H (pT:I: (E) + 5T’:|:R) )
which gives the symmetry and the positiveness of the matrix p(Z) + R1I. O

Let us note that our results above apply for Lipschitz domains or even cracks as
it was pointed out in Section 2.1. Now, we get the following results in Propositions
3 and 4 depending on whether w is an open domain in the plane with a positive
measure mesz(w), or it is a crack with mess(w) = 0.

Proposition 3. Let w be such that mess(w) > 0. Then, the coefficients of the
polarization matriz p(Z) satisfy

H (2p1— — prq —p——) > mesa(w).

Proof. We consider the linear combination

Wo(&) = W) =W (&) =& = x+ (&) P+ — P ) —x=(&1) (P—— — p—4) +Wo(&).
It satisfies
_AEWO(g) = 07 5 S Ea Wo(g) = _gla § S awa

with the periodicity conditions in the strip, and I/IA//O(E) = W*(f) — W*(ﬁ) gets
the exponential decay rate O(e~€1127/H)  Considering the equations AW, = 0 and
AWy +&)=0in EN{|&| < T}, and A& =0 in w, we apply the Green formula
taking into account the boundary condition for Wy. Then, taking limits as T — oo,
we have

0 < [IVWo: LEE)|? + mesa(w) = — / €10, (61)dv + / Wod, (Wo(€))dv
Ow Ow

=— /5131,(51 + Wo(€))dv = / (Du€1(&1 + Wo(§)) — £100(&1 + Wi (§))) dv
ow

ow

T—o0

H
= — lim Zi/ Wo(£T,&2)dée = —H (pyy +P—— —ps— —P—4).
+ 0

O

Remark 2. We observe that for a hole w, which is symmetric with respect to
the z1-axis, the matrix p(Z) becomes symmetric with respect to the anti-diagonal,
namely,

Pty =DP——- (46)
Indeed, this is due to the fact that each one of the two normalized solutions in
(37) are related with each other by symmetry. Also, we note that, on account of
Proposition 2, the symmetry p;_ = p_4 holds for any shape of the hole w.

Proposition 4. Let w be the crack w = {£ € R?: & =0, & € (h, H — h)}, where
h < H/2. Then,

py— =p—y > 0. (47)
In addition, p__ =pyy =p_4 =py_.
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Proof. First, let us note that due to the symmetry W (£1,&) = W™ (=£1, &), and
the construction (43) when R = 0 reads

T A S

where W* (&1, &) is the function defined in ITT = {£: & > 0, & € (0, H)} satisfying
the periodicity condition (32) and equations

—AW* (&) =0, for £ e ITT
W*(0,6) = 0, for & € (h, H — h), (49)
78§1W*(Oa§2) = 1/23 for & € (O7h) U (H - haH)

Indeed, denoting by W* the extension of W* to II- = {€: & <0,& € (0,H)},
in order to verify the representation (48), it suffices to verify that the jump of W*
and its the derivative of through Y(0) = {£ € Z: & = 0} is given by
. oW
[W ](0?62) = Ov Y (0752) = _15
231

and hence, the function on the right hand side of (48) is a harmonic function in =.
Now, considering (49), integrating by parts on (0,7") x (0, H), and taking limits
as T — 400 provide

H
| wrogie = tm [ w166 = Hp.().
*(0) 0

Similarly, from (49), we get

0= [wr©aaw©ic= [ Ve ©Pd -5 [ w0,
I+ I+

T(0)
Therefore, we deduce

H

Sr(@ = [V ©Pde >0 (50)

I+

and from the symmetry of p(Z) (cf. Proposition 2), we obtain (47).

Also, from the definition (48), we have p__(E) = p_1(2), and (cf. (46)) all
the elements of the polarization matrix p(Z) coincide. Thus, the proposition is
proved. O

From Proposition 4, note that when w is a vertical crack, the inequality in Pro-
position 3 must be replaced by H (2p1_ — pyry —p__) = mesa(w) = 0. Also, we
observe that in order to get property (47) for a domain w with a smooth boundary,
we may apply asymptotic results on singular perturbation boundaries (cf. [7], Ch.
3in [8] and Ch. 5 in [17]) which guarantee that for thin ellipses

w={¢: (0% + (&~ H/2* <7}, 7=H/2—h, (51)
(47) holds true, for a small § > 0.
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4. Asymptotic analysis in the periodicity cell w®. In this section we construct
asymptotic expansions for the eigenpairs (A%, (1), UL, (-;n)) of problem (13)-(16) on
the periodicity cell @w®. The parameters m € N and n € [—7,n| are fixed in this
analysis. In Sections 4.1-4.2 we consider the case in which the eigenvalue A% of
(24) is simple. Note that for many values of H, all the eigenvalues are simple (cf.
Remark 1). Section 4.3 contains the asymptotic ansatz for the eigenpairs case where
A% is an eigenvalue of (24) of multiplicity x,, > 2.

4.1. Asymptotic ansitze. Let A? be a simple eigenvalue in sequence (23) and
let UY be the corresponding eigenfunction of problem (24) normalized in L?(v).
Then, on account of the Theorem 2.1, for the eigenvalue AS, of problem (13)-(16)
we consider the asymptotic ansétze

Afn:A?n+sA}n(n)+~~ ) (52)

To construct asymptotics of the corresponding eigenfunctions UZ, (x; 1), we employ
the method of matched asymptotic expansions, see, e.g., the monographs [35] and
[8], and the papers [32], [18] and [24] where this method has been applied to homo-
genization problems. Namely, we take

Ug (z5n) = Up (z5m) + UL (z3m) + -+ (53)

as the outer expansion, and

Up(5m) =€wa(l‘z;n)Wi(g) o (54)
+

as the inner expansion near the perforation string, cf. (4) and (21),
Above, U9 (z;n) is built from the eigenfunction U2, of (24) by formula

U???(x)ﬂ T1 € (Oa 1/2)7

0 o)
Um(win) = { e~ MUY (z1 + 1, 29), 1 € (=1/2,0), )

W are the solutions (37) to problem (31)-(33), while the functions U}, w and the
number Al (n) are to be determined applying matching principles, cf. Section 4.2.
Note that near the perforation string, cf. (4), (21), the Dirichlet condition satisfied
by U? (z;7n) implies that the term accompanying ° in the inner expansion vanishes
(see, e.g., [24]); this is why the first order function in (54) is €. Also, above and
in what follows, the ellipses stand for higher-order terms, inessential in our formal
analysis.

4.2. Matching procedure. First, let us notice that U2, € C*°(v), and the Taylor
formula applied in the outer expansion (53) yields

oU?°
U, (z5m) = 0+ 1 —"(0, 22) + €U, (40, 295m) + - -+, 11 > 0,
5’:1:1 0 (56)

in OU,
Up(z;n) =04 z1e™" &nm (1,22) + €U (=0, 22;m) + -+, 21 < 0,
1
where, for second formula (56), we have used (55).
The inner expansion (54) is processed by means of decompositions (37). We have

U (w5m) = ewl! (w25

V(&1 + piq) Few (wosm)p—y +---, &1 >0,
Ur(z3m) = ew™ (w2;m)(

(=& +p——) +ew (x2;n)py— + -+, & <0. (57)

n
n
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Recalling relationship between x;, and &1, we compare coefficients of € and 1 =
€& on the right-hand sides of (56) and (57). As a result, we identify w7 by
ou? _auo
W) = GEOw), W) = e TG E(Lw),  (58)

and also obtain the equalities

UL (+0,z2;n Zwm (z2;0)pre, Uk(=0,29:m) Zw x2;N)pr—.  (59)

Formulas (58) define coefficients of the linear combination (54) while formulas (59)
are the boundary conditions for the correction term in (53). Moreover, inserting
ansétze (52) and (53) into (13)-(14), we derive that
— AUy, (3m) = Ay Uy, (23m) = Ay, (MU (w57), @ € =", 21 #0,
UL (zy,H;n) = Uy (21,0;m) =0, 21 € (—=1/2,0) U (0,1/2),
and the quasi-periodic conditions with n (cf. (15)-(16)).
Since U? (x;m) is defined by (55), (A%, UY (x)) is an eigenpair of (24), and
UL L2(0)|| = U (+;n); L?(w°)| = 1, we multiply by UY (z;n) in the differen-
tial equation of (60), 1ntegrate by parts and obtain

(60)

/ AL (U, () U0 () e

0

H
ouY ou,
— [ UL 0z G (0o — [ UL (40, main) G (0, i,

8.131
0

Thus, by (55) and (59), the only compatibility condition in (60) (recall that A9, is
a simple eigenvalue) converts into

H
AL () = — / B (22:) - p(Z) B (21 1)y (61)
0
where .
UL UL
. — m _ i m 2
Bazin) = (G220 22), ~ 15 10) ) e € (62)

and it determines uniquely the second term of the ansatz (52). Here and in what
follows, the top index T indicates the transpose vector.

Also, from (53), (54) and (57) the composite expansion approaching U, (x; 1) in
the whole domain wg reads

Us(x5m) ~ U, (i) + €Uy, (w5m) +£ > wi(wa; n)WT(g)
T==+

— (ew (zy;m) (e Mo | + prs) + ewf (zai)ps+) , £x1 > 0. (63)

4.3. The case of a multiple eigenvalue A% . We address the case where A, is an
eigenvalue of (24) with multiplicity s, > 2. Let us consider A9, =--- =AY |,
in the sequence (23) and the corresponding eigenfunctions U2, - - - , U,%Mm_l which
are orthonormal in L?(v). On account of Theorem 2.1 there are k,, eigenvalues of

problem (13)-(16), which we denote by AS ;(n), [ =0,---,kn — 1, satisfying

s =AY, ase—0, forl=0,--, Ky — 1. (64)
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Let Ug,,;(sm), 1 =0,--+ ,km — 1, be the corresponding eigenfunctions among the
set of the eigenfunctions which form an orthonormal basis in L?(w®), cf. (17).
Following Section 4.1, for each { =0, - - —1, we take the ansatz for A5, ()
Z”Hrl A + EAerl( ) + - ’ (65)
the outer expansion for U, +l( n)
Uppia(wsn) = Up (i) + Uy (@sm) + - (66)
and the inner expansion
US (z:n) = mtli . . Wif . 67
m(m777) Ezi:w:t (‘ern) (€>+ ( )

where the terms A, (1), U}, (x;1) and wT' +!(x2;n) have to be determined by the
matching procedure, cf. Section 4.2, while U?, ., (x;7) is constructed from UY, , ,(x)
replacing UY, by U?, ,, in formula (55), and W¥ are the solutions (37) to problem
(31)-(33).

By repeating the reasoning in Section 4.2, we obtain formulas for the above
mentioned terms in (65), (66) and (67) by replacing index m by m + [ in (56)-
(62), while we realize that the compatibility condition for each A (1) is satisfied.
Indeed, multiplying by U9 v (@sm), I = 0,-- Ky, — 1 in the partial differential
equation satisfied by U . (x;n) (cf. (60))

_A U Jrl(aj 77) AmUm+l<x;n) Am+l( ) m+l($ 77) {AS wO’ 1 7& 07

and integrating by parts, we obtain

/Am+l m+l(x U)U%H/(f;??)df

T ou?
= [ (B0~ T 1,02)) ()
0

T

oU?o U0
X<£jl(0,$2),6m{£:l(1@2)> dzxs.

Since the eigenfunctions U?, 4 and uUo my have been computed (cf. the explicit
formulas (29) in Remark 1), we conclude now that

H
/ ou?l
/ Uns ) m+l(x*;,x2)dx2:o, with 23 € {0,1}, 1#1,
833‘1
and, hence, for each [ = 0,- — 1, the kK, compatibility conditions to be

satisfied by the pairs (A}, (7 ) m+l(x 77)), cf. (60), provide AL, (n) given by

H
AL () = / Bort(@27) - p(E) Bun(w2; m)de, (68)
0

where By, y;(x2;7n) is defined b

Y
oUP U0
Bm+l (.’EQ; 77) = aZL:rl (07 1’2)7 —e " 8Z1+l (]-7 x?)) . (69)
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Therefore we have determined completely all the terms in the asymptotic ansétze
(65), (66) and (67) for [ =0, -, Kpm — 1.

5. Justification of asymptotics. In this section, we justify the results obtained
by means of matched asymptotic expasions in Section 4. Since the case in which all
the eigenvalues of the Dirichlet problem (24) are simple can be a generic property,
we first consider this case, c¢f. Theorem 5.1 and Corollary 1, and then the case in
which these eigenvalues have a multiplicity greater than 1, c¢f. Theorem 5.2 and
Corollary 2. We state the results in Section 5.1 while we perform the proofs in
Section 5.2.

5.1. Asymptotics of eigenvalues: the results.

Theorem 5.1. Let m € N, let A%, be a simple eigenvalue of the Dirichlet problem
(24), and let A}, (n) be defined in (61) and (62). There exist positive €,, and cy,
independent of n such that, for any e € (0,e.,], the eigenvalue AS (n) of problem
(13)-(16) meets the estimate

A5 (1) = Ay, — eAg, ()] < eme®/? (70)
and there are no other different eigenvalues in the sequence (18) satisfying (70).

Theorem 5.1 shows that eAl (n) provides a correction term for A (n) improving
the approach to A2 shown in Theorem 2.1. In particular, it justifies the asymptotic
ansatz (52) and formula (61). This corrector depends on the polarization matrix
p(E), which is given by the coefficients p,+ = p;+(Z), with 7 = %, in the decom-
position (37), and on the eigenfunction U?, of problem (24), which corresponds to
A% and is normalized in L?(v) (cf. (61) and (62)).

In order to detect the gaps between consecutive spectral bands (20) it is worthy
writing formulas

Al(n) = Bo(m)+ Bi(m)cos(n), with (71)
i ouy 2 o 2
Bo(m) = /<p++ T;(O,l‘g) +p__‘amrln(1,I2) )d.’lﬁg,
0
UO
Bl(m) = ) (1,.1‘2)dl‘2,

0

which are obtained from (61) and (62). Formula (29) demonstrates that

By(m) = P+++p——/

d$27

and that the integral in Bj(m) does not vanish. We note that By(m) = 0 only in
the case when p, _ = 0; if so, p(Z) is diagonal and the solutions of (37), W¥, decay
exponentially when £, — Foo, respectively. However, we have given examples of
cases where p;_ # 0 (cf. (47) and (51)).

Remark 3. Let us consider that the eigenvalue A), coincides with AJ, in formula
(29) for certain natural n and ¢q. Then, we obtain

By(m) =2 (p4+ +p-—)n’n?,  Bi(m) = (=1)"4p_n’7>,
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and, consequently,

AL (1) = 2 (Pt +p——) 0272 + (=1)"4p;_n’n? cos(1). (72)

Corollary 1. Under the hypothesis of Theorem 5.1, the endpoints BS*(m) of the
spectral band (20) satisfy the relation

| B (m) — A7, — e(Bo(m)£[Bi(m)))] < cme®?, (73)
Hence, the length of the the band BE, is 2¢|B1(m)| 4+ O(e%/?).

Note that for the holes such that the polarization matrix (38) satisfies p;_ # 0,
asymptotically, the bands B¢, have the precise length 2¢|B;(m)| + O(e*/?) and
they cannot reduce to a point, namely to the point A% + eBg(m) (cf. (71) and
Remark 3). Also note that if py_ = 0, Theorem 5.1 still provides a correction term
for A%, (n) which however does not depend on 7 (cf. (70), (71) and Remark 3), the
width of the band being O(¢%/?). Although the length of the band is shorter than
in the cases where p;_ # 0, bounds in Corollary 1 may not be optimal (cf. Remark
3) and further information on the corrector depending on 7 can be obtained by
constructing higher-order terms in the asymptotic ansatz (53).

Theorem 5.2. Let m € N, let AY, be an eigenvalue of the Dirichlet problem (24)
with multiplity Ky, > 1. Let A} (1) defined in (68) and (69) forl=0,--- Ky, —1.
There exist positive ., and ¢, independent of n such that, for any € € (0,e.,], and
for each 1 =0,--- Kk —1, at least one eigenvalue A5, ., (1) of problem (13)-(16)

satisfying (64) meets the estimate
g (1) = AD, = AL ()] < eme®?. (74)

In addition, when I € {0,1,--- | Ky, — 1}, the total multiplicity of the eigenvalues
in (18) satisfying (74) is Km,.

Corollary 2. Under the hypothesis in Theorem 5.2, the spectral bands By, ., asso-
ciated with A, ;(n), for 1 =0, kym — 1, cf. (20), are contained in the interval

[Ap, +e 0< ngiilm -1 Aranrl(n) — cme®?, A +e 0< zngli); -1 A71n+l(77) + Cm53/2]~
n € [—m, m n € [—m, 7]
(75)

Hence, the length of the the bands By, ., are O(g) but they may not be disjoint.

Remark 4. Under the hypothesis of Theorem 5.2, it may happen that for | =
0,--+,Km — 1 only the eigenvalue A5, ., (1) in the sequence (18) satisfies (74). This
depends on the polarization matrix p(E). As a matter of fact, it can be shown by
contradiction under the assumption that for two different I the functions AL, (n)
do not intersect at any point 7, cf. (71) and (72). For instance, this follows for w

with py_ () = 0.

Remark 5. Notice that the positive cutoff value Af such that the spectrum o€ C
[AF,00) is bounded from above by a positive constant, cf. (9), (20) and (25). In
addition, from Theorem 5.2 (cf. Remark 1), we have proved that A\{ — 2 (1+H?)
as e — 0.
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5.2. The proofs. In this section we prove the results of Theorems 5.1 and 5.2 and
their respective corollaries.

Proof of Theorem 5.1. Let us fix n in [—m, 7]. Let us endow the space H).1(w®; %),

with the scalar product (U¢, V=) = (VU®,VV®) e + (U®, V) e, and the positive,
symmetric and compact operator T¢(n),

(T<()U®, V) = (U5, V) me VUS,VE € HY (w;T9). (76)

per
The integral identity (17) for problem (13)-(16) can be rewritten as the abstract
equation
T*(m)U(-sm) = 75U (sm),  in Hpll (" 1),

with the new spectral parameter

75 (n) = (L+A%(n) ™" (77)
Since T=(n) is compact (cf. e.g, Section 1.4 in [31] and IIL.9 in [1]), its spectrum
consists of the point 7 = 0, the essential spectrum, and of the discrete spectrum
{75, (1) }men which, in view of (18) and (77), constitutes the infinitesimal sequence
of positive eigenvalues

{ma(m) = L+ AL M)y
For the point

tn (1) = (1+ A3, + ey, (n) ™! (78)
cf. (52) and (61), we construct a function Us, € H):1(w; ) such that
4y, Hpit (w3 T9) || > e, (79)
gl . 3/2
T2 ()5, — t5, (U Hpi (0% T9)| < Crae®2, (80)

where ¢, and C,, are some positive constants independent of ¢ € (0,¢,,], with
€m > 0. These inequalities imply the estimate for the norm of the resolvent operator

(T=(n) = t5,(m) ™"
(T (n) = t5, () ™" Hpll (0 T9) = Hpll (@ 19)|| = ¢l ™/2,

per per

with ¢,, = ¢,,'C,, > 0. According to the well-known formula for self-adjoint ope-
rators

dist(t5, (1), o (T°(n) = [(T*(n) = t5,(n) ™5 Hpel (w5 T°) — Hyol (@5 T9))| 7

per per

supported by the spectral decomposition of the resolvent (cf., e.g., Section V.5 in
[9] and Ch. 6 in [1]), we deduce that the closed segment

[ty () — CmES/Qa ton () + Cm53/2]

contains at least one eigenvalue 7;(n) of the operator T°(n). Since the eigenvalues

o) satis and we get the definition (78), we derive that
fTE(n) isfy (77) d g he definiti (7 ), deri h
(14 AS() ™" = (14 AD, +eAL(n) | < cme®. (81)

)
Then, simple algebraic calculations (cf. (81) and (25)) show that, for a €,, > 0, the
estimate

A5 (n) = A, = eAs, ()] < Cne®?, (82)
is satisfied with a constant C,, independent of € € (0,¢,,]. Due to the convergence

with conservation of the multiplicity (22), p = m in (82) and this estimate becomes
(70).
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To conclude with the proof of Theorem 5.1, there remains to present a function
U, € H;;;Z( w*®; I'?) enjoying restrictions (79) and (80). In what follows, we construct
UE, using (63) suitably modified with the help of cut-off functions with “overlapping
supports”, cf. [19], Ch. 2 in [17] and others. We define

(i) = Us (v3m) + €U, (3m), (83)

with U? satisfying (55) and U}, is the solution of (60) satisfying the boundary
conditions (15)-(16) and (59). Similarly, we define

Vir(zn) =€y wi(zmWE (e a), (84)
+

and

£

mat(x 77) - 811)11(.132; 77)(571|371| +pii) + Ew;n(x% n)p:Fiv +z > 07 (85)
with w? defined in (58), and W¥ and matrix p(Z) in Proposition 1. Finally, we set
Up, (5m) = X (21)Vout (x5m) + X (20) Vi (w5 m) — X (21) X (1) Vi (x5m),  (86)

where X¢ and X are two cut-off functions, both smoothly dependent on the z;
variable, such that

. [ 1, for |z1| > 2Re, [ 1, for|xi| <1/6,
X5 () = { 0, for |z1| < Re, and  X(z1) = 0, for |z1]>1/3. (87)

Note that (85) takes into account components in both expressions (83) and (84), but

the last subtrahend in U, compensates for this duplication. In further estimations,

term (85) will be joined to either V5t or V5 in order to obtain suitable bounds.
First, let us show that US, € H.(w*®;T'¢). Indeed, the function defined in (86)

per

enjoys the conditions (15)- (16) and (14). This is due to the fact that US, = V™
near the sides {z; = +1/2, 25 € (0, H)} and the quasi-periodicity conditions (15)-
(16) are verified by both terms in (83). Also, US, = VE™ near the hole string (21)
so that the Dirichlet condition are fulfilled on boundary of the perforation string
I N @ because W satisfy (33). Finally, formulas (58) and (29) assure that
wP(H;n) = wT(0;n) = 0 and hence the Dirichlet condition is met on I'* N dx=? as
well.

First of all, we recall (83) and (87) to derive

le4r.; Hyet (w®:T9)]|
> ||lefs,s L2(1/3,1/2) x (0, H))|| = Vs L*(1/3,1/2) x (0, H))|

out?
> (U8 L2(1/3,1/2) x (0, H))|| — el| UL L2(1/3,1/2) x (0, ) = ¢ > 0,
for a small € > 0. Thus, (79) is fulfilled.
Using (76) and (78), we have

7= (), — 5, (MU Hpll (w0 )| = sup (T (U, — t5, (n)Us,, W7

per

= (14 Ap, + e, () sup [ (VU5 VW) e — (A3, + A, (1) (U, WP ) e

(88)
where supremum is computed over all W¢® € H;g,l(wa ;') such that

W= Hy2 (w5 T9) || < 1.

per
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Taking into account the Dirichlet conditions on dw® we use the Poincaré and Hardy
inequalities, namely, for a fixed T such that w C Il =TI N {y; < T},

/ U2 dy < CT/ |V, U|?dy YU € H'(Ilz \ @), U = 0 on dw,
HT\E HT\U
where C'7 is a constant independent of U, and

— < 4 —
/0 t2 =(t)"di < /0 ‘ dt ©

Then, we have

2
dt ¥z e C'0,00), 2(0) = 0.

(e + |21 )W L2 (w°) || < el VWS L2 (=) ]| < e (89)

Clearly, from (71), (14+AY +eAl (n))~! <1 for a small ¢ > 0 independent of 7,
and there remains to estimate the last supremum in (88). We integrate by parts,
take the Dirichlet ans quasi-periodic conditions into account and observe that

| (VU TV ) = (A, + 0, (1) Upy ¥
= (AU, + (AR, + &0, (1)U, W¥) o

On the basis of (83)-(86) we write

AU, + (A, + A, (n)Us,
= X° (AU, + A2 UL, +e(AU), + A% Ur + ALUS) + AL UL
+[A, XEJ(Voit = Vinar) + X(AVE" = XEAVER) + [A, XV — Vi)

mat mat

+ (A2 +eAl X (Vim — XEVEm ) = S5 4 S5 4 S5 4+ S5 + SE. (90)

Here, [A,x] = 2Vx - V 4+ Ax is the commutator of the Laplace operator with a
function y, and the equality [A, X°X] = [A, X] + [A, X¢], which is valid due to the
position of supports of functions in (87), is used when distributing terms originated
by the last subtrahend in (86). Let us estimate the scalar products (S}, W*)g- for
S in (90).

Considering S§, because of (27), (60), (87) and (71), we have that in fact S§ =
e2X°AL UL, hence

(ST, W) e | < €A, ()| Uy L2 (@) [HWF3 L2 (w7) || < Crne®.

As regards S5, we take into account that the supports of the functions 9., X¢©
and AX® belong to the adherence of the thin domain wé, = {z € @w® : |z1] €
(eR,2eR)}, cf. (87). Thus, the error in the Taylor formula up to the second term,
and relations (58), (59) and (85) provide

Voui(@in) = Vs @)l < clloa]? +elzl),

3]}5;’; 8Vf,;gt
. _ . < .
Bar (z;n) B, (;n)] < c(Jz]| +¢), =x1 € [eR,2eR)]

Above, we have also used the smoothness of the function U}, which holds on account
that V = Ul e™ "1 is a periodic function in the y; variable, solution of an elliptic
problem with constant coefficients (cf. (60), (15)-(16) and (91)), and therefore it is
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smooth. Then, we make use of the weighted inequality (89) and write

(S5 W )wel < [15; LA @)DV L2 (wER) || < cell(e + [aa]) =P We; L2 (@) |

H 2R 2 2
1| Vour Vimat 1 em em |2
X (f J (52 gt — et + S [(Voui — Vil ) dl@a|dxs
0 eR

1 1
< e(Bet+ Ee)? (mesywip)? el (e + o) WS L (@) || < et
Dealing with S5, we match the definitions of the cut-off functions x4+ and X*
such that X¢(z1) = xa(z1/¢) for 21 >0 (cf. (36)). Recalling formulas (37), (84)
and (85), we write
AV (@) — X (21) AV ()
ow'y oW+ O?wm

_ . Tt
=2 > B (z25m) % (y)+e¢ o (z2;m)W=(y),

when +x; > 0, respectively. Note that W= are harmonics and both, 9W* /9¢, and
W+ decay exponentially as |£;| — oo, see Proposition 1. Thus,

(95, W) | <

OW=+ 1

c< (¢ + I g () +5H(5+|x1|)wi;L2(wf) ) €+|xl|WE;L2(w€)
1/2 2
<c /(e+t)2e—25f/€dt IVWE: L) < e
0

Above, obviously, we take the positive constant § to be 2x/H, cf. Proposition 1,
and we note that the last integral has been computed to obtain the bound. With
the same argument on the exponential decay of V; " — X*VZ™", one derives that

mat?
(S5, W) e | < e

Moreover, the supports of the coefficients 9,, X and AX in the commutator [A, X]
are contained in the set @®N{1/6 < |z1| < 1/3} while the above-mentioned decay
brings the estimate

(S5, W?) e | < ce™20/69),
Revisiting the obtained estimates we find the worst bound ce3/2, and this shows
(80).

The fact that the constants ¢, and ¢, of the statement of the theorem are inde-
pendent of 7 follows from the independence of 7 of the above inequalities throughout
the proof. Indeed, we use formulas (55) and (71) for the boundedness of U?, and
AL (n), while we note that |U},; H'(®)|| is bounded by a constant independent of
7 follows from the definition of the solution of (60) with the quasi-periodic boun-
dary conditions (15)-(16). Further specifying, the change V = UL e~ converts
the Laplacian into the differential operator

2

o . o .
~ Gyt gy i) g o

and therefore, performing this change in (60), gives the solution V € H}, (=?).

per
Then, as a consequence of the variational formulation of the problem for V' in the
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set of spaces L*(wo) C H),,.(w"), the bound of ||Uy,,; H'(w®)|| independently of

n € [—m, ] holds true. Hence, the proof of Theorem 5.1 is completed. O

Proof of Corollary 1. Due to the continuity of the function (19), the maximum and
minimum of A$, () for n € [—m, 7] are achieved at two points 1=, € [~,7]. Thus,
the endpoints B**(m) of the spectral band (20) are given by B*(m) = AZ, (nZ,,).

In order to show (73) for the maximum B¢t (m), we consider n = n* to be =
or —7 in such a way that Al(nT) = By(m) + |Bi(m)|. Since (70) is satisfied for
n= ngfm and for n = 4w, we write

A° +eBy(m) +e|Bi(m)| — eme®? < AS, (n7) < A% 4+ eBo(m) + | By (m)] + cme®/?
and
AY, +eA),(nF,,) — eme®? < A5, (0 ) <A +eA,(0F,,) + cme® .
Consequently, from (71), we derive
AD, +eBo(m) + e[ Bi(m)| — cme®? < A5, (n7) < A5, (n2,)
< A, +eBo(m) + e|Bi(m)| + cpe®/?,

which gives (73) for Bt (m).

We proceed in a similar way for the minimum B¢~ (m) and n = n~ such that
AY(n~) = Bo(m)—|Bi(m)| and we obtain (73). Obviously, this implies that Bs*(m)
belong to the interval

[AEn + eBo(m) — e| By (m)] — eme®?, A® + eBo(m) + | By (m)| + eme’?

Therefore, the whole band B, is contained in the interval above whose length is
2¢|B1(m)| + O(¢%/?) and the corollary is proved. (]

Proof of Theorem 5.2. This proof holds exactly the same scheme of Theorem 5.1.

Indeed, for each I = 0, -+, Ky — 1 we follow the reasoning in (76)-(82) and we
deduce (cf. (81) and (25)) that for each I, and for a &,,; > 0, the estimate
A5 (1) = A, — eAg ()] < Conge™? (92)

is satisfied for a certain natural p= p(I) and C,,,; independent of € € (0, &,,,]. Due to
the convergence with conservation of the multiplicity (64), the only possible eigen-
values A7 (n) of problem (13)-(16) satisfying (92) are the set {A5, (1) }i=0, s, —1-
Then, it suffices that there are x,, linearly independent eigenfunctions associated
with the eigenvalues {AJ ;) (1) }i=o,-- x,,—1 in (92), to deduce the result of the theo-
rem.

We use a classical argument of contradiction (cf. [15] and [25]). We consider
the set of functions {47, ;(z;7)}i=0, . ,x,,—1, constructed in (86), and we verify that
they satisfy almost orthogonality conditions

edy, 23 Hpit (@ D9) | > & and [(Us, 0, Us, i)

per

< Cne'l?, with 1 £ 1,
(93)
for certain constants ¢,, and an. Indeed, the first inequality above is a consequence
of (79), for L =0,--- , Ky, — 1, while the second one follows from the orthogonality
of the set of eigenfunctions {U?, ,(x,n)}i=o,... x,,—1 and the definitions (83)-(87).
Then, we define Z]an = U:,  IUE, s HE(w®;T9)|| =1 and consider W, the

+1» - per
projection of T°(n)U, ., — t5,(n)U;, ., in the space of the eigenfunctions of T°(n)
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associated with all the eigenvalues {AJ ;) (1) }i=0,-.. .k, —1 in (92) for certain constants
Cm,i, and more precisely, satisfying

| Mgy ()" = (L AS, + A () 7| < G (94)

for a constant ¢, that we shall set later in the proof, cf. (81) and definitions
(76)-(78) for the operator T¢(n) and the “almost eigenvalue” t5, (). Then, we show

per

H VNVrEnH — U, HE (w3 TF)

| <Cn. (95)
where W2, = We, W2, s HL (w3 T9) || 7Y, and Gy, = 26, maxo<i<r,,—1 Ciom-
This is due to the fact that

H ufn-H —Witis Hl’n(WEQ re)

m per

~—1
‘ <c,, max Cpm,

and some straightforward computation (cf., eg., Lemma 1 in Ch. 3 of [27]). Now,
from (93) and (95) and straightforward computations we obtain

(Vs 1, Wag)| < 5Co with 1£1, (96)

and this allows us to assert that set {Wﬁl +1}=0,-- ;1 defines x,, linearly inde-
pendent functions. Indeed, to prove it, we proceed by contradiction, by assuming
that there are constants af different from zero such that

Km—1 N

Z O(lsW,,ErL+l - O.

1=0

Let us consider o** = maxo<i<x,,—1 || and assume, without any restriction that
a®*® = af. Then, we write

K —1
Wi Wi < >

=1

SLHOAE, L WEY| < (i — 1)5Co.

Qg

Now, setting (K, — 1)55m < 1 gives a contradiction, since the left hand side takes
the value 1, cf. (96). In this way, we also have fixed ¢, in (94).

Thus, {W;, ;1 }1=0,-- x,,—1 define k, linearly independent functions, which obvi-
ously implies that they are associated with x,,, eigenvalues; hence the set of eigenva-
lues {AJ ) (1) }i=0,-.- sk, —1 coincides with {A7 ;(7)}i=o,.. ,,—1 and this concludes
the proof of the theorem. [
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