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Abstract. The purpose of this work is to introduce and investigate a complicated variational-hemivariational inequality of
parabolic type with history-dependent operators. First, we establish an existence and uniqueness theorem for a first-order
nonlinear evolution inclusion problem, which is driven by a convex subdifferential operator for a proper convex function and a
generalized Clarke subdifferential operator for a locally Lipschitz superpotential. Then, we employ the fixed point principle
for history-dependent operators to deliver the unique solvability of the parabolic variational-hemivariational inequality.
Finally, a dynamic viscoelastic contact problem with the nonlinear constitutive law involving a convex subdifferential
inclusion is considered as an illustrative application, where normal contact and friction are described, respectively, by two
nonconvex and nonsmooth multi-valued terms.

Mathematics Subject Classification. 35K55, 35K61, 35K86, 74D10, 35D30, 70F40.

Keywords. Parabolic variational-hemivariational inequality, History-dependent operator, Existence, Clarke subgradient,

Dynamic viscoelastic contact problem, Weak solution.
1. Introduction

The contact processes between deformable bodies around in industry and our real-life and, for this reason,
a considerable effort for modeling, mathematical analysis, numerical simulation and optimal control of
various frictional contact problems are quite interesting and important.

The theory of variational inequalities can be used to describe the principles of virtual work and power
which was initially proposed by Fourier in 1823. The prototypes, which lead to a class of variational
inequalities, are the problems of Signorini—Fichera and frictional contact in elasticity. However, the first
complete proof of unique solvability to Signorini Problem was provided by Signorini’s student Fichera in
1964. The solution of the Signorini Problem coincides with the birth of the field of variational inequalities.
For more on the initial developments of elasticity theory and variational inequalities, cf. e.g., [1]. With the
gradual improvement of the theory of variational inequalities, there are numerous monographs dedicated
to solving various complex phenomena in contact problems with different bodies and foundations, see
for instance [7,8,12,32] and others. As the generalization of variational inequalities, the theory of hemi-
variational inequalities was first introduced and studied by Panagiotopoulos in [30]. The mathematical
theory of hemivariational inequalities has been of great interest recently, which is due to the intensive
development of applications of hemivariational inequalities in contact mechanics, control theory, games
and so forth. Some comprehensive references are [4,13,15-19,21,24-27,29,31].

Recently, Han-Migérski-Sofonea [11], Migérski-Ogorzaly [22] and Migérski-Bai [23] studied the history-
dependent variational-hemivariational inequality of parabolic type as follows

find w € W such that for a.e. t € [0,T] and all v € V,

(w'(t) + A(t,w(t)) + (S1w)(t) — f(£), v —w(t)),. . + "t (Ssw)(t), w(t);v — w(t))
+ ol (S2w)(1),0) — ot (Saw) (D (t)) > 0,

w(0) = wo.

(1.1)
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It is worth mentioning that problem (1.1) cannot able to be a mathematical model to handle with the
following problem with constraints

find w € W with w(t) € K for a.e. t € [0,T] such that for a.e. t € [0,7] and all v € K,
(W' () + At w(t) + (S1w)(t) = f(t),v —w(t))y. .\ +0(v) — p(w(t))

+ 0" (t, (Saw) (1), w(t);v — w(t)) >0,
w(0) = wy.

(1.2)

However, we know that the problem (1.2) can be used as a powerful mathematical tool to describe precisely
various mechanical contact phenomena, such as unilateral constraint models. Based on this motivation, in
the present paper, we are interested in the study of Problem 4.1, which expresses a generalized formulation
of problem (1.2).

More precisely, the intention of the current work contains twofold. The first goal of the paper is
to explore a generalized existence and uniqueness theorem to Problem 4.1. Our approach is based on
the surjectivity theorem for the sum of operators together with the theory of nonsmooth and nonconvex
analysis. However, the second purpose of the work is to apply the theoretical results established previously
to investigate a complicated and new dynamic viscoelastic contact problem, in which the nonlinear
constitutive law is characterized by a convex subdifferential inclusion. Also, the boundary conditions are
described by two Clarke subdifferential terms for two locally Lipschitz potentials, which are nonconvex
in general.

We arrange our paper in the following way. In Sect. 2, some preliminary materials of mathematics
and mechanics are provided. Section 3 is devoted to treat a first-order nonlinear evolution inclusion
problem involving a convex subdifferential operator and a generalized Clarke subgradient term within
the framework of an evolution triple of spaces, and to prove a new existence and uniqueness result.
Section 4 explores the unique solvability of the variational-hemivariational inequality of parabolic type
under consideration by using the fixed point principle for history-dependent operators. In Sect. 5, a dy-
namic viscoelastic contact problem with the nonlinear constitutive law involving a convex subdifferential
inclusion is considered as an illustrative application, where normal contact and friction are described,
respectively, by two nonconvex and nonsmooth multi-valued terms.

2. Preliminaries

In this section, we briefly review basic notation and some results which are needed in the sequel. For
more details, we refer to monographs [4-6,21].

Throughout the paper, we denote by (-,-) x+xx the duality pairing between a Banach space X and
its dual X™*. A single-valued mapping A: X — X* is called to be demicontinuous, if for all w € X, the
functional u — (Au,w)x+x x is continuous. Let K be a nonempty subset of X. In what follows, by the
notation 2%, we represent the so-called power set of K, i.e., the set of all of its subsets. The domain,
image and graph of a multi-valued operator B: X — 2% are defined by D(B) = {x € X | Bz # 0},

R(B) = U Bz and Gr(B)={(z,2*) € X x X*|2* € Bz},
zeX
respectively. Recall that a multi-valued mapping B: X — 2% is said to be

(i) bounded, if it maps bounded sets of X into bounded sets of X*.
(ii) strongly quasi-bounded, if for each M > 0, there exists Kj; > 0 satisfying if w € D(B) and u* € Bu
are such that

(U uyx+xx <M and |ul|lx <M,

then we have ||u*||x+ < K.
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(iii) maximal monotone, if it is monotone such that (y,y*) € X x X* satisfying
(" —y", 2 —y)x~xx =20 forall (z,2%) € Gr(B),

implies that 23 € B(x2).
(iv) coercive, if it holds

inf {(u*, u) x+xx | u* € Bu} oo

1m
l[ullx —o0,u€D(B) [l x

We now recall the definition of L-pseudomonotonicity of multi-valued operators.

Definition 2.1. Let L: D(L) C X — X* be a linear maximal monotone operator and B: X — 2% . We
say that B is L-pseudomonotone (or B is pseudomonotone with respect to L), if the following conditions
are satisfied
(a) for each u € X, Bu is nonempty, bounded, convex and closed in X;
(b) B is upper semicontinuous from each finite-dimensional subspace of X to X* endowed with the
weak™® topology;
(¢) {un} C D(L), u} € Bu,, with u,, — u weakly in X, Lu,, — Lu weakly in X*, u — u* weakly in
X* and
lim Sup<u;a Un — U‘)X*XX < Oa
n—oo

entail that u* € Bu and (u), un) x«xx — (U*, u) x=xx.

In general, it is difficult to verify that an operator is strongly quasi-bounded by using its definition.
Fortunately, the following proposition provides a useful criterion to guarantee an operator is strongly
quasi-bounded, where its proof can be found in [2, Proposition 14].

Proposition 2.2. Assume that B: D(B) C X — 2% is a monotone operator such that 0 € int(D(B)),
then B is strongly quasi-bounded.

Let p: X — RU{+00} be a proper, convex and lower semicontinuous function. We denote the (convex)
subdifferential operator d.p: X — 2% of ¢ by

dep(u) == {u* € X* | p(v) — p(u) > (u*, v —u)x+xx forall veX}
for all u € D(¢p).

Proposition 2.3. Let p: X — RU {+o0} be a proper, conver and lower semicontinuous function. Then,
Oep: X — 2X" is a mazimal monotone operator.

Let h: X — R be a locally Lipschitz function. The (Clarke) generalized directional derivative of h at
u € X in the direction v € X is defined by

h Av) —h
hY(u;v) = limsup (v + ) (y)
y—u, A0 A
In the meantime, the Clarke subdifferential operator dh: X — 2X" of h is given by
Oh(u) ={¢ € X* | h%(u;v) > ((,v)x-xx forall ve X} foralluec X.

The generalized gradient and generalized directional derivative of a locally Lipschitz function enjoy
many nice properties and rich calculus. Here we just collect below some basic and crucial results, see for
instance, [21, Proposition 3.23].

Proposition 2.4. Let h: X — R be a locally Lipschitz function, then the following statements are true

(i) for each x € X, Oh(x) is nonempty, convex and weakly compact in X*.
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(ii) The graph of Oh is closed in X x (w* — X*) topology, i.e., if {x,} C X and {&,} C X* are such
that &, € Oh(xy,) and x,, — x in X, &, — & weakly* in X*, then it holds £ € Oh(x).
(iii) The multi-valued mapping X > x +— Oh(x) C X* is upper semicontinuous from X into w* — X*.

Furthermore, we shall review the well-known surjectivity result for L-pseudomonotone multi-valued
operators, which will play a significant role in the proof of the main theorem in Sect. 4. For more details
concerning the surjectivity theorem, one can find in [9, Theorem 3.1].

Theorem 2.5. Let X be a reflexive Banach space, and L: X C D(L) — X* be a linear mazximal monotone
operator. If A: X — 2% s coercive, bounded and L-pseudomonotone, and B: X — 2% is mazimal
monotone and strongly quasi-bounded with 0 € B(0), then the mapping L + A + B is surjective, i.e.,
R(L+A+B)=X".

At the end, we shall introduce the usual notation, symbols, and function spaces, which will be used
in the study of the dynamic viscoelastic contact problem in Sect. 5.

Let  be a bounded and connected domain in R¢, where (d = 2, 3), such that the boundary I' = 92
is Lipschitz continuous. The normal and tangential components of a vector field £ on the boundary are
given by &, = € - v and £, = € — {, v, respectively, where v = (v;) denotes the outward unit normal at
the boundary. Likewise, the notation o, and o, represents the normal and tangential components of the
stress field o on the boundary, that is, 0, = (ov) - v and o, = ov — o,v. Furthermore, S? denotes the
space of real symmetric d x d matrices. On R? and S? we use the standard notation for inner products
and norms which are defined by

£-m==&nillgll = (&-&Y? for £=(&),m=(m) €RY,
o -1 =0y7ij ol = (o-0)/? for o = (04), T = (1;) € S
Here, i, j, k, 1 € {1,...,d} and the summation convention over repeated indices is used.
We also consider the following function spaces
H=TL*%RY, H=L*(%SY, H ={veH|e(u)eH},

and H; = {T €EH| DivreH }, where € and Div, respectively, stand for the deformation and divergence
operators given by

1 . ..
s(u) = (EiJ‘(u)), Eij(’u,) = §<ui,j =+ Uj’i), Div o = (O’Z‘j,j), ,5=1,.. ., d,

and the index following a comma indicates a partial derivative. By defining the following inner products

(u,'u)HZ/u~'udx, (a,‘r}H:/a':de,
Q 3

(w,v)m, = (u,v)g + (e(u), e(v))n,

(o, 7)1, = (0, T)3 + ( Div o, Div ) g,

it is obvious that the spaces H,H, H; and H; are Hilbert spaces.

3. First-order nonlinear evolution inclusion problems with nonsmooth and nonconvex
potentials

This section is devoted to explore the existence and uniqueness for a generalized first-order evolution
inclusion problem, which is driven by a generalized Clarke subdifferential of a locally Lipschitz function
and a subdifferential operator of a convex potential, within the framework of an evolution triple of spaces
V C HCV* (see, e.g., [21, Definition 1.52]).
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Given 0 < T' < +00, in what follows, we adopt the following function spaces in the evolution triple of
spaces VC H C V*

V =1L1%0,T;V), H=L*0,T;H), V"= L*0,T;V"*)

and W = {v € V|v' € V*}, where the time derivative v’ = 9v/0t is understood in the sense of vector-
valued distributions. It is not difficult to prove that the space VW endowed with the norm

lolbw = llolly + [V llv-

is a separable and reflexive Banach space, and the embeddings W C V C H C V* are continuous.
Besides, it follows from [21, Proposition 2.54(ii)] that the embedding W C C(0,T; H) is continuous as
well. Throughout the paper, we denote by

T
(u*, u)y- / Nvexvdt forall (u*,u) €V xV,
0

the duality pairing of V* and V.

Before proving the main problem, it should be mentioned that all of the convex and Clarke subdiffer-
entials which are appeared in the sequel of the present paper are always understood with respect to the
last variable of the corresponding functions.

The abstract evolution inclusion problem of parabolic type under the consideration is formulated as
follows.

Problem 3.1. Find w € W such that

w'(t) + A(t,w(t)) + C(t) + &(t) = f(¢) for a.e. t € (0,17,
(t) € Op(t,w(t)) and &(t) € Op(w(t))  for a.e. t €[0,T], (3.1)
w(0) = wy,

where the function f and initial data wy are assumed to satisfy the following regularities
fevy, wyeV. (3.2)

To deliver the existence and uniqueness of solution to Problem 3.1, we make the following assumptions.
The nonlinear function A: [0,7] x V' — V* satisfies the following conditions.

(i) t — A(t,w) is measurable on [0,T] for all w € V.
(ii) A(t,-) is demicontinuous on V for a.e. ¢t € [0, T7.
(iii) there exist a function a; € L7 (0,T) and a positive constant as > 0 such that
H(A): A, w)||v- < a1(t) + ag|lw|]y for all w € V and a.e. t € [0,T].
(iv) for a.e. t €[0,T),u — A(t,u) is strongly monotone, i.e.,
(A(t,w1) — A(t, wa), w1 — wa)vexy > aflwy —wsi
with a > 0 for all wy,wy € V.
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The functions ¢: [0,7] x V — R and ¢: V — R U {400}, respectively, read the next assumptions H ()
and H ().

(i) ¢(-,w) is measurable on [0, 7] for all w € V.
(ii) ¢(t,-) is locally Lipschitz continuous on V for a.e. t € [0, T].
(iii) there exist a function ¢; € L% (0,7) and a constant ¢y > 0
such that for all w € V, a.e. t € [0,T], and all {(t) € dp(t, w)
[C@) v+ < er(t) + eafwllv
(iv) there exists a constant § > 0 such that
(GL(t) = Calt), w1 —wa)y,. .y, > —Bllwr — walF
for all wy,wy €V, ae. t € [0,T] with ;(t) € Op(t,w;),i =1, 2.

(i) ¥(-) is proper, convex and l.s.c. on V.

S { (ii) wo € intD(¢) and 0 € G4 (wo)-

The main result of the section concerning the existence and uniqueness for Problem 3.1 is provided
as follows.

Theorem 3.2. Under the assumptions of H(A), H(p), H(¢) and (3.2), and if, in addition, the inequality
max{3,2c} < « (3.3)
holds, then Problem 3.1 admits a unique solution w € W.

We shall employ the surjectivity result, Theorem 2.5, to obtain the desired conclusion in Theorem 3.2,
by formulating Problem 3.1 to an abstract operator inclusion problem. To the end, we define an operator
A:V — V* by

T
(Aw, v)pxxy = /(A(t,w(t)),v(t))v*xv dt  for all w,v € V,
0
and introduce a convex function ®: V — R U {+o0} by
T
B(v) = / P dt for all v € V. (3.4)
0

For any v € V and ¢t € [0,7] fixed, we may restate Problem 3.1 to the inequality problem, by
multiplying the first equation of (3.1) with v(t) — w(t) and integrating the resulting over [0, T
find w € W such that
W+ Aw+ ¢ — f,v — w)pxy + P(v) — ®(w) >0 for all v € V,
C(t) € dp(t,w(t)) for a.e.t €[0,T],

w(0) = wyp.

(3.5)

In the meantime, consider the functions Ay, : V — V*, Fuy: V — 2V and @,,,: V — RU {400} by
Ayow = A(w + wo),
(Fuow)(t) = {C € V" |((t) € dp(t,w(t) +wp)} for ae. t €[0,T], (3.6)
Dy (W) = P(w + wp)
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for all w € V, and introduce the operator L: D(L) C V — V* by
Lw=w" forall we D(L):={weW | w(0)=0}. (3.7)

Then, under the above definitions, it is easy to see that u € W is a solution to problem (3.5), if and only
if, z:=u —wy € D(L) solves the following operator inclusion problem

{ find z € D(L) such that

3.8
Lz 4+ Ayyz + Fugz + 0P, (2) 3 f. (38)

Proof of Theorem 3.2. With respect to the existence of solutions to Problem 3.1, the proof will be based
on Theorem 2.5.

Invoking [21, Lemma 3.64], it is well-known that the operator L defined in (3.7) is densely defined,
linear, and maximal monotone. We assert that the mapping Q,,,: V — 2V defined by

Quoz = Awez + Fuyz forzeV

is coercive and bounded.
By virtue of hypotheses H(A)(iii), (iv), Holder inequality and the element inequality (a + b)? >
(a?/2) — b*(a,b € R), we have that, for all z € V,

(Awy 2, 2) v+ x )+ wp) — A(t,0), 2(t) + w0>V*XV dt

O\H

T
+ [ (A(t,0), 2(t) +wo )y, A / t) +wo), wo)v=xv dt
0

>

St O

T T
IIZ(t)+wo||%/dt*/a1(t)||2(t)+wo||v dt*/a1(t)Hwollvdt
0 0

T
«
— a2 / 12(2) + wollv [[wollv dt = §||Z||$; — (a+ a2)TJwoll¥,
0

= (laxllz2(0,m) + a2 VT llwollv)lllly = 2VT lasl| 20,y lwollv-
On the other hand, H(p)(iii) and Hoélder inequality deduce

’<*7:w0ZaZ>V*XV’ < / ‘(8@(t,z(t) + wo),z(t))v*xv’ dt
0

< [ (ar(®) + callz(t) + wollv)ll2(t)llv dt

IA

IN
3 o\ﬂ o\)ﬂ

(c2llz(@®)1 + (ex(8) + callwollv) I=(®)llv )

12115 + (llexll 2o,y + c2VT [[wollv) 121y
for all z € V, hence,

(Fuozs2)vexv 2 =2zl = (letllzzo,r) + e2VT wollv)lzlv
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for all z € V. Notice that
Q
(Quo2, 2)vexv = (Awg? + Fup 2, 2)vexy > (5 —c)|lzl5
— (laxllr2o.7) + llerllzzory + azVTllwollv + c2aVTlwollv)|12llv
— (a+a2)T|Jwoll§ — 2VTlar]| 20,1y wollv ~ for all 2 € V),

we are now in a position to utilize the smallness condition (3.3) to conclude that Q,,, is coercive.
Applying conditions H(A)(iii), H(p)(iii), it yields that, for all z € V,

1Quoz 1%+ < 2l Auwo2|

T
2 2 Fuzle <2 / At 2(t) + wo)| 3 dt
0

T
+ 2/ 100 (t, (t) + wo)l[3- dt < 2(a3 + c3) 1215
0

+ 4(azllas)l 20,1y + c2llerll Lz2o.r) + a3VT lwollv + VT wollv)llz]lv
+2T(a3 + c3)l|woll3 + 4VT |lwollv (azllarl 2o,y + c2llerll L2 (or))
+ 2(Ha1||%2(0,T) + ||Cl||2L2(O,T))7
i.e.,
1Quozllve < millzlly + rev/|l2llv + 75 forall z €V, (3.9)

where the constants r;,72,73 > 0 are all independent of z. Therefore, Q,,, is a bounded mapping.
Next, we shall demonstrate that Q,,, is L-pseudomonotone in the sense of Definition 2.1. To the end
of this, we make the following three claims.

Claim 1. The set Q2 is nonempty, bounded, closed and convex in V* for every z € V.

Let z € V be fixed. Proposition 2.4(i) implies that the set F,,,z is a nonempty and convex in V*, so
does Q,,, 2. However, the inequality (3.9) guarantees the boundedness of Q,,,z. To illustrate that the set
of Qu,z is closed, let {n,} C Qu,2z be such that n, — n in V*, as n — oco. So, there exists a sequence
{Cn} C Fuyz such that n, = ¢, + Aw,z and §, — 7 — A,z in V*, as n — oo. Then, passing to a
subsequence if necessary, we assume that ¢, (t) — n(t) — Ay, (2)(t) in V* for a.e. ¢t € [0,T]. In accordance
with Proposition 2.4(ii), it finds that the set of n — A, 2 € Fu, 2. Therefore, the set Q. 2 is also closed.

Claim 2. Q,,, is upper semicontinuous from V to V* endowed with the weak topology.

From [21, Proposition 3.8], it is enough to verify that for each weakly closed set C' in V*, the set
Q.0 (C) = {2 €V[QuzNC # 0}

is closed in V.
We now show that Ay, : V — V* is demicontinuous. Let {z,} C V be such that z, — z in V, as
n — oo. By passing to a subsequence if necessary, we may say

zn(t) — 2(t) in V  for a.e. t € [0,T). (3.10)
In view of the condition H(A)(ii), it reads

(AL, 2 (t) + wo), w(t))v=xv — (AL, 2(t) + wo), w(t)) v+ xv
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for all w € V and a.e. t € [0,T]. The latter combined with hypothesis H(A)(ii) and Lebesgue-dominated
convergence theorem implies
T

lm [ (A(t, 2 (t) + wo), w(t))yvsxy dt — /(A(t, 2(t) + wo), w(t))y+xy dt

n—oo

0
for all w € V, which means

Awozn — Awyz  weakly in V*,
50, Ay, is demicontinuous.AIn ad(;lition, we shall prove that F,,: V — 2V" has a closed graph in V x (w—
V*). Let z, — 2z in V and ¢,, — ¢ weakly in V* with
Cn(t) € Op(t, 2 (t) +wp)  for ace. t € [0,T).
Invoking Proposition 2.4 and [21, Theorem 3.13] indicates
C(t) € Dp(t, 2(t) +wp) for a.e. t € [0,T],

hence ¢ € Fuwy % Therefore, F,, is closed in the topology of V x (w — V*). )

Let {w,} C @, (C) be a sequence such that w, — w in V, as n — oo; thus, there is (, = Aw,wn +
with ¢, € Fu,wy. From the boundedness of F,,,, we may assume that (,, — ¢ weakly in V, as n — oo,

whereas by the demicontinuity of A,,, and the fact, operator F,, is closed in ¥V x (w — V*) topology, it
finds

¢ = Awyw + ¢ € Quow with ¢ € Frpyw. (3.11)

Furthermore, recall that the subset C' C V* is weakly closed, so it holds w € C. Therefore, we have that
w € Qy (C). This proves that Q (C) is closed in V. Consequently, Q,, is u.s.c. from V to V* endowed
with the weak topology.

Claim 3. Q,,, is L-pseudomonotone.

Let {z,} € D(L), {n € Quy2n with 2, — 2 weakly in V, Lz, — Lz and (, — ( both weakly in V*,
be such that

limsup@n, Zn — 2)yexy < 0. (3.12)
We are going to show ¢ € Q,,,z and
{Cns Zn)vexv = (G, 2)v=xv- (3.13)

We now assert the convergence holds
zp — z strongly in V. (3.14)
Let (, € Fugzn be such that (, = Gy 4 Awg 2. For any ¢ € Fu, 2, H()(iv) turns out

<<n_CaZn — Z)yrxy = Zn(t) _Z(t>>V*><th

O\’ﬂ
~
N>
—~

~~
~—

> —Bllzn — 2l
The latter together with the strongly monotonicity of A (see H(A)(iv)) deduces

<<_.n7<_72n7 Z)yexy = (t)*Z(t)>V*Xth

o\

> (a = B)llzn — 2[1%
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for all ¢ € Q,,z and all z € V. Then, if for the above inequality, passing to the upper limit, as n — oo,
and using (3.12), we derive

(o — B) limsup ||z, — z||$, < limsup(C, — (, 2n — 2)y=xy

n—oo n—00
= 1imsup<<ﬂ7 Zn — Z>V*><V — lim <<-7 Zn — Z>V*><V <0.
n— oo n—0o0

But, the smallness condition (3.3) indicates that @ — § > 0, namely (3.14) is valid. In the meanwhile,
employing the demicontinuity of A,, and the closedness of F,,, (see the proof of Claim 2), it yields
¢ € Quyz- This means that (3.13) is satisfied.

Moreover, we also admit that ®,,: ) — R is proper, convex and lower semicontinuous. The result
., £ +o0o is a direct consequence of hypothesis H(1))(i). Also, the convexity of ®,,, can be obtained by
applying the convexity of ¥. Let z, — 2z in V, as n — oo. Passing to a subsequence, if necessary, one has

Zn(t) +wo — 2(t) +wo in V for a.e. t € [0,T].

However, from [28, Lemma 2.5(2)], we are able to find a function h € L'(0,T) such that h(t) < (2, (t) +
wp) for all ¢t € [0,T]. Notice that (see the lower semicontinuity of )
P(z(t) + wo) < liminf (2, (¢) + wo) for a.e. ¢ € [0,T],

n—oo

we can utilize Fatou’s lemma to find

T

/1/} )+ wp)dt < /liminfd)(zn(t)—kwo) dt

n—o0o
0

< liminf/w(zn(t) + wp) dt

n—oo

Therefore, ®,,, is lower semicontinuous on V. Invoking Proposition 2.3 indicates that 0.®,: V — 2V is
maximal monotone.

Additionally, we shall demonstrate that 0.®,,, is strongly quasi-bounded on V with 0 € 9,®,,,(0). For
any M > 0 fixed, let z € D(0, Py, ) and & € 0.P, (z) be such that

HZHV§M7 <§7Z>V*><V <M. (315)

Recall that wg € intD(v)), there exist an € > 0 and K. € R such that ¢(y) < K. < +oo for all y € {z €
V | ||z — wol|lv < e} (since 9 is locally Lipschitz continuous in intD(¢))). Define the open neighborhood
O; :={z" €V | [|z*(t) —wo|lv < e forae. te[0,T]}of V. Itis obvious that ®(u) < T|K.| < 400
for all u € O, namely 0 € intD(®,,,). The latter together with the fact intD(®,,) C D(0, P, ) implies
0 € intD(9. Py, ). Therefore, by using Proposition 2.2, we conclude that 9.9, is strongly quasi-bounded
on V. On the other hand, the estimates

T T
Doy (1) — By ( / B(ut) + wo) — (wo) dt = / (&, ult))yexy dt
0 0

for all £ € 9.9(wp) and all w € V. But, condition H(¢)(ii) ensures 0 € 9. P, (0).

To conclude, we have verified all conditions of Theorem 2.5. Using this theorem, we conclude that
L+ Qyy + 0Py, is onto; thus, the inclusion (3.8) has a solution z € D(L). Consequently, w = z+wy € W
solves Problem 3.1.
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We illustrate that Problem 3.1 is unique solvability. Let wq,ws € VW be two solutions to Problem 3.1,
ie., fori=1,2,

wi(t) + At wi(t) + G(t) + &(t) = f(t)  for ace. t € [0,T],
Ci(t) € Op(t,wi(t)), &(t) € Octp(w;(t)) for a.e. t € [0,T7,
’UJZ(O) = Wg-
A simple calculation gives
(wi(t) — wy(t) + A(t, wi(t) — At wa(t)), wi(t) — wa(t))vexv
+(G(t) = G(t) + & () — &2(b), wi(t) — w2 (t))v-xv =0

for a.e. t € [0,T]. Then, integrating the above equality over on [0,¢] with ¢ € [0,T], and using H (A4)(iv),
H(p)(iv) and H(¢), we have

3w~ ws(®l + (@ = 5) [ fur(s) ~ ua()f ds <0
0

for all ¢ € [0,T], whereas the smallness condition (3.3) indicates w; = ws. This concludes the proof of
the theorem. O

4. History-dependent variational-hemivariational inequalities

In this section, we are interesting in the study of existence and uniqueness of solution to a general-
ized variational-hemivariational inequality involving history-dependent operators, in which the history-
dependent operators are, respectively, acted on the elastic operator and locally Lipschitz function. In
what follows, let Y; for i = 1, 2,3 be Banach spaces. The problem under investigation reads as follows.

Problem 4.1. Find w € W such that for a.e. t € [0,T] and allv € V,

(w'(t) + A(t, (S1w) (), w(t)) = f(t), v —w(t)) .\
+ ¢ (t, (Saw) (1), (Ssw) (), w(t); v — w(t)) + Y (v) — Y(w(t)) >0, (4.1)
To establish main results on Problem 4.1, we now impose the following assumptions on its data.

H(S): 81:V — L*(0,T; Y1), So: V — L?(0,T;Y), and S3: V — L2(0,T;Y3) are three history-dependent
operators, i.e., there exist constants Ls,, Ls,, Ls, > 0 such that for all wy,wy € V and a.e. t € [0,T],

(@) [(Srw)(t) = (Srwa2)(#)[ly, < L&/ll’Uﬂ(S) — wa(s)]|v ds,
0

(b) [[(Saw1)(t) = (Saw2)(B)lly, < Ls, / [[wi(s) — wa(s)]lv ds, (4.2)
0

(©) [[(Ssw1)(t) = (Ssw2)(B)]lys < LSS/I\UM(S) — wa(s)llv ds.
0
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H(A): A: [0,T] x Y1 x V — V* satisfies the conditions
(a

b) y — A(t,y,w) is continuous for a.e. t € [0,T] and all w € V.

A(,y,w) is measurable on [0, T for each (y,w) € Y1 x V.

)
(b)
(¢) w— A(t,y,w) is demicontinuous for a.e. t € [0,T] and all y € Y7.
(d) there are az > 0 and a; € L% (0,T) such that
Ay, w)l[v+ < ar(t) + az(llylly, + [lwlv)
for all (y,w) € Y1 x V and a.e. t € [0,T].

(e) there exists a constant o > 0 such that

(4.3)

<‘A(t7 Y1, wl) - ‘A(ta Y2, w2)7 wy — w2>V* xV
= a([lwr —wallv = llyr = yallva) w1 — wellv
for all (y1,w1), (y2,w2) € Y1 X V and a.e. t € [0,T].
H(¢): ¢: [0,T] x Yo x Y3 x V — R reads the conditions
(a)
(0)
(¢) w— ¢(t, z,q,w) is locally Lipschitz continuous on for a.e. t € [0,7] and all (z,q) € Y2 x Y3.
(d) there exist ¢; € L2(0,7) and ¢, > 0 such that
ICONv- < er(t) + ca(llzlly + llallys + lwllv)
for all {(t) € 0p(t, z,q,w), all (z,q,w) € Yo x Y3 x V and a.e. t € [0,T].
(e) there is a constant 5 > 0 such that

o(+, z,q,w) is measurable on [0, 7] for all (z,q,w) € Yo x Y3 x V.
(2,q) — o(t, z,q,w) is continuous for a.e. t € [0,7] and all w € V.

¢O(t7 21,41, W1, W2 — wl) + ¢O(t7 22,42, W2; W1 — ’U)Q)
< Bz = z2llv, + lar — @2llys + lwr — wallv)lwr — w2y
for all (21, q1,w1), (22,q2,w2) € Y2 X Y3 x V and a.e. t € [0,7T].

(4.4)
The main theorem of the section is delivered as follows.

Theorem 4.2. Assume that (3.2), H(y), H(S), H(A), and H(¢) hold. If, in addition, the smallness
condition (3.3) is fulfilled, then Problem 4.1 has a unique solution w € W.

Proof. For (n,0,s) € L?(0,T;Y; x Yo x Y3) fixed, first, we consider the intermediate problem:
find wye, € W such that
Whoe (1) + At 1(t), whee (1)) + ¢ () +£(2) = (),
C(t) € 09(t, 0(t), (1), wyoc(t)), &(t) € et (wnoc (),
Wpoe (0) = wo,

for a.e. t € [0,T]. We shall use Theorem 3.2 to show that problem (4.5) has a unique solution.
Consider the functions A: [0,7] x V' — V* and the function ¢: [0,7] x V' — R defined by

A(t,w) = A(t,n(t),w) and (t,w) = ¢(t,0(¢),s(t), w), (4.6)

respectively, for all w € V and a.e. t € [0,T]. By virtue of hypotheses (4.3)(a)—(e) and (4.4)(a)—(d), it
is not difficult to verify that the operator A and the function ¢ defined in (4.6) enjoy the conditions of
H(A) and H(p)(i)—(iii), respectively. Besides, hypothesis (4.4)(e) and the following estimates
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(C1(t) = Ga(t), wa(t) — wa(t))y.

> = (t,wi(t);wa(t) — wi(t)) — ¢° (t, wa(t);wi(t) — wal(t))

= —¢"(t,0(t), (1), w1 (); wa(t) — wi(t)) — ¢° (£, 0(t),s(t), wa(t); wi(t) — wa(t))
—Bllwi(t) — w2 (1[5
for all ¢1(t) € Op(t,wi(t)), all (a(t) € dp(t, wa(t)), and a.e. t € [0,T], ensure the validity of H(p)(iv).
Therefore, from the conditions (3.2) and (3.3), we are able to employ Theorem 3.2 to obtain that for each
(n,0,¢) € L*(0,T;Y; x Y5 x Y3) fixed, problem (4.5) admits a unique solution w,g. € W .

Observe that for every (n,6,s) € L*(0,T;Y; x Ya x Y3) fixed, if w,9. € W is a solution to problem
(4.5), then it solves the following problem too

find wyes € W such that

(whoo (8) + At (1), wyec (1)) — f(1),0 — wn9§(t)>v*><v

+ ¢0 (t, Q(t), §( ) wnec(t — Wnog t)) + 1// ang (t)) >0,
Wnog (0) = Wwo,

for all v € V and a.e. t € [0,T]. We assert that problem (4.7) is unique solvability. Let wygc1, wpoc2 € W
be two solutions to problem (4.7). A simple calculation gives

<w:79§l(t) - w1/79g2 (t), wn9§1(t) — Wnos2 (t)>v* «V
+ <A(t, 77(75)7 wn9§l(t)) - .A(t, n(t), Wno2 (1)), Wnos1 (t) — Wnos2 (t)>v* <V
< ¢O (ta (1), wn0<1(t)§ Wnos2 (t) — wn(?cl(t)) + ¢0 (ta (1), Wnoe2 (t); wm‘kl(t) — Wnos2 (t))

for a.e. t € [0, T]. Integrating the above inequality over [0,¢] for ¢ € [0,T] and using hypotheses H(A)(e)
and H(¢)(e), it reads

Y]

(4.7)

1
5 wnoc1 () = wnoa (W) 177 + (@ = ) / lwnos1(s) — wyosa ()|l ds < 0

for all t € [0,T]. But, the smallness condition (3.3) indicates wygc1 = wyoca. So, (4.7) is unique solvability.
Additionally, let us introduce the mapping Y: L?(0,7;Y; x Y x Y3) — L?(0,T;Y; x Ya x Y3) by
Y(n,0,¢) = (Slwn9<a SaWypq, 83w779<) (4.8)
for all (n,0,s) € L?(0,T;Y; x Yo xY3), in which w; is the unique solution to problem (4.7) corresponding
to (1,0,5). Indeed, T has a unique fixed point in L?(0,T;Y; x Ya x Y3).
For any (n1,601,51), (1n2,02,52) € L*(0,T;Y1 x Yo x Y3), let wy = wy,9,¢, and wy = wy,,c, be the

unique solutions of (4.7) associated with (1, 61,¢1) and (12, 62, ¢2), respectively. Carrying out a analogous
procedure as the proof of the uniqueness of solution to problem (4.7), one has

1
gllwn(t) = wa (8)|[37 + (o = B) w1 = walZ2(0,1,v) — @llm = 2l L2051 w01 = wall L2 (0,6:v)
t
< /¢O (5,01(5),51(5), w1(s); wa(s) — wi(s)) + ¢°(s,02(s), c2(s), wa(s); w1 (s) — wa(s)) ds
0
for all ¢ € [0,T]. The latter combined with hypothesis H(¢)(e) and the Holder inequality finds

1
3 lwn(t) = wa ()| + (@ = B)|lwr — w2720 v
< allm = nall20,4v1) lwr — wallp20,4v)

+ B(1101 = 02|l L2(0,t;v2) + [ls1 = s2llz2(0,65v3)) w1 — wallL2(0,6v)-
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Hence,
w1 —wallz2(0,6v) < ellm —m2llz2(0,6v1) + c(l[01 = OallL20,6:v2) + lls1 — s2ll22(0,6v3)) (4.9)

for all t € [0,T] with ¢ = max{a/(a— ), 8/(ac— )} > 0. Combining the definition of T with hypotheses
H(S), inequality (4.9) and Holder inequality, we conclude

”T(nla 017 §1)(t) - T(7727 027 gQ)(t)”%G XYoo xYs3
< [[(Srw)(#) = (S1wa2) (D)5, + [(Sawn)(2) — (Szwa) (B3, + [[(S3wi)(t) — (Ssw2) ()],

t
2
< (23, + 1, + L8) ([ (o) = wa(s) v ds)
0

t
< 362T(L?91 + L?SQ + L%g) / ||(771a917<1)(3) - (772792»<2)(8)|‘§’1><Y2><Y3 ds
0

for all t € [0,7], where we have used the elementary inequality (a + b + d)? < 3(a? + b? + d?) for all
a,b,d € R. We are now in a position to invoke fixed point theorem [14, Lemma 7] to get that T has a
unique fixed point in L2(0,7;Y; x Ya x Y3).

Let (n*,0*,¢*) be the unique fixed point of T, and wy«¢+c~ be the unique solution to problem
(4.7) corresponding to (n*,6*,¢*). It is obvious that w := w,«g+c~ € W is the unique solution to
Problem 4.1. g

We end the section by providing the following particular cases of Problem 4.1. Let K be a nonempty,
closed and convex subset of V such that wq €int(K) # @, consider the function v: V — R U {+oco} by

P(v) = p) + Ix(v) forallv eV, (4.10)

where ¢: V — R is a convex and lower semicontinuous function, and I : V — RU{+oc0} is the indicator
function of K given by

0, ifvek,
Tk (v) = {—l—oo7 ifveg K.

Obviously, we can see that the function v defined in (4.10) satisfies conditions H(%). In this case, we
have the following corollary.

Corollary 4.3. Let K be a nonempty, closed and convexr subset of V such that wo €int(K) # (. Assume
that (3.2), (3.3), (4.2), H(S), H(A), and H(¢) hold. If p: V' — R is a conver and l.s.c. function, then
the problem

find w € W with w(t) € K for a.e. t € [0,T] such that for a.e. t € [0,T) and allv € K,
(w'(t) + A(t, (S1w)(t), w(t) — f(t),v —w(t))y. .\ + W) — p(w(t)

+ ¢O (t7 (SQw)(t)v (de)(t)7 w(t)5 U= w(t)) >0,

w(0) = wo,

(4.11)

has a unique solution w € W.

Indeed, under the suitable assumptions, this corollary, Corollary 4.3, can imply that problem (1.2)
has a unique solution.
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5. A dynamic viscoelastic contact problem

In the present section, we are concerned with the applicability of the results obtained in Sect. 4 to a new
dynamic contact model for a viscoelastic material with the constitutive law involving a convex subdiffer-
ential inclusion, and multi-valued boundary conditions with nonconvex contact and friction potentials.

The physical setting of the model is described as follows. Assume a viscoelastic body occupies a
bounded and connected domain €2 in R? (d = 2,3) such that its boundary I' = 9 is Lipschitz continuous.
The boundary also is considered to be composed of three mutually disjoint and measurable parts I'p,
I'y and T'c with meas(I'p) > 0 (i.e., the measure of I'p is positive). In the meanwhile, we adopt the
standard notation and function spaces H, H and Hy, which are mentioned in the end of Sect. 2. We set
Q = x [O,T], Y=Ix [O,T], ED = FD X [O,T], EN = FN X [O,T} and EC = Fc X [O,T]

The classical formulation of the contact problem is stated as follows.

Problem 5.1. Find a displacement field w: Q — R? and a stress field o: Q — S? such that

o(t) € A(t,e(u(t),e(u' (1)) + Oep(e(u/(t))) in Q, (5.1)
u’(t) = Diva(t)+ fo(t) in Q, (5.2)
u(t) =0 on ¥p, (5.3)
o(t)y = fu(t) on 3N, (5.4)
—o,(t) € 8j,,(t7u,,(t),ui,(t)),
/ on Yc, .
~ro(t) € 03 (b [ el st () ¢ (55
0
u(0) = up, u'(0) = wy in Q. (5.6)

We now provide a brief description on the equations, conditions and relations appeared in Problem 5.1.
Inclusion (5.1) is a nonlinear viscoelastic constitutive law, where ¢: S? — R U {+oc0} is a proper convex
and lower semicontinuous function, and A: Q x S? x § — S? presents a viscoelasticity operator (see for
example, [34]), which is considered to read the following conditions.

(a) A(-,-,&,m) is measurable on Q, for all e, € s
(b) there exists L4 > 0 such that
A, t,e1,m1) — Al t,€2,m5)llse < La(ller — e2llsa + |71 — m2lsa)
for a.e. (x,t) € Q and all g;,m; € S for i = 1,2.
H(A): ¢ (c) there exists a4 > 0 such that
(A(,t,e1,my) — A, t,€2,m3)) : (my — M3)
= au(lln = mallse — ller — e2llsa) [l — m2llsa
for all €1,€9,7m;,m5 € S and ae. (x,t) € Q.
(d) A(x,t,0,0) = 0 for a.e. (x,t) € Q.
As a special case, A can be specialized by the sum of a viscosity operator P and an elasticity operator B,
ie., A(x,t,e,n) = P(t,z,e(u(t))) + B(t,z,e(u(t))). In this moment, when dcp = 0, the constitutive
law (5.1) reduces to the nonlinear Kelvin—Voigt constitutive law, thus,
o(t) =Ptz (W (t)) + B(t, @ e(ut)) forae. (x,t) € Q,

which has been frequently used to the study of various dynamic or quasi-static contact problems, see for
instance, [23,35,36].
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Equation (5.2) is derived directly by the fundamental principle of momentum conservation which
describes the evolution of the mechanical state of the viscoelastic body; without loss of generality, the
mass density of the body is assumed to be one in (5.2), where the time-dependent volume forces of density
fo act in Q and fulfills the following regularity

fo € L*(0,T; H). (5.7)

Conditions (5.3) and (5.4) reveal the phenomena that the body is clamped on I'p, but it is subjected
to the surface tractions of density f, on I'y, where the function f, satisfies the condition

fn € L*(0,T; L*(Tn; RY)). (5.8)

The multi-valued relations (5.5) characterize a generalized normal contact condition and a frictional
law, where the superpotential functions j,: ¥¢ x R x R — R and j,: ¢ x R x R* — R are locally
Lipschitz, which are nonconvex in general, and fulfill the assumptions
(a) ju (-, 1, 8) is measurable on ¢ for all r, s € R and there exists a function

e € L*(X¢) such that for all w € L*(S¢), it holds j,(-, -, w,e) € L' (S¢).
(b) ju(=,t,-,s) is continuous on R for a.e (x,t) € ¢ and all s € R.

(¢) ju(z, t,r,-) is locally Lipschitz for a.e. (x,t) € ¥ and all r € R.
(d) there exist cg, € Li(Ec) and a constant c¢;, > 0 such that
H(j): |0jy (@, t,7,8)| < cop(®,t) + cru(|r] + |s])

for a.e. (z,t) € ¥¢ and all ;s € R.
(e) there is a constant 3;, > 0 such that

U@, t, 71, 81380 — 1) + Go(a, b, 70, 82551 — S2)
< B, (Ire = ra| + [s1 = s2)[s1 — 52

for all 71,79, 51,52 € R and a.e. (t,x) € X¢.
(a) §-(-,-, ¢, z) is measurable on ¢ for all ¢ € R, and all z € R?

and there exists a function e € L?(X¢;R?) such that for all

n € L*(Xc), we have j-(,-n(-),e(-)) € L' (Xc).

(b) jr(x,t,-, 2) is continuous on R for a.e (x,t) € L and all z € R%.
(¢) jr (=, t,q,-) is locally Lipschitz for a.e. (x,t) € ¥ and all ¢ € R.
(d) there exist co; € L7 (S¢) and ¢, > 0 such that
10jr (2,1, 4, 2)[|ra < cor(®,1) + c17(lg| + [|2]|ra)
for all ¢ € R, all z € R, and a.e. (x,t) € Y¢.
(e) there exists §;, > 0 such that
Jo(@, b, q1, 215 22 — 21) 4 G2, 1, g2, 225 21 — 22)
< By (lar — g2l + 121 — 22[|ra)[[21 — 22[[ra
for all (q1,21), (¢2,22) € R x R? and a.e. (x,t) € Y¢.

In fact, as we know, many typical laws in various mechanical contact phenomena could be formulated by
the special forms of (5.5); for the detailed explanation, one can refer the monographs [21, Chapter 6.3]
and [10,11,33].
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Condition (5.6) presents the initial displacement and velocity fields, which entail the following condi-
tion

ug, wo €'V with wy € intD(y) and Oga € Oe.p(e(wo(x))) for a.e. x € Q, (5.9)
where ¢: V — RU {+o0} is defined by
P(v) = /w(s(v(w)))dm for all v € V, (5.10)
Q

and V is a closed subspace of H; given by
V={veH |v=0onTp}.

Let V* be the dual space of V. Recall that meas(I'p) > 0, it follows from Korn’s inequality that the
space V is a real Hilbert space equipped with the inner product

(u,V)y=xy = (e(u),e(v))y forallu,veV
and the associated norm || - ||y,. However, by the Sobolev trace theorem, we have
||v||L2(FC;Rd) < CollvHV forallveV (511)

for some Cy > 0, which only depends on the domain Q, I'p and I'c.

To deliver the variational formulation of Problem 5.1, we now assume that there are the displacement
field w and the stress field o sufficiently smooth which satisfy (5.1)—(5.6). Denote w = u’ the velocity
field. Also, we introduce the operator S: L?(0,7;V) — L?(0,T;V) defined by

(Sw)(t) :=uo + /w(s) ds for all t € [0,7] and all w € L?(0,T;V). (5.12)

Employing the Green’s formula (see for example, [21, Theorem 2.25]), it is not difficult to obtain the
following variational formulation of Problem 5.1 in terms of velocity.

Problem 5.2. Find a velocity field w: [0,T] — V such that for a.e. t € [0,T] and allv € V,

@M@%v—wﬁﬁvwv+KAG£«SwXﬂ%dw@D%E@%—dWUD%{+/¢@ﬁm

Q

/gp ))dx + / D(t, (Sw), (1), wy (t); v, — w, (t))dT

/ I / (Sw) () ds, w0 (1); 07 —wo(1))dT > (F(1), 0~ w(Dvery  (513)

with w(0) = wo, where f:[0,T) — V* is such that

(F(t),v)vexv = (folt),v)m + <fN(t),'U>L2(FN;Rd) for allv e V. (5.14)
Remark 5.3. It should be underlined that if w is a solution to Problem 5.2, then by using the equality
u = Sw and taking a suitable function n: Q — S with n(t) € d.¢(e(u/(t))) for a.e. (x,t) € Q, such that
o(t) = A(t,e(u(t)),e(w/(t)) +n(t) for a.e. (z,t) € Q (see the viscoelastic constitutive law (5.1)), we can
see that the couple of functions (u, o) also solves problem (5.1)—(5.6), which is called a weak solution to
problem (5.1)—(5.6). In the meantime, it is easy to see that

wueV,u eW, u €V ocL*0,T;H) and Dive € V*.

The existence and uniqueness theorem to Problem 5.2 is given as follows.
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Theorem 5.4. Let ¢: S — R U {400} be a proper, convexr and lower semicontinuous function. Assume
that H(A), H(j,), H(j-), (5.7), (5.8), (5.9) hold. If, in addition, the inequality holds

aa > max {(3;, + ;) max{Co, C{},2Comeas(I'c)(1 + Co)(c1, + c1r) }, (5.15)

then Problem 5.2 has a unique solution w € W.

We define the operators S;: V — V, S5, 83: V — L*(0,T; L*(T¢)) and A: [0,T] x V x V — V* by
(S1w)(t) = (Sw)(t), (Saw)(t) = (Sw)u(t), (Ssw)(t /|| (Sw)-(s)[ra ds, (5.16)

(Alt,u,w),v),,, = (Alt,e(u), e(w)),e(v)),, (5.17)
for all u,v,w € V and a.e. t € [0,T]. Also, consider the function ¢: [0,7] x L*(I'¢) x L*(I'¢) x V — R
as follows
O(t, 2, q,w) = / (jl,(t,z(t),w,,(t)) + (t,q(t),'wr(t)))df (5.18)
I'c

for all z,q € L?(T'¢), all w € V and a.e. t € [0, T]. Next, we shall prove that the problem: find w € W
such that

(w'(t) + A(t, (Sw)(t), w(t), v —w(t)),. .\, +1(v) = P(w(t))
+¢°(t, (Sow) (1), (Ssw)(t), w(t);v — w(t) = (F(t),v — w(t))v-xv (5.19)

for all v € V and a.e. t € [0,T] with w(0) = wy, has a unique solution. The proof of the assertion is
mainly based on the theoretical result, Theorem 4.2. Hence, the current goal is to illustrate that all of
conditions presented in Theorem 5.4 are valid.

Let Y =V, Yy = Y3 = L?(I'¢). From the formulations of S;, i = 1,2, 3, we have the lemma.

Lemma 5.5. The operators S;(i = 1,2,3) defined in (5.16) are history-dependent, i.e., condition (4.2) is
satisfied with

L81 = 1, L32 = Co, and L83 = C()T.
The following lemma indicates that A defined in (5.17) reads conditions H(A).

Lemma 5.6. If the hypotheses H(A) hold, then the operator A defined in (5.17) satisfies the conditions
(4.3) with o = a 4.

Proof. Tt follows from hypotheses H(A)(a), (b), (d), Holder’s inequality, Fubini’s theorem and Pettis
measurability theorem that condition (4.3)(a) is fulfilled (for more details, one may also refer to the proof
of [21, Theorem 8.3]).

By virtue of hypotheses H(A)(b), (d), and Holder inequality, we obtain

(At y, w), v)v-xv| S/HA(t,E(y),E(w))llHe(v)Hdﬂﬂ
Q

< La( [ (el + letw)l)*dz) "ol

Q
<V2LA(lyllv + wllv)|vllv
for all y,w,v € V and a.e. t € [0, T], namely

At y, w)||v+ < ﬁLA(||y||V + ||lw|lyv) for all y,w € V and a.e. t € [0,T].
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This means that the condition (4.3)(d) holds with a; = 0 and ay = v/2L 4.
To verify the conditions (4.3)(b) and (4.3)(c), let sequences {y,,} and {w,} be such that y,, — y and
w, — w in V, as n — oo. Then, it may say

e(y,) — e(y), e(w,) — e(w)in L*(Q;S?), as n — oo.
By converse-Lebesgue-dominated convergence theorem, we are able to find two subsequences {y,,, },
{wy, } of {y,,}, {w,} satisfying
e(y,, ) (@) — e(y)(x), e(wn,)(x) — e(w)(x) in S* as nj, — oo
for a.e. € Q. The latter combined with the continuity of A, see H(A)(b), implies
A, 2, e(y,, ) (@), e(wn, ) (@) — Alt, 2, e(y) (), e(w)(@))llss — 0

as n — oo for a.e. (z,t) € Q. However, from assumptions H(A) (b), (d), and Lebesgue-dominated
convergence theorem, it yields

A, €(Yn, ), e(wn,)) — Alt,e(y), e(w))|ln — 0

as ny — oo, for a.e. t € [0,T.
Notice that

|<A(t Ynys Wny) — Ay, w v>v*><v|
= [(A(t,e(y,,), e(wn,)) — A(t, e(y), e(w)), e(v)), |

)
< At e(yn, ), e(wny ) — Alt, e(y), e(w))|[1]le(v) [
= [lA(t: e(yy, ) e(wny ) — Alt, e(y), e(w))|[x[[v]v for all v eV,

it deduces A(t,y,,, , wy,,) — A(t,y,w) in V* for a.e. t € [0,T]. In accordance with [21, Proposition 1.14],

we directly obtain A(t,y,,, w,) — A(t y,w) in V* for a.e. t € [0,7T], which implies (4.3)(b) and (c).
Finally, condition (4.3)(e) is ensured directly by applying hypothesis H(A)(c), which ends the

proof. O

Lemma 5.7. Assume that H(j,) and H(j,) hold. Then, the function ¢ defined in (5.18) satisfies conditions
(4.4) and

P (t, 2, q,w;v) < /ju(t z,wy5v0,)dT + /jg(t,q,wT;vT)dF (5.20)
I'c T

for all z,q € L*(T¢) allw,v € V and a.e. t € [0,T].

Proof. From the assumptions, the conditions (4.4)(a)—(c) are the direct consequences of [20, Lemma 5]
(or [21, Corollary 4.18]).

We show the condition (4.4)(d) by using the hypotheses H(j,)(d) and H (j;)(d). Invoking [20, Lemma
5], it has

dj(x,t,2,q,€) C dj(x,t, 2,6,V + Ojr(x,t,q,€.)  forall 2, € R, & € R? and a.e. (z,1t) € ¢,
where j is defined by

jlx,t, 2, q,w) = j,(x,t,2,6) + jr(x,t,q,&,)  forall z,q € R, & € R? and a.e. (x,t) € . (5.21)
But, hypotheses H(j,)(d) and H(j,)(d) ensure

||aj(m?t7zaQ7€)HRd S ‘6jll(mat7za§y)| + ||aj7-(-’13,t7q, ST)”Rd
< cov(@, 1) + cor (@, 1) + 1o (2] + [60]) + crr (lal + 17 Ire)
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for all z,q € R, £ € R? and a.e. (z,t) € Y. The above inequality together with [21, Theorem 3.47 (v)],
(5.18), and Holder inequality deduces

106(t, 2, ¢, w)]

Vi S CO/”aj(watazaq)w)HRddr
T'e

< Comeas(Tc)(cou () + cor () + Cocrp/meas(To) 12| L2(re)
+ Coerrv/meas(T0) alle(re) + CElers + exr) V/meas(To) [wlly
for all z,q € L*(T¢), w € V and a.e. t € [0,T]. This means that (4.4)(d) is valid with
c1(t) = Comeas(T'c)(co, (t) + cor(t)) and co = Comeas(T'¢)(1 + Co)(c1y + c1r) (5.22)

for a.e. t € [0, T7.
It remains to verify the validity of (4.4)(e) and (5.20). Employing [20, Proposition 2] and conditions
H(jy)(e) as well as H(j)(e), we find

jo(il?,t, 2, Qaéa 71) S jg(:li,t, Z?gv; 771/) +j2(il?,t, qvg‘r; n'r) (523)
for all z,q € R, £ € R? and a.e. (x,t) € ¥¢, and

3@t 21,41, 61560 — &1) + 50(2, 1, 22,42, 625 €1 — &)
< g, t, 21, €105 o0 — 1) + Jo(@,t, 22, €00 €10 — Eov)
i@ a1, €178, — €1y) + 50 (@, 42,6075 €1, — €a))
< (B, + B )21 — 22 + a1 — g2| + 1€ — &2lra) 1§61 — &2llra

for all 21, 20,q1,q2 € R, &€;,€, € R? and a.e. (x,1) € Y. So, we conclude the inequality (5.20), see (5.23)
and [21, Theorem 3.47 (iv)]. Nevertheless, from [21, Theorem 3.47 (iv)], we immediately get

P°t, 21, g1, w1 wa — wi) + ¢°(t, 22, go, Was W1 — W2)
< (B +55.) [ (21— 22l + los = aa] + 01— walsa) fwr — walzadT
T'e
< Co(Bj, + Bi )21 — z2llz2re) + o — @22 (re)) lwr — wallv
+ C3(Bs, + Bi, ) |wy — wall3

and all (21, q1,w1), (22, g2, w2) € L*(T¢)x L?(T¢) xV and a.e. t € [0, T]. Therefore, the condition (4.4)(e)
holds with

8= (8, + B;,) max{Co, C3}. (5.24)
This completes the proof of the lemma. O

Under the above analysis, we are now in a position to apply Theorem 4.2 to prove Theorem 5.4.

Proof of Theorem 5.4. In fact, Lemmas 5.5-5.7 guarantee the validity of the conditions (4.2), (4.3), (4.4).
Besides, from regularity conditions (5.9), it is not difficult to prove that the function v defined in (5.10)
reads H (1)) (see [3, p. 875]). The smallness condition (3.3) and condition (3.2) can be obtained directly
by using (5.15), (5.7), (5.8) and (5.9).

So, Theorem 4.2 is applicable. Employing the theorem, we conclude that Problem 5.19 has a unique
solution w € W. However, inequality (5.20) implies that Problem 5.2 has at least one solution in W.
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Let wq,ws € W be two solutions to Problem 5.2. A simple computing finds a constant My > 0 such
that

1
S lwi(t) = ws ()| F + allwr — wal[72(g 1y — allwr — wal 20,60 [(Sw1) — (Swa)ll L2 (0,4:v)

t

g//jg(t, (8w, (5), w10 (5); w3 (5) — w1 (5))dT
0 I'e

-|-//j8(t7 (Swa)y(s), w2, (s);wy u(s) _U/Q’V(S))dl—‘dt

0 I

: O/F{ - (S’ 0/ [(Sw1)r (mllg din, w17 (8); w27 () = w1,7(5)>dfds

[ [ [ 1Swe)s)ls dnwsr(5) w1.(5) = wa (s)) T ds
0 T'c 0

< Bllwy — wallF2( vy + Mollwr — wall 120,60 [ (Sw1) = (Swa)l|L2(0,6:v)
for all t € [0, T]. Hence, we have

My +
[ = wall20.v) < == 1(Sw1) = (Sw)l20)

for all t € [0,T]. However, from the Gronwall’s inequality, we conclude that w; = ws, so Problem 4.1
has a unique solution w € W. O
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