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Abstract

A non-autonomous free boundary model for tumor growth is studied. The model
consists of a nonlinear reaction diffusion equation describing the distribution of
vital nutrients in the tumor and a nonlinear integro-differential equation describ-
ing the evolution of the tumor size. First the global existence and uniqueness
of a transient solution is established under some general conditions. Then with
additional regularity assumptions on the consumption and proliferation rates,
the existence and uniqueness of steady-state solutions is obtained. Furthermore
the convergence of the transient solutions toward the steady-state solution is
verified. Finally the long time behavior of the solutions is investigated by trans-
forming the time-dependent domain to a fixed domain.
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1. Introduction

Over the past decades, extensive studies have been done on free boundary

problems modeling the growth of tumors (see, e.g., [2] 4 [, [6, [15] 16, 20, 21]).
In this paper we consider a spherically symmetric non-necrotic tumor in R? and

s study the concentration of a certain type of nutrient within the tumor. Let ¢
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be the time variable scaled by the tumor-cell doubling time and r = |z| be the
spatial space variable scaled by the tumor-cell radius. Denote by u = u(r,t) the
scaled nutrient concentration at time ¢ and radius r from the tumor center and
denote by R(t) the scaled tumor radius at time ¢. Then u = wu(r,t) and R(t)
follow a system of coupled reaction diffusion and integro-differential equations
[2, 10):

WD~ Aulrt) — Sl 1) for 0<r <R(), 130, (1)
R(t)
dR;it) _ R21<t) /O g(u(r,t)r?dr for t>0, (2)

where f(u) is the scaled consumption rate of the nutrient by tumor-cells in a
unit volume, g(u) is the scaled proliferation rate of tumor-cells in a unit volume
(i.e., the number of new-born cells minus the number of new-dying cells in a
unit volume within a unit time interval), and p = Ty; f fusion/Tgrowth is the ratio
of the nutrient diffusion time scale to the tumor growth (e.g. tumor doubling)
time scale. Note that typically Tyif fusion = 1 minute while Ty,owen ~ 1day,
so that p < 1 (see, e.g., [I Bl 19]). Also note that A, represents the radial
Laplacian, i.e.,
= S (3,

r20r Or

Assume that the scaled concentration of the nutrient supplied on the tumor
surface is of level a and that the nutrient level does not change at the center of
the tumor, i.e.,

A

0

%(O,t) =0, w(R(t),t)=a for t>0. (3)
In addition, let the initial size of the tumor and initial nutrient level within the
tumor be

R(0) = Ry, u(r,0) = ugp(r) for 0<r < Ro. (4)

The system f was proposed by Byrne and Chaplain in [2] for the growth
of a tumor consisting of live cells (non-necrotic tumor) and receiving blood
supply through a developed network of capillary vessels (vascularized tumor).
It was analyzed mathematically by Friedman and Reitich [13] for the linear case
and by Cui [I2] for the nonlinear case. See, e.g., [1I], 0] and references therein
for other relevant literature.

We are interested in studying the above system with a time dependent nu-
trition supply on the tumor surface, i.e., the constant « in boundary conditions
becomes a function of time «(t), i.e.,

ou

E(O,t) =0, u(R(t),t)=cat) for t>0. (5)
The problem then becomes non-autonomous and consequently we change the
initial time to be ¢y instead of 0 and revise the initial conditions to be

R(tg) = Rp >0, wu(r,tp) =ug(r) for 0<r < Rp. (6)
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As far as we know, some relevant mathematical model has been investigated
when the nutrition supply «(¢) on the tumor surface is periodic (see, e.g. [0l [16]
21]). When a Gibbs-Thmson relation is taken into account, Wu [20] established

the existence and uniqueness of solutions of the tumor model for the linear case.

In this paper, we are interested in studying system — with general time
dependent nutritional supply «(t) on the tumor surface and general functions
fand g. Throughout this paper it is assumed that
(A0) «(t) is continuously differentiable and bounded with

0<a<alt)<a Vit>t.

The aim of this work is to study the nonautonomous tumor growth system
f with 7@, referred to as (NTS) in the sequel. The paper is organized
as follows. In Section [2] we introduce notation and present some preliminary
results. In Section [3| we establish the global existence and uniqueness of a
transient solution for (NTS) by constructing a functional metric space and a
contraction mapping and then using the fixed point theorem. In Section [4] we
show the existence and uniqueness of a steady-state solution and further prove
the convergence of the transient solutions toward the steady-state solution by
the method of comparison and maximum principle with nontrivial mathematical
analysis. In Section [5] we investigate the asymptotic behavior of the solutions
to (NTS) in a fixed domain in general situation. Some closing remarks will be
given in Section [f]

2. Preliminaries

Denote by | -| the Euclidean norm. Unless otherwise specified, given a space
Q, Q denotes the closure of Q. Given T >ty and R(t) > 0, denote

QF = {(z,t) e R* x R : |z| < R(t), t € (to,T)}.
In particular,
Q?” = Bg, X (to,T) where Bg, = {x eR?: |z| < RO}.
For p > 1 and X € (0,1) denote
%m’k(ﬂg) = {ue LP(QF) : 0%u(x,t), 0lu(z,t) € LP(QF)
for |a| < m, 1 < k},
‘52+)"1+%(D¥) = the Holder space on the parabolic domain QZ.
Given p > 0 and a(t) > 0 define I, o)(Br,) to be
Dp,at)(Br,) = {v : there exists V € 7/1,2’103?0) N %O(Qifio) such that
V(z,t) = aft) for |x| = Ro, t € [to,T]
and V(x,tg) = v(z) for all |z| < RO}.



Note that v € %, 4(1)(Br,) implies that v € €°(Bg,) and v(z) = a(t) for all
|z| = Ro. The norm on Z, o) (Br,) is defined to be

1912, 0 (Bry) = inf{HVH%z,l(Q;o) t Vi(z,t) = a(?) for [z] = Ro, t € [to, 1]

and V(x,tg) = v(z) for all |z| < RO}.

Now consider the following auxiliary problem

p 20 a,1) = Aol 1) + b 1) in Qf,
v(z,t) = a(t) for |z] = R(t), to <t <T, (7)

v(x,tg) = vo(z) for |z| < Ry,

where p and Ry are positive constants, R(:) € €([to,T]) is a positive function,

-5 5
h(-,-) € €°(Q%), and vy € D a(ty)(Br,) for some 5 <p<oo Note that if

p > g then 5
#2NQE) C GV (Q)) with A=2— s
if p > 5 then

||VU||L°°(531T) < C(p, T)||U||7//,)271(91T)~
The following results regarding system will be used to study (NTS) later.

Lemma 2.1. LeL(AO) hold. Then system has a unique solution v €
W2 QF) € €°(QF). Moreover,

(i) there exists a constant C' > 0 depending on u, the upper bounds of R(t),

my 1RO la@®)], 16, [h(z,0] and |[voll9, .o 5n,): such that

HU||W,,2’1(Q¥) < C.

If further p > 5 then
IVoll oy < C,

where C' is a constant similar to C.

s (i) IfR() and of-) € €12 ([to, T)) and h(-,-) € E*2 (QF) for some 0 < A <
1, then v € €* 112 (Qk).

(ili) Ifvo(x) and h(x,t) are radially symmetric in x, then v(z,t) is also radially
symmetric in x.
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Proof. Let w(z,t) = v(z,t) — a(t) + 1, then problem is equivalent to

P8 1) = A, t) + bl 1) i QF,
w(z,t) =1 for |z|=R(t), to <t < T, (8)

w(z,ty) = wo(x) for |z| < Ry,

where h(z,t) = h(z,t) — pc(t) and wo(z) = vo(z) — afto) + 1. Clearly wy €
Dp1(Br,). The proof then follows directly by applying Lemma 2.1 in [I0] to
the above problem . O

Lemma 2.2. Let (A0) hold and in addition assume that
(a) h(x,t) <0 for all (z,t) € QF;
(b) vo(z) < @ for all |z| < Ro.
Then v(z,t) < @ for all (z,t) € 27?.
Proof. Let w(z,t) = v(x,t) — @, then w(x,t) satisfies
pwi(z,t) — Aw(z,t) <0 in QF

w(z,t) <0 for || = R(t), to <t < T,

w(z,tg) <0 for |z| < Rp.

By the maximum principle, it follows that w(x,?) < 0. Hence v(z,t) < @ for all
(z,t) € QF, which completes the proof. O

Lemma 2.3. Let (A0) hold and in addition assume that there exists a constant
my, such that

(a) vo(x) = my for all |x| < Ry;
(b) h(z,t) =0 if v(z,t) < my.
Then v(z,t) > m, for all (z,t) € Qiqlf”.
Proof. If there is no point (x,t) € /Dii:ﬁ such that v(z,t) < m,, then the lemma
holds immediately. Otherwise, let QF := {(at,t) e Qf | v(z,t) < mv} and let
w(z,t) = v(z,t) —m, (x,t) € 5?.
Ilrien by the continuity of v(z, ), there exist disjoint domains {Q;}= {Q; x QJ} -
OF with z € Qj,t € Qj and on each Q;, w(x,t) satisfies
pwy(z,t) = Aw(z,t) + h(z,t) in Qj,
w(z,t) =0 for z € 8Qj, to <t < T,

w(z,tg) <0 for x € Q.



We next show that on each Q;, w(z,t) achieves minimum value on 9Q); so that
w(z,t) =0 on Q.

65 Notice that h(x,t) > 0 on each Q;. Below we discuss the cases h(x,t) > 0
and h(z,t) = 0, respectively.

(1) h(z,t) > 0 on Q;: suppose (for contradiction) that there exists (xo,7) €
Q;\0Q)j, i.e., in the interior of @Q;, such that

w(xzg, ) = (zrgienQ w(z,t) < 0.

Then w(2,t)](zy, <0 and Aw(z,t)|(zy,r) = 0. As a result
h(zo,T) = pwi(x,t)| 59,7y — Aw(z,1)|(20,7) <O,

which contradicts with h(z,t) > 0 in @;. Thus the minimum of w(z,t) in
each @; is achieved on the boundary of Q;.

(2) h(z,t) =00nQ;: forevery (z,t) € Q; withz = (21,22, x3) and t € [to, 17,
let
w(x,t) = w(x,t) —ee”™ for e > 0.

Then

h(x,t) := pwy(x,t) — Aw(z,t) = h(z,t) + ™ = ee™ > 0.

It then follows from part (1) that @(z,t) achieves minimum on 9Q);. Let-
70 ting € — 0 we obtain that the minimum of w(z,t) in each @), is achieved
on the boundary of @;.

In summarw(z,t) = 0 in each @; and by the definition of Q;, w(z,t) >0
for all (z,t) € QF, ie.,
v(z,t) = m, forall (z,t)€ Qig
The proof is complete. O

Remark 2.1. In the present paper, we take in particular m, = 0.

3. Existence and uniqueness of solution

7 In this section we establish the existence and uniqueness of solutions for the
problem (NTS). In addition to assumption (A0) throughout this section it is
also assumed that

(A1) there exists L, > 0 such that |&(t)| < L, for all t > .

(A2) ug € #2°(0, Ry) and satisfies ufy(0) = 0,ug(Ro) = a(to) and 0 < ug(r) <
80 a for all r € [0, Ro].



(A3) f(0) =0 and f: R — R is nondecreasing and Lipschitz continuous with
Lipschitz constant Ly > 0.

(A4) g : R — R is Lipschitz continuous with Lipschitz constant L, > 0.

Theorem 3.1. Let assumptions (A0 )-(A4) hold. Then the problem (NTS) has
a unique solution (u(r,t), R(t)). Moreover, the solution satisfies

0 <u(r,t) <@ for 0<r < R(), t=to, (9)

R(t
mg\R§t§ fM for t > to, (10)
Roe3™s(t=10) < R(#) < RoesMo(t=10)  for t > ¢, (11)

where mg and My are two constants defined by

&s  Proof. The proof is similar to that of Theorem 2.2 in [I0] with a considerable
number of modifications. For the reader’s convenience we present the complete
proof below in three steps.

Step I (Existence and uniqueness of a local solution).
Given any T >ty and M > 0 (large enough), define a metric space (S, d)

o as follows:

(i) &r= 67 x &7 = {(u(-,-), R(")) | u(-,-) € &7, R(:) € &7} with R(t) and
u(r, t) satisfy, respectively:

* R(:) € ¢[to, T], R(to) = Ro and
Rges™s(t=%0) < R(t) < RoesMalt=t0) for o <t <T;  (12)
o u(-,-) € #L9([0,00) x [to, T]) NE([0,0) X [to,T]) and

u(r,t) < M for 0<r < R(t), to <t <T
u(r,t) = at) for r> R(t), to <t < T,
u(rytg) = up(r) for 0<r < Ry,

)

() d((ur, Ra), (uz, B2)) = max fus(rt) —ua(r £)] + max [Ri(t) — Ra(f)].
to<t<T

Tt is straightforward to check that (&r,d) is a complete metric space.
Given any (u(r,t), R(t)) € &1, let R*(t; Rg) = R*(t) be the unique solution
of the following problem

dR*(t)  R*(t)

at R3Y)
R*(to) = R,

R(t)
| sttoyran, w<isr,
0



95

which gives, by direct computation,

+ 1 R(t)
R*(t) = Roelto ¥O4  Ghere G(t) = ) / g(u(r,t))r2dr. (13)
0

R3(t)

Since (u(r,t), R(t)) € &, u(r,t) is bounded, which ensures that g(u(r,t)) is
bounded for every r > 0 and to < t < T, write

mg = min g(u), M, := max g(u), (14)
ueST uEST
and then
M
%gG(t)gT" for to <t <T. (15)
Consequently
Roes™s(t10) < R*(¢) < RoesMo(t=10)  for t, <t < T. (16)

Observing that R*(-) € € ([to,T]) and R* > 0, due to Lemma [2.1] there exists
a unique solution u*(z,t) for the following problem

pup = Au* — flu(lal, ), |a| < R*(¢), to<t<T.
wat) = alt), |zl = R (1), to<t<T,

u*(z,to) = uo(|z|), |z| < Ro.

. 5 DL . .
Moreover, u* € %2’1(Q¥ ) for any — < p < oo which is radially symmetric in

x (so we write u* = u*(r,t)). Since f(u(]z|,t)) = 0, it then follows from the
assumptions (A0), (A2) and Lemma[2.2] that u*(r,t) < @ for all 0 < r < R*(t)
and tg <t < T. Note that u*(r,t) can be extended to [0, 00) x [tg, T] such that

u*(r,t) <@ for 0<r < R*(t), to<t<T,
u*(r,t) = a(t) for r> R*(t), to<t<T.

Now choose M = @ in (i). Then clearly (u*(-,-), R*(:)) € &7. Define a
mapping © : & — & by

© : (u(-,-), R()) = (u™(:,-), R*(+)). (17)

We next verify that © is a contraction mapping for suitable small (T' — ). To
this end consider (u;(-,-), Ri(+)) € & and (uf(-,-), R (:)) = O(u;i(-,-), Ri(+)) for
1 =1,2. From , and we can deduce that for any t € [to, T,

’R?f(t) - R;(t)’ = Ro‘eftto G1(0)d6 _ eftrb G2(9)d9’
T My (T—to)
< — g . —
< Ro(T —tp)es torggg ‘Gl(ﬁ) Go(6)],




1 R;(0)
where G;(0) = B0 A g(u;(r,0))r*dr, i = 1,2. Then due to the Lipschitz

condition on g we have
’G1(9) - G2(9)’

1
/O [g(ul(Rl’f’, 9)) — g(UQ(RQT, 9))](17‘

1
ng/ |ug (Ry7,0) — ua(Rar, 0)|dr
0

1 1
<Lg/ |u1(R1r,9)—ug(er,H)\dr—&—Lg/ (s (Rar, 0) — us(Ror, 0)]dr
0 0

<L, max [us (r,0) — ua(r,0)|

8 1
v, s (5260 [ |R(0) - R@)lrar
0<é<max{R,,R2} 9T 0

SLgmaxfui (r, ) = ua(r,0)] + CLg|R1(6) — Ra(0)]
and hence
|Ri(t) — R3(t)| < Ro(T — to)esMa(T=t) . O(T) - d((ur, Ry), (uz, Ro))
=: (T — to)C(T)d((u1, R1), (uz, Ry)). (18)
Next, we estimate |uf(r,t) — u3(r,t)|. To this end, define
Ry, (t) :=min{R](2), Ry(t)}, Ry (t) := max{R; (1), Ry(t)},
w(z,t) =uj(lz],t) —uz(laf,t), |z| < R(1), to <t <T,
h(z,t) =f(ui(|z], 1)) — f(ua(|z], 1)), z€R> to <t <T.
Then, w(z,t) satisfies
. R
pwy = Aw — h(z,t) in Q™
w(x,t) =w(z,t) for |z| =R (t), to <t<T, (19)
w(z,tg) =0 for |z| < Ro.
Let @ = w(x,t), x € R3, t € [to, T] be the solution of the following initial value

problem

Wy = AW — h(z,t) in R3 x [ty, T,
{/Jt (z,t) [to, T (20)

w(z,tg) =0 for x € R3,



and let w* = w*(x,t) = w(z,t) — w(x,t), |z| < R} (), t € [to,T]. Then w*
satisfies

pwy = Aw* in Q?*”,
w*(z,tg) = w(z,t) —w(x,t) for |z|=R:(t), to <t <T,
w*(x,tg) =0 for |z| < Ry.

Applying the maximum principle to w* on Q?:"'7 we obtain

max |w*(z,t)] < max |w(z,t) — w(x,t)|

* =R> (t),
ng ‘zgogtzg)
< max |uj (R, (6),1) —ua(Ry,(8), 0]+ sup  |o(z,1)].
to<t<T R3 X [to,T]

Observe that

max : |ul(r,t) — u3(r, t)| = max |w| < max |®] + max |w*|
= = =

0<r<Ry, N N "
tggth(t 27 a7 ar
<2 su w max |uj (R (t),t) —us(R: (t),1)].
<2, s [l s, 7, (0,0 3 (05,0 0)
Therefore,
max |uj(r,t) —us(r,t)| <2 sup |w(z,t ma; wi(r,t) — us(r,t)|.
na [u(r ) i) <2 swp O]+ 1) (0, 0)
toSt<T to<t<T to<t<T
(21)
It follows from and assumption (A3) that
- 1
sup |w(z,t)| <—=(T —to) sup |h(z,1t)] (22)
zeR? H zeR?
to<tST to<tKT
Ly
<—(T —t9) max |ur(r,t) — ua(r,t)]
® to<I<T
Ly
gj(T—to)d((ul,Rl),(UQ,RQ)). (23)

For the second term on the right-hand side of , based on Lemma Lemma
and the Sobolev spatial embedding relationship

. 5
#2NQF) — €2 (QF) for 0<g<2— 7’

10
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we obtain that for every ¢ € [to,T] and r € [R},(t), R, (¢)] it holds
lui(r,t) —uy(r, )] < uj(r,t) — a(t)] + [us(r,t) — a(t)]
=[ui(r,t) — ui(Ry(8), )] + |uz(r, 1) — up(R3 (1), 1)]

ou* ou?
< oswp [SREH[+ sup [TE
0<EKRY (1) OF 0<ESRy (1) 9T

(E,t)|> | Ri(t) — R3(t))|

<C|R;(t) — R5(t)|

for some C > 0. Therefore

* % < . * P
B, ui(8) — ()] < OT) - max [RE(O) - B30 (24
to<t<T
1 )
where C(T') depends on p and the upper bounds of R*(t), 0k |R*(t)], |a(t)],

|&(t)], but not on the choice of (u1, Ry) and (uz, Ra). Substituting and
into and using , we obtain

max|uy(r,t) — uy(r,1)] < (T — t0)C(T)((u, Ra), (uz, Re)),

to<t<T
which together with implies that
d((u1, Ry), (u3, B3)) < (T = to)C(T)d((u1, Ry), (u2, Rz)).

Therefore, © defined in is a contraction mapping for suitable small (7" —tg)
satisfying (T' — t0)C(T) < 1. According to Banach fixed point theorem, we
conclude that there exists a fixed point (u(r,t), R(t)) which is the local unique
solution of the problem (NTS) with ¢ € [tg, T

Step II (A priori estimates of the solution (u(r,t), R(t)))

Based on comparison results Lemma[2.2]and Lemma[2.3] it is not difficult to
check that 0 and @ are respectively a lower and an upper solution of the system
, (5) and @ Consequently, we have the estimate @D Furthermore,
and (|11)) follow from , and .

Step IIT (The global existence of solution)
Suppose (for contradiction) that the maximal existence time interval [tg, T7)

is finite, i.e. 77 < 4o00. From and (1), we see that R(t), 0] and R(t)
are bounded in [to,71]. Evidently, |a(t)],|&(t)| and [[uoll2, . (5r,) are also

bounded in [tg, T3]. In addition, from @, it follows that
|f(u(r,t)] = [f(u(r, 1)) = FO)] < Lylu(r,t) — 0] < 2aLy, t € [to, T1].

Therefore, based on Lemma [2.1] we can deduce that

)
||u||~/yp2~1(g¥1) < oo for 5 <p < oo.

11
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Moreover, from the arguments in Step I, for any 7 € [tg,T1), we can deduce
that there exists a time 75 > 0 such that a solution of the problem (NTS)
exists in the time interval [, 7 + T5]. By the uniqueness of the solution, we can
conclude the existence time interval can be extended to [tg, T + T»), which is in
contradiction to the assumption. Thus the the solution exists globally in time.
The proof is complete. O

4. Steady-state solutions

In this section, we consider the case that the nutritional supply «(t) on
the tumor surface eventually becomes stable. The purpose of this section is to
study the asymptotic behavior of the transient solutions (u(r,t), R(t)) obtained
in Theorem [3.1]as a(t) =  (a constant and, clearly, o, € [, @]). To this end,
we first prove the existence and uniqueness, then investigate its asymptotic
stability of the steady-state solution of (NTS) with nutritional supply «a(t) = ay
on the tumor surface.

4.1. Ezistence and uniqueness of a steady-state solution

This subsection is devoted to the existence and uniqueness of a solution
(us(r), Rs) for the following steady-state form of (NTS):

Ayus = f(us(r)), 0<r<Rs,

ul(0) =0, us(Rs) = as,
1 [fe

2
RSO

(25)
g(us(r))Ter =0,

where « is a constant in the interval [o, &]. To this end, the following additional
regularity conditions on f and g are needed:

(A5) fe € (R), f(0) =0 and f'(u) > 0 for all u € R;

(A6) g € €'0,+00), ¢'(u) € [0,Ly] for all u > 0; and there exists a unique
a* > 0 such that g(a*) = 0 but g does not identically equal zero on any
interval.

Remark 4.1. Note that the quantity o is critical to the analysis in the sequel.
It plays the role as a threshold for different types of behavior of the solutions.

First consider the following auxiliary problem

AU A) =Af(U((r,N), 0<r<l,
ou (26)
E(O,)\):(), U(I,A):OLS,
where A is a nonnegative parameter.
The lemma below is similar to Lemma 3.1 in [I0], with slight improvements.
But for the reader’s convenience we still provide full proof.

12
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Lemma 4.1. Assume (A5) hold. Then for any A > 0, there exists a unique
solution U = U(r, A) for problem . Moreover,

(i) the solution satisfies

0<U(r,\) <as for 0<r<1,A>0, (27)
ou A
Oga—(r,)\)ggrf(as) for 0<r<1, A>0. (28)
r
(ii) U(r,A) is continuously differentiable with respect to A for all 0 < r <
1,A>0, and
1
fgf(ozs)é Z—g(r,)\)<0 for 0<r<1, A>0. (29)

(iii) U(r,0) = a5 for 0 <r <1, and

0, for 0<r<1,
lim U(r,\) = (30)
A0 ag, for r=1.

Proof. First, it is clear that 0 and «, are a pair of lower and upper solutions
for system , from which the existence of a solution U satisfying follows
by using the upper and lower solution method. In addition, the uniqueness
of the solution U is a consequence of the monotonicity of f. Since A, U =

1
—282(7"2882), integrating the first equation in (26]) with respect to r leads to
r2 Or r

oU A7

which together with and the nonnegativity and monotonicity of the function
f yield . Thus, the assertion (i) holds.
ou
Next, differentiating with respect to A and writing W (r, \) = a(r, A),

we obtain

AW =Af(UW + f(U), 0<r<1,
ow
—(0,\) =0, W(1,\) =0.
0N =0, WL
Thanks to f(U) = 0, Af/(U) > 0, and it follows from the maximum principle
(see [I4]) that W(r,A) < 0 for all 0 <7 < 1 and all A > 0. Therefore,
AW L fU) < flas) for 0<r<1.

Integrating the above inequality gives

W(r,A) > _f(gs) + f(gs)r2 > _f(gs) for 0<r<1,

13
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i.e., the assertion (ii) follows.
Finally, we verify the assertion (iii). Integrating with respect to r over
[r, 1] gives

/7d9— (1,A) = U(r,\) = as — U(r, A)
1 6 1
A\ / " / fU o =—x | [ [ f(U(p,A))pzdpd(a)]

—— { /0 WU ))do : /0 CFU (o, )P / - fwe. A))de] -

Hence,

1 r 1
U(r,\) =as +/\/0 FWU(p,N))p*dp - %/0 FUp, A))/7201/)*A/ FU(p, N)pdp

=0y = A 1) / " F U)o — A [ 100 - pdo. (32

In particular, U(r,0) = as. From the boundedness and monotonicity of U(r, A)
with respect to A, we can conclude that )\lim U(r,\) exists point-wise.
—00

For each r > 0, denote

U*(r) = lim U(r,\).

A—00

Now, dividing by A and letting A — oo, we get

r 1
(-1 [ 10 @+ [ 10 e - pdp=0, 0<r<i,
0 r

which implies that f(U*(r)) = 0 a.e. on [0, 1]. Further, U*(r) = 0 a.e. on [0, 1].
Since U*(r) is a monotonically nondecreasing function on (0, 1), (30) holds. The
proof is complete.

Now we introduce a function F(R) as follows
1
F(R) ::/ g(U(r, R*)r?dr for R>0. (33)
0

Then we have the following two lemmas, which can be proved in the same way
as Lemma 3.2 and Lemma 3.3 in [I0], so we omit the proof here.

Lemma 4.2. Under the assumption (A5 ), problem has a solution (us(r), Rs)
with Rs > 0 if and only if the function F(R) has a positive root Rs. Moreover
the solution us(r) of is given by

us(r) = U(RL,Rg) for 0 <r < Rs. (34)

14
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Lemma 4.3. Suppose that the assumptions (A5) — (A6) hold. Then

(i) F'(R)<0 forall R>D0.

(i) F(0) = 39(a) and lim F(R) = 2g(0).

Furthermore, as a consequence of Lemma [4.2] and Lemma [4.3] and recalling
that a* is defined such that g(a*) = 0, we have

Theorem 4.1. Under the assumptions (A5) — (A6), the following assertions
hold:

(i) If as < a*, then the problem —— has no steady-state solution sat-
isfying .

(ii) If as > a*, then the problem —— has a unique steady-state solution
(us(r), Rs) satisfying (28), where Ry is the unique positive root of the
function F(R), and us(r) is given by (34).

4.2. The asymptotic stability of steady-state solutions

The main purpose of this subsection is to show the asymptotic stability
of steady-state solutions in the sense of the transient solution (u(r,t),R(t))
obtained in Theorem [3.1] toward the steady-state solution (u,(r), R,) with R, >
0 obtained in Theorem[4.TJunder the assumption that as > o*. Thus throughout
this subsection it is assumed that ags > o*. In addition, we assume that

(A7) given a > a*, there exist a continuous function M, (t) satisfying M, () —
0 over time such that
la(t) — o] < pMa(t)

Throughout this subsection denote by (u(r,t), R(t)) the solution of system
(NTS) and let

r

v(r,t) = U(%,

R%)), 0<r < R(t), t > to, (35)

where U(r, \) is the solution of system (26]).

Lemma 4.4. Let (A5) and (A7) hold and in addition assume that given any
T > tg, there exist L >0, m, >0 and Mpr > 0 such that

|IR(t)| < Lrg and m, < R(t) < Mg,  for to<t<T. (36)
Then exist u; > 0 and C:= C(mp, Mg, as) such that

lu(r,t) —v(r,t)]| < C, Vrel0,R()], telteT] and p € (0, u1].

15



Proof. First according to the definition of v, it satisfies

Apo(r,t) = f(u(r,t)) for 0<r < R(t), t > to,
ov (37)

E(O’t) =0, v(R(t),t)=as for t=to.

Observe that

=
from Lemma [4.1] and (36)), it follows that

Ov ( 5 oUu oU T

0
|a—: <CLp for 0<r<R(t), t >t (38)
where the constant C' depends on m,,, Mg and «s,.
Now for any € > 0 arbitrarily small, define £; := %infueR f'(u) + ¢ and let

Ly(t—tg)

ug(r,t) =v(r,t) & CLR€J71M tae ~ #
Notice that by assumption (A5), £y > 0. Then by (87)-(38), it follows that if
M(uf)t - ATU, + f(u*)

Ly (t—tg) Ly (t—tg)

=pvy + Lyae” 7 — Ao+ f(o(rt) — CLRéjil,u —ae "~ #

Lp(t—tg Ly (t—t0)

)
<uCLp + Lyae” = f)+ fu(r,t) - CLRE;HA —@e T #

Notice that due to the boundedness of v, f'(u) > 0 for all  lies in between
Ly(t—tg)

v(r,t) and v(r,t) — CLR€]71,u —ae”~ # . Pick € > 0 small enough such that
J'(u) > ly, then

Ly(t—to) Ly(t—tg)

plus)y — Apu_ + f(us) S uCLp +Lpae”~ »  — Ef(C'LREJ?Iu +ae T w

=0 for 0<r<R(t), t=to.

Since |ug(r) —v(r,to)| < @ for 0 < r < Ry and by assumption (A7) we have

Ly(t—tg)

u_(R(t),t) = v(R(t),t) — CLpl; 'p—ae” =

_ Ly(t—tg)

:as—CLRZJTl,u—ae I
< alt) + pMa(t) = CLrl; .

i

Then taking C such that C > —— - max M,(t) gives immediately
Lr teto,00)
Ou_
W(O,t) :O, U_(R(t),t) g O[(t), t}to,

u_(r,to) < uo(r), 0<r < Ry.

16
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Therefore, by comparison, we conclude that

u_(r,t) <u(r,t) for 0<r < R(t), to<t<T.
Similarly, we have

ug(ryt) Zu(r,t) for 0<r < R(t), to <t <T.

Then, for any 0 < r < R(t), to < t < T, it follows from the above two
inequalities that

Ly(t—tg) Ly(t—tg)

—CLRE;IM —ae ~ #  <u(rt)—o(rt) < CLREJ?lu +ae T w

which yields the desired assertion. O
Lemma 4.5. Let assumptions (A5)-(A7) hold. Then given any Ry > 0 there

exists a constant py > 0 such that

1
3 min{ Ry, Rs} < R(t) < 2max{Ry, Rs} (39)

for allt >ty and p € (0, pa).

Proof. First note that since Ry > 0, %RO < Ry < 2Ry and by continuity of
R(t), holds for a certain period of time. Suppose (for contradiction) that
there exists T' > t( such that holds for to <t < T, but fails at t =T, i.e.,

either R(T)=2max{Ry,Rs} or R(T)= %min{Ro, R}

Without loss of generality, we assume that R(T) = 2max{Ry, Rs} := Kr.
Clearly, we have

R(T) > 0. (40)
Moreover, it follows from that there exists a constant Ly (the same as that
in Lemma satisfying

. R(t
RO < B max{myl, (M, < Ln, to<t<T. (41)

Now we can use Lemma [£.4] to conclude that there exists a positive constant Cy
(independent of p) such that, for all 0 < p < pq,

Ly(t—tp)

lu(r,t) —v(r,t)] < Co(p+e = ) for 0<r<R(@), to<t<T. (42)

Let Eg = max ¢'(u) > 0, then it follows from the above inequality that

ousae

Ly(t—to)

glu(r,t)) = g(v(r,1)) < LyCo(u+e™ "7 )

17



forall 0 < r < R(t), to <t < T and 0 < p < pq. Consequently,

1 R(t) ,
RT(t) /0 g(u(r,t))redr

1 R(t) 9 1. e (t—to)
< [ ot LG ) R

R(t) =

)

:R(t)F(R(t)H%igco(we* FOVCR() for to<t<T. (43)

In particular,

. 1~ L5 (T—to)
RT) <R(T) (PR + 3LoColu +-e )

1. L5 (T—1g)
=Kr (F(KT) + ngCO([L +e [z )) .

From , we see that
K7 = R(T) < RoesMs(T—t0),

which gives

3 Kr

3log2
—log(—=) > .
7 o8(

g

Hence

1- _ s 3log
R(T) <Kr (F(KT) + ngco(u+e r 31%2)>

1. sty
=K (F(KT) +3LyCo (u+ 27 ™5 )) . (44)

Further, we can deduce that there exists a constant ji; > 0 such that

1- _ 3 1
ngCO (/L +2 “Mg) < §|F(KT)| for all p < fig. (45)

On the other hand, by Lemmata and we see that FI(Rs) = 0 and F(-)
is a monotone decreasing function. Since K1 > 2Rs > R, so we can obtain

F(Kr) <0,
which together with and implies
R(T) <0 forall p<ji.
Therefore, taking po = min{ui, fi1 }, we get a contradiction to for all p €
(0, pi2]. The proof is complete. O
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With the above lemmata and Lemma 4.4 in [10] we can state the main result
of this subsection.

Theorem 4.2. Let assumptions (A0)—(A2) and (A5)-(AT) hold. Then given
any Ro > 0 there exist corresponding positive constants C, v and M, such that

|R(t) — Ry| < Ce™ 77t |R(t)| < Ce "t 710)  |u(r,t) — ug(r)] < Ce ¢t
for every p € (0, M,], t >ty and 0 < r < R(t).
Proof. First due to Lemma[4.5] there exists a constant ps > 0 such that
1 1
min{§R0 — R, *ERs} < R(t) — Rs < max{2Ry — R, Rs},

for every p € (0, 2], which implies that

|R(t) — Rs| < 2Ry + Rs :=B1, |R(t)
Then it follows from that

2
3

< 2Ry +2Rs, Vt>t. (46)
|R(t)] < = (Ro + Rs) max{|m,|,|My|} := B2, for t>to.

Moreover,

lu(r,t) —us(r)| < 2a:=p5, VO<r<R({),t>ty

Let 8 := max{f1, 82,03} and pu < min{py, o, u3}. It then follows directly
from Lemma 4.4 in [I0] that there exist constants C' > 0, # > 0 and Ty > 0 such
that

IR(t) — Rs| < CB(u+ e 0010y <208y for t =Ty + to.

Similar estimates also hold for |R(t)| and |u(r, t) — us(r)| for t > Ty + to. Then,
by successively applying Lemma 4.4 in [I0] over [nTy + tg, 00), we can obtain

|R(t) . Rs‘ < a(Qaﬂ)n_lﬁ(M + 6—9[t—(n—1)To—to]) < (26”)"5, t>nTh +to.

Define v > 0 by 26u = e To(< 1). For any t > tg let n be the largest
integer such that nTy +to <t < (n+ 1)Ty + Lo, and set

1 ~
M,, := min {,ul, o, (13, T}, C := max {6@7%, C(M, + l)ﬁ}.
2Cp
We then conclude that for every p € (0, M,],
[R(t) = Ro| <(2Cu)"8 = - e 700 = fete (070

<56*7t6*7["TO*("+1)T0*t0] _ 667(T0+t0)€*”/t
:/ge’YToe*’Y(t*to) < Oef’v(t*to)’ Vit > t.

Similarly |R(t)] < Ce=7(¢t0) and |u(r,t) — us| < Ce 7(=%) also hold. The

proof is complete. O
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Remark 4.2. Theorem [[.3 implies the nutrient concentration and tumor size
will evolve toward a dormant state if the nutritional supply a(t) becomes stable
as time goes on. Moreover, the exponential rate of convergence of the transient
solution (u(r,t),R(t)) to the steady-state solution (us(r), Rs) is obtained under
assumption (AT) with suitable M (t). In particular, we note that the conver-
gence rate of the transient solution (u(r,t),R(t)) to the steady-state solution
(us(r), Rs) is restricted by the convergence rate of a(t) to as over time.

5. Long time behavior of solutions: general case

In this section, we investigate the long term behavior of solutions to the
(NTS) system in other situations. To facilitate computations in the sequel,
we first transform the time-dependent domain Q% into a fixed domain. In

R
9 x where Ry = R(ty), and denote

particular, let y = m

.0) = (Tt ) o) = o)

Then the problem (NTS) can be transformed to the following problem in the
fixed spatial domain Qg := Bg, = {y € R3 : |y| < Ro}:

R§ R(t) _
’“‘at( t) = Rt )AU(y, )+MR( )(y Va) — f(u(y,t)) for |y| < Ro,
a(y,t) = a(t) for |y| = Ro, to <t

Jk%%gWWw
(

R(to) = Ro, a(y,to) = to(y) for |y| < Ro,
(47)

Note that based on the arguments in previous sections, the solution of prob-
lem exists and satisfies the same estimates as those of the solution of
problem (NTS). Moreover, the solution w(y,t) is radially symmetric in y, so
throughout this section we write @(y,t) = @(|y|,t) = a(r,t) and set

Mo = T, ole) and My = meofe) o

Throughout the rest of this section, denote X := #?[)] and the norms in
X and H'[Qq] are, respectively,

-l =1 lzie) and (- flae = - oo

We will next investigate long term behavior of solutions (u(y, t), R(t)) of the
problem (47)) in the domain X xR. In particular we first show that all solutions of
problem (47]) with the same boundary conditions but different initial conditions
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will converge to a singleton trajectory (@u(y,t), R(t)) as t — oo (see Theorem
below). We then investigate the special case when M, < 0, for which all
solutions converges to («(t),0) as t — oo (see Theorem [5.2 below).

To that end, we first recall a Poincaré inequality

M2 < VeI, Yely,t) € Hy[Q0), (49)

for some constant A > 0. The following Lemma will be used in the proof of
Theorem Bl

Lemma 5.1. Assume (A5) hold. Then the function F(u) := —f(u) satis-
fies a local one-sided dissipative Lipschitz condition, i.e., there exists a positive
constant Ly such that

(up —ug) - (F(ur) — F(u2)) < Lf|u1 —ug|?® for all wy, uy € [0,@.

Proof. Due to assumption (A5), Zf = rrfln]f (u) > 0 exists. Moreover, for
any ug, uz € [0,@], we see that (u; — ug) - (f(u1) — f(uz)) > 0 and further

flur) — f(u2)

24 T 2
Ul — U > Le(ug —u9g)”.
P (w1 — u2) Fu1 — u2)

(ur —ug) - (f(ur) — f(uz)) =

The proof is complete. O

Given any continuous function R(¢) > 0, consider the following initial-
boundary value problem:

i .
ugttt _ R()AAJrMREt;(y Vi) — f(@) for 0 < |y| < Ro, t > to,

W(Ro,t) = a(t) for t>tg,

(50)

u(y,to) = to(y) for 0< |yl < Ro

Using the same arguments in Section [3 I, we conclude that the problem (50))

admits a unique solution 4r(y,?;t0,uo). Given two initial conditions u(()l)(y)

and ﬂ(gz)(y) define the difference
: A( N _ ( )
w(y7 t) . (yv t;to, 4 ) uR(ya t; th )
Then w satisfies the initial-boundary value problem

ow R2 R(t)
ow A s
Mor T 'O TR

’w(Ro,t) =0 for t> to,

(y-Vw)—h for 0<|y| < Ry, t>to,
(51)

w(y,to) = wo(y) for 0< |yl < Ry,

where h(y,t) = f(aly)) — f(a)) and wo(y) = @ (y) — a7 () for 0 < [y] <
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Multiplying (51)) by w(y,t), integrating the resultant equality over Q and
using Lemma (10) and yields

pd 2 Rj 2 3p R(t) 2 /
——|lw@)||” =— - == — h - wd
5 ale O == g Vel? = 5 gl = [ h-wdy
AR} 2 1 2_ T 2
< gy el = gomglhul” = Ll

Hence, under the condition —umg < 2L . there exists a positive constant v such
that
[w(@)I* < flwo|[Pe 10, (52)

In addition, from Theorem [3.1] it is not difficult to conclude that there exists
a pullback absorbing set of nonempty closed and bounded subsets {B; : t € R}
of £?[Q)], which pullback absorbs all solutions @g(t) of system (50). Thus the
system has a pullback attractor, [7]. It follows then by inequality that
there is a single function 4(y,t) for all ¢ € R, which solves the problem .
Moreover it attracts all other solutions @g(t) of as t — oo.

In particular, let R(t) be the solution of system and Gg(y,t) be the
unique solution to the problem obtained above. We next show that the
singleton (y, t) attracts all solutions of as t — oo.

Theorem 5.1. Let assumptions (A0)-(A2), (A5) and (A6) hold. Then, there
exists constant pi9 > 0 and v := v(vy) such that every solution (u(y,t), R(t)) of
problem approaches (4(y,t), R(t)) in the sense that

(-, t) = a(, 0> < llao() = ao()PPe™ "), Vi e (0, (53)
Moreover, if in addition a(t) — a5 ast — oo, then
(a) R(t) = Rs ast — oo if ag > o
(b) R(t) =0 ast— oo if as < a*.

Proof. The equality follows directly from a comparison of equations in
and 7 and the inequality . The assertion (a) is a consequence of Theorem
4.2

It remains to prove the assertion (b). Since a(t) — ay as t — oo, so there
exist constants o > 0 and g > ¢y such that

a(t) < a* forall t>ty, u< o,
which together with (A6) implies

M, = < g(a*) =0.
9 O@gln;aaia(t)g(w g(a®)
t>1g

By the same arguments as those used in section |3] we obtain
R(t) < R(fp) - e3Mo(t=10) 5 as ¢ — oo.

Thus the assertion (b) holds. The proof is complete. O
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The g (t) constructed above can be regarded as a “limiting” trajectory that
attracts all solutions of as time evolves. However, we did not have more
details of 4 (t) in addition to its existence and uniqueness. In what below we
will discuss the special case when M, < 0, for which the “limiting” trajectory
can be constructed explicitly.

The last main result reads:

Theorem 5.2. Let assumptions (A0)-(A4) hold and in addition assume that
My < 0. Then given any uo(+) € X there exist positive constants Cy, Ca, My and

My such that for all 6!\1, (u(y,t), R(t)) of problem
satisfies i i
Roe™sM(710) < R(t) < Roe™sM2(10) (54)

B
|a(t) — a()|? <llao — alto)[|2e™# )
6C1 R} (o 3NDa(t—to) _ g~ (i-
380 — 2uM>
MM1
6

Proof. Since My < 0, it holds that mg < My < 0. Writing M, = —mg > 0 and
My = —Mg > 0, then clearly M, > Mg, and (| . ) follows directly from

Now let v(y,t) u(y,t) — a(t). It is straightforward to see that v(y,t)
satisfies

> 0.

where Bg = X —

ov R? R(t .
nor = +uR§t§<y V) = f(v+ alt) + i)

for 0 < |y| < Ro, t > to, (56)
v(Ro,t) =0 for t > tg,
v(r,to) = vo(r) for 0 < r < Ry,

where vo(r) = to(r) — aftp) € X. Multiplying by v(y,t), integrating the
resultant equality over 0y and using assumptions (A1), (A3), and ,
we obtain
R3 R(t)
2 0 2 2 .
- _ _F - t)) — pa(t))vd
IO = i 190l = 501 = [ (70 a0) = (1) oy

lol* + CLR2(1)

25 e 4 “Mln 12+ “)
ST R

< PO 4 oy,
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AR% . /.LMl
RX(t) 6

where C} is a positive constant and §(¢) := > 0, which together

with gives

2 _
%”v(mp + o 2017]{06—%%(1%—%)
w

lv(®)]I* <
I

; (57)

Q MM1

> 0. The inequality then follows directly from the

above inequality. The proof is complete. O

where 3y :=

Remark 5.1. The assumption p < ]?Z)‘ was imposed to ensure that B(t) =
1

5 _
/\% — u% is positive. This assumption can be largely weakened or even re-

moved as R(t) — 0 as t — co. Moreover, p is naturally small from modeling
perspective.

6. Closing remarks

The system — proposed by Byrne and Chaplain [2] for tumor growth
has drawn extensive attention from both researchers and practitioners in can-
cer research. However to the best of our knowledge most of the existing works
assumed that the nutrient supply rate at the tumor surface was constant or pe-
riodic. One natural question would then arise, what if the nutrient is supplied
at a non-constant rate, and how would that affect the effectiveness of cancer
treatment. This motivates our work of studying system — with time de-
pendent nutritional supply «(t) on the tumor surface and general functions f
and g.

Not surprisingly, through this work fundamental differences are discovered
to exist between the model - with time dependent nutrient supply «(t)
and with constant nutrient supply «. In particular, as presented in Subsection
4.2 and Section 5, the long time behavior of the solutions of problem (NTS) is
highly dependent on «(t). In addition to the consideration of time-dependent
nutrient supply, another novelty of our work lies in that the functions f and
g are not required to be linear or almost linear, which largely extends existing
results on linear cases.

The highlights of this work are summarized as follows. The global existence
and uniqueness of a transient solution for the problem (NTS) is established
first by using fixed point theorem. Then, under additional regularity conditions
on f and g (i.e., assumptions (A5) and (A6)), we verify that with a certain
fixed nutrition supply as(> «*) on the tumor surface, the problem (NTS) has
a unique steady-state solution. Moreover, the nutrient concentration and the
tumor size will evolve toward a dormant state eventually if the time dependent
nutritional supply «(t) becomes stable as time goes on. To be exact, if a(t)
converges exponentially to a;, then the transient solution will approach the
steady-state solution exponentially fast. In the last section we present more
comprehensive analysis for evolution of the nutrient concentration and tumor
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size under different conditions. More precisely under some general conditions
about the nutritional supply a(t) rate and functions f and g, we mainly verify
that

(i) provided p suitable small, the nutrient concentration will exponentially
converge together over time. Moreover, the changes of radius of the tumor
cell over time is given under different situations between o* and ay.

(ii) if Oglaégg(s) < 0, then the tumor size tends to 0 and the nutrient concen-
<s<a

tration within the tumor tends to the nutrient supply «(t) on the tumor
surface, i.e., the tumor will disappear as t — oo.
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