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1 Introduction

In 1922, the Polish mathematician Stefan Banach established a remarkable fixed point theorem known
as the Banach Contraction Principle, which is one of the most important results of analysis, and is
considered as the main source of metric fixed point theory. It is well known that the classical Banach
contraction principle possesses many applications to operational equations, optimization theory and
other topics. In 1964, Perov [12] extended the Banach contraction principle for single-valued contraction
on spaces endowed with vector-valued metrics.

Random fixed point theorems for contraction mappings were proved by Hans [4, 5], Spacek [7] and
Mukherjee [9, 10]. Recently, Sinacer et al. [16] proved a new version of Perov’s fixed point theorem
(Perov type random fixed point).

The investigation of qualitative properties such as existence, uniqueness and stability for random
differential equations has received much attention, as can be seen in [11, 17] and the references therein,
but for the study of the existence of fixed points for an operator, it is useful to consider a more general
concept, namely coupled fixed points. The concept of coupled fixed point for an operators was introduced
in 1987 by D. Guo and V. Lakshmikantham (see [3]).

One of the main topics in the theory of functional equations is Hyers-Ulam stability. The starting
point of this topic was the problem of S.M. Ulam [20] and the solution given by Hyers to this problem in
the case of the Cauchy functional equation [6]. Generally, we say that a functional equation is stable in
Hyers-Ulam sense if for every solution of the perturbed equation there exists a solution of the equation
that is close to it. For more details and results on this topic we refer to [2, 6, 15].

For examples and other considerations regarding Hyers-Ulam stability of the coupled system of
differential Equations see [1, 8, 13, 14, 18, 19].
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On the other hand, to the best of our knowledge, there is no paper which investigates the existence
and Hyers-Ulam stability results for the coupled random fixed point of a pair of contractive type random
operators on separable complete metric spaces. To fill this gap, in this paper, we study the existence
and uniqueness and we investigate the Hyers-Ulam stability results for the coupled random fixed point
of a pair of contractive type random operators.

Therefore, in this paper we present some coupled fixed points results for contractive type operators on
spaces endowed with vector-valued metrics and, as an application, we discuss the existence, uniqueness
and Hyers-Ulam stability of the solution of a periodic boundary value problem related to a system of
random differential equations. The approach is based on random Perov-type fixed point theorem for
contractions in metric spaces endowed with vector-valued metrics.

The plan of this paper is as follows. In Section 2 we introduce notations, definitions, and preliminary
facts that are useful throughout the paper. In Section 3 we present some existence, uniqueness and
Hyers-Ulam stability results for the coupled random fixed point of a pair of contractive type operators
on separable complete metric spaces. The approach is based on a random Perov type fixed point theorem
for contractions. Finally, in Section 4 an example is given to show the applicability of our results on
random integral equations and to boundary value problems.

2 Preliminaries

In this section we recall some notations, definitions, and auxiliary results which will be used throughout

this paper. If z,y € R™ with z = (21, - ,2,) and ¥y = (y1, -+ ,Yn), we set |z| = (|z1],-- -, |za]),
max(z,y) = (max(z1,y1), - ,max(zn,yn)) and R? = {x € R" : x; > 0}. If ¢ € R, then x < ¢ means
x; <cforeachi=1,--- ,n.

Definition 2.1. Let X be a nonempty set. By a vector-valued metric on X we mean a map d: X x X —
R™ with the following properties:

(1) d(u,v) >0 for allu, ve X.; if d(u,v) =0 then u=v;

(1) d(u,v) = d(v,u) for allu, ve X;

(t3d)d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.

Here7 1fo,y S Rn? T = (‘T17$27"' 73371)7 Yy = (yl»y?f o 7yn)) by z S Yy we mean r; g Yi fOI‘ 1= 1727' o, n.
We call the pair (X, d) a generalized metric space with
dl (Iv y)
d(z,y) = :
dn(z,y)
Notice that d is a generalized metric space on X if and only if d;, i =1,2,--- ,n are metrics on X.
Similarly, by a vector-valued norm on a linear space X, we mean a mapping .|| : X — R} with |[z]| =0

only for x = 0; || Az|| = |\|||z|| for x € X, A €R, and ||z + y|| < ||z|| + ||y|| for every x, y € X. To any
vector-valued norm ||.|| one can associate the vector valued metric d(x,y) := ||« — y||, and one says that
(X, |I]l) is a generalized Banach space if X is complete with respect to d.

Definition 2.2. A square matriz of real numbers is said to be convergent to zero if and only if its
spectral radius p(M) is strictly less than 1. In other words, this means that all the eigenvalues of M are
in the open unit disc i.e. |A\| < 1, for every A € C with det(M — \I) = 0, where I denote the unit matriz
of Muxn(R).

Theorem 2.1. [21] Let M € My, xn(R4) , the following assertions are equivalent:
(a) M is convergent towards zero;
(b) M* =0 as k — oo;
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(¢) The matriz (I — M) is nonsingular and
I-—M)yt=T+M+M*+.. -+ M.,

(d) The matriz (I — M) is nonsingular and (I — M)~' has nonnegative elements.

Let (©,%) be a measurable space and X is a metric space, we shall use B(X) to denote the Borel
o-algebra on 2 x X. Then ¥ ® B(X) denotes the smallest o-algebra on € x X which contains all the
sets A x S, where @ € ¥ and S € B(X).

Definition 2.3. Recall that a mapping f : Q@ x X — X is said to be a random operator if, for any
x € X, f(-,z) is measurable.

Definition 2.4. A random fized point of f is a measurable function y : Q@ — X such that y(w) =
fw,y(w)) for allw € Q.

We recall now Perov’s fixed point theorem (see [16]).

Theorem 2.2. Let (2, F) be a measurable space, let X be a real separable generalized Banach space and
let F:QxX — X be a continuous random operator. Let M(w) € My (Ry) be a random variable matric
such that for every w € Q the matriz M(w) converges to 0 and

d(F(w,z1), F(w,z2)) < M(w)d(z1,z2) for each x1,x2 € X, w € Q.

Then
(i) there exists a random variable z* : Q — X which is the unique random fized point of F.
(ii) one has the following estimation

d(zn(w), 2" (W)) < M™(w)(I = M (w)) ™ d(zo(w), 21(w)); (1)

3 Main results

Let X be a separable generalized metric space. We will focus our attention to the following system of
random equations:

{ z(w) =Ty (w,z,y) @)
y(w) = TQ(wa Z, y)
where 77,75 : Q2 x X x X = X

By definition, a solution (z,y) € X x X of the above system is called a coupled random fixed point
for the pair (T7,1%).

For the proof of our main theorem we need the following notions and results.

Definition 3.1. Let X be a separable generalized metric space and F' : Qx X — X be a random operator.
Then, the fized point equation
z(w) = F(w,x) 3)

is said to be generalized Hyers-Ulam stable if there exists an increasing function v : Q x R} — RY,
continuous in 0 with ¥(w,0) = 0, such that, for any e := €1, -+ ,&, with g; > 0 fori € {1,--- ,n} and
any solution y* € X of the inequation

d(y(w), F(w,y)) <e (4)

there exists a solution x* of (3) such that

(" (W), y" (w)) < P(e,w) ()
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In particular, if p(t,w) = C(w) -t , t € R (where C(w) € Muxn(Ry)), then the fized point equation (3)
is called Hyers-Ulam stable.

We recall now a direct consequence of random versions of the Perov fixed point theorem.

Theorem 3.1. Let (Q,F) be a measurable space, X be a real separable generalized Banach space and
F:Qx X — X be a continuous random operator, and let M(w) € Myxn(R4) be a random variable
matric such that for every w € Q the matriz, M(w) converge to 0 and

d(F(w,z), Flw,y)) < M(w)d(z,y) for each z,y € X, w € Q.

then the fized x(w) = F(z,w), x € X is Hyers-Ulam stable.

Proof. From random versions of the Perov’s fixed point theorem we deduce that
Fiz(F) = 2*(w). Let € :== (g1, -+ ,&p), with g; > 0 for each ¢ € {1,--- ,n} and let y*(w) be a solution
of the inequation
d(y(w), F(y,w) <e.

Then, we succesively have that

Thus, using Theorem 2.2,

O

Definition 3.2. Let X be a separable metric space and let Ty, To : Q x X x X — X be two operators.
Then the system of random equations

z(w) =Ti(z,y,w)
{ y(w) = To(z,y,w), (6)

is said to be Hyers-Ulam stable if there exist random wvariables ci,co,c3,c4 > 0 such that for each
€1,e2 > 0 and each solution-pair (u*(w),v*(w)) € X x X of the inequations

d(U*(w)le(U*zv*vw)) <e
d(v*(w), To(u*, v*,w)) < &2

(7)

there exists a solution (z*,y*) € X x X of (6) such that

d(u*(w), 2" (w)) < cr(w)er + c2(w)en
d(v* (W), y* (W) < ea(w)er + ca(w)en

(8)

Now, we present our main result which is the following existence, uniqueness and Hyers-Ulam stability
theorem for the coupled fixed point of a pair of singlevalued random operators (77, 7s).

Theorem 3.2. Let (Q,F) be a measurable space, X be a complete separable metric space and T1,Ts :
QO x X xX — X be two random operators such that,

d(Ty(z,y,w), T (u,v,w)) < ki (w)d(x,u) + ko(w)d(y,v) (9)
d(To(z,y,w), Ta(u,v,w)) < kz(w)d(z,u) + ka(w)d(y,v)
kl (w) k)g(w)

for all (z,y), (u,v) € X x X. We suppose that M(w) := (
ks(w)  ka(w)

)com)erges to zero. Then:
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(i) There exists a random variable (z*,y*) : Q@ x Q — X x X which is the unique random fixed point of
(Th,T2). such that
* - T k%
{ .I‘* (w) 1(1:*7y*,w) (10)
Yy (UJ) = TQ(x Y 7“)7

(i) the sequence (T7'(z,y,w), T3 (z,y,w))nen converges to (z*,y*) as n — oo, where

T1n+1(‘r7y:w) = Tln(Tl(xaya w)aTQ(I7yaw)) (11)
T2n+1(x7yaw) = T;(Tl(xvyv W)7T2(5U7yaw))

(iii) the random system

{ z(w) = Ti(z,y,w) (12)

is Hyers-Ulam stable.
Proof. (i) Let us define T:Qx X x X — X x X by

T = (1)) = (010,00 Do ).

Denote Z := X x X and consider d: Z x Z — R%,

oy = (40 ). 13

Then we have

it T = (103 ) (Bten )
=(2£§zz e )
d(z,u) + ka2 (w)d(y,v) )
)d(y,v)
j )(Z$>ﬂmwmwmm

d(z,u) + ka(w
Applying the random Perov fixed point Theorem 2.2 (i), there exists a unique element (z*(w), y*(w)) €
X x X such that

INA

VR

F o
vngA

(@ (W), y" (W) = T(=", ", w),

which is equivalent to
¥ (w) =Ty (x*, y*,w
{*()_ (**) (14)
Yy (UJ) _TQ(x Y 7w)7
(ii) Moreover, for each (z,y) € X x X , we have that T"(z,y,w) — (z*(w), y*(w)) as n — oo, where
TO(Lyaw) = (I(w)vy(w))7 T1($7y7w) = T(:E,y, w) = (Tl(xava)7T2(zayaw))
T2(157 Y, w) = T(Tl (xv Y, w)’ TQ(xv Y, w)) = (Tl(xv Y, w)v TQ(xv Y, w))
and, in general,
TP 2,y w) = TP (T (2, y,w), Ta(x, y, w))
T3 (2, y,w) = T3(T1 (2, y,w), Ta(,y,w)).
We obtain that T"(z,y,w) = (I7"(z, y,w), T3 (2, y,w)) — (2*(w),y*(w)) as n — oo, for all (z,y) €
X x X.
Thus, for all (z,y) € X x X, we have that T*(z, y,w) — z*(w) as n — oo
T3 (z,y,w) — y*(w) as n — oo.

ip)
ip)
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(iii) By (i) and (ii), for each w there exists a unique element (z*(w),y*(w)) € X x X such that (z*,y*) is
a solution for (14) and the sequence (17" (z,y,w)Ty (z,y,w)) converges to (z*(w), y*(w)) as n — oo.
Let €1,e2 > 0 and (u*(w),v*(w)) € X x X such that

d(u* (w), Ty (u*,v*,w)) < €1
d(v*(w), Te(u*, v*,w)) < ea.

(15)
Then,

d((u*,v*), (2%, y%)) <d((u*,v*), (Ty (v, 0", w), Ta(u*, v*,w)))
+ d((T1 (u*, v, w), To(u*,v*,w)), (z*,y"))
:(f((u*w*),(Tl(u*,v*,w),Tg(u*,v*,w)))
+d((T1 (u*,v*, w), To (u*,v*,w)), (Ty(z*, y*,w), Ta(z*, y*,w)))
_( d(u*(w), Ty (u*, v*,w)) >+ ( d(Ty (u*,v*,w), Th (%, y*,w)) >
d(v*(w), To(u*,v*,w)) d(To(u*,v*,w), To(x*, y*,w))
< < £l ) + d(T(u*,v*,w), T(z*, y*,w))
€2

<e+ M(w)d((u*,v*), (z*,y*)).

Since (I — M (w)) is invertible and (I — M (w))~! has positive elements, we immediately obtain

d(u* 0", (" y)) = ( A,y ) < (1 - M(w) .

we denote (I — M(w))~! = (@) ealw) > we then obtain
If we denote (I — M(w)) < ) ) we then obt
d(u*(w), z*(w)) < c1(w)er + ca(w)ea

d(v* (W), (@) < ca@)er + calw)ea (16)

proving that the system (14) is Hyers-Ulam stable.

4 An application to random differential equations with periodic
boundary conditions

In this section we study the existence, uniqueness and Hyers-Ulam stability of a solution to a periodic
boundary value problem as an application of the coupled random fixed point Theorem 3.2 presented in
Section 2.

We consider the periodic boundary value problem

l‘/ (taw) = f(tvx(taw)aw) + g(t7 y(tvw)vw)

y/ (t,w) = ft,y(t,w),w) + g(t,z(t,w),w) (17)

where f,g9:[0,7] x 2 x R —= R, (£,.4) is a measurable space and zg,yo : 2 — R are random variables.

Definition 4.1. A function f : [0,T] x @ Xx R — R is called random Carathéodory if the following
conditions are satisfied:
(i) the map (t,w) — f(t, z,w) is jointly measurable for all x € R,
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(ii) the map x — f(t,x,w) is continuous for allt € [0,T] and w € .

Let f, g be two Carathory functions satisfying the following conditions.
(H1) There exist A\; > 0, A2 > 0 and there exist random variables P;, P, : Q — R4, such that for all
r(w),y(w) ER, z(w) < y(w)
0< ftz(t,w),w) + Ma(t,w) — (fty(t,w),w) + My(t,w) < Pr(w)(z —y) (18)

_PQ(W)(x - y) < g(t,x(t,w),w) - )‘2x(tvw) - (f(ta y(tvw)vw) - )‘Qy(tv UJ) <0, (19)

P(w)  Pa(w)
where M(w) = | MWtle  Mthe is a random variable matrix convergent to zero.

P(w)  Pi(w)
Ar+A2 A+l
We study the existence of a solution of the following periodic system:

2 (tw) + Mzt w) — Aoy(t,w) = ft,z(t,w),w) + glt, y(t,w),w) + Mz(t,w) — Aoy(t,w) (20)

Y (t,w) + Myt w) — dox(t,w) = f(t,y(t,w),w) + gt 2(t,w),w) + My(t,w) — Az (t,w) (21)

together with the periodic conditions,

2(0,w) = z(T,w) and y(0,w) = y(T,w). (22)
This problem is equivalent to the integral equations:
T
o(t0) = [ Gt ) (s,5,0).0) 4 905, (5,),) + M) = Do,
0

+ Ga(t, s)[f(s,y(s,w),w) + g(s, z(s,w),w) + A1y(s,w) — Aaz(s,w)]ds

T

y(tv w) :/Gl(tv S)[f(svy(svw)vw) + g(s,x(s,w),w) + Aly(s,w) - /\2‘%(37“))]
0
+

Ga(t, 5)[f(s,2(s,w),w) + g(s,y(s,w),w) + Mz(s,w) = Aay(s, w)]ds

where
[eo1(t—s) o2 (t—s)
a (t ) % el_ecrlT el_e(TQT 0<s<t<T
1, s) = [ o1 (t+T—s) oo (t+T—s)
1 |et e’2
2 1—eo1 T 1—eo2T :| 0 S t<s S T,
[ eo2(t—s) o1(t—s)
Gatt, ) 3|5 — | 0<s<t<T
2\, 8) = [ oo(t+T—s) o1 (tFT—s)
1 ]e?2 el
2 1—eo27 =~ ~1—e¢o1T i| 0 <t<s< T7

Here 01 = 7()\1 + )\2) and o9 = ()\2 — )\1)
It was shown in [14] (Lemma 3.2) that, if

2% — 1
In ( ee ) < (Ao — AT and (A + X\o)T < 1, (23)

then G1(¢,s) > 0 and Ga(t,s) <0,0<t,s<T.
Consider the operator A : C([0,T],R) x C([0,T],R) x & — C([0,T],R) where
T
A(tvx(taw)ay(tvw)vw) :/Gl(tvs)[f(sam(saw)7w) + g(s7y(s7w)7w) + Alx(saw) - AQy(saw)}
0
+ GQ(ta S)[f(57y(57w)aw) + g(svx(57w)7w) + )\1y(8,w> - )\2:1:(57w)]d5

Thus, (z,y) is a random solution of (20)-(22).
For the proof of our main result we need the following notion.
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Definition 4.2. The system

T

x(t,w) = /Gl(t s)[f(s,2(s,w),w) + 9(s,y(s,w), w) + Ara(s, w) = Aay(s, w)]
?FTGQ(t, $)[f (5,y(s,0),w) + g(s,2(s,w),w) + Ay(s,w) = A (s, w)]ds

y(t,w) = /G1(t, s)[f (5, y(s,w),w) + g(s, 2(s,w),w) + Aiy(s,w) = Ao (s, w)]
S)er(t, s)[f(s,2(s,w), w) + 9(s,y(s,w),w) + A1z (s, w) — Aay(s, w)]ds

(24)

is said to be Hyers-Ulam stable if there exist ci(w),ca(w) > 0 such that for each £1,62 > 0 and each

solution (u*,v*) of the following inequation system

[u*(t,w) — | Gi(t,s)[f(s,u™(s,w),w) + g(s,v™(s,w),w) + A1u™(s,w) — A2v™(s,w)]

Ot~

+Ga(t, 8)[f(s,v*(s,w),w) + g(s,u*(s,w),w) + Mv*(s,w) — Aau™*(s,w)]ds| < e1

—~
»

[v*(t,w) — | Gi(t,9)[f(s,v™(s,w),w) + g(s,u*(s,w),w) + A\v*(s,w) — Aau™(s,w)]

St~

+G2(t75)[f 57U*(Saw)aw) +g(5,v*(s,w),w) + )‘1U*(Saw) - )‘QU*(Saw)]d5| < e,

—~

there exists a solution (z*,y*) of (24) such that

‘x*(tvw)7U*(t>w))‘ < CI(W)EI + C2(W)52
ly* (t,w), v*(t,w))| < e3(w)er + ca(w)ea

(25)

Our main result is the following existence, uniqueness and Hyers-Ulam stability of a random solution to

a periodic boundary value problem.

Theorem 4.1. Consider the problem (17) with f,g be two Carathory functions and suppose that As-

sumption (H1) is satisfied. If (23) is fulfilled, then:

(i) there exists a unique random solution x*,y* of the periodic boundary value problem (17).

(i) the system (24) is Hyers-Ulam stable.
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Proof. (i) Observe that

d(A(z,y,w), A(u, v,w))
—sup|A(:c y,w), A(u, v, w)|

= sup L/C?@S ;w) 4 g(s,y(s,w),w) + Ma(s,w) — Adgy(s, w)]
+G(;(t $)f(s,y(s,w),w) + g(s, z(s,w),w) + A\1y(s,w) — Aaz(s,w)]ds
T
— / 1(t, 9)[f(s,u(s,w),w) + g(s,v(s,w),w) + Adru(s,w) — Agv(s,w)]
+ OGQ(t, $)f(s,v(s,w),w) + g(s, u(s,w),w) + Av(s,w) — Aau(s,w)]ds
T
:ilell?/Gl(t’ $) ([f (s, z(s,w),w) + g(s,y(s,w),w) + Az(s,w) — A2y(s, w)]
0

= [f(s,u(s,w),w) + g(s,v(s,w),w) + AMu(s,w) — Aav(s,w)])
+ GQ(t7 s)([f(s,y(&w),w) + 9(57*73(37“))7“)) + Aly(&w) - )‘21;(870‘])]
= [f(s,v(s,w),w) + g(s,u(s,w),w) + A1v(s,w) — Aau(s,w)])ds

T

:sup/Gl(t, $)([f(s,z(s,w),w) + g(s,y(s,w),w) + A1z(s,w) — Aoy(s,w)]
tel

= [f(s,u(s,w),w) + g(s,v(s,w),w) + AMu(s,w) — Aav(s,w)])
— Ga(t,s)([f(s,v(s,w), w) + g(s,u(s,w),w) + Arv(s,w) — Aau(s,w)]

- [f(say(svw)vw) + g(s,x(s,w),w) + Aly(s,W) - )‘Q'T(Saw)])ds
T

<sup / G (1, 5)Pr (@) (& — ) + Po(w)(v — )

tel

— Ga(t, 5)[Pr(w)(v — y) + Po(w)(x — u)]ds

=[P (w)d(z,u) + Pa(w )] sup
tel

/[Gltfs Gzts)]

T
eo1(t—5) eo1(t+T—s)
/l—eole/ 1—enT ds‘
0

=[P1(w)d(z,u) + Pa(w)d(y,v)] sup

-~

_ P
A1+ A2

P(w)
A1+ A2

d(z,u) + d(y,v).

In a similar way we deduce that

d(A(y, z,w), A(v,u,w)) < Aljliw)? d(y,v) +

If we denote k1 (w) := iﬂ(:\)z and ks (w) := iﬁ‘;’\l then

d(A(z, y,w), A(u,v,w)) < k1 (w)d(x,u) + ka(w)d(y, v)

and

d(A(y, z,w), A(v,u,w)) < ke(w)d(x,u) + ki (w)d(y,v).
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Thus,
( d(A(z, y,w), A(u, v,w)) ) < ( k1 (w)d(z,u) + k2 (w)d(y,v) )
d(Aly, z,w), A(v,u,w)) ) =\ ke(w)d(y, v) + k1 (w)d(z, u)
— kl(w)7k2(w) d(l",u) B y ~ N .
- ( ka(w), k1(w) ) ( d(y,v) ) = M(w)d((z,y), (u,v))

where M (w) is a matrix convergent to zero.
From Theorem 2.2 there exists a unique random solution of problem (20-22).

(ii) By the first part of our proof and by Theorem 3.2 (iii) we deduce that there exists a unique element

(z*(w),y*(w)) € C([0,T],R) x C([0,T],R) such that (z*,y*) is a solution for (14).
Let £1,e2 > 0 and (u*(w),v*(w)) € C([0,T],R) x C([0,T],R) such that

d(u*(w), A(u*,v*,w)) < e

26
d(v*(w), A(v*,u*,w)) < . (26)
Then
d(:l’.*7 y*) -1
<({I-M
(s ) < =
and the system (24) is Hyers-Ulam stable.
O
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