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Abstract

In this article, we give special solutions of second and fourth Painlevé hierarchies derived
by Gordoa, Joshi, and Pickering. We show that for certain choice of the parameters each n-th
member of these hierarchies has a special solution in terms of an n-th order differential equation.
Furthermore we derive a relation between these two hierarchies.
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1 Introduction

The six Painlevé equations, PI-PVI, were discovered by Painlevé and Gambier about one century
ago. They are the only second-order ordinary differential equations that define new functions, the
Painlevé transcendents. A remarkable property of these Painlevé equations is that while their general
solutions are new transcendental functions, they posses special solutions that can be expressed in
terms of the elementary functions. These solutions are either rational or can be expressed in terms of
the classical special functions. For example, it is well known that for certain values of the parameters,
the second and fourth Painlevé equations admit special solutions in terms of the Airy and Weber-
Hermitte functions respectively [1]-[4].

In recent years there is a considerable interest in searching for higher-order analogues of Painlevé
equations [5]-[14]. Since Painlevé equations can be obtained as a similarity reductions of completely
integrable partial differential equations [15], higher-order analogues of them arise as similarity re-
ductions of higher-order integrable partial differential equations. This was first realized by Airault
[5] who derived a second Painlevé hierarchy by similarity reduction of the KdV-mKdV hierarchies.
A Pianlevé hierarchy is an infinite sequence of nonlinear ordinary differential equations whose first
member is a Pianlevé equation. Gordoa, Joshi, and Pickering [13] have used non-isospectral scatter-
ing problems to derive new second and fourth Pianlevé hierarchies.

In this paper, we study special solutions of the second and fourth Pianlevé hierarchies given in
[13]. Tt turns out that for certain restriction on the parameters, the n-th member of these hierarchies,
which is an equation of of order 2n, has a special solution in terms of an equation of order n, n > 1.
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In particular, the first members of the second Pianlevé hierarchy has the Airy solution while the first
member of the fourth Pianlevé hierarchy has the Weber-Hermitte solution. Moreover, it turns out
that the n-th member of the fourth Pianlevé hierarchy has a special solution in terms of the (n—1)-st
member of the second Pianlevé hierarchy, n > 2.

2 The second Painlevé hierarchy

Consider the following second Painlevé hierarchy presented in [13]

n—2

;b 0 n j Iny1z \ [ O
( 0 8;1>[R ux—l—ZOVjRum}—ir( s, =\l ) (1)
]:
where
u=(u,v)7,
2\ 204000 u+0, )’

and g,+1 # 0. The second Painlevé hierarchy (1) can be obtained as the compatibility condition of
the following linear system of equations [16]

g_i’ = AN)®(N), g—i = B(A\)2()), (3)
where A @
B = ( —z_v/w i ) ’
A= LS g (@)
Ynt1 =5
Ay = —203, 032((1) _01>a “:_%'

The form of A;, 1 < j <n+1, can be found in [16].
Writing the hierarchy (1) as a compatibility condition of the linear system (3) leads to another

representation of this hierarchy. More precisely, let A; = ( a b ) , 0 <7 <n+1. Then the

G 4
compatibility condition of the linear system (3) gives

1. 2v )
Ay = Ewcj + Ebj, 0<7<n,
bj,z = —2bj+1 - ﬁ)aj, 0< ] < n,

v
Cjax = 20j+1 - —< ay, 0 S] < n,
1Y (5)

Api1z = §w0n+1 + Ebn+1 — On+1,

bn—l—l,x - _wan+17
4v

Cn+le = ——=0an+1-
w



Using Ay = —203 and setting a; = 0, equation (5) determines a;, b;, and ¢; recursively as follows

CL():—Q, a1:0, b():C():O,
1
bj = _é(bj—l,sc"i_ﬁ)aj—l)u 1 Sj §n+1’
1 2v
) = era+ s, 1<j<n+1,
gn (6)
aj; = Z Z(biCj_i + a,-aj_i) + k’j, 2 < j <n,
=1

1
Any1 = 1 Z(biCnJrlfi + @ilny1-i) = Gn1® + kny1,
i=1

where k; are constants of integrations. Moreover, equation (5.f) can be integrated to obtain the first

integral
n+1

Z(bicn—i-Q—i + a;an19-;) + K =0, (7)

i=1
where K is a constant of integration. Therefor , up to renaming the constants, the second Painlevé
hierarchy (1) can be written in the following form

bn+1,x + wan—l—l =0,

l:ZCYL+2—Z a/la/'fLJFQ—Z 1én U) ( )

=1

where a;, bj, ¢; are given by (6).

2.1 Special solutions of the second Painlevé hierarchy
The first member of the second Painlevé hierarchy (8) reads
Uy —u* —2(v+ gox) =0, v, + 2uv — 26, = 0. 9)

Since go # 0, without loss of generality we set go = +. Thus eliminating v between (9.a) and (9.b)
we obtain the second Painlevé equation.

1
Upy = 20° + 2u + 46, + 5 (10)

Equation (9) has the special solution d; + ;11 =0, v = uy, and u satisfies the Riccati equation

1
ux+u2+§x:0. (11)

Us : : :
The transformation u = T transforms (11) into the well known Airy equation

1
Uxx + §$U =0. (12)
Consider the second member of the hierarchy (8)

Upe = Uy — U — 6uv + 2Kou — 4gs,

Ve = —3uv, — 3uPv — 3v* + 2K,v + 46,. (13)
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In [17], setting g5 = 1, it was shown that (13) has the special solution ds + 1 = 0, v = u,, and u
solves
Upy + BUty + u® — 2kou + 42 = 0. (14)

In this article we will generalize the above results. More precisely we will show that for each n,
the n-th member of the second Painlevé hierarchy (8) has a special solution 6,, + gn41 = 0, v = u,,
and u satisfies the n-th order equation

anrLg; + ﬁ)anH =0. (15)
1 n+1 1
Define a, 12 = — Z(bicn+2—i + QiGnio—i) + kngo, bpro = — = (bngi1o + Wy ), and
4 — 2
1 2y .
Cnt2 = =Cnila + i~aH+1. Then a,, o satisfies
2 wW
N 2u,
Ap420 = éwcn+2 + an+27 (16>
and (8) can be written as
bn+2 = 0, Apy2 — Kn+2 + 571 =0. (17)

Since u satisfies (15), the equation (17.a) is satisfied. Thus we only have to prove that equation
(17.b) is satisfied.
First of all we will use induction to show that

d /b; .

du, . .
Using (6) we find by = w, ¢; = — qf , and as = —u, + ko. Thus direct calculations show that

w
a9 = —21 <b72> —+ k?g.

dx \w
Assume that it is true for j =m, 2 <m <n — 1. Then using (6.b) we have

d byt d 1

(L) = g+ = (19)
By the induction hypothesis we have

d b,
A = —Qd—(—~) + kn,
gz 0 (20)

= —— (b + uby,) + ki,
w

Using (20) to substitute b,,, and using equation (5.a) to substitute a,, ., equation (19) yields

d byiy. 1 1
2 = —u(ay — ) + e, 21
de( = ) 2u(a k )+4wc (21)

Sy, ) .
Now equation (5.a) implies that 4a,11, = 2W¢nm41 + —bmy1. Using (6) to substitute b,,41 and
w

Cma1, we find
4,

4am+1,x = wcm,x - _~bm,x- (22>
w
Using w, = —uw, we find
d
— (W) = Wep e — UWC,. (23)
dx ’
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Using equation (5.a) to substitute a,, ., we get

d du,
— |2 — =2 — v . 24
da:[ W(am — k)] U (W — k) + u(Wey, + % brn) (24)

Thus equations (22-24) give

d 2
%[4am+1 - 2u<am - km) - blcm] = _2u:t[am - km + E(bm,w + me)] (25>

By the induction hypothesis (20), we see that the right hand side of equation (25) is zero and hence

1
A1 — km+1 = §u(am — km) -+ chm? (26)
where k11 is the constant of integration. Therefore (26) and (21) imply the result.

Following similar arguments we can show that

d /b,
Apy1 = —2%( £1> — Gn1T + ki1 (27)

and g /b
Upyo = —2%< 752> + Gny1 + Fngo. (28)

As the last step substituting b,.2 = 0 into (28), we have

An42 — kn+2 = On+1- (29>

Therefore (29) implies that, if §,, + g1 = 0, then (17.b) is satisfied and the proof is completed.

3 The fourth Painlevé hierarchy
We consider the following fourth Pianlevé hierarchy given in [13]

Ly, =2K, +ul, + g, — 20,
1 1 1
an:_Kn “9n — n2__2_Ln

(30)
where K,, = (K,,, L,,)T is defined recursively as follows:

K o] = Lyl + 3 g (1)

w= (o), Tu] = (u,u0)7, (31)
BiL; 1 [u] = ByL;[u],

B, — 0 0, B, 1 20, Opu — 02
1=\ao, 0 ) 272\ w0y + 0?2 w0, + 0w )
The fourth Painlevé hierarchy (30) can be obtained as the compatibility condition of the following
linear system of equations [16]

0 _
oN

o0

AN)D(N), % B(A)®(N), (32)



where

B v )

n+1

1 .
A= ANV (33)
In+1 jgo !
A0:—20'3, u = —%
W

The precise form of A;, 1 < j <n+ 1, can be found in [16].
Now we will use the linear system (32-33) to rewrite the hierarchy (30) in another form. Let

A= ( Zj b; > , 0 <j < n+1. Then the compatibility condition of the linear system (32) gives
Jg Y%

(% .
aj. =wc; +—b;, 0<j<n-—1,
Qp gz = WCy + _bn — Gn,

w

Qp4+1 = WChy1 + Ebn—‘rh

bj,a: = —2bj+1 —2 2UJCLJ', 0 S] S n, (34)
v .
Cjx = 2Cj41 — Eaja 0<j5<n,
bn+1,x = _Qwan+1>
2v
Cnt+lx = ——Apy1-
w

If n > 2, then equation (34) determines a;, b;, and ¢; recursively as follows

ap = —2, by =cy=0,

bj = —%bj_m—waj_l, lsjsn+l,
Cj = %Cj—l,x + %ajfl, 1 S ] S n+ 17
j—1
1 J
= (35)
1«
an = Z (bicn—i + aian—i) — gnT + kn’

1 1
An+1 = Z_l (bicn—i-l—i + aian—‘rl—i) + §gna1x + o, — égn

If n =1, then a; = —g,, as = —v+ a; — 3¢1, and bj, ¢; are given by (35). Moreover (34.g) can be
integrated to obtain the first integral

bn+1Cns1 + a?z—i—l = K, (36)

1
where K is a constant of integration. Let K = 1 (2. Then the fourth Painlevé hierarchy (30) can be

written as
bn+1,x + 2ujan—i—l = Oa

37
bn+1cn+1 = Zﬁg - a72—L+1- ( )



3.1 Special solutions of the fourth Painlevé hierarchy

The first member of the fourth Painlevé hierarchy (37) reads

Uy = 20 + u? + grru — 207,
B 1 1 5 15
= ut g T ) Al et )

(38)

Eliminating v between these equations and using the transformation y = u + ¢z, yields the PIV
equation [16]

2 2.2 2
Yo | 3 3 2 N oh
or = — + =y — 2 2(%=— — - —. 39
Yoo =1 QY — 200y + (T — oy % (39)
Equation (38) has the special solution (2a; + ¢1)* = 3%, v = x, and u solves the Riccati equation
Uy + u® + graeu — 204 = 0. (40)
Setting g = —2, which can be done without loss of generality, and using the linearizing transforma-

tion u = Fz’ (40) is transformed to the Weber-Hermit equation

U,o — 22U, — 201U = 0. (41)

In [17] it has been shown that the second member of the hierarchy (35, 37), with go = 1, has the
special solution 2a4+ 3+ 1 =0, v = u, and wu is a solution of the second Painlevé equation

Uze = —(Bu — ky)ug + u® + kyu® — 2zu+ B — 200+ 1 =0. (42)

As a generalization of the above results, we will prove that the fourth Pianlevé hierarchy (35, 37)
has the special solutions
(20, + gn>2 = 72“
v = Uy, (43)
bn—i—l,x + 2wan+1 = 0.

In order to prove that (43) is a solution of the hierarchy (37), we only have to prove that

1
bpii1Cni1 = 7155 - aiﬂ- (44)

As a first step, we will use induction to prove that

d /b; .
2u,
Using (35), one finds a; = ky, by = 2w, ¢; = — Y , Gy = —Uy + kg, by = w(u — k). Therefore
w
d /b
direct calculations show that ay — ky = o (—2>
x \w
Assume it is true for j = m, 2 < m < n — 2; that is, assume that
d /by,
b =~ ()
x \w (46)
= —— (b + uby,)

Uy . .
Then equation (34.a) implies that a1, = WCpmi1 + —bpmy1. Using (35) to substitute by, and
w

Cma1, we find
Uy
2a'm+1,x = WCnmx — Ebm,x (47)



Using w, = —uw we find

o (W) = Wz — UWCy,. (48)
Moreover (34.a) yields
L = k)] = 1 — o) + ey, + 22 (49)
m — hm )] = Ug\Um — ~m UWCm m-
7 lula ug(a ”
Thus (47-49) give
d[Q ( k)] [ k +1(b + uby,)] (50)
- - - - = —Ug|Qm — Km —\Um,z UOm, )|-
o 2amey —wem —ulam — ki u - (b,

The induction hypothesis (46) implies that the right hand side of (50) is zero and hence we get

1
T §[u(am — k) + wey). (51)
On the other hand (35) gives %bmﬂ = —ﬁbm,m — ay,. Using the induction hypothesis (46) to
substitute b,, ., we get
1 1 U
Cbir = —=[am — —buml. 2
wbm—H 2[am wbm] (5 )

Now differentiating (52) and using (34.a) to substitute a,,, and (46) to substitute b, ., we obtain

d (bm“) _ —%[u(am k) + wen]. (53)

dr\ w

Therefore (51) and (53) yield the result.
Using similar arguments we can prove that

d /b
ap + Gnx 7\ (54)
and i b
An4+1 — knJrl —gn = _@< 72_1> (55>
Since by11,, = —2wan41, (55) gives
U
An+1 + kn—i—l + gn = Ebn—i-l- (56)

The equation (34.c) implies ¢, = —z[wanﬂ,z — Uyzby1]. Using (56) to substitute a,1 we obtain
w

u d <bn+1

w

Cni1 = > Hence (55) gives

w dx
w
Unt1 = kg1 — gn = — - Cnt1- (57)

Therefore using (56) and (57) to substituting b,,1 and ¢,,1, we see that (44) is satisfied provided
that (2, + g,)? = (3%; and this completes the proof.



3.2 Relation between the second and fourth Painlevé hierarchies

In this subsection, we will show that the fourth Painlevé hierarchy (37) have special solutions in terms
of the second Painlevé hierarchy (8). Thus we will derive a relation between the second Painlevé
hierarchy (8) and the fourth Painlevé hierarchy (37).

Let w and v be solutions of the hierarchy (37) of order n = m + 1 such that a; = 0, 8,41 = 0 and
by+1 = 0. Then the equations (35) and (37) become

ag=—2, a1 =0, by=cop=0,
bj = _%bj—l,m — wa;-q, 1 S] S m + 2a
v
¢ = 3Cji—1az+ ST I<j<m+2
aj = — (biCj_i + CLZ'CLj_Z'> + /{Zj, 2 S j S m
13 (58)
1 m
Apy1 = 1 (biCmt1—i + QiQmt1-i) — Gmt17,
i=1
! ni:l(b + ) + !
Am = = iCm+2—i A;Am+2—4 Qm - 39m+1,
+2 1 - +2 +2 +1 29 +1
and
Ao = 0. (59)
Setting 2w = w and using a; = 0, then we have u = —w—f and equation (58) yields
W
a0:—2, a1:0, b():C():O,
bj :—%(bj,17x—ll~}aj,1), 1 S] §m+17
2v
CjZ%Cj—l,xﬂLEaj—l, I1<7<m+1,
i1
12 60
a; = Z_L Z(bicj,i + CLiCL];Z‘) + kj, 2 < j <m ( )
i=1
1 m
Amy1 = 1 Zl<bicm+1—i + AGmi1-i) — Gm+12.
Moreover, since a,,12 = b1 = 0, (58) gives
m+1 1
izl(bicm+2—i + aimio—;) + 4(Qmy1 — §9m+1) =0, (61)
berl,m = _'lDaerl-

Thus, v and v are solutions of the second Painlevé hierarchy (8) of order n = m and with parameter

5m = Qm41 — %gm—&—l-
Therefore we have shown that any n-th member of the fourth Painlevé hierarchy (37), n > 2, has
a special solution a; = 3, = 0 in terms of the (n — 1)-st member of the second Painlevé hierarchy

(8).
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