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The dispersion properties of guided waves in an anisotropic film sandwiched between a left-handed
material (LHM) and a dielectric are investigated in this work. Detailed mathematical derivation
of the dispersion relation is presented. Both the anisotropic guiding layer and the LHM are assumed
to be dispersive. Many interesting features have been found. The dispersion properties exhibit
a slight dependence on the parameters of the anisotropic guiding layer whereas they show
a significant change with any perturbation in some of the LHM layer parameters, especially for
w>5.2 GHz.

Keywords: slab waveguides, anisotropic media, left-handed materials.

1. Introduction

Artificial metamaterials have received much attention in the past few years [1-13].
The concept of such materials with simultaneous negative electric permittivity € and
magnetic permeability 4 in a certain frequency band was first investigated by
VESELAGO in 1968 [1]. In his paper, he predicted many unique electromagnetic
properties exhibited by these materials. The term left-handed materials (LHMs) have
been adopted for such materials for the left-handed orientation of the electric field,
magnetic field, and propagation phase constant. The phenomenon of negative index
of refraction was experimentally confirmed by using periodic arrays of split ring
resonators and wire strips in 2001 [4]. Since then, considerable work has been
conducted to understand the dispersion behavior of electromagnetic waves in slab
waveguide structures comprising LHM layers [14-24]. The surface polaritons excited
by a slab of dispersive LHM over a frequency band in the microwave range of several
GHz have been investigated [14]. The symmetric slab waveguide with a LHM guiding
layer has been studied and the dispersion properties of guided waves have been
investigated [15]. The asymmetric waveguide comprising a LHM guiding layer has
also been presented [16]. The dispersion properties of an anisotropic LHM core whose
permittivity tensor is partially negative have been analyzed [17]. The guided and
surface waves propagating along a slab waveguide structure with a LHM clad or
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substrate have been presented in details in many papers [18-21]. The reflected and
transmitted powers due to the interaction of electromagnetic waves with a LHM have
been introduced [22]. LIANGBIN HU and CHul have shown theoretically that under some
conditions the amplitude of the evanescent wave would be amplified exponentially
when it is transmitted through a slab of uniaxially anisotropic LHM [23]. The disper-
sion properties of guided modes in a metal-clad waveguide comprising a LHM guiding
layer have also been studied [24].

In this work, we analyze guided waves in an anisotropic slab guiding layer
surrounded from one side by a LHM that exhibits negative refractive index and from
the other side by a dielectric. The dispersion properties of the proposed structure are
investigated in a frequency band in which both £ and # of the LHM are negative
according to the Drude model. The dependence of the dispersion characteristics on
the LHM and anisotropic core parameters is presented.

2. Basic equations

The structure under consideration is shown in Fig. 1. The first layer is made of
LHM (& <0, ¢, <0). The second layer is made of anisotropic dispersive material
(&,> 0, 1, > 0). The third layer is assumed to be a non-dispersive regular dielectric.
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Fig. 1. Schematic diagram of anisotropic guiding layer surrounded by a LHM and dielectric.

The LHM is assumed to be a lossy material with electric and magnetic plasma
responses that provides the material with a relative electric permittivity and a relative
magnetic permeability obeying the Drude model,
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where @, and @, are the electric and magnetic plasma frequencies, the parameters 7,
and , account for the magnetic and electric losses, respectively, and F is the fractional
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area of the unit cell occupied by the split ring. The operating frequency band should
be chosen carefully to keep both & (®) and y,(w) negative.

The film is filled with anisotropic dispersive material. If we take the optical axis
of the guiding layer parallel to the interface, then the electric permittivity &,(®) and
magnetic permeability /,(®) tensors are given by

& (o)
§(w) = &,(w) (3)

£ (o)

u (@)
(o) = 1, (@) 4)

U (o)

We assume uniaxial anisotropy in which & = ¢, = £, and y, = u,, = 4, with the con-
ditions &, # € and u, # u,, then & and i, tensors can have the forms
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We have @,. # ®,, and ®,, # @,,. Besides, all of the components in the &, and
M, tensors are positive.

Under the time-harmonic dependence with exp(—iwt¢) for guided transverse
electric (TE) waves, the electric field has only one nonzero component which is
directed along y-direction. In the three regions, the electric field can be written as

E, = Aexp(al)exp(ikxx)&y (11)

E, = [Bexp(ik2zz)+ Cexp(fikzzz)]exp(ikxx)&y (12)

E;, = Dexp(—a3z)exp(ikxx)&y (13)
where

o = ko’\]Nz_glzul
= ko,/N2—83,u3

ky, = Jq,ula)z— k.

z

and a a, is a unit vector directed along y-direction, k, is the wave vector component in
X- dlrectlon ks, is the wave vector component in the transverse direction (z-direction)
in region 2 which can be either real or imaginary, k, is the free space wave number,
and N is effective refractive index of the propagating mode. In order to restrict
the waves to propagate within the slab, ¢; and &5 should be positive and real.

In case of TE-polarization, the non-vanishing magnetic field components are
H,and H,. They can be calculated using Maxwell’s relations which give

1

H, = " (ikx&Z—al&x)Aexp(alz)exp(ikxx) (14)

1 kx ~ k2
H, = — a f—a Bexp(ikyz)exp(ik,x) +

luz z IuJ_
+ likx . Ajc (—ik,z)exp (ik.x) (15)
— a —a CXP(—IKHZ)EX IK_X
o\, 7y )T PRI
H, = ia)l,u3 (ik&z+0{351x)Dexp(70{3z)exp(ikxx) (16)

where a_and a_ are unit vectors directed along x- and z-directions, respectively.
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Matching the boundary conditions at z=0 and z=d, we obtain the guidance
conditions with real transverse wave number k,, as follows

2

My Py — ke Joy gty phy + i ky Py
. 2 2 2

— ik p Py gl 1 Py 1 g

= tan(k,.d) 17)

where P, = ik, — oy — k, p,/u, and P, = ik, + ;.

Equation (17) is called the dispersion relation or characteristic equation for
TE polarization. For a given waveguide operating at a given wavelength, u,, i,, i3,
d, and A are known. The wave vector component in x-direction (k,) can be determined
from the dispersion relation. No analytic solution of this transcendental equation is
known. Numerical techniques must be applied to determine %,.

It is worth to consider some special cases that lead to some known dispersion
relations. If the guiding layer is isotropic dielectric medium, then g, = 1, = 1, and

Eq. (17) becomes

ky, opis 00y + by, ) 1, O

= tan(k,.d) (18)
2 P
ks, i1y — 0

Equation (18) is the well-known dispersion relation of three-layer asymmetric slab
waveguide structure [11, 21]. As a special case when the substrate and cladding are
identical media, Eq. (18) reduces to the dispersion relation of three-layer symmetric
waveguide structure which is given by

2k o
et Y Ve K U tan (k,.d ) (19)

Ko 1 — s
In case of TM polarization, the magnetic field is polarized along y-direction. In
this case, the electric field has only two nonzero components which are £, and E..
In a similar manner to TE case, the magnetic field in TM polarization is given by
Egs. (11)—(13) whereas the electric field is given by Eqs. (14)—(16) with each x; re-
placed by & Matching the tangential field components at the boundaries, the dispersion
relation is obtained as

2
£ &Py —k .k, € &+ €6k, P,

> > > = tan(k,.d) (20)
—ik £ &Py + £ EP, + £E.&

where P; =ik, — o4 — k& /€..
Equations (17) and (20) show that the dispersion relations of TE and TM polari-
zations are identical with each g; in the TE-relation replaced by & in TM-relation.
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3. Results and discussion

The solution of Eq. (16) can be found using numerical techniques to obtain the wave
vector component in x-direction k. Region 3 is considered to be a dielectric with
ny=1.57,&=(1 .57)? and M5 = 1. The frequency range is takentobe 4.1 < w < 5.9 1in
GHz in which our calculations showed that bothé, and g, are negative. The parameters
of the LHM are assumed to have the values @, =4 GHz, , = 10 GHz, F=0.56,
% =0.03w,, and 7,=0.03®, We choose the values of ®,,., @,,, and @,, so that
M., U, and & of the anisotropic medium are positive in the considered frequency
range. We first investigate the effect of the anisotropic guiding layer parameters on
the dispersion properties of the proposed structure. The frequency is changed from
4.1 GHz to 5.9 GHz in steps of 0.05 and the dispersion equation is solved for each
value. Figure 2 shows k, versus @ for different values of @,,. The parameters of
the anisotropic medium have the values @,,=2 GHz and @,,=3 GHz. Many
interesting features can be seen in Fig. 2. In the frequency range 4.1 < w < 5.2, a slight

4.0 4.4 4.8 5.2 5.6 6.0
o [GHZz]

Fig. 2. Dispersion curves of TE-polarized waves for different values of @,,. for @, = 4 GHz, @, = 10 GHz,
F=056, =0030, »%,=0030, =1, &=2465 (n;=157), d=1um, @,,=2GHz, and
@,, =3 GHz.

dependence of k, on wis observed. In this range, the k —w curve is almost a straight
line parallel to x-axis. For @, = 1 GHz, k, ranges between 2.64x107" to 3.6x10~7 in
this frequency range whereas it ranges between 0.7x1077 to 1.2x1077 for w,,, = 3 GHz.
After this frequency range (for @> 5.2 GHz), a sharp increase in &, is observed for
a small change in @. For example, for @, =1 GHz, k_grows from 2.64x107 to
17.7x1077 as @ increases from 5.2 GHz to 5.8 GHz. Moreover, for a given value of o,
k. exhibits a little enhancement as @,,, decreases. This means that smaller values of

@,,. correspond to higher confinement of the guided wave in the anisotropic guiding
layer.
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Fig. 3. Dispersion curves of TE-polarized waves for different values of @, for @, = 4 GHz, @, = 10 GHz,

F=056, 7,=0.03@, %,=003@, i4;=1, &=2465 (1;=1.57), d=1um, @,,=2GHz, and
®,, = 2.5 GHz.

The dispersion properties of TE guided waves for different values of ,, are shown
in Fig. 3. In this curve, &, is observed to be enhanced as @,, increases. This behavior
is opposed to that of k, with @,,.. Again, in the frequency range 4.1 < @ < 5.2, k, shows
a slight dependence on w. The sharp growth of &, is noticed when wexceeds 5.2 GHz.

In Figure 4, we plot the dispersion curves for different values of @,,,. The effect
of increasing @,,, is similar to that of increasing @,,. As @,,, or @,, increases, k, shows
a little enhancement for the same @. As can be seen from the three figures (2, 3, 4),
w,,. has the greatest impact on the dispersion properties. To illustrate this point,
we consider @= 5.75 GHz: Fig. 2 shows that Ak, = 3.91x107 as @,,. changes from 2
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Fig. 4. Dispersion curves of TE-polarized waves for different values of @,,, for @, = 4 GHz, @, = 10 GHz,
F=056, =003, 7%,=003w, @4=1, &=2465 (n;=157), d=1um, @, =3GHz, and

a,,, =2 GHz.
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Fig. 5. Dispersion curves of TE-polarized waves for different values of the guiding layer thickness
for @,=4GHz, @,=10GHz, F=0.56, % =0.030, 7,=0.03a@, =1, &=2465 (n3=157),
o,, =3 GHz, @,,=2 GHz, and @,,, = 2.5 GHz.

to 3, Fig. 3 shows that Ak, = 1.0x1077 as @,, changes from 2 to 3, and Fig. 4 shows
that Ak, = 1.12x107 as @,,, changes from 2 to 3. In general, Figs. 2-4 show a little
dependence of the dispersion properties on the parameters of the anisotropic guiding
layers. The effect of doubling @,,., @,,, or @,,, is not considerable on the dispersion
curves of the structure under study.

We investigate the dispersion properties for different thicknesses of the guiding
layer in Fig. 5. The variation of k, with @ for d =1, 100, 200 and 300 um shows that
the dependence of k, on the thickness is barely detectable for w<5.2 GHz. For
w> 5.2 GHz, the curves of k,—@split from each other for different thicknesses showing
a dependence on d. For constant @, k, shows a little enhancement when d decreases.

We now turn our attention to study the effect of the LHM parameters on dispersion
properties of the proposed structure. It is well-known that LHMs are not natural
materials. They are man-made multifunctional materials that gain their parameters
values from their geometry rather than inheriting them directly from the materials
they are composed of. Therefore, the parameters F, @,, @y Vo> and 7, can be adjusted
by a slight perturbation of the structure size. The values F=0.56, @,=4 GHz,
@, =10 GHz, 3,=0.03®,, and y, = 0.03@, are experimental values that have been
presented in many articles in the literature. In the following, we assume a slight per-
turbation of these values about their experimental values to investigate their effects on
the dispersion properties of the structure under study. Figure 6 shows a considerable
impact of ' on the dispersion curves for > 5.2 GHz. For = 5.9 GHz, k, is reduced
from 36.2x1077 to 15.3x1077 as F changes from 0.55 to 0.57 which is considered
a great change compared to that observed when the parameters of the anisotropic
medium were changed. Then decreasing F enhances considerably the propagation
constant of the waveguide structure.
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Fig. 6. Dispersion curves of TE-polarized waves for different values of F for @, =4 GHz, @, = 10 GHz,
d=1um, % =0.03®, 7%,=0.03w, =1, &=2465 (n;=157), w,,=3 GHz, ®,,=2 GHz, and
,.=2.5 GHz.
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Fig. 7. Dispersion curves of TE-polarized waves for different values of @, for ' =0.56, @, =10 GHz,
d=1um, 3 =0.030, ¥%,=0.03w, =1, &=2465 (n;=1.57), w,,=3 GHz, ®,,=2 GHz, and
@, =2.5 GHz.

The effect of @, on the dispersion properties is presented in Fig. 7. As the figure
reveals, when @, is increased, k, is reduced for the same w. For @ < 5.2 GHz, the effect
of w, is not significant. For @> 5.2 GHz, @, has a considerable effect on k,—® curves.
For w= 5.9, k, increases from 14x1077 to 38.8x1077 as @, decreases from 4.05 GHz
to 3.95 GHz. Figure 8 shows that @), has less impact on the dispersion properties than
that of @,. As can be seen from the figure, k, shows a little enhancement as @), increases.

We investigate the effects of }, and 7, on the dispersion curves in Figs. 9 and 10,
respectively. 7, and y, represent the magnetic and electric losses of the LHM layer.
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Fig. 11. Dispersion curves of TE- and TM-polarized waves for @, =4 GHz, @, =10 GHz, F'=0.56,
% =0.03@,, 3, =0.03®,, 3 =1, & = 2.465 (n; = 1.57), d = 1 um, @,,, =2 GHz, and @,, =3 GHz.

They are significant parameters since lossless LHM represent an ideal case which does
not exist in real designs. The two figures show that 3, has a much greater impact on
k.~ curves than 7,. Moreover, their effects on the dispersion curves are completely
different from each other. Parameter k. shows an enhancement with increasing ,
whereas it exhibits a little decrease with increasing .

It is worth to mention that the parameters F, @,, and ,, have much greater impact
on the dispersion properties of the proposed structure than @), and . This is simply
because we treat TE case in which the permeability has a larger weight than the per-
mittivity in the dispersion relation. The parameters F, @,, and , correspond to
the permeability of the LHM (see Eq. (2)) whereas @), and , correspond to the permit-
tivity of the LHM (see Eq. (1)). In a similar manner, we have found in Figs. 2—4 that
the parameters @,,. or @,,, have greater impact on the dispersion curves than @,,. This
can be attributed to the same reason, @, or @,, are the parameters constituting
the permeability of the anisotropic guiding layer (see Egs. (7) and (8)) whereas @,), is
related to the permittivity (see Eq. (10)).

Finally we investigate the TM-polarization case. As mentioned above, the dispersion
relations of both polarizations are similar to & replacing z; for TM case. The dispersion
properties of both polarizations are illustrated in Fig. 11. The two curves are very close
to each other with a slight enhancement in the propagation constant for TE case.

4. Conclusions

We have considered the dispersion properties of guided waves in a waveguide structure
comprising an anisotropic guiding layer sandwiched between a LHM and a dielectric.
The dispersion relation is determined by Eq. (17). The dispersion properties depen-
dence on the parameters of the LHM and the anisotropic film was investigated in de-
tails. We have considered the frequency range 4.1 < @< 5.9 in which both £and 4 of
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the LHM are negative. The dispersion of the LHM and the anisotropic material was
taken into account. The longitudinal wave vector component is studied in details with
the frequency of the guided light. We found that the dispersion properties show
an insignificant change with the variation of the parameters of the anisotropic film
whereas they exhibit a considerable dependence on some the LHM parameters.
Moreover, the parameters corresponding to the permeability of the LHM and the an-
isotropic medium have much greater impact on the dispersion curves than those
corresponding to the permittivity in case of TE polarization in which the permeability
has a larger weight than the permittivity in the dispersion relation.
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