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Abstract

Transformations that involve Fuchsian-type equation is used to obtain one-to-one corre-
spondence between the third, fourth, and fifth Pianlevé equations and certain second-order

fourth-degree Painlevé-type equations.
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I Introduction

Fokas and Ablowitz [1] developed an algorithmic method to investigating the transformation prop-
erties of the Pianlevé equations. However, certain second-order second-degree equations of Painlevé
type equations related to PIIT and PVI were also discussed. They used the transformation

- v/—i-(wz—l—bv—i-c’ (1.1)
dv? +ev+ f

where a, b, c,d, e, f are functions of z only. The transformation (1.1) is the only transformation that
is linear in v’ and preserves the Painlevé property. The method can be summarized as follows: Let

v be a solution of one of the Painlevé equations, which has the general form
V' = Py(v, 2) (V") + Pi(v, 2)v + Py(v, 2). (1.2)

Differentiating (1.1) and using (1.2) to replace v” and (1.1) to replace v’ one obtains a polynomial
in v,
Ap (W u, 2)0" + A (W u, 20" - A, 2)v + Ag(u s, 2) = 0. (1.3)

In [1] two types of transformations are considered:

(I) Find a, b, ¢, d, e, f so that (1.3) reduces to a linear equation for v. Then substituting v into

(1.1) yields a second-order first-degree Painlevé type equations for u.

(IT) Find a, b, ¢, d, e, f so that (1.3) reduces to a quadratic equation for v. Then substituting v

into (1.1) yields a second-order second-degree Painlevé type equations for w.

Gordoa and Pickering [2], introduced a new type. Namely, find a, b, ¢, d, e, f so that (1.3)

reduces to a polynomial of degree m > 2 for v
B, 0" 4 By 0™+ ...+ Biv+ By =0. (1.4)

Then (1.1) and the derivative of (1.4) are used first to obtain the corresponding inverse transformation
for v as rational function of u, u' and u”, and second to obtain the corresponding second-order
differential equation for u of degree > 2.

A generalization of the algorithm of Fokas an Ablowitiz so that it can be applied to equations of
order > 2 is given in [3].

As an extension to the method of Fokas and Ablowitz, one may replace (1.1) by transformation
of the form

(V)% + (a2v? + a1v + ap)v + byv? + b3v® + bov? + byv + by

_ 1.5
Y (CQU2 + c1v + Co)U/ + d4U4 + dg’U3 + d2U2 + d1U + d() ’ ( )
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where aj, by, ¢, di, 7 =0,1,2,k = 0,1,2,3,4 are functions of z. Let A, := cju — a;, By := dyu — by,
j =012,k = 0,1,2,3,4. Then the transformation (1.5) preserves the Painlevé property if the
equation

(v')? = (Aqv® + Ayv + Ag)v' + Byv* + Bsv® + Byv? 4+ B + By, (1.6)

is of Painlevé type. To be more specific, let
F(v) := =[fsv* + f3v® + fov® + fiv + fo, (1.7)

where
fi=4B,+ A3,  f3=2(2Bs+ A1 A,),

fo=4By + A2 + 24 A,, (1.8)
fl = 2(231 + A0A1), fo =4By + Ag

It is known that when F'(v) # 0, there are unique monic polynomials Fj(v), Fy(v) such that
F(v) = A(z)Fi () [F2(v)]*, (1.9)

where A(z) is an analytic function and F(v) has no multiple roots. Then equation (1.6) is of Painlevé

type if it satisfies the following conditions [4]

. - OF: oF
i) Fi(v) divides Gy (v) := —(Ayv® + Ajv + Ao)a—v1 - 237;,
i) f2=0and f3 # 0 imply A, =0, (1.10)
ZZZ) f4 = f3 = f2 =0 and f1 7£ 0 1mply AQ =0.
In particular, if
oF oF
= — (A + A+ Ag)— —2— = 1.11
G(U) ( 2V + A1v + 0) o 92 0, ( )

then (1.6) is of Painlevé type.

In [5], the transformation (1.5) is used to obtain one-to-one correspondence between solutions
v of PI-PVI equations and solutions u of certain second-order second-degree equations of Pianlevé
type.

In [6], the transformation (1.5), with the constraint G(v) = 0, is used to obtain one-to-one
correspondence between solutions v of PI-PIV equations and solutions u of certain second-order
fourth-degree equations of Pianlevé type. It turns out that PV and PVI does not have transformation
of this type.

In this article, we will use the transformation (1.5) subject to the condition F'(v) has no multiple

root. This is a generalization of the condition G(v) = 0 which we used in [6]. To see this, assume that
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F(v) has no multiple root. Then, to write F'(v) in the form of (1.9), we have to take F(v) = A(lz)F(v)
and Fy(v) = 1. Thus the condition ¢) of (1.10) is satisfied if and only if F'(v) divides G(v).

To obtain the second-order fourth-degree equation and the one-to-one correspondence, we proceed
as follows: Let v(z) be a solution of one of the Painlevé equations, which has the general form (1.2),

and let u(z) be given by the transformation (1.5). Differentiating the equation (1.6), one obtains

10F 1
[20 — (Aqv® + Ajv + Ag)][2v" — (2490 + AV + 4881} — (Ah? + A + A))] = ZG(’U). (1.12)

Since F'(v) divides G(v), there exists a polynomial E(v) = e;v + ¢ such that G(v) = E(v)F(v). But
equation (1.6) implies that F'(v) = —[20" — (Ayv* + Ajv + Ap)]?. Hence equation (1.12) becomes

1 10F 1
0" = [QAQ'U + Al — §E('U)]Ul - 4881} + ZE(U)(AQUQ + A1U + Ao) + (A/2U2 + Allv + Ai)) (113>

Now using (1.2) to replace v” and (1.6) to replace (v')?* equation (1.13) gives

v + U =0, (1.14)

where
® =2P, — 2450+ Ay — $E(v)] + 2P5(Ax0? + Ajv + Ay),
U = 2P, (Byv* + B3v® + Bov? + Biv + By) + 411885 + 2P, (1.15)
— (Ay? + Ajv + A)) — 1E(v)(Av? + Ajv + Ap).
Now the aim is to choose a;, b, c; and dj, so that ® and ¥ are identically zero and the constrained

G(v) = E(v)F(v) is reduced to a quadratic equation for v,
A u, 2)v* + B/ u, 2)v + C(u', u, z) = 0. (1.16)

Then, it is up to solve the equation (1.16) for v and substituting into equation (1.6) one obtains
second-order fourth-degree Painlevé-type equations for w.

In this work, we will apply the procedure described above to the third, fourth, and fifth Painlevé
equations. It turns out that while the fifth Painlevé equations admits two transformations of this type,
the sixth Painlevé equation admits only one transformation. We will show that these transformations
breaks downs if and only if the Pianlevé equation has one-parameter family of solutions characterized
by first-order second-degree differential equations.

One can may look for transformations so that the constrained G(v) = E(v)F(v) reduces to a
polynomial of degree m > 2 for v and obtain one-to-one correspondence between a given Painlevé
equation and second-order Painlevé-type equations of degree > 4. Moreover one may applied the

method to higher order equations.
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Throughout this article " denotes the derivative with respect to z and "denotes the derivative with

respect to x.

II Painlevé III equation
In this section, we will apply the method to the third Painlevé equation, PIII,

1 1 )
v = () — v+ + (o + B) + - (2.1)
v 2 2 v

For PIIL, P, =1, P, = —1 and Py = yv® + L(av? + B) + 2. Thus using (1.15) we find

1 2 1
o = 5611;2 + (A — = — 560)’0 + 2A,. (2.2)
z

Setting ® = 0, we obtain Ag =e; =0, eg = % — 2A;. Now ¥ becomes

2p

2 1
U =20y — By + (70‘ = By)o® — (A + A0 + (By + ) +2(By + 6). (2.3)

Setting ¥ = 0, we obtain

k 1
Alzia B4:7_7A§7 BS
z 2 z z z

If dy = 0, then the transformation (1.7) becomes undefined. Thus we should take ds # 0 and hence

without loss of generality we may set By = %
z

The equation G(v) = E(v)F(v) is a fifth degree polynomial in v

sigmasv® + o0 + 030° + 090* + 010 + 09 = 0, (2.5)
where g
05 = 4Ay(4y — A2), o4= ;[(7 — AD)(k +2) + 3aAy — 224, A%,
8
o3 = ?[Agu — (k+1)Ay + alk +2) — zAy(k + 3) — 22AY)], (2.6)
8 8 860
0'2:?[’21/—52142]7 01:?(1{:—2), 00:?(11‘—2).

IIT Painlevé V equation

In this section, we will consider the fifth Painlevé equation, PV,

L, 3u—1 1

B o Blv—1)> ~ dv(v+1)
v —m(v) - v ——t+ v+ —.

o
’—i—;v(v—lf—i— 5

220 z v—1
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For PV, ® reads
3 4 2 4
b = (61 -+ 2A2)U -+ (2A2 + 4A1 — ; — e+ 60)’(} —+ (6A0 — €9+ ;)U — 2A0 (32)
Setting ® = 0, we obtain Ay =0, Ay = —As, eg = % and e; = —2A4,5. Now W reads

U =% — By — §A30° + [3By + 3 A5 — % — Ay — 1A)0"
+ [By + 285 + 245 + 24, — A2+ 2(3a + B) + 2 + 20)0°
+[2B1 + By — Ay — 2A; + L A2 — Z(a+3B) — & + 26]0?

+3[Bo + i—f]v — [Bo + if’f]

(3.3)

If we require ¥ = 0 identically, we obtain

2k
A2:77 B4:

‘1 3
195;,:—5[}32—*,4134r = .

1 I, (2a+68) 2y
312_5[32_}_5142_7_7—’—25]7

200 1
2 §A§7 By =——

Gat26) 2y, 20], (3.4)

where £ is an arbitrary constant. It is clear that dy # 0 and hence with out loss of generality we take

2
B, = —Z Now the equation G(v) = E(v)F(v) is a fourth degree polynomial in v,
z

ot + o30° + 090 + 010 + 0 = 0, (3.5)

where
o4 =2k(2a — k?), o3 = —k[lu+ 02>+ vz + B8+ 1la — 5k?],

oy = —[zu — 3ku — (3k — 2)82% — (3k — 1)yz — 3k(B + 3a — k)],
o1 =220 — 3ku + k(62 — vz — 38 — a — k?),
oo = —z[2t/ —ku — (k —2)02% + (k — 1)yz — k(8 — a + k?)].

(3.6)

We should consider the two cases o4 = 0 and o4 # 0.

Case(1) 04 = 0:

If k # 0, then we have fy =0, f3 = —[4du + %(12& +48 + k?) + 477 + 40] # 0 and hence k = 0 (see
the conditions (1.10)) which is a contradiction. Therefore, we must have & = 0. With this choice,

we have o3 = 0 and (3.5) reduces to the following quadratic equation for v
(v + 282 +7)v* — 2u'v +u' + 202 — vy = 0. (3.7)
The transformation (1.5) reads

2(V)? = 200" — (u+ 02 + vz + 3a + B)v® + 2uv® — (u+ 82 — vz — a — 3B)v — 20. (3.8)
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Assume that 6 # 0 and let u = —3d[y+ 2 — (r —1)*zInz], z = /z, where r = 25?/_ + 1. Then y(x)
x
satisfies the following second-order fourth-degree equation
427 + 2029° — Qi)Y — Qa(y)g]* = yl4a”(r — 1)ij + Qs(y)d]’, (3.9)
where
Q1(y) = %5[ —xlnz(r—1)* 4+ 2(6r* — 17r + 12)] + 3(a — ),
Qa2(y) = t{orl(r = 2y — wna(r — 2)(r — 1) + x(r — 1)(3r? — 9r + 8)] (3.10)
— 8a(r — 1)2 4+ 2a(3r2 — 10r + 8) — 28r(3r — 2)}, '
Qs(y) = 30(r — Dy — (r —1)?zInz + z(4r* — 8r + 3)] + a(3r — 5) — B(3r — 1).
If § =0, then equation (3.7), after dividing it by v — 1, gives
(W +7y)v—(u—~)=0. (3.11)
Moreover, equation (3.8) becomes
2(0)? = 2av* — (u+ vz + 3a + B)v* + 2uv® — (u — vz — a — 3B)v — 26. (3.12)

If v = 0, then one get the trivial solution v(z;«, 3,0,0) = 1 of PV. If v # 0, then solving equation
(3.11) for v and substituting in equation (3.12), we obtain the following second-order second-degree

equation for y = —1(u — 33 + 3a)
Py = A (2 —y) + M=y =)+ da(zy —y) + Ay + Ay (3.13)

where

1 1
A =0, M= Zyz, A3 ="v(a+p), M= ZyQ(a — B). (3.14)

The equation (3.13) was first obtained in [7] and labeled as SD-I.b and solved in terms of the third
Painlevé equation, PIII. Equation (3.13) and its solution in terms of PIII were rederived in [5].
Case(2) g4 # 0:

In this case, we write (3.5) as
(v* 4+ gv + h)(Av* + By + C) = 0, (3.15)

where g and h are functions of z. To achieve this factorization, we should take ¥ = h = 1 and

g = —2. The equation Av? + Bv + C' = 0 reads

2uv? — [u+ 622 +v2+B+3a—1|v— [zt —u+02>—B+a—1]=0, (3.16)
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where p = 2ac — 1 and the transformation (1.6) becomes
(20 —v(v—1)]? = pv*— (u+82°+y2+3a+B—1)v* +(2u+1)v* — (u+62° —yz—a—3F+1)v—25. (3.17)

1
Assume that p # 0 and let y = — (u + 62* + vz + B+ 3a — 1) and # = % In z. Then y(z) satisfies
4 2

the following second-order fourth-degree equation

{li =263y = 1)j — 42y — 1)(y — 1)
— 4+ (y — DA — DB + (v — D72 = 2Qu)5 + (y — 1) — Q) } =

16[g+ (y — DA [y + 2(y — 1)(2y — V][ — 23y — Dy — 4(2y — 1)(y — 1)?] 1)
— A+ (g - Q)
where
p1=2(yz+ 28+ p),
P2 =28+ 3+ 2vz + 2622,
Qi(y) = 3(4p + 1)y* — 4(4p + Dy +2p2 + 1, (3.19)
Q2(y) = 3(4p + 3)y" — 8(4p + 3)y* + 2(2pa + 8y + 11)y?
—4(pr +2)y + (B8 +1),
Qs(y) = 8uy® — 16y + 2(p2 + 2p)y — 1.
When g = 0, then equation (3.16) and (3.17) become

(u—|—522+7z+6—|—;)v+(zu’—u+5z2—ﬁ—;):0 (3.20)

and
1
[0 —v(w =1 = —(u+62°+yz+ B+ ;)1)3 + (2u+1)v? — (u+62° —yz — 36+ §)U —20 (3.21)

respectively. Solving equation (3.20) for v and substituting in (3.21) we get the second-order second-

degree equation (3.13) for y = —£(2u + 202% + 653 + 1) with

1 1
A =—20, A= 1(72 +830), Xa=py, M= —15(72 +2036). (3.22)

The transformation (3.20) breaks down if and only if u = —(62? + vz + 8+ 3). In this case, the

transformation (3.21) reduce to the following first-order second-degree equation for v
(20" —v(v — 1)) = =2(02% + vz + B)v* + 2(vz + 2B)v — 26. (3.23)

Therefore, if a = %, then PV has a one-parameter family of solutions characterized by equation

(3.23).
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