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ABSTRACT
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Hamilton-Jacobi Quantization Of Continuous Systems ...

INTRODUCTION:

The study of singular systems has reached a great status in physics, since
the development of the Hamiltonian formulation by Dirac [1,2]. The
theories with higher order singular Lagrangian have been developed by
Ostrogradskii [3].

Hamilton-Jacobi approach was developed to study singular first order
systems [4-7]. The generalization of the Hamilton-Jacobi approach for
higher-order singular system was developed in Refs.[8,9]. The quantization
of second-order Lagrangian was discussed by Muslih [10]. In Ref. [11], the
higher order effective lagrangian was reduced to a first-order one.

The main idea of this work is to apply Hamilton-Jacobi approach to the
reduction form of the higher order lagrangian density. The higher order
regular Lagrangian was treated as first-order singular Lagrangian for
discrete system [12,13].

First, begin with second order Lagrangian density L(¢,aﬂl¢,aﬂlaﬂz¢),
and convert it to first order singular Lagrangian by introducing Z , =0, ¢,
andthen 4, =2, -0,4.

The new form of the Lagrangian density is written as
L(¢.0,0.0,0,4)=L,(82,.0,2,)+4,(Z,-0,4). ()
To construct the corresponding Hamiltonian density, let us define the

momenta

-

o) X
oA

P = 0(0,2,) - 0(0,2,) ®)

Therefore, the canonical Hamiltonian density is

H=2,P, +(0,Z,)P...~L(42,.0,2Z,) (4)
The Hamilton's equations of motion are

o _oH _, ©)
ox, o, "

Gy M 5, ©)
ox, ok, . o
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P, oH _aL

— —_ 0 y 7
X, op O¢ ()
oP
Moty oH — 6\Lo —Pﬂ. (8)

6)( H az H az H '
One can solve eqs(5-8) simultaneously and get

aLO - aﬂl aLO + aﬂlaﬂz L - 0’ (9)
a¢ a(aﬂ1¢) a(aﬂlaﬂz¢)

which is the equation of motion with second order Lagrangian.
Similarly, for the third order Lagrangian density

L(¢.0,0.0,0,¢.0,0,0,¢)after converting it to first order singular
Lagrangian by introducing

z,=0,64,=(2,-0,4), (10)
Z,=0,0,0=0,2,.4,,=(2,,-0,0,8). (11)

The new form of the Lagrangian density is written as
L (¢’ 8/11¢’ a/ﬁ aﬂz¢’ a/ﬁ aﬂz a/13¢) - LO (¢’ Z Iz Z Hato ’aﬂsz Ha )
+A,, (Zul _aﬂ1¢)+/1ﬂlvﬂ2 (Zﬂlvﬂz _aﬂzzﬂl)' (12)

One can make the Legender transformation and determine the
corresponding canonical Hamiltonian density of (12), and get

H = Z M Pﬂl + Z P + (aﬂs Z Hii M ) Pﬂlvﬂz»%

Mty ot
_LO (¢'Zlﬁ’zﬂ1vﬂ2’aﬂ3zﬂ1vﬂz ) (13)
The corresponding Hamilton's equations of motion can be written as

¢ _H _, )
dx " aPﬂ1 !
dz

- = ai =7 ot ? (15)
dX Ha apﬂp#z
dz

an o M 5,7, (16)

dX H3 apﬂl:#zx#e, o

P, oH _dL, | an
dx op  0Of

M
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dP/ﬁvﬂz aH aL

B BN (19
dx 1 0L “ oz 4 '
dpP
Mottty oH = aLO o P#M‘z ) (19)
dx H 0L iy oz Fartiy

One can solve (14-19) simultaneously, and get the equation of motion

oL, oL, oL,

o¢ O {a(am)] +0uC [a(aﬂlaﬂzgﬁ)J
oL, ~

-0,0,0, [WJ -0. (20)

Therefore, the equation of motion of higher-order Lagrangian density, with
order n takes the form

aLO_ oL, vt (=1)" 8 ... —6L° =
o6 aﬂl[a(am)} +( l) 0, a“"(a(aﬂl---a#n;»)J 0. (21)

Hamilton-Jacobi Method:
The higher order Lagrangian density can be reduced to first order singular
Lagrangian density according to sec. (1)

L(¢.0,0.0,0,.$0,0,0,8....0, 0, )=
L (82,2, 00,2, )+ A (2, —0,8)++

/I,Upunﬂn (Z Moty aﬂn Z 7 ) (22)
The canonical momenta of the Lagrangian density (22) reads as
oL
P = =—A , (23)
H a (aﬂ1¢) H
oL
P, . =——=-4,,, (24)
Hypp a(aﬂzz#) HyHz
oL :
=—=-1 , (25):
5 g5 M3 o (8#3 7 " ) My Hy
oL
= = _i/lqv--u“n y (26)

Pt a(ayﬂz

My Mg )
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oL
N P (27)
( Hn = Hysee sy )
Therefore, the canonical Hamiltonian density can be written as

H=z2zP, +2, P, ++Z, P

Hity ooty Moty
Lo (A2 Z o Zi 0020 ) (28)
The set of Hamilton-Jacobi Partial Differential Equations are [9-11]
H =P +H_=0, (29)
H, =P, +4, =0, (30)
H..,, =P, 4., ~0 (31)
e =P # A, =0, (32)
H v =P T4, =0, (33)
Hi vt =P, =0 (34)

The equations of motion are
o(P, +H,) (P, +4,)

W= et k., 99
i A
T N R Y
oP, : oP,
o(P
A
dz :6(POI’D+I_|”‘)dx0{Jra(zv1 ﬂvl)d¢+
o ko My
(P... +ﬂum)|P @ +m+5( e T A )dZV v
P, — whwe P s o
+ag% wday 30):
My ko
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a(Pa+Ha) a(P"l—’_ﬂ"l)
dZMM# . =————=dx, + do+
' apﬂlp--,un aplﬁw-vﬂn
Porin)y Pty
P, ' P, ., prn
(P, ..)
P di, ., (37)
dP :_a(Pa+Ha) _a(P"l 1) _ ( 12 1 Z)dz
# o¢ “ o¢ o¢
- ap, 6;11 )le - (ngﬂ)dﬂﬂl e
- :_a(Pg;Ha)d a_a(F;VIZ+41)d¢_ ( 1522 ”)dZ
M H #
B OZM oz —a(F;“Z“' )dﬁy W (39
7 H
o, =2ty APty o),
. azll’lvﬂz ’ azﬂlvﬂz 0 Zor -
Py s + A ) (P, .. .
i\ )4z S L da (40)
iz azﬂwtz et
dpP :_a(Pa+Ha) _a(P"l il) _8( 12 12)dz
et azﬂlwun,l ‘ azmy-- 1Hn 1 azlﬁv“-vﬂn—l
Py s + A ) (P, ..
S T g D)
op, L)y ) R )y
Ly e b Ly e b Uy e
Py s + A ) (P, ..)
——— o1, . dz, . - o1, dA, .. (42)

The equations (35-42) are reduced to
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dg=2,dx (43)
dz m o Z /ﬁvﬂzdx ! (44)
dZ it = Z #1x/lzv/13dx Hy! (45)
dz sy = (a/un Z s My )dX ! (46)
oL,
dP, = o4 X o (47)
oL
dP '2: 0 _Pll dX ) (48)
K (az " 2 J M,
oL
dP ooy = —O_le,..., 11 dX ! (49)
H H [az ot s K K J H
dPﬂ1v-~-xﬂn+1 = O (50)

The equations (43-50) are integrable if and only if the integrability
conditions are satisfied. That is the variation of relations (29-34)
respectively are

dH/ =dP,+dH_~0 (51)
dH) =dP, +d 4, ~0, (52)
dH,,, =dP, , +d4, , ~0, (53)
dH \;1,...,1/“,1 = dl:)v1 ..... Vna +d j’vl,...,vn,l ~ 0’ (54)
dH 1:1,.4.,vn = dpvl,...,vn +d ﬂ’vl,4.4,vn ~ 0' (55)
dH 1/’1,A..,vn+l = dPVl,.A.,vnA ~ O (56)

Relations (41-56) are satisfied under the following conditions:
d—/lv _ Lo, (57)
dx, o0¢

d P :—6L°+P, (58)

1

dX " V1.V2 az "1
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d , p %k (59)
dX v 1 n-1 10--Vn-2 82 S
. (60)
dxvn Lree Vi Lo Vil aZVl“ o

oL
P - % 61
o =5 (61

Solving (43-50) simultaneously, one obtain

8"0—5, Oy | 5o [0 ], .,
8¢ H azﬂl M 82#1‘/12

n oL
(-1) al--.an{—o Jzo, (62)
8 8 82 Mo Mng
OR
oL oL oL
-0, < |+0,0, | —/—— |+ +
a¢ ll[a(aﬂl¢)} M lz[a(aﬂlaﬂz¢)\}
n oL
N"o 0 | —To | 63
12, ““[a(aﬂl...aﬂngb)J (©9)

which is the same form of (21).

An example:
As an example, let us consider the effective Lagragian [11]

L, =L, +¢L, =%(aﬂ(p)(6”¢)—%M 2
+¢l, ((p,@”(o,...,ﬁ’“ -~-8”“(p), (64)

where L, represents a free-massive Klein-Gordon theory and L, contains

the effective interactions which depends on the derivatives of the scalar
fields up to order (n). These interaction are governed by the coupling
constant with £ 1.

To convert the higher order Interaction Lagrangian density to first-order, let

74 =0 pat =71 0", (65)
Z sty 6#16#2(0 — aﬂzz H , al‘lvllz — Z Moty a/‘zz Hl’ (66)
Z Mooy 6#32 J2Ry27) ,a/hv#z!#a — Z Moty a#az ZRy2) , (67)
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Z Hroth = Of 7 Hrothey pfenth — 7 Mt Qb 7 Mk (68)
Therefore, the new first order singular Lagrangian density takes the form

L g Z%(Gvfﬂgw)(a”q))—%M 07 ey (@27, 21, Z )
+eat (Z t _aﬂl¢))+,,,+8ayl,...,yn (Z ot _ pti7 ,ul,.“,,un,l), (69)

where g, =diag (+1,-1,-1,—1), the metric tensor.
The canonical momenta are

P'al _ al—eff — 6”1(0—8a#1, (70)
a(8ﬂ1(p)
T - (72)
a(aﬂzz #1)
Ptz — aL@ff — _gaﬂlv/‘Zvﬂa , (72)
8(8”32 ﬂlxﬂz)
F) Hyveonbly aLeff — —ga”l‘“'"‘" 1 (73)
a(aun 7 sk )
Hyeeonil — aLeff — O. (74)

a(aun ot )
Thus, the canonical Hamiltonian density is

H =—%(5”1(p)(8#1(0)+%|\/| 20 + Z P p Z P oy

Zietn Pt — gl (9,214,210 Z i), (75)
The set of Hamilton-Jacobi Partial Differential Equations are
H“=P“+H"=0, (76)
H" =P*+ea™ -0"p=0, (77)
H ke = Pt 4 gttt =, (78):
H "t = P farth 4 ottt =, (79)
H "t = pAaetia = (), (80)
The equations of motion are
dp=27"dx", (81)
dz " =Z " dx “, (82)
dz At = Z Mty s (83):
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dZ Hypeobing Z /11v~~~uundx Hn , (84)
dZ Hypeobly (aﬂnz M v My )dx Hn , (85)
dP“ = gaL—O'—M 2p [dx “, (86)
op v
dp “e :|:a#1¢+gslz_0/|41 _P!ﬁ}dx =3 (87):
dP Haeoblona [8%_ P e :|dX ,un—l’ (88)
dp vt =|:g%_|3ﬂim.,ﬂnl}dx s (89)
dP vt — (). (90)

These equations are integrable if and only if the variations of (76-80)
vanish

dH " =dP“ +dH * =0, (1)
dH " =dH “ +sd @ —d (8%¢) =0, (%2)
dH " =dP % + od @ =0, (93):
dH et = (P At 4 od gt = Q) (94)
e e g (95)

The equation (91) vanishes identically, but the equations (92-95) are
vanish under the following conditions

da”1=—l gaL—O'—M z(p dx “ —Z “tady 2 |, (96)
& op
, 1 oL, . :
d otk ZZ{pﬂi_(aM(p)_gaz_)ﬁ}dx o 97):
d ot = E P Heota —aLOl dx “ (98)
c 82 Moo lnq !

One can solve (81-90) simultaneously to obtain

M 2(/)+8”16M(p—5 oLy -0, oLy +
op 8(6”%0)
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oL

(-1)" o -0 (MH =0. (100)

This result is in agreement with the results obtained in Ref. [3].

CONCLUSION:

In this paper, we have studied the Hamilton-Jacobi method for higher
order Lagrangian density by treating them as first order Lagrangians with
constraints. This gives equation (63) which agrees with the result obtained
in equation (21). The effective higher-order Lagrangian [9] was studied as
an example.
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