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Abstract

We show that the representation dimension of the following classes of algebras is at m
(a) Artin algebrasA such that the functor HomA(D(A),−) has finite length (or dually, HomA(−,A)

has finite length). These algebras coincide with the right (left) glued algebras, as introdu
[I. Assem, F.U. Coelho, J. Pure Appl. Algebra 96 (3) (1994) 225]; and (b) Trivial extensio
iterated tilted algebras.
 2004 Elsevier Inc. All rights reserved.
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The concept of representation dimension of an Artin algebraA denoted by rep.dimA,
was introduced by M. Auslander [3] in the early 70s in an attempt to, paraphrasing
give a reasonable way of measuring how far A is from being representation-finite(see
Section 1 below for the appropriate definitions).

For some time, this notion stayed apart from the main lines of investigation in
representation theory of algebras. Recently, its interest has revived, and many interes
connections have been established with different problems in representation theory,
as with other areas. For details see, for instance, [5,8–10,12,13].

It has been shown by Auslander that an algebraA is representation-finite if and only
rep.dimA � 2. On the other hand, O. Iyama proved in [9] that the representation dime
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of an Artin algebra is always finite, using the relationship with quasihereditary alge
An interesting connection with the finitistic dimension conjecture follows from the wo
Igusa and Todorov in [8], and is given by the fact that if an Artin algebra has represen
dimension at most three, then its finitistic dimension is finite.

The purpose of the present work is to calculate the representation dimension fo
classes of algebras. We will show, for instance, that it is at most three for the follo
algebras:

(a) Artin algebrasA such that the functor HomA(D(A),−) has finite length (or dually
HomA(−,A) has finite length). These algebras coincide with the right (left) g
algebras, as introduced in [1]. The class of right glued algebras includes a
hereditary algebras as well as all tilted algebras with complete slices in
preinjective components.

(b) Trivial extensions of iterated tilted algebras.

For that, we shall prove a criterion which appears implicitly in the works of Ausla
[3] and Xi [12]. Also, as a consequence of this criterion, we get a better insig
the relations between the representation dimension of an algebra which is a on
extensionB[M] of an algebraB, and the representation dimension ofB itself. This extends
some results of [12].

This paper is organized as follows. In the first section, after recalling some prelim
notions needed along the work, we state and prove the above mentioned criterion. S
2 and 3 deal with the calculation of the representation dimension of the algebras men
in (a) and (b) above, while in Section 4, we show some results concerning one
extension algebras.

1. Preliminaries

1.1. Throughout this paper, all our algebras are Artin algebras. For an algebraA, we
denote by modA its category of finitely generated leftA-modules and by indA a full
subcategory of modA having as objects a full set of representatives of the isomorp
classes of the indecomposableA-modules. Also, givenM ∈ modA, we denote by addM
the full subcategory of modA having as objects the direct sums of indecompos
summands ofM. We denote by pdA M (or idAM) the projective dimension (or injectiv
dimension, respectively) ofM. Finally, we denote by gl.dimA the global dimension ofA,
that is, the supremum of the projective dimensions of modules in modA.

We recall that anA-moduleM is agenerator(or acogenerator)for modA provided
for eachX ∈ modA, there exists an epimorphismM ′ → X (or a monomorphismX → M ′)
with M ′ ∈ addM.

For unexplained notions and facts needed on modA we refer the reader to [4].

1.2. The notion of representation dimension of an algebra was introduced in [
Auslander. We refer to this work for the original definition. For us, it will be m
convenient to use the following characterization, also proven in [3].
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Definition. The representation dimensionof an Artin algebra is the number rep.dimA =
inf{gl.dim(EndA M):M is a generator–cogenerator of modA}.

1.3. The first aim is to show a criterion for the calculation of the representa
dimension of an algebra. From now on,A will denote an Artin algebra, and letC be a full
subcategory of modA. We recall that a mapf :C → M is called a rightC-approximation
of the A-moduleM if C is in C and the sequence(−,C) → (−,M) → 0 is exact inC.
Moreover, we will say that an exact sequence

0 → Cr
fr−→ · · · f2−→ C1

f1−→ M → 0

is aC-approximation resolution ofM if Ci is in C for all i and the sequence

0 → (−,Cr)
(−,fr )−−−−→ · · · (−,f2)−−−−→ (−,C1)

(−,f1)−−−−→ (−,M) → 0

is exact inC. We say thatr is thelength of the resolution.

Definition. An A-moduleX is said to have ther-resolution propertyif eachA-moduleM

has an addX-approximation resolution of lengthr.

Remarks. (a) The condition of the above definition can be replaced by a similar
holding for indecomposable modulesM.

(b) Clearly, the modules in addX always have an addX-approximation resolution o
length 1.

(c) Given a moduleM in a subcategoryC, one can, dually, define aleft C-approximation
of M, and aC-approximation coresolution ofM. Also, one can look at the notion ofr-
coresolution property.

1.4. Examples. (a) Let A be a representation-finite algebra, and letM1,M2, . . . ,Ms be
a set of representatives of all isoclasses of indecomposableA-modules. Clearly,X =
M1 ⊕ · · · ⊕ Ms has the 1-resolution property, since addX = modA. It is also not difficult
to see that if an algebraA has a moduleM satisfying the 1-resolution property, thenA is
representation-finite, and addM = modA.

(b) Let H be a non-semisimple hereditary algebra and letX = H ⊕ D(H). We show
that suchX has the 2-resolution property. LetM be an indecomposableH -module not in
addX, and consider the minimal projective resolution 0→ P1 → P0 → M → 0 of M.
Clearly, HomH(H ⊕D(H),M) = HomH(H,M) becauseM is not in addX and therefore
is not injective, so the sequence

0 → (
H ⊕ D(H),P1

) → (
H ⊕ D(H),P0

) → (
H ⊕ D(H),M

) → 0

is exact and we are done.
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1.5. We will see in the sequel that if a moduleX satisfies ther-resolution property
then gl.dim(EndA X) � r + 1. If, moreover,X is a generator–cogenerator of modA, then
rep.dimA � r +1. This result has been used by Auslander in [3] and by Xi in [12], in o
to give bounds for the representation dimension of some classes of algebras.

In the following theorem, which is the main result of this section, we will prove tha
converse statement also holds.

Theorem. LetA be an Artin algebra. The following statements are equivalent for a pos
integerr:

(a) rep.dimA � r + 1;
(b) there exists a generator–cogenerator ofmodA satisfying ther-resolution property.

Though, as we mentioned above, the implication (b)⇒ (a) has been implicitly prove
in [3,12], for the convenience of the reader we shall provide here a complete proof
result. For that, it is convenient to recall some facts.

1.6. For a moduleY , denote byFY the category of all coherent functorsF : (addY )op →
Ab, whereAb denotes the category of abelian groups. Recall that a functorF : (addY )op →
Ab is calledcoherentprovided there is a morphismY1 → Y2 in addY such that the se
quence

(−, Y1) → (−, Y2) → F → 0

is exact in addY . Here we denote by(−,C) the restriction of the functor

HomA(−,C) : modA → Ab

to addY . It follows from [3, Proposition, Ch. III, p. 104] that the categoriesFY and
mod(EndA Y ) are equivalent and so, in particular, gl.dim(EndA Y ) = gl.dim(FY ).

If an A-moduleM has an addY -approximation resolution of lengths, then pd(−,M) �
s − 1. If, moreover,Y is a generator of modA, then the converse holds. In fact,
pd(−,M) � s − 1, let

0 → (−, Ys−1) → ·· · → (−, Y0) → (−,M) → 0

with Yi ∈ addY , be a sequence which is exact in addY . Since, by hypothesis,A is in addY ,
by evaluating the above sequence atA, we infer that there exists an exact sequence

0→ Ys−1 · · · → Y0 → M → 0

inducing the above one, proving then thatM has an addY -approximation resolution o
lengths, as desired.
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1.7. Proof of Theorem1.5

(b) ⇒ (a) Let X be a module satisfying ther-resolution property. We will show tha
gl.dimFX � r + 1, leading to the required result. LetF be a functor inFX . By definition,

there exists a morphismX′′ f−→ X′ in addX such that

(−,X′′) (−,f )−−−→ (−,X′) → F → 0 (∗)

is exact in addX. DenoteM = Kerf . Now, sinceX has ther-resolution property, ther
exists an exact sequence

0 → Xr → ·· · → X1 → M → 0

with Xi ∈ addX such that the induced sequence

0 → (−,Xr) → ·· · → (−,X1) → (−,M) → 0 (∗∗)

is exact in addX. Glueing together (∗) and (∗∗) we end up with a sequence

0→ (−,Xr) → ·· · → (−,X1) → (−,X′′) → (−,X′) → F → 0

which is exact in addX, showing that pd(F ) � r + 1. Therefore, gl.dimFX � r + 1 and
rep.dimA � r + 1, as required. This proves the implication (b)⇒ (a).

(a) ⇒ (b) Suppose rep.dimA = s � r + 1. Then there exists a moduleX such that
A ⊕ D(A) is in addX and gl.dim(EndA X) = s. By the above remarks, gl.dimFX = s.
We claim thatX has the(s − 1)-resolution property. In fact, letM ∈ modA not in addX,
and consider a minimal injective copresentation 0→ M → I0

f0−→ I1 of M. Hence, for
F = Coker(−, f0), we have that

0 → (−,M) → (−, I0)
(−,f0)−−−−→ (−, I1) → F → 0 (∗)

is exact. SinceX is a cogenerator of modA we get thatI0, I1 are in addX, thusF ∈ FX .
Now, M is not in addX, so (−,M) is not projective. Since gl.dimFX = s we then infer
that

pd(−,M) = pd(F ) − 2� s − 2.

As observed before the proof of the theorem, this implies thatM has a right addX-
approximation of length smaller thans − 1 � r. This ends the proof of the theorem.

1.8. Corollary. Let A be an Artin algebra. Thenrep.dimA = r + 1 if and only if there
exists a generator–cogenerator ofmodA satisfying ther-resolution property but there i
none satisfying thes-resolution property fors < r.

1.9. Corollary. LetA be a representation-infinite algebra. Thenrep.dimA = 3 if and only
if there exists a generator–cogenerator ofmodA satisfying the2-resolution property.
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2. Glued algebras

2.1. We will prove in this section that the algebras for which the length
HomA(D(A),−) is finite (or dually the length of HomA(−,A) is finite) have represen
tation dimension at most three. These algebras were studied by Assem and Coelho, w
introduced in [1] the right (left) glued algebras, which coincide with them. We refe
reader to this work for their original definition. We will prove the result for right glu
algebras, the corresponding result for left glued algebras follows by duality. We sha
here a characterization whose proof can be found in [1,2]. GivenX,Y ∈ indA, we say that
X is a predecessor ofY or thatY is a successor ofX provided there exists a sequen
X = X0 → X1 → ·· · → Xt = Y of non-zero morphisms between indecomposable m
ules. For a given algebraA, define the subcategory

LA = {X ∈ indA: for each predecessorY of X, pdA Y � 1}.

Theorem [1,2]. The following statements are equivalent for an Artin algebraA:

(a) A is a right glued algebra;
(b) the length ofHomA(D(A),−) is finite;
(c) all but finitely many indecomposableA-modules have projective dimension at m

one;
(d) LA is cofinite inindA.

Clearly, the class of right glued algebras includes all the representation-finite
Not so immediate, but it also includes all the tilted algebras with complete slices
preinjective component. Further examples can be found in [1].

2.2. Our main result of this section is the following.

Theorem. LetA be a representation-infinite right glued algebra. Thenrep.dimA = 3.

Proof. By 1.7, it is enough to exhibit a generator–cogenerator of modA satisfying the 2-
resolution property. SinceA is right glued, the setX1 = indA \ LA is finite. Also, by [2,
(1.5)], the set

X2 = {Y ∈ LA: Y is a successor of an injective in indA}

is finite. So, the set

X =X1 ∪ {P : P is a projective in indA} ∪X2

is finite, say X = {X1, . . . ,Xs}. Write X = X1 ⊕ · · · ⊕ Xs . Clearly, such module
is a generator–cogenerator of modA, and we claim that it satisfies the 2-resoluti
property. Let nowM be an indecomposableA-module not in add(X). ThenM ∈ LA,
HomA(X1,M) = 0 becauseLA is closed under predecessors, and HomA(X2,M) = 0
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becauseX2 is closed under successors. Moreover, sinceM ∈ LA and is not projective
pdA M = 1.

Let now 0→ P1
f1−→ P0

f0−→ M → 0 be the minimal projective resolution ofM in
modA. We will prove that this sequence is an addX-approximation resolution ofM.
This amounts to prove that(X,P0) → (X,M) → 0 is exact for each indecomposableX ∈
addX. This clearly holds ifX is projective, and it also holds ifX is not projective, since
then HomA(X,M) = 0, as observed above. Thus the proof of the theorem is complete�

2.3. The following result is the dual of Theorem 2.2. We leave the details of the p
to the reader.

Theorem. LetA be a representation-infinite left glued algebra. Thenrep.dimA = 3.

2.4. The above results imply Theorem 5.1 of [12]. Also, for reference, we mentio
following corollary which improves Corollary 5.2 of [12].

Corollary. Let A be a tilted algebra. If A has a complete slice in either a postprojec
component or in a preinjective component then,rep.dimA = 3.

3. Trivial extensions of iterated tilted algebras

3.1. Along this section,H will denote a hereditary algebra. We will prove here t
the representation dimension of the trivial extensionT (H) of H is at most 3. As a
consequence, we will have the same bound for the representation dimension of the
extensions of iterated tilted algebras, using results by Happel [7] and by Xi in [13
shall first recall some background on this construction. For further details, we ref
reader to [6,11].

The trivial extension of an algebraA is the algebraT (A) = A � D(A) defined as
follows. As a vector space,T (A) = A⊕D(A), and the product is defined by(a, f )(b, g) =
(ab, ag + f b), for a, b ∈ A, f,g ∈ D(A). The algebraT (A) is selfinjective.

Let A be an additive category andF :A → A be an additive functor. Thetrivial
extensionA � F of A by F , defined in [6, Section 1], is the category whose objects
the mapsα :F(A) → A such that the compositionα ·F(α) = 0. For objectsα :F(A) → A

andβ :F(B) → B in A � F , a morphismf :α → β is a morphismf :A → B such that
βF(f ) = f α. WhenA is an Artin algebra andF = D(A) ⊗A − : modA → modA, then
modA � F is equivalent to modT (A). For anA-moduleX and a morphismf :D(A) ⊗A

X → X, theT (A)-module structure is defined onX by (a, g) · x = ax + f (g ⊗ x), for
x ∈ X, a ∈ A andg ∈ D(A) [6, p. 19].

In the case we are primarily interested, that is, the trivial extension of the here
algebraH , the modules in modT (H) can be seen as triples(X1,X2, f ) with X1,X2 ∈
modH , andf :D(H) ⊗ X1 → X2 a surjectiveH -map. A morphism from(X1,X2, f ) to
(Y1, Y2, g) is a triple(α11, α22, α21) of morphisms in modH , α11:X1 → Y1, α22 :X2 → Y2
andα21:X1 → Y2 such thatα22f = g(1⊗α11). This description of theT (H)-modules was
given by Tachikawa in [11]. To see that the morphisms are appropriately defined w
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the equivalence between modT (H) and modA � F , considering the triples as elements
modA � F in the following way.

The element in modA � F corresponding to the triple(X1,X2, f ) is the map(
0 0
f 0

)
:D(H) ⊗ (X1 ⊕ X2) 	 D(H) ⊗ X1 ⊕ D(H) ⊗ X2 → X1 ⊕ X2

Then a morphism from(X1,X2, f ) to (Y1, Y2, g) corresponds to a map
(0 0
f 0

) → (0 0
g 0

)
in

modA � F , that is, a mapα = ( α11 α12
α21 α22

)
:X1 ⊕ X2 → Y1 ⊕ Y2 such that

(
0 0
g 0

)(
idD(H) ⊗

(
α11 α12
α21 α22

))
=

(
α11 α12
α21 α22

)(
0 0
f 0

)
.

This is satisfied precisely whenα12 = 0 and the triple(α11, α22, α21) satisfies the abov
stated condition.

SinceH is hereditary thenD(H) ⊗ X, being a homomorphic image ofD(H)n for
somen, is injective. Thus,D(H)X is also injective, andX 	 D(H)X ⊕ X/D(H)X in
modH . Observe that the triple associated to theT (H)-moduleX is (X/D(H)X,D(H)X,

f ), wheref :D(H) ⊗ X/D(H)X → D(H)X is the multiplication map.
From now on, we will write the adjoint functorsD(H)⊗H − and HomH(D(H),−) by

F andG, respectively, and byε :FG → Id andη : Id → GF the adjunction morphisms
Following [11], to a given indecomposableH -moduleX, two indecomposableT (H)-

modules can be assigned as follows. TheT (H)-module(X,0,0), called module of the
first typeand which we shall also denote byX. On the other hand, we consider a fix
minimal injective coresolution 0→ X → I0(X)

f−→ I1(X) → 0 of X, and assign toX
the indecomposableT (H)-moduleX̃ = (G(I0(X)), I1(X),f εI0(X)). We say that̃X is a
module of thesecond type. It follows from [11] that an indecomposable nonproject
T (H)-module can be identified either with anH -module or with a module of the secon
type.

We extend the above notation to arbitraryH -modulesX = X1 ⊕ · · · ⊕ Xn, with Xi in
indA by writing X̃ = X̃1 ⊕ · · · ⊕ X̃n.

3.2. GivenX,Y ∈ indH , there is naturally a morphism

ψ : HomT (H)

(
X̃, Ỹ

) → HomH(X,Y )

defined by the commutative diagram

0 X

ψ(α)

I0(X)
f

I1(X)

α2

0

0 Y I0(Y )
g

I1(Y ) 0

(∗)

for α = (α1, α2, α21) : X̃ → Ỹ , where the middle vertical map isεI0(Y )F (α1)ε
−1 .

I0(X)
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ψ : HomT (H)

(
X̃, Ỹ

) → HomH(X,Y )

as follows from the following lemma. Recall that

Hom(X,Y ) = Hom(X,Y )/P (X,Y ),

whereP(X,Y ) denotes the set of morphisms fromX toY which factor through a projectiv
module.

Lemma. Let α = (α1, α2, α21) : (X1,X2, f ) → (Y1, Y2, g) be a morphism inmodT (H)

and assume that there existsρ :X2 → F(Y1) such thatF(α1) = ρf . Then:

(a) (0,0, α21) : (X1,X2, f ) → (Y1, Y2, g) factors through the projective module(G(Y2),

Y2, εY2);
(b) (α1, α2,0) : (X1,X2, f ) → (Y1, Y2, g) factors through(Y1,F (Y1), id);
(c) if Y1 is a projectiveH -module thenα factors through a projective module.

Proof. (a) Observe that(0,0, α21) is the composition of

(0,0, α21) : (X1,X2, f ) → (
G(Y2), Y2, εY2

)
and

(0, id,0) :
(
G(Y2), Y2, εY2

) → (Y1, Y2, g).

(b) SinceF(α1) = ρf , using thatf is surjective we get thatα2 = gp. Then we can write
(α1, α2,0) = (id, g,0)(α1, ρ,0).

Finally, (c) follows from (a) and (b), observing that(Y1,F (Y1), id) is projective in
modT (H) whenY1 is projective in modH . �

3.3. The main result of this section is the following.

Theorem. LetH be a hereditary Artin algebra. Thenrep.dimT (H) � 3.

Proof. Let X = H ⊕ D(H) ⊕ T (H) ⊕ H̃ be in modT (H). We shall prove that th
generator–cogenerator moduleX satisfies the 2-resolution property. LetN ′ ∈ indT (H).

Case 1. N = N ′ is a module of the first type (that is,N ′ ∈ modH). As seen in (1.4)(b)
H ⊕ D(H) satisfies the 2-resolution property in modH , and so, there exists an exa
sequence

0→ Y2 → Y1
g−→ N → 0
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with Y1, Y2 in add(H ⊕ D(H)) and such that

0 → H(−, Y2) → H (−, Y1) → H (−,N) → 0

is exact in add(H ⊕ D(H)). Clearly, also

0→ T (H)(−, Y2) → T (H)(−, Y1) → T (H)(−,N) → 0 (∗)

is exact in add(H ⊕ D(H)) (as T (H)-modules). SinceT (H) is projective, then (∗) is
also exact in add(T (H)). The proof will be complete in this case once we prove
HomT (H)(H̃ ,−) preserves the exactness of 0→ Y2 → Y1

g−→ N → 0. So, letP be an
indecomposable projectiveH -module. TheñP = (Q, I1(P ),hεI0(P )), where

0 → P → I0(P ) h−→ I1(P ) → 0

is a minimal injective resolution, andQ = G(I0(P )). Observe that a mapf : P̃ → N is
given by(α0,0,0), whereα0 :Q → N . SinceQ is projective, there existsβ :Q → Y1 such
thatgβ = α0, and(β,0,0) : P̃ → Y1 lifts f , as desired.

Case 2. N ′ is not a module of the first type (i.e.,N ′ /∈ modH). So N ′ = Ñ , for some
N ∈ indH . As above, consider an exact sequence

0→ Y2 → Y1 → N → 0 with Y1, Y2 ∈ add
(
H ⊕ D(H)

)
, (∗)

which remains exact under HomH (H ⊕ D(H),−). Let I0, I1 be injective modules so tha

0 0 0

0 Y2 Y1 N 0

0 I0(Y2) I0 I0(N) 0

0 I1(Y2) I1 I1(N) 0

0 0 0

(∗)

is exact and commutes. Observe thatI0 = I0(Y1) ⊕ I , I1 = I1(Y1) ⊕ I , whereI is an
injective module andf : I0 → I1 is f = (

f0 0
0 σ

)
in the above decomposition withσ being

an isomorphism. Clearly, we get a sequence

0 → Ỹ2 → Ỹ1 ⊕ Q → Ñ → 0 (∗̃)
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with Q = (G(I), I, εI ), which is projective in modT (H). To prove that this sequence
exact, we observe two facts:

(a) The exact sequence 0→ I0(Y2) → I0 → I0(N) → 0 splits, and therefore it remain
exact underG.

(b) All the maps in(∗̃) are of the form(α1, α2,0), with αi in modH .

Then, using that a short exact sequence is exact inA � F when the correspondin
sequence inA is exact [6, Corollary 1.2] we obtain that (∗̃) is exact. Also, each of̃Y1, Ỹ2

belongs to add(H̃ ⊕ D̃(H)), and therefore to addX, becausẽD(H) 	 (H,0,0). We shall
now prove that HomT (H)(X,−) keeps (̃∗) exact.

Let Y in addX. We proved in Lemma 3.2 that maps of the form(0,0, θ21) :Y → Ñ

factor through a projective module, and therefore they can be lifted toỸ1 ⊕ Q → Ñ .
Thus it is enough to prove that maps of the form(θ0, θ1,0) :Y → Ñ can be lifted
to Ỹ1 ⊕ Q → Ñ . Consider firstY ∈ add(H ⊕ D(H)) and let θ = (θ0,0,0) :Y → Ñ

(so, εI0(N)F (θ0) :F(Y ) → I0(N)). We then have the following diagram, whereµ =
εI0(N)F (θ0):

0

Y1
ψ(g)

j

N

j ′

0

F(Y )

ε

δ

id I0
g0

I0(N) 0

F(Y )

α

µ

I1 I1(N) 0

0

First observe thatµ = εI0(N)F (θ0) lifts to δ :F(Y ) → N . Since H(D(H),−) keeps
the sequence (∗) exact, andF(Y ) is injective (see (3.1)), we infer thatδ lifts through
ψ(g) :Y1 → N . So j ′δ = εI0(N)F (θ0) and δ = ψ(g)ε, for some δ :F(Y ) → N and
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ε :F(Y ) → Y1. Let α = jε. Then g0α = g0(jε) = j ′ψ(g)ε = j ′δ = εI0(N)F (θ0). Let
α0 = G(α)ηY . Then(α0,0,0) :Y → (G(I0), I1, f εI0) = Ỹ1⊕Q lifts (θ0,0,0), as required

It remains to show that HomT (H)(P̃ ,−) keeps (̃∗) exact for each projectiveH -
moduleP . We have a commutative diagram

T (H)(P̃ , Ỹ1) T (H)(P̃ , Ñ) 0

H (P,Y1) H (P,N) 0,

(∗)

where the lower sequence is exact and the vertical arrows arc the isomorphisms
in (3.2). Then we have that the upper sequence is exact. Consequently,(

P̃ , g
)
: T (H)

(
P̃ , Ỹ1 ⊕ Q

) →T (H)

(
P̃ , Ñ

)
is surjective. It follows then that(

P̃ , g
)
: T (H)

(
P̃ , Ỹ1 ⊕ Q

) → T (H)

(
P̃ , Ñ

)
is also surjective, becauseg : Ỹ1 ⊕ Q → Ñ is an epimorphism. This ends the proof of t
theorem. �
3.4. Corollary. LetA be an iterated tilted algebra. Thenrep.dimT (A) � 3.

Proof. It follows from [7] that such anA is derived equivalent to a hereditary algebraH .
So, by [13], rep.dimT (A) = rep.dimT (H) and the result follows using our theore
above. �
4. One-point extension algebras

4.1. In this section we compare the representation dimension of an Artin algebraB and
the representation dimension of a one point extension ofB, under appropriate hypothes
More precisely, we will prove the following proposition, extending results proven in
for one point extensions of finite-dimensional algebras by simple injective module
refer the reader to [4] for an account on the one-point extension construction. W
observe that a dual version of this result holds for one-point coextensions. We leave
reader the details of the corresponding proof.

Proposition. Let B be an Artin algebra,D a division ring,M a B − D bimodule and
A = B[M] the one-point extension ofB by M. Assume that the set of successors ofM in
indB is finite. Then:

(a) rep.dimB � rep.dimA;
(b) if indB is cofinite inindA thenrep.dimB = rep.dimA.
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Proof. (a) Let {Z1, . . . ,Zt } be the set of successors ofM in indB. We will consider the
A-modules as triples(Dn,X,f ), with X in modB andf :M ⊗ Dn → X a B-morphism,
in the usual way (see, e.g., [4, III, 2]). We start by observing that anyA-moduleK can
be written in the formK = (Dn,Z,g) ⊕ (0,N,0) with Z ∈ add(Z1 ⊕ · · · ⊕ Zt). In fact,
let K = (Dn,K1, h), and letN ′ be an indecomposable summand ofK1 which is not a
successor ofM. ThenB(M,N ′) = 0 and therefore(0,N ′,0) is a summand ofK.

Let rep.dimA = r + 1 and letX be a generator–cogenerator of modA satisfying the
r-resolution property,X = (Dm,X,f ) with X in modB andf :M ⊗Dn → X a morphism
of B-modules.

Let Y = ⊕t
i=1 Zi ⊕X. If follows from the description of the projective and the inject

modules in modA, [4, III, Prop. 2.5], thatB ⊕ D(B) is in addY becauseA ⊕ D(A) is in
addX. SoY is generator–cogenerator of modB, and we will prove that it satisfies ther-
resolution property, and thus rep.dimB � r + 1 = rep.dimA. This amounts to prove tha
pdB(−,N) � r − 1 for eachN in indB, whereB(−,N) is considered as an element
FY , as observed in (1.6).

We will also considerA(−,N) ∈FX , and show that pdB(−,N) � pdA(−,N) � r − 1.
This will end the proof of (a). We will prove the inequality by induction onk = pdA(−,N).
We may assume thatN /∈ addY .

If k = 0, then the result clearly holds. So letk > 0 and consider a rightX-approximation
X1 → N of N . Let 0→ K → X1 → N → 0 be exact. Then

0→ A(−,K) → A(−,X1) → A(−,N) → 0

is exact in addX, and pdA(−,K) < k = pdA(−,N).
We write K = (Dn,K1, f ) and X1 = (Dd,Y,g) with Y ∈ addX ⊆ addY . We have

an exact sequence 0→ K1 → Y α−→ N → 0. Moreover, as we observed above,K =
(Dn,Z,h) ⊕ (0,N1,0) with Z ∈ add(Z1 ⊕ · · · ⊕ Zt) ⊆ addY . Since pdA(−,N1) �
pdA(−,K) < k we can apply the induction hypothesis to conclude that pdB(−,N1) < k.
On the other hand,K1 = Z⊕N1, andZ ∈ addY . So pdB(−,K1) = pdB(−,N1) < k. Thus,
to prove that pdB(−,N) � k, we only need to show that the sequence

0 → B(−,K1) → B(−, Y )
(−,α)−−−→ B(−,N) → 0 (∗)

is exact in addY . SinceN /∈ addY we have thatN is not a successor ofM and therefore
B(Zi,N) = 0 for eachi = 1, . . . , t . So we only need to prove that (∗) is exact in addX.

Let θ :X → N be a map in modA. Then the compositionMm 	 M ⊗ Dm → X → N

is zero becauseB(M,N) = 0. So(0, θ) :X = (Dm,X,f ) → N is a morphism in modA,
and thus it can be lifted throughX1 → N , becauseA(−,X1) → A(−,N) is surjective in
addX. SinceX1 = (Dd,Y,g), the mapθ can be lifted throughY α−→ N . This proves tha
(−, α) is surjective, as desired.

(b) Let Z1, . . . ,Zt be the successors ofM in indB, let indA \ indB = {D1, . . . ,Ds},
and assume that rep.dimB = r + 1.

Let Y be a generator–cogenerator of modB with the r-resolution property, and le
X = Y ⊕ ⊕s

i=1 Di ⊕ ⊕t
i=1 Zi .
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Let N in indA but not in addX. ThenN is in indB. Considering againA(−,N) ∈ FX

andB(−,N) ∈ FY , we will prove that pdA(−,N) � pdB(−,N) � r − 1, by induction on
k = pdB(−,N). The result holds fork = 0, so we assumek > 0.

Let 0→ K → Y1 → N → 0 be an exact sequence in modB such thatY1 ∈ addY and

0 → B(−,K) → B(−, Y1) → B(−,N) → 0

is exact in addY . Since B(−,N) is not projective we have that pdB(−,K) < k =
pdB(−,N) and then by the induction hypothesis we conclude that pdA(−,K) < k.

Let Di = (Dni ,Ui, fi). Then (M,Ui) �= 0 for all i, and Ui ∈ add(Z1 ⊕ · · · ⊕ Zt).
ThenB(Ui,N) = 0 and consequentlyB(Di,N) = 0. SinceA(−, Y1) → A(−,N) → 0 is
exact in addY , it follows that it is also exact in addX. Since pdA(−,K) < k we get that
pdA(−,N) � k, as desired, ending the proof of the theorem.�

4.2. The next result extends [12, (6.1)].

Corollary. Let B be an Artin algebra,D a division ring, M a B − D bimodule and
A = B[M] the one-point extension ofB by M. If M is a simple injective module the
rep.dimA = rep.dimB.
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