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Stopping power of dense plasmas: The collisional method and limitations of the dielectric formalism
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We present a study of the stopping power of plasmas using two main approaches: the collisional (scattering
theory) and the dielectric formalisms. In the former case, we use a semiclassical method based on quantum
scattering theory. In the latter case, we use the full description given by the extension of the Lindhard dielectric
function for plasmas of all degeneracies. We compare these two theories and show that the dielectric formalism
has limitations when it is used for slow heavy ions or atoms in dense plasmas. We present a study of these
limitations and show the regimes where the dielectric formalism can be used, with appropriate corrections to
include the usual quantum and classical limits. On the other hand, the semiclassical method shows the correct
behavior for all plasma conditions and projectile velocity and charge. We consider different models for the ion
charge distributions, including bare and dressed ions as well as neutral atoms.
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I. INTRODUCTION

The interaction of energetic ion beams with dense and
dilute plasmas is one of the fundamental processes in plasma
physics and fusion research. The injection of intense atomic
beams is an important method for the heating of Tokamak
plasmas and provides an efficient method to reach the very
high temperatures required to initiate D-T fusion reactions. In
a different context, current research on inertial fusion considers
the use of high-intensity ion beams as a possible alternative to
produce the combination of high densities and temperatures
necessary to produce the ignition of fusion reactions in small
D-T pellets.

In spite of the intense activity and relevance of this field of
research, quantitative comparisons between theoretical models
and experiments dealing with swift ion beams are rather scarce
due to the experimental difficulties in producing well-defined
conditions for accurate determinations of stopping or transport
coefficients through beam-plasma interactions [1,2]

From the theoretical side, two main methods have been
proposed to describe the interactions between ion beams and
plasmas: the dielectric formulation [3,4] and the collisional
approach [5–7]. Based on the latter, further models using the
transport-cross-section (TCS) approach have been described
[8,9]. The purpose of the present study is to show some
intrinsic limitations of the dielectric formulation when dealing
with heavy ions or atoms, analyzing the physical origin of
these limitations and showing how the correct solution can be
obtained using the TCS approach.

The dielectric formalism to describe the energy loss of a
charged particle in a medium was introduced by Fermi [3]
and was further developed by various authors [4,10–12]. This
formulation includes in a self-consistent way the screening
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effects together with individual and collective excitations
produced in the medium. The expression for the mean energy
loss or stopping power, for a point ion with charge Ze and
velocity v, is given by

S ≡ −dE

dx
= 2(Ze)2

πv2

∫ ∞

0

dk

k

∫ kv

0
dωω Im

[ −1

ε(k,ω)

]
, (1)

where ε(k,ω) is the dielectric function of the medium. Various
calculations of plasma stopping powers using this approach
have been given by previous authors [13–19].

A first comment that could be made here is that this
expression shows a straight proportionality with the square
of the ion charge. This property is akin to the results of
first-order perturbation theory (such as Bethe’s theory) and
indicates a connection between linear response and first-order
perturbation [10]. Therefore, it could be anticipated that this
approximation could fail for highly charged ions.

Various properties implicit in this expression could also
be considered. First, if a classical dielectric function is used
[20,21], the integral in k diverges in a logarithmic way. This
problem is usually circumvented by introducing a maximum
value kmax

cl = 1/bmin
cl , where bmin

cl = Ze2/mv2 is the classical
Bohr collision radius associated to Rutherford scattering of
electrons in close collisions with the ion (m is the electron
mass). In this case the expression for the stopping power for
high energies (i.e., when the ion speed is much larger than the
thermal velocity of the electrons) is given by the Bohr limit
[22,23]:

−dE

dx
∼=

(
Ze ωp

v

)2

ln

(
mv3

Z1e2ωP

)
, (2)

where ωp = (4πne2/m)1/2 is the corresponding plasma
frequency and n is the electron density of the plasma.

On the other hand, if the quantum formulation of the
dielectric function is applied, for any degree of plasma degen-
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eracy [24], an upper cutoff in the k integral is automatically
applied, which arises from the limitation in the maximum
momentum transfer that can occur in the excitation of a single
electron by the moving particle. For high-energy particles the
maximum momentum transfer is given by h̄kmax

qm
∼= 2mv (see

Appendix A). In this case the high-energy behavior of the
stopping power is given by the Bethe limit [12]:

−dE

dx
∼=

(
Ze ωp

v

)2

ln

(
2mv2

h̄ωP

)
. (3)

Over the years, there have been many attempts to solve the
apparent discrepancy between these two results. Most notably,
Bloch obtained a closed solution that bridges the gap between
the classical and the quantum (perturbative) limits in a very
elegant way, but only in the limit of high energies [25].

So far the usual way to implement a similar solution in
the classical dielectric formulation is by introducing in an
ad hoc way some appropriate upper cutoff in the k integral,
considering the classical value of kmax

cl when Ze2/h̄v > 1,
and the quantum value kmax

qm in the opposite case (i.e., using
always the lower value between kmax

cl and kmax
qm ) [16,17]. On

the other hand, if the quantum dielectric function is used, the
only correction to be explicitly considered is the classical one
(when appropriate), since, as said before, the quantum cutoff
of the k integral is implicitly included in the properties of the
dielectric function.

These considerations can be extended to smaller ion veloc-
ities in a heuristic way by replacing

v −→ v̄r =
√

v2 + v2
s , (4)

where vs is a mean kinetic speed of the plasma electrons. This
proposal has been already made for classical plasmas [16,17],
taking vs = vth, and it was also extended to degenerate plasmas
[26] approximating vs =

√
v2

th + v2
F . Here vth and vF are the

thermal and Fermi velocity, respectively (see below).
However, as we will show in this work, the simple use of

this procedure to extend the k cutoff breaks down in some
cases, in particular, in the case of slow heavy projectiles.
It could also be shown that in all cases, the method that
is free of inconsistencies, and in addition provides a well-
behaved solution that incorporates nonlinear effects, is the
transport cross section approach based on quantum scattering
theory [9].

The paper is organized as follows: in Sec. II we present
the plasma description. In Secs. III and IV we describe the
collisional approach and the dielectric formulation, respec-
tively, and in Sec. V we review the interaction potentials
to be considered. In Sec. VI we present the results and
show the limitations of the dielectric formalism. Finally, we
summarize the present work in the conclusions. There are also
two appendices to support some important results used in the
present work.

II. PLASMA DESCRIPTION

The velocity distribution of a free electron plasma is given,
in the general case, by the Fermi-Dirac (FD) statistics, which

gives the following distribution function:

fFD(ve) = 2m3

(2πh̄)3n

1

1 + eβ(E−μ)
. (5)

Here β = 1/T (temperature T is given in energy unit), n is the
density, m is the electron mass, and E = mv2

e /2 is the electron
energy. The chemical potential μ can be calculated according
to Ref. [24]. The distribution function is normalized as∫

fFD(ve) d3ve = 1. (6)

The degree of degeneracy can be characterized by the param-
eter θ = T/EF , with EF = h̄2(3π2n)2/3/2m being the Fermi
energy.

For a description of the screening properties of the electron
gas it is useful to define an average electron velocity vs using
the FD distribution by the following relation [24]:

1

v2
s

= 4π

∫ ∞

0
fFD(ve) dve. (7)

This reproduces the Thomas-Fermi limit vs → vF /
√

3 for
quantum plasmas (θ � 1) and the Debye limit vs → vth =√

T/m for classical plasmas (θ � 1). Hence, this definition
gives an adequate electron velocity without approximating it
as we mentioned in the Introduction.

In the classical limit of nondegenerate plasmas (θ � 1) the
distribution function takes the form of the Maxwell-Boltzmann
(MB) distribution:

fMB(ve) = 1(
2πv2

th

)3/2 exp

(
− v2

e

2v2
th

)
. (8)

We can also note that for a wide range of interest, includ-
ing dense regions, the MB distribution can be conveniently
modified and used instead of the FD distribution. The usual
MB statistic uses the limit vs → vth, but here we propose to
keep vs [calculated from Eq. (7)] instead of vth and labeling
the corresponding distribution with MB*, which yields the
distribution

fMB∗ (ve) = 1(
2πv2

s

)3/2 exp

(
− v2

e

2v2
s

)
. (9)

Figure 1 compares this approximation with the exact FD
distribution for a partially degenerated plasma with θ = 1.2
(n = 1023 cm−3 and T = 10 eV), conditions that will be used
below as a reference case.

III. SEMICLASSICAL PARTIAL WAVE SCATTERING
(SPWS) METHOD

This method was presented in a general form in Ref. [27]
and was applied in a previous work [9] to calculate the energy
loss of ions in plasmas, showing the oscillation of the stopping
power as a function of the projectile atomic number.

The main quantity in this description is the transport cross
section (TCS), which, according to the quantum scattering
theory, may be written in terms of the scattering phase shifts
δl as

σtr = 4π

q2

∑
l

(l + 1) sin2(δl − δl+1). (10)
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FIG. 1. Distribution functions for a n = 1023 cm−3 and T =
10 eV plasma. FD denotes the Fermi-Dirac, MB the Maxwell-
Boltzmann, and MB* the modified Maxwell-Boltzmann.

Hereq refers to the wave number corresponding to the scattered
electron with relative velocity vr = |ve − v| = h̄q/m. The
exact way to find the phase shifts is by solving the Schrödinger
equation, while the semiclassical WKB approximation gives
an explicit expression for the phase shifts. In this scheme, and
for a given spherically symmetric potential V (r), the phase
shifts are calculated by the following integral [28]:

δl =
∫

dr

√
q2 − (l + 1/2)2

r2
− 2m

h̄2 V (r)

−
∫

dr

√
q2 − (l + 1/2)2

r2
. (11)

This approximation was employed before by Maynard
et al. [29], but they made only a limited use of it for large
quantum numbers l. However, it has been tested as an excellent
approximation to the full quantum-mechanical solution [27]
and was compared with experimental results in solid targets
showing a very good agreement [9]. In (11) the integrals go
over the range where the corresponding integrand functions
are positive.

To obtain the stopping power in the scattering theory we
must integrate over all relative velocities vr (between the
electrons and the moving ion) and then, over the plasma
distribution function, as [8]

S(v) = πm n

v2

∫ ∞

0
dve vefFD(ve)G(v,ve) (12)

with

G(v,ve) =
∫ v+ve

|v−ve |
dvrv

4
r σtr(vr )

(
1 + v2 − v2

e

v2
r

)
. (13)

Moreover, using the MB* approximation described in
Sec. II it is possible to perform one of the integrals involved in
the stopping power (see Appendix B) and obtain

S = 2πmn

(2πv2
s )3/2

∫ ∞

0
dvrv

4
r σtr(vr )

× exp

(
v2 + v2

r

2v2
s

)
I

(
vvr

v2
s

)
, (14)

FIG. 2. Distribution functions and their corresponding SPWS
stopping, for two plasma conditions: (a) n = 1023 cm−3 (θ = 1.274)
and (b) n = 5 × 1023 cm−3 (θ = 0.436). In both cases the temperature
is T = 10 eV and the projectile is a stripped ion with Z = 5. FD, MB,
and MB* refer to Fermi-Dirac, Maxwell-Boltzmann, and the modified
Maxwell-Boltzmann, respectively.

where

I (β) = 1

β2
[(1 + β)e−β − (1 − β)eβ ] (15)

and β = vvr/v
2
s . This expression presents a great computa-

tional advantage, as discussed in Appendix B.
Figure 2 shows the distribution functions FD, MB, and

MB* (left side) and the SPWS stopping for each distribution
(right side) for two plasma conditions: (1) n = 1023 cm−3 (θ =
1.274) and (2) n = 5 × 1023 cm−3 (θ = 0.436). In both cases
the temperature is T = 10 eV and the projectile is a stripped
ion with Z = 5 (see Sec. V A for the potential description). We
can note that the MB* approximation produces a significant
improvement when comparing it with the MB approximation
and the FD results.

IV. DIELECTRIC FORMALISM (DF) METHOD

The dielectric function of an electron gas, described by
Eq. (5), can be parametrized for all degrees of plasma degen-
eracy by the expression [24]

ε(k,ω) = 1 + 1

4πkF a0z3
[g(u + z) − g(u − z)] (16)
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in terms of the wave number k and frequency ω. Here a0 is
the Bohr radius, kF = mvF /h̄ = (3π2n)1/3 is the Fermi wave
number, u = ω/kvF , z = k/2kF and

g(x) =
∫ ∞

0

y dy

eDy2−βμ + 1
ln

(
x + y

x − y

)
, (17)

where D = 1/θ = EF /T is the degeneracy parameter.
For calculation purposes it is also convenient to separate the

real and imaginary parts of the dielectric function, ε = ε1 + iε2

[24], as

ε1(k,ω) = 1 + 1

4πkF a0z3
[g̃(u + z) − g̃(u − z)], (18)

where

g̃(x) =
∫ ∞

0

y dy

eDy2−βμ + 1
ln

∣∣∣∣x + y

x − y

∣∣∣∣ (19)

and

ε2(k,ω) = 1

8kF a0z3
θ ln

(
1 + eβμ−D(u−z)2

1 + eβμ−D(u+z)2

)
. (20)

The expression for the stopping power in the dielectric
formulation already anticipated in Eq. (1) applies only to the
case of a point ion of charge Ze. That expression can be
generalized for the more general case of an ion with charge
Q, carrying Ne = Z − Q/e bound electrons, in the form [30]

S(v)= 2

πv2

∫ kmax

0

dk

k
[Ze + ρe(k)]2

∫ kv

0
dω ω Im

[ −1

ε(k,ω)

]
,

(21)

where ρe(k) is the Fourier transform of the electron charge
density ρe(r) corresponding to the Ne bound electrons. Obvi-
ously, for neutral projectiles we have Q = 0. Even though the
k-integral converges for k → ∞ (and it is usually presented in
this way), a cutoff kmax was added to emphasize the discussion
in Sec. VI.

Explicit expressions for these quantities, using particular
models for the ion charge distributions, will be given below.

V. PROJECTILE MODELS AND INTERACTION
POTENTIALS

In this section we explore some typical atomic models to test
the previous stopping formulations. On one hand, the SPWS
method [Eq. (12)] uses the interaction potential V (r) as the
basic ingredient of the calculation. On the other hand, the DF
method [Eq. (21)] uses the Fourier transform of the electron
charge density ρe(k) in vacuum because plasma screening ef-
fects are introduced implicitly through the dielectric function.
Hence, we give here a brief review of both descriptions for the
considered projectile models.

A. Yukawa potential and plasma screening

The first case we consider is the interaction of a point charge
Q with a plasma electron. The most simple model of a screened
potential is the well-known Yukawa one [20],

VY (r) = −Qe

r
e−r/λ, (22)

where λ is the plasma screening length. This potential was
originally obtained in the static projectile velocity limit
(v � vs) and for a classical plasma. However, this potential
can be extended to all plasma degeneracies, and, in this static
limit, the plasma screening length is given by [24]

λs = vs

ωp

, (23)

where vs is defined by Eq. (7). On the other hand, for high-
projectile velocities, the dynamical screening length is [31]

λad (v) = v

ωp

. (24)

Hence, for a wide range of velocities we can use the following
standard interpolation [9,26]:

λ(v) ≈ v̄r

ωp

=
√

v2
s + v2

ωp

. (25)

The Yukawa potential [Eq. (22)] is used for the calculation of
the energy loss using the SPWS method. For the dielectric
formalism, we need the Fourier transform of the electron
charge density, ρe(k), according to Eq. (21). But this point
charge Q corresponds to a null external electron charge density,
since the induced charge is implicitly contained in the dielectric
response. Hence, for the DF calculation, we simply have
ρe(k) = 0.

B. Molière potential

Let us consider the more general case of a projectile of
nuclear charge Ze and Ne bound electrons (Q/e = Z − Ne).
We define the ionization degree as

η = Q

Ze
. (26)

An important statistical model for neutral atoms is the
potential proposed by Molière [32], which is a fit of the
Thomas-Fermi model [28]. This potential was developed for
neutral atoms, but it is possible to modify it in order to include
partially ionized atoms. This modification was proposed in
Ref. [33] and takes the form

VM (r) = −Ze2η

r
e−r/λ − Ze2

r

3∑
i=1

Aie
−r/ai . (27)

The values of ai are those of the usual Molière potential, while
the values of Ai are approximately adjusted to represent an
ion with Ne bound electrons, as described in Ref. [33]. They
satisfy the normalization condition A1 + A2 + A3 = Ne/Z.
In the limit λ → ∞, Eq. (27) yields the potential of the ion
in vacuum. We also note that similar potentials have been
proposed in the literature (see, for example, Ref. [34]).

The corresponding Fourier transform of the charge density
of the Ne bound electrons is

ρe(k) = −Ze

3∑
i=1

Aiα
2
i

k2 + α2
i

, (28)

where αi = 1/ai . As in the previous case, the potential, given
in this case by Eq. (27), is used for the SPWS method, while
the expression given by Eq. (28) is used in the DF calculation.
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FIG. 3. Comparison of the Brandt-Kitagawa (BK) and Molière
(M) projectile models. In (a) we show the potentials, for neutral atoms
(η = 0), as a function of the radial coordinate, and in (b) we show the
charge density in momentum space, for different ionization degrees.

C. Brandt-Kitagawa model

Another atomic model was proposed by Brandt and Kita-
gawa (BK) [30]. The BK is a model for the electron cloud in
the projectile of the form

ρe,BK (r) = − Nee

4π3



r
e−r/, (29)

where Ne is the number of bound electrons and  is given by

(Z,Ne) = 0.48N
2/3
3

Z − 1

7
Ne

a0. (30)

The Fourier transform of the electron charge density, used for
the DF calculation, is in this case

ρe,BK (k) = − Nee

1 + (k)2
, (31)

and the ion potential, used in the SPWS calculation, is
given by

VBK (r) = −Ze2η

r
e−r/λ − Nee

2

r
e−r/. (32)

Figure 3 compares in (a) the BK and the Molière potentials
while in (b), the Fourier transform of the total projectile charge
density, ρ(k) = Ze + ρe(k). We can see that the BK potential
is much more localized than the Molière one. In particular,
large differences are observed for neutral atoms with Z � 1.

FIG. 4. Comparison of the stopping power for different calcu-
lation methods. The plasma conditions are n = 1018 cm−3 and T =
100 eV (classical plasma). In (a) we can observe the concordance
between the SPWS, DF, and PMtV calculations. In (b) we show that
the plain DF calculation yields a very large overestimation, but when
the Coulomb classical cutoff is applied (DF-kc

cl) it becomes in good
agreement with the SPWS and PMtV calculations.

Finally we notice that, in addition to the basic potentials
considered here, more advanced potentials have been stud-
ied [35,36], taking into account shell and subshell effects.
Moreover, the consideration of neutral or partially ionized
projectiles in dense plasma targets could add an inelastic
stopping contribution [37]. However, these corrections do not
affect the main goal of the present work.

VI. RESULTS

A. Stripped ions

Let us consider, as a first case, the stopping of stripped ions
in a classical plasma (T = 100 eV and n = 1018 cm−3), as a
function of the projectile velocity. Figure 4 shows the two main
approaches described above: the SPWS and DF methods. In
this example, we consider stripped ions in order to include
the Bohr and Bethe limits as well as an analytical calculation
performed by Peter and Meyer-ter-Vehn (PMtV) [16] which
uses a dielctric formalism with a classical dielectric function.

For the DF method, and as we mentioned in the Introduction,
a k cutoff must be imposed to avoid divergences (for both
Bethe and Bohr limits). Using Eq. (4) it is possible to extend
the usual Bohr cutoff, kmax

cl (mentioned in the Introduction and
which was obtained in the high-velocity regime) to the whole
velocity range as proposed in Ref. [16],

kc
cl = mv̄2

r

Ze2
, (33)
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where the superscript refers to the Coulomb potential [see
Eqs. (36) and (37)] and the subscript refers to the fact that it
is a classical cutoff. We will refer to this limit as the Coulomb
classical cutoff. We also use the same criterion for the Bethe
cutoff, kmax

qm , to obtain

kqm = 2mv̄r

h̄
, (34)

which we now refer to as quantum mechanical (qm) cutoff.
Then the usual parameter that separates both limits is [8,16]

γ ≡ 1

2

kqm

kc
cl

= Ze2

h̄v̄r

. (35)

Thus, for highly charged ions, the classical cutoff is appro-
priate, while, for low-charged ions, the quantum limit is the
correct one.

Hence, the calculations with the DF comprise two alterna-
tives: (1) We have the classical dielectric formulation, where
the classical dielectric function is used in Eq. (21). This
approach has been described in detail in Ref. [16]; in this case
the value of kmax has to be specified as an external parameter,
so that if γ > 1 the classical value of Eq. (33) is used, while
if γ < 1 the quantum value of Eq. (34), applies. (2) We also
have the quantum dielectric formulation (QDF), described in
Sec. IV. In this case the quantum cutoff behavior is already
contained as an implicit property of the quantum dielectric
function [Eqs. (18)–(20)]. Therefore in this case we only need
to incorporate the transition to the classical regime, which is
done by using in Eq. (21) the kmax value given by Eq. (33). This
provides in all cases a smooth transition between the classical
and the quantum regimes. Notice that these criteria apply only
for bare ions with charge Ze. The case of neutral or partially
dressed ions is not covered by these prescriptions; these cases
are discussed in Sec. VI B.

By contrast, the SPWS method applies to atoms or ions with
any charge state. It may also be noticed that alternative methods
based on unified or convergent kinetic theories [38,39] have
more particular restrictions that apply when the perturbation
covers a wide range of impact parameters or momentum
transfers. In particular, the constraining criterion being: close
impact radius << screening radius. This criterion fails in many
cases, such as for dense plasma and slow heavy ions, as will
be discussed below.

Figure 4(a) shows the results for the case Z = 1 where the
Bethe limit, given by Eq. (3), is appropriate. In this figure, the
DF and the PMtV calculations are in excellent agreement with
the SPWS method and it is not necessary to include a cutoff
in the k-integral since it is implicitly included in the dielectric
function [Eq. (20)] (see Appendix A for further details). We
also include the Bohr limit, given by Eq. (2), to illustrate its
overestimated values.

On the other hand, Fig. 4(b) shows the Z = 20 case in
which the classical cutoff criterion is appropriate (γ > 1) for
the whole velocity range considered. In this figure, we include
two curves corresponding to the DF method: with and without
the kc

cl cutoff. We can observe that without this cutoff, the
DF method yields a stopping which is highly overestimated
and matches the Bethe limit, as expected. On the other hand,
when applying the Coulomb classical cutoff in the k integral of
Eq. (1), the DF method yields an excellent agreement with the

FIG. 5. Comparison of the stopping power for different calcu-
lation methods. The plasma conditions are n = 1023 cm−3 and T =
10 eV (partially degenerate plasma). In (a) both models (SPWS and
DF) are in agreement, but in (b) we can observe that the Coulomb kc

cl

cutoff approach fails at low velocities.

SPWS method and the PMtV stopping. Hence, we note here
the importance of the classical cutoff, when it is appropriate, in
the DF method, to give an adequate behavior. It is important to
note here that, as we showed in a previous work [9], the SPWS
method incorporates both limits implicitly.

As a second case, we consider the stopping power of
stripped ions in a partially degenerate plasma (θ = 1.2, n =
1023 cm−3, and T = 10 eV), which is shown in Fig. 5. As in
the previous case, in Fig. 5(a) we show results for Z = 1 (Bethe
limit), while in (b) we show the case Z = 20 (Bohr limit). We
can observe in Fig. 5(a) that there is a good agreement between
the DF and SPWS methods and both tend to the Bethe limit
as expected. On the other hand, a very different behavior is
observed in Fig. 5(b) for a point charge with Z = 20. Here
the unrestricted DF method highly overestimates the stopping
values, as in Fig. 4(b), matching the inappropriate Bethe limit at
high energies. However, when the Coulomb classical cutoff kc

cl
is used, the DF result (indicated by DF-kc

cl in the figure) shows
a very good behavior at high energies, matching the expected
Bohr behavior, but it drops in a very anomalous way at low
energies. In particular, the stopping calculated with this method
(DF-kc

cl) vanishes at low projectile velocities (v � 2 a.u.). The
curve labeled DF-kcl will be discussed later. A similar effect
was noted previously by Zwicknagel et al. [26] and Maynard
et al. [29]. The explanation of this anomalous behavior will be
considered in detail next.

The kc
cl limit’s failure in partially and degenerate plasmas

stems from the fact that it was derived from the closest
impact parameter behavior using a pure Coulomb potential
(Rutherford scattering). In particular, it can be obtained from
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FIG. 6. Comparison between kqm, kc
cl, and ks . In (a) we show them

as a function of plasma density, for T = 10 eV and v = 0. In (b) we
show the same k limit values for a fixed plasma density n = 1023 cm−3

(and T = 10 eV) but varying the projectile velocity v. In both cases
the ks > kc

cl condition is not physically correct.

the matching between kinetic and potential energies

1

2
mv̄2

r = Ze2

r0
, (36)

and then, defining

bc
cl = 1

2 r0, (37)

we retrieve the previous definition kc
cl = 1/bc

cl, given by
Eq. (33). But for these plasma temperature and density condi-
tions, the screening modifies substantially the potential behav-
ior, and this classical limit for bare ions no longer represents
a typical close impact parameter. Moreover, in such cases and
because the potential is strongly screened, bc

cl becomes larger
than the screening length, λ(v), which is normally considered
as an approximate upper impact parameter limit. Hence, this
situation is physically inconsistent because the electrons can
penetrate more than the classical impact parameter before they
are deflected by the ion potential.

To illustrate this situation, Fig. 6(a) shows kqm, kc
cl and

the screening parameter ks = 1/λ(v) as a function of plasma
density in the low-velocity limit (v � vs) and for T = 10 eV.
We can observe that the previous studied case [Fig. 5(b)]
corresponds to ks > kc

cl [i.e., bc
cl > λ(v)], a situation that is not

physically correct, and hence there is no contribution to the
integral calculation when the Coulomb classical cutoff is used.

FIG. 7. ks ∼ kc
cl condition in the static limit (v � vs) and for

different charges Z (bare ions). The curves separate the regions in
which the Coulomb kc

cl cutoff can be used.

This is the reason for the sudden drop of the DF-kc
cl stopping

curve when v ∼ 2 a.u. in Fig. 5(b). In addition, Fig. 6(b) shows
the same k limits, but now, as a function of the projectile
velocity and for the same plasma conditions used in Fig. 5.
In this case, we use Z = 2 for the classical cutoff in order
to show a case where the quantum cutoff is appropriate. It
is clear from Fig. 6(b) that for v > 4 a.u. (high speed) the
kqm prevails (i.e., kqm < kc

cl) while for v < 4 a.u. kc
cl applies.

However, for v < 0.6 this Coulomb classical cutoff becomes
unrealistic (kc

cl < ks), and there is no simple way to amend the
dielectric formulation.

Taking into account Eqs. (36) and (37), a new classical
cutoff criterion is here proposed. We apply again the energy-
matching condition to determine a typical collision distance r0

in terms of the actual scattering potential:

1
2mv̄2

r = V (r0), (38)

and, in correspondence with Eq. (37), we define the new
classical cutoff

kcl = 2

r0
. (39)

In the case of stripped ions, we can use the Yukawa potential
to obtain a more plausible value of r0:

1

2
mv̄2

r = Ze2

r0
e−r0/λ. (40)

The stopping power, calculated by Eq. (1), using this cutoff
is shown in Fig. 5(b) with the label DF-kcl. Although the result
still differs from the SPWS calculation (considered the best
result) we notice a significant improvement with respect to
the straight classical (Coulomb) criterion. This example shows
that the reason for the failure of the dielectric calculation arises
from the inappropriate cutoff criterion.

To investigate the region in which the Coulomb classical
cutoff works well (in the whole velocity range), we assume
λ � r0, and then the first-order expansion of Eq. (40) in powers
of r0/λ yields

kcl = kc
cl + 2

λ
. (41)
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FIG. 8. Comparison of the SPWS and DF stopping with other
formalism: a particle-in-cell code (PIC) and the BPS stopping (see
the text). Here u = v/

√
3T/m is a normalized velocity. The plasma

conditions are (a) n = 1.1 × 1020 cm−3, T = 14 eV and (b) n =
1.4 × 1020 cm−3, T = 11 eV.

Hence, for stripped ions we can define the condition

kc
cl ∼ ks = λ−1(v) (42)

as a limiting criterion that separates the regions in which the
Coulomb classical cutoff is appropriate. Figure 7 shows this
condition in the static limit (v � vs), for various projectile
charges Z, as a function of the plasma temperature and density.
Basically, the Coulomb classical cutoff prescription works well
for dilute or moderate density plasmas at high temperatures,
and the restrictions increase with the charge Z.

Finally, we compare, in Fig. 8 the SPWS and DF method
with more recent stopping calculations: the BPS model [40]
and a particle-in-cell (PIC) code [26] (data extracted from
[41]). The figure shows the stopping as function of the nor-

malized velocity u = v/
√

3T/m for the following conditions:
(a) n = 1.1 × 1020 cm−3, T = 14 eV, Z = 5 and (b) n =
1.4 × 1020 cm−3, T = 11 eV, Z = 10. As may be observed,
the SPWS calculations yield the best agreement with the
PIC simulations at low and intermediate velocities. All the
calculations in Fig. 8(a), as well as the PIC results, converge
to the correct Bethe-Bloch limit at high velocities, whereas in
Fig. 8(b) the PIC results do not reach that limit; this failure
can be attributed to an insufficient size of the simulation
cell, as compared with the interaction range, according to the
explanation given in Ref. [26]. Figure 8 also shows the DF
method. From the conditions in Fig. 8(a) we have that the use of
the kc

cl cutoff gives an adequate behavior, and its replacement by
kcl (not shown in the figure) does not produce an improvement.
However, in Fig 8(b), the use of the kcl cutoff clearly improves
the DF result. This can be understood taking into account
Fig. 7. In the latter, the plasma conditions of Figs. 8(a) and
8(b) are indicated by the small circles labeled as “(8a)” and
“(8b),” respectively. As can be observed, the condition (8a)
is far enough from the curve Z = 5, and hence, the Coulomb
classical cutoff is appropriate. On the other hand, the condition
(8b) is close enough from the curve Z = 10, and hence,the
Coulomb classical cutoff fails.

B. Neutral projectiles

The fact that the Coulomb classical cutoff criterion fails
and hence the DF method becomes unreliable, for high-density
plasmas and for slow highly charged ions, also has important
consequences for neutral and partially ionized projectiles.
Figure 9 shows the energy loss of a carbon projectile, for
different ionization degrees, in a plasma of n = 1023 cm−3

and T = 10 eV. In Figs. 9(a) and 9(b) we compare the SWPS
method with the DF method using (a) the BK and (b) the
Molière potentials.

The definition of kcl, given by Eqs. (38) and (39), allows
to use a classical cutoff not only for stripped ions but also
for different interaction potentials. Hence, for the DF method,
we show curves with and without the kcl correction given by
Eq. (39), with the use of the potentials given by Eqs. (27) and
(32). It is clear from these figures that the introduction of the
cutoff kcl in the DF produces a significant improvement with
respect to the plain dielectric formulation.

In Fig. 9(c) we show only the SPWS but for the BK and
Molière potentials. Obviously, the case η = 1 corresponds to
fully ionized particles screened by a Yukawa potential, and so

FIG. 9. Stopping of carbon for different ionization degrees η. We compare projectile models (BK and Molière) and stopping calculation
(SPWS and DF) methods.
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both ion models coincide. The dashed lines in this figure will
be discussed in Appendix B.

VII. CONCLUSIONS

Far from being a closed and well-described subject, the
interaction of partially ionized projectiles with dense plasmas
still presents several aspects that are not well described by
the usual dielectric formulation in the form used in many
publications. The incorporation of classical cutoff values in the
momentum transfer integrals aiming to reconcile the dielectric
formulation with the classical Bohr limit, when Ze2/h̄v̄r > 1,
does not provide a consistent and well-behaved result in wide
regions of plasma conditions, leading to a strong cancellation
of the stopping power for a range of energies below the
maximum.

We have explored in this work the limitations of the
dielectric formulation when trying to describe some of those
cases. As we have shown, the introduction of the Coulomb
classical cutoff in order to amend the dielectric formulation
may become physically unrealistic not only for highly charged
ions but also for partially and neutral projectiles. The new
classical cutoff criterion proposed here improves the behavior
and shows that the failure of the dielectric calculation arises
from the inappropriate cutoff criterion, which does not take
into account the screening effects on the ion field.

So far the most reliable method that provides physically
well-behaved solutions in all cases, with respect to both
projectile and target conditions, is the full quantum mechanical
calculation based on quantum scattering theory, or as was
shown in previous work [9], the semiclassical scattering
approach (SPWS). This approach provides an accurate solution
to this problem and serves to obtain the correct behavior, even
in the most complicated cases of partially dressed ions in
high-density semidegenerate plasmas.

Using this approach and comparing the results with those
of the dielectric calculations we have shown cases where (a)
the quantum version of the dielectric method works quite well
in its original form, (b) the quantum dielectric method requires
the use of classical corrections to get appropriate results,
and (c) even with the amendments of classical corrections,
the dielectric method fails very badly [case of Fig. 5(b)]. In
the last case we have identified the reason for the failure,
which lies in the strong screening effects in the ion field of
dressed projectiles or in high-density plasmas. Based on this
analysis, we have proposed a modified cutoff criterion that
considers screened interactions and improves the description
in the low-energy range.

As a practical result of this analysis we have identified
the regions on a density-temperature map where the previous
versions of the dielectric formulations either work or fail.

We expect that the cases and limitations described in
this work could serve as a warning for future calculations
dealing with heavy ions in dense plasmas and could stimulate
additional developments in this area.
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APPENDIX A: ON THE BETHE LIMIT IN THE QUANTUM
FORMULATION OF THE DIELECTRIC FUNCTION

As we mentioned in the Introduction, the quantum formu-
lation of the dielectric function, given in Sec. IV, already has
a quantum cutoff limit in the k-integral. To illustrate this, we
show in Fig. 10 the function

I(ω,k) = ω Im

[ −1

ε(k,ω)

]
,

which is the frequency integrand of Eq. (21), in a two-
dimensional color map. As can be observed, the main contri-
bution of this function is around the region given by the curve
ω = h̄k2/2m. First, we note that the frequency integral, in
Eq. (21), goes up to ω = kv (which is also shown in the figure).
Then, when the second integral of Eq. (21) is performed,
that is the k-integral, only the region up to k = kqm = 2mv/h̄

contributes to the integral.
This behavior is a well-known property of the Bethe theory

[42,43], but it is important to note that this property is fully
incorporated in the quantum version of the dielectric function.

APPENDIX B: SPWS STOPPING WITH A
MAXWELLIAN-LIKE DISTRIBUTION FUNCTION

We show here that the electronic stopping power repre-
sented in Eqs. (12) and (13) can be reduced to a single integral
when a Maxwellian-like distribution function is used (the same
applies for the Fermi distribution). To show this, we recall that
�vr = �ve − �v is the relative velocity of a plasma electron to the
projectile. Then, defining

�v · v̂r = v cos θr ,

�v · v̂e = v cos θe,

1 2 3 4 5 6 7 8 9  10
k (a.u.)

0

 10

 20

 30

 40

 50

ω
 (

a.
u.

)

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

 0.08

 0.09

 0.1

ω = vk

ω = -hk2/2m

k = 2mv/-h

FIG. 10. Typical frequency integrand of the dielectric stopping
power, given by Eq. (21) and using the quantum dielectric function.
The figure shows how the Bethe limit is implicitly incorporated in
this description.
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we can rewrite Eqs. (12) and (13) to obtain [see also Eqs. (19)
and following Ref. [8]]

S = 2πm n

∫ ∞

0
dvev

2
e f (ve)

∫ π

0
dθe sin θe cos θr v2

r σ (vr ).

(B1)

Then, using the relations

v2
e = v2 + v2

r + 2vvr cos θr , (B2)

ve cos θe = v + vr cos θr , (B3)

we change the integration variables from (ve,θe) to (vr,θr ):

S = 2πm n

∫ ∞

0
dvrv

4
r σ (vr )

∫ π

0
dθr sin θr cos θrf (ve).

(B4)

If the distribution function f (ve) is a Maxwellian-like one,
the angular integral can be analytically evaluated. In our case
we use fMB∗ (ve) and obtain

I (β) =
∫ π

0
dθr sin θr cos θrfMB∗ (ve) (B5)

= 1

β2
[(1 + β)e−β − (1 − β)eβ], (B6)

where β = vvr/v
2
s . Finally, the stopping power takes the form

of a single integral expression:

S = 2πm n(
2πv2

s

)3/2

∫ ∞

0
dvrv

4
r σtr(vr ) exp

(
v2 + v2

r

2v2
s

)
I

(
vvr

v2
s

)
,

(B7)

which presents a great numerical advantage taking into account
that the full semiclassical phase shifts [Eq. (11)] require
additional integrations for its calculation.

Using this expression, it is easily to expand the energy loss
in powers of v/vs :

S(v) = S1
v

vs

+ S3

(
v

vs

)3

+ O(5) (B8)

with

S1 = 4πm n

3

∫ ∞

0
dvrv

4
r σtr(vr )

1(
2πv2

s

)3/2 exp

(−v2
r

2v2
s

)
vr

vs

(B9)

and

S3 = 4πm n

3

∫ ∞

0
dvrv

4
r σtr(vr )

1(
2πv2

s

)3/2

× exp

(−v2
r

2v2
s

)(
1

10

v3
r

v3
s

− 1

2

vr

vs

)
. (B10)

This yields the two main coefficients of the low-energy
stopping power, the friction term S1, and a cubic curvature
coefficient S3. Figure 9(c) shows this expansion, with dashed
lines, for the neutral case (η = 0).

For stripped and partially ionized projectiles, the cross
section also depends on the projectile velocity v through the
screening length λ(v). Hence, for this case, Eq. (B8) is valid
only for v � vs . In particular, in this limit we can represent
the transport cross section in terms of the collisional logarithm
ln , in the usual way [8]:

σtr(vr ) = 4πZ2e4

m2v4
r

ln . (B11)

Then, if we assume an effective value for ln  (independent of
vr ), the integral of S1 can be calculated immediately, and we
retrieve a well-known expression first derived by Spitzer [6]:

S1
∼= 16

3
π1/2 Z2e4nm1/2 v

(2T )3/2
ln . (B12)

Finally, we note that this approximation can be applied to a
wide range of plasma parameters using the modified MB*
distribution.
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