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In the present work, an ischaemic process, mainly focused on the reperfusion stage, is studied using
the informational causal entropy-complexity plane. Ischaemic wall behavior under this condition was
analyzed through wall thickness and ventricular pressure variations, acquired during an obstructive
flow maneuver performed on left coronary arteries of surgically instrumented animals. Basically, the
induction of ischaemia depends on the temporary occlusion of left circumflex coronary artery (which
supplies blood to the posterior left ventricular wall) that lasts for a few seconds. Normal perfusion
of the wall was then reestablished while the anterior ventricular wall remained adequately perfused
during the entire maneuver. The obtained results showed that system dynamics could be effectively
described by entropy-complexity loops, in both abnormally and well perfused walls. These results
could contribute to making an objective indicator of the recovery heart tissues after an ischaemic
process, in a way to quantify the restoration of myocardial behavior after the supply of oxygen to the
ventricular wall was suppressed for a brief period. Published by AIP Publishing. https://doi.org/10.
1063/1.5026422

In this work, we analyze the evolution of an ischaemic
process using causal Information Theory descriptors. The
obtained characterization could be used for quantita-
tive evaluation of the restoration of myocardial behavior
after the supply of oxygen to the ventricular wall was
suppressed for a brief period.

I. INTRODUCTION

Coronary arteries supply the heart muscle with oxygen-
rich blood. Without an adequate blood supply, heart muscle
becomes starved of oxygen and may become permanently
damaged (acute myocardial infarction). Coronary blood flow,
at least to the left ventricle, occurs predominantly in diastole
since the resistance vessels within the heart are occluded dur-
ing systolic contraction.1 Most cases of infarction are due to
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c)francisco.redelico@gmail.com
d)ljcymber@ieee.org
e)gibio@frba.utn.edu.ar
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the formation of an occluding thrombus superimposed on a
lipid-rich atherosclerotic plaque. Impairment of coronary flow
(and thus oxygen) to target tissues is known as “myocardial
ischaemia.”2 Myocardial ischaemia is responsible for angina,
unstable angina, and, less commonly, shortness of breath
secondary to ischaemic left ventricular dysfunction (angina
equivalent) as well as cardiac arrhythmias. Patients with
severe coronary disease may have ischaemia to such a degree
that subendocardial infarction may ensue.1 Time elapsed dur-
ing an ischaemia crisis determines the severity of the clinical
consequences suffered by any organ, in this case the heart,
specifically the left ventricle. Then, the ischaemic process fin-
ishes when the reperfusion is initiated. If the time elapsed
during an ischaemic crisis is extended, longer than 15 min, the
damage to the heart tissue is usually irreversible. Long periods
of severe ischaemia (longer than 15 min) followed by reper-
fusion produce irreversible damage that culminates in loss
of viable myocardium function.3 In this sense, cardiac tissue
may activate endogenous mechanisms of cell survival result-
ing in physiological conditions of adaptation to ischaemia,
known as myocardial stunning, ischaemic preconditioning,
and myocardial hibernation, which sustains cardiac cell sur-
vival in the context of oxygen deprivation and during the
stress of reperfusion.4
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In a previous study, nonlinear measures to time series
arising from the cardiac ischaemic process were carried out.5

Loss of complexity of ventricular wall thickness (VWT)
variations was quantified, and fractal dimension assessment
(waveform structural information) was proposed as an “intrin-
sic marker” of the development of an ischaemic process.
We found that this kind of mathematical tool has behaviour
closely similar to the clinical community ischaemic indices in
defining the ischaemic process. Subsequently, chaotic metrics
were applied to VWT pulsatility in Ref. 6, where a non-linear
analysis was carried out under baseline conditions through
the phase space reconstruction, determinism evaluation, and
largest Lyapunov exponent assessment of the time series. It
was concluded that the nonlinear system characterization of
VWT behavior could be related to a chaotic process.

The use of quantifiers based on Information Theory,
like entropy and statistical complexity, evaluated using the
symbolic methodology proposed by Bandt and Pompe7 in
order to estimate the required probabilities (which take
into account in a natural way the time causality of gen-
erated time series) has led to interesting results regarding
the characterization of nonlinear chaotic dynamics, improv-
ing the understanding of their associated time series. In
particular, allowing to define a causal entropy-complexity
plane a diagnostic tool for discrimination of stochastic and
chaotic signals, being its application goes across several
disciplines, like physics,8–17 hydrology and geophysics,18–22

random and pseudorandom numbers,23–25 biology, medicine,
and econophysics,26–32 among others. Even though these mea-
sures were successfully used to distinguish between chaos and
noise, in this paper we are interested in characterizing the
physiological states during an ischaemic process instead of
the generating nature of dynamics itself.

The present work is organized as follows: in Sec. II, the
Information Theory based quantifiers are introduced. In Sec.
III, a short description of signal analysis methodology cor-
responding to signals of interest during the ischaemic crisis
is provided. Finally, the analysis of results and discussion of
them, as well as conclusions, are given in Sec. IV.

II. INFORMATION THEORY BASED QUANTIFIERS

For a given X (t) = {xt : t = 1, . . . , M ; xt ∈ R}, a discrete
random variable (a discrete time series provided by a physical
process) with M < ∞ possible values and whose distribution
is characterized by the discrete probability density function
(PDF) P = {pj ≥ 0 : j = 1, . . . , N ; pj ∈ R} and

∑N
j=1 pj = 1,

the logarithmic Shannon entropy33 is given by

S[P] = −
N∑

j=1

pj ln(pj) (1)

and provides a measure of the information embedded into the
physical process described by P, and it is a bounded function,
0 ≤ S[P] ≤ Smax, implying full certainty and full uncertainty
in both limits, respectively. We define the normalized Shannon
entropy by H[P] = S[P]/Smax. In particular, for the uniform
distribution Pe = {pj = 1/N , ∀ j = 1, . . . , N}, it follows that
S[Pe] = Smax = ln N .

FIG. 1. Measurement scheme of left ventricular pressure (LVP) and left
parietal ventricular thicknesses (LVTs). (1) Left circumflex coronary artery
bypass. (2) Ultrasonic crystals for parietal thickness measurement. (3) Pres-
sure micro transducer for LVP measurement. (4) Clamping between the
subclavian and coronary arteries.

Although Shannon entropy is a good global quantifier for
describing the level of order/disorder on a physical process, it
does not quantify the degree of structure or patterns present in
the process.34 Hence, an additional quantifier is necessary to
be introduced in order to measure these hidden structures in
the process in order to fully characterize the dynamical sys-
tem under study; i.e., the generalized statistical complexity
measure C[P]35,36 is defined as

C[P] = H[P] · QJS[P, Pe], (2)

where 0 ≤ H[P] ≤ 1 is the above defined normalized Shan-
non entropy and the disequilibrium 0 ≤ QJS[P, Pe] ≤ 1 is
defined in terms of the extensive, in thermodynamical sense,
Jensen-Shannon divergence: QJS[P, Pe] = Q0 J [P, Pe] and

J [P, Pe] =
{

S
[

(P+Pe)
2

]
− 1

2 S[P] − 1
2 S[Pe]

}
, where Q0 is a
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FIG. 2. Typical acquired signal (blue line) and wavelet denoised signal (red
line) corresponding to 5 s ventricular blood pressure (mm Hg). The sample
signal is 4000 Hz.
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normalization constant given by Q0 = J [P0, Pe]−1. The dis-
equilibrium quantifies difference between two PDFs: the
probability P of the actual state of the system and the proba-
bility corresponding to the equilibrium Pe (taken the uniform
distribution as state of reference).

There is no a unique way to compute the probability
set P associated with a time series.37 The applicability and
performance of each one depends on the kind of data to be
analyzed, its stationarity, time series length, and noise con-
tamination level, among other factors. Global aspects of the
generating time series (TS) dynamics can be somehow cap-
tured, but the different approaches are not equivalent in their
ability to discern all the relevant physical details. In particular,
for the characterization and distinction between deterministic
(low dimensional chaos) and stochastic dynamics, we found
that “the inclusion of time causality is one of the most impor-
tant features to be considered” in the methodology for PDF P
associated with the TS,38 a fact that can be reached using the
permutation Bandt-Pompe PDF.7

In the present work, for the Bandt-Pompe PDF (�) asso-
ciated with the time series analyzed, we follow the procedure
described by Rosso and co-workers in Refs. 39 and 40.
The (normalized) Shannon entropy and generalized statisti-
cal complexity, evaluated with this ordinal pattern probability
distribution, are called the permutation (normalized) Shannon
entropy, H[�], and permutation statistical complexity, C[�],
respectively.

The temporal evolution of the above defined quantifiers,
entropy H[�] and complexity C[�], can be analyzed using
a two-dimensional diagram called causal entropy-complexity
plane.38 The term “causality” reminds us of the fact that tem-
poral correlations between successive samples are taken into
account through BP-PDF �, in the evaluation of Informa-
tion Theory quantifiers. The second law of thermodynamics
states that entropy grows monotonically with time. Then, the
entropy H can be regarded as an arrow of time, allowing this
form to follow the time evolution of a dynamical system or
its changes of behavior with the different control parameter
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FIG. 3. Typical acquired signal (blue line) and wavelet denoised signal (red
line) corresponding to 5 s normoperfused wall thickness (mm). The sample
signal is 4000 Hz.

values.37 In the entropy-complexity plane, all the possible val-
ues are bounded by two continuous curves which represent,
respectively, the maximum Cmax and minimum Cmin statistical
complexity values as function of the normalized entropy H
and can be evaluated as explained by Martín, Plastino, and
Rosso.41

The causal H × C-plane as a diagnostic tool has shown
to be particularly efficient at distinguishing between the deter-
ministic chaotic and stochastic nature of time series since the
permutation quantifiers have distinctive behaviors for differ-
ent types of dynamics. In particular, Rosso and co-workers38

showed that chaotic maps have intermediate entropy H,
while complexity C reaches larger values, close to those of
the limit Cmax. Moreover, similar behavior is still observed
when chaotic maps’ time series are contaminated with small
or moderate amount of additive uncorrelated or correlated
noise.42,43 For regular process, both quantifiers have small
values close to zero (H ≈ 0, C ≈ 0). Finally, for totally uncor-
related stochastic process, the values are close to H ≈ 1 and
C ≈ 0. Correlated stochastic process (colored noises) with
f −k power spectrum (0 < k ≤ 3) is characterized by inter-
mediate permutation entropy and intermediate permutation
complexity values between Cmin and Cmax.

It is useful to define a measure that reflects the complexity
of a system given its amount of information (H). To determine
the relative position between both limit states of minimum and
maximum complexity, given H, we propose a simple measure
to grasp the amount of complexity regarding the degree of
information presented in the time series. We call it relative
complexity �(H) and define it as

�(H)[�] = C[�] − Cmin

Cmax − Cmin
. (3)

Note that, for colored noises with f −k , we obtain �(H) ≈ 0.5
for lower and moderate k-values, and for the case of chaotic
maps, we have �(H) ≈ 1. By convention, in the case of H = 0
or H = 1, we take �(H) = 0.
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FIG. 4. Typical acquired signal (blue line) and wavelet denoised signal (red
line) corresponding to 5 s ischaemic wall thickness (mm). The sample signal
is 4000 Hz.
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FIG. 5. Location of the left ventric-
ular pressure (red), and both anterior
(green) and posterior (blue) thickness in
the H × C informational plane measured
in the three mongrel dogs. The Bandt and
Pompe PDF was calculated with D = 6
and τ = 16. Mean values and standard
error, for each dog, taken over time win-
dow signals of 1.5 s with overlap of 0.5 s.
The continuous lines correspond to Cmax

and Cmin evaluated for D = 6.

III. MATERIALS AND METHODS

Three mongrel dogs weighing [18.8; 26.5] kg (24.4 ±
3.3, mean ± SD) were operated. We followed the surgical
procedure that was originally described by Cymberknop and
co-workers in Ref. 5. Figure 1 shows a scheme of a dog’s heart
after the surgical procedure.

For each mongrel dog, three time series (TS) were taken
leading to three measures during the ischaemic procedure:
the ventricular pressure (see Fig. 2), the normoperfused wall
thickness (see Fig. 3), and the ischaemic wall thickness (see
Fig. 4). The length of the TS varied from dog to dog, from
14 × 104 to 28 × 104 observations. The sampling frequency
was set to 4000 Hz for every signal. In general, the biome-
chanical signals acquired in vivo are noisy, especially when a
piezoelectric crystal is employed in the acquisition device, as
in this case for the ultrasonic micro-crystals. For this reason,
a pre-filtering of the signals recorded from the instrumented
dogs was necessary.

The signals were preprocessed through filtering by
wavelets (see Figs. 2–4 for typical examples of 5 s interval).
Among other useful characteristics to apply in signal process-
ing, the wavelets have the property to localize, at different
scales, the features of the signal. This property is used in
this work to denoise the raw signal to remove the artifacts
without loosing the relevant characteristics of the informa-
tion contained in the signal. To accomplish this denoising, we
used the well-known procedure named wavelet denoising by
thresholding. The basic idea of the method of wavelet denois-
ing is to select the wavelet coefficient smaller than a specific
level and suppress it from the wavelet transform. Assuming
that they typically came from noise, the denoised signals

TABLE II. Relative complexity obtained for the three mongrel dogs.

Relative complexity �(H)[�] Dog 1 Dog 2 Dog 3

Ventricular pressure 0.441414 0.612475 0.451506
Normoperfused wall thickness 0.556916 0.642343 0.585377
Ischaemic wall thickness 0.432307 0.550843 0.506375

could be reconstructed using the inverse wavelet transform
to obtain signals with specific noise reduction, without loos-
ing amplitude and phase shift. For details, see Refs. 44 and
45. The denoising was performed using the Daubechies order
four wavelet applied with a soft thresholding method.

With each denoised signal, the normalized permutation
entropy (H) and the permutation statistical complexity (C)

were computed as stated in Sec. II using sliding windows of
length 6000 data (1.5 s) with an overlap of 2000 data (0.5 s).
The BP PDF requires two parameters: the pattern length D
and the time delay τ . In accordance with the results obtained
by Boardman and co-workers, in these kinds of signals,46 the
best value for the time delay is τ = 16. All results are shown
for the pattern length D = 6 because there was no significant
difference in the results when the D parameter varied from
D = 3 to D = 6.

IV. RESULTS AND DISCUSSION

The severity and consequences of an ischaemic crisis, on
any organ, especially the heart, are determined by the time
elapsed and by other clinical factors concurrent with the cri-
sis, and then the start-up of the reperfusion begins the process
which finishes the ischaemic crisis.3,47 The damage to heart

TABLE I. Obtained mean values and standard error for normalized Shannon entropy and statistical complexity of the ventricular wall thickness and ventricular
pressure for the three mongrel dogs. BP PDF was calculated with D = 6 and τ = 16, taken over time window signals of 1.5 s with an overlap of 0.5 s.

Ventricular pressure Normoperfused wall thickness Ischaemic wall thickness

Dog Mean SE Mean SE Mean SE

1 0.3988766 0.0045199 0.2960285 0.0080353 0.7428525 0.0137216
H 2 0.2920966 0.0025640 0.2773665 0.0055675 0.7976171 0.0047886

3 0.4700439 0.0048156 0.3271174 0.0057901 0.6911170 0.0071269
1 0.2730826 0.0008992 0.2363704 0.0040174 0.2890026 0.0044784

C 2 0.2400031 0.0014705 0.2328880 0.0035836 0.2934200 0.0036553
3 0.3007864 0.0011493 0.2588568 0.0032338 0.3313376 0.0027667
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FIG. 6. Trajectory of the left ventricular pressure during the maneuver for the three different mongrel dogs in the H × C informational plane. The Bandt and
Pompe PDF was calculated with D = 6 and τ = 16, taken over time window signals of 1.5 s with an overlap of 0.5 s. The numbers next to the dots are the time
in seconds after the beginning of the procedure. In all the cases, the entropy and the statistical complexity decay until the wall is reperfused and return to the
initial values indicating a complete recovery of basal conditions. The continuous lines correspond to Cmax and Cmin evaluated for D = 6.

cells, cardiomyocytes, begins about 20 min after initiating the
ischaemic process, and the reversibility of this kind of dam-
age was indicated in the literature and this could take place
within 60 min after the ischaemic process begins and reper-
fusion is done.48 The deep knowledge of how the damage to
ischaemic process is reversible is a matter of discussion.3 A
diversity of results are indicated in the literature; for example,
reperfusion after a long elapsed ischaemic time process fol-
lowed by an immediate reperfusion leads to strong damage to
the heart, whereas cyclical periods of short ischaemic crises
do a protective function of the vital organ.3

The natural dynamics of each healthy dog was altered
by a surgical procedure deriving from a perturbation of those
systems, which is reflected in changes in the location on the
informational plane H × C. In the ischaemic wall thickness
TS, this is reflected in an augment of H (compared with the
normoperfused wall TS) due to direct manipulation of the
wall, leading to an alteration in the correlation structure of the
data in which the relationship between components of the sys-
tems is underlaid (see Fig. 5 and Table I). All the measures are
similar in terms of permutation statistical complexity when

they are measured independent of the permutation entropy.
While the pressure and thickness of the normoperfused wall
are on the low entropy side, the thickness of the ischaemic
wall is located on the high entropy side of the plane, and that
may be due to the fact that the surgical procedure endowed
the ischaemic wall with an altered dynamics.

In Table II, the relative complexity �(H)[�] for each
measure is shown. It can be seen that there is a loss in the
relative complexity [Eq. (3)] for the ischaemic wall com-
pared with the normoperfused wall. This is consistent with the
hypothesis of loss of complexity for a physiological system
with age or disease.49–51

In Figs. 6–8, the trajectories on the informational plane
H × C from the beginning of the procedure to the end of the
obtained data for all three measures are shown. In these tra-
jectories, the extension of the cycle to return to the initial
conditions depends mainly on the duration of the procedure
(it is worth mentioning that the scale of the figures varies on
each dog). In Fig. 6, the left ventricular pressure performs a
cycle on the informational plane H × C. An alteration in the
time series dynamics due to the ischaemia but with a return to
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FIG. 7. Trajectory of the thickness ischaemic wall during the maneuver for the three different mongrel dogs in the H × C informational plane. The numbers
next to the dots are the time in seconds after the beginning of the procedure. The Bandt and Pompe PDF was calculated with D = 6 and τ = 16, taken over time
window signals of 1.5 s with an overlap of 0.5 s. This trajectory is different for each dog, indicating that the wall has been altered, agreeing with the ischaemic
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next to the dots are the time in seconds after the beginning of the procedure. The Bandt and Pompe PDF was calculated with m = 6 and τ = 16, taken over time
window signals of 1.5 s with an overlap of 0.5 s. In all the cases, the entropy and the statistical complexity decay until the wall is reperfused and return to the
initial values indicating a complete recovery of basal conditions. The continuous lines correspond to Cmax and Cmin evaluated for D = 6.

the initial conditions can be observed. Some type of recovery
of the ventricular function may be inferred.

In Fig. 7, the ischaemic wall trajectory on the informa-
tional plane H × C is shown. For the first dog (Fig. 7, left),
the procedure lasted the longest and could not reach the initial
point in the informational plane.

In Fig. 8, a return to the initial conditions is observed
and again the longest trajectory corresponds to the same dog
whose procedure lasted the longest (see Fig. 8, left). The
extension of the principal axis of the trajectory area (thought
as an ellipse) may be used as a proxy of the duration of the
ischemic crisis and could be related to the severity of the
procedure on the ventricle.

In summary, we have described the evolution of the cycle
Ischaemia/Reperfusion using complexity based techniques.
This could have clinical implications, as the permutation
entropy and statistical permutation complexity could be used
as a proxy to understand the condition of the cardiac muscle.
This contribution could pave the way to elaborate a methodol-
ogy to construct an objective indicator of the recovery of heart
tissues after an ischaemic process, in a way to illustrate the
restoration of myocardial behavior after the supply of oxygen
to the ventricular wall was suppressed for a brief period.
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