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1 Introduction

The deformations arising from the composite “T'T” operator [1], constructed out of the
(Hilbert) stress-energy tensor, have recently attracted much attention. These irrelevant
deformations are solvable, in the sense that they affect the theory’s energy spectrum in



a simple way. For a state |n) of energy H, and zero momentum, a 77T deformation of

parameter « acts as
Oty = —(n|O|n> = H,0rH,, (11)

where O = det[T®] is the T'T composite operator and R is the volume of the theory. This
means that the energy of a state |n) in the a-deformed theory in volume Ry is the same
as that of the same state in the undeformed theory, but in volume R = Ry + aH,. For
integrable theories, such a deformation is identified with a “CDD factor” [2] in the factorised
S matrix [3, 4]. This CDD factor appears to be closely related to (effective) string theories
on flat space [4-8] and stringy Wess-Zumino-Witten models [9-11], and more generally with
string theories in uniform light-cone gauge [9, 12-14].} The holographic interpretation of
such deformations has also been directly investigated [16-20], as well as their relation with
two-dimensional (Jackiw-Teitelboim [21, 22]) gravitational theories [23-26].

One aspect that has been perhaps overlooked so far is how TT deformations affect
a supersymmetric theory. This is a rather natural question given that two-dimensional
supersymmetric theories are of great interest, both in their own right and in the context
of string theory and holography. In this short note we aim to address this question.

If we think of the deformation as arising from a CDD factor that yields the differential
equation (1.1), it is natural to conclude that it should behave well with respect to super-
symmetry. States related to each other by the action of supersymmetry will have the same
energy and momentum. As long as the flow of eq. (1.1) is non-singular, such degeneracies
should be preserved. This seems to imply that a supersymmetric theory would generically
remain so after a 77 deformation.

However, to have complete control over the deformed theory — rather than on its
spectrum only — it is important to construct the TT operator, which we will simply denote
in the paper as O = det[T%], and determine how it behaves with respect to supersymmetry.
It is easy to see that, even for a very simple (free) theory, det[T%] is not invariant under
the supersymmetry variations of the undeformed theory. In this paper we will argue that
it is possible to define a deformed TT operator that is supersymmetric with respect to the
supersymmetries of the undeformed theory and is equivalent to O, up to total derivatives
and terms that vanish when using the conservation equations of the supercurrents (which
hold on the mass shell).

More specifically, we will consider N' = (1,0) and N' = (1, 1) theories, and show that O
can be constructed as a supersymmetric descendant of an appropriate composite operator.
For instance in the N' = (1,0) case we have

/d% O(o) = /d%{@+,0_(a)}, (1.2)

up to terms that vanish on-shell, where @4 is the supercharge and O_(o) a suitable
fermionic operator. This is sufficient to guarantee that

[Q+, /d%()(a)} =0, (1.3)

!See also ref. [15] for a review of (integrable) strings in uniform light-cone gauge.



so that the deformed action remains supersymmetric. The fact that eq. (1.2) is corrected
by terms that vanish on-shell is inconsequential. Indeed we will argue that such terms do
not affect expectation values, so that the two operators on either side of eq. (1.2) can be
defined by point splitting, and will generate the same exactly solvable flow as eq. (1.1).

We derive eq. (1.2) and discuss these ideas for N' = (1,0) and N = (1,1) supersym-
metry in section 2. In section 3 we provide a concrete example by discussing in detail
the deformation of the free N' = (1,0) supersymmetric action for a scalar multiplet. A
particularly interesting feature of TT deformations is that they appear to be naturally
related to string theory. This was first observed for bosonic strings in flat space [4-8]. In
ref. [9] it was argued that such a relation is more general, and should affect any string
theory quantised in uniform light-cone gauge [12-14], see also [15]. Indeed, in ref. [9] such
relation was exploited to study the integrable structure of AdSs string backgrounds with
Neveu-Schwarz-Neveu-Schwarz background fluxes.? In section 4 we argue that this rela-
tion holds also for supersymmetric string theories, and we show explicitly that this is the
case for Green-Schwarz superstrings in flat space. In addition, we comment on how our
construction, which is based on “uniform” light-cone gauge [12-14], relates to other ap-
proaches to the 7T deformation. We conclude with a brief discussion in section 5, and
collect a number of technical results in the appendices.

Note added. The pre-print [28], which appeared on the arXiv shortly after this pre-print,
also addresses the relation between TT deformations and supersymmetry. The results
presented there are compatible with the discussion of our sections 2 and 3.

2 The TT operator as a supersymmetric descendant

In this section we will provide some general arguments showing that the 7T operator of the-
ories possessing two-dimensional (2D) supersymmetry is itself supersymmetric. Specifically,
we will see that it is the supersymmetric descendant of a composite operator constructed
out of elements of the supercurrent multiplet.

We will restrict our analysis to the case of two-dimensional N' = (1,0) and ' = (1,1)
supersymmetry. Moreover, we will assume that the supersymmetric QFTs in consideration
are Lorentz invariant and can be coupled to two-dimensional off-shell supergravity, and
to simplify our analysis we shall work in superspace. The study of 2D (1,0) and (1,1)
supergravity in superspace was largely developed in the 1980s and we refer the reader to
the following works and references therein for details [29-37]. Under our assumptions, the
description of the supercurrent multiplet will simplify: the supercurrent and trace multiplet
will coincide with the variational derivatives of the supersymmetric matter action with
respect to the supergravity prepotentials, evaluated on a Minkowski superspace background
(see [38, 39] for general reviews on the construction of supercurrents in superspace along
this line). This is the supergravity analogue to the definition of the Hilbert stress-energy
tensor as the functional derivative of a matter theory minimally coupled to a background

2See also ref. [27] for a review of integrability of AdSs superstring backgrounds.



metric (vielbein). We leave for future work the extension of our arguments to more general
supercurrent multiplets derived in the spirit of the analysis of, e.g. refs. [40-43].

2.1 The N = (1,0) supercurrent multiplet

We start by introducing the A/ = (1,0) superspace and the structure of the supercurrent
multiplet. In light-cone coordinates, a flat 2D N = (1,0) superspace is parametrised by
(see appendix A.1 for our definition of o*%)

CM = (0T, 077,07, (2.1)

with 97 a real Grassmann coordinate. The spinor covariant derivatives and supercharges
are given by

0 . . 0
Di=g57— o, Qi =i 9T 0T oy, (2.2)
and obey the anti-commutation relation
{D;+, Dy} = 21044, {Q+, Q4} = —2104+, {Q+. Dy} =0. (2.3)

Given a (1,0) superfield F(¢) = F(o,9") its supersymmetry transformations are given by
SoF = —ie_Q  F(o,97) . (2.4)

Note also that if F(o) is the operator defined as the ¢ = 0 component of the superfield
F(C), F(o) := F(o,9")|y=0, then its supersymmetry transformations are such that

5QF(U):—i6_[Q+,F(O')}:—ie_Q_,_]:(U,ﬁH')ﬁ =e D, F(o,97) . (25)

We will indicate by @+ the supersymmetry generator acting on a component operator and
distinguish it from Q. , which is a linear operator acting on superfields.

The description of general N = (1,0) supergravity-matter systems in superspace has
been developed in full detail three decades ago. See [31-37] for an (incomplete) list of
references. We will restrict our attention to a Lorentz invariant Lagrangian matter system
coupled to linearised off-shell Poincaré supergravity. In this case, linearised supergravity
can be described by three unconstrained prepotential superfields:

Mo (= —gHeeQ) H QO =—gH (), and SO,  (26)

the last one being a Lorentz scalar. Their linearised supergravity transformations are

OHitpr = —DiKyy,

1
08 = S(04+K— +0-_Kss) +Kp,

where K14 (¢) and Kp(¢) are unconstrained and parametrise linearised superdiffeomor-
phisms and super-Weyl transformations, respectively. The supergravity multiplet described



here is equivalent to N' = (1, 0) conformal supergravity coupled to a scalar conformal com-
pensator multiplet. The component fields of the prepotentials are

Hitt(Q) = pritlo) 4 10T hyyii(o),
Hol (Q) = hoe(o) + W' o (o), (2.8)
S(¢) = h(o) + W yY(o),
where hy4y4 and h____ being the traceless components of the linearised metric while h
is its trace, ¢»___ and vy are the gravitini while the field p; 4 is pure gauge.

Now consider a general Lorentz invariant matter system coupled to N' = (1,0) super-
gravity. Its action expanded to first order in the supergravity prepotential is

i

S =—3 /d20 do* [H+++ T M T +2ST|. (2.9)

Assuming that the equations of motion for the matter are satisfied, after some integrations
by parts the variation of the action under arbitrary superdiffeomorphism transformations
takes the form

55 = *% /d20' d19+ |:’C++ (DJrTf,f, — 1877‘77) — i/C,, (8,,j+++ + aJrJrj,)} . (210)

Imposing that the action is invariant then leads to the following supercurrent conservation
equations:

D+7:,7, - iaffj,,
0Ty = —044J-.

The on-shell variation of the action (2.9) under arbitrary super-Weyl transformations is

(2.11)

55 = i/d% A9t Kpd. . (2.12)

If the matter system is superconformal, which will not be our main interest in our paper,
this variation should vanish for arbitrary Kp, which implies that

J-(¢)=0. (2.13)

It is clear that 7T____, Jy4+4 and J— belong to a supercurrent multiplet where J_ plays
the role of the supertrace, the supersymmetric analogue of the trace of the stress-energy
tensor.

The components of the supercurrent multiplet are

Ti++(Q) = Jrys(0)  + 9T Thiyi(o),
T—— () = T-——_(0) + Wro__J (o), (2.14)
J-(C) = J-(0) + 97 6(0),

where the fields T4 4 1 (0) =Dy T4 4+ [v=0, T-———(0) =T-—__[y=0 and O(0) = D1 J_[s=0
are the light-cone components of the stress-energy tensor while J; ;4 (0) = J4 44 |9—0 and



J_(0) = J-|y=o are the components of the Q_-supersymmetry current. By using (2.11), it
is straightforward to show that these operators satisfy the correct conservation equations

8++T____ = - 8__@,
O-Tiyiy = —0440, (2.15)
O Jyry = —044J-.

2.2 The TT operator

Now that we have described the structure of the supercurrent multiplet, we are ready to
show that the TT operator, which takes the form

O(0) = Ty (0) T __(0) — [B(0)]?, (2.16)

is a supersymmetric descendant. Defining the superfields 7 and 7,4 as
T =D+I-(C);  Tig++(Q) =Dy T44+(0) (2.17)

and using eq. (2.11), the superfield

O_(Q) =T ——(Q) T+++(0) = T(¢) T-(¢) » (2.18)
is such that

DO (C) = Togr+ (Q)T———(C) = [T(O)]?
- J+++(C)[ T Q) —i0_T(0)]

(2.19)
T (O[O~ T1+(0) + 91+T-(0)]
- 1377[\7##(0‘77(0] +i044 [T-(O)T-(Q)] -
Using the conservation equations (2.11), the previous expression becomes
DL0-(¢) = Tar+ () To———(0) = [T(Q)]’ (2.20)
+i044+ [T () T-(Q)] =10~ [T4+(¢) T-(Q)] -
This implies that, up to total derivatives, the following equality holds
0(0) = [ 4" 0-(0) = D,0-(0)]_ =i{Q+.0-()}. (221)
where we have defined
0_(0) = o_(g)‘ . (2.22)

=0
In other words, O_ (o) is the supersymmetric primary field of the multiplet containing the
operator O(o). As we anticipated in the introduction, this shows that the TT deformation
is manifestly supersymmetric, since

[Q+, /d200(0)] - i/dza[Q+, (Qs, 0_(0)}] ~0. (2.23)



It is also rather interesting to write down the deformed action, with deformation pa-
rameter «, in terms of the original action Sy = S of eq. (2.9) and of the operator O(o)
defined above:

Sa:SO—a/d2aO(U)—|—~--
= — ;/dQO'dl?+ [(H+++ - 4iaj+++)7:___
+ i(?‘[____ — 4&71___)j+++
+21(S+4a7')\77} 4

(2.24)

where the ellipses refer to higher order terms in . In other words, the 7T deformation
can be reabsorbed in a shift of the prepotential superfields; this will be the case also for
N = (1,1) theories, as we will see below. This points towards a geometric interpretation
of such a deformation in terms of the supergravity, reminiscent of the observations of
refs. [23, 25, 26], which would be interesting to explore further.

2.3 Point splitting

The composite operator defined in eq. (2.18) is well-defined via point splitting, as proven
in ref. [3]. Indeed, consider the point-split superfield operator

O_(C.¢) = Tee(Q) Tt () — T(O) T - (2.25)

By expanding it in powers of the fermionic coordinates ¥ and ¢, it is straightforward to
check that each component is of the form

As(0) AL (0') — Bsya(o) By _2(a'), (2.26)
where s and s’ label the spins of the operators and
8++As - —8__Bs+2, 8__14; - —6++B;_2 . (227)

As shown in ref. [3], bilocal operators like (2.26) are free of short-distance (non-derivative)
divergences. Moreover, their expectation value is independent of the separation o — o’.
Consequently, the limit ¢’ — ¢ in (2.25) defines a composite superfield operator that is
unique up to total derivative terms. In particular, the integrated operator

/dza dvT O_(¢) (2.28)

is well-defined and manifestly preserves supersymmetry.

We also notice that the operator above is identical to the usual 7T deformation only
up to terms that vanish upon using the supercurrent conservation equations that hold on-
shell. This however is of no consequence when we consider expectation values of (2.28) in
arbitrary states, since the equations of motion are valid inside correlation functions up to



contact terms. In more detail, the relevant descendant of (2.25) reads

(D4 + DO () = T (Q) Ta4+(C) = T T(C)
+ [DyT__(¢) —i10__T-(Q)] T+++(¢)
— 1T (OO T 4+(¢) + 0 T ()] (2.29)
+1(0-— + L )T () T+++(C)]
+i(044 + 04 )T () T-(¢)] -

When we take its expectation value, Ward identities imply that the second and third line
vanish up to contact terms of the form §2(c — o’). However, since the expectation value is
independent of the separation o — ¢’, these contact terms do not contribute. The third and
fourth lines are total derivatives and do not contribute either in states with well-defined

energy and momentum.

2.4 The N =(1,1) case

The N = (1,1) case is an obvious generalisation of the previous case. We refer the reader
to [30] for 2D N = (1, 1) off-shell supergravity and its description in terms of unconstrained
prepotentials. Compared to the (1,0) case of the previous subsections, superspace is now
parametrised by an additional fermionic coordinate, so that (™ = (6,07~ 97, 97). The
covariant derivatives and supercharges are defined as

Dy = ggv ~1W07 04+, Qe =iggr V0 (2.30)
0 0 '
Di = - — 1 - S = 1 _— - S
50— o, Q I 5g= VO,
and the anticommutators read
{Dy, Dy} = 2044, {Q+, Q) = 21044,
{D_,D_} =—-2i0__, {Q_,9_}=-2i0__, (2.31)
{D+7D—} = {D:b Qﬂ:} = {Q+7 Q—} =0.
For a Lorentz invariant Lagrangian matter system, A/ = (1,1) supersymmetry implies

the existence of two pairs of superfields, (J4+4++(¢), J-(¢)) and (J-—_(¢), J+(¢)), which
encode the supercurrents and the stress-energy tensor. These two pairs describe respec-
tively a (1,0) and (0, 1) supercurrent multiplet. By assuming that our matter system can
be minimally coupled to off-shell (1,1) conformal supergravity together with an uncon-
strained scalar compensator, it can be shown that J(() are expressed in terms of a real
scalar current J(() as

T (Q) =-DyJ(),  J-(¢)=iD-J(() - (2.32)

In fact, the N' = (1,1) unconstrained prepotential superfields are:

Mo (= —3Hers(©) HAO=—3H (O, ad SO, 23



and possess the following linearised supergravity transformation rules (see [30] for more
detail)
Mgy = DKy, oH-—— = -D_K__,

1 (2.34)
(58 == 5((9_:,_4_](:__ + 3__IC++) + ICD .

Here K14 (¢) and Kp(¢) are unconstrained and parametrise linearised (1, 1) superdiffeo-
morphisms and super-Weyl transformations, respectively. The supergravity prepotentials
comprise various pure gauge components together with the following fields

hirii(0) = —iDiH g4 o, Yoo = =DiD_Ho__|y+,
ho———(0)= —iD_-H___|p=, Vprr = DiD_Hypilps, (2.35)
h(U) = S‘,&j: 5 w:lz = —iDiS‘ﬂi 5 5
where hy. 4 and h____ are the traceless components of the linearised metric while A is

its trace, Y114+ and ¥4 are the gravitini.
Now consider a general Lorentz invariant matter system coupled to N = (1,1) super-
gravity. Its action expanded to first order in the supergravity prepotential is

51 / Poddt 00 [Ho T ~H Ty +257]. (2.36)

Assuming that the equations of motion for the matter are satisfied, by imposing the invari-
ance of the previous action under arbitrary linearised (1, 1) superdiffeomorphisms transfor-
mations (2.34) it is straightforward to obtain the following conservation equations for the
associated (1, 1) supercurrent multiplet

DiJ— =00, D_-TJp1+ = —0+47, (2.37)
which imply
O T4y = =040, 04T =—0__Jy. (2.38)

If the matter system is superconformal, the invariance of the action (2.36) under arbitrary
super-Weyl implies the extra condition

J()=0. (2.39)

It is clear that Ji4++ and J belong to a supercurrent multiplet where 7 plays the role of
the supertrace. The components of the stress-energy tensor can be defined as

Tyyi1(0) =Dy Trt4]vx=0; T (o) :=D_-J——|pt=0, (2.40)
©(0) = D+ J-|pt=0 = D-T4|pt=0 = 1D+D_T |90 ,
and, due to (2.37), they satisfy
O--Tyy14(0) =—=0440(0), 0441 —_(0)=-0--O(0) . (2.41)



Following the same arguments of the N/ = (1,0) case, it is easy to prove that the
composite superfield

0() = T (Q)T+++(¢) = T+ IT-(C) (2.42)

is well-defined up to terms that vanish upon using the conservation equations and up to
total derivative terms. Moreover, it is straightforward to show that

DyD_Olgs_g =Ty 11T — 0>+ EOM’s + total derivatives . (2.43)

This shows that the T'T operator can be constructed as a supersymmetric descendant of
an N = (1,1) supersymmetric multiplet, so it preserves the full N’ = (1, 1) supersymmetry
algebra.

Just like in the N' = (1,0) case, it is interesting to write down the deformed action,
with deformation parameter «, in terms of the original action Sy = S of eq. (2.36) and of
the operator O(co) defined above. At first order in « we obtain:

Se = So—a/d200(0)+---
= ;/d20'd19+d’l9_ |:(H+++ — 4iaj+++)j,,,

— (Heo — i) T gt
+2(S + 4iaD, D_J) j] T

(2.44)

much like in the N = (1,0) case.

2.5 Energy levels of the deformed theory

One of the most important features of TT deformations is that the energy levels of the
deformed theory are related to that of the original theory by an ordinary differential equa-
tion [1]. For a state of energy H,, and vanishing momentum P,, = 0, this takes the very
simple form of eq. (1.1). The derivation of that formula hinges on the special properties of
the (Hilbert) stress-energy tensor, out of which the deforming operator is constructed by
means of a point-splitting regularisation procedure. Since in the super-symmetric set-up
we deform the theory by a slightly different operator, we might worry that the 7T flow
of the energy level takes a different form. It is important to note that, as we discussed
in the two previous subsections — see in particular the discussion below eq. (2.28) — our
point splitting procedure differs from the one of the “Hilbert” case only by terms that van-
ish on-shell. As a result, the two regularised operators are identical up to contact terms.
When taking the expectation value of the operator on a state |n) of definite energy H,
and momentum P, these contact terms give no contributions, because expectation values
are independent from the separation of point-split operators [1]. This means that in the
supersymmetric setup we still have the very same ordinary differential equation for the
spectrum of a deformed theory.

While the differential equation for H, (R, «) is the same, its solutions are qualitatively
different in the supersymmetric case, due to different initial conditions at a = 0. To

,10,



illustrate this point, it is sufficient to consider the simple case of eq. (1.1), i.e. P, = 0,
following refs. [3, 4]. Let us assume that the original, undeformed theory has energy levels
given by B

AL+ A, /12
a=0 N R '
This is the case if the original theory is a (unitary) CFT, in which case A,, > 0 and A, >0
are the eigenvalues of the left- and right- sl(2,R) Cartan operators, and ¢ > 0 is the central

H,(R,«)

(2.45)

charge. More generally, we expect this to be approximately correct for R small enough, in
which case c is the central charge of a suitable UV CFT. It is easy to solve eq. (1.1) with
initial conditions (2.45):

—R+ \/R2 + 4a(An + A, — c/12)
2

Note that when ¢ > 0 and |« is large enough, there are always cases where the square-root

Ho(R,a) = (2.46)

becomes imaginary: for v < 0 this happens whenever A, +A,, > ¢/12, which is the case for
infinitely many excited states; for o > 0 this happens at least for the ground state |0) where
Ag=Ay=0 (as well as Py = 0). The former case has been given the interpretation of a
“holographic cutoff” [16], while the latter at least in the simplest cases can be understood
as the tachyon of bosonic string theory [4].3 We see now that supersymmetric theories
are very special in this regard, because for suitable boundary conditions of the fermions
the vacuum energy in finite volume is zero. Therefore, ¢ = 0 in eq. (2.46) so that we
have a regular T7T flow for all states for o > 0. Moreover, the supersymmetric ground
state is protected under the T'T flow, having Ho(R,a) = 0 for all € R. Note however
that even in the supersymmetric case a deformation with o < 0 would generically lead to
complex energy levels for the excited states, in good accord with the “holographic cutoff”
interpretation of ref. [16].

3 Example: N = (1,0) TT-deformed action

In order to illustrate the ideas discussed above, let us consider in some detail the simplest
supersymmetric setup, which is a two-dimensional theory with A/ = (1,0) supersymmetry.
The free action for a AN/ = (1,0) real scalar multiplet is

1 .
Sy = / Q20 [28++X8__X T OCEN (3.1)
This is invariant under the supersymmetry transformations

(SQX =—i 6_1/14_, 5@1/14_ = 6_8++X . (32)

It is important to note that the previous supersymmetry transformations close off-shell.
This is a feature that the (1,0) case makes particularly simple compared to higher super-
symmetric cases where one might have to introduce auxiliary fields to close supersymmetry

3More generally, this behaviour arises when putting a 7T deformed theory on the torus, as commented
on in e.g. ref. [44].

— 11 —



off-shell. The previous real scalar multiplet is equivalently described in N' = (1,0) super-
space by a real unconstrained superfield (o, 97) such that

p(0,97) = X(0) =191 (0) . (3-3)

The free action (3.1) is equivalently written in superspace as
1 2 + :
So = 3 d*ody ™ Dypid__¢p. (3.4)

We want to consider a 7T deformed action S, with parameter a such that
0aSo = —det[T], lim S, = S0, (3.5)
a—0

where the stress-energy tensor is computed out of S, itself. There are several ways to
do this. For instance, one could construct the deformation order by order in «, following
ref. [4]. At each given order, the stress-energy tensor will be a polynomial in 0+ X and
1104114 . This, together with the Grassmannian nature of 1, leads to the simple ansatz

Sa = /d20' |:;EA($) + IB({L’) 1ﬂ+a__1/1+ + 1aC(a:) (8__X)21/1+8++¢+ ; (36)

where we have accounted for the fact that o has dimension [o] = (=1, —1) and introduced
the dimensionless combination

xr = 048++X3__X. (37)

Imposing (3.5) in terms of the Noether stress-energy tensors then leads to a system of
ordinary differential equations for A(z), B(z) and C(x), much like in ref. [45]. Relegating
the details to appendix B we have

0=A(z)[1+ A(z)] —z A'(z) [1+ 2A(z)],
0=2zA'(z)[B(z) + 2C(z)] + = B'(z) — A(z)[B(z) — 22 B'(z)], (3.8)
0=A'(z)B(z) + C(z) [1+ A(z) + 2 A'(2)] + 2 C'(z) [1 + 24(z)],

which we want to solve with initial conditions at small x

1 1
A(z) = 3% +0(2?), B(z)= 5 +0(zY), C(2)=0+0("). (3.9)
The differential equation for A(x) is solved by a bosonic action of Nambu-Goto form;
solving the remaining equations we get

7vl+22$—1 Ba)= s+ —t* @) =——21 . (3.10)

4 41+ 2z 44/1 + 2z

It is easy to verify that, using the supersymmetry variation (3.2),

Sa Alz) =

80 S # 0, (3.11)
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whenever a # 0. In fact, it is not difficult to construct the unique Lagrangian with bosonic
part Lyos,o = A(x)/o which is invariant under (3.2). As we show in appendix B, imposing
supersymmetry leads to a very simple differential equation,

B(x) = A'(z), 2C(z) + zC'(z) = B'(x), (3.12)

which for our bosonic Lagrangian A(x) is solved by

1 1 14z

Ssusy : B = T A C = 5.2 A0 5 a5 -
¥ @) =5 (@) =52 ~ oo

It is also simple to show that in superspace the resulting manifestly supersymmetric action

(3.13)

takes the form

V142X -1
susy — d*odyt
Ssusy / o 5x

Dipio__p, X=a0i1p0__p. (3.14)
This can actually be proven to satisfy exactly a TT flow driven by the primary oper-
ator (2.18). Such an action can also be straightforwardly generalised to a manifestly

N = (1,1) supersymmetric action:*

V142X -1

sy D+®D_®, X =a0.,P0_F, (315

Ssusy = / d?odvtdy™
where ® is an unconstrained real superfield describing the off-shell N' = (1, 1) scalar multi-
plet, ® = X —i¥ 1), —i"1p_+i9 T~ F. Notice that this depends on the real auxiliary field
F(0). We will consider in more detail N = (1, 1) theories in the next section restricting to
the case where F (o) is integrated out and A" = (1, 1) supersymmetry is realised on-shell.

Let us comment on our results. Note that, the difference A between the two actions,
So and Sgusy, amounts to the difference between the T' T operator constructed out of the
Noether tensor and the supersymmetric descendant of the operator O_ considered in sec-
tion 2, cf. eq. (2.18). Hence we expect A to vanish on-shell, which is easy to verify. Indeed,
the equations of motion for the fermion ¢, are identical for S, and Sgusy, essentially due
to the ratio C'(x)/B(z) being the same in the two cases, and take the form

01y (0-—X)*04 11+ . (3.16)

«
14 ax+V14+ 27

From this fact it immediately follows that the fermionic pieces of both S, and Sgusy vanish
when imposing the same equation of motion for ¢)y. Hence, the difference A vanishes when
we impose eq. (3.16).

One might wonder whether our conclusion is special to the Noether stress-energy ten-
sor, or whether it holds more generally. We start by observing that for the case at hand

“The action (3.15) satisfies the TT flow equation up to equations of motion. More precisely, the exact
off-shell solution of the flow driven by the primary operator (2.42) has an explicit dependence also on the
combination Y := (D4+D_®)?. This modify eq. (3.15) by appearing in front of Dy ®D_®. However, for
both the off-shell T'T flow action and (3.15) the equations of motion imply Y D+®D_&® = 0 so that any
dependence such on ) can be neglected on shell.
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the Hilbert stress-energy tensor takes the same form as the Noether one; technically, this
is because the spin-connection drops out for the real fermion . Nonetheless, it is still
possible to define an improved stress-energy tensor, i.e. one that is manifestly symmetric
(and, for the free theory, traceless). In that case too we find that the resulting T'T-action
can be expressed in terms of coefficients A(z), B(z), C(x) as

V1+2r -1 B(x) 1++vV1+2x C(2) 1—+v1+4 22
- T) = ———, r)= —.
2 41+ 22 dx /1 + 22

Despite the rather different form, this action once again yields the same equation of motion

SImPT . A(z) = (3.17)

for ¢4, so that again the deformations are equivalent on-shell.

Note that, though only S*" is invariant under the supersymmetry transformations
of the free theory, eq. (3.2), both S, and Sa™" can be shown to be invariant under a
deformed set of supersymmetry transformations. This is consistent with the results of
the previous section that point out that only deformations based on O_ will manifestly
preserve supersymmetry while other deformations will do so only up to terms vanishing
on-shell.

4 TT deformations and superstring theory

While in the case of a free A" = (1,0) theory we could explicitly construct a T'T" deformation
for finite a (following the strategy of ref. [45]), doing so for a generic theory becomes rather
cumbersome. We will see in this section how to exploit a link with strings in light-cone
gauge, first highlighted in ref. [9], to construct the 7T deformation of more general theories;
in particular, we will construct the T'T deformation of the free theory of eight on-shell
N = (1,1) scalar multiplets, which emerges from superstrings on R,

4.1 Uniform light-cone gauge and 7T deformations

To begin with, let us briefly review the link between strings and 7T deformations. The first
observation in this sense was that a relation exists between the TT-deformed Lagrangian
for free bosons and the Nambu-Goto action in flat space [4]. As described in ref. [9], this
relation becomes particularly transparent in the uniform light-cone gauge of refs. [12-14],
see also the review [15]. Let us briefly review that argument.

Consider a string background with shift isometries along the time coordinate ¢ and

> We introduce the one-parameter family of light-cone

along the spacial coordinate .
coordinates®

Xt =ap+(1—a)t, X" =p—t, 0<a<l. (4.1)

The most notable cases are given by a = 0 and a = 1, where X becomes aligned to the
temporal and spatial coordinate, respectively, and the light-like choice a = %; however we

5We take the signature of the target space metric to be negative for ¢t and positive for all space coordinates.

SWe indicate the target-space light-cone coordinates with indices 4, which are raised and lowered with
the target-space metric described in appendix A. These should not be confused with the two-dimensional
superspace indices used in the previous sections in expressions like 01+, O_, J444, et caetera.

— 14 —



can consider any 0 < a < 1. Introducing the momenta canonically conjugate to ¢ and ¢,
denoted by P and P, respectively, we find

P, =P, + P, P.=(1—-a)P,—aP;. (4.2)

It is convenient to relate this to physical quantities by introducing the Noether charges F
and J corresponding to shifts under ¢ and . Then we have

R R
/clalp+ =J-E, /dalp =J+a(E-J), (4.3)
0 0

where R is the size of the closed-string worldsheet.
The uniform light-cone gauge [12-14] is fixed by imposing

Xt =00, P =1, (4.4)

where 00 is the worldsheet time. The name uniform emphasises that the momentum
density P_ is constant on the string. Equivalently, this can be seen as fixing the T-dual
coordinate to X~ to be X~ = ol [46] (see also appendix C.1). From this rather simple
condition, a number of remarkable facts follow. Firstly, since X is identified with the
worldsheet time ¢, the Hamiltonian H of the two-dimensional model is identified with the
conjugate momentum P, ; in particular

H=E-J. (4.5)

Secondly, the integral of P_ in eq. (4.3) can be immediately done, and it fixes the worldsheet
size R in terms of the charges E and J and the parameter a:

R=R(a)=J+aH. (4.6)

In other words, for any given a the size of the worldsheet is state-dependent and fixed
in terms of each state’s energy E and charge J — reminiscent of what happens to T7-
deformed theories. We can be more quantitative by looking more closely to the charge H.
This is given by the integral of the a-dependent” Hamiltonian density P, = P, (a) over the
volume R(a). On the other hand, by gauge invariance the physical spectrum of H cannot

depend on a, so that
R(a

)

%H =0= % / do' Py (a). (4.7)
0

That is to say: tuning a changes the Hamiltonian density in such a way as to precisely

compensate the rescaling of R(a). Given that the a-dependence of R is precisely that

of a TT deformation for a state without worldsheet momentum,® tuning ¢ mimics a 77T

deformation of the Lagrangian.

"The explicit form of Py (a) can be found quite straightforwardly, at least for the bosonic part of the
theory, see e.g. ref. [15]; we will analyse this in more detail for superstrings in the next section.

8This is not really a restriction, as in string theory the level-matching constraint dictates that the
worldsheet momentum of physical states should vanish up to winding. Non-trivial winding sectors can also
be incorporated, see ref. [10].
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Another way to understand how this similarity arises is by thinking of 7T deformations
as CDD factors [2], as in refs. [3, 4]. Under a shift of the gauge parameter a the worldsheet
S matrix is modified by a CDD factor e!®®cpP of the form [15]

®cpp(pispj) = Hipj — Hjpi, (4.8)
so that the spectrum is unchanged; schematically, the Bethe-Yang equations take the form

ipi(J+a H) Heiaq’CDD(pivpj) S(Piypj)‘azo =1, (4.9)
J

which is independent of @ when we use that »,;p; =0 and }_, H; = H. The form of such
a CDD factor is indeed what expected for a T'T" deformation [3, 4] and what observed for
flat-space strings [5]. This highlights the generality of the relation between TT-deformed
Lagrangians and light-cone gauge fixed strings.

It is worth stressing once more that, unlike what happens when performing a 7T
deformation, changing the gauge parameter a does not change the spectrum. What does
change the spectrum is to change the parameter a in the Lagrangian density, while keeping
the volume R fized — or vice-versa.

4.2 Superstrings in flat space as a TT deformation

Let us now apply the logic illustrated above to superstring in flat space. We will explicitly
see that the gauge-fixed (and k-gauge-fixed) Lagrangian in uniform light-cone gauge is
related to the 7T deformation of a free theory of eight on-shell N = (1, 1) scalar multiplets.
The deformation parameter « is related to the gauge parameter a by

1
=a— —. 4.1
a=a-3 (4.10)

Indeed the Lagrangian is free at a = 1/2. This theory also exhibits an so(8) flavour
symmetry, which is the manifest isometry of R that survives in light-cone gauge.

The derivation of the uniform light-cone gauge-action including fermions is relatively
straightforward. We follow the procedure outlined in ref. [47]; for the sake of completeness,
we include some intermediate steps and technical details in appendix C. We start from the
Green-Schwarz action

1 _ _ _
§=—3 / d%[wbnﬂyngng + (210, X10'T,0\%) 0,07 + 26' 70,6 92rua,,92)], (4.11)

with
" = 9, X" 4107157 70,67 . (4.12)

Some definitions are in order. The worldsheet metric with unit-determinant is y°°; the
10-dimensional flat target-space metric is n*¥, with signature (—,+---+). The target-
space indices are p = 0,1,...9 while the worldsheet ones are a = 0,1. We denote the
two 10-dimensional Majorana-Weyl spinors as 8/=12, while I'* are 10-dimensional Gamma
matrices; we define 7 = (67)IT. Further details on our conventions are collected in
appendix C.
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We can now fix uniform light-cone gauge like in eqs. (4.1)—(4.4), with the identification
t = X% and ¢ = X? for the light-cone coordinates. Additionally, we must fix the & gauge;
this can be done by setting

T +1%06" =0, 1=1,2, (4.13)

which halves the fermionic degrees of freedom. This leaves us with eight real fermions in 6,
which we denote by {wJ;}j:ng, and just as many in 62, which we denote by {1,&1}]-:1,,,,8.
With some straightforward algebraic manipulations (cf. appendix C.2) we can show that
the fermions enter in the Lagrangian through bilinears of the form (!)'9,60. For this
reason, let us define the short-hand notations

ol = (64)'0,0" = ZW Dt 02 = (62)9,0% = Zm At (4.14)

where we have chosen the normalisation of the fields ¢+ for later convenience.
A convenient way to fix uniform light-cone gauge is to perform a T-duality along
X [46] (see also appendix C.3). Denoting the T-dual coordinate as X ~, we find an action

of the form
1
S = -3 /d20(7“b./4ab +B), (4.15)

with?

Ay = % (0. X~ 0pX ™ — 0, XTOXT) + 0, X 9, X"

+21[0,% () — U3) +0,X* (W) + 03)| +8a wlwd,

1 - (4.16)
B =e® [ — Z0, X O, X~
(6%
+ 2i(0, X (U} + V) + 9, X T (¥} — U})) — 8a w;\pg] :
which we want to evaluate in the gauge!'?
Xt=0¢" X =o' (4.17)

Note that the parameter « is related to the gauge parameter by eq. (4.10), and the index
7 runs over the transverse bosons, ¢ = 1,...8. Imposing these conditions and eliminating
the worldsheet metric 4% by virtue of its equations of motion, we obtain the action

S =— /d20(m+ ;B) : (4.18)

9The worldsheet indices a, b of Agp are implicitly symmetrised.
0We have already dropped a term of the form €9, X~ 9, X~ ~ X~ in the expression of B in eq. (4.16)
as this is a total (temporal) derivative in the gauge-fixed theory.
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with!!
11 i
M= 5 |04 X0 X7+ 2i(0_ 402 )]
- ia——XiaﬁXj 0 Xlo X7 — 2wl ¥, — (vl 4u?,)?
—i[(0-- X)WL+ (04 XU -0, X0 X492 )]

. . . . (4.19)
—20[(0: XU~ 0 X'WLL) (004 X2 -0 XTWE)

= 2i(TL_+ ‘I’%r+)qj[flf‘1’i]+] +40? (v 077,
B=- é —2i(0l_+92,) —da 0! Wl

The expression above is fairly involved. It is instructive to explicitly consider a few

limits. First of all, there exists a limit in which the light-cone gauge-fixed Lagrangian for

flat superstrings is free. This happens when both X+ and X~ are light-like, i.e. for a = %

2
and a = 0, cf. eq. (4.1). Indeed we find
/ 1 1 i i | o (] 2

1 ) A ) i )
= §a++Xlafsz + 51#13——@01 + §W_5++W_ +O(a).

Another interesting limit is restricting to a theory of bosons only. In this case we get the
non-linear Lagrangian

V1-200,, X0 _Xi+a20,,X0__Xid, Xo__Xi
2

—/—|A|] - %B _ 1o . (4.21)
This is a TT deformation of the free-boson action with parameter —a [4]. This indeed
fits with our string-theory construction: recall that the worldsheet size in terms of «
is R = Ry + o H, see eq. (4.6). In this case, the transformation of the Lagrangian is
compensating for the transformation of the radius, so in our convention this corresponds
to the opposite of a canonical TT transformation.

We can also consider the A' = (1,0) Lagrangian by restricting to the boson X = X!
and one single chiral fermion ¢, = w}r. The action again simplifies and we find

1 101 i
A= e — |20 X0 X + 2o
i i
- 1(8__X)2¢+8++1/;+ + O+ XO-—Xpr 09y, (4.22)

1 i
B=——— 0 4y,
a2

which, upon expanding /—|.A| over the fermions, precisely reproduces (3.6)—(3.10) up to
changing o — —a as expected.

15 the formula below we introduced the short-hand notation A B! = A*B7 — A7 B,
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Finally, it is easy to explicitly verify that the full action (4.19) satisfies the TT dif-
ferential equation (3.5) by following the approach we outlined in the N' = (1,0) case, see
appendix B.1. As we have remarked in the N' = (1,0) case, the real fermions 1’ do not
couple to the spin connection so that the Noether and Hilbert stress-energy tensors coincide
for this action. In addition to providing an explicit deformation of a more general free su-
persymmetric action associated to a = 0, this example shows that the link between string
theory and TT deformations holds also when fermionic degrees of freedom are included.
The precise relation requires fixing (light-cone) k-gauge as well as the bosonic gauge.

4.3 Deformation from the induced worldsheet metric

We have obtained the T'T deformed Lagrangian of eq. (4.18) by integrating out the world-
sheet metric 4 in eq. (4.15) (and of course fixing uniform light-cone gauge). This means
that we can think of (4.18) as the NLSM action (4.15) on a specific worldsheet metric
given by

Yab = Aab 5 (423)

which follows from the equations of motion. This is somewhat reminiscent of ref. [26]
where it was argued that 7T deformations can be understood in terms of a field-dependent
“wordlsheet” metric.'? To make this analogy more manifest let us write down explicitly
eq. (4.15) in uniform light-cone gauge (4.4). We also restrict to the bosons for simplicity.
Then

1 1 . 4
S = —5 /d20' |:20z (’yab Nab — 2) + v“baaXlasz} , (4.24)
where the unit-determinant metric v, is given by

1 . . . .

hab —— + 200 X0y X" 200 X'01 X"
VYab = —F—; hap = « S 1 I I (4.25)

—h 200X 01 X" +—+201 X' X
@

Firstly, observe that in eq. (4.24) the last term gives the matter action (the transverse
fields of the string) minimally coupled to the metric. The first bracket, instead, is not
covariant and implements the light-cone gauge constraints. Indeed in the limit o — 0
(where we expect a free theory) this forces v, = 745. This is rather reminiscent both of
the construction of ref. [23], where the T'T" deformation emerges from coupling the matter
action to Jackiw-Teitelboim gravity, and of the more recent observation of ref. [26] that the
TT transformation may be “undone” by introducing a field-dependent metric. However, the
precise forms both of the action (4.24) and of the metric (4.25) differ from what considered
in refs. [23, 26] — despite eventually leading to the same T'T-deformed Lagrangian, at least
for the case of free bosons. It would certainly be interesting to explore this connection in
more detail and for more general theories. It is worth remarking that, already for the case
of free bosons and fermions, the form of the metric becomes significantly more complicated,
as it can be seen from Ay, in eq. (4.19); the same will be true when considering more general
geometries. We hope to return to this in the near future.

12We are grateful to Stefano Negro for bringing this observation to our attention and for very helpful
discussions related to this point.
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5 Conclusions and outlook

We have seen that the structure of TT deformations is compatible with supersymmetry,
and can be studied quite explicitly in the case of N' = (1,0) and N' = (1,1) supersym-
metry. There, the operator O = det[T®] is a full supersymmetric descendant — in other
words, a D-term — of a multiplet of composite operators free of contact terms. Our results
were based on theories whose supercurrent multiplet satisfies the (1,0) and (1,1) conser-
vation equations (2.11) and (2.37), respectively. It would be very interesting to extend
our analysis to the case of (p,q) extended supersymmetry. For example, an analysis to
appear [48, 49| of the N/ = (2, 2) case indicates that the strategy we have adopted of writ-
ing O as a D-term fails for the most general N' = (2,2) supercurrent which is described
by the S-multiplet studied in [43]. Moreover, in the case of more supersymmetry, from a
dimensional argument it seems likely that O should be the bottom component of a suitable
short supersymmetric multiplet. Therefore, a more detailed analysis of the structure of su-
percurrents and short multiplets is in order. It is interesting to point out that the so-called
TJ and JT deformations [50] also preserve supersymmetry, at least in the (1,0), (2,0) and
(1,1) cases [51]. For these deformations, and also for subclasses of (2,2) TT deformations,
the primary operator is not of Smirnov-Zamolodchikov type, see eq. (2.26). Nonetheless,
supersymmetric extensions of the arguments used in [3] show that the resulting composite
operators are free of short-distance singularities as well, See [52] for the first example of
this phenomena in the N' = (2,0) case. We will report soon on these topics, which are
currently under investigation, in future publications [48, 49, 51, 52].

It is also rather striking that, when coupling the action to linearised supergravity, the
TT deformation takes the form of a shift of the prepontential superfields. This fits well with
the proposal that these deformations can be related to Jackiw-Teitelboim gravity [23, 25]
and to the geometry of the two-dimensional space [26], and indeed suggests that it might
be possible to extend such relations to superspace.

As a simple but non-trivial example, we have constructed the 7T deformation of a free
theory of eight N' = (1, 1) scalar multiplets. We have done so by exploiting a map between
TT deformations and (super)strings in light-cone gauge first highlighted in ref. [9]. We
constructed the deformation of a free, relativistic theory from superstrings in flat space. It
is natural to ask which theories might correspond to non-flat (super)string backgrounds.
A first step in this direction was taken in ref. [9], where it was argued that AdSs back-
grounds supported by Neveu-Schwarz-Neveu-Schwarz fluxes only are closely related to the
deformation of a free non-relativistic theory, see also ref. [10]. The appearance of a non-
relativistic two-dimensional dynamics is rather common in uniform light-cone gauge, see
e.g. the review [15]. This should not pose an obstacle to studying 7T deformations, as
these have been recently generalised to non-relativistic theories [53]. Hence, it would be
very interesting to investigate this relation with string theory in greater detail. Another
direction which deserves further attention is how our uniform light-cone gauge construction
of TT deformations might relate to the construction of such deformations in terms of grav-
ity [23, 25] and background geometry [26]. We hope to return to some of these questions
in the future.
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A Conventions
Below we describe our conventions.

A.1 Two-dimensional conventions

The two-dimensional metric is 74, = diag(—1,+1). The Levi-Civita tensor satisfies e'! =

+1. We introduce light-cone coordinates o™ and o~ as
1
++ 0 1
= - + Al
o 5 (c"+a'), (A.1)

so that for a co-vector V, we have

Vie = (Vo£W1). (A.2)
The light-cone metric is then n44 14 = ptEEE =, Nt 77 = —2, ntEFF = —1/2.
A.2 Ten-dimensional conventions
The ten-dimensional metric is
N = diag(—1,4+1,---+1). (A.3)
The ten-dimensional Gamma matrices satisfy
(T = —19, TH* =T i=1,...9, (A.4)

— 921 —



and can be written as
F02i0(2)®H16, Fi:J(l)(X)’yi, t1=1,...9, Ty 20(3)®H16, (A5)

where 7%, i = 1,...8 are 8-dimensional Euclidean Gamma matrices and 77 = ~'---+8. The
charge conjugation is given by I', so that the Majorana condition forces the components

of 6 to be real, and 67 = (67)'T°. For the Weyl condition, we impose 3(I + I'11)f = 0

which for type IIB strings can be solved by

L[yt o 1[4
2oy (%) ee3(%). "

where 1% have 16 real entries and the normalisation is chosen for future convenience.

B Derivation of deformed N = (1,0) actions
We collect here the derivation of some results for N' = (1,0) actions.
B.1 The Noether stress-energy tensor and deformation

We start by recalling the definition of the Noether stress-energy tensor T(llj)

N oL
T(Eb = Z%c@ab@i — NabL (B.1)

where ®; are all the fields of the theory. In particular, for the free action (3.1) we have, in
the light-cone coordinates (A.1)

TJ(FI\P,++ = =044 X041 X — i1 01494, TJ(EF),__ =0, (B.2)
TN L =i 0y, ™ 9 _Xxo__X,

Note that this is not a symmetric traceless tensor unless we use the fermion equations of
motion 0__t = 0. It is convenient to rewrite the definition of the Noether stress-energy
tensor in terms of a linear operator

1 oX

Then, for the terms that make up the action (3.6) we find

0.y X0 X O__X0, X ,
F
9 Xo..x o xo x) @

Vip0iqhy 01y
0 0 ’

Kap[F(2)] = — (
Kop[40-—vq] = — ( (B.4)

Kop[(0_ X )20, 01 400] = — (25++X Y04y 20X ¢+5++¢+> 8. X

0 XYy 0440y O XY 09y
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Using these expressions we can easily find the stress-energy tensor as a function of A(z),

B(x), C(z) and their derivatives. We find that

det[TM] = — %A(A —2z A" + é[a:A’(xC’ +B) — A(B — 22B')] ith4 0__tpy B5)

+ [A/(B 4 2C) 4+ A(C + 22C)] (0-—X)?* itp1 Oy 1by .
Hence, from eq. (3.5) we have
0=A(1—-A)+zA' (24 -1), 0=2zA"(B+2C)—aB" — A(B —2zB'),

, , , (B.6)
0=A'B-C(1-A—-2zA") —zC'(1-24),

and one can verify that indeed (3.10) gives a solution.

B.2 Direct construction of the supersymmetric action

It is quite easy, for this particular case, to construct an action that is invariant under
eq. (3.2). In fact, following the logic of appendix B.1, we get

)
ngfmx):iaﬁﬁ4¥xa——¢+‘F8++¢+8——X)F“x% (B.7)

while the variations of the fermion bilinears follow immediately from (3.2). After taking
the variation, we get two conditions which multiply the cubic and linear fermion terms;

they are, respectively,
B =20+zC', A'=B. (B.8)

This allows us to write down the supersymmetric version of any bosonic Lagrangian given
by A(z). It is easy to verify that eq. (3.13) solves these equations.

B.3 Improved stress-energy tensor

We want here to construct a stress-energy tensor for the N'= (1,0) theory which is sym-
metric and, for a conformal theory, traceless. We can do so by following the Belinfante
procedure. Formally, we can treat i, as if it were a complex field, introducing fermion
bilinears 1% 0++1 and coupling the theory to a curved metric and spin-connection. Then
the variations of the spin-connection contribution precisely yields the needed improvement
terms. In practice, this boils down to modifying the linear operator K of appendix B.1 as

V04 ¥y 0 —thy
Y0ty 0 ’

0 Yy0i 1ty ) .

Kab[¢+aff¢+] = (
(B.9)

V04 y 0 _thy

In this way we get to a set of differential equations for the coefficients A(z), B(z) and
C(z), which read

Kop[Y4:044104] = — (

0=(1+A)A—-zA(1+24), 0=xzA'C + B'(1+24),

, / (B.10)
0=AB+ (1+24)C + zC'(1 + 2A).

The solution of this is given by eq. (3.17).
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C Flat-space Green-Schwarz action in uniform light-cone gauge

We collect here some further details on the computation of the light-cone gauge-fixed
Lagrangian for Green-Schwarz strings in flat space.

C.1 Light-cone coordinates and Gamma matrices

We start by introducing the projectors
G* = %(rﬁ’ +T19). (C.1)
These have rank 16 and satisfy
GtGt=0, G*G +GtG =1, (GF)'=aGTF. (C.2)

The k-gauge fixing (4.13) is then GT#! = 0. Notice that the projectors are related to the
target-space Gamma matrices as

IM=al?+(1-a)l’=G"+(20-1)G" =G"+2aG~, T =T2-1"=2G". (C.3)

The parameter o appears naturally to measure the deviation of I'" from the light-cone.
Similarly, the metric in the light-cone directions is given by

9+ 9+- 0
N = | 94— 9-—— 0 ) (C.4)
0 0 &
with
9i+ =0, gy =1, g =-2a, gT=2a g"=1 g =0 (C5)
C.2 Fermion bilinears
The k gauge fixing imposes
Gl = (oG- =6'ct =0, I1=1,2. (C.6)

Let us observe that under this condition we can simplify a term of the form #/T'*, which
is what appears in the Green-Schwarz action (4.11). We have

0 w=1,...8,
o'rre’ =< 2 (01) 07 p=-, (C.7)
20 (87)" 67 p=.

It is therefore natural to introduce the short-hands (4.14).

— 24 —



C.3 T-duality and uniform light-cone gauge fixing

In order to impose the gauge-fixing condition P = 1 from eq. (4.4) without having to
perform a Legendre transform, it is convenient to T-dualise the coordinate X ~, or in other
words to gauge the X~ isometry. This can be done for a generic background by modifying
the string NLSM Lagrangian £ by introducing the gauge field A,:

L0 XT,0,X7,0,X") = Loew = L(0aXT,0,X" + A, 0.X") + X ¢®9Aq.  (C.8)

The equations of motion for X~ impose that €9, A4, = 0 i.e. that the gauge connection is
flat. In this way the action is unchanged, i.e. f L= f Loyew. On the other hand we have

OLuew  OLnew

= HhX =P - X~ C.9

5y 09X~ e (C9)

so that the equations of motion for Ay give M X~ = P_ and we can implement the gauge
fixing (4.4) by

Xt=0" X =o' (C.10)

Working out the T-dual action and gauge-fixing is relatively straightforward for flat space,
and it can be done e.g. following ref. [47].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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