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Abstract. In this paper, we consider the nonlinear one-dimensional time-
dependent Schrodinger equation with a periodic potential and a bounded
perturbation. In the limit of large periodic potential, the time behav-
ior of the wavefunction can be approximated, with a precise estimate of
the remainder term, by means of the solution to the discrete nonlinear
Schrodinger equation of the tight-binding model.
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1. Introduction

Here we consider the nonlinear one-dimensional time-dependent Schrodinger
equation with a cubic nonlinearity, a periodic potential V' and a perturbing
potential W

{ih%ﬁ = B2 4 1V + Wi + a2, 9(, 1) € LA(R)
(,0) = ()

in the limit of large periodic potential, i.e., 0 < € < 1; oy represents the
strength of the perturbing potential W and as represents the strength of the
nonlinearity term. Equation (1) is the so-called Gross—Pitaevskii equation for
Bose—Einstein condensates where h is the Planck’s constant and m is the mass
of the single atom. Such a model describes, for instance, one-dimensional Bose—
Einstein condensates in an optical lattice and under the effect of an external
field with potential ai; W; in particular, when such a perturbing potential is a
Stark-type potential, that is, it is locally linear, then recently has been shown

(1)
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the existence of Bloch oscillations for the wavefunction condensate and a pre-
cise measurement of the gravity acceleration has given [10,19].

In the physical literature, a standard way to study Eq. (1) consists in
reducing it to a discrete Schrodinger equation taking into account only nearest
neighbor interactions, the so-called tight-binding model [3]. The validity of such
an approximation is, as far as we know, not yet rigorously proved in a general
setting.

Recently, it has been proved that (1) admits a family of stationary so-
lutions by reducing it to discrete nonlinear Schrodinger equations [11,18,23].
Concerning the reduction of the time-dependent equation to a discrete time-
dependent nonlinear Schrodinger equation, much less is known and rigorous
results are only given under some conditions: for instance, in [4], the authors
prove the validity of the reduction to discrete nonlinear Schréodinger equations
for large times when V' is multiple-well trapped potential; while, in [17] a sim-
ilar result for periodic potentials V satisfying a sequence of specific technical
conditions (see Theorem 2.5 [16] for a resume) is obtained. We must also re-
call the papers [1,2,5] where applications of the orbital functions in a similar
context is developed; in particular, in [2], the authors prove the validity of the
reduction to discrete nonlinear Schrédinger equations of the Gross—Pitaevskii
equation with a periodic linear potential and a sign-varying nonlinearity co-
efficient. In [5], the authors consider the case of a two-dimensional lattice; in
particular, they show that tight-binding approximation is justified for simple
and honeycomb lattices provided that the initial wavefunction is exponentially
small.

In this paper, we are able to show that the reduction of (1) to the time-
dependent discrete nonlinear Schrodinger equations properly works with a pre-
cise estimate of the error, and that we do not need of special technical assump-
tions on the shape of the initial wavefunction and/or on the periodic potential;
in fact, we have only to assume that the initial wavefunction is prepared on
one band of the Bloch operator, let us say for argument’s sake the first one.

By introducing the new semiclassical parameter

h = hr/€/2m, (2)
the new time variable
_n,
TTh
and the effective perturbation and nonlinearity strengths
2mh? 2mh?
F:Oq? and 7’]206277 (3)
then Eq. (1) takes the semiclassical form
. 8'1/1 282 2
h—=-h"—+V FW 4
th— 5z TV EWY vy (4)

with h < 1.
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In the tight-binding approximation, solutions to (4) are approximated by
solutions to the time-dependent discrete nonlinear Schrodinger equation

Zhgn = _ﬁ(gnJrl + gnfl) + angn + 7701|gn|2.gn7 nec Z, (5)

where 8 ~ e=%/" is an exponentially small positive constant in the semiclas-

sical limit A < 1 (in fact, Sp > 0 is the Agmon distance between two adjacent
wells, and for a precise estimate of the coupling parameter 3 we refer to (13)).
Furthermore, &, = (u,, Wu,) and Cy = ||u,||7. where, roughly speaking (a
precise definition for w,, is given by [9,11,23]), {uy, }nez is an orthonormal base
of vectors of the eigenspace associated to the first band of the Bloch operator
such that u,, ~ 1, as h goes to zero; where 1, is the ground state with asso-
ciated energy A; of the Schrédinger equation with a single-well potential V,
obtained by filling all the wells, but the nth one, of the periodic potential V:

%y,
0x?

In fact, the linear operator —hzaa—; + V., has a single-well potential, and thus,
it has a not empty discrete spectrum, we denote by A; the first eigenvalue
(which is independent on the index n by construction).

We must underline that usually the tight-binding approximation is con-
structed by making use of the Wannier’s functions instead of the vectors wu,,
[3,16]. Indeed, the decomposition by means of the Wannier’s functions turns
out to be more natural and it works for any range of h; on the other hand,
the use of a suitable base {u,}nez in the semiclassical regime of h < 1 has
the great advantage that the vectors u,, are explicitly constructed by means of
the semiclassical approximation. In fact, Wannier’s functions may be approx-
imated by such vectors wu, as pointed out by [14].

The analysis of the discrete nonlinear Schrodinger Eq. (5) depends on
the relative value of the perturbative parameters F' and n with respect to the
coupling parameter (. In this paper, we consider two situations.

In the first case, named model 1 corresponding to Hypothesis (3a), we
assume that «y and as are fixed and independent of e. In such a case, we
have that § < |F| and 8 < Ci|n| and then the analysis of (5) is basically
reduced to the analysis of a system on infinitely many decoupled equations.
Indeed, the perturbative terms with strength F' and n dominate the coupling
term with strength 3 between the adjacent wells. In fact, this model has some
interesting features; for instance, when W represents a Stark-type perturbation
then the analysis of the stationary solutions exhibits the existence of a cascade
of bifurcations [22,23]. On other hand, due to the fact that the perturbation is
large, when compared with the coupling term, the validity of the tight-binding
approximation is justified only for time intervals rather small.

In the second case, named model 2 corresponding to Hypothesis (3b), we
assume that both a; and as go to zero when € goes to zero. In particular, we
assume that

F=0(p) and Cin=0(P).
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That is the perturbative terms are of the same order of the coupling term.
In such a case, the validity of the tight-binding approximation holds true for
times of the order of the inverse of the coupling parameter 3, that is the time
interval is exponentially large.

We must remark that one could consider, in principle, other limits for a;
and ag when h goes to zero and Theorem 6 is very general and it holds true
under different assumptions concerning a; and s provided that F = O(h?)
and 7 = O(h?). In fact, Hyp. (3a) and Hyp. (3b) represents, in some sense,
two opposite situations concerning the choice of the parameters.

In Sect. 2, we state the assumptions on Eq. (4) and we state our main
results in Theorems 1 and 2, they follow from a more technical Theorem 6
we state and prove in Sect. 5. In Sect. 3, we prove a priori estimate of the
wavefunction ¢ and of its gradient Vi). In Sect. 4, we formally construct
the discrete nonlinear Schrodinger equations; in this section we make use of
some ideas already developed by [11,23] and we refer to these papers as much
as possible. We must underline that in [11,23] the estimate of the remainder
terms is given in the norm ¢!, while in the present paper estimates in the norm
¢? are necessary and thus most of the material of Sect. 3, and in particular
Lemmata 2, 3, 4, 5 and 6, is original and it cannot be simply derived from
the papers quoted above. In Sect. 5, we finally prove the validity of the tight-
binding approximation with a precise estimate of the error in Theorem 6, the
method used is based on an idea already applied by [21] for a double-well
model and now applied to a periodic potential; in particular, in Sect. 5.1, we
consider the case where a1 and as are fixed, i.e., model 1, and in Sect. 5.2, we
consider the case where a1 and as goes to zero as € goes to zero in a suitable
way, i.e., model 2.

2. Description of the Model and Main Results

2.1. Assumptions

Here, we consider the nonlinear Schrédinger Eq. (1) where the following as-
sumptions hold true.

Hypothesis 1. V(x) is a smooth, real-valued, periodic and non-negative func-
tion with period a, i.e.,

V(z) =V(zx+a), Yz € R,

and with minimum point xg € [f%a, +%a) such that

2 2

For argument’s sake, we assume that V(xzo) =0 and zo = 0.

V(z) > V(zo), Vo € [—1a,+1a) \{zo)-

Remark 1. We could, in principle, adapt our treatment to a more general

case where V(x) has more than one absolute minimum point in the interval
1 1

[~30,+30).
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Hypothesis 2. The perturbation W(x) is a smooth real-valued function. We
assume that W € L>®(R).

Concerning the parameters m, h, a1, as and ¢ we make the following
assumption

Hypothesis 3. We assume the semiclassical limit of large periodic potential,
i.e., € is a real and positive parameter small enough

e 1.

Concerning the other parameters we assume that:

(a) The parameters m, h, oy, as are real-valued and independent of €;
or

(b) The parameters m, h are real-valued and independent of € while the pa-
rameters ay, as are real-valued and they go to zero as € goes to zero; in
particular, we assume that there exist € > 0 and a positive constant C
such that for any 0 < € < €* then

[F| < C|p] and |Cin| < C|A],

where F and n are defined in (3), and where the parameters § and Cy
depend on € (by means of h) and they are defined by (13) and (14).

For argument’s sake, we assume in both cases that aq; > 0; hence F > 0.

Remark 2. In both cases, we have that 0 < F < Ch? and |n| < Ch? for some
positive constant C. In the case (b), in particular, F' and 7 are exponentially
small when h goes to zero.

Let Hp be the Bloch operator formally defined on L?(R,dz) as

o &
It is well known that this operator admits self-adjoint extension on the domain
H?(R), still denoted by Hpg, and its spectrum is given by bands:

o(Hp) = U?il[Eg,EE], where Ej < Eé’_H < EE_H.

The intervals (E}, E?+1) are named gaps; a gap may be empty, that is Eg—&-l =
E}, or not. It is well known that in the case of one-dimensional crystals all the
gaps are empty if, and only if, the periodic potential is a constant function.
Because we assume that the periodic potential is not a constant function then
one gap, at least, is not empty (for a review of Bloch operator we refer to [20]).
In particular, when h is small enough then the following asymptotic behaviors
[24,25]

1 1
6th%gCh and athg—EfgmL (8)

hold true for some C' > 1; hence, the first gap between E! and EY is not empty
in the semiclassical limit.
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Let II the projection operator associated to the first band [E?, E] of Hp
and let I, =1 —II. Let

Y =91+ where ¢y =1y and ¢ =1I,¢. (9)

We assume that

Hypothesis 4. 11,19 = 0, where ¥o(x) = ¥(z,0); that is the wave function
1 is initially prepared on the first band. Through the paper we assume, for
argument’s sake, that 1o is normalized, i.e., ||Vl 2 = 1.

2.2. Main Results

Here, we state our main results; they are a consequence of a rather technical
Theorem 6 we postpone to Sect. 5. Let g € C(R,¢*(Z)) be the solution to
the tight-binding model, that is the discrete nonlinear Schrédinger Eq. (5); let
Y(r,2) € C(R, H'(R)) be the solution to the nonlinear Schrodinger Eq. (4)
with initial condition g(z) = > ¢, (0)un (), let us recall (2) and, finally, let
Ay be the first eigenvalue of the single-well operator (6).

Theorem 1. Under the assumption Hypothesis (3a), we have that there exist
e* > 0 and a positive constant C' independent of € such that for any 0 < € < €*
then

< Ch'/?,
L2

Hlﬂ(ﬂ )= 2 gnlm)e T ()

nez

for any T € [0,Ch~1/?].

Theorem 2. Under the assumption Hypothesis (3b), we have that there exists
€* > 0 and two positive constants C and ¢ independent of € such that for any
0 <e< e then

< Ce—C/h

L2

Hw(Tv ) - Zgn(T)eiAlT/h“n<')

nez

for any T € [0,CB7Lh], where 371 is exponentially large as h goes to zero.

Remark 3. In [17], the estimate of the error was given in the energy norm,
and even in [23], we used the H!'-norm. If one wants to extend the result of
Theorem 1 to the H'-norm, it is clear that one has to pay a price; indeed, in
the proof of Theorem 6, the term ||uo|| g1 ~ h~/? would appear instead of the
term |lugl|zz = 1, and therefore, the estimate of the error became meaningless.
On the other hand, this argument is not critical in the case of the extension of
Theorem 2 to the H!'-norm because the term |ug||z1 is controlled by means
of the exponentially small term e~¢/". In fact, we expect that Theorem 2 still
hold true with the H'-norm even if we do not dwell here with the detailed
proof.
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2.3. Notation and Some Functional Inequalities

Hereafter, we denote by || - ||z», p € [+1, +00], the usual norm of the Banach
space LP(R,dx); we denote by || - ||¢e, p € [+1,+00], the usual norm of the
Banach space (P(Z).

Hereafter, we omit the dependence on 7 in the wavefunctions ¢ and in
the vectors ¢ when this fact does not cause misunderstanding.

By C, we denote a generic positive constant independent of h [and then,
because of (2), by €] whose value may change from line to line.

If f and g are two given quantities depending on the semiclassical pa-
rameter h, then by f ~ g we mean that

o f
lim = € R\{0}.
Jim, o € RA{0}
Furthermore, we recall some well known results for reader’s convenience:
— One-dimensional Gagliardo—Nirenberg inequality by §B.5 [16]:
1 1 -2
5 1-6 p
1fllze < CIV Az Fllz2", 6= 5 — o= gy PE [2, +oc],

— Gronwall’s Lemma by Theorem 1.3.1 [15]: let u(7) be a non-negative and
continuous function such that

u(r) < a(r) + / " S(qu(@)dg, ¥r > 0,

where a(7) and 0(7) are non-negative and monotone not decreasing func-
tions, then

u(r) < a(T)eff)T J(q)dq,VT > 0.

— Agmon distance let E be a given energy and V' (z) be a potential function,
let [z] = z if 2z > 0 and [z]; = 0 if z < 0; then the Agmon distance
da(z,y) between two points z,y € R? is induced by the Agmon metric
[V (2) — E],dz? where dz? is the standard metric on L?(R?):

daw) =t [ Va0 =B 0

where C is the set of piecewise paths 7 in R? connecting 7(0) = = and
(1) = y (see [12] for a resume). In particular, in dimension d = 1 and for
energy E = Vi,in we denote by Sy = f;”“ V'V (z) — Viyindz the Agmon
distance between the bottoms x,, and x7;+1 of two adjacent wells; by the
periodicity of V(z) then Sy does not depend on the index n.

3. Preliminary Results

We recall here some results by [6-8] concerning the solution to the time-
dependent nonlinear Schrodinger equation with initial wavefunction 1. The
linear operator H, formally defined as

H:=Hp+FW
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on the Hilbert space L?(R, dz), admits a self-adjoint extension on the domain
H?(R), still denoted by H. In order to discuss the local and global existence of
solutions to (4), we apply Theorem 4.2 by [8]: if g € H*(R) there is a unique
solution ¢ € C([-T,T], H'(R)) to (4) with initial datum y, such that

oV + FW) 81/1

o € L(-T. T L'(®)),

(G0

for some T' > 0 depending on ||1/J0HH1.

In fact (see [7]), this solution is global in time for any n € R (because in
the case of one-dimensional nonlinear Schrédinger equations the cubic nonlin-
earity in sub-critical) and (4) enjoys the conservation of the mass

[0C,T)llzz = llo() 22
and of the energy
E(,)] = E[to()]
where
EW) 1= (i, ) + ]Il fs
oy
Dz

Here, we prove some useful preliminary a priori estimates.

= h2

(V. 4) + F, ) + 2L

L2

Theorem 3. The following a priori estimates hold true for any T € R:
[9llce = llolle =1 and |Vl < Ch™V2,
[1llze < llollce =1 and |[Vehullrs < CR™V2,
loLllzz < IWollze =1 and [[Voullze < Ch™Y2;

for some positive constant C.

Proof. From the conservation of the norm, we have that
[ollZ: = 1¥lZ> = l¥Lll7e + Iall7e
hence,

lvillze < lvollzz =1 and [[¢h1][z2 < [[thollzz = 1.

From the conservation of the energy, we may obtain a priori estimate of
the gradient of the wavefunction. Let

1
E(o) = (Hpvo, o) + F(Webo, tho) + 577”77/10”%4,
where (Hpy, 1) ~ h since 1) is restricted to the eigenspace associated to
the first band. Recalling that V' > 0 then we have that
R (IVeol32 < (Hpdo.vo) ~ h

which implies ||V4)o|/2 < Ch~/2. From this fact, using the fact that W is a
bounded potential and by the Gagliardo-Nirenberg inequality we have that

IWollte < C|[Vebollrz ol < C|[Vibollrz < Ch™/2.
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Hence, &(1) ~ h since F' < Ch? and |n| < Ch? (see Remark 2). Thus, the
conservation of the energy implies the following inequality:

1
RAIVIEe = E@o) = (Vb v) = FWeh,90) = onlll|1s
1
< E(0) = Vi [[¥l72 = FWaninl 91172 — Snllvl74

1
< E(0) = FWanin — gl[¥ll1s
since Vinin = 0 and by the conservation of the norm. Let us set

5(1%) — FWmin
A== mdI=3m=7"
then |I'| < C and A ~ h~! as h goes to zero. The previous inequality becomes
IV9ll72 < [A] + D[ [$]|74-
Again, the Gagliardo-Nirenberg inequality implies that

1912s < CIVElLalllZe = CIV Le,

1n maoog

and thus, we get
IVlZ: < Al +|TIC|V 2
from which it follows that

1
VL2 < 3 “F‘CJr 1202 +4|A‘] < C|A|1/2 < Ch-1/2

for some positive constant C'.
Since ITHp = HplI, we have that

£(o) — PV, 0) — 2nllollse = (i, v) = (it 0) + (o1 26
= W[ Vul[Ta + W2 VLlTe + (Vibn, o) + (VoL i) > B2 ([ VellZ.
since Vinin > 0. Then,
W1V 3e < Ch+ ol 9l < Ch+ Clal Vs < Oh;
hence,
Vi || 2 < ChTY2.
Similarly we get
IVl e < OV,
and thus, the proof of the Theorem is so completed. O
Corollary 1. We have the following estimates:
[llz < CR7Y4, gl < CHTYA oLl < CRTYA, 7 2 0.

Proof. They immediately follow from the one-dimensional Gagliardo—Nirenberg
inequality (where p = 400 and § = 3) and from the previous result. O
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4. Construction of the Discrete Time-Dependent Nonlinear
Schrodinger Equation

By the Carlsson’s construction [9] resumed and expanded in Appendix A by

[11] (see also §3 [23] for a short review of the main results) we may write 1

by means of a linear combination of a suitable orthonormal base {uy,},cz of
the space IT [L%(R)], that is

P (z) = Z et (), (10)
nez

where u,, € H'(R) and ¢ = {¢,, }nez € ¢*(Z) and where we omit, for simplic-
ity’s sake, the dependence on 7 in the wavefunctions ¥, 11, ¥, as well as in
the vector c.

By inserting (9) and (10) in Eq. (4), it takes the form (where = -2-)

or

{ihén = <un7HB'(/J> + F<un7 W¢> + 77<una |¢|2¢>a n e’z
ihapy = 11 Hptp + FILL W 4 nllL[]*e)

where ¢ € £? and 1), are such that for any 7 € R

o2 < llollz =1 and Y enl® = llellz = l91ll7= < [[ol7 = 1.
neZ

; (11)

By mean of the gauge choice ¥(z,7) — e*17/M)(z, ), and then ¢ (x, T)
— eM/hap ) (2,7) and ¢, (1) — eM7/he, (1), (11) takes the form

{ihén = (un, Hptp) — Arcn + F(un, W) + n(un, [{[*9), n € Z
ihihy =T, (Hp — Ay ) + FIL Wep + Il ] *y)

where A; is the energy associated to the ground state of the Schréodinger oper-
ator —hQ;—; + V., with single-well potential V,, obtained by filling all the wells
of the periodic potential V', but the nth one; since V,,(x) = Vi, (¢ — 2 + 24 by
construction (see [11,23] for details) then the spectrum of this linear operator
is independent on the index n and the eigenvetor v,, associated to the ground
state A is such that ¢, (z) = ¥n(x — 2 + 24) -

We have that

<un7 HBw> = Alcn - ﬁ(cn+l + Cnfl) + T1,m,

where A; and [ are independent of the index m and ( is such that for any
0 < p < Sy there is C' := C}, such that

, (12)

ée_(s"“‘”)/h <B< Ce_(s"_f’)/h; (13)

the remainder term r; ,, is defined as
Tin = Z Dn,mcm
meZ
where D, ,, satisfies Lemma 1 in [23]. Furthermore,

<un7 WW = Encn +ron+ 730,
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where we set
gn = <Un,WUn>, T2,n = Z <un7wum>cm and T3,n = <Un, W¢L>
mEZ : m#n
Finally,
(Un, |¢|2¢> = Cl|0n|20n +ran, C1= ”Un”i‘h
where we set
Tan = (Un, |1/)|2¢) - Cllcn|2cn
and where by Lemma 1.vi [23] it follows that

Cr = [[unlzs = lluollze ~ h™/?

as h goes to zero. (14)
Therefore, (12) may be written
ihén, = —B(cni1 + cn1) + Fénen +nC1lenl?cn + 1
{im/.u_ =11, (Hp — A1)y + FILL W + nIL L |[[?

where we set

; (15)

Tn =T1n + FT2,n + FTB,n + Nran.
Tight-binding approximation (5) is obtained by putting ¥; = 0 and by ne-
glecting the coupling term r, in (15).
We have the following estimates.
Lemma 1.

Ie1llee < Cem o+ el 2

for some positive constants C' and ( independent of h.

Proof. Such an estimate directly comes from Lemma 1 by [23]. O
Lemma 2. For any 0 < p < Sy, there is a positive constant C' := C,, such that
[e2llez < Ce &= c]| .

Proof. We set

— 10 if n=m ’

W, = { (Un, W) if n#£m

then 72, = >, s Wi mCm. By Example 2.3 §I11.2 [13], it follows that
[[r2lez < max[M', M"][|c|e

where M’ and M" are such that ) |[Wy | < M and ) o [Wim| < M”
for any n € Z; then M’ = M" because |W,, 1| = |Wi . Since W is a bounded
operator and by Lemma 1.iv [23] it immediately follows that M’ = Ce(So—r)/?
for any 0 < p < Sy and for some positive constant C' := C,. Hence, Lemma 2
is so proved. O

Lemma 3.

3l < Cllbp|lLe-
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Proof. Since 13, = (un, W1p1 )2 where {up}nez is an orthonormal base of
the space II [L*(R)]; then, from the Parseval’s identity it follows that

[esllez = [[TIWIL |2 = [IWTLL¢p [z < [IWILL|[{[¢L]|L2 < Clleo ||
because ITWTI is a bounded potential. O

For what concerns the vector ry, let
Tan = <una |1/’|2¢> - Cl|cn|26n = An + B,

where we set

A, = <un7 |¢‘2’¢)> - <u7h |'(/)1|2w1>

and

*

By, = (uy, |¢1|2¢1> - Cl|Cn|2Cn = Z <un7ﬁnguj>EngCj (16)
J A mEL

where Z; m.ecz eans that at least one of three indexes j, £ and m is different
from the index n.
Lemma 4. Let B = {B,}ncz, then for any 0 < p < Sy there is a positive
constant C' such that

B2 < Ce~(So=p)/h

Proof. For argument’s sake, let us assume that m is the index different from
the index n in sum (16); then we have to check the term

E <umun7 ufuj>5mcecj = Bl,n + B2,n + BS,n
m,l,jEL, m#n

where
*1
By, = g (U U, , Ul ) Cpn CoC
I mlEL
= E E E (U Uny, Ul ) CoC
meZ\{n} L€Z\{m,n} jEZ\{L,m n}
*2
2. 2 PN
By, = E (U Uy, WG )Cr € = E E (U Uy, UG Crn, C
3sm,LEL meZ\{n} £e€Z\{m,n}
*3
2\2 2 ._ 2\~ 2
Bs.,, = E (U Uy UZ ) Crn Cory i = g (Un U, WS ) Crn Cory
jmLEL meZ, m#n

Let 0 < p < Sp be fixed; from Lemma 1.iv [23], it follows that for any
o, p" > 0 such that p’ + p” < p then there exists a positive constant C' > 0,
independent of the indexes n and m and of the semiclassical parameter h, such
that

”“n“mHLl(R) < Cel(So=p))m—n|=p"]/h_ (17)
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Now, observing that |¢,,| < 1 since ||c||;z < 1, then

‘B3,n‘ S Z |<unumaufn>‘ |Cm|3

meEZ, m#n

< Z [ e e [ e

mEZL, m#n

< Y onVre S mi= e, g2
mEZL, m#n

where we make use of estimate (17) and where p’, p”’ > 0 are such that p’'+p” <
p. Hence,

IBsllez < [|Bsler < Z Ch—1/2e—[(So—p’)|n—m\—p”]/h|cm|2

n,me”Z, m#n

< Ce=(So=p)/h Z |Cm|2 — Ce_(s"_p)/thH?Q
meZ
< Qe (So=p)/h

for some positive constant C'. For what concerns the term By ,,, we have that

*2 *2
|Baaal = | D (wmtin, ug)emci| < D (fuml funl, [uel®) |em] leef?
mlEZ mlEZ
S35 S () ST I
LEL, b#n meZ
< mac fugllo |3 fuml | D0 Gl ) el
meZ Loo LEZ LF#n
< max ||ug| Z‘“M Z Ce—[(So—p’)\n—f\—p”]/h|cé|2
ez meZ Loo LEZ, LF#n
< C|lug)| Z |t | Z e—[(So—p/)ln—él—p”}/h|c£|2
meZ =S LEL, b#n
< Cp~3/4 Z e—[(So—p/)ln—é\—P”]/h‘c£|2
(€L, b#n
since |lugllze = |luollpe < Ch7™Y* and ||, ez luml]| .. < Ch™Y2 (see

Lemma 1 [23]), from which it follows that

HBQHZQ < ||B2||€1 _ Z |B27n| < Ch—3/4 Z Ce—[(So—p/)\n—ﬂ—p’/]/h|c€|2
nez nlEL n#l
< Ce_(SO—p)/thHp < Qe (So=n)/h
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where p’, p” > 0 are such that p’ + p” < p < Sp. Finally,

*1
1Bual < D (wml [unl, [l [ug])em| leel e;]
ml,jEL
1 *1 ) 5
<35 D (] funl, fuel [ws])leml [leel® + les1?]
m,L,jEL
*1
< 3 (umd [unls [uel Jugem] fe]
ml,jEL
< > <|Um|Un|’|ujz:|W|>|Cm|Cj2

meZ\{n},j€Z\{m,n} LEL

< |3 el S (el s lgem] e

LeZ Loo meZ\{n},j€Z\{m,n}
> . <|un|zum|,|uj|>|cj|2

= oo JEL, j#n mez

2

SISl S Gl fushle

= oo JEL, j#n
<Cht Y e [Soma il b 2

JEZL, j#n

since |¢p,| < 1. Hence,

||B1HZ2 < HBIHEl < Ch—l Z Ce—[(So—p’)|n—]’\—p//]/h|cj|2
n,jE€L, jF#n

< Qe (So=p)/h Z le; 2 = Ce= o=/ |c| 2
JEL
< Ce~(So=p)/h
From these estimates, it follows that
IBllez < C[IB1lle + IBallez + [|Bsllez] < Cem(So=e)/R

and Lemma 4 is so proved. O

Now, we deal with the vector A with elements

An = <unvg>
where
g =[PPy — 1P = 1T + 2001 PL + pTPL + L PeL + 2|
Lemma 5.

Az < CRTY2|10 1|2
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Proof. Indeed, since {u,}nez is an orthonormal base of II [L?(R)] from the
Parseval’s identity it follows that

Al = [Tgllz2 < llgllze < C[I¥1 12 + 91 vnlle + 197 22]
< Cmax ([ [, 19117 ) 1s 22 < OR300 2
from Corollary 1. O
In conclusion, we have proved the following Lemma,;

Lemma 6.

[eallez < Cem 5020 4 CR™V21¢p || 2.

5. Validity of the Tight-Binding Approximation

First of all we need of the following estimate:

Lemma 7. Let us set
A= Fh=t 4 |n|h=3/?
and let ¢ and ¥ be the solutions to (15); then

. C
ll€]lez < 5, max [8, A, [Ix|le2] - (18)
Proof. Indeed, from (15) it immediately follows that

. 1 2
HCH%Z = ¥ Z ’_ﬁ(anrl +cn-1) + Féuen + 7701\Cn|20n + Tn’
nez

c 2 2 2 2 2 2 2
2 B Z|Cn+1| + 6 Z|Cnfl| + IB?%MH Z‘Cn‘

newz neZ neZ
+7*CY Z len]® + Z 7]
nez nez

(8% + F +n*CD)lellz + IIrllZ]

IN

- C
= h2
from which estimate (18) follows since ||c||;z2 < 1 and |¢,,| < 1, [£,| < C because
W is a bounded potential and Cy ~ h~1/2, O

Hereafter, we denote by w a quantity, whose value may change from line
to line, such that

lw| < Ce™(SotQ)/n
for some ¢ > 0 and some C' > 0 independent of h.

Theorem 4.

¥z < w+ CAe™ S22 4 ChAL || 2 (19)
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Proof. Indeed, collecting the results from Lemmata 2, 3 and 6 and from Re-
mark 2, we have that

Irllez < lIrallez + Fllrzllez + Fllrs|lez + [n] [[ralle
< CemSo+Q)/h 4 O pe=(So=p)/h CEl¢1 L
+Clple= S0P 4 Clplh ™ [¢p 1 | 2

from which the statement immediately follows. O

Since 1, (x,0) = I ¥g = 0, then the second differential equation of the
system (15) may be written as an integral equation of the Duhamel’s form

- ! —1 — T— F
bi(r) = —i / e~ Ha=A)(r=a)/h [hHleZmWIw} dg  (20)
0

Theorem 5. We have the following estimate
112 < {CA+7Ch™"Amax [B,h\]} 7, V1 € R. (21)

Proof. Let

U :=Ui(¢n) = {IZHLW% + ZHLWJ%W&]

Uy := Us(t1, 1) = [ZHLWZbL + %HL (Il — w%wn)}

then Eq. (20) becomes
Yi(r) = filr) + fa(T)

where

fi(r) = 4/0 e He—A)(=a)/hiy dg, 5 =1,2,

are such that

Lemma 8. The following estimates hold true:
[ fill 2 < CA+7Ch™ Amax [3, h)\] (22)

and
Ifall> < OX [ oL (@)lzeda 2
0

Proof. In order to prove estimates (22) and (23), we remark that
e~ Hp—MA)(7=5)/h ig an unitary operator; hence,

He—i(HB—Al)(T—s)/hUj ‘

— Uil 0, j=1,2.
=10 g
Now,

< E I M I 2, 2
1D2llz2 < S MW L2 + (1T (1170 = 1 [Pen) ||

< Ch'Flollze + Ch7Hnl [lenwd llee + 939 o llce + 191 [122]
< ChT'F|[Y L e + Ch7 il [[4nllzee [0 o + v ]|Z
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] Il
< C (WU +h=2p)) [9ullae = OX6 s

from Theorem 3 and Corollary 1; hence, (23) follows. In order to prove (22),
we make use of an integration by parts:

filr) = —i /T o~ HE=AT=0)/h iy dg
0
- [_ he = Hs=A) (=) /h[pp _ Al]*lUly
0
+h/Te—i(HB—A1><T—q)/h[HB a4
0 dg

From this fact and since ||[Hp — A1} || = [dist(Al,Eé’)]fl ~ h™! then it
follows that

dU;

I£llze < max (U1 (7)l| 2, [U2(0)][ 2] + 7 max |/ —=—

s€[0,7]

L2
< CA 4 7Ch~ " Amax [3, hA, |Ir||s2]
< CA+7Ch™ ' Amax [3, h)]

since
1ULllz2 < FATHITTL Wil 2 + A~ ITLL [t | 2

< CFh™ |2 + Inlh™ 4o [[Zoe 91| 2

< CA
and

152 = contae < et

< Ch™'"Amax [B, h, [Ir]|¢]

by Lemma 7, Theorem 4, and from the draft estimate || |72 < 1. O

Hence, we have the following integral inequality
1]z < {OX+7Ch™ Amax [, hA]} + C’)\/ 1 || z2dg
0

and then the Gronwall’s Lemma implies that
112 < {CA+7Ch™ " Amax [8,hA]} 7, V7 € R;

Theorem 5 is so proved. O
Now, we deal with the first differential equation of the system (15)

{ ihé, = Gp(c) + 1y,
Cn(o) = <una¢0>7
where

Gn(C) = _ﬁ(anrl + Cnfl) + ancn + 7701|Cn|20n.
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We compare it with the equation
{ ihgn = Gn(g)
9n(0) = ¢, (0)
which represents the tight-binding approximation of (4), up to a phase factor
e~ M7/M depending on time.
The Cauchy problem (24) is globally well-posed, that is there exists a
unique solution g € C(R, ¢%(Z)) that depends continuously on the initial data

(see, e.g., Theorem 1.3 [16]). We must underline that we have the following a
priori estimate |||z < 1 and the conservation of the norm of g

Igllez = lg(0)llez = llc(0)ll2 = 15

indeed, an immediate calculus gives that

Z gn+1gn + Z gn—lgn - Z gn+1§n - Z gn—lgn] =0

ner nez ne”Z ne”Z

(24)

d .
—ihllgl: = 8

because 8, F, n, C; and &, are real-valued.
Then, it follows that the vector ¢ — g satisfies to the following integral
equation

ihen(r) = an()] = | " [Gale) — Culg)] dg + / " ra(g)da,

from which
1 /7 1 /7
lc—gllee < [ [IG(c) = G(g)llezdg + [ [Ir]le2dg.
h Jo h Jo

Lemma 9. G is a Lipschitz function such that
1G(c) — G(g)lle < Cmax[B, hA][lc — gl (25)
Proof. Indeed
IG(c) - G(g)l7 = ) |Gulc) — Gulg)[’

neZ

= Z |_/6 [(CnJrl - gn+1) + (Cnfl - gnfl)] + an(cn - gn)
neZ

+nCh [|Cn|2cn - |9n|29n] |2

S C {ﬁQ Z ‘C’I’Hrl - gn+1|2 + 52 Z |Cn71 - gnfl|2 + Z F2§r2L|Cn - gn‘2

nez nez nez

+ > 0PCF |[enlPen — gn29n|}

neZ

<c{a?le -l + [maxe2| P2 ol
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Jr772012 Z ||Cn|2(cn - gn) + (|Cn|2 - |gn|2) |gn||}

nez
<O+ F2+2C?] |lc — gll7. < Cmax[8%,h2)?] |lc — g7

since [c,[* — |gn|?® = ¢n [En — Gn] + Gn [cn — gn] and (14). 0
By Theorems 4 and 5, it turns out that the vector r is norm bounded by
Ir|lez < a+ be + e (26)
for some positive constant C' independent of h and where
a=w+ Che”(So=r)/h (27)
b= Ch)?, (28)
c = CN\ max [, h)]. (29)
Then, we get the integral inequality
o~ gle <aln) + [ Sale - glads (30)
where
T C’b/\—|—c Car T s
/ IIr||le2dg < C [ o, (e — 1) + C}\he
and

§(1) < Cmax[h '3, )|
By the Gronwall’'s Lemma, we finally get the estimate
e = gl < a(r)els 204 = a(r)e®mah AN
Therefore, we have proved that

Lemma 10. Let a, b and ¢ defined by (27)—(29), then

lc —glle < C’{GT + ChA+c (€A —1) 4 cT C)\T} oC max(h =1, A)r

C2A2h V)
(31)

for some positive constant C independent of h.
In conclusion, recalling (2), we can state that

Theorem 6. Let g € C(R,(?(Z)) be the solution to the discrete nonlinear
Schridinger Eq. (24); let ¥ (7,z) € C(R, HY(R)) be the solution to the nonlin-
ear Schrédinger Eq. (4) with initial condition yo(x) = > gn(0)un(z); let a, b
and ¢ defined by Lemma 10; let A be defined by Lemma 7. Then, there exist
€* > 0 and a positive constant C' independent of € such that for any 0 < € < €*
then

=" ga(m)e ™, ()

nez

< {CA+7Ch " Amax [B, hA]} e“*7

L2
(32)
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atr  CbA+c , oar CT _car | .Cmax[h~'8,\]7 +
+C{ —+ o, (© D+ a0e e , Vr e R,

(33)

Proof. Indeed, recalling that we made use of the gauge choice ¢ — e*17/7q),
we have that

(O Z gneiAlT/hun

2 2

e_iAlT/hw - Z GnlUn

nez L2 ne”Z L2
2
= [loL]72 + Z (Cn = gn) tn
neZ L2
where
2
Z(Cn_gn)un = Z |Cn_gn|2||un||%2 = ||C—gH?2
nez L2 nez
because {u,} is an orthonormal set of vectors. O

5.1. Proof of Theorem 1

Here, we assume, according with Hypothesis (3a), that the real-valued param-
eters a; and as are fixed; in such a case we have that

F ~n~ R (34)

Therefore:

A~ A2 al, B < Cem(So=P)/h h B2 ¢~ RO/
Then, estimate (33) makes sense for times of order 7 € [0,Ch™"] for some
fixed v < % In such an interval we have that

CA+7Ch~"Amax [3, hA] ~ h/? 4 b1 =7

ar  Cbh+c , oy cT

kT A T_1q

o © )+ o

In particular, for v = % then Theorem 1 follows.

eC)\‘r ~ h1/2 + R1=7.

5.2. Proof of Theorem 2

Here, we assume, according with Hypothesis (3b), that the real-valued param-
eters oy and «s are not fixed, but both go to zero when e goes to zero; in
particular we have that

F=0(3) and h™Y%y=0(p).
In such a case, we have that
A=0h1'p), a=0Ww), b=0h"'3?%), c=O(h™?3%).

Estimate (33) makes sense for times of order 7 € [0, 371A]. In such an interval
we have that

L]z < Ce~(So=p)/h
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and
lc —gllez < Ce™</"
for some ¢ > 0. Hence, Theorem 2 is proved.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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