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Abstract Notions of invariance pressure for control systems are introduced based on weights
for the control values. The equivalence is shown between inner invariance pressure based on
spanning sets of controls and on invariant open covers, respectively. Furthermore, a number of
properties of invariance pressure are derived and it is computed for a class of linear systems.
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1 Introduction

This paper extends the notion of invariance entropy for discrete-time and continuous-time
control systems to a notion of invariance pressure and discusses some of its properties.
Invariance entropy (and feedback invariance entropy) indicates the amount of ’information”
on controls necessary in order to make a subset of the state space invariant, and is closely
related to minimal data rates. Basic references are the seminal paper Nair, Evans, Mareels
and Moran [9] and the monograph Kawan [7]. Further studies of invariance entropy include
Da Silva and Kawan [4] for hyperbolic control sets, Da Silva [3] for linear control systems
on Lie groups and Colonius, Fukuoka and Santana [1] for topological semigroups. Huang
and Zhong [5] present a version of invariance entropy as a dimension-like invariant in the
sense of Carathéodory structures (cf. Pesin and Pitskel [11]). A problem closely related
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to controlled invariance occurs for observability, where, instead of the uncertainty of the
controls, uncertainty of the state of the system is considered; cf., e.g., Savkin [13], Pogromsky
and Matveev [12] and Liberzon and Mitra [8]; the latter reference introduces the notion of
estimation entropy in this context. This illustrates that invariance entropy is part of the vast
field of control over communication channels with data-rate constraints, cf. Nair, Fagnani,
Zampieri and Evans [10] for a general survey.

Invariance entropy is modeled with some analogy to topological entropy of dynamical
systems. A generalization of the latter notion is topological pressure of dynamical systems
where a potential function gives weights to the points in the state space, cf., e.g., Walters
[15], Viana and Oliveira [14] or Katok and Hasselblatt [6]. We will construct a notion of
invariance pressure that is analogously based on weights for the control values.

The main result is the equivalence between the inner invariance pressure based on span-
ning sets of controls and feedback invariance pressure based on invariant open covers (see
Theorem 11). Furthermore, a number of properties of invariance pressure are derived which
are analogous to properties of topological pressure for dynamical systems. Here, however,
no full analogy should be expected, since no notion of separated sets of controls is available.
While inner invariance pressure, as discussed in detail here, is a generalization of inner invari-
ance entropy, we indicate how also other notions of invariance entropy, in particular, outer
invariance entropy, can be generalized. Furthermore, some properties of invariance entropy
for continuous-time control systems are also derived and the invariance pressure for a class
of linear systems is computed.

The contents of this paper is as follows. Section 2 constructs invariance pressure based on
spanning sets of controls and on invariant open covers and shows that they are equivalent.
Section 3 proves several properties of inner invariance pressure and indicates variants based
on different technical conditions. Finally, Sect. 4 analyzes invariance pressure for continuous-
time control systems and computes the invariance pressure for a class of linear systems.

2 Invariance Pressure for Discrete-Time Systems

In this section we introduce the notion of invariance pressure for discrete-time control sys-
tems. Then a feedback version is defined and it is shown that these two notions are equivalent.
The considered discrete-time control systems have the form

Xkl = Fxp,up), ke Ngo=1{0,1, ...}, (D

where F : X x U — X and (X, d) is a metric space and U is a topological space. We assume
that F,, := F'(-, u) is continuous forevery u € U.Defineld := U No a5 the set of all sequences
® = (ur)ken, of elements in the control range U. We endow the set U/ of control sequences
with the product topology. Sometimes, we will assume that the set of control values U is a
compact metric space implying that also I/ is compact metrizable. The shift 6 on / is defined
by (Bw)r = uk+1,k € Np. For xg € X and w € U the corresponding solution of (1) will be
denoted by

xk = @(k, x0, ), k € Ny.

where convenient, we also write ¢k ,(-) := ¢(k, -, ). By induction, one sees that this map
is continuous. Observe also that this is a cocycle associated with the dynamical system on
U x X given by

@ (k, w, x0) = (0w, p(k, x0, ®)), k € No, w € U, x¢ € X.



We note the following property which is of independent interest (it is not used in the follow-
ing).

Proposition 1 The shift 0 is continuous and, if F : X x U — X is continuous, then ® is a
continuous dynamical system.

Proof Continuity of 6 follows since the sets of the form
W=Wox Wy x--xWyxUx---cUN

with W; C U open for all i and N € N form a subbasis of the product topology and the
preimages

G_IW:UXWOXWl><-«-><WN><U><-~-

are open. If F is continuous, then induction shows that ¢ (k, xq, @) is continuous in (xp, ®) €
X x U for all k. O

Throughout the text, we will consider a compact set Q C X and denote by C(U, R) the
set of all continuous function f : U — RR. We suppose that the set Q is strongly invariant
in the sense that for all x € Q there is u € U with F(x, u) € intQ. Clearly, this means that
for all x € Q there is w € U with ¢(k, x, w) € intQ for all k > 1. We are interested in the
minimal information to make Q strongly invariant.

Remark 2 At the end of Sect. 3 we will comment on possibilities to relax the property of
strong invariance.

2.1 Inner Invariance Pressure

The definition of inner invariance pressure will require the following notion from Kawan [7,
p- 76].

Definition 3 Let QO C X a compact set with nonempty interior and n € N. We say that a
subset S C U is a strongly (n, Q) -spanning set if for each x € Q there is w € S such that
o(,x,w) eintQ fori =1,...,n.

The minimal cardinality of such a set is denoted by 7,y ins (7, Q) < o0, and [7, p. 76]
defines the inner invariance entropy of Q by

o1
hinv,im(Q) = lim — log rinv,int(ns Q)
n—oon
In order to construct the inner invariance pressure of control systems let for f € C(U, R)
andn e N

n—1

(Suf) @)=Y fw), o= @iy, €U,

i=0

and

a,(f, Q) :=inf Z e D@ s strongly (n, Q)-spanning} .

weS



Definition 4 For a discrete-time control system of the form (1), a strongly invariant compact
set Q C X and f € C(U, R) consider

o1
Pips(f, @) = lim —logan(f, Q). (@)
n—oon
The inner invariance pressure in Q is the map Pi, (-, Q) : C(U,R) — R U {—o00, oo}.

This definition deserves several comments. First observe that P;,;(f, Q) > 0 for f > 0.
If f = 0 is the null function in C(U, R), then )" . S0 (@) — Y wes 1 =#8, hence

a, (0, Q) = inf Z eSi0@, g strongly (n, Q)—spanning}

weS
= inf {#S; S strongly (n, Q)-spanning}
= rinv,im(na Q) (3)

Taking the logarithm, dividing by n and letting n tend to oo one finds that P;,;(0, Q) =
hinv.int (Q). Hence the inner invariance pressure generalizes the inner invariance entropy.

Next we show that it is sufficient to consider finite spanning sets. More precisely, the
following holds.

Proposition 5 For a strongly invariant compact set Q and f € C (U, R) it suffices to taken
in the definition of a, (f, Q) the infimum over all finite strongly (n, Q)-spanning sets.

Proof First we show for a strongly (n, Q)-spanning set S there exists a finite strongly (n, Q)-
spanning set S C S. In fact, take an arbitrary x € Q. Since S is strongly (n, Q)-spanning,
there is w, € S with y; 1= ¢(j, x, w,) € intQ for j = 1, ..., n. By continuity, we find
open neighborhoods Wi, ..., W, of x such that ¢(j, W;, wy) CintQ forall j =1,...,n.
The sets Wy = ()'_; Wi, x € Q, form an open cover of Q. By compactness of Q there are
finitely x1, ..., xx € Q suchthat O C U{;l Wy,.Then S’ = {wy,, ..., wy, } C Sisstrongly
(n, Q)-spanning.
To conclude the proof, set

a,(f, Q) = inf {Z e N@). S i a finite strongly (n, Q)-spanning set} .

weS

It is clear that a, (f, Q) < a,(f, Q). For the reverse inequality, let S be strongly (1, Q)-
spanning. Then, as shown above, there is a finite strongly (n, Q)-spanning subset S’ C S.

Hence
Z S () < Z e(Snf)(w)7
weS’ weS
implying that @, (f, Q) < a,(f, Q) and then equality is proved. O

Based on this result, in the following we will only consider finite spanning sets. We still
have to show that the limit in (2) actually exists.

Proposition 6 For f € C(U,R), the following limit exists and satisfies

.1 o1
lim —loga,(f, Q) = inf —loga,(f, Q).
n—oon n>ln



Proof This follows by a standard lemma in this context (cf., e.g., Walters [15, Theorem
4.9] or Kawan [7, Lemma B.3]), if we can show that the sequence loga, (f, Q),n € N, is
subadditive. Let S; be a strongly (n, Q)-spanning set and S, a strongly (k, Q)-spanning set.
Then define control sequences of length n + k by

W= (UQ,...,Up—1,V0,...,Vk_1) € Un+k.

for each w1 = (ug, ..., up—1) € S and wy = (vg, ..., vk—1) € Sp. We claim that the set
S of these control sequences is strongly (n + k, Q)-spanning. In fact, for x € Q there exist
w1 € 8 such that

o(j,x,0) =¢(j,x,w) €intQ, j=1,...,n.

Since ¢(n, x, w1) € intQ C Q and Sy is strongly (k, Q)-spanning, there is a w> € Sy such
that

e+ j,x,0)=¢(j, e, x,01),wm) eintQ, j=1,... k.
This shows the claim. Furthermore, for all S; and S»

I Sk @ = 3 oS D@D < § D) $ pSehen),

weS weS w] €S €Sy
Hence a1« (f, Q) < an(f, Q)ar(f, Q) and the subadditivity property follows proving the
assertion. O

The following example illustrates the definition of invariance pressure in a simple case.

Example 7 Assume that f € C(U, R) is bounded below (which, naturally, holds, if U is
compact) and that F(Q, U) C intQ, that is, the system always enters the interior of Q when
starting in Q. We show that P;,;(f, Q) = inf f. Since for every strongly (n, Q)-spanning
set S the estimate

Z e(SnN@) 5 ninf f g g < oninf f

weS

holds, it follows that P;,,(f, Q) > inf f. Conversely, our assumption implies that for & > 0
there exists u € U with

f) <inf f 4 ¢.
Then the one-point set S = {w}, where w = (u, u, .. .), is strongly (n, Q)-spanning and

I S D@ = (SN — nf @) < gninf fine,

weS

Taking the infimum over all strongly (n, Q)-spanning sets one finds that the invariance
pressure satisfies

: 1 : 1 ninf f :
Pint(f. @) = lim —loga,(f, Q) = lim —loge +e=inf f +e

Since ¢ > 0 is arbitrary, it follows that P;,,(f, Q) < inf f.



2.2 Invariance Feedback Pressure

Next we introduce a notion of invariance pressure based on feedbacks and show that it
coincides with the invariance pressure defined above.

Open covers in entropy theory of dynamical systems are replaced in case of control systems
by invariant open covers, introduced in Nair et al. [9]. For control systems of the form (1)
they have the following form.

Definition 8 For a compact subset Q C X an invariant open cover C = (A, 7, G) is given
by v € N, a finite open cover A of Q and amap G : A — U? assigning to each set A in A
a control function such that p(k, A, G(A)) C Q forallk € {1, ..., t}.

Here G(A) may be considered as a feedback when applied to the elements of A. Let
C = (A, 7, G) be an invariant open cover. For any sequence o = (A;);eN, € AN we have
the control sequence

o(a) = (uo, ur,...) with ()L = G(A;_y), foralli > 1,
that is,

w(@) = U0y ..., Ur—1, Ug, .o UDr—1, .. .).

G(Ao) G(Ay)
Then we can define, for each n € N, the set
B,(a) :={x € X; p(it,x,w(a)) € Ajfori =0,1,...,n—1}. “4)

Observe that B, («) is open in Q and that the control w(«) is uniquely determined by «,
but not necessarily by the set B, (o). For each n € N, letting « run through all sequences of
elements in A, the family

B, = B, (C) := {Bu(a); o € AN}

is a finite open cover of Q. Here, and in the following, it is used tacitly that only the first n
elements of « are relevant.
We say that a set of controls of the form

Wy = {w(a;); o € AN fori € 1}

is a generating set of feedback controls (of length nt) for the invariant open cover C, if the
sets B, («;),i € I, form a subcover of 15,,(C) which is minimal in the sense that none of its
elements may be omitted in order to cover Q. (Its number of elements needs not be minimal
among all subcovers.) Hence O = | J;.; Bn(@;) and the number of elements #/ in the index
set [ is bounded by #5,,.

Define for w = (u;);en, € U

iel

nt—1
(Surd(@) = Y faw),
i=0

and set

qn(f, Q,C) =inf Z eBne @) 1y generating for C
WweEW,



Definition 9 Consider a discrete-time control system of the form (1), a strongly invariant
compact set Q C X and f € C(U, R). For an invariant open cover C = (A, 7, G), put

. 1
Prp(f, Q,C) = lim —loggn(f, Q,C) S
n—-oo nt
and
Pryp(f, Q) =inf{Ppp(f, Q,C); C is an invariant open cover of Q}.

The invariance feedback pressure is the map Py, (-, Q) : C(U,R) — R U {—00, o0}.

Here are several comments on this definition. If f = 0 is the null function in C (U, R),

then
PR WS

weW, weW,

hence

qn(0, Q,C) = inf Z oSt 0)(@). ) generating for C
weW,

= inf {#B; B asubcover of B,} = N(B,; Q),

where N (B,; Q) denotes the minimal number of elements in a subcover of 15,,.
Hence one finds that the strong topological feedback entropy % 7, (C) of C (as defined in
Kawan [7, p. 70]) is

1 1
hp(€) = lim —log N(B,; Q) = lim sup — log g, (0, 0, C) = Py(0,0),
n— n‘[

n—oo NT

and so the strong topological feedback entropy of system (1) satisfies

hp(Q) :=inf{h s, (C); C an invariant open cover of Q}
= inf{Py,(0, C); C an invariant open cover of O} = Pr;(0, Q).

Hence the invariance feedback pressure is a generalization of the strong topological feedback
entropy.
The following lemma provides the remaining proof that the limit in (5) actually exists.

Lemma 10 If f € C(U,R) and C = (A, 7, G) is an invariant open cover of Q, then the
following limit exists and satisfies

1 1
lim —logq,(f, Q,C) = inf —logq,(f, 0,0C).
n—-oon n>ln

Proof The assertions will follow from Walters [15, Theorem 4.9] if the sequence
logg,(f, Q,C),n € N, is subadditive. This will be shown by constructing a generating
set Wy« from generating sets W, and W; with the desired properties.

Let W, = {w()), ..., o(a;,)} and Wi = {o(B;,), ..., w(Biy)} be generating sets of
feedback controls. Here a; and B; are given by sequences of sets in A in the form o;; = (Agi )(7

and B; = (Agi) . Then define for all i and j sequences in A by
[

wify = (A5 AT LAY A

’ n—1-



o Bj

If we denote by A, " the o'th element of «; 8, then

ABI Az',ifOSUSn—l
o
A/

o—n» if 0 >n.

Claim: The set
{w(@iBj)ii € lit,....im}. j € (1. jk}} (6)
contains a generating set of feedback controls.
First note that by the cocycle property one finds foro =0, ...,k
Plo+n)r,w(@iBj) = Pot,(0" w(; ) © Pnt.w(if;) = Por,w(B)) © Pnr,w(w):

and hence

—1 -1 -1
gD(a+n)7: (o)) (pnr,w(o{,-) ° (par,w(ﬁj)'

Thus for all i and j

Bk (@iB)) = Bu(@i) N 0. 00, Bk (B))- @)
In fact,

n+k—1

Byi(@if)) = ﬂ Ot ooy (As ™)

n—1

1 o B —1 ;B
m wrfr,w(a;ﬁj)(A“ DAL |: m Por w(ﬁ,)(Ao+zjz)]
o=0

k—1
ﬂ.
m (par w(aj )(A )m(pnr a)(oz)|: m (par J(Bj )(A"J):|

o=0
= Bu(@) N ¢y () Br(B))-

Clearly the sets By« («; 8;) are elements of B,, 4 (C). It follows from (7) that they cover Q,
since this is valid for the families { B, (ot;); i € {i1. ..., ip}}and {B,(B)): j € {j1.- ... jk}}
Hence the collection in (6) is a subcover of B, (C) and one finds in the family (6) an
associated generating set of feedback controls which we denote by W, 4. Thus the Claim
is proved.

In order to show subadditivity of the sequence log g, (f, O, C),n € N, note that for all
n,keN

3 SamneN@ = 3N S N 5k NO" )

WEWy 4k WEWn+k
< T DO T Do),
WEWy weWy

Since W, and Wy are arbitrary it follows that g,+x(f, Q,C) < q.(f, Q,C) - qx(f, O, C).
This implies the required subadditivity concluding the proof. O

Next we show that this feedback invariance pressure coincides with the inner invariance
pressure introduced in Definition 4. This generalizes a result for invariance entropy from
Colonius, Kawan and Nair [2].



Theorem 11 Let Q be a strongly invariant compact subset of X. Then forevery f € C(U, R)
Piﬂl(f7 Q) = be(fv Q)

Proof First we prove the inequality Pi,(f, Q) < Psp(f, Q). Let C = (A, 7, G) be an
invariant open cover. Then for n € N, every generating set W, of controls for C is a strongly
(nt, Q)-spanning set and hence

— 3 (Snz f) (@) (Snz (@)
ane(f. Q) =inf ) e <Y e :

weS WEW,
where the infimum is taken over all strongly (nt, Q)-spanning set S. It follows that
anz (f, Q) < qn(f, Q, C) and therefore

o1 1
Pini(f, Q) = lim —logan: (f, Q) < lim —logg,(f, Q,C) = Psp(f, Q,0).
n—-oo nt n—-oont
Since this holds for every invariant open cover C, we conclude
Pin(f, Q) < irclf Prp(f. Q.C) = Prp(f, Q),

where the infimum is taken over all invariant open covers C of Q.
To show that Pyp(f, Q) < P (f, Q) consider a strongly (7, Q)-spanning set S with
7 € N. We will construct an invariant open cover. For each w € S define

Alw)=1{x€ Q; ¢(j,x,w) €eintQ for j =1,..., 1}

The set A = {A(w); w € S} forms a finite open cover of Q. Now defineamap G : A — U”
by

G(A(w)) = (wo, ..., wr—1).

Clearly, C := (A, 7, G) is an invariant open cover of Q.
Recall that € AN defines a control w («) and for n € N the set B, (@) is given by (4),

B,(a0) ={x € X; p(t,x,w(x)) € Aj fori =0,1,...,n—1}.

These sets form on open cover B, = B,(C) of Q. Consider a generating set of feedback
controls of the form

Wy = {w(a;); o € AN fori e I},
hence the sets B, («;), i € I, form a subcover of B, (C) which is minimal. Therefore

Z e(snrf)(w) — Z e(Srf)(w)e(Srf)(QTw) o e(Srf)(@(n—])rw)

weW, weW,
<[ DD eSD@ Y S 3 (SO V7w
weBb;, weB, weBb,
n
< (Z e(STf)(“’)> )
weS

Since the previous inequality holds for all finite strongly (t, Q)-spanning sets S, it follows
that ¢, (f, 0, C) < [a(f, Q)]" for all n € N. Hence

1 1 1
be(f7 Q’C) = hm 710gqn(fs Qsc) =< hm 710g [al’(f7 Q)]n = 710gaf(fa Q)'
n—-o00 nT n—->oont T
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Using Proposition 6 we conclude that

1
Prp(f, Q) =inf Pyp(f, Q.C) < rirelg; loga-(f, Q) = Pini(f, Q).

3 Properties of the Invariance Pressure

In this section, we collect several properties of invariance pressure which are analogous to
properties of topological pressure for dynamical systems. Furthermore, we discuss some
alternative versions of invariance pressure.

We start with the following elementary lemma which will be used in the proof of Propo-
sition 13.

Lemma 12 Leta; > 0,b; >0,i =1,...,n €N, be real numbers. Then

Proof Let n = 2. Then we may assume that ‘b’—i < %. Dividing numerator and denominator

by b one can further assume that »; = 1, hence the assumption takes the form a; < Z—; and

ajta
1+b;

the assertion reduces to > ay. This is equivalent to
ay +ay > ay +ayby, ie.,ay > aiby,
which is our assumption. The induction step from n to n + 1 follows since
n+1 n n
Zi:1 ai Zi:1 ai + an+1 . Zizl a; dp41 . a;
T = = > min [ ==, >  min — .
Zi:l b; Zizl bi + byyi Zi:l bi bpi i=1

Proposition 13 Consider a discrete-time control system of the form (1), let Q be a compact
strongly invariant subset of X and let f,g € C(U,R) and ¢ € R. Then the following
assertions hold:

() If f < g then Py (f, Q) < Pine(g, Q).
(i) Pine(f + ¢, Q) = Pine(f, Q) +c.
(iii) If' U is compact, then | Pin; (f, Q) — Pint(g, Q) < If — glloo-

Proof (i) If f < g, it follows that )", _se®N@ < ' (&)@ for all (n, Q)-
spanning sets S, because the exponential function is increasing. Hence a,(f, Q) <

an(g, Q) and so Py (f, Q) < Pins(g, Q).
(i) One finds that

an(f +c, Q) = inf [Z ST @, s (n, Q)—Spanning}

weS

= inf [e"c Z S N@. s (p, Q)—spanning}

weS

= encan(fv 0),



hence
1 1
Pint(f +¢, Q) = lim —logan(f +¢, Q) = lim —log ("an(f, Q)
¢+ Pine(f, Q).

(iii) Recall that for a, (f, Q) and a,(g, Q) the infimum is taken over all strongly (n, Q)-
spanning sets S. Thus, using Lemma 12 for the second inequality below, one finds

an(f. Q) infs {YEpes eSO} TS | Lpes e

(Sng) (@)
{min ¢ } > ¢/ —gles

ap(g, Q)  infg (Y es eSrO@] - { Y s eS1O@ }

> inf

S weS e(Sn )

Therefore % < eMlf=¢llo and so

1 \ 1
Pt (f, ©) — Pins(g, @) = lim ~1log 22 < iy Ljog gnlr—ele
n—oon T an(g, Q) T n—oon
=1/ = glleo-
Interchanging the roles of f and g one finds assertion (iii). O

Next we discuss changes in the considered set Q.

Proposition 14 Let f € C(U,R) and Q C X a compact strongly invariant set. Assume that
0= U,N:1 Q; with compact strongly invariant sets Q1, ..., Qn. Then

Pint(f, Q) < liniiXN Pint (f, Qi).

Proof For every i € {1,..., N}, let S; a strongly (n, Q;)-spanning set and define S =
U,N=1 Si. Then S is a strongly (n, Q)-spanning set with

3 e < i 3 eSih),

weS i=1 weS;

With

a,(f, Q;) = inf Z B NE0) s strongly (n, Q;)-spanning |

weS;

we have a, (f, Q) < ZINZI a,(f, Qi). Now Kawan [7, Lemma 2.1] implies that

.1 , -
lim —loga,(f, Q) <limsup ~log » " a,(f. Qi)
n—-oon n—oco N 0

Pint (f, Q)

A

) 1
< max limsup —loga,(f, Q;) = max P (f, Qi).
n 1<i<N

I<i<N p—oo



Consider two control systems of the form (1) given by
X1 = Fi(xx, ug) and yeyr = Fa(y, ve) (®)

in X1 and X, with corresponding solutions ¢ (n, x, 1) and ¢ (n, y, w,) and control spaces
U, and U, corresponding to control ranges Uy and Ua, respectively. Then

Zkt1 = Fzk, wi),

with zx = (X, y&), wr = (ug, vi), F = (Fy, F), again is a control system of the form (1) in
X1 x X» with control space U] x U, and solution ¢1 X ¢y : Nog X (X1 X X2) X (U xUp) —
X1 x Xp,

(p1 X @) (n,z,w) = (1 X ¥2) (n, (x, ), (w1, w2)) = (p1(n, x, W1), P2(n, y, 2)).

Proposition 15 Let f; € C(U;, R) and let Q; C X; be compact strongly invariant sets for
the control systems in (8),i = 1, 2. Then

Pini (f1 X f2, Q1 X Q2) = Piny(f1, Q1) + Pins(f2, O2),
where fi x f2 € C(Uy x Uz, R) is defined by (f1 x f2)(u,v) = fi(u) + f2(v).

Proof Note that Q1 x QO C X1 x X7 is a compact strongly invariant set. Furthermore, if
S;i is a strongly (n, Q;)-spanning set for Q;,i = 1,2, then S = S| x S C U X Uy is a
strongly (n, Q1 x Q2)-spanning set and

Z eSn(fix ) (@) _ Z eSS @1) o (Sn f2)(@2)
weS (w1,02)ES| XSH
— Z eSnf)(@1) Z (S f2)(@2)
W €S| 0 EeS)

Since S; and S; are arbitrary, we obtain

an(f1 X f2, Q1 X Q2) = an(f1, Q1)an(f2, Q2).

Therefore

Pint (f1 X f2, Q1 X Q2)

. 1
lim —loga,(f1 x f2, Q1 X Q2)
n—-oo n

1
nliﬂgo ;log [an(f1, QDan(f2, Q2)]
Pini (f1, Q1) + Pins(f2, O2).

[}

Next we show that the inner invariance pressure is invariant under appropriate conjugacies.
Again, consider two control systems as in (8). A pair of maps (p, H) is called a conjugacy
if p: X1 — Xz and H : Uy — U, are homeomorphisms such that

p(Fi(x,u)) = F2(p(x), Hu)) forallx € X1,u € Uj. )

Note that this induces a map & : Uy — U, such that h(w); = H(w;) for all i € Ny and the
solutions satisfy
pp1(k, x, w)) = @a(k, p(x), h(w)) forall n € No. (10)

Clearly, conjugacy is an equivalence relation.
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Theorem 16 Using the above notation, assume that (p, H) is a conjugacy between two
systems of the form (8), suppose that Q C X is strongly invariant and let f € C(U,, R).
Then p(Q) is strongly invariant in X» and the inner invariance pressure satisfies

Pini(f o H, Q) = Pint (f, p(Q)).
Proof The set p(Q) is compact by continuity of p. In order to see that it is strongly invariant,
write y = p(x) € p(Q) with x € Q. By strong invariance of Q there is u € U;j with
Fi(x,u) € intQ. Since p is an open map, the conjugacy condition implies.
Fa(y, H(w)) = F2(p(x), H(u)) = p(Fi(x,u)) € p(intQ) = int(p(Q)).

If S is a strongly (n, Q)-spanning set, then A(S) is a strongly (n, p(Q))-spanning set: In
fact, for y = p(x) € p(Q) thereis w € S with ¢ (i, x, w) € int(Q),i =1, ..., n, therefore
(10) implies

@200, y, h(@) = @a2(i, p(x), h(@)) = p(@1 (i, x, ®)) € p(int(Q)) = int(p(Q)).

The same arguments show that for a strongly (n, p(Q))-spanning set SthesetS :=h~! (§)
is strongly (n, Q)-spanning. Note also that (S, f)(h(w)) = (S,(f o H))(w). Hence

Z eSn (@) _ Z e @) _ Z eSn(feH))(@)
h(w)eh(S) weS weS

and it follows that a, (f, p(Q)) = an(f o H, Q), and Py (f o H, Q) = Pin(f, p(Q)), as
claimed. o

Next we prove the power rule for inner invariance pressure. Consider a control system of the
form (1) with compact strongly invariant set Q. Suppose we take N € N steps at once. Then,
naturally, the solution ¢(N, x, w) may be in intQ while there may existi € {I,..., N — 1}
with (i, x, w) ¢ Q.Hence, for a power rule in invariance problems of discrete-time systems
one has to exclude this a-priori.

Starting from control system (1) define the following control system. Given N € N, the
control range is UN = U x - - - x U and the set of corresponding controls is denoted by V.
Then a bijective relation between the controls in / and in 2" is given by

iU —UY o= () > (@) = ((Nk),...,o0(Nk+ N — 1)).
The solutions will be given by ¢” (0, x, @) = x and for k > 1
Nk, x,i(®)) = p(nN, x, 0).
Then, these are the solutions of a control system of the form
xerr = FN (@, v, v e UV, (1n
and the solutions can be written as

(pN(k, X, w) = PN GNG=D (g) O ** O ON,w(X).

As argued above, in the definition of the strong invariance pressure of system (11) we only
consider solutions which remain in Q for all times between the steps of length N.

Proposition 17 In the above setting we denote by Pilr\l]v

of (11). Then for every f € C(U, R)
P)i(g, Q) =N - P (f. Q)
where g € C(UN,R) is given by g(wo, ..., wN—1) := Z;v;ol f ().

(f, Q) the inner invariance pressure
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Proof If S C U is a strongly (nN, Q)-spanning set for (1), then SN = {i(w); w e S}isa
strongly (n, Q)-spanning set for (11). Analogously, if SV is a strongly (1, Q)-spanning set
for (11), then i ~1(SV) is a strongly (nN, Q)-spanning set for (1). Therefore

I Sw@ = Y Gwh@,
weSN wei~1(SN)

We denote

a(f.Q):=inf § 37 SN

weSN

where the infimum is taken over all the strongly (n, Q)-spanning sets S N for (11). Then
a (g, Q) = ayn(f. Q) and so

.1 . 1
Ph(g, Q)= lim —logay (g, Q) =N lim —loga,n(f, Q) =N - Pu(f, Q).
n—oon n—oo n N
O
The following simple example illustrates inner invariance pressure. A more elaborate

case will be discussed in the next section in the framework of outer invariance pressure for
continuous-time systems.

Example 18 Consider a scalar linear system of the form
Xkl = axg +u, up € U :=[—1,1],

witha > 1 and let Q := [—% + ¢, ﬁ — 8], where ¢ > 0 is small. Let f € C(U,R) be

a—

given by f(u) = |u|,u € [—1, 1]. We claim that

Pint(fv 0) = hinv,int(Q) = loga.

Concerning the formula for the inner invariance entropy of O one knows that

hinv,inl(Q) =< hinv,out(Q) = IOga-

The converse inequality follows by the same volume argument as in Colonius, Kawan and
Nair [2, Example 3.2].

In order to show P;,; (f, Q) > log «, consider for n € N a finite strongly (n, Q)-spanning
set S. For w € S define

Qv ={xe€0;¢(j,x,w) eintQ for j =1,...,n}.

Then Q = |J,c5 Qw and hence the Lebesgue measure A satisfies A(Q) < Y~ .5 A(Qy).
Furthermore, for x € Q,, we have

n—1

on,x,w) =a"x + Za"‘l_iui €0,
i=0

which implies that A(Q) > «"A(Q,,). Thus

MQ) = D MQo) < #5 maxi(Qy) < #S - "A(Q)

weS



and hence #S > . Since f(u) > 0, it follows that

a,(f, Q) = inf Z B N@. s strongly (n, Q)-spanning } > o

weS

implying

.1
Pine(f. Q) = lim —logay(f. Q) = loga.

In order to prove P;,;(f, Q) < loga, we use that the inner invariance entropy is given by
hinv.int(Q) = loga. If a solution with xg € Q and control values u; € U satisfies for k > 1

k—1
ok, x, w) = ofx + Zak_l_iu,- €intQ,
i=0
then it follows for every é € (0, 1) that §u; € U =[—6,8] C [—1,1] = U for all i and

k—1
Sk, x0. ) = «*8x0 + Y "' su; € int(8Q) C int(Q).
i=0
Hence the solution with initial point §xo € §Q and control values du; € §U remains in
int(8 Q). Observe that f(Su;) = |Su;| < 8.
Take 0 < § < ﬁ —¢&.Thenforxg € Q = [—a]j—f-e, alj —8] there are np € N and
w = (u;) withu; € U = [—1, 1] such that

¢(no, X0, w) € (=6, 98) and ¢(k, xg, w) € intQ forallk =1,...,n9 — 1. (12)

1
*a—1

where [ € (0, (o — 1)¢] is arbitrary. In fact, using the control value ug = —1 € [—1, 1] one
obtains for x; = axg + ug that

This is seen as follows. If xg € [O - e], we can make a step to the left of xo of length /

1

a—1

x1—x0=axo—x0—1§(a—l)< —8)—1:—(0[—1)8<0.
Similarly, for ug = —(e¢ — 1)xg € [—1, 1], one computes x; = xo and hence, by continuity,
one can make steps of length / to the left.

Analogously for xp € [ﬁ + ¢, 0] one can make steps of length / € (0, (¢ — 1)¢] to the

right. Going several steps, if necessary, one can reach the interval (—§, §) from each point
of Q. These arguments also show that we can stay in the interval (-4, §) if we start in it.
Together we have shown that there is a time ny € N such that for every xo € Q there is a
control w with (12).

By continuity, there are finitely many controls wy, ..., wy such that for every xo € Q
there is w; with p(ng, xo, ;) € (=48, §) and p(k, xg, w;) € intQ fork =1, ..., nog.

Now choose a finite (n, Q)-spanning set S with minimal cardinality #S = rj,y in (n, Q).
This yields the set S5 := {dw; @ € S} of controls with values in [—§, §] which keep every
element in § Q. Concatenations of the controls in Ss with the controls wy, ..., wy yields an
(no + n, Q)-spanning set 8’ with cardinality #5’ < N - #S. Fork € {ng,...,no +n — 1},
the controls in S” have values in [—§, 8], hence f(u) = |u| < § here.



We compute for " = (u}) € &’

no+n—1 no—1 no+n—1
Sugin @)= Y fup) = fap+ Y flu)
i=0 i=0 i=no

<np max |u|+n max |u| =ngy+ né.
uel—1,1] uel—38,8]

This yields
Antng (f, Q) < Z e(Sn+n0f)(w) < #8/ . en0+m§ <N. #S . e"0+n8
w'eS’
=N- rinv,int(n7 0)- en0+n5’

and hence

Pine(f, Q) = lim sup

n—oo N TN

log ap1ny(f, Q)

. 1 n 1 no + né
<limsup | ——log N + ——— —10g ripp.int(n, Q) +
n—oo | N+ no n—+non n—+ng

no + nd

1
< lim —logriny,in:(n, Q) + lim sup .
n—-oon n—oco N+ ng

Since 2t < 95 for n large enough, it follows that P, (f, Q) < hinv.ini(Q) + 28 which

n+ng

implies Pin: (f, Q) < hinv,in:(Q) using that § > 0 is arbitrary.

As announced in Remark 2, we conclude this section with some comments on other
versions of invariance pressure that can be constructed in analogy to versions of invariance
entropy, cf. Kawan [7].

Call a pair (K, Q) of nonempty subsets of X admissible for control system (1), if K is
compact and for each x € K there is w € U such that p(k, x, w) € Q for all k € Ny. Then
forn € Nasubset S C U is called (n, K, Q)-spanning if for all x € K there is w € S with
ok, x,w) € Qfork=0,1,...,n. For f € C(U, R) define

a,(f, K, Q) ;= inf { Z e N@. s K, Q)—spanning} .

weS

Then one can define the invariance pressure as
1
P(f, K, Q) :=limsup—loga,(f, K, Q).
n—oo N

Another version of invariance pressure can be defined as follows. For ¢ > 0, the e-
neighborhood N.(Q) of O C X is the set N.(Q) = {y € X; there is x € Q with
d(x,y) < €}. Given a closed set Q C X, ¢ > Oandn € N,asetS C U is called
(n, Q, N.(Q))-spanning, if for all x € Q there is w € S with p(k, x, ®) € N.(Q) for all
k=1,...,n. For f € C(U,R) define

an(e. f. Q) i=inf 1 3" 5D S (n, Q. Ne(Q))-spanning | .

weS

and

P(e, f, Q) :=lim supl logay(e, f, Q).

n—oo N



Then we define the outer invariance pressure as
PUMI(f’ Q) = llm P(87 f! Q)'
e—0

Clearly, Pour(f, Q) = sup,~q P(e, f, Q) < Pint(f, Q).

4 Invariance Pressure of Continuous-Time Systems

In this section we discuss invariance pressure for control systems given by ordinary differ-
ential equation and show that it can be characterized using discretized time. Then we will
derive a formula for the outer invariance pressure of linear control systems.

Throughout we assume that X is a d-dimensional smooth manifold, U C R™ is Borel
measurable and 4 = {@w : R — U; Lebesgue integrable}. Consider the continuous-time
control system

x(t) = F(x(1), o(0)), (13)

where F : X x U — T X is continuous, 7 X is the tangent bundle and for each u € R" the
map F, := F(-,u) : X — TX is a vector field. We assume that Q C X is compact and
that for all x € Q and w € U a unique solution ¢(t, x, w) € Q,t > 0, exists. Furthermore,
we assume that Q is controlled invariant, i.e., for every x € Q there exists @ € U such that
o(t,x,w) € Q forall t > 0.

In analogy to the discrete-time case, we call a subset S C U a (r, Q)-spanning set, if
T > 0 and for every x € Q there exists w € S such that (¢, x, w) € Q forall ¢ € [0, t].

Fort > 0and f € C(U, R) define (S; f)(w) = fOT f(w(t))dt and

az(f, Q) :=inf {Z S N@. 5 (7, 0)-spanning § .

weS

The central definition is the following.

Definition 19 The invariance pressure in Q of f € C(U, R) for the control system (13) is
. 1
Pipy(f, Q) = limsup — loga.(f, Q)
=00 T

and the invariance pressure of (13) is the map P, (-, Q) : C(U,R) — R.
The next theorem shows that for the invariance pressure the time may be discretized.

Theorem 20 [f U is compact, then the invariance pressure of system (13) satisfies for every
>0

Piny(f, Q) = lim sup L logan:(f, Q) forall f € C(U,R). (14)

n—oo NT

Proof Forevery f € C(U, R), the inequality

Piny(f, Q) = lim sup L log an(f, Q) 5)

n—oo NT

is obvious. For the converse note that the function g(u) := f(u) — inf f is nonnegative (if
f = 0, itis not necessary to consider the function g). Let (tx)k>1, T« € (0, 00) and 73 — 00.
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Then for every k > 1 there exists ny > 1 such that ny7 < ©p < (nx + 1)t and ny — oo for
k — o0. Since g > 0 it follows that
dg, (g7 0) < a(nk+l)r(g; 0)

and consequently

1 1
- lOgark (g, 0) <— lOga(nk+l)r(gv 0).
Tk et

This yields
1 1
lim SUP — log arg (g, Q) <lim SUP — 10g A+ (8, Q).
k— 00 k—
Since n%r = "’;{:1 (nkil)r and ""'H — 1 for k — oo, we obtain

1
lim sup — log aq (g, Q) < limsup

logag,+1): (8. Q)
ko 00 koo (4 DT oD

1
< lim sup —— 10g an: (g, Q).

n—oQ
Together with (15) applied to f — inf f, this shows that
1
Pipy(f —inf f, Q) = lim sup - log anc (f —inf f, Q),
n—00

and as in Proposition 13 (ii) we have
Pinv(f, Q) = inv(f - lnff Q) + 1nff = Pinu(gv Q) + lnff

= lim sup — logam(f inf f, Q) +inf f

n—oo NT

1
= lim sup — loge "/, (f, Q) +inf f

n—oo NT

1
= lim sup — log anz (f, Q).

n—o0o

m}

The above result can be rephrased in the following form. Define the invariance pressure
at time 1 of system (13) by

1
P, (f. @) —hmsup logan(f, @), f € C(U,R),

where

a(f, Q) :=inf {Z e N@: s (n, Q)-spanning

weS

Corollary 21 If U is compact, then the invariance pressure of system (13) satisfies

Piny(f, Q) = Py, (f, Q) forall f € C(U, R).

Remark 22 Compactness of U has been used in the proof of Theorem 20 only in order to
guarantee that inf f > —oo for every f € C(U, R). Thus the property in (14) holds for
arbitrary U if the considered functions f are bounded below.
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Next we determine the outer invariance pressure for a class of problems with linear control
systems. For a control system of the form (13) the outer invariance entropy is defined as
follows (cf. Kawan [7, p. 44]). The e-neighborhood of Q C X be denoted by N.(Q) = {y €
X; thereis x € Q withd(x, y) < ¢}.

Given aclosed set 0 C X, e > Oand t > 0,asetS C U is called (t, Q, N.(Q))-
spanning, if for all x € Q there is w € S with (¢, x, ®) € N.(Q) for all ¢ € [0, t]. Denote
by rinv (7, €, Q) the minimal number of elements that a (z, Q, N.(Q))-spanning set can have
and

. 1
hiny(g, Q) = lim sup— logriny (7, &, Q). (16)

o0 T
Definition 23 The outer invariance entropy of a closed subset Q C X is defined by

hinv,out(Q) = Sli_I)I})hinv(& Q) < oo.

It is obvious that /1,y our (Q) = SUP,— g hinv (e, Q) < hiny(Q).
We consider linear control systems of the form

%(t) = Ax(t) + Bu(t), u(t) € U, (17)

where A € RY%4 B € RY*™ and o # intU with U C R™.
The following result is a consequence of Kawan [7, Theorem 3.1].

Theorem 24 Suppose that Q C R? is a compact controlled invariant set for system (17)
with intQ # @. Then

d
hinv.our(Q) =Y max(0, Re ;)

i=1

where summation is over all eigenvalues |; of A.

Remark 25 The existence of a compact controlled invariant set Q with nonempty interior
can be guaranteed if the matrix pair (A, B) is controllable (i.e., rank [B, AB, ..., Ad-l B]
= d) and the matrix A is hyperbolic (i.e., it has no eigenvalues on the imaginary axis).

Theorem 24 will be used to prove a result on outer invariance pressure which we define
in the following way. For the general system (13), f € C(U,R) and ¢ > 0 let

az (e, f, Q) ;= inf Z S N@. s (¢, 0, NE(Q))-spanning} ,

weS

. 1
Piny(e, f, Q) :=limsup— loga; (¢, f, Q).
t—>o00 T
Definition 26 For f € C(U,R) the outer invariance pressure in Q is defined by
Py (f, Q) = limg_0 Piyy(e, f, Q) and the outer invariance pressure of the control sys-
tem (13) is the map P,,; (-, Q) : C(U,R) — R.

We get the following formula for the outer invariance pressure of linear systems.

Theorem 27 Consider the linear control system (17) with compact convex control range U.
Let Q C R? be compact and let f € C(U,R) be a map such that there are uy € U and
xo € intQ with f(ug) = min,ecy f(u) and Axy + Buog = 0 (i.e., xq is an equilibrium for
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ug), and assume that there is Ty > 0 such that for every x € Q there are T € (0, Ty] and
w € U with
o(T, x,w) =xpand ¢(t, x,w) € Q forallt € (0, T]. (18)

Then the outer invariance pressure is

d
Pout (f, @) = f(o) + hinv,ous (Q) = f(uo) + Zmax(O, Re i), (19)

i=1

where summation is over all eigenvalues ; of A.

Proof Note that our assumption on Q implies that Q is controlled invariant. Then the second
equality in (19) is an immediate consequence of Theorem 24. We will prove the first equality
in (19) in three steps.

Step 1 First we will simplify the assertion. Define g(v) := f(u + ug) on V := U — uo.
Then g(0) = f(up) < f(u) = g(u — up) for all u € U, hence g(0) = minyecy g(v).
Consider the control system

$(t) = Ay(t) + Bu(t), v(t) € V. (20)

A trajectory ¢(-, x, ) of (17) determines a trajectory ¥ (-, x — x¢, @ — ug) of (20) (here ug
is identified with the corresponding constant control function) and conversely, since

t
Y (t, x — xo, 0 — up) = e (x — x0) + / e B(w(s) — ug)ds
0

t t
= Ay +/ A B (s)ds — |:eAtxo —I—/ eA(t_s)Buods]
0 0

=o(t, x, ) — x.

Thus ¢(t, x, w) € N.(Q) implies that ¥ (t, x — x9, w — ug) € Ne(Q) — x0 = N(Q — xp).
The controllability condition for (17) implies that for every x — xg € Q — xq there is w € U
with

Y (T, x — x0, —ug) =0and ¥ (¢, x — xp, w —ug) € Q —xp forall ¢t € [0, T].

Furthermore, 0 € int(Q — xo) since xg € intQ. It follows that the (7, Q, intQ)-spanning sets
S of system (17) give rise to (t, Q — xg, int(Q — xg))-spanning sets S — u( of system (20)
and conversely. Then it follows that the outer invariance pressure P,,;(f, Q) of system (17)
coincides with the outer invariance pressure Py, (g, Q — xo) of system (20).

These considerations imply that without loss of generality, we can assume that 0 € U and
that 0 c R?isa compact set with O € intQ such that for every x € Q there are 7 > 0 and
w € U with

(T, x,w) =0and ¢(t, x,w) € Q forallt € (0, T],

and that f € C(U, R) with f(0) = min,cy f(u) (we just write U instead of U — ug, Q
instead of O — x¢ and f instead of g).
Using the same arguments as in the proof of Proposition 13(ii), we find that

Pout (f, @) = Pour (f — £(0), @) + f(0).

Hence we can further assume without loss of generality that 0 = f(0) = min,cy f(u). Then
the claim takes the form Py (f, Q) = hinv,our (Q).
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Step 2 Next we show P (f, @) = hinv.our(Q). Clearly, it is sufficient to show for
all ¢ > 0 that P, (e, f, Q) > hiny(e, Q). Using (18) together with the fact that 0 is an
equilibrium, one finds that for every T > T and every x € Q that there is a control w, with
o(t,x,wy) = 0and p(t, x,wy) € Q forall t € [0, 7]. By uniform continuity in ¢ € [0, 7]
there is a neighborhood of x such that for every y in this neighborhood one has

o(t,y, wy) € Ne(Q) forall ¢ € [0, t].

Then compactness of Q implies that there is a finite (7, Q, N.(Q))-spanning set.
Let § > 0. Then for all t large enough one finds a finite (7, O, N.(Q))-spanning set S
with

. 1 1
P(e, f, Q) =limsup—ay (e, f, Q) = —loga; (e, f, Q) — 9
/=00 T T
1
> ,1 (Srf)(w) _ .
z 7 og Z e 26
weS
Since S is (7, Q, N.(Q))-spanning, it follows that #S > r;,, (¢, T, Q) and, by assumption,
we also know that f(#) > f(0) = 0 for all u € U. This implies for all T large enough that

1 1
P(e, f, Q) = —#5 =28 > —rip(z, &, Q) — 20.
T T
For T — oo it follows that

1
P(e, f, Q) = limsup—riny (7, &, Q) — 28.

t—>o00 T

Since § > 0 is arbitrary, it follows that this inequality also holds for § = 0. For ¢ — 0, this
yields, using also Theorem 24,

. L 1
Poui (f, Q) = lim P(e, f, Q) = lim lim sup—r;,,(7, &, Q) = hinv,our (Q).
e—0 e—>0 1500 T

Step 3 Finally we show P, (f, Q) < hinv.our(Q). Fix € > 0. The assertion will follow
if we can show that for every § > 0

P(83 .f7 Q) E hinv(ev Q) +8-

The strategy will be similar as in Example 18: Every point in Q is steered into a small
neighborhood of 0 € R? and kept there by a spanning set constructed using linearity of the
system equation.

Take § > 0. Since 0 € intQ there is « € (0, 1) such that the a-ball N, (0) around 0
with radius « is contained in intQ. We may choose o > 0 small enough such that |u| < «
implies f(u) < §. The variation-of-constants formula shows that for 8 > 0 every trajectory
o(t, xo, u), t > 0, of system (17) satisfies

t
Bo(t, x0.u) = e Bxo + / AT BBu(s)ds = gt o, fu).t = 0.
0

Take B < o small enough such that 8Q C Ny(0) in R9 and BU C Ny(0) in R™. The
controls Bu take values in BU which is a subset of U by convexity of U. Note also that
Ny (0) C Q implies Ngg(0) C BO.

As in Step 2, there is for every x € Q a control w, € U with

©(To, x, wy) = 0and (t, x, wy) € Q forall t € (0, Tp].
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By uniform continuity on [0, 7Tp] one finds for all y in a neighborhood of x that
le(To, y, )|l < af and ¢(t, y, wx) € Ne(Q) forall 7 € [0, To].

Then compactness of Q implies that there are finitely many controls wy, ..., @y such that
for every x € Q there is w; with

lo(To, x, w) | < af and ¢(z, y, w;) € Ne(Q) forall € [0, To]. 21

Thus we have found finitely many controls steering every point in Q into Neg(0) C BQO C
Ny (0) C intQ. Next we construct controls keeping every point in the ball Nyg(0) in the
e-neighborhood of N¢(Q) (on arbitrarily large time intervals).

Fixt > Oandlet S = {a)’l, .. .,ij} be a (t, Q, N.(Q))-spanning set with #S =
Fino(T, &, Q). Theniitfollows that Sg := {Bw]., ..., Bw),} is (r, BQ, N:(Q))-spanning. The
controls Bu take values in BU C Ny (0) N U. Obviously, #Sg = M = #S = ripy (7, €, 0).

The concatenations of the controls w1, ..., wy with the controls in Sg are given for
i=1,...,Nand j=1,..., M by

. w; (1) for ¢t € [0, Ty]
wij(t) = Byt — To) for 1 > Ty

Now consider t’ := t + Ty. Then the set
S ={wjiiefl,...,N}yand j € {1,..., M}}

is (t/, Q, N¢(Q))-spanning. This follows, since by (21) one has that all points ¢ (T, x, ;) €
Nag(0) C BQ.On the interval [Tp, t'] each control only takes values in BU C Ny (0), hence
f(u) < 8here. Wehave #§' = N - M = N - riny (1, &, Q) and compute for w;; € S’

7 Ty 7
(Su F)(wr)) = /0 F (i (@)do = /0 Fy(@)do + /T F(y(@)do
0

< Tomax f(u) + (t' — Tp) max f(u) < Tomax f(u) + 76.
uel lul<a uel

This yields
logay (e, f, Q) < log Z S Nwij) < log Z eTomaxyey f(u)+té
a)i_,‘GS’ u),‘jES/
< log#S' + Ty max f(u) + 6
uelU
<logN + Ty max f) + 18 +logripn(z, e, Q).
ue
Note that
. T1
lim i log ripy(t, &, Q) = hiny(e, O).
/500 T T

Let 7y — oo such that for 7; = 7; + Tp
o1
P(e, f, Q) = lim — log ay (e, f, O).
k— 00 T
For k large enough

1
— [logN + To max f(u) + tkﬁ] < 26,
Tk uelU
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hence it follows that

o1
P(83 fv Q) = khngo ? logark’ (85 f7 Q) 5 hinv(g, Q) + 28
0 T

Since § > 0 is arbitrary, this implies P (¢, f, Q) < h(e, Q) and the proof is complete. O
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