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Combining subspace codes

Antonio Cossidente Sascha Kurz Giuseppe Marino Francesco Pavese

Abstract

In the context of constant—dimension subspace codes, an important problem is to deter-
mine the largest possible size A,(n, d; k) of codes whose codewords are k-subspaces of [y with
minimum subspace distance d. Here in order to obtain improved constructions, we investi-
gate several approaches to combine subspace codes. This allow us to present improvements
on the lower bounds for constant—dimension subspace codes for many parameters, including
Ag(10,4;5), Ag(12,4;4), A,(12,6,6) and A,(16,4;4).
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1 Introduction

Let V be an n-dimensional vector space over the finite field F, ¢ any prime power. The set S(V')
of all subspaces of V', or subspaces of the projective space PG(V) = PG(n—1, q), forms a metric
space with respect to the subspace distance defined by d(U,U’) = dim(U + U’) — dim(U N U").
In the context of subspace codes, an important problem is to determine the largest possible
size Aq4(n,d) of codes in the space (S(V),d) with a given minimum distance, and to classify the
corresponding optimal codes. The interest in these codes is a consequence of the fact that codes
in the projective space have been proposed for error control in random linear network coding, see
[30]. In this application the codewords are mostly assumed to be contained in a Grassmannian
over a finite field, i.e., they all have the same vector space dimension k. These codes are referred
to as constant-dimension codes (CDCs for short) and their maximum cardinality is denoted by
Aq(n,d; k).

Here we will consider several approaches to combine subspace codes in order to improve lower
bounds for A,4(n,d; k). The currently best known lower and upper bounds for A,(n,d; k) can be

found at the online tables http://subspacecodes.uni-bayreuth.de and the associated survey
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[22]. For the parameters 2 < ¢<9,4<n <9, 2<k< 5,2 < % < k covered there, we obtain
more than 200 improved constructions.

The remaining part of this paper is structured as follows. In Section [2| we introduce the
necessary preliminaries and in Section [3| we briefly review the known construction and bounds
for A,(n,d; k). Our main results, i.e., improved construction for CDCs are presented in Section
and Section (Bl

More precisely, in Section [4] we consider constructions of CDCs based on rank metric codes.
The results therein provide not only a generalization of several recent results [4, [17, [I8] [19] 35] 43],
but they also offer a more general point of view with respect to techniques that have been
previously investigated in the literature, as for instance the the so called linkage construction
[16,139]. In particular, by using rank metric codes in different variants, we are able to obtain CDCs
that either give improved lower bounds for many parameters, including A»(12,4;4), A4(12,6;6),
Aq(4k, 2k; 2k), k > 4 even, A4(10,4;5), or whose size matches the best known lower bounds. Note
that these bounds have been previously established with different approaches as the so-called
Echelon-Ferrers construction [12} 39].

In Section [5| we investigate a construction method introduced for specific parameters by the
first, third and fourth author in [5] and further developed by the second author in [34]. Here this
approach is generalized and applied to a wide range of parameters. In particular, it enables us
to obtain improved lower bounds for many parameters including A,(12,4;4), ¢ > 3, A4(16,4;4).
Finally we discuss this new approach in a more general framework. By way of examples the
cases Aq(3k,4;k), k > 5, and A,(6k,2k;2k), k > 4 even, are considered.

2 Preliminaries

Let V' denote an n-dimensional vector space over Fg. Since V' =~ Fy induces an isometry
(S(V),d) ~ (S(IFy),d), the particular choice of the ambient vector space V' does not matter
here, so that we will always write Fy in the following. An (n,A,d; k)q constant-dimension code
(CDC) is a set C of k-dimensional subspaces of [y with #C = A and minimum subspace dis-
tance d(C) = min{d(U,U’) : U,U" € C,U # U’} = d. In the terminology of projective geometry,
an (n,A,20;k), constant-dimension, 6 > 1, is a set C of (k — 1)-dimensional projective sub-
spaces of PG(n — 1,¢q) such that #C = A and every (k — §)-dimensional projective subspace of
PG(n — 1,q) is contained in at most one member of C or, equivalently, any two distinct code-
words of C intersect in at most a (k — § — 1)-dimensional projective space. The maximum size

of an (n,*,d; k),-CDC is denoted by Ay(n,d; k). The number of k-dimensional subspaces of Fy

- e
is given by [}], = 15y G=y-

If U is a k-dimensional subspace of F’; we write U < IFZL and call U a k-subspace. The row

space R(M) of any full-rank matrix M € F SX” gives rise to such a k-subspace U. Here M is called
a generator matriz of U. For the other direction we denote by 7(U) the unique full-rank matrix
in FE*" that is in reduced row echelon form (rre). By p(U) € Fj we denote the binary vector
whose 1-entries coincide with the pivot columns of 7(U). Its Hamming weight wy(p(U)), i.e., the

number of non-zero entries, equals the dimension & of U. Slightly abusing notation, we also write
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two subspaces U and U’ of [y can be expressed via the rank of their generator matrices:

we have 7(M) = ( ) and p(M) = (1,1,0,0). The subspace distance d(U, U’) between

dU,U") = dim(U +U') — dim(UNU’) = 2dim(U + U’) — dim(U) — dim(U")

_ 2rk(:(<g))) —tk(r(U)) — tk(r(U")). (2.1)

Note that this equations remains true if we replace 7 by any other normal form of k-subspaces in
[y as full-rank (k x n)-matrices over F,. If U and U’ have the same dimension, say k, then their
subspace distance has to be even and is at most 2k. In the case d = 2k a CDC is also known
as a partial k-spread and we say that the codewords are pairwise disjoint, i.e., they intersect
trivially. We speak of a k-spread if the cardinality [7],/ [’f]q is attained, which is possible if
and only if k divides n, see e.g. [1I, B7].

If p(U) = p(U’), then Equation simplifies to d(U,U’) = 2rk(r(U) — 7(U’)). More
generally, for two matrices M, M’ € F;**" we define the rank distance via dy(M, M') = rk(M —
M), so that (IE‘Z"‘X", dr) is a metric space. A subset M C F¢**" is called a rank metric code. More
precisely, we speak of an (m x n, d,),-rank metric code, where d, is the minimum rank distance
dy(M) = min{d,(M,M") : M,M" € M, M # M'}. A rank metric code is called linear if it is
a subspace of IE‘Z”‘X" over F, and additive if it is closed under addition. The maximum size of
an (m x n, d,),-rank metric code is given by m(q,m,n, d,) := grax{mnk-min{mn}=di+1) “A rank
metric code M C F"*" attaining this bound is said to be a mazimum rank distance (MRD)
code with parameters (m x n,d;)q or (m x n,d,)q-MRD code, see e.g. the recent survey [38].
Linear MRD codes exist for all parameters. Moreover, for d, < d.. we can assume the existence of
a linear (m x n, d;),~MRD code that contains an (m x n, d,),~MRD code as a subcode. The rank
distribution of an additive (m x n,d;);~MRD code is completely determined by its parameters,
i.e., the number of codewords of rank r is given by

r—dp
S

a(g,m,n,dy,r) = [minfnmt] N (—1)%3) - 7], - (qmax{n,m}«r—dr—sm _ 1) (2.2)
5=0
for all d, < r < min{n,m}, see e.g. [10, Theorem 5.6] or [38, Theorem 5|. Clearly, there is a
unique codeword of rank strictly smaller than d, — the zero matrix.
The Hamming distance dy(u,u’) = #{i | u; # w}, for two vectors u,u’ € F3, can be used
to lower bound the subspace distance between two subspaces U and U’ (not necessarily of the

same dimension) of [Fy:

Lemma 2.1. [12, Lemma 2] For U,U" <Fy, we have d(U,U") > dn(p(U),p(U")).

3 Known constructions and bounds for constant—dimension codes

First we note that for bounds on A,(n,d;k) it suffices to consider the cases k < §. Given a

non-degenerate bilinear form, we denote by U+ the orthogonal subspace of a subspace U, which



then has dimension n —dim(U). With this, we have d(U, W) = d(U+, W), so that 4,(n, d; k) =
Aq(n,d;n—Fk) and we assume k < 2 in the following. Since each (k— g +1)-subspace is contained

k
in at most one codeword, we have Ay(n,d;k) < [k*{%ﬂ} / [k—dﬂ} , see [41l, Theorem 5.2].
q 2 q

For fixed parameters d and k this bound is asymptotically optimal, see [14]. For d < 2k the
g Agin—1,dik—1)/ [ﬂqJ, see [42], improves upon
that. Besides the tightening of this bound, based on divisible codes, see [29, Theorem 5|, the
only known improvements are A2(6,4;3) = 77 < 81 [26] and Ax(8,6;4) = 257 < 289 [21].

For partial spreads all known upper bounds can be derived from the non-existence of projective

recursive Johnson bound A, (n,d; k) < Uﬁ’]

divisible codes of a certain length and divisibility, see [27]. This includes the exact determination
of Aq(n,2k; k) for large k, see [30], as well as several explicit analytical lower bounds, see [32].
For other known, but weaker, upper bounds for CDCs we refer e.g. to the survey in [23].

With respect to the best known constructions, or lower bounds for A,(n,d; k), the situation
is not that overseeable. Here we only mention few general approaches, that give the record
codes in the majority of the parameter cases covered in [22], and refer e.g. to the recent survey
[28]. Based on Lemma in [12] the Echelon-Ferrers construction was introduced, see e.g.
[39] for refinements. Here different subcodes with diverse pivot vectors are combined according
to Lemma Considering only the pivot vector (1,...,1,0,...0) this contains the so-called
lifted MRD (LMRD) codes from [40]. Here, the codewords are of the form R(Ix|M), where
I, denotes the k£ x k unit matrix and M is a matrix from an MRD code. This construction
yields Aq(n,d; k) > m(q,k,n—k, %) A bit more general, we can consider codewords of the form
R(7(U)|M), where M is an element of an (k x (n —m),4),-MRD code and U is an element
of an (m,d; k),-CDC. Since this lifting step created an (n — m)-subspace that is disjoint to all
codewords, more codewords can be added. This approach is called the linkage construction [16],
see also [39], and yields A4(n,d; k) > Ay(m,d; k) - m(q, k,n —m, %) + Ay(n —m,d; k). We will
generalize this approach in Lemma [4.1] Finally, for constructions obtained by using geometrical

techniques we refer the interested reader to [5l 6] [7), 8, [9].

4 Constructions based on rank metric codes

In this subsection we aim at constructive lower bounds for A4 (n,d; k) using rank metric codes

in different variants. As mentioned before, we assume 2k < n.

Lemma 4.1. For a subspace distance d, let n = (ny,...,n;) € N, where I > 2, be such that
Zi‘:l n; =mn and n; > k for all 1 < i < 1. Let C; be an (n;,*,d; k)y-CDC and M; be a linear
(k x nj, $)4-rank metric code for i <i <n. Then C = Uizl Ct, where

Ci:{R(M1|-.-|Mi71|T(Ui)|Mi+1|...‘Ml) : UieciijeMj7V1§j§l,i#j7

and vk(Mj) <k— 2, V1<) < z}



is an (n,*,d; k)g-CDC of cardinality

l
#C = Z H#{MGM y<k—9}]-#c- | I #Mi
i=1 \j= j=it1
Proof. Since rk(7(U;)) = k for all U; € C; the elements of C' are k-subspaces of F for all
1 <+ < I; so they are in C.
For the distance analysis let U € C*, U’ € C¥ for some indices 1 <1 < ¢ <. By construction
there exist U; € C; and M; € M; for 1 < j <, j # i, with

U=RM]|...|Mi1|7(U;)|Mii1|...|M)

and rk(M;) < k— 4 for all 1 < j < . Similarly, there exist U}, € Cy and MJ' e Mjforl1 <y <,
§ #4', with U’ = R( e ML T (U) M, +1| .|M]) and rk(M}) < k —§ for all 1 < j <.

If i < i’ weset U = R(r(U;)|My) and U = R(M]|7(U},)), which are both k-subspaces of
V ~ Fy " and satisfy d(U,U’) > d(U,U') > d. The later inequality follows from Lemma
and d,(p(U), p(U')) > d, which is true since p(U) has its k ones in the first n; components while
p(U/) has at least 4 of its k ones in the last n; components.

If i =4 and U; 7& U! we have d(U,U’) > d(U;,U/) > d since U;, U € C; and d(C;) > d. Now
let i =4, U = Uj, and 1 < j <1 be an index with M; # M and j # i. For U = R(7(U;)| M),
U = R(7(U;), M}), we have d(U,U’) > d(U,U") and d(U,U") > d, since M; # M; € M; and
dr(M;) > 4. O

We remark that Lemma generalizes [43] Theorem 3|, [4, Theorem 3.1], [4, Theorem 4.1],
[I7, Theorem 1], and [I8, Theorem 3].} Rank-metric codes of constant rank with a lower bound

on the minimum rank-distance have been studied in [15]. Here we restrict ourselves on subcodes
contained in additive MRD codes.

Corollary 4.2. For a subspace distance d, n = (ny,...,n;) € N, 1 > 2, be such that 2221 n;=n
and n; > k for all 1 < i < 1. Then, we have

d

[ k=35 l
n d k Z H 1+ Za(%kanjagvr) Aq(nlvdak) H m(Q?kanjag)
i=1 \ j=1 d j=i+1
=2

Note that n also specifies . While we have no restriction on d in principle, d > k forces

k—
1+>° a(q, k,nj, g, r) = 1. If we apply Corollarywith n = (4,4,4) and use As(4,4;4) =1,

r—=

[SlISHCTI

!We remark that in Lemmawe can increase the dimension of the ambient space of the CDC C; if we further
restrict the possible ranks of the elements in M; for 1 < j < 4. For details for the special case | = 2 see [19]
Theorem 24], which e.g. allows to also treat the improved linkage construction from [23] in that framework. Also
the subsequent results in Lemma [£:3] and Lemma [£4] can be adjusted to the end of that modification. However,
as we are not aware of any specific parameters, where this approach leads to a strict improvement over a known
code, we refrain from discussing the details.



we obtain Ay(12,4;4) > 19208388. With n = (8,4), A2(8,4;4) > 4801 [3], and A2(4,4;4) = 1,
we obtain
As(12,4;4) > 19673 822. (4.1)

Besides from very recent preprints, the previously best known lower bound was A2(12,4;4) >
19664917, obtained from the improved linkage construction [23]. Moreover, the constant—dimen-

sion codes from Lemma have some special structure that allows to add more codewords.

Lemma 4.3. With the same notation used in Lemma set o; = 23:1 nj, 1 <i <1 and
oo = 0. Let E; denote the (n —n;)-subspace of Iy consisting of all vectors in Fy that have zeroes
for the coordinates between o;_1+1 and o; for all 1 < i <. Then, the elements of C* are disjoint
from E; for all 1 <i <|.

Proof. Let U € C* be arbitrary. By construction there exist U; € C; and M jeM;forl1 <y <,
j #iwithU = R(M), where M = (M]...|M;—1|7(U;)|Mis1] . ..|M;), and rk(M;) < k—2 for all
1 <j <. Note that E; = R(N) and 7(E;) = N, where N € F((Infm)xn is obtained from the unit

M
matrix I, by deleting the rows in position between o;_; + 1 and o;. Hence rk < o > =n. O
7

In our next construction we want to combine several CDCs in the same ambient space. In
order to express that every codeword from a CDC C has a subspace distance of at least d to any
codeword from another CDC C" we write d(C,C’) > d.

Lemma 4.4. Let C be a subspace code as in Lemma with corresponding 7 € N, a =
(at,...,a) € NLand b= (by,...,b) € N with S _ja; =k, Sl b=k — 2, and ¢ < a;,b; <
a; < ny, for all1 < i <1. For an integer s, let Dg be an (n;,*,d;a;)q-CDC, for all1 <i <1 and
all 1 < j < s, such that d(D*, D*) > 2a; — 2b;, for all 1 < i <1 and all 1 < j; < jo < s. Then,

there exists an (n,*,d; k)q-CDC, say D, with cardinality
s 1 .
#D =Y [[#D/,
j=11i=1
such that CN'D =0 and CUD is also an (n,*,d; k),-CDC.

Proof. Let o; = 22:17% forall 1 <i<land og=0. Foreach1 <i<land 1< j<slet fz
be an embedding of D/ in [F7 such that the vectors contained in an element of D] have non-zero

entries only in the coordinates between o;_1 + 1 and o;. With this we set

D

O{leU2x-~-><Ul:Uh€Di, v1§h§l}.
j=1

Since 2221 a; = k and Up,,Up,, 1 < h1,he <1, hy # ho, are disjoint, then the elements of D
are k-subspaces of Fy.

Next we want to show that d(W,U) > d, for all W € C and for all U € D. With the same
notation used in Lemma there exists an index 1 < ig <[ with W € C%, so that Lemma



gives that dim(W N E;,) = 0. Since dim(U N E;,) = 2§:1, itig @i = (1= 1)% > %, we have that
dim(WNU) <k — 4 and d(W,U) > d.

Now let U,U' € D, U #U’, with U =U; X --- x Uy and U' = U{ x --- x U] for Uieﬁf and
Ul e f{', where 1 < i <land 1< j j <s. If j =3 then there exists an index 1 < ¢* <[ with
Use # Ul.. Since Uy, Ul € Di., we have d(Us-, UL) > 4, so that dim(Us- NUL) < a; — 4, which
implies dim(U NU’) < k — g and d(U,U’) > d. Tt remains to consider the case j # j', where we
have dim(U; N U!) < b; for all 1 < i < 1. Thus, dim(UNU") < St b = k— 4 and d(U,U’) > d.

The formula for the cardinality of D is obvious from the construction. O

Note that a; > % and Zi-:l a; = k imply k > % > d, i.e., the construction of Lemma
works for small subspace distances d only.

In what follows we apply Lemma in order to achieve a lower bound for 4,(8,4;4) and
A,(12,4;4). In the former case we obtain the best known lower bound if ¢ > 2 [8, [13], whereas in
the latter case we get an improvement for any ¢. We need the following definition. A k-parallelism
of F’;t is a set of [’f]q [k ]q / [kf]q pairwise disjoint k-spreads of F’;t. For each ¢ a 2-parallelism
of Fg exists, see [2] [11].

Let n = (4,4), @ = (2,2) and b = (1,1). Lemma gives a CDC with ¢*2 + (¢% — 1)(¢* +
1)%2(¢*> + ¢+ 1) + 1 codewords. To apply Lemmawe can choose Df, 1=1,2, as a 2-spread of
F3 such that s := ¢?> + ¢+ 1 and {Df : 1 < j <s}isa 2-parallelism of IF‘ql, 1 = 1,2. Here the
CDC D’ matches the upper bound A,(4,4;2) = ¢ + 1. It follows that

Ag(8,44) > ¢ + (@ + 1) (> +q+1) + 1. (4.2)

In order to apply Lemma for A4(12,4;4), we can choose n = (8,4), a = (2,2), and
b = (1,1). Similarly to the previous case, we can choose D% as a 2-spread of IF;l such that
s:=¢*>+q+1and {D% : 1 < j <s}isa 2-parallelism of Fg. We can define D{ as a 2-spread of
IFS such that {D] : 1< j < s} is a collection of s pairwise disjoint 2-spreads of Fg. In order to
do so let § be a 4-spread of }Fg, i.e., #S = ¢* + 1. For each 4-subspace S € S we replace S with
a 2-parallelism of S. This results in #D = (¢ +q+1)(¢® +1)?(¢* + 1). Taking into account the
lower bound for A,(8,4;4) obtained above, the previous discussion together with Lemma
and Corollary gives rise to a (12,x,4;4),-CDC C with cardinality

#C = ¢ (" +F P+ (P +q+1)+1) +(g+ D)@ +1)*(¢—D(@®+qg+1)(¢" +1)+1
— q24+q20+q19_|_3q18+2q17+3q16+q15+q14+2q12+q11+2q10+q9+q8_q4_q3_2q2_q'

For ¢ > 3 the previously best known lower bound was A,(12,4;4) > ¢®* + ¢*° + ¢' + 3¢*® +
2017 + 3¢ + ¢ + ¢ 4+ 12 4+ ¢10 4+ 2¢% + 245 + 2¢* + ¢?, see [33, Proposition 4.6]. Something
more can be said in the case when ¢ = 2, indeed by combining the previous argument together

with (4.1]) we obtain
As(12,4;4) > 19676797,

which strictly improves upon the corresponding results in [4], 17, 18, [19] 35} 43].
We will further improve the lower bound for A,(12,4;4), ¢ > 3, in Section



We remark that for each 1 < ¢ < [, the CDC Uj’:1 Dg is an (nj,*,2a; — 2b;; a;)4-code.
Partitioning it into subcodes with subspace distance d > 2a; — 2b; is a hard problem in general
and was e.g. considered in the context of the coset construction for CDCs, see [24]. If we restrict

ourselves to LMRD codes, then one can determine an analytical lower bound.

Corollary 4.5. In Lemmal{.4] one can achieve

l
#D > min{ai 1 <ai < l} ' Hm(qaai7ni _aiag) )
=1

where o;; = m(q, a;,n; — ai, a; — b;) /m(q, ai,n; — a;, 9).

Proof. For 1 < i < I let M; be a linear (a; X (n; — a;),a; — b;)gMRD code that contains
a linear (a; x (n; — a;), %)quRD code M; as a subcode. For each M € M, we can consider
M+M; = {M +M: Me ﬂz} Note that M +M; is an (a; x (n; —a;), g)q—MRD. Moreover, we
have M +M; = M'+M, if and only if M —M' € M; and (M + M;)N(M' + M;) = 0 otherwise.
In other words, we consider the a; cosets of M; in M,;. With this, M; can be partitioned into
a; maximum rank distance codes with parameters (a; x (n; — a;), £)4; hence each of them has
cardinality m(q, a;,mi; — a;, g) By lifting with an (a; X a;)-unit matrix we obtain the CDCs DZ
with the required properties of Lemma [4.4] for s = min{a; : 1 <14 <1} O

In order to obtain a good lower bound for A,(n,d;k) we can combine Corollary with
Lemma4.4land Corollary[4.5] As an example we consider A4(12, 6;6). For 7 = (6,6) Corollary[4.2]
gives a (12,%,6;6),-CDC C with cardinality

#C = P+ (P +D)@E@ -+ + P+ +a+ 1)@+ 1)
= P g 208 43012 43¢ 43010+ 2¢° + B — T —2¢° —3¢° — 3¢  — 3¢5 —2¢> —¢—1.

Actually this matches the best known lower bound for A,(12,6;6) for all field sizes ¢, see [43]
Theorem 3]. By using Lemma via Corollary with @ = (3,3) and b = (1,2) we get
#Dg =¢, 1 <j<¢, i=1,2 and hence ¢¢ - ¢® - ¢ = ¢” additional codewords. In some
cases, the CDC so obtained can be enlarged. Indeed, let E1 or Fo denote the 6-subspace of
IF}IZ consisting of all vectors in IF;Q that have zeroes in the first or in the last six coordinates,
respectively. Let 5{ be an embedding of Dg in FéQ such that the vectors contained in an element
of 5{ are in E;, i = 1,2. Note that, by construction, there exists a special 3—subspace of F;, say
&;, such that every member of 5{ is disjoint from &;, i = 1, 2. Let F7 be the set consisting of the
6-subspaces of FéQ spanned by & and a member of f;. Similarly, let F» be the set consisting of
the 6-subspaces of IF(? spanned by & and a member of 5}. Then it can be easily checked that
the CDC constructed above can be enlarged by adding the 2¢* codewords of F; U F. This leads

to
Aq(12,6;6) > q24+q15+q14+2q13+3q12—|—3q11+3q10+3q9+q8—q7—2q6—3q5—3q4—q3—2q2—q.

Let k > 4 be a positive even integer and consider a CDC with parameters (4k,2k;2k),

obtained from Corollary with n = (2k,2k), Corollary with a = (k, k), b = (%, g) A
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similar argument to that used in the previous paragraph show that the CDC so obtained can
be enlarged by adding further 2¢* codewords. Then

Aq(4k,2k;2k) > m(q, 2k, 2k, k) + a(q, 2k, 2k, k, k) + m(q, k. k, k) - m(q, k, k, &) + 2¢" + 1
PR L (q, 2k, 2k, k) 4 ¢FF/2T2) 4 ogk 41 (4.3)

Next we would like to mention that we can apply Corollary also for different vectors
a and combine these codes. To this end let D be the code for @ = (a1,...,a;) and D’ be the
code for @’ = (a,...,a;) according to Corollary (The corresponding vectors b and b are not
relevant for the subsequent analysis.) From Lemma 2.1/ we conclude d(D,D’) > 2- 22:1 la; — all.
As an example we consider a lower bound for A,(10,4;5). For n = (5,5), Corollary gives
a (10,%,4;5),-CDC C with cardinality #C = ¢*° + (¢° — 1)%(¢ + 1)(¢* + 1)(¢* + ¢ — 1) + 1. By
using Corollary with @ = (2,3) and b = (1,2) gives ¢* - ¢® - ¢ = ¢° additional codewords,
whereas with @ = (3,2) and b = (2, 1) gives another ¢* - ¢* - ¢ = ¢° additional codewords. Thus,

we obtain
Aq(10747 5) Z q20+q16+q15+2q14+q13_2q11_3q10_2q9_2q8+q6+3q5+2q4+q3’

which improves upon the previously best known lower bound from [8, Theorem 3.11]. Surely this
can be further improved and the question on the maximum number of disjoint partial 2-spreads
of Fg of the maximum possible cardinality A4,4(5,2;4) = ¢ + 1 arises. In general, we do not
know the achievable size of the subcodes described in Lemma and Lemma [£.4] For specific
parameters, including a fixed field size ¢, one might find better subcodes by solving integer linear

programming problems with prescribed automorphisms, see e.g. [31].

4.1 On constant—dimension codes with d > k

The drawback of the construction of Lemma[4.4]is that it is applicable for d < k only. This is due
to the “product-type” constructions where the elements of two (or more) codes are combined in

all different ways. If we use a one-to-one correspondence for the combinations we can construct

CDCs for d > k:

Lemma 4.6. Let i = (n1,n2) € N? with ny +ny = n, a = (a1,a2) € N? with a1 + as = k,
a1 < k— 4%, and b = (b1,bs) € N with by + by = k — . Let Cy be an (n1,,d; k)q-CDC, Cy be
an (ni,*,2a1 — 2b1;a1)g-CDC, and Cy be an (ng,*,2az — 2bg; a2),-CDC. Then there exists an
(n,*,d; k)g-CDC with cardinality #Co - m(q, k, n2, %) + min {#Cy, #Ca}.

Proof. W.l.o.g. we assume that C; and C have the same cardinality. Let C; be an embedding
of C; in Fy such that the last ny entries of the vectors contained in the codewords are always
zero. Similarly, let C3 be an embedding of Cy in Fy such that the first ny entries of the vectors
contained in the codewords are always zero. We choose an arbitrary numbering U7, ..., U; and
U}, ...,Us of the elements of C; and Ca, respectively, where s = #C; = #Cy. Let Mg be a
(k X na, %)quRD code. With this we set

C={R(r(U)|M) : U €Cyp,M e Mo}U{Uj xUs : 1 <i<s}.



Obviously the elements of C are k-subspaces of Fy and we have #C = #Cjy - m(q, k, n2, %) +
min {#Cq, #Ca}.

For the distance analysis let W, W' € C be arbitrary. If W and W’ are both of the form
R(7(U)|M), then d(W,W') > d follows as in the proof of Lemma [4.1] (or as in the literature on
lifting and the linkage construction). If only W is of the first type, then p(W) contains its k ones
in the first n; coordinates, while p(W') contain only a; of its k ones in the first coordinates. So
using a; < k — & Lemmagives AW, W') > |k —a1| + |ag| =2(k —a1) > d. T W = Ui x Us
and W = U? x Uy for 1 <i < i’ < s, then dim(W NW') = dim(U! N U¥) 4+ dim(Ui N UZ) <
by + by =k — %, so that d(W, W') > d. O

Corollary 4.7. Let i = (ny,n2) € N2 with ny + ng = n, a = (a1,a2) € N? with a; + ap = k,

a1 <k—%, and b= (b1,b2) € N?> withby + by =k — 4. Then

Ay(n,dy k) > Ag(ng, d; k) - m(q, k,na, %) + min{A,(n1,2a1 — 2b1;a1), Ag(ne, 2a2 — 2by; az)}.

As an example we consider a lower bound for A4,(12,8;6) and apply Corollary with
n = (6,6),a=(2,4),and b = (0,2). Since A,(6,8;6) = 1 and A,(6,4;2) = A4(6,4;4) = ¢*+¢>+1
we have A4,(12,8;6) > ¢"® + ¢* + ¢> + 1. The same lower bound can also be obtained using
the optimal code within the class of Echelon-Ferrers constructions, see [12], 22]. Within the
(12, %,8;6),-CDCs that contain an LMRD the construction is indeed optimal. For A5(16,12;8)
we can apply Corollary with n=(8,8),a=(2,6),and b= (0,2).

Another possible approach is to start with the same lifting {R(7(U)|M) : U € Co, M € My}
where 7 = (n1,n2). As observed in [33] we can add all codewords from an (n,x,d; k), code C’,
without decreasing the minimum subspace distance, if all elements of C’ intersect an arbitrary
but fixed na-subspace S in dimension at least g (as it is the case in Lemma . We can start
with an (ng, %, 2d — 2k; %)q—CDC and then step by step enlarge the dimension of the codewords
without creating intersections of codewords with a dimension strictly larger than k — %. For the
special case d = 2k — 2 it was shown in [33, Theorem 4.2] that #C = A,(n2,2d — 2k; 4) can
indeed be attained. Whether this is possible for d < 2k — 4 is an interesting open problem. As

a stimulation for further research in this direction we pose an explicit open problem:

Open Problem 4.8. Do there exist [g]q = [g]q =(* + @+ +q+1)(¢®+1) 5-subspaces of
IF%O pairwise intersecting in dimension at most 2 such that all elements intersect a special fized

5-subspace in dimension 3¢

If true this would improve the best know lower bound for A,(10,6;5) for ¢ > 3 and indeed
match the upper bound within the class of such codes containing an LMRD subcode, see [13].
For ¢ = 2 such a code was found by computer search, see [20].

5 Duplicating CDCs in several subspaces of a large-dimensional
CDC

In [5] the authors combined several (6, %, 4;3),-CDCs to show A4(9,4;3) > ¢'? +2¢% +2¢" +¢° +
¢® + ¢* + 1, which improves the previously best known lower bound Ay(9,4;3) > % +2¢% +
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2¢" + ¢5 4+ 1 obtained from the improved linkage construction, see [23]. In [34] the bound was
further improved to A44(9,4;3) > g2 +2¢% +2¢" + ¢ + 2¢° + 2¢* — 2¢*> — 2¢ + 1. Here we want

to generalize the approach of [5, [34] and apply it to a much wider range of parameters.

Definition 5.1. An (n,d, k)-sequence of CDCs is a list (Do, ..., D;) of (n,*,d;k);-CDCs such
that for each index 0 < i < r there exists a codeword U € D; and a disjoint (n — k)-subspace S
such that dim(U' N S) < i for all U' € D;, where r =k — 4.

We remark that an LMRD code gives an example for Dy and for D;, with ¢ > 1, we can take
Dy. Another possibility is to start with an arbitrary (n,x,d; k),-CDC, pick the special subspace

S, and remove all codewords whose dimension of the intersection with S is too large.

Definition 5.2. A list (Co, ...,C,) is called a distance-partition of an (n,*,d; k),-CDC C, where
r==%k— %, if Co,...,Cr is a partition of C and Uj’:o Ci is an (n,*,2k — 2i;k),-CDC for all
0<s<r.

A trivial distance-partition of an (n,*,d;k);~CDC C is given by (0,...,0,C). A subcode
C' C C with maximal subspace distance d = 2k is called a partial-spread subcode. Given such a
partial-spread subcode (', if d < 2k, then (C',0,...,0,C\C’) is a distance-partition of C.

Lemma 5.3. Let (Co,...,C:) be a distance-partition of a (k+t,*,d; k)q-CDCC and (Dy, ..., D)
be a (k + s,d, k)-sequence, where r = k — %l. If Ais an (s,*,d;k)g-CDC, then there ezists a
(k+s+t,xd;k)g-CDC C" with cardinality

#C' = H#A+D #Ci - #D, i
=0

Proof. In order to build up C’ step by step we embed C in a (k +t)-subspace of F’;*SH and let S
be an s-subspace of FFTs* disjoint from it. For each codeword U € C let 0 < i <, be the index
such that U € C;. With this, we embed an isomorphic copy Cy of D,_; in the (k + s)-subspace
(U, S) such that U is a codeword, S the special subspace, and add all those codewords to C'.
Let A denote the CDC obtained by embedding the codewords of A in S. As a last step add the
codewords of A to C'. Such a procedure gives rise to a (k+s-+t,%,?; k)g-CDC C’ with the stated
cardinality. It remains to check the minimum subspace distance.

For W, W’ € C'\ A there exist unique U, U’ € C such that W € Cyy and W’ € Cyv. Moreover,
there exist unique indices 0 < 7,7’ < r with U € C; and U’ € Cy. If i = ¢/ and W # W, then
d(W,W') > d(D,—;) > d. If i # ¢/, then w.l.o.g. we assume i’ < 4, so that dim(U N U’) < i. By
construction we have dim(W N W') < dim(UNU') +dim(W NnW'NS) <i+dim(WNS) <r,
so that d(W,W’) > d. If W, W’ are both contained in A, then clearly d(W,W') > d(A) > d.
Finally, if W € A and W’ € C'\ A, then dim(W'N S) < k — ¢ and hence d(W, W’) > d. O

Let us briefly mention how Lemma [5.3| can be used in order to obtain the best known
lower bound for A4(9,4;3) [0l [34] and A4(10,4; 3),[34]. First let (Dy,D1) be a (6,4, 3)-sequence.
Here Dy is an LMRD code of cardinality ¢, and D; is a (6,%,4; 3)-CDC with cardinality

11



q% +2¢? + 2q, where we have removed one codeword from a pair of disjoint codewords, see [6] 26]
for constructions of CDCs with cardinality ¢% + 2¢% + 2¢ + 1.

As regard as A4(9, 4; 3), we take as code C a (6, %, 4; 3),-CDC with cardinality ¢%+2¢?+2q+1,
see [6l,26]. In order to determine a distance-partition (Cy, Cy) of C, we need to find a large partial-
spread subcode of C. In [5, Theorem 3.12], it is shown that we can choose Cy of cardinality ¢> — 1
if we choose C from [6]. However, as shown in [34], the same can be done if we choose C from

[26]. As subcode A we choose a single 3-space, so that we obtain

Ag(9,4;3) > 1+ #Co-#D1 + #C1 - #Dy
= 1+ (* 1) (¢*+2¢* +2¢) + (¢° — * +2¢* +2¢+2) - ¢°
= ¢7+2¢°+2¢" +¢"+2¢° +2¢" —2¢° — 29 + 1.
For A,(10,4;3) we let C be the (7,%,4;3),-CDC of cardinality ¢®+¢° +¢* +¢* — ¢ constructed
in [25, Theorem 4]. Again we need to find a large partial-spread subcode Cq of C. Here #Cy = ¢*

can be achieved, see [34]. Thus, we obtain

Ag(10,4;3) > 14 #Co - #D1 + #C1 - #Dy
= 14+¢" - (®+2¢°+2¢) + (*+¢" +¢* —q) - ¢°
MM O — T+ 28 2% + 1.
The determination of a large partial-spread subcode is mostly the hardest part in the analytic
evaluation of the construction of Lemma However, if C contains an (n, %, d; k)-CDC that is

an LMRD as a subcode, then it contains an (n,m(q, k,n — k, k), 2k; k)-CDC that is again an
LMRD, i.e., a partial-spread subcode.

Theorem 5.4. Ay(12,4:4) > ¢ +¢% + ¢° + 3¢5+ 2¢7 + 3¢16 + 1% + g1 + 212 + ¢! +3¢'0 +
2q9+4q8+2q7+4q6+2q5+3q4+q3+q2+1'

Proof. In order to apply Lemma let (Dg, D1,D2) be an (8,4, 4)-sequence and let C be the
(8,%,4;4),-CDC with cardinality ¢*? + ¢*(¢® + 1)%(¢*> + ¢ + 1) + 1 described in Section |4] and
yielding . As C contains an LMRD subcode and a disjoint codeword we can choose a partial-
spread subcode Cy of cardinality ¢* + 1. As distance-partition we use (Co, #,C\Co). For Dy and
D, we choose an LMRD code of cardinality ¢'2. As Dy we choose the code obtained from C by

removing one codeword from a pair of disjoint codewords. As regard as A, we choose a single

4-subspace. Thus, we obtain

Ag(12,4;4) > #A+#Co - #D2 + #C1 - #D1 + #Ca - #Dy
= 14 (¢"+1) - "+ @+ 1D +q+1)
+(@?+ @+ D)@ +a+1) —q") ¢
— q24+q20_|_q19+3q18+2q17+3q16+q15+q14+2q12+q11
+3¢"0 +2¢° +4¢® +2¢" +4¢° + 26" +3¢* + A+ P+ 1.
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This construction improves upon the recent improvement of [33, Proposition 4.6] for A,4(12,4;4).
The approach of the previous theorem is rather general and universal since many of the largest
known CDCs contain an LMRD as a subcode. As an example we consider the (2k, x, 4; k),-CDCs
from [8].

Theorem 5.5. For a positive integer k > 5, let C be the (2k,A,4;k),-CDC from [8, Theorem
3.8] or [8, Theorem 3.11], depending on whether k is even or odd. Then A4(3k,4;k) > 1+
(" +1) - (A—1)+ (A—gF 1) gFk-D.

Proof. We apply Lemmal5.3|where (Do, D1, Dy) is a (2k, 4, k)-sequence and C is the (2k, A, k; 4)4-
CDC from [§]. As C contains an LMRD subcode and a disjoint codeword we can choose a partial-
spread subcode Cy of cardinality ¢* 4 1. As distance-partition we use (Co, (), C\Co). For Dy and D;
we choose an LMRD code of cardinality ¢*(*~Y. As Dy we choose the code obtained from C by

removing one codeword from a pair of disjoint codewords. As A we choose a single k-subspace.

Thus, we obtain

Ag(Bk,4k) > #A+H#Co - #Dy + #C1 - #D1 + #Ca - #Dy
= 1+ (1) (A= + (A —gh = 1) gD,
O

The construction described in Lemma [5.3| can be applied recursively, as we are going to see
in the next lines for A4(16,4;4). Let C’ be the (12, ,4;4)-CDC code yielding the lower bound
of A4(12,4;4) of Theorem In order to find a partial-spread subcode of C’, we remark that
Cp is a partial-spread subcode of C of cardinality ¢* + 1. Thus, for each codeword of Cy, via Da,
we can select ¢* codewords in C’ that are pairwise disjoint. By adding the element of A, we
end up with a partial-spread subcode C{) of C’ of cardinality ¢® + ¢* + 1. By choosing A and the
(8,4, 4)-sequence (Dy, D1, D7) as in the proof of Theorem , and by using the distance-partition

(Ch,0,C"\C}y), Lemma [5.3] gives
Ag(16,4;4) > 1+ (®+¢*+1)- (#C' — 1)+ (#C —¢®—¢* —1) - ¢*
M 130" 20" 4 3¢%0 1 0 4 55 4+ 2070 4 ¢ 4 3% 4 2%

F45% +2¢%" + 4670 + 2420 + 4¢%8 + 2077 + 4670 + 2% + 5¢%* + 2¢% + 442
126" + 602 + 3¢ + 7¢" + 4¢'7 + 9¢'6 + 4¢'5 + 8¢ + 4¢"3 + 9¢'2 + 441
+8¢'0 +4¢” + 7¢° + 3¢" + 5¢° + 2¢° + 3¢" + ¢’ + ¢ + 1,

where #C' = ¢®* + ¢ + ¢ + 3¢"8 + 2¢'7 + 3¢ + ¢ + ¢ + 2¢"2 + ¢ + 3¢"° + 2¢° + 4¢° +

2" +4¢° + 2¢° + 3¢* + ¢ + > + 1.

The next result consider the case of Lemma[5.3] when both D, and A contain a partial-spread

subcode.

Lemma 5.6. Let C be a CDC obtained from the construction of Lemma with a distance-
partition (Co,...,Cp), a (k + s,d, k)-sequence (Do, ..., D,), and a CDC A. If D, contains a
partial-spread subcode P and A contains a partial-spread subcode P’, then C contains a partial-

spread subcode of cardinality #Co - #P + #P'.
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Of course we can also apply the construction of Lemma [5.3| on the CDCs constructed in
Section We do this exemplarily for the codes yielding improved lower bounds for A,(4k, 2k; 2k)
to obtain a lower bound for A,(6k, 2k; 2k).

Theorem 5.7.
Ay(6k, 2k;2k) > 1+ (q% n 1) : (q2k<k+1> + a(q, 2k, 2k, k, k) + ¢“0/2+2) 4 qu)
n (qz’“(’““) + alg, 2k, 2k, k, k) + ¢F/% + qu) 2R+
for even k > 4.

Proof. Let k > 4 be a positive even integer. In order to apply Lemma let (Dy,...,Dy) be
a (4k,4k,4k)-sequence and let C be the (4k,2k;2k),-CDC described in Section 4] and yielding

(4.3). Hence
#C = ¢ 4 a(q, 2k, 2k, k, k) + ¢"F/2TD) 28 1.

As C contains an LRMD subcode and a disjoint codeword we can choose a partial-spread sub-
code Cy of cardinality ¢?* + 1. As distance-partition we use (Co, 0, ...,0,C\Co). For Dy, ..., Dy_1
we choose an LMRD code of cardinality ¢?*(*+1). As D, we choose the code C from above re-
moving one codeword from a pair of disjoint codewords. As A we choose a single 2k-subspace.
Thus, we obtain

A (6k,2k;2k) > #A+#Co - #Dy + #Cr, - #Dy
= 1+ (¢ 4 1) - (D + alq 2k, 2k, k, k) + 02 4 2gF)

+ (q2k(k+1) + a(q’ 2]{:’ 2]{:’ k, k) + qk2/2 + 2qk> . qQk(kJrl)'
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