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h i g h l i g h t s

� The approach employed is based on Monotonic Integrated Large Eddy Simulation.

� The potential cores length of the coaxial jets depends strongly on the temperature gradients.

� The temperature gradient leads to the rapid development of the inner Kelvin-Helmholtz vortices.

� The turbulent mixing becomes more homogeneous in the case of the non-isothermal jet.
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a b s t r a c t

The computation of compressible coaxial jets has moved into the field of interest not only in 
fundamental research but also in industrial applications, especially in chemical engi-
neering. Numerical simulations of such flows are performed here, using a code specifically 
developed for gaseous turbulent flows which can also take into account chemical re-actions. 
The coaxial jet can be regarded as a model of injection device in industrial ap-plications; one 
can cite combustion and aeroacoustics technology. Three-dimensional numerical 
simulations in this configuration, already published by various authors in open literature are 
limited to incompressible isothermal flow. In our work, we have explicitly taken into account 
the temperature gradient effects on the dynamics and mixing mech-anisms. Indeed, we 
have investigated a spatially developing compressible (isothermal and non-isothermal 
coaxial jet). The numerical model is based on time and space resolutions of compressible 
Navier-Stokes equations. The piecewise parabolic method (PPM) is combined with a 
linearized Riemann solver. This scheme adds non-linear dissipation intermittently just 
where and when needed in order to avoid spurious oscillations and guarantee monotonicity 
for the advection equation. The simulation can, therefore, be regarded as large-Eddy 
simulations: large scales are accurately solved with minimal viscosity and non-linear 
dissipation extracts energy out of the small scales in order to avoid non-physical 
oscillations. In order to study the mixing between Air-Air flows, we consider the mixture 
fraction f to track the mixing between two species seeded in the coaxial jets. A great 
attention is paid to the spatial-temporal evolution of the mixture fraction f , with a particular 
interest to probability density function. The comparison between the numerical results and 
experimental data is fairly good, with respect to the mean and turbulent fields. We found 
that the inner potential core length in the non-isothermal configuration reduced with 
respect to the isothermal coaxial jet due to the gradient of temperature. It was shown that in 

the non-isothermal coaxial jet, the temperature gradient leads to the rapid development of the 
inner Kelvin-Helmholtz vortices implying an efficient mixing of thespecies close to the exit of the 
computational domain.
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Introduction

Coaxial jet flowhas awide scope of usage inmany engineering

applications. Particularly, it is broadly used in process with

combustion as for instance, gas turbine combustors and

combustion chambers of rocket engines [1]. Aerospace appli-

cations are another field that coaxial jet is involved, i.e.,

turbofan engines. In this field of study, using additional jets

leads to the reduction of the noise level produced by a single

jet [2,3].

Coaxial jets are producedwhen a fluid streamwith velocity

U2 issued from an outer nozzle of diameter D2, is added

outside a central jet flow with velocity U1 issued from the

inner nozzle of diameter D1 (see Fig. 1).

Numerous studies [4e11] have been devoted to the effects

of initial conditions (nozzle geometry, lip thickness, velocity

ratio, pressure ratio,…) on flow instability, mixing and

turbulence.

A survey of the literature indicates that the rate of mo-

mentum transfer between the jets is proportional to the ve-

locity ratio, and the increase of velocity ratio promotes faster

mixing.

Improvement of mixing fluid streams flow plays a central

role in a large range of technical applications which differ

from simple chemical mixtures for jet engines [6e8]. In order

to have a bettermixing of fluids, nozzles with different shapes

and geometry specifications have been used in the wide range

of velocity from subsonic to supersonic [9].

Studies regarding the mixing coaxial jet flow are mostly

concentrated on mixing behaviour of incompressible flow.

There were several experimental (e.g. Refs. [11e13]), numeri-

cal (e.g. Refs. [7,8,14,15]) and both experimental and numerical

(e.g. Refs. [16e18]) studies in the past demonstrated the use of

coaxial jets as a promising technique in enhancing down-

stream fluids mixing. The effect of inlet velocity ratio on the

mixing behaviour of coaxial jets was first studied experi-

mentally by Forstall and Shapiro [19]. They found that near

and far fields of mixing coaxial jets are significantly affected

by the velocity ratio.

The similarity betweenmixing subsonic coaxial jet and the

single jet was determined by Ko and Kwan [20] and Kwan and

Ko [21]. Moreover, these authors have mentioned the exis-

tence of two shear layer regions and the formation of two

potential cores associated with each region.

Dahm et al. [22] in an experimental study investigated a

coaxial jet flow by means of the planar laser-induced fluo-

rescence (PLIF) technique. They analyzed a broad range of

vortex patterns and their interaction of near-field mixing.

These authors showed also that the instabilities in the inner

and outer shear-layers are strongly coupled.

Champagne and Wygnanski [23] showed that the inner

potential cone length is strongly dependent on velocities and

nozzles surfaces ratios. However, the outer potential core

length seems to be independent of velocities ratios and equal

to eight times the outer nozzle thickness.

Numerical investigation of incompressible mixing in the

coaxial jet has been already considered in widespread works.

Ranga Dinesh et al. [14] studied numerically mixing and

intermittency in a coaxial turbulent jet. They discussed the

effect of vortex shedding on velocity fluctuation inside the

inner mixing.

Fig. 1 e Sketch of spatially developing coaxial jets and computational domain with boundary conditions.
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The effect of upstream condition on the incompressible

coaxial jet has been already studied both experimentally and

numerically. Balarac et al. [5,7,8] numerically investigated

the influence of upstream conditions on the mixing behav-

iour of a high-velocity ratio coaxial. They reported that

mixture fraction field and the process of turbulent mixing in

coaxial flow pertain on upstream conditions. Balarac et al.

[24] in other works studied numerically forced and natural

flow of mixing improvement in the coaxial jet. They found

that excited flow enhances better the mixing jets compared

to the natural one.

Saravanan et al. [25] analyzed numerically the effect of

subsonic coaxial jets on potential core length by using a con-

stant Mach number in the inner nozzles and different Mach

numbers of annular flow, they concluded that if the velocity of

flow between inner and annular nozzle increases, turbulent

intensity will increase as well that result in declining in the

potential core length.

The compressibility of the flow issuing from two coaxial

nozzles has not been yet discussed widely. Reynier and Ha

Minh [26] have performed a standard k� ε model to simulate

air-air compressible, turbulent coaxial jets having a large ve-

locity ratio between outer and inner jets. Their results show a

strong instability of the coaxial jet close to the inlet. In the

samework, these authors have observed the development of a

recirculation region in the near field of coaxial jets due to the

higher velocity ratio. They also found that there is a strong

coupling between inner and outer shear-layers.

Ouzani and Si-ameur [27] highlighted the role of turbulent

structures on the mixing process by using large eddy simu-

lation; they found that the turbulent mixing activity is un-

dergoing to an intermittent specificity of the coherent

vortices.

Murakami and Papamoschou [28] investigated experi-

mentally mean flow enhancement of compressible flow in

coaxial jets. Noise emission, thermal signature and combus-

tion in high-speed turbulent jets were taken into consider-

ation in their study. They reported that by increasing area of

annular jet and Mach number, the inner potential core is

extended.

Effect of upstream excited flow on the mixing behaviour

was also studied experimentally by Guitton et al. [29,30]. To

study thematter, they used a differentmethod tomeasure the

velocity of other needed parameters.

As mentioned above, coaxial jets have been extensively

studied. But, these studies mostly focused on incompressible

or compressible flow and an upstream excitation separately.

However, a deeper physical understanding of the mixing

process performed in these flow configurations still requires

extensive research efforts.

In fact, very few investigations have considered the impact

of temperature gradients on the dynamics of flow and mixing

process.

In recent years, the coaxial jet configuration has particu-

larly attracted interest especially in technological combustion

systems because it provides better mixing fluids in addition to

their simple geometry.

Researches on combustion using burner with coaxial in-

jectors have considerably increased as attested by a signifi-

cant number of publications [31e36]. These studies dealt with

combustion efficiency, flame stabilization and pollutant

emissions from coaxial burners.

Tabet et al. [33], showed numerically that hydrogen addi-

tion improves fuel and oxidant jets mixing. This mixing

quality improvement has a significant effect on the con-

sumption of hydrocarbon and the air driving to the jet center

which leads to faster fuels burning and reduce the residence

time, length and thickness of the flame. In the same context,

Hashemi et al. [34], studied numerically the effect of air tur-

bulence intensity on NOx emission in coaxial burner fueled

with hydrogen. They found that increasing air turbulence in-

tensity supply from the outer nozzle leads to a reduction of

formation in NO concentration.

From the literatures above on combustion performance

and emissions reduction, we can conclude that thorough the

knowledge of turbulence-mixing interactions between jets in

the coaxial configuration is a prerequisite to improve the

control of the flame ignition, pollutant emissions and it also

allows for the design and performance enhancement of de-

vices such as combustion chamber, injection systems.

This work presents a numerical simulation of compress-

ible mixing in a coaxial jet with an emphasis on the temper-

ature gradient effect.

Our computational model is three dimensional because

flows in most applications are turbulent, involving a wide

range of length scales. Detailed information is given about the

structure and dynamics of scales by fully solving the

compressible Navier-Stokes equations.

In our approach, chemical reactions are avoided in this

study, in order to focus on the effect of the turbulent struc-

tures on the mixing process to provide complementary in-

formation on the mixing in parallel to combustion works.

The remainder of the paper is organized as follows: the next

section Governing equations and numerical method gives

detailed information about the governing equations of the

physical problem, followed with the numerical method used

for the computational study. Section Flow and simulation

parameters, presents the computational parameters used in

this work. In section Results and discussion, the results ob-

tained from numerical simulations of coaxial jets are analyzed

and discussed, with emphasis put on comparisons between

both configurations (isothermal and non-isothermal). Finally,

the conclusion is presented in section Conclusion.

Governing equations and numerical method
The Numerical method is based on High order Godunov’s

scheme called PPM (piecewise parabolic method) [37] com-

bined with linearized Riemann solver of Roe [38] to solve the

complete compressible Navier-Stokes equations (the equa-

tions for conservation of mass, momentum, energy and

detailed mass of each species are written in conservative

form). The overall scheme is second-order accurate in time.

An optimal value of the time step Dt is selected at each time t.

A diffusion-reaction operator is added as a source term in

Navier-Stokes equations, and switched on or off depending on

the problemunder consideration, especiallywith regard to the

type, direct or large eddy, of numerical simulation.

Computations of compressible coaxial jets are performed

using a code specifically developed to numerically simulate
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gas flows whose composition may evolve with location x! and

time t. It is based on the usual set of gas flow equations, with

the vector of the conserved variables:

Uð x!; tÞ¼ fr; ru1; ru2; ru3; re; rYigT (1)

ris the density of both inner and other flow, (u1,u2,u3) the three

velocity components, Yi is the mass fraction of the species i.

The total energy of the flow is defined by:

e¼ 1
2

�
u2
1 þu2

2 þu2
3

�
þCvT (2)

where the average heat capacity per unit mass Cv is Cv ¼Pns
i¼1

CviYi(ns is the number of involved species). Thermody-

namics of the gas mixture is modelled with an ideal gas

equation. The pressure P and the temperature T are related by:

P
r
¼RT

M
(3)

where R is the universal gas constant and M is the average

molarmass calculated from themolarmassMi of each species

i: M
�1 ¼ Pns

i¼1

Yi =Mi.

Each component of Uð x!; tÞ corresponds to a conserved

quantity likemass,momentumor energy. The total energy e is

the sum of the mechanical and internal energies of the gas

mixture.

The equations for conservation of mass, momentum, en-

ergy and detailed mass of species i are written in conservative

form.

vUð x!; tÞ
vt

þ
X3

j¼1

vFjðUð x!; tÞÞ
vxj

¼ SðUð x!; tÞÞ (4)

FjðUð x!; tÞÞ¼

8>>>>>>>><
>>>>>>>>:

ruj

r uju1 þ dj1P
ruju2 þ dj2P
ruju3 þ dj3P
ðreþ pÞuj

rYiuj

:::

9>>>>>>>>=
>>>>>>>>;

where:

SðUÞ¼

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

0

Xj¼3

j¼1

v
� r

Re

�
t1j

vxj

Xj¼3

j¼1

v
� r

Re

�
t2j

vxj

Xj¼3

j¼1

v
� r

Re

�
t3j

vxj

V$

�
Cpr
Pr:Re

VT

�
þ V$

� r

Re
u!:t

�

V$
� r

Sc:Re
VYi

�

:::

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

The right-hand side term of equation (4) contains terms for

viscous stress, scalar diffusivity.

tij ¼ vui

vxj
þ vuj

vxi
� 2
3
dij

XK¼3

K¼1

vuK

xK

dis the Dirac delta. Re, Pr and Sc are the Reynolds number,

Prandtl and Schmidt numbers respectively. Cp is the heat ca-

pacity at constant pressure of the mixture per unit mass. The

values of Cp, CvandM evolve and have to be calculated at each

ð x!; tÞ.
The full compressible Navier-Stokes equations (4) are split

up in three one-dimensional inviscid operators Lj (j ¼ 1;2; 3):

Lj :
vUð x!; tÞ

vt
þ vFjðUð x!; tÞÞ

vxj

¼0 (5)

and three-dimensional viscous-diffusive operator:

j : vUð x!; tÞ
vt

¼ SðUð x!; tÞÞ (6)

The fourth-order accurate piecewise parabolic method

(PPM) [37] together with the approximate Riemann Solver of

Roe [38] solve the inviscid equations (5). The overall scheme is

second-order accurate in time. The diffusion terms are

regrouped in a source term of Navier-Stokes equations.

The spatial discretization of equation (6) is done by finite

volume. The integration in time is accomplished by second-

order accurate low storage Runge-Kutta time stepping [39].

The averaged values Ui over the ith grid cell are updated by

computed the fluxes through the Riemann Solver between

two discontinuities at each cell interface over one timestep.

The space higher-order precision is achieved by taking into

account the spatial variation of the discretized function in

order to build two statesUL (left) andUR (right) as an average of

the information which is crossing to the interface over one

timestep. The PPM algorithm generates a parabolic interpo-

lation function for the primitive dynamic and scalar fields

over each cell. The parabola is defined by its average over the

cell and the border values which are computed with a fourth-

order differencing formula. They are corrected where they

generate new extremema in order to realize monotonicity.

The combined solution is computed as follows:

Unþ2 ¼j1=2L3L1L2jL2L1L3j
1=2Un (7)

Flow and simulation parameters

The flow, the physical model and the coordinate system are

schematically depicted in Fig. 1. As can be seen from Fig. 1, the

coaxial nozzles consist of two main nozzles. The inner or

primary nozzle of diameter D1 and annular or secondary

nozzle with diameterD2.

Morris [40], Michalke and Hermann [41] found that the

mean velocity profile shape in the nozzle affects the first

instability and the flow features.

The initial condition consists of two hyperbolic-tangent

profiles in streamwise direction and zero mean transverse

and spanwise velocities as shown in Fig. 2a. A weak white

noise Unoiseð x!0; tÞ was superimposed to the inflow shear
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region, in order to represent the background fluctuations in

natural shear flows. In general, the upstream condition is

given by:

Uð x!0; tÞ¼UmðrÞ þ Unoiseð x!0; tÞ (8)

where x!0 ¼ ðx¼ 0; y; zÞ is the inlet plane, r the distance from

the jet axis, andUmðrÞ is themean velocity vectorwhich can be

rewritten as comes [5]:

Umð x!0Þ¼

8>>><
>>>:

U1 þ U2

2
þ U1 � U2

2
tanh

�
r� R1

2q01

�
for r � Rm

U2 þ U3

2
þ U2 � U3

2
tanh

�
r� R2

2q02

�
for r>Rm

(9)

Where, U1 and U2 are the inner jet and the outer jet ve-

locities, and U3 is a very small co-flow, respectively. R1, R2 and

Rm ¼ ðR1 þR2Þ=2, are the inner, the outer, and the averaged

radii, q01 and q02 are the inlet momentum thicknesses of the

inner and outer shear layers, respectively.

In a compressible flow, an amount of thermal energy is

produced in the shear-layer region owing to molecular dissi-

pation. Therefore, a density profile associated with the up-

stream velocity profile is given by CroccoeBusemann’s

relation.

The inlet mixture fraction profile also consists with hy-

perbolic tangents Fig. 2b:

fðx¼ 0; rÞ¼

8>>><
>>>:

f1 þ f2
2

þ f1 � f2
2

tanh

�
r� R1

2q01

�
for r � Rm

f1
2
þ f2

2
tanh

�
r� R2

2q02

�
for r>Rm

(10)

Note that the co-flow is always composed of species f ¼ 0,

The experiment carried out by Guitton et al. [29], gives an

opportunity of comparing numerical simulations results and

laboratory data for flows at real scales. Computation pa-

rameters were designed to fit the real coaxial jets configura-

tion. The main differences between the various simulations

come from the inlet temperature at the inner nozzle exit. All

gases are assumed to be ideal. Velocity, density and pressure

are non-dimensional using the values at the inner nozzle

exit. Lengths are scaled on the diameter D1 of the inner

nozzle exit. The velocity ratio and radius ratio for both sim-

ulations are considered to be ru ¼ U2=U1 ¼ 0:7 and

b ¼ D2=D1 ¼ 2 respectively. Table 1 summarizes the different

flow parameters studied.

The computational domain consists of a parallelepipedic

box of lengths Lx, Lyand Lzwhere x is streamwise, y the

transverse and z the spanwise directions, respectively. The

box dimensions are 15D1 � 10D1 � 10D1.

All simulations are carried out on the same grid which

consists in 500� 400� 400 nodes, which is sufficient to resolve

large scales of flow containing the wavelength of most

Fig. 2 e Sketch of the inlet profiles: (a) The velocity profile U1 ¼ 0 is the inner jet velocity, U2 ¼ 0 is the outer jet velocity and

U3 ¼ 0 is the co-flow velocity. (b) The mixture fraction profile, we prescribe f ¼ 1 in the outer stream and f ¼ 0 elsewhere

(inner stream and co-flow).

Table 1 e Physical parameters for the air-air coaxial jet.

Flow Parameters Isothermal
coaxial Jet

Non-isothermal
coaxial jet

Inner

jet

Velocity (m/s) 175 282

Temperature (ºK) 293.15 792

Mach number 0.5 0.5

Diameter (m) 0.05 0.05

Reynolds number 6.25 � 105 6.25 � 105

Annular

jet

Velocity (m/s) 120.5 197.4

Temperature (ºK) 293.15 293.15

Mach number 0.35 0.57

Diameter (m) 0.1 0.1
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unstable modes. The dissipation of turbulent small scales

which develops in the flow from non-linear interactions is

done by the PPM numerical algorithm. This dissipation is

introduced by approximating the evolution of any variable

across mesh through high-order interpolation followed by

monotonicity constraints. The small scales are then filtered

through this monotonicity which is prescribed across every

mesh and every time.

Results and discussion

Validation

Fig. 3 shows the downstream evolution of the axial mean

velocity compared to that done by Guitton et al. [29]. Regarding

the potential core length, the figure shows that the potential

cone of the inner jet is longer in comparison with that of the

outer jet. We recall that potential cone is defined as < u> ¼ 0:

95 U1 on the axis of the inner jet (r ¼ 0) and <u> ¼ 0:95 U2 on

the axis of the outer jet (r ¼ 0:75 D1). As Guitton et al. [29]

considered linnercore z12D1 and loutercore z3:5D1, the present results

reveal some deviation compared to Guitton et al. results [29]

due to the initial momentum thickness taken in the present

simulations.

Fig. 4 illustrates the downstream evolution of the root-

mean-square (r.m.s) velocity component at the centerline of

the case studied. As it can be observed from the figure, the

r.m.s are in agreement with those obtained by Guitton et al.

[29]. The turbulence intensity on the inner and outer axis of

the jet is initially weaker up to x=D1z4, which is awhile

different in terms of quality from the results acquired by

Guitton et al. [29], which emphasizes taking into accountmore

realistic initial conditions. Although the growth rate of tur-

bulence intensity is in agreement with that predicted experi-

mentally by Guitton et al. [29], the maximum deviation is

about 14% and 17% for inner and annular jet respectively.

Isothermal coaxial jet

In this first section, we start examining the main mechanism

of transition to turbulence and mixing behaviour of the

isothermal coaxial jet. Additionally, this section can be

regarded as a reference case for comparison with the non-

isothermal coaxial jet in order to quantify the impact of

gradient temperature on the flow development and turbulent

mixing process.

� Flow dynamics

The flow visualizations are displayed in Fig. 5 showing the

isosurfaces of the positive Q (is the second invariant of the

velocity-gradient tensor) for isothermal coaxial jet coloured

using the value of streamwise vorticity ux. Hunt et al. [42] and

Dubief and Delcayre [43] introduced the concept of Q criterion

as a good indicator to trace the eddy structures. Therefore, up

to x=D1 ¼ 6 which the first level of transition occurs, Kelvin-

Helmholtz instability causes that outer shear layer quickly

roll up into quasi-axisymmetric primary vortex rings.

It can clearly be seen from Fig. 5a, in contrast to the outer

shear layer, instabilities begin later in the inner shear layers

and they are formed around x=D1 ¼ 7. The apparition of pri-

mary vortex rings is followed by the appearance of the pairs of

counter-rotating streamwise vortices that emerge in the outer

and inner braid region and are stretched both between two

consecutive inner primary vortex rings and between two

consecutive outer primary vortex rings Fig. 5b.

Fig. 5b shows clearly the production of intense ejections

marked by the appearance of mushroom-shaped structures.

These ejections phenomenon are caused by the intense

streamwise vortices, which pump fluid from the outer jet core

towards the co-flow by entrainment. It should be noted that

the inner streamwise vortices form at a further downstream

distance than the outer vortices which develop shorter

downstream.

Moreover, Fig. 5b also reveals that the inner primary vortex

rings are trapped in the free spaces between two consecutive

outer primary vortex rings. At further downstream locations,

the flow quickly reaches a state of fully-developed turbulence.

Fig. 6, shows the instantaneous contours of the vorticity fields

in the transverse section at several downstream locations

(initial, transition and fully-developed turbulence regions). At

x=D1 ¼ 4:5, it can be clearly seen that the azimuthal in-

stabilities in the outer shear layer start quicker than in the

inner shear layer. Near the exit (at x=D1 ¼ 13:5 Fig. 6), an

abrupt increase in small-scale turbulence level is observed.

Fig. 3 e Downstream evolution of the axial mean velocity; (a) In the inner jet (r=D1 ¼ 0). (b) In the outer jet (r=D1 ¼ 0:75). The

numerical results are compared with the measurements by Guitton et al. [29].
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� Mean flow statistics

Radial and longitudinal of mean axial velocity component

and r.m.s of the velocity fluctuation are provided by Figs. 7 and

8 respectively. Using quantitative analysis, the mean and

r.m.s profiles are acquired through a temporal average and an

azimuthal direction of the scalar and dynamic domains.

The explicit Favre average is considered. Four flow times

are adjusted as an averaging period in order to calculate mean

fields and the turbulence intensities. One flow time, therefore,

is determined as the time of the flow passing the computa-

tional domain.

The following relation is used to compute the turbulence

intensity:

f0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
<42 > � 2<4>

< r4>
< r>

þ < r4> 2

< r>

s
(11)

where <4> is the temporal average and is as comes:

<4ðx; y; zÞ> ¼ 1
T

Zt0þT

t0

4ðx; y; z; tÞdt

where: 4ðx; y; zÞ ¼ Ui¼1;2;3 or, t ¼ 4Lx=U1 we denote mean

quantities by < :> .

Fig. 7a presents the downstream evolution of the mean

axial velocity in both central and annular jets. In the case

studied the axial velocity is staying unchanged up to x=D1z11

at the centerline (r=D1 ¼ 0) and x=D1z3:5 at the centre of the

annular jet (r=D1 ¼ Rm). This exhibits that, there are two po-

tential core regions, at the inner and outer jet.

Fig. 7b shows the radial evolution of the mean axial ve-

locity at several downstream locations. We can clearly see

that the jet keeps a profile shape similar to the inlet one until

the transition stage.

Due to radial diffuse of linear momentum which carries

momentum from the outer annular jet into the co-flow and

from inner to outer jets, the axial velocity after the end of each

potential core is developed. Moreover, at x=D1z6 radial mean

velocity profile grows more rapidly in outer shear layer which

indicating clearly that a large quantity of species issued from

the outer annular jet invades the co-flow, conversely at the

same downstream location, the inner shear layer remains

dominated by molecular diffusion and velocity profile keeps a

Fig. 4 e r.m.s axial velocity profiles. (a) In the inner (r=D1 ¼ 0) jet. (b) In the outer jet (r=D1 ¼ 0:75). The numerical results are

compared with the measurements by Guitton et al. [29].

Fig. 5 e (a) 3D visualization of the coherent vortices for the isothermal case by isosurfaces of positive Q coloured by the

streamwise vorticity ux. (b) Zoom of passive-scalar ejections by the counter-rotating streamwise vortices.
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profile similar to the inner nozzle exit. This confirms the

precocious development of outer Kelvin-Helmholtz vortices.

Further downstream, for x=D1 > 9 it is seen that velocity is

maximized in the centerline jet (r=D1 ¼ 0) and the velocity

profile loses completely its two-layer structure. Close to the

end of the domain, the radial means velocity profile is much

similar to the single round jet.

Fig. 8a,b depict the radial evolution at several downstream

locations and the downstream evolution of the root-mean-

square (r.m.s) velocity component (<u0
x
2 > 1=2ðx; rÞ) in both

central and annular jets, respectively. It can be observed that

from x=D1 ¼ 3 to the end of the domain the turbulent activity

is increasing significantly in both inner and outer jets. This is

owing to the development of outer Kelvin-Helmholtz vortices

that causes a large momentum transfer from the outer

annular jet towards the inner jet and co-flow. The inner peak

disappears rapidly due to the strong transfer which involves a

drastic pinching of the central jet by the outer annular jet.

Fig. 6 e A cut through the (z, y) plane of the vorticity fields.
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At the fully-turbulent state, the maximum turbulent ac-

tivity is situated in the outer annular jet. These results

emphasize the domination of turbulent structures on the

evolution of the flow dynamics.

The turbulent kinetic energy is employed for a better un-

derstanding of flow modification. Thus, radial kinetic energy

(Er) and azimuthal kinetic energy (Eq) [44,45] for the outer

shear layer are as follows:

ErðxÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p
LyLz

ZRm

0

Cu0
r
2Dðx; rÞrdr

vuuut (12)

EqðxÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p
LyLz

ZRm

0

Cu0
q

2Dðx; rÞrdr

vuuut (13)

For the inner shear layer following relations are defined

ErðxÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p
LyLz

Z∞
Rm

Cu0
r
2Dðx; rÞrdr

vuuut (14)

EqðxÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p
LyLz

Z∞
Rm

Cu0
q

2Dðx; rÞrdr

vuuut (15)

where u0
r and u0

q are the radial and azimuthal component of

fluctuating velocity respectively. Er and Eq are directly asso-

ciated with the Kelvin-Helmholtz instabilities and azimuthal

instabilities, respectively.

Fig. 9 illustrates the downstream evolution of the radial

and azimuthal turbulent kinetic energy on the outer and inner

jets. For x=D1 <10, it can be clearly seen that for the outer

annular jet, the contribution of the radial turbulent kinetic

energy is greater than that of azimuthal one; this implies that

the growth of the vortex rings is largely dominating the evo-

lution of the azimuthal instabilities. In addition, the higher

contribution of azimuthal turbulent kinetic energy corre-

sponds to the development of streamwise vortices that

initiate the transition of the jet to the turbulence state. Beyond

(xz13D1) the transition region, the contribution of both

quantities becomes almost equal, which means that the jet

reaches the full three-dimensionalization.

Fig. 7 e Mean axial velocity component. (a) Downstream evolution in both central and annular jets. (b) Radial evolution at

several downstream locations.

Fig. 8 e r.m.s of the longitudinal velocity fluctuations. (a) Radial evolution at several downstream locations. (b) Downstream

evolution in both central and annular jets.
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Characterization of the mixing process

Fig. 10, represents the iso-mixture fraction which is coloured

by local Mach field. This iso-mixture fraction is seen as a good

indicator to characterize the evolution of turbulent mixing in

the coaxial jet. In addition, the characterization of the iso-

mixture fraction plays a significant role for a better under-

standing of the turbulent mixing associated to turbulent

combustion processes. The initial stage is characterized by the

presence of two separated isosurfaces linked to the two mix-

ing layers (inner and outer). This first stage is governed by

molecular diffusion which is up to x=D1 ¼ 6 in the inner shear

layer and x=D1 ¼ 2 in the outer shear layer.

After this stage, the jet is undergoing the engulfment of the

two fluid streams which is a consequence of the action of

amplification of Kelvin-Helmholtz vortices. After that, the

inner and the outer mixing layers start to undergo a strong

azimuthal instability accompanied with the emergence of the

streamwise vorticeswhich implied a strong ejection of species

in mushroom-shaped structures (see Fig. 12 for x=D1 ¼ 7:5),

this important step leads the development of highly convo-

luted isosurface at the fully turbulent region.

It is important to note that the inner jet is incompletely

mixed with the outer jet, especially close to the end of the

domain, where we can observe the presence of unmixed spots

(see Fig. 10b).

In order to examine the mixing quality, Fig. 11 shows the

instantaneous contours of the mixture fraction and vorticity

fields in the central plane. In Fig. 11b at the near-field region,

the perturbations are weak (white-noise perturbation with an

amplitude of 1%); therefore the mixing process starts with

molecular diffusion. Further downstream, the turbulent

mixing activity is bloomed and becomes predominant due to

the appearance of Kelvin-Helmholtz vortices. Moreover, in

this region, we can observe that the development of Kelvin-

Helmholtz vortices in the outer layer begins early compared

with those arising in the inner layer.

Furthermore, the turbulent mixing grows along the plane

and the two jets (inner and annular) are merged at the near

outflow region in order to make a single mixing zone identical

to classical jets.

Fig. 12, shows a cut through the (z,y) plane of instanta-

neous contours of the mixture fraction fields. The figure il-

lustrates nicely the different main stages of mixing evolution

from the entrance of the domain to the exit which can be

summarized as follows: initial laminar region, transition and

fully-developed turbulence regions).

At x=D1 ¼ 4:5, it can be clearly seen that the turbulent

mixing activity initiates early in the outer annular jet due to

the appearance of the coherent vortices, in contrast, the

mixing in the inner shear layer remains dominated by the

molecular diffusion. Atx=D1 ¼ 7:5, the figure illustrates clearly

the ejection phenomenon marked by the mushroom-shaped

structures. We recall that the formation of these structures

is due to the longitudinal counter-rotating vortices (see

Fig. 5b). Near the end of the computational domain x=D1 ¼ 13:5

(Fig. 12), indicate an abrupt increase in small-scale turbulence

level which plays the main role to improve the turbulent

mixing. However, we can remark that the mixture remains

incomplete in this region.

The evolution of the mean mixture fraction in the down-

streamdirection and several sections of the jet are depicted by

Fig. 13a,b respectively. It can be observed that the axial

development of themixing fraction < f > is equal to 0 and 1 for

x=D1 <8 and x=D1 <3 of the inner and outer jet respectively.

The radial profiles of the mean mixture fraction at the

different downstream locations indicate that for values of

x=D1 <8 and x=D1 <3 which are for the inner and outer jets

respectively, the mixing fraction alters at the interfaces be-

tween the inner and outer jet and the ambient fluid. This

variation is due to the molecular diffusion which mixes spe-

cies in the radial direction. At the downstream locations, due

to momentum transfer, the species enter to the central jet.

Moreover, species of the annular jet diffuses into the co-flow

at these downstream locations.

Fig. 13a shows that the diffusion of the species into the

shear layers enhances the mixing activity following by a

decrease in the annular jet and an increase in the central jet.

The increase of the mixture fraction in the inner jet is less

important than the decrease of the mixture fraction in the

outer jet, this is due to a delay in developing Kelvin-Helmholtz

vortices in the inner shear layers. This delay makes the

mixture less effective at the end of the computational domain

where < f > is less than 0:5. It should be pointed out that < f >
¼ 0:5 is shown as a good indicator to characterize the mixing

efficiency in the turbulent mixing coaxial jet.

InFig. 14 the r.m.smixture fraction reveals that the turbulent

mixing activity in the outer jet initiates faster than in the inner

jet. This is mainly due to the earlier development of Kelvin-

Helmholtz vortices that play a major role to improve mixing.

Beyond to the x=D1z4:5, we can see clearly that outer r.m.s

mixture fraction profile growth rapidly and reaches their

maximum value 25% at x=D1 ¼ 5 in this downstream location

the turbulent mixing becomes more and more significant.

This is because of counter-rotating streamwise vortices (see

Fig. 5b), which allow the ejection of species drastically from

the outer core towards the co-flow and initiates the three-

Fig. 9 e Downstream evolution of the radial and azimuthal

contributions of the turbulent kinetic energy calculated for

the outer and inner shear layers.
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dimensionality of the jet. Until x=D1z6, the radial profiles at

various axial positions Fig. 14b indicate two distinct peaks

situated in the inner and outer shear layers, respectively.

These two peaks represent the imprints marked by the inner

and outer large structures, respectively.

The turbulent mixing activity is confined in narrow thick-

ness r=D1 < 2 in the transition region, however, it extends

downstream to reach the value (r=D1 ¼ 3:3) at the end of

computational domain as shown in the Fig. 14b.Moreover, it is

worth noting that the outer peak skewed to the right side of

the jet (r=D1 ¼ 2:7 instead of the 1) due to the higher mo-

mentum transfer between the outer annular jet and the

ambient.

Near to the exit domain (x=D1 ¼ 15), large amounts of fluid

issued from outer annular jet invade the co-flow and the inner

jets that allow the merging of the two mixing layers and the

formation of a single mixing zone similar to that obtained in

the single jet.

To examine the evolution and the characterization of the

turbulent mixing in this configuration (isothermal coaxial jet),

the variations of the probability density functions which were

presented and discussed by Stanley et al. [46] are performed.

Fig. 15 highlights the radial probability density functions

‘PDFs’ at three streamwise locations this allows to cover all

main regions in the flow (initial, transition fully turbulent

stages). At the upstream position of x=D1 ¼ 3 (Fig. 15a), the

Fig. 10 e Global view of the natural isothermal coaxial jet case: (a) isosurface of mixture-fraction. (b) Cut view of f ¼ 0:15

mixture-fraction isosurface coloured by the local Mach number.
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shape of the PDF evidently proves that themixing behaviour is

very solely and remains confined in the inner and outer shear

layers, respectively, due to the molecular diffusion. As it was

already discussed up to x=D1 ¼ 6 the turbulent mixing has not

yet started to develop in the flow.

Further downstream at x=D1 ¼ 11:5, Fig. 15b reveals a range

in which the mixing fraction at each radial position for r=D1 >
0:5 is likely to occur between the outer jet and the ambient.

This is directly associated to the earlier development of the

counter-rotating streamwise vortices which pump mixture

from the outer annular core towards the co-flow. This leads to

improve the turbulent mixing process and the growth of

mixture envelope in this region. At the same downstream

location at x=D1 ¼ 6, for r=D1 >0:5 it can be seen that the value

of the mixing fraction remains rather much weak but non-

negligible. This explains the delay of developing Kelvin-

Helmholtz vortices in the inner jet which play a major role

in the mixing process in this region.

Close to the exit, Fig. 15c shows that the inner and the outer

mixing layers are merged into a single-mixing layer. A large

range in which the mixing fraction at each radial position for

jr =D1j< 2:2 is likely to occur between the outer jet and the

ambient.

Moreover, a further examination reveals a trace of un-

mixed specieswith the value fz1 is detectable in the inner jet.

This confirms that the outer jet has not well penetrated the jet

center which means also that the mixing between annular

and inner jet is not quite homogeneously distributed inside

the center jet.

Non-isothermal coaxial jet

� Flow dynamics and statistics

This section examines the details of the impact of tem-

perature gradients on flow dynamics evolution and mixing

enhancement. The findings of the global flow structure and

statistics are compared to the reference case (isothermal co-

axial jet). It seems worth recalling that both cases have been

carried out under the same inlet conditions. The only differ-

ence between the coaxial jets occurs in the temperature of the

inner jet. Indeed, the temperature ratio between the annular

jet and the co-flow is T2=T3 ¼ 1: for both configurations,

whereas the non-isothermal configuration has an inner jet

temperature T1 ¼ 2:7T3. The flow parameters of the hot co-

axial jets are summarized in Table 1.

A global overview of the flow dynamics evolution of non-

isothermal configuration is displayed in Fig. 16, which repre-

sents the visualization of positive Q isosurfaces coloured by

the streamwise vorticity ux. We can clearly see that the sce-

nario of the flow dynamics evolution, in this case, is much

similar to that of the isothermal coaxial jet (section Isothermal

coaxial jet). As pointed out earlier, we can distinguish three

regions of flow development: Laminar region (1) where we see

the evolution and growth of unstablemodes which lead to the

formation of inner and outer vortex rings in both inner and

outer shear layers due to Kelvin-Helmholtz instabilities.

Transition region (2) characterized by the appearance of

counter-rotating streamwise vortices. The third region (3)

shows the structures in the fully developed state.

The initial stage which controlled by molecular diffusion

processes seems shorter in the non-isothermal case than the

isothermal in the inner jet as shown in Fig. 18. Indeed, a closer

look at Fig. 18 shows also that the amplification of the inner

Kelvin-Helmholtz vortices (that keep their coherence until the

end of the jet potential core) starts earlier in this case. The

appearance precocious of Kelvin-Helmholtz vortices allows a

rapidly accelerating towards to fully-turbulence stage.

Close examination of the results displayed in Fig. 17, il-

lustrates nicely that the modifications of the transition due to

the gradient of temperature (coaxial jet with heated inner jet)

have a significant influence on the mean flow behaviour.

Thus, in the initial stagewhere the potentials cores take place,

we can clearly see that there is a remarkable decreasing of the

inner potential core length in the non-isothermal jet as

described in Fig. 17a.

It is very important to know the parameters that control

the length of the inner/outer potential cores to optimize the

operation of rocket engines, as well as combustion chamber

design.

As pointed out by Lau [47] and more recently by Bodony

and Lele [48], the potential core length in the simple jet de-

creases generally when the jet-exit temperature is increasing.

Therefore, in the non-isothermal case, the temperature

gradient between the outer and the inner jets inducing a

precocious development of intense inner Kelvin-Helmholtz

vortices. Hence, the streamwise vortices emergence are

generated earlier leading to strong momentum and mass

Fig. 11 e Contours for the natural isothermal jet in the central plane. (a) mixture-fraction. (b) vorticity modulus.
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Fig. 12 e A cut through the (z, y) plane of the mixture-fraction fields.
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transfer between the outer and the inner jets accompanied by

a diminution of the mean axial velocity of the inner jet

(Fig. 18). As a result, the inner potential core length reduces.

Conversely, the outer potential cores length in both cases re-

mains identical as the temperature gradient between the

outer jet and the co-flow is null. Additionally, the centerline

distributions of r.m.s mixture fraction (Fig. 24) show that the

turbulent mixing activity in the inner jet starts quicker in the

non-isothermal case than in the isothermal. In agreement

with previous observations and results obtained, this figure

confirms that the inner potential core length is shorter in the

non-isothermal jet.

Downstream of the potential core, the mean axial velocity

has significantly decreased along the jet centerline which

leads to homogenize the velocity at the fully-turbulence re-

gion. This is caused by the earlier intense inner Kelvin-

Helmholtz vortices that activate the momentum transfer

from the inner jet towards the annular as shown by Fig. 19

(which displays a zoom on an isosurface of Q > 0).

Moreover, Fig. 17b illustrates that at the end of compu-

tational domain (x=D1 ¼ 15) the velocity in the jet center is

weaker in the non-isothermal case (with a maximum value

of the order of 0:6U1) than in the isothermal case (with a

maximum value of the order of 0:8U1), but the spreading of

the coaxial jets is almost alike and reaches the co-flow value

for r=D1 ¼ 2:3 in both cases (isothermal and non-isothermal).

This shows that the flow spreading is not significantly

affected by temperature gradients. The distributions of the

longitudinal velocity fluctuations at several downstream lo-

cations are depicted in Fig. 20. It can be seen that the velocity

fluctuations are confined in narrow thickness r=D1 < 2 in the

transition region, however, it extends downstream over

twice.

In addition, at the end of the computational domain, the

r.m.s profile shape loses completely its double peaks structure

(the double peaks are the imprints of the large structures) and

turns into one peak where the fluctuation reaches the

maximum value of 14:5% at the centerline jet, conversely to

the isothermal case where the maximum of intense turbulent

activity is localized in the annular jet Fig. 8a.

In this region, the large-scale eddy structures break down,

which causes an abrupt increase in the small-scale turbulence

level and the flow quickly enters the fully developed turbulent

state.

Fig. 13 e Mean mixture-fraction. (a) Downstream evolution in both central (continuous line) and annular jets (dash dot dot

line). (b) Radial evolution at several downstream locations.

Fig. 14 e r.m.s of the mixture-fraction. (a) Downstream evolution in both inner (continuous line) and annular jets (dash dot

dot line). (b) Radial evolution at several downstream locations.
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Fig. 21a shows the streamwise mean velocity profiles at

several downstream locations obtained for the non-

isothermal case. It can be seen clearly that the profiles are

qualitatively corroborating by the good agreement compared

with experimental data of classical incompressible jets [49].

We have also determined the Reynolds stresses. Fig. 21(b)e(d)

display the profiles of the streamwise normal, streamwise

radial and tangential components of Reynolds stress tensor,

respectively. From the collapse of the profiles from the current

results, it can be seen that the Reynolds stress components

are close to self-similarity near the outflow of the domain.

� Characterization of the mixing process

To examine the effect of temperature gradient on the

mixing features, Fig. 22a shows visualizations of instanta-

neous contours of the mixture fraction. Themixing process at

the initial stage is primarily controlled bymolecular diffusion.

In the inner heated jet, this stage is shorter as compared with

the isothermal jet. Indeed, in the inner jet, the molecular

diffusion of the laminar layer is limited to x=D1z3 instead of

x=D1 < 6 in the isothermal case.

The turbulent mixing activity then begins quicker due to

the earlier development of coherent vortices. Finally, at the

end of the computational domain (x=D1 >10), turbulent small

scales allow an intense turbulent mixing as shown by Fig. 22b.

The isosurface representation of the mixture fraction is

coloured by local Mach field which allows a more accurate

examination of the mixing evolution as depicted in Fig. 23.

The initial stage is characterized by two decorrelated iso-

surfaces corresponding to the two mixing layers (inner and

outer). It can be observed that the inner diffusion of the

laminar layer is shorter in this case (x=D1 ¼ 3 instead of

x=D1 ¼ 6 in the isothermal coaxial jet). This stage is followed

by the engulfment of the two fluid streams caused by the ac-

tion of amplification of the Kelvin-Helmholtz vortices, which

begin to be visible at x=D1 ¼ 3.

In the upstream location, the inner and the outer mixing

layers start to undergo an azimuthal instability accompanied

by the emergence of the streamwise vortices which eject

species in mushroom-shaped structures (see Fig. 22), this is

leading to a highly complex isosurface shape at a fully tur-

bulent region. It is important to note that the outer annular jet

invades deeply into the centre of the jet, which allows the

increase of mixing in this configuration in contrast to the

isothermal case. Moreover, the outer annular jet is completely

mixedwith the inner jet, especially in the vicinity of the end of

the domain (see Fig. 23b). This significant result is

Fig. 15 e Variation of the probability density function of the mixture-fraction (PDF) for the isothermal jet at: (a) x=D1 ¼ 2 .

(b)x=D1 ¼ 11:5 c) x=D1 ¼ 15.
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undoubtedly due to the temperature gradient, which helps the

enhancement of entrainment and mixing process.

Conversely to the isothermal case, further downstream of

x=D1 >7, we can see that the part of the fluid issued from the

outer jet which invades the inner jet is much important as

compared with the isothermal case. This is due to the preco-

cious of pairs of streamwise vortices generation on the inner

shear layer which emerge between two consecutive inner

Kelvin-Helmholtz vortices.

To assess the difference between the two cases, it is of

interest to examine the mean and r.m.s quantities. Fig. 24

shows a comparison between the mean mixture fraction

statistics for the non-isothermal and the isothermal cases.

This figure illustrates that the non-isothermal coaxial jet

Fig. 16 e 3D visualization of the coherent vortices for the non-isothermal case by isosurfaces of positive Q coloured by the

streamwise vorticity ux superimposed with vorticity module field (bottom side) and temperature field (back side).

Fig. 17 e Comparison of the mean axial velocity between the isothermal and non-isothermal cases: (a) downstream

evolution in the inner (r=D1 ¼ 0) and outer (r=D1 ¼ 0:75) jets and (b) profiles at the downstream location (x=D1 ¼ 15).
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starts themixing processmore upstream in the jet centre than

the isothermal coaxial jet. Moreover, At x=D1 ¼ 6, the radial

means mixture fraction profiles reveal that there is a strong

invasion of the species issued from the outer annular jets into

the co-flow in both cases, while in the inner jets the mean

mixture fraction remains equal to 0 at the same downstream

position. This confirms the quick development of the outer

Kelvin-Helmholtz vortices. Moreover, upon closer examina-

tion, for x=D1 > 6, on the jet centerline, it turns out that the

mean mixture fraction in the non-isothermal jet starts to in-

crease faster than the isothermal jet. This upshot is essen-

tially due to the temperature gradient that induces an earlier

development of the inner Kelvin-Helmholtz vortices which

help the mixing between the inner and outer annular jets.

Moreover, at x=D1 ¼ 9, the influence of the outer stream-

wise vortices ejections (Fig. 23a) is clearly visible through an

important widening of the mean mixture fraction profile to-

wards the ambient fluid as displayed in Fig. 24b.

It should be also mentioned, that the radial spreading of

the mixture is almost alike and reaches the co-flow value for

r=D1 ¼ 3 in both cases as can be seen in Fig. 24b. Close to the

exit, the difference in mixing becomes more evident in the

non-isothermal coaxial jet.

In order to get a better understanding of the effect of the

temperature gradient on the mixture, the comparison of r.m.s

mixture fraction between the non-isothermal and the

isothermal is depicted in Fig. 25. These statistic quantities

help to explain the previous results. The r.m.s mixture frac-

tion < f
02 > 1=2 starts to increase dramatically at x=D1z6:5 in

the non-isothermal case, instead of x=D1z9 for the isothermal

case. This earlier increase can be associated with the strong

mixing activity caused by the earlier development of Kelvin-

Helmholtz vortices that play a major role to increase the tur-

bulent intensity.

Moreover, in the inner jet, the precocious increases of

mixture fraction fluctuations in the non-isothermal case at

(x=D1z6:5instead of x=D1z9) implying a faster turbulent

mixing in this region.

Note that beyond x=D1 ¼ 11:5, the r.m.s quantities are

smaller in the non-isothermal case, showing a diminution of

the turbulent mixing activity linked to a better species

homogenization.

It should be noted that in the outer jet the r.m.s mixture

fraction is not affected by the temperature gradient. This

result justifies the identical radial spreading of both coaxial

jets (non-isothermal and isothermal) previously founds

(Fig. 24b).

A further examination of themixing of the non-isothermal

configuration is based on the radial probability density func-

tions PDFs at the transition and in the fully-turbulent stages.

Fig. 18 e Instantaneous contours of the mean axial velocity

field superimposed with contour lines to show clearly the

potential cores.

Fig. 19 e Zoom on the inner coherent structures for the

non-isothermal jet. Cut view of positive Q coloured by the

streamwise vorticity. Large parts of the isosurfaces have

been cut to see inside the flow.

Fig. 20 e r.m.s axial velocity profiles at several downstream

locations.
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The most striking effect of the temperature gradient is on

the transition region as shown in Fig. 26a. Conversely to the

previous case (isothermal jet), for x=D1 ¼ 6 at the center jet,

PDF confirms that the turbulent mixing becomes more sig-

nificant.We can clearly see the presence of the spots ofmixing

in the inner jet. These spots are the signatures of the inner

Kelvin-Helmholtz vortices which play a more significant role

in the turbulent mixing and enhance entrainment. Further-

more, at the end of domain computational, in the center jet

the mixture fraction seems much better distributed, where

the most likely value of mixture fraction is situated between

0:5 and 0:3 (Fig. 26b). In addition, the mixing seems also

homogenously scattered near the jet center at this down-

stream location. This is a direct consequence of the preco-

cious development Kelvin-Helmholtz vortices in the inner jet

which plays a pivotal role in the mass transfer.

In order to get more insight of the mixing homogeneity

beyond the end of the outer potential core, it would be

instructive to examine the intensity of segregation quantity.

This quantity, introduced by Danckwerts [50] is defined by:

Fig. 21 e (a) Streamwise velocity profiles in the far-field of the non-isothermal jet where Ucof is the local co-flow velocity and

x0 is the virtual jet origin, (b) streamwise normal Reynolds stresses, (c) streamwise radial stresses and (d) radial stresses.

Fig. 22 e Instantaneous contours of mixture-fraction for the non-isothermal case: (a) in the central plane and (b) in the

transverse section located at x=D1 ¼ 14.
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I¼ < f 02 >
< f > ð1� < f > Þ (16)

This quantity means that the mixing becomes perfectly

homogeneous when I ¼ 0, in contrast, when I ¼ 1 this means

the species remain segregated.

Fig. 27 shows the radial distribution of the intensity of

segregation in the non-isothermal jet at several downstream

locations. Fig. 27 shows a good homogeneity at the center jet

in this case at the end of the computational domain. For the

transition region, I ¼ 1 becomes larger at r=D1 <0:5 (jet center)

and at r=D1 >2 (interface between the jet and the ambient

fluid); this indicates that the species are stirred but remains

weakly segregated in that flow regionwhichmakes themixing

between species is the inhomogeneously scattered.

Fig. 23 e Global view of the non-isothermal jet case: (a)

isosurface of mixture-fraction. (b) Cut view of f ¼ 0:15

mixture-fraction isosurface coloured by the local Mach

number.

Fig. 24 e Comparison of the mean mixture-fraction between the non-isothermal and isothermal cases: (a) downstream

evolution in the inner (r=D1 ¼ 0) and outer (r=D1 ¼ 0:75) jets; (b) profiles at several downstream locations.

Fig. 25 e Comparison of the r.m.s mixture-fraction

between the non-isothermal and the isothermal cases:

downstream evolution in the inner (r=D1 ¼ 0) and outer

(r=D1 ¼ 0:75) jets.
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Conclusion

We have simulated numerically the spatial development of

air-air compressible coaxial jets. The three-dimensional

Monotone Integrated Large Eddy Simulations (MILES)

approach is used to represent all the features of the turbulent

mixing physics.

Two computations have been carried out to assess the ef-

fect of the temperature gradient (isothermal and non-

isothermal coaxial jets) upon the development of coherent

vortices, and hence on the mixing process.

The mixing between inner and outer jets is followed

through the spatio-temporal evolution of the mixture fraction

field. The spatially developing approach allows to take into

consideration the different stages of the turbulent mixing:

molecular diffusion, transition and fully developed turbulent

state.

The computational simulations performed in this work

reproduce qualitatively the flow structures and give satisfac-

tory results in good agreement with the experimental data.

It was found that the inner potential core length of the

coaxial jets depends strongly on the temperature gradients

whereas the outer potential core length seems to be insensi-

tive to the temperature gradients. Another major effect of

temperature gradients is the enhancement three-

dimensionality of the jets.

Furthermore, a faster transition was observed in the non-

isothermal case since inner streamwise vortices are formed

earlier and so the transition phenomenon of the inner species

is faster as compared to the isothermal case.

The mixing process is largely controlled by the dynamics

and interactions of the structures vortices when the coaxial

jet possesses a hot primary jet.

The analysis ofmixture fraction fluctuations indicated that

turbulent mixing activity begins to grow earlier in the non-

isothermal case. This is in good agreement with the preco-

cious development of the Kelvin-Helmholtz vortices.

At the exit of the computational domain, the mixture

fraction PDFs distributions have shown that turbulent mixing

becomes more homogeneous with the disappearance of spots

of unmixed species in the case of the non-isothermal jet.

The results highlight also that the pronounced tempera-

ture gradient in the coaxial jet leads to precocious develop-

ment of inner Kelvin-Helmholtz vortices, consequently, the

enhancement of the turbulent mixing efficiency can be quite

helpful in numerous industrial applications such as combus-

tion, chemical engineering process and aeroacoustics.

The results obtained in this study can be regarded as a

significant reference in active control of coaxial jets mixing,

which will be studied in a forthcoming paper.

Fig. 26 e Variation of the mixture-fraction PDFs for the non-isothermal jet at: (a) x=D1 ¼ 6 and (b) x=D1 ¼ 15.

Fig. 27 e Radial evolution of the intensity of segregation at

several downstream locations.
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