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Abstract

In this paper we show some estimates for the density of a random
variable on the Wiener space that satisfies a nondegeneracy condition
using the stochastic calculus of variations. The case of a diffusion
process is considered, and an application to the solution of a stochastic
partial differential equation is discussed.
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1 Introduction

In this paper we present some estimates for the probability density of a
random variable on the Wiener space that verifies a nondegeneracy condition.
These estimates are obtained by means of the techniques of the stochastic
calculus of variations. First an explicit formula for the density is established
in Proposition 2.2. This result is similar to Proposition 2.1.1 of [4], but
the hypotheses are slightly more general. From this explicit formula we
deduce the basic estimates in lemmas 2.3 and 2.4. In Section 3 we present
a martingale inequality that is used in Section 4 for the estimation of the
density of a diffusion process. Finally in Section 5 the estimates of densities
are applied to solve a nonlinear stochastic partial differential equation with
an additive white noise.

2 Estimation of densities using Malliavin
Calculus

In this section we will introduce some elements of the stochastic calculus of
variations and its application to the estimation of the density of a Brownian
functional.

Let B = {B,t € [0,T]} be a standard Brownian motion defined on the
canonical probability space (2, F, P). That is, Q is the space of continuous
functions on [0, T} which vanish at zero, F is the Borel o-field on 2, and P
is the Wiener measure. Let H = L%([0, 7).

Let us first introduce the derivative operator D. We denote by Cg°([R")
the set of all infinitely differentiable functions f : IR® — IR such that f and
all of its partial derivatives are bounded.

Let S denote the class of random variables of the form
F=f(Bt1a"'7Btn) (21)

where f belongs to C{°(IR"), and ty,...,t, € [0,T]. If F has the form (2.1)
we define its derivative DF as the stochastic process given by

2.0
DtF = Z %(Btl, feey Btn)l[O,ti](t)’ t e [0, T] (22)
i=1 1
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The operator D is closable from S C LP(Q) in LP(Q; L%([0,T])) for each
p > 1. We will denote by ID!? the closure of the class of smooth random
variables § with respect to the norm

\FIZ, = E(FFP) + E (( [ |Dtp|2dt>%) |

We can define the iteration of the operator D in such a way that for a

tic process.

Then for every p > 1 and any natural number k& we can introduce the
space ID*? as the completion of the family of smooth random variables S
with respect to the norm: '

k
IFIR, = E(FP) + 3 E(I1D? Fllf2gomy)- (2.3)
o.7)

j=1

Let V be a real separable Hilbert space. We can also introduce the corre-
sponding Sobolev spaces ID*?(V) of V-valued random variables.

We will denote by 6 the adjoint of the operator D as an unbounded
operator from L}(Q) into L!(Q; L2([0,T])). That is, the domain of &, denoted
by Dom é, is the set of processes u in L!(Q; L2([0,T])) such that there exists
an integrable random variable 6(u) verifying

E(Fé(w) = B( " Dy Fuydt) (2.4)

for any F' € §. The operator 6 is an extension of the Ito stochastic integral,
called Skorohod integral (see (8]), in the sense that the set L2([0,T] x )
of square integrable and adapted processes is included into the domain of 4,
and 6 restricted to L2([0,T] x ) coincides with the Itd integral.

The space DVP(H) := LP(2; L2%([0,T])) is included into the domain of
8, for each p > 1, and for any process u € ID*P(H) there is the following
estimate for the LP-norm of the Skorohod integral:

T o T /T ) 2

B(8@I) < G ( B lulds)) + B[ [ IDufdsdn)®)).  (25)
0 0o Jo

We will make use of the following property of the Skorohod integral.
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Lemma 2.1 Fiz p,q > 1 such that % + % =1. Let F € D', y € Dom$é, be
such that u € LI(Q; L*([0,T))) and 6(u) € LI(). Then Fu € Domé, and

8(Fu) = Fé(u) — (DF,u)p. (2.6)

Proof: Let us denote by A the right-hand side of (2.6), which by hypothesis
belongs to L'(Q). Then it suffices to show that for any G € S we have
E(GA) = E((DG, Fu)g). We can write

E((DG, Fu)y) = E((D(GF),u)n) — E(G(DF, u)n).
We have to prove that .
E((D(GF),u)g) = E(GFé(u)). (2.7)

This is true by definition of §(u) if FG € S. In order to show (2.7) when
F € ID'? it suffices to take a sequence of smooth random variables F,, which
converge to F in ID'P. QED

For any random variable F' € ID'! and any process u € L}(Q; L*([0, T))
we will write

T
D,F = / D, Fu,dt.
1]

Let F € D' be such that ||[DF}y > 0 a.s. Then we know that F
possesses an absolutely continuous distribution (see [2, 6]). On the other
hand, we can show the following explicit expression for the density of F,
under some additional assumptions:

Proposition 2.2 Let F be a random variable in the space ID*'. Let u be a
process in LY(Q; L*([0,T))) such that D,F # 0 a.s., and Dof belongs to the
domain of the operator 6. Then the law of F' has a continuous and bounded
density given by

p(z) =E (1{F>z}5 (Ej_f)) : (2.8)

Proof: Let ¢ be a nonnegative smooth function with compact support, and
set o(y) = [¥ ¥(2)dz, y € R. We know that ¢(F) belongs to ID*!, and
making the scalar product of its derivative with u yields

(D(e(F)), u)r = Y(F)D,F.
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Hence, we obtain

E((F)) = E ((DMF», = F>H) |

Now, let F,, be a sequence of smooth random variables that converges to £’
in D', Using the definition of the operator § we have

U

B((Dle(F). 7)) =lmE ((De(EN. 5F) )
=lmE (""(F")‘S (Dz,fF)) = (¢(F)6_(D:F>) '

EW(F) = E (p(F)3 B =))- (2.9)

By an approximation argument Eq. (2.9) holds for ¥(y) = 14(y). As a
consequence, we apply Fubini’s theorem to get

PlasFsb) = B ((/-11‘“"’1(”“) “(57) )

b U
= / E<1{F>“}5(D F)) a,

Thus,

which implies the desired result. QED
Proposition 2.2 leads to the following estimate for the density p(z) of a
random variable F: "
< . .
w0 < £ (o (57)) (210
As a consequence,
< 5 (6 (5)) |
/Rp(r) dr < 6 D.F (2.11)

From Lemma 2.1 and Proposition 2.2 we deduce the following result:

Lemma 2.3 Let F be a random variable in the space ID!. Let u be a process
in Dom é verifying the following properties, for some % + é = 1:

(i) u belongs to L(; L2([0,T))).



(ii) 6(u) belongs to LI(Q).

(iii) (D,F)~! belongs to ID*P.

Then F' has a density such that
6(u)

1
o)< B (.DuF ) +B(|D. (DUF>‘> '
Proof: From Lemma 2.1 we have

g (DjF) - gu} —Du <D1F> '

Then we apply Proposition 2.2. - QED
The assumptions of the previous lemma can be modified as follows.

Lemma 2.4 Let F be a random variable in the space ID*!. Letu be a process
in Dom & verifying the following properties, for some % + % =1:

(i) u belongs to LI(Q; L*([0,T)).
(ii) 6(u) belongs to LI(2).
(iii) (D, F)~! belongs to LP(Q), and
®, := (D, F) (| D*Flluenllulx + | Dullneu||DF ||x) € LP(Q).

(2.12)
Then F has a density such that
6(u)
<
p(z) < E( D.F ) (2.13)

+E ((DuF) (| D*F | neullull + | Dull was llull | DF || ) ) -

Remarks:

1.- Under the assumptions of Lemma 2.4 we can also write down the following
expression for the density of F':

_ 6(u)
P(m)i— E (1{F>z}m>
+F ((DuF)—2 ((D2F, uU®U)HeH + /[0 P utDtustFdsdt>) .
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2.- When u = DF the estimate (2.13) leads to

(lHDFn? )+2E(||DF|| 2|\ D*Fllugx) - (2.14)

3.- Suppose that F' = fol H,dW,, where H is an adapted process that verifies:
(i) For each s € [0,1], H, € D*?, E f; H2ds < oc and

MA:= sup E(|D,H,’)+ sup E(( ID JHPdt)P?) < < 0,
s.tef0.1] r,s€{0,1]
for some p > 3.
(ii) 0 < p < |H,] for all s € [0, 1]
Taking u = DF the estimate (2.14) leads to
p(z) < cP(|F| > |a])!/9,
where ¢ > —E5 and the constant ¢ dpends on A, p, and p (see [5]).

4.- Notice that if u is an adapted process and D, F = u,e™ (this is true if F
is the value at time t of a diffusion process), then

‘ 5(u)

dW'l
< o= 2Nt ”0 Uahvy
D.F sup e

0<t<T 7 CTuddt

Therefore, in order to obtain estimates for the expectation of the above
expression we need to estimate the norm p of —’”—’1— where M, is a Brownian
martingale.

3 Martingale inequalities

The following theorem provides an estimate for the p-norm of a martingale
divided by its quadratic variation, where 1 < p < oo. This norm is bounded
by a universal constant times the g-norm of the inverse of the square root of
the quadratic variation. A related estimate can be found in Exercise 4.18 of

[7].



Theorem 3.1 Let {M,, t > 0} be a continuous martingale null at 0. Then
for each 1 < p < ¢ = p+ ¢, there exists a universal constant C' := C(p, q)
such that

“ Ml < opon i, (3.1)

Proof: We have

} / prP L P M| > (M) ]dz.
Notice that

P(|M,| > 2(M)] £ P[M; > 2(M)] + P[-M; > 2(M),].
So, it suffices to estimate the term

/0 T P LP(M, > z(M)dz.

We can assume (by a truncation argument) that M is bounded. Then

P[M, > z(M),] P[XMe—8(M)e  o(Az=6)(M)¢]
E[e’\Mt—o(M)te—(A:c—O)(M)t]

(E[e/\aMg—Oa(M)t])l/a(E[e—ﬁ()\x—O)(M)g])l/ﬁ,

ININ A

where L + 1 = 1. Choose ), a, 3,0 such that Y22 — g, that is, § = 222
. 8 a 2 2
With these choices we have

PIM, > 2(M),] < (Ele™?O==%)001)1/8,

Optimizing over A yields A = £ and we get

P[M, > z(M);] < (Ele™% <M>e])1/ﬁ = (Ele~®- 1)I—<M>:] 1/8

Hence, for each ¢ >0, § > 1:

dicl

< 2/ pa?~1(Ee=B-DF M)\ V8 gy



< 2P+ 2/0c p:r”"l(E[e‘("‘l)%””t])l/ﬁdx
£
= 2P+ 2p /oo :1:"5(E[:lc(“”—l)ﬁe“(*"l)é“‘”z])l/ﬁdJC
£
<

2eP 4+ 2p (/oo r‘5d$>

. 1/8
x (E [sup[z(ﬂp—l)ﬁe-(ﬁ—l)%(M>z]]) _
z€R

Let .
B(z) = gB+p~ VB (B-DF (M)

Then
&'(z) = [,6’(6 +p—1)gEte-1s-1 _ gPE+P-D+1(g _ 1)<J\/I>t] e—(ﬁ—l)%(M),'

The function ® attains its maximum at

B(6+p—1 _
Ty = _gﬁ_f:_l._)<M>t 1/2.
Hence,
6+g—1ﬂ
_ P _(+p-1)8 -1
(I)(.To) = <IB(5;—pl 1)) <M>t +p2 e—ﬁi'g—lﬁ.
As a consequence,
= o
(M),
s+p—1
2 - - 2 _@+p=187\ /B
< o et () T (an )
= 2P +¢17°B,
where
% s (BE+p—1)\ T @tpona\ 19
_ P _é+p-1 +p- _{6+p—i
B=51 ( B-1 ) (E[<M> D



Now we optimize over €. Set A(g) = 2¢P + !~ B. Then
Ale) = 2Pt + (1 = 6)e°B,

and the unique solution of A’(¢) = 0 is given by

1
as() T B

2p
and
_ 1)\ 7T 1\
Aleo) = 2(%—1) ’ BP_+3L-‘1+(—52 1>,,+ | g
P D .
—r 6—1 Fré=T §—-1 7T
= Bp+6—1 2 — +
2p 2p
_ (2,, )—"“/ BE+p =D\ [, (8= 1\FFT _ (6-1\F
Rt 6-1 2p 2p
s
§+p—1)\"* _(G+p=187\ 3BT
- 2o (R (1 ) (sl <)
Therefore,

M, _ B(6+p—1) p \P _
“*(M» < 2vret (PP (14 )0 g

Take 6 = 2— 1 and put (§—1+p)8 = p+e. Thene = (6—1)(p+1). Hence,
we can introduce the constant

p

+1

Gum e (e (1+2)"

|

Nl

and we get

S Cp,e” <M>t—l/2”p+s~
P

QED
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4 Estimation of densities for diffusion pro-

cesses
Let B = {B;,t € [0,T]} be a standard Brownian motion defined on the
canonical probability space (Q, F, P), as in Section 1. Consider the diffusion

process X = {X;,t € [0,T]} solution of the following stochastic differential
equation:

t t
X, = 0+ /0 o (5, X,)dBs + /0 b(s, X,)ds, te[0,T].

We will introduce the following hypothesis on the coefficients o and b:
(H) o(s,z) and b(s, x) are of class C? with respect to z, and

lo(0,2)] < K, [b(0,2)] <K,
o'(s,z)]l < K, [¥(s,z)| <K,

for some constant K > 0, and ¢”(s,z) and (s, z) have polynomial growth
in z, uniformly in ¢.

In the sequel we will denote by C' a generic constant which may depend
onp > 1, T >0 and the coefficients ¢ and b.

Theorem 4.1 Let o(s,z) and b(s,z) functions satisfying hypothesis (H).
Suppose that

E (| /0 ‘o (s, Xs)sta—%) < o0,

for some p > 1 and for all't € (0,T). Then for all t € (0,T)], the random
variable X, possesses a continuous density p,(z) such that

t 1
pi(e) < CI( [ ols, X,)ds) (41)
for some constant C > 0.

Proof: Fix t € (0,T]. Under hypothesis (H) we know that X, € ID?? for
all p > 2, and, if s < t we have

t t
DyX, = (s, X)) + [ o'(r, X,)D,X,dB, + | ¥(r, X,)D,X,dr.

11




Hence,
: t ¢ 1
DX, = o(s, Xs) exp (/ o'(r, X,)dB; +/ (o — —2-(0')2)(r, Xr)dr) )

Using the notation

t t 1
j\/fs.t = exXp (/ Ul(ra Xr)dBr + / (bl - 5(0{)2)(7" Xr)dr) 3
we can write
DX = 0(87 Xs)Ms,t»

for all s <t. For so < s; <t we have

D2 Xt = UI(S].,XS1)D82X81MS1,t +O'(313X.91‘)M31,t

51,82

t t
x ( / o"(r, X,) D5, X,dB, + / (" = o'o")(r, x,)Dszx,,dr)
81

31
= U/(Sla X81 )0(827 st)Msl,tM82,81
+0(Sl, X31)0(327 st)]\/[.a;,t

X (/t o’ ((r, X;)Ms, ,dB, + /t(b” ~a'd")(r, X; )M dr)
3 T 82,7 r ] T 82,7 ‘
51 81

We will apply Lemma 2.4 to the random variable X; and to the process
us = 0 (s, X)lpg(s). Clearly u, belongs to the domain of §, and
t
5(c(s, X,) 1oy (s)) = / o(s, X,)dB,.

0

As a consequence, the process u satisfies the assumptions (i) and (ii) of
Lemma 2.4 for all ¢ > 1. On the other hand, Dy(X;) = f§ o(s, X,)2M, .ds.
Cousider the random variables

¢
Rt=/0 o(s, X,)%ds,
and
S, = (sup Moftl) (sup MO,t) .
s€[0,t] s€f0,]

Notice that supse(oy M7 < S, and E(S™) < oo for all m > 2. Then, we
have the following estimate

|Du(X)| ™t < (Re)7IS:.
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Hence, (D,(X;))~! belongs to L” () for any 1 < p’ < p. In order to show
that the random variable ®, given by (2.12) belongs to LP (Q) for any 1 <
p' < p we will make use of the following estimates:

1D Xellmo < (S0 Rillo’llo
+2(S)2R; sup / " o"(r, X,) Mo-dB, + / B = o'0")(r, X, ) Mordr |
0<s<t |J0 0

lull} = R,
IDuller < 110’ looy/ReSt,
IDX |z < /RSt

Thus,

3, < (R)-} ((Str*na'nm

+2(S,)* sup

0<s<t

+||a'noo(st>4) = (R)H0,

/0 o"(r, X,) Mo ,dB, + /O B = o'o")(r, X,) Mo dr

and ®, belongs to L () for any 1 < p’ < p because (R,)~3 is in LP(f), and
¥, has moments of all orders.
By Theorem 3.1 we have

(%

D, X,
< C||(Re)" %,

|5 o(s, X,)dB,
)<® ( ol Xods

Again by Holder’s inequality we obtain
E(®.) < CII(R:)™2]lp,

amd, therefore,
1
pe(x) < Cll(Re)™ [,

13



QED

Let us suppose that ¢ : IR — IR is a twice continuously differentiable
function such that ¢’ is bounded, and o(z) > 0 for all z > 0, and ¢(0) = 0.
Fix £ > 0. Let X, be the solution of the stochastic differential equation

t t
X, =1+ / o(X,)dB, + /0 b(s, X,)ds, te[0,T]. (4.2)
0
Consider the stopping time
r=inf{s >0:0(X;) = %a(x)}

Let p > 1. Then we have
4

E ((/Ota(Xs)zds)_z) -E <1{T>t} (/Ot&(xs)ms)-g)
+E (1{Tst} ( /0 t o(Xs)2ds>_§)
< (f%ﬂ_) N t% + (@) _pE (l{TSt}T—g) )

We have the following estimates
oo 1
E(1peyr?) = g/ y31P(r < L (4.3)

On the other hand,

P(T<—1-) = P

b - p(
2

(5 ) (Ogglwxs)—a(x)nq)
< (55) s ( sup |, - ol

o(x 0gs<i

°() v
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for some constant C > 0. Hence, if p < ¢ we obtain from (4.3)
E(1p<yr8) < Co(z) 7", (4.4)

Therefore

E ((/Ota(Xsfds)—g) <C (0(:)\/? + a(x)-l-%t-%“) .

Finally, taking ¢ = p(1 + €) we get

p(y) < C (0(2) 747 +o(z) P 7<1t). (45)

When the drift is nonnegative we can obtain an estimate which is better
than (4.5):

Proposition 4.2 Let us suppose that ¢ : IR — IR is a twice continuously
differentiable function such that o(0) =0, o(z) > 0 and o'(z) >0 ifz >0
and o’ is bounded. Let b: [0,T] x R — IR be a function satisfying hypothesis
(H1) and such that b(s,z) > 0. Then, the density p,(y) of the solution X, of
Eq. (4.2) satisfies

n(y) < (4.6)

o(z)Vt
forallz >0, t € (0,7).

Proof: Applying Ité’s formula leads to

o(Xs) _ s (0'0)(X;) s (0"0%)(Xr)
o(x) L+ /o o(x) a5, +/o 20 () dr
s b(r, X;)o'(X;)
+ /0 () dr.
Hence, N
o(Xs) _ elve e T r o’ r
o= <1+/0 ST X0 (X,)d),
where



Then, using the estimate (4.1) we obtain
tlo(X)\" )\ °
< d
o(@mly) < C ( / (U(I)> s)
p
—N,

el ([ (1 [ e i) )

QED

1
2
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5 Nonlinear stochastic partial differential
equation with additive white noise

In this section we will apply the estimates for the density of a diffusion pro-
cess obtained in the previous section to solve parabolic stochastic equations
perturbed by an additive white noise. Consider the second order differential
operator given by

Lf = 502/ f" +b(z)S

where o and b are twice continuously differentiable functions with bounded
first derivative, and such that o(z) > 0 and ¢'(z) > 0 for all z > 0, ¢(0) = 0,
and b(z) > 0. Let W = {W(A), A € B([0,0) x R), |A| < oo} be a white
noise on the parameter space [0, 00) X IR with intensity equals to the Lebesgue
measure. We are interested in the following stochastic partial differential
equation

o o*w
5 = v+ 55 +9(v(t.2)), (5.1)

where ¢t > 0, z > 0, and with an initial condition v(0, ) = up(z). We assume
that up € Cp([0,0)). Equation (5.1) is formal, and, as usual, we will replace
it by the following evolution equation

v(t,x) = /Otpt(x, y)uo(y)dy+/0t /(;oopt_s(a:,y)W(ds,dy)

+ /ot /ooo pe-s(z,y)g(v(s, y))dsdy, (5.2)

16



where p,(x,y) is the fundamental solution of

Op

Let us first consider the case ¢ = 0 and ug = 0. Then the solution to
Equation (5.2) will be a zero mean Gaussian process given by

ult, ) = /0 t /0 % pes(z, Y)W (ds, dy). (5.3)

Proposition 5.1 The random field u = {u(t,z),t > 0,z > 0} given by (5.3)
is a solution to Equation (5.1) in the sense of distributions, and moreover,

E(lu(t,z)|*) < Co(z)™". (5.4)

Proof: We will only show the estimate (5.4). Using the estimate (4.6) we
obtain

E(lu(t, 2)[? //ptsxy dsdy</sur>ptsxy)d
< [=C 5= Ot

=
QED

Proposition 5.2 The random fieldu = {u(t,z),t > 0,z > 0} given by (5.3)
possesses a version which is continuous in [0,00) x (0,00), and satisfies for
eachT >0 and%<'y<1,

lim sup o(z)”|u(t,z)| = 0.
zi0 o<t<T

Proof: Fix % < v < 1 and define

£

(t,z) = o(z)u(t,z), z=>0,t>0,
(¢,0) = 0.

]

17



We are going to show that @(t,r) has a continuous version in [0,00)? by
means of the Kolmogorov’s continuity criterion. Suppose that ¢ > s and
T > y. Applying the estimate (5.4) we deduce:

E(jo(z)"a(t,z) = o(y)"a(s,y)I*) < C{E(lo(2)"alt, ) — o(y)"a(t,v)*)
+E(jo(y)"(a(t, z) — als, 2)?) + E(lo(y)"(@ls, z) — als,y))")}

< C{}%(o(x)" — o))+ o(y)? /: /Ooo pi-o(x, 2)*dzdf

40 [ [ 1pe-ol@ 2) = pucolw, 2) Pdzd

+o ) [ [ el = prcly )Pz}

= C{A, + A + A3 + As}.

Clearly
A < Clz —y[¥

For the term A, using the estimate (4.6) we obtain
t C

A2 <oy [ ———=

<07 | Vo

The estimation of the terms A; and A, is more involved. Define uf =
o(X;)1ps(r), where X, is the solution to Eq. (4.2). We can write

| 1pecol@,2) = peca(a, 2)Pd
= E [p1-o(z, Xi-0) — P1-6(2, Xs-0) — Ps—o(T, Xi-6) + Ps-6(2, Xs-0))

ut-e
=FE [(1{x,_a>fct_o} ~ 1(x,55%0}) 6 (m)}

us—B
—E[@u¢»&w}—1wbv&495(5233§izﬂ’

where {X7} denotes an independent copy of {X?}. Thus it suffices to esti-

mate a term of the form
ut—?
Sl ——
(DXuz-oXt_g) ] de

A= o) |
s _ X0 3 t-0
< U(y)%/o E [(/x Pe-a(2, Z)d2> } 6 (B)Tu?(}_g) || d6,
t—0 ut-0X¢—

0
18
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with £ + 5 = 1. As a consequence,

Aoy [ ) ( \/éf(x)) " (B(Res — Keo)))* a6

i = 1 _
if =1

The estimation of the term A4 can be done similarly as follows:

/ / |ps—o(, 2) — Ps_a(y, 2)|°dzdf
_/ (po(z, X5) — po(z, X3) — Doy, X5 ) + po(y, X¥)) db,

where { X7} denotes the solution to Eq. (4.2) with starting point z. Hence,
we can write

9

. u
Ay = o(y)m{ /o k [(1{X:>X:}1{X5‘>X3}) ’ (D 9X3’>J v
8 uo
._/0 E [(1{xg>)?:}1{x3>)?g}) 6 (f)ue—X};’ﬂ @

where { X7} denotes an independent copy of { X?}. Thus, it suffices to study

a term of the form
uP
] (Dung,”) ] @

3 ul
15 (g ) e

(/Xxv po(z, 2)d )

[

Al=oly® [

0

E [1{X;<X:sxg}
k]

<o) [ E

0

with  + 4 = 1. As a consequence,

<ot [ (o=) T (ER - X50) 0
< Clz —y|=,

ifa= 2—71_——1 QED
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Suppose now that g: IR — Risa Lipschitz and bounded function. Define
z(t.z) = v(t, ) — u(t, z) where u is the solution to Eq. (5.3). Then v solves
Eq. (5.1) if and only if 2 is a solution of the pathwise equation

(t.2) = [ pCevuowldy+ [ [ e n)gtuls g+ 2(s,9)dsdy. (5.5)

Fix 7 < v < 1. Let us denote by C, the class of continuous functions

L
2
¢ :10,T] x (0, o) — IR such that

lim sup o(z)l¢(t,z)| = 0.

©l0 o<t<T
Let C'S the class of functions in C, such that (0, :c) = 0. Using standard
arguments, and the Lipschtiz and boundedness properties of g, one can show

that for any function ¢ € CS, there is a unique bounded function T' contin-
uous in [0, T] x (0, 00) such that

(Te)(t ) = /0 t pe(z, y)uo(y)dy

+ /Ot /0°c> Pi-s(z,9)g(2(s,y) + (T)(s,y))dsdy.

By Proposition 5.2 the stochastic process u(t, z) has its trajectories in C?, a.s.
Consequently, Eq. (5.1) has a unique solution with trajectories continuous
in [0,7] x (0, 00) given by v = Tu.
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