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RENORMALIZATION OF GENERALIZED KPZ EQUATION

ANTTI KUPIAINEN AND MATTEO MARCOZZI

ABSTRACT. We use Renormalization Group to prove local well posedness for a general-
ized KPZ equation introduced by H. Spohn in the context of stochastic hydrodynamics.

The equation requires the addition of counter terms diverging with a cutoff € as ¢!

and log e .

1. INTRODUCTION

Nonlinear stochastic PDE’s driven by a space time white noise have been under in-
tensive study in recent years [1, 2 B, 4, [5]. These equations are of the form

Ou=Au+V(u)+Z (1)

where u(t,z) € R" is defined on A C R? V(u) is a function of u and possibly its
derivatives which can also be non-local and Z is white noise on R x A, formally

E Z,(t', 2 )25(t, x) = 8apd(t’ — t)6(z’ — ). (2)

In order to be defined these equations in general require renormalization. One first
regularizes the equation by e.g. replacing the noise by a mollified version Z(¢) which is
smooth on scales less than e and then replaces V by V(€ =V + W(© where W(© is an
e-dependent ”counter term”. One attempts to choose this so that solutions converge as
e — 0.

The rationale of such counterterms is that although they diverge as ¢ — 0 their effect
on solutions on scales much bigger than e is small. They are needed to make the equation
well posed in small scales but they disturb it little in large scales.

Such a phenomenon is familiar in quantum field theory. For instance in quantum
electrodynamics the ”bare” mass and charge of the electron have to be made cutoff
dependent so as to have cutoff independent measurements at fixed scales. The modern
way to do this is to use the Renormalization Group (RG) method which constructs a
one parameter family of effective theories describing how the parameters of the theory
vary with scale.

Such a RG method was applied to SPDE’s in [5] for the case n = 1, d = 3 and
V(u) = u®. Inthat case W) = (ae~'+blog €)u and path wise solutions were constructed
recovering earlier results by [I, 2]. In the present paper we consider the equations of
Stochastic Hydrodynamics recently introduced by Spohn [6]. They give rise to the
problem (I]) with n =3, d =1 and

V(u) = (Opu, MO,u) (3)
)

where (-,-) denotes the standard inner product in R® and M = (MM, M®) MG
with M) are symmetric matrices, so that (3] can be read component-wise as V;(u) =
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(0w, M(i)(?xu) for ¢ = 1,2,3. We construct path wise solutions in this case by taking
W = ae ! +bloge.

The case n = 1 is the KPZ equation and this was constructed before by Hairer [7]. In
that case b = 0. For a generic M3, in [B)) b # 0. This counter term is third order in
the nonlinearity as will be explained below. Thus in this case the simple Wick ordering
of the nonlinearity does not suffice to make the equation well posed.

The content of the paper is as follows. In section 2 we define the model and state
the result. The RG formalism is set up in a heuristic fashion in Section 3. Section
4 discusses the leading perturbative solution and sets up the fixed point problem for
the remainder. Section 5 states the estimates for the perturbative noise contributions
and in Section 6 the functional spaces for RG are defined and the fixed point problem
solved. The main result is proved in Section 7. Finally in Sections 8 estimates for the
covariances of the various noise contributions are proved.

2. THE REGULARIZED EQUATION AND MAIN RESULT

We consider the equation ([Il) with u(¢,x) defined on (¢,2) € R x T and nonlinearity
given by ([B]). We study its integral form

u=G*[(V(u) + E) o] + ePug (4)

where G(t,r) = e'®(x,0) and ug is the initial condition. In this paper we consider a
random initial condition of Brownian type. Concretely we take ug the stationary solution
to the linear problem V = 0 which is the Gaussian random field with covariance

e2min(z—y)

2(2mn)?

Eug(z)uo(y) = Y

neZ\{0}
= is taken to be the white noise with vanishing spatial average i.e.
E(t,z) = Z TNy, (t)
n€eZ\{0}

with b, = b_, independent complex Brownian motions. Thus (@) can be written in the
form

w=Gx (V) lizo + 5) (5)
Instead of mollifying the noise we regularize the convolution by considering
u=Gex (VO (u) +E) (6)
where
Ge(t,z) = " (2,0)(1 — x(e7%1)) (7)

with x > 0 being a smooth bump, x(t) = 1 for ¢ € [0,1] and x(t) = 0 for ¢ € [2,00) and
V() = [(0u, MOu) + CcJ1y=0 (8)

We look for C¢ such that (@) has a unique solution u(9) which converges as € — 0 to a
non trivial limit. Note that G, * Z is a.s. smooth.
Our main result is
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Theorem 1. There exits C¢ s.t. the following holds. For almost all realizations of the
white noise = there exists t(Z) > 0 such that the equation (@) has for all € > 0 a unique
smooth solution w9 (t,z), t € [0,t(Z)] and there exists u € D'([0,t(Z)] x T) such that
ul® = w in D'([0,t(E)] x T). The limit u is independent of the reqularization function
X-
Remark 2. We will find that the renormalization parameter is given by

C.=mie ' +mologe ! +mg (9)
where the constants my and ms depend on x whereas the my is universal i.e. independent
on x. Furthermore, ms =0 if Mgf;) 1s totally symmetric in the three indices.

3. RENORMALIZATION GROUP

The regularized equation (6l can be viewed as dealing with spatial scales larger than
e. The idea of the Renormalization Group (RG) is to try to increase this small scale
cutoff by deriving effective equations with larger cutoffs. This will be done inductively
by going from scale ¢ to scale L¢ with with L fixed. One such step is called the RG
transformation. It is useful to utilize the underlying scale invariance of the linear part
of the equation and rescale at each step the small scale cutoff to unity. To do this define
the space time scaling s, by

(suf)(t, ) = p~ % (it pa)

and set
© = Scu. (10)
Note that ¢ is defined on R x ¢ 'T. By a simple change of variables in () we obtain
p=Grx (0 (p) +¢) (11)
where
V() 1= €2 (Duip, MByp) + €2C (12)

and £ := €2s5.Z is equal in law with the white noise on R x ¢ T (we keep the convention
that v(9)(¢) = 0 for t < 0) .
We note that in these dimensionless variables the small scale cutoff is unity and the

strength of the nonlinearity is small, ¢? i.e. the model is subcritical. However, the price

we pay is that we need to consider times of order e~ 2 and spatial box of size e 1.

Let us now attempt to increase the cutoff €. Fix L > 1 and decompose
Gi=G2 + (G1 — GLQ)
and
© =1+ P2
Then (IIJ) is equivalent to the pair of equations
p1 = Gr(9(p1 +92) +8)
pr = (G1—Gpr2)(0'(p1 +2) +9).
1 can be thought of living on scales > L and @9 on scales € [1, L]. Rescale now back
to unit cutoff. Let s := s;-1 and set
pr=s¢, p2=s(
Then
p=s(¢' +0) (13)
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with ¢', ¢ solutions to

¢ = Gix (S0 + )+ (14)

¢ = Tx(S9+0+9) (15)
where we defined the scaling operation

(Sv)() = L*s™ u(syp)
and denoted
D(t,z) = e (2, 0) (x(t) — x(L*1)). (16)

Note that I' involves scales between L~! and 1 so that the equation (I5) turns out to

be tractable: its solution ( is a function ((¢') of ¢'. Plugging this into the large scale
equation (I4) yields

¢ =G (Ro'9(¢) +¢) (17)
where the new nonlinearity Rv(® is defined by
Ru (o) = 509 (¢ + () (18)

R is the Renormalization Group map: given a function v mapping a field ¢(¢,x) to a
field v(p)(t, z) we obtain a new function Rv by solving the small scale equation. Using
([[3) in (I8) we may write the latter as an equation to determine Ru:

Ro(p) = Sv(p + T * (Ru(p) +£)). (19)

We will set up the functional spaces where (I9]) is solved in Section 6. At this point let
us see on a formal level how the solution of the original SPDE is reduced to the study
of the map R. To do this it is convenient to take the cutoff € as

e=L7Y (20)

so that we are interested in the limit N — co. With a slight abuse of notation, denote
v(© by vV) and define inductively

U(JX)l = R, (21)

n n

forn=N,N—-1,....
We call v,(LN) the effective potential at scale L™™ starting with cutoff L=, They are
related to each other by the iteration

v () = SoM (o + T+ 0 (9) + €n1)) (22)

where we denote explicitly the dependence of the noise on the scale:
&n o= L7252,
&n equals in law the white noise in R x L™T. T, is the operator (I6) on R x L"T.

Remark 3. The definition of R involves the scale n i.e. the size L™ of the spatial box
where the heat kernel in (IQ) is defined. We suppress this dependence in the notation
unless we want to emphasize it.

From (I3]) we infer that solutions to the equations v and v' = Ruv are related by

=50 +Tx (' (¢)+9)).
This leads to an iterative construction of the solution as follows. Suppose ¢, solves the
effective equation

on = G1 % (UgN)(SDn) +&n)- (23)



RENORMALIZATION OF GENERALIZED KPZ EQUATION 5

Then, the solution of the original equation (1) is given by
p =5 NN (). (24)

where the maps fr(LN) satisfy the induction

N - N
12530) = L7281 (0 + T (01(0) + 1)) (25)
with the initial condition
N

@) =p. (26)

Recalling ([I0) we conclude that the solution of the SPDE with cutoff € is given by
u=s"f"(on). (27)
Suppose now that (a) we can control the o) and f,(LN) for n > m, (b) we can solve (23)

for n = m on the time interval [0, 1] (c) the solution ¢,, is in the domain of f,%N). Then

(7)) yields the solution of the SPDE on the time interval [0, L=2™].

What determines the smallest m so that (a)-(c) hold? This is determined by the
realization of the noise Z. Indeed, the vnN are random objects i.e. functions of the white
noise =. Let &, be the event such that the above holds for all N,n with m <n < N.
We will show that almost surely &, holds for some m < oco. For a precise statement see
Section 5.

Equations (1)), (22) and (25]) involve the convolution operators I',, and G respec-
tively. These operators are infinitely smoothing and their kernels have fast decay in
space time. In particular the noise ( = T'), x §,—1 entering equations (22) and (25) has
a smooth covariance which has finite range in time and it has Gaussian decay in space.
Hence the fixed point problem (22]) turns out to be quite easy.

4. PERTURBATIVE CONTRIBUTIONS

The RG iteration we have defined is quite general: formally it holds for “arbitrary”
nonlinearity v (and in any dimension as well, with appropriate scaling s). In the case
at hand v is a function of d,¢ so it pays to change variables and denote

¢ = Oz .
Denote also
oM () = wiM(9)
and redefine the scaling operation as
(s6)(t,x) = L2 ¢(L ™, L")
and
(Sv)(#) = Ls~'v(s¢)
so that the RG iteration (22)) becomes

w™ (6) = S (¢ + T+ (W (0) + &0 1)) (28)

where
T, = 0;1.
Eq. (23) in turn becomes

M (6) = LSFM (6 + T (0D (6) + €n1)) (29)
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and we have the initial conditions

wi(@) = L73N(,M¢) ~LNCp n (30)
Vo) = o (31)

From now on to avoid too many indices we suppress in the notation the superscript ()
so that IV is considered fixed and the scale n runs down from n = N.

4.1. Solving the first order. It is instructive and useful to study the fixed point
equation (28)) to first order in w. Define the map

(Lw)() 1= Sw(¢ + T # Ena)-
Then (28) can be written as

wn-1(¢) = (Lwn)(¢ + T * wn-1(4)) (32)

so L is the linearization of the RG map R: £ = DR. Its properties are crucial for
understanding the flow of effective equations ws,,.

Let us consider the linear RG flow from scale N to scale n i.e. £V "wpy. This can
be computed by doing one RG step with L replaced by LV~". We get

LY wn () = SV My (¢ + VY # &) (33)

where
YN (t,2) = 0pHp (t, )X N—n(t). (34)
with
Haftyr) = = Yo <40 )
n ,,I = (&
Amt 1€Z

being the heat kernel on T,, and
Yom(5) := X(5) = X(?"s) (36)
a smooth indicator of the interval [L~2™,2]. The field
Y, = Y,gN) * &y

is a stationary Gaussian vector-valued field with covariance given by

Ealt, ©)0n,5(5,9) = 8ap€V) (|t — 5],z — y) (37)
where
cM(t,z) = -A / " (4 27, 2) Xt + 7)o (7). (38)
The scaling operator has eiger(l)functions
SoF = LT ¢*. (39)

From this one obtains

LN (@) = L3 (6 + Vo, M(6 4 0)) = L3 Cpo. (40)
We see now why the counter term C -~ is needed: the expectation of the random field
(9, M¥,) blows up as N — oo as shown in Lemma [] and this divergence is the source
of the renormalization constant m; in ().

Furthermore, we need to study the dependence of our constructions on the choise of
the cutoff function x in (). To this end, let us define

Xm(8) = x(s) = X/ (L*™s) (41)
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where the lower cutoff in (B6]) has been replaced by a different bump function x’. In the
following we will denote by Y,;(N) the kernel YTSN) where xn_, is replaced by x/y_,,. We

also note that, by taking x’(s) = x(L?s), one gets YA(N) = YTSNH)
can also study the dependence and convergence as N — oo.
We are now ready to state the Lemma which controls the dependence of the covariance

&N) on N and x. See the Appendix for the proof.

, s0 by varying x’ we

Lemma 4. Define m; € R3 by
3

= (o) ) gz [ e (12)

B=1
fora=1,2,3. Then
EWN, Moy = LV ""my + 60V
where H(Sr(LN) | is uniformly bounded in N and n where || - || is the Buclidean norm in R3.

Moreover, let (%L(N) be the analog of 5,(1N), where the lower cutoff function is replaced by
/
x'. Then

185 = ™ < Ce™ x = X'lle. (43)
The counter term C;-n~ is then given in this linear approximation as
Cr-n =Lmy (44)
and we end up with
LY Mwn (9) = un,1(6)- (45)
where
Un1(¢) = L72((¢ + Vs M+ 9)) — LN "my). (46)

4.2. Higher order terms. The heuristic idea of our proof is now the following. We
look for the RG flow in the form

k—1
Wp = Z un,z((ﬁ) +7n (47)
i=1
where u,, ; are explicit perturbative contributions and in a suitable norm
lunil = O@L2"),  rall = O(L~2") (48)
and we expect
Paot = Lrn + O(L™E ™), (49)

Moreover, from our analysis of £ we also expect that
Lol < CL2|Lry|| < CL2L™ 2" = CL2- 2 [~ 2(D)
so that ([49) should iterate provided we take k = 4. Hence, we should find the pertur-

bative contributions to w, up to order 3.

Remark 5. The same heuristic idea works in general for subcritical problems. The
dimensionless strength of the nonlinearity is LN for some a > 0 and the norm of L
is LP for some B > 0. Then one needs to do perturbation theory up to order k — 1 with
ka > (.
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The u, ; may be computed by doing one RG step with scaling factor LN—n
wn(¢) = Li%((ﬁ + In + Yo 5 wi(9), M(¢ + U + Vi wn(9))) (50)
where we dropped the superscript N also in Y,gN). We obtain

un,2(¢) =2L7"(¢ + Uy, M(Yy, * un,1(¢))

and
Un3(6) =L 2(Vo % 1t 1 (8), M (Y % 1 1 ()
+2(¢ + Dy M(Yy, % up2(9)) — malog LY — my)

where mg and mg are constants to be determined. To write the recursion ([@9) let us
denote w, by w and w,_1 by w’ and similarly for the other functions. Then

(@) = Lr(¢+ T xw'(¢)) + F(r')(¢) (51)
with

F(r')(¢) =ty (¢ + T % w') — u (¢) — Dus (8)(T * (uf + uh)) — 3 D%y (¢)(T ), T * uh))

+ Lug(p+ T xw') — Lug(¢p) — DLus(P)Y x uf
+ Luz(¢+ T xw') — Lug(¢) (52)
=F1(r")(¢) + Fa(r')(9) + Fs(r') () (53)
where D is the (Frechet) derivative and on the LHS w’, v’ are evaluated at ¢.

Remark 6. Note that u; are polynomials in ¢ so there is no problem in defining the
derivative. In Section[@ we’ll see that w is actually analytic.

5. RANDOM FIELDS

The perturbative terms u; are polynomials in ¢ with random coefficients. For the
heuristic idea of the proof presented above to work these coefficients should not be too
large. For w1 these random coefficients are the random fields ¥, (¢, ) and

n,1(0) = L2 (9 (t, ), MU, (t,2)) — LV "my) (54)

In case of u, 2 and u,3 we don’t need to consider all the coefficients. Indeed, the
discussion of previous section was based on a bound L3 for the linearized RG operator.
This is indeed its eigenvalue on constants. The next eigenvalue is L on linear functions,

the one after L? etc. Thus for un,2 we should be worried only about the constant and
linear terms in ¢ and for w, 3 only about constants. All the other terms should be
irrelevant i.e. they should contract under the RG. We will now isolate these relevant
terms. Let us expand

Un2(¢) = un2(0) + Dun2(0)¢ + Un2(9). (55)

We get
Un2(0) = 2L " (Vy,, MY, % 1y,1(0)) (56)

and

t
Dupp(0)¢p = L™"(¢, MYy + un,1(0)) + L‘"/ dS/ dy on(t, 2,5,9)¢(s,y)  (57)
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where
« 4
(on(t,,5,9))ap = AVn(t — 5,2 —y) D 9yt 2) MG O (s, )M . (58)
Y50,
For the third order term we get
un,3(¢) = un,3(0) + Un,3(¢) (59)
with
Un 3(0) =L 2"[(Yyy % tn1(0), M(Yy, % 11 (0)) (60)

+ (1911’ M(Yn * ’LLn,Q(O)) — Mo log LN — mg].
Consider now the random fields u, ;(0), Du, 2(0) with the scaling factor divided out, i.e.
dn,i = L%"um(O), D3n72 = LnDqu(O) (61)

Then ¥y, 3n,i, Djn,2 belong to the Wiener chaos of white noise of bounded order (< 4)
and their size and regularity are controlled by studying their covariances, as shown in
the Section [§ For finite cutoff parameter N these noise fields are a.s. smooth but in
the limit N — oo they become distribution valued. We estimate their size in suitable
(negative index) Sobolev type norms which we now define.

The operator (—9? + 1)~! acts on L2(R) by convolution with the function

Ki(t) = e 1 (62)

and the operator (—A + 1)~! on L?(T,) is convolution with the periodization of (G2
Ky(z) =Y Ki(w+iL").
1EZ
Let
K(t,z) = Ki(t) K2 ().

Note that convolution with K is a positive operator in L?(R x T,,). We define V,, to be
be the completion of C§°(Ry x T,,) with the norm

[v][v, = sup | K *v|[L2(c,) (63)
(A

where ¢; is the unit cube centered at i € Z x (ZNT,,). To deal with the bi-local field as
op, in (B8)) we define for o(t, z,s,y) in C§°(R4 x T,, x Ry x Ty,)

lolly, =sup > 1K & K 0|l r2(e;xc,) (64)
) -
J
Now we can specify the admissible set of noise. Let v > 0 and define the sets of events

Em, m > 0 in the probability space of the space time white noise = as follows. Let Q(LN)
denote any fields ¥,,,3n,i, D3n,2. The first condition on &,, is that for all N > n > m the
following hold:

Gy, < L7 (65)
where h,, is a smooth indicator of the time interval [0,7,], 7, = L2(=m) which is

introduced to localize in time the flow equation, as we will see in Section [6l More
precisely, h is a smooth bump on R with h(t) = 1 for t < —L~2 and h(t) = 0 for
t > —3L72 and set hy(t) = h(t — 73) so that hy(t) =1 for t < 7, — L2 and hy(t) = 0
fort > 1, — L2
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We need also to control the N and x dependence of the noise fields Q(LN). We can

study both by varying the lower cutoff in the operator Yn(N) in (34). We denote by C,Q(N)
any of the resulting noise fields. Our second condition on &, is that for all N > n >m
and all cutoff functions y, x’ with bounded C' norm

(G = ¢y, < L= Lom, (66)

The final condition concerns the fields T, * §,—1 entering the RG iteration (28)). Note
that these fields are N independent and smooth and we are going to impose on them a
smoothness condition: for all n > m we demand

HTn * fn—luén,l < . (67)
where the norm is defined in next section. In Section Bl we prove
Proposition 7. There exists v > 0 such that almost surely £, holds for some m < co.

In the following sections we suppose the noise is on &, and we will control the RG
iteration (BII) for scales n > m.

6. BANACH SPACE SETUP FOR THE RG MAP

In this section we set up the RG iteration in suitable functional spaces along the same
lines of [I0, [11]. Let us first discuss the domain and range of the effective nonlinearities
wy. The range of w,, r, is dictated by the noise, so we take it to be V,.

In the argument of w,, in [28) Y,, * (wp—1 + £n—1) is smooth so we take the domain
of wy,(¢) to consist of suitably smooth functions. Let ®,, be the space of

¢:[0,7) xT, - C

which are C? in t and C? in z with 9{¢(0,2) =0 for 0 <i < 2 and all z € T,,. We equip
®,, with the sup norm

I6le, = > 0[]

1<2,5<2
The following lemma collects some elementary facts on how our spaces tie up with the
operators entering the RG:

Lemma 8. (a) T}, : Vo1 — @1 and hy—1 Yy 2 Vo1 — V1 are bounded operator
with norm C(L).

(b)s: P71 — &, and s 1V, >V, 1 are bounded with

lsll < L%, [Is7!) < CL?.

(c) Let ¢ € C*2(R x T,,) and v € V,,. Then ¢v € V,, and ||ov|ly, < Clldllcz2||v]]y, -
Proof. Essentially the same as Lemma 9 in [5]. O
Consider now our fixed point problem

wn—l((b) = Swn((b + Y &1+ Ty % wn—l((b))' (68)

wy, takes values in the distribution space V,, C D'(R; x T,,). We want to bound it on
the time interval [0, 7,,] i.e. we need to localize (G8) in time. Define

UN)n = hnwn

so that
ﬁ}nfl(gb) = hnfl‘gwn(qS + Tn * fn71 + Tn * wn,1(¢)) (69)



RENORMALIZATION OF GENERALIZED KPZ EQUATION 11

One can readily check that Tpw,_1 = Tpw,—1 on the time interval [0, 7,_1] and that
hp—1Swy, = hyp_1SWy,.
Thus (69) can be written as
n—1(¢) = hn-18Wn(¢ + T * &1 + T * Wn—1(0))- (70)

We will solve (0 in a space of analytic functions which we discuss next. Let H,H’
be Banach spaces and B(r) C H open ball of radius r. Let H*(B(r),H') denotes the
space of analytic functions f : B(r) — H' with sup norm which we denote by ||| - ||| 5()-
We will use the following simple facts that are identical to those of analytic functions
on finite dimensional spaces (see [9]).

(a). Let w € H®(B(r),H') and w' € H®(B(r'),H"). If |||w]|| < v’ then v’ ow €
H>(B(r),H") and

llw' o wll[pey < [llw'lllBe.- (71)
(b). Let w e H*®(B(r),H') and p < r. Then

S 1Dw() 0y < (= 2) M0l By (72)
x||<p

where L£(H,H') denotes the space of bounded linear operators from H to H'. Taking
p = &', we infer that if [||w;||[p() < §p then

2

lw" 0wy —w' owslllpey < 7 M[w'll[pe lwr —welll5e)- (73)

k—
(c). Define dpw(z) :== w(z) — gzol 4 D*w(0)(z). Then

k
[okwll|Bary < 7wl B (74)
for0<a< 1.
Furthermore, we infer this important corollary from Lemma &

Proposition 9. S maps H*(B(R),V,,) into HOO(B(L%R),Vn_l) with norm ||S|| <
CL3. Here B(R) C ®,, and B(L%R) C ®,,_1 respectively.

Let now v > 0 and set B,, = B(L>") C ®,. Then we have

Proposition 10. There exist Ly > 0, v9 > 0 so that for L > Ly, v < 70 and m >
m(y,L) if £ € Ay, then then for all N > n —1 > m the equation ([{Q) has a unique

solution u?,(ﬁ)l € H*®(By—1,Vn-1). These solutions satisfy

{5, < L75" (75)
and 1D,(1N) converge in H*(By,V,) to a limit w, as N — oo. Furthermore, W, is
independent on the small scale cutoff.

Proof. We will drop the tilde from now on so that w,, r, and u,; stand for w, etc.
Also, if no confusion arises we let w and w’ stand for w,, and w,_1 respectively. We
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start with the perturbative contributions u;. As a corollary of Lemma [§(c) and (63]) we
obtain for n > m and N > n:

|t ||| rB, < CRELU=H" 7o)
|ttn,2(0) + Dty 2(0)¢||| rp, < CRLETHn o
||t 30|y, < CLO—2)m 78)

for all R > 1. We used also ||hy||c22 < C.
We need to bound the remainder terms Uz and Us in (55]) and (59). We do this

inductively in n. We have
uy(9) = Luz(¢) + Duy(¢) Loy (¢) = Luz(¢) + v2(9)
Using Lemma [§(a), (76) and (72)) we get
6v—1)n
lloalll 3 < O(mLeHn.

n—

Let us inductively assume

un2lllB, < CLT=D", (79)
Using Proposition @ and (67]) we get the following useful result
3
€Wl g, < CLE(IIW]][B,- (80)

for all W € H*(By, V) since B(L*"~D + L) € By, if L > L(y). Thus
llalll < CL3 |||us)||, + C(L)LE~Vm < L3 [T=Dn
n—1

if n > n(y,L). Then by (7)
i —
|||Ué|||Bn_1 = |||52ul2|||3n_1 < CLz L(?ﬂ/ 1)n‘

Using ([[7), the bound (79) follows for n— 1 provided we take 7 so that %+ (7y—1) < 0.
For u, 3 we have the recursion

uh($) = Luz(¢) + vs(9) (81)
with
v3(9) = 5 D*u (¢)(Tul, Tul) + Dy (¢) Tty + D Lua(d) Y.

We readily get
_3)
|||v3|||L%Bn §C(L)L(8w 2

The inductive bound
llunslll, < CLO=2m. (82)
follows then in the same way as for ug, using Us = d1ug.
Now we are ready to solve equation (5II) by Banach fixed point theorem. Thus consider
the map
Gr'y=Lr(p+ T xw") + F(r') (83)
where F(r') is given by (B3)).
We have

Filr') (@) = L7 (2(¢+ 0, M(Y % (s + 1)) + (T % (uh+ u+ 1), MY % (uh + 1t +17)))

so that )
1FL )5,y < CLYLID=DO=D L pE=2)0=Dy ),
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Next we write

Fo(r') = Lug(¢p+ T *xw') — Lug(p + T *u))
+ Lug(p + Y xu)) — Lua(¢p) — DLug(d)Y * u)
= .7:2,1 (’I“/) + .7:2,2 (’I“/) (84)

Using (73]) we obtain
[1F2,1 ()3, < CLYLIH=2O=D 4 LE=DE=0 1|, )
To bound .7-"272(71"’) consider the function f(z) = Lua(¢ + 2T x u}) for z € C. Since Luy
is analytic in L? B,,_1 and
6+ 27 s 1t ||g, , < L20D fopB=Hm=1
we get that f is analytic in the ball |z] < CL =201 gince Foo(r')(¢) = f(1) —
f£(0) = f’(0) we conclude by a Cauchy estimate
[ P22 (r)llp,, < C(L)LUT—200,
For F3 we get using (80]) and (73])
117 (r)lls,_y < CLYLEB=D0Y 4 LEO=20=D] ||, )
Consider finally the first term in (83]). (80) implies
1£r(-+ T )|, < CLE[|I7]]]5,-
We conclude that by taking v small enough if
lirllls, < 75" (85)

then G maps the ball |||7|||5,_, < L=10=D o itself. It is now straightforward to check
that G is a contraction in this ball so that by induction in n (85) holds for all n > m.
Let us address the convergence as N — oo and cutoff dependence of w,, = ng) which
can be dealt with together by considering the difference w,, —w!, where w/, equals w**
or w with a different cutoff. We proceed as with wy,, starting with the following bounds

that follow from (66]): for all n > m and N >n
lln1 = |, < CRELTN=LEO0 - (s6)
[[t1n,2(0) + D 2(0)¢ = (uy, 5(0) + Dy, 5(0)9)|[|rp, < CRLIN=M LG (87)
[tn3(0) =t 5 (O)] |y, < CLTINTILOZM (g

for all R > 1. The induction then goes as for w’, except for the prefactor L=YN=n) jp

(N)

all the bounds. This establishes the convergence of wnN to a limit that is independent
on the short time cutoff. O

7. PrRoOF oF THEOREM [

We can now construct the solution () of the € cutoff equation (II) and consequently
u(®) in (@). Recall that formally u(®) is given on time interval [0, L=2™] by equation (2T))
with n = m and ¢,, is the solution of equation (23]) on time interval [0, 1]. Hence we
first need to study the f iteration equation (25) which is equivalent to ([29). We study
instead of (29) the localized iteration

FN(@) = by A LSFN (6 + T 5 (@ () + €0 1)) (89)
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for fn FN) hn, f,sN). Then we can show the following Proposition.

Proposition 11. Let w ~(N) € H*(B,,Vy), m <n < N be as in Proposition[10 and ¢ €

B,. Then form <n < N ﬁSN) € H*(B,,V,) and f,SN)(gb) converges in H* (B, V,)
as N — oo to a limit v, which is independent of the cutoff function.

Proof. Let us write
FN(@) = (6 +980) + gV (9).
Then
N

a0 () = hua L' SgN (6 + Lo # (@) (8) + €n1)) + hea T # 7Y ().

Note that the operator L~1S has norm bounded by CL?* and wﬁl ) has norm bounded
~(N).,

by CLEEH)" Hence we need to extract the leading “marginal” part from w,,

gN) =, YV (N) + M),
As we will see in Section [§] (Lemma [14]), uniformly in n we have

Y i=sup [Y,M] € PR x T,), [V, = YN < CLN |y — |
N>n

for p < % and some A > 0. Then thanks to Lemma [§[(c) and Young’s inequality we have

~ N ~ ~
h Y, % @ an <CZ 1K 5 VN st 1 p2ery < CD O IVnllpaen 1K * il z2er)

<CIVnllpr@xra) D I * iinallr2e,)
7
<Cllinally,-

Thus H\hnYrgN) * U 1)]\] B, < CLW~ 2)n by Proposition Iﬂﬂ Then the iteration of b3
gives easily |||bn |||Bn <L7in , which implies that |||gn |||B <L i,

The convergence and cutoff mdependence follows from that of ng) proved in Propo-
sition 0

Moreover, we need also this technical Lemma.

Lemma 12. 0,G1 is a bounded operator from V, to ®, and 0,Gy * (hn_1(L™2-)v) =
0,G1 * v.

Proof. As in [5], Lemma 14. O

Now we can finally prove our main result: let ¢, € ®, be defined inductively by
¢m = 0 and for n > m

Gn = 8(6n1 + Tn * (@) (bn-1) +En1)). (90)
We claim that for all m <n < N ¢, € B,, and
bn = 0:G1 * (@ﬁzN)(an) +&n). (91)

Indeed, this holds trivially for n = m since the RHS vanishes identically on [0, 1].
Suppose ¢,_1 € B,_1 satisfies

gbnfl = amGl * (U?,(@]H(gbnq) + énfl)- (92)



RENORMALIZATION OF GENERALIZED KPZ EQUATION 15

Then, first by Lemma B(b) and (@0
_1
¢nlle, < L7 (l¢n-1lle,-, + C(L)L™ < L2
so that ¢,, € B,. Second, we have by (@2)), (@0) and Lemma

b = 5((0G1 + 1) % (@) (dn-1) + €0 1))
= 9,G1 * (W) (¢,) + &) (93)
Since ¢,,, = 0, from (89) we have

N 0) = hmﬁ_lféﬁ—)l((ﬁm—i-l) = hmhm+1(L2')5_2f~7§1]\—?2(¢m+2) = hmﬁ_zfr(nj\j?z(‘ﬁmﬁ)’

then, iterating we get

FN(0) = B~ V=) F N (60) = Byl (L2 =) g~ (N=m) g — = (N=m) g
(94)

since f(N)(¢ )=¢n Db N B | ith oW ~ o™
N (PN ~ by BI). Now ¢y € By solves (@) with wy ' (¢) Nwy ' (9)

with wg\],\f) given by ([B0). Since hy =1 on [0, 7x — L™2] we obtain

on = 0:Gr (DY) (&) + En) = 0:G1 = (wy ) (én) + E).
To take the limit N — oo we will use (@)): defining V) := s V¢, then we get
N =57 fN)(0)
on the time interval [0, $L~2™] C [0, 1].

By Proposition 1] ﬁSIN) (0) converges in V,, to a limit v, which is independent of the
short distance cutoff. Convergence in V,, implies convergence in D’([0,1] x T,,). The
claim follows from continuity of s~ : D'([0,1] x T,,) — D'([0, L7?™] x T;) and from
the fact that convergence of n = 0,u implies convergence of u. (]

8. PROOF OF PROPOSITION [7]

We now need to show that for some v > 0 the conditions defining the set &,, hold
almost surely for some m < oo. To do this, as in [5] the strategy is to control the
covariances of the various fields in (€I]) and establish enough regularity for them.

We will deduce Proposition [7l from a covariance bound for the fields in (6I)). Let

Q(LN)(t, x) or Q(LN)(t, x,s,y) be any of the fields in (61]). Let

Kot t,z) = XU D) o) — 4 0V, (t) (95)
where I,, = [0, L2"~™)] and define
A = Bl or o) = Ry Fonl.
Then
IKEM g2y < CeFEH @D oM o, (96)

where g is the time component of the center of the cube ¢;. From now on in the random
fields we will drop the superscrip (N) referring to the ultraviolet cutoff and we recall
that || - || indicates the euclidean norm for a three-dimensional vector and the Hilbert-
Schimdt norm for 3 x 3-matrix. The following proposition proved in Section B provides
bounds for the covariance of p,.
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Proposition 13. There exist renormalization constants mi,ma, m3 € R3 and X\ > 0
such that for all 0 <n < N < oo and for some constant 0 < ¢ < %

Elpn(t,2)I> < C (97)
Ellpu(t,2) — pu(t,2)|> < CL™N |y — ¥/[|o (98)
Elpn(t,z,s,y)? < Ce clt=sitle=sD (99)
Ellp(t,x,5,y) = pult,z,5,9) > < CLANTMemelimsitlemuly — /|l (100)

where p!, = K¢, i.e. we replace the lower cutoff function x by a X'

Now we can prove Proposition [t we recall that we want to show that there exist
0 < m < oo such that the event &,, holds almost surely, where &,, is the event such
that bounds (65)), (66) and (67) hold for any m < n < N. By using the same strategy
as in [0] based on the bounds in [12, [13], one can see that Proposition [I3] implies the

following bounds for the random fields Q(LN) in (©1) for all p > 1

P(ICNly, > L") < CL72mL-2pn (101)
P<H5/£LN) _ Er(LN)HVn > L%’Y(Nn)L'yn> < CL—p'y(N—n)L(3—2'yp)nL—2m (102)

Furthermore, to deal with the last condition on &,, in (€1), we note that ¢ := Y, x&,—1
is a Gaussian field with covariance

EC(t, 2 ) (t,x) = — Ay /000 H,(t' —t+2s,2" —z)x(t' —t+ s)x(s)ds

where x is smooth with support in [L=2,2]. EC(t,2")((t,z) is smooth, compactly sup-
ported in ¢’ — ¢ and exponentially decaying in 2’ —z. We get then by standard Gaussian
estimates [12] for 0 < j <2 and 0 < j/ < 2 and for some ¢(L) > 0

IP’(sup H@g@gj('fu * fn—l)a”Lw(ci) > R> < Ce—c(D)R? (103)
and thus
]P’(sup (T % Ene1)alle, > L27"> < OL 2mp3ne—e)LY" (104)
The bounds (I0I)), (T02) and (I04) implies that P(£S,) < CL~2™, then Proposition [7
follows from Borel-Cantelli Lemma.

8.1. Proof of Proposition I3l We will now study the random fields in (€1)), i.e.
Cn € {79n73n,i7D3n,2}

that enter the probabilistic estimates.
Consider first their expectations. Setting z = (¢,2) and using Lemma[d] the first one
gives E3,1 = 6, < C, while for the second order fields we have

Ejn1 = 0n, Eoapn(z,2') =mepYs(z — 2)€ (2 — 2)) (105)
and finally for the third order field we get

EZn,B :8M1 /dzleQYn(Zg)Yn(Zl - ZQ)Q:n(Zl - 22)9(t1 - tg)Cn(zl) (106)

4+ 2M> / dz1dz0Y,,(21) Y (22) € (21 — 22)2 — mg log LN —mg
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where 6(t) = 14>¢ is the Heaviside fuction and

Mag = ZM“”M%’ (107)
(a) (B2) 7 r(Ba)
Z M5152M53§4M5153 (108)

B1B23P4

(@) 1,(82) 7 (B1)
= > Mgy MgE My
818283084

Define the random field
Wapg = Valg — Edydp

(here and below ¥ = 19£LN)). Then the local fields ¢, are linear combinations of their
expectations and the following random fields

Vo, WapBs Yn*Wap, Yn*wapYn*wys —EYy *wapYn x wyg, (109)
Do Yy xwpy, oYy % (VY5 * wys) — EDLY,, « (95Y5 % ways) (110)

where we used Y, * d,, = 0, while for the bi-local fields we need to consider
Yo(z — 2")0a(2)95(2") — EY, (2 — )00 (2)95(2") (111)

To get the covariance estimates for the fields (I09), (I10), (I11I)) claimed in Proposition
I3l we need to introduce the mixed covariance €} (z) such that

55€)(2) = B, (2)95(0) (112)

where, as before, the primed kernels and fields have the lower cutoff x’. Furthermore,
let us define

Cn(2) = sup |, (2)]
0Cn(2) = [€(2) — Cu(2)]
In(z) = ;gr;lYn(Z)l
0Vn(z) = [Yn(2) = Ya(2)]

The regularity of these kernels is summarized in the following Lemma proven in the
Appendix.

Lemma 14. (a) For p < 3 and uniformly in n one has C, € LP(R x T,,) and
6C, 15 < CLT N 1x — X/l (113)

for some \p > 0.
(b) For p < 3 and uniformly in n one has Y, € LP(R x T,,) and

16Vnllh < CLTA»N = 1 = /oo (114)
for some A, > 0.

Having these technical tools at hand, we can finally start to show the covariance
estimates.
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8.2. Fields (I09) and (III]). For z = (¢,x) we will use the norm |z| = |t| + |z| and we
will drop the subscript n from the random fields and kernels. From the definition of the
smoothing kernel K we note that

K(z,7) < Cef%|zle|, 0K (2,7) < Cef%‘zfz/‘, Op K (z,2') < ce 2l (115)

Defining
X (21 — 22) := E((21)¢(22)
we then get

E|p(2)|* = /dzldzgf?(z,zl)f((z,zg)X(zl —29) < C|| X1 (116)

i.e. it suffices to bound the L'-norm of the covariance. We will use repeatedly the Young
inequality in the form

1% fox % fnllp < TT il (117)
i=1

ifn—1+4 % => p%_ where 1 < p,p; < co. We consider now the fields one by one.

(i) For ¢ =9, we have || X1 < C|C||.

(ii) For ¢ = wap we have | X||; < C|C||3.

(iif) For ( =Y % wag let Y(2) =Y (—z). Then X = CY € Y'. By Young inequality
IXI < CIY * Y =€l < CIVIRIICI

iv) For ( =Y xwegY *w~s — EY *w,gY * wys we get
B g B Y

/dZEC(Z)C(O) < C/dzdzl o dza (2 — 21) V(2 — 22)V(—23)V(—24) (118)
X [C(z1 — 23)C(22 — 24)(C(21 — 24)C(22 — 23) + C(21 — 22)C(23 — 24))
+ C% (21 — 23)C% (20 — 24) + C%(21 — 24)C? (23 — 23)]
Using the trivial inequality
2|ab| < a? + b (119)
with a,b € R for the products of C, we obtain
/dzEC(z)C(O) < C/dzd21 cedzgY(z — 21) V(2 — 22) V(—23)V(—24)
X [C(z1 — 23)C(22 — 24)(C(21 — 24)? + C(2z2 — 23)?)
+ C(21 — 22)C (23 — 24)(C(21 — 23)% + C(22 — 24)?)
4+ C% (21 — 23)C%(22 — 24) + C%(21 — 24)C% (29 — 23)] (120)

Note that C,, € LP with p < % thanks to Lemma [I4] so by Young inequality one can see
that the first two terms in (I20) are bounded by

ClO )YV (CRY*Y*C)li S CY +Cl2]| Y+ C*(YV + Y = C)2
< CIYIICllPllalIC*ls 1Y+ YV +Clloo < CIVILIVIZICIZIC] 4
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while the third and fourth term in (I20]) are bounded by
Cle@ = Yulic? « P =)l < ClCI2Y * VIIIC Y = C)llx (121)
< ClelizlVI

and the last constributions are bounded by

ClY +Y Y C¥2]IC* + V|2 < CIVIRIVIZNIC?]-

(v) Next we consider the bi-local field ((z1, 22) = Y (21—22)(¥a(21)V5(22) —6ap€(21 —22)).

Then we have
EC(Zl, ZQ)C(Z;J,, 2’4) S C’y(zl — Zz)y(Z;J, — 2’4)(0(2’1 — 2’3)0(2’2 — 2’4) + C(Zl — 2’4)0(2’2 — 2’3))
so that

1B (21, 20) | < 12

/Mmﬁ%@ﬁ%@ﬁ%@ﬂ%@

x V(21 — 2) V(23 — 21)[C(21 — 23)Cn(22 — 24) + Ca(21 — 23)Cn (2 — 23)]
where 0 < ¢ < § and then
Ellon(1, 22)|[2 < Cemd2=219 Y .+ €l < Ce == F | [V )2
where Y(2) := e*1Y(2) is in LP with p < 3.

8.3. Fields (I1I0) and (I05). We observe that in the above covariance estimates, the
Young inequality trick requires all the kernels to be at least in L' (R xT,,). Unfortunately
in the fields (I10) and ([I08) the kernel J,(z) := Y, (2)€,(z) will appear and it is easy
to see that ||J,||1 diverges logarithmically as N — 0, so Young inequality cannot be
applied as before.

The following Lemma shows some properties of J, which are crucial to overcome this
problem. Its proof can be found in the Appendix.

Lemma 15. (a) We have

In(2) = 0:Wn(2) + jin(2) (122)
where W, is in L*(R x T,,) uniformly in n, N and

ln(2)] < Ce_ml[op} (t).

(b) The function Z, = Y, * Jy,, is in L*(R x T,) uniformly in n, N.
(c) Wy, = W1 < CL=N=") for some X\ > 0, idem for j, and Z,.
(d) Let be e = L=2N=")  then,
Wi (2) = €n(2)?] < Cle ey o oo (8) + e VI1yy o (1))

2

Vo (2) = 20,€5(2)] < C(e eV o o0 () + ey 5 (1)),

2

In practice Lemma guarantees that the nasty kernel J, is actually a gradient of
an L'-function, up to to a smooth correction. By an integration by parts this property
will allow us to move the gradient and make it act on the smoothing kernels K, so that
we can still use the Young inequality. Moreover, we point out that the kernel Z,, will
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appear in the last fields in (II0)). Finally, item (d) in Lemma [I5] will be employed to
study the divergence of Ej,, 3 in (I0G)).

In the following we will neglect the remainder term j(z), since its contributions can
be easily bounded as we have done for the fields in (I09)).

(vi) For ¢ = 9,Y *wg, we have
E||p(2)|? SC‘ /dz1234l~((z, 21)K (2,29)J (21 — 23)J (29 — 24)€(23 — 24) (123)

+ C’/dzdzleQy(z — 21)V(=22)[C(2)C%(21 — 22) + C(2 — 22)C(21)C (21 — 29)]

Using Lemma [T5] (IT5]) and Young inequality we get
Ellp(2)[I> <CIW1)IC * Wil +[IC + VI[2[IC? + V]2 + IC(C * V) * Vl2lCll2]  (124)

CIWIRNCH: + IV Clle® s 19 + Y11V 15 [Claliel s
For the last field in (II0), i.e. JoY * (95Y * wys) — EOLY * (¥gY * w,s) it is con-
venient to perform an expansion in terms of Wick polynomials to keep track of the
several contributions involved in the covariance (see [14] for a recent review about Wick
polynomials). In our case the “elementary” fields ¢, are Gaussian and with vanishing
expectation value, so the combinatorics of the Wick expansion will be quite simple.

Noting that w,g = :0,93:, the random fields turns out to be a linear combination of the
following terms

WY * (VY x0,0s):, Zxwap, WaZ*Vp:,

/dzlszY(z —21)Y (21 — 22)&(2 — 22) Vo (21)05(22): (125)

(vii) In ¢ = 0,Y * (¥5Y * ¥,95): there is no J appearing, so we can just estimate the
corresponding || X||; which unfortunately has many terms:

| X1 < C’/dzdz1 cdzgY(z — 21) V(21 — 22)V(—23) V(23 — 24)
X [C(2)C(21 — 23)C%(20 — 24) + C(2z — 23)C(21)C? (20 — 24)
+C(2)C(21 — 24)C(z2 — 23)C(22 — 2z4) + C(z — 23)C(21 — 24)C(22)C(22 — 24)
+C(z — 24)C(21)C(z2 — 23)C(22 — z4) + C(z — 24)C(21 — 23)C(22)C(22 — 24)
+ C(z — 24)C(21 — 24)C(22 — 23)C(22)].
Using (I19) we get
X1l < ClICY * Y % C)II4lIC * Vlla + [[Cll2[|V * (V * C)(Y + Y+ C)]|2
HC VallY * (Y #C) Y #CO)lls + 1Y+ Cll2llY + Y+ (Y +C?)]2
+ [V # 22|V # (C+ V)2 [l2 + IVILIIC * V)V (€% x V)]s
HYC2 2|V * C(YV* Y % C)ll2 + [IVILICY * (€ + V)€ * V)l
HVILIQ ) = CCx Nt + ICVI[[|Y + Y+ C(C + V)2
< CUYILICHz + IV IPILICHZIC? ).
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(viil) For ¢ = Z % wap we have by Lemma [I5(b)
IX[I < €12« C?|hllZ]lx < ClZIRIIC? - (126)
(ix) For ¢ = 947 * ¥g: again by Lemma [I5[b) we have
IX|I < CllZ x|z < ClZIRIC]3- (127)
(x) For ¢ = [dz1dzY (2 — 21)Y (21 — 22)€(2 — 22) 10 (21)V3(22): by ([19) we have

1X| < C/dzd21 cedzgY(z — 21) V(21 — 22)C (2 — 22)V(—23) V(23 — 24)C(—24)

X [02(2:1 — 23) + 62(22 — 2’4) + 02(2’1 — 24) + 62(2’2 — Zg)]
< I el

xi) We still need to bound ((z1 — 22) = Eoapg(21, 22) = magJ (21 — 22). Using Lemma
[5l(a) and the same strategy used for (v) we get

1=l p(z1, 29) P < CIW (128)
where W (z) = e*lW(2) € LY(R x T,).

We observe that the estimates (O8] and (I00) are obtained as the bounds (@7) and
[@9) derived above by using Lemma [ (I13]), (I14]) and Lemma [I5(c).

8.4. Third order renormalization. So we are left with the analysis of the expectation
E33 which will allow us to determine the renormalization constants mo, ms:

Ej33 =2M3 /(Y % €2)(2)Y (2)dz + 8M; /(Y % 0.J)(2)€(2)dz — malog LY — mg
M, / (Y % 682) (2)Y (2)d= + 8M, / (Y % 0.7)(2)€(2)dz — ma log LN — mg

where (0¢€?)(z) = 6(t)€%(z) and similarly for 6J. Let us call A = 9,& — +Y and
B =W — ¢2. Using Lemma [I5] and an integration by parts in the second term we get

E3p,3 =8M; /[(Y % 05)(2)€(2) — (Y %08 (2) A(z) — (Y % 0B)(2)€(2)]dz — ms
+ 4(My — M) /(Y % 0¢?)(2)Y (2)dz — mylog LY (129)
For the first term we use the bounds in Lemma [15] to get

‘ / (Y % 607)(2)€(2) — (Y  6€2)(2)A(2) — (Y * 6B)(2)€(2)]dz| < C. (130)
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Let us now study the second term in (I29) which is the divergent one. In Fourier
space we have

/(Y % 0C)(2)Y (2)dz (131)

/ dt/de (t,— / dsY(t—s p)/dq@(s,erq)E(s,q)
t
:/ dt xe(t )/dpp e’ / dsXe(t—S)e_(t_S)pQ/dq o 5@ +(+9)?)
0

X he(s,V/s(p+ q))he(s,v/5q)

where

he(t,p) = p? /Ooo do e 277 x (1 + 0)t)xe (o) (132)

and 0 < he < % uniformly on Ry x R. Let us define . as

1 2 t
= Z/ dt /dppze_tPQ/ ds e_(t_s)p21[6272](t—5)/dqe_s(q2+(p+q)2). (133)
€2 0

We get that

/(Y % 0C?)(2)Y (2)dz

%/ dt/dpp e~ tr? / ds e~ (=P /dqe—s(q2+(p+q)2)
€2
x [

[ 2 9] (t)(l[ 2 9¢2 (t—s)+ 1[1 2 (t—s))+ 1[5272} (t— 3)(1[527252](0 + 1[1,2] )] <c

(134)
Let us also define ji, : =7 f log €1, then by an explicit computation one gets
lim (f1e — pe) = O(1). (135)
e—0
Therefore, we can identify the universal renormalization constant mso as
[ ™
=4(My — M) = —=(Mgy — My). (136)

loge L3

Finally, for the x-dependent renormalization constant ms, let be v, := E3,, 3—ma2 log e L
from (126), (I34) and (I35) we know that |v] < C and by bounds similar to ones
in Lemma comparing different cutoffs one can see that v, is a Cauchy sequence.
Therefore, in the end we obtain

mg = lim (B, 3 — my log e =0(1). (137)
€E—

Remark 16 (Cancellation of the third order divergence). We observe that for some
special class of vectors of symmetric matrices M = (M O, M@ M (3)) the normalization
constants mo and ms are not needed, i.e. mg = ms =0 (for example this is the case of
the ordinary KPZ equation where u € R).

In fact, if M éi) is totally symmetric with respect to three indices, i.e. it is also
invariant under the swap o <> B, then My = My in (I06) and (IO7) and the divergent

term 1s not present.
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APPENDIX A. PROOF OF LEMMA [4]
From (B7) one has

B (£, 2), MO9N (¢, 2) (ZM(“>¢(N (0,0)

Let us split C%N) (0,0) by isolating the term corresponding to i = 0 in (35):
X/(L2(N7n)8)2
27/2ﬁ 0 g3/2

where to stress the cutoff dependence we wrote this with the lower cutoff .
The remainder is easily bounded by

R< Ce=cL™",

¢ (0,0) = ds + R. (138)

and its change with cutoff by
R =R < Ce ™ x = X'l
For the main term in (I38]) we define

01— x(s)”
Px = /0 T2 ds.

Then
0 2 _ J(T2(N—n)\2
x(8)” —x'(L s) N
/0 53/2 ds = L7 py — py
Setting 5% Zﬁ 1 M(a (R — py) the claim follows. O
APPENDIX B. Proor or LEMMA [T4]
(a) We have:

¢ (t,x) = —A/ Ho(t+ 25, 2)XN-n(t + 8)XNy_n(5)ds (139)
0

where X'y _,, (t) = x(t)=x (L2 =7)t). Therefore, since XN—n(t+8)XN_p(s) < 110,9)(5)1j0,2) (1),
one has

€, (t, )] < Clyg(t) 25(’5,35 +jL") (140)
JEZ
where
2 22
Utz + L") < C / ds(t + 2s) " 2e T [1 4 22(¢ + 25) 7)) (141)
0

< Ce @ (@ + 1) 1+ 222 + ) Ly (t) + e @ 214 2% 1y 00 (2)
Combining (I40) with (I4I]) one gets
Co(r,) < Ce™ (2® + 1) 21+ 22(2® + ) 1y (1) € IP(R x T,,) (142)
for p < 3. To show (I14)), note that
XN-n(t+ 8)[Xe(5) = Xn_n(8)] < 12 262)(5) 10,21 (1) [IX — Xl
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where ¢ = L~ -7) Hence
8Calt,2) < €3 nltow + T Lo (Bl — X'l (143)
JEZ

where
2L—2M 5 22
Oar(t, o) = / (t+2s)"2e 1029 [1 4+ 22(t + 25) " V|ds = LMeo(L*Mt, LM x). (144)
0

Hence using (I41]) we have
1€r(t 2) 10,5 (D)1 = L™ PM b (8, 2) 110 p200y (D)} (145)

2L2]\J
< L~ B3-PM <1 4 / t3<1p>dt> <CL M
2

with A > 0 for p < 3.
(b) The claim follows with the same strategy employed in item (a). O

APPENDIX C. PROOF OF LEMMA

First of all, we note that we can replace H,, (the heat kernel on T,) by H (the heat
kernel on R) in €, and },. Indeed, letting K denote the kernels €,, ,, and J,, built
out of H we get

K (2) = K(2)] < CeFl1y.5(1).

Therefore, in the following proof we will consider kernels built with H and drop the
tildes.

Let e = L~W=") and x. = xn_n. We will indicate the scale dependence of the kernels
by € instead of n, i.e. €, = €, and so on. We work in Fourier space in the x variable:

~

QE(t,p) = p267tp2 / ds eiQspQXe(t + S)Xe(s) = eitPQhe(u \/ZP)
0

where h, is defined in (I32) and it is uniformly bounded on R, x R. For Y, we have
Y(t.p) = ipe” " xelh).
Thus

Je(t,p) = i/ dq(p + q)e PO+ (1 Vig)x (1) = %V/\Z(t, Vip) (146)
R

where

Welt,r) = /qu(l +q/r)e TR (1 g)x (8).

W, is an entire function in r with
IWe(t,r)| < CecRer)? (147)
if Imr| < 1 (we used h(t,q) = h(t,—q)). Hence in particular the inverse Fourier
transform W, (¢, ) is in L'(R) uniformly in ¢. We end up with the claim with
We(z) = %We(t,x/\/Z).
(b) It suffices to study Ac = Y, % 0, W.. We get
-~ 1 = 1

t
Ad(t,p) = —p2/ e N (t — 5)=We(s,Vsp)ds = —=ac(t, Vip)
0 Vs t
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with

1
a = _p? e_(l_a)p2 —0o)t)— o
(t.p) pA (@ >>J.4t/m

ae is entire satisfying (I47) and the claim follows.

(c) These claims follow from
Welt,r) = Wit,r)| < Ce B 1 5, a(1) (148)
(d) Let B = 0,€2 = 2¢€.0,€.. Then
Biltp) =2 [ dalp+ a)e @1 Oh(e, Vit Vi)
Comparing with (I46]) and noting that

120 (8, VIp) = xe(t)] < C(Lgene(t) + 113 5(8))
we get
(=) = 0a€(2)2] < Cle3e /T oy (8) + €1y (1),
In the same way we get

Ve(2) = 20,€c(2)] < Cle 2oLy 2 p00 (£) + 71y 5(2)).
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