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Abstract

There are different inequivalent ways to define the Rényi capacity of a channel for a fixed input
distribution P. In a 1995 paper [16] Csiszdr has shown that for classical discrete memoryless
channels there is a distinguished such quantity that has an operational interpretation as a generalized
cutoff rate for constant composition channel coding. We show that the analogous notion of Rényi
capacity, defined in terms of the sandwiched quantum Rényi divergences, has the same operational
interpretation in the strong converse problem of classical-quantum channel coding. Denoting the
constant composition strong converse exponent for a memoryless classical-quantum channel W with
composition P and rate R as sc¢(W, R, P), our main result is that
@

se(W, R, P) = sup © % [R = x:.(W, P)] (a.1)

a>1

where x5, (W, P) is the P-weighted sandwiched Rényi divergence radius of the image of the channel.

I. INTRODUCTION

A classical-quantum channel W : X — S(#H) models a device with a set of possible inputs X',
which, on an input x € X, outputs a quantum system with finite-dimensional Hilbert space H
in state W (z). For every such channel W : X — S(#), we define the lifted channel

W: X —=S(Hx @H), W(z) = |z){z| @ W(x).

Here, Hxy is an auxiliary Hilbert space, and {|z) : = € X'} is an orthonormal basis in it. As
a canonical choice, one can use Hy = [?(X), the L?-space on X with respect to the counting
measure, and choose |z) := 1,3 to be the characteristic function (indicator function) of the
singleton {z}. Note that this is well-defined irrespectively of the cardinality of X. The classical-
quantum state W(P) := ", P(z) |z)(z| ® W(z) plays the role of the joint distribution of the
input and the output of the channel for a fixed finitely supported input probability distribution
Pe 'Pf (X )

Given a quantum divergence A, i.e., some sort of generalized distance of quantum states,
there are various natural-looking but inequivalent ways to define the corresponding capacity of
the channel for a fixed input probability distribution P. One possibility is a mutual information-
type quantity

Is(W.P) = inf A(W(P)|P©0). (12)

where one measures the A-distance of the joint input-output state of the channel from the set of
uncorrelated states, while the first marginal is kept fixed. This can be interpreted as a measure
of the maximal amount of correlation that can be created between the input and the output of
the channel with a fixed input distribution. The idea is that the more correlated the input and

* milan.mosonyi@gmail.com

T ogawa@is.uec.ac.jp


https://core.ac.uk/display/287737832?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:milan.mosonyi@gmail.com
mailto:ogawa@is.uec.ac.jp

the output can be made, the more useful the channel is for information transmission. Another
option is to use the P-weighted A-radius of the image of the channel, defined as

Xa(W,P) = inf 37 Pla) A(W(x)]o). (13)
reX

This approach is geometrically motivated, and the idea behind is that the further away some
states are in A-distance (weighted by the input distribution P), the more distinguishable they
are, and the information transmission capacity of the channel is related to the number of far away
states among the output states of the channel. In the case where W is a classical channel, and A
is a Rényi divergence, these quantities were studied by Sibson [55] and Augustin [8], respectively;
see [16], and the recent works [15, 52, 53] for more references on the history and applications of
these quantities.

It was shown in [16] that for classical channels, both quantities yield the same channel capacity
when A = D, is a Rényi a-divergence, i.e.,

CaA(W):= sup xa(W,P)= sup IA(W,P)= inf sup A(W(x)|o), (1.4)
PEPs(X) PEPs(X) cE€ES(H) zex

where the last quantity is the A-radius of the image of the channel. This was extended to the
case of classical-quantum channels and a variety of quantum Rényi divergences in a series of work
[36, 43, 44, 60]. Moreover, it was shown in [44] (extending the corresponding classical result of
[16, 17, 21]) that the strong converse exponent sc(W, R) of a classical-quantum channel W for
coding rate R can be expressed as

a—1

sc(W, R) = sup

[R = xa(W)],

a>1 @
where x} (W) = xp= (W) is the Rényi capacity of W corresponding to the sandwiched Rényi
divergences D¥ [45, 60], thus giving an operational interpretation to the sandwiched Rényi ca-
pacities with parameter a > 1.

After this, it is natural to ask which of the two quantities presented in (I.2) and (I.3) has
an operational interpretation, and for what divergence. Note that the standard channel coding
problem does not yield an answer to this question, essentially due to (I1.4), so to settle this
problem, one needs to consider a refinement of the channel coding problem where the input
distribution P appears on the operational side. This can be achieved by considering constant
composition coding, where the codewords are required to have the same empirical distribution for
each message, and these empirical distributions are required to converge to a fixed distribution
P on X as the number of channel uses goes to infinity. It was shown in [16] that in this setting

(W, R, P) = sup “ L [R — xa (W, P)], (15)

a>1

for any classical channel W and input distribution P, where sc(W, R, P) is the strong converse
exponent for coding rate R, and xo(W,P) = xp,. (W, P). This shows that, maybe somewhat
surprisingly, it is not the perhaps more intuitive-looking concept of mutual information (I1.2) but
the geometric quantity (I.3) that correctly captures the information transmission capacity of a
classical channel.

Our main result is an exact analogue of (1.5) for classical-quantum channels, as given in (a.1).
Thus we establish that the operationally relevant notion of Rényi capacity with fixed input
distribution P for a classical-quantum channel in the strong converse domain is the sandwiched
Rényi divergence radius of the channel.

The structure of the paper is as follows. After collecting some technical preliminaries in
Section II, we study the concepts of divergence radius and center for general divergences in
Section IIT A and for Rényi divergences in Section III B. One of our main results is the additivity
of the weighted Rényi divergence radius for classical-quantum channels, given in Section IIID.
We prove it using a representation of the minimizing state in (I1.3) when A = D,, , is a quantum
a-z Rényi divergence [6], as the fixed point of a certain map on the state space. Analogous results
have been derived very recently by Nakiboglu in [53] for classical channels, and by Cheng, Li and
Hsieh in [15] for classical-quantum channels and the Petz-type Rényi divergences. Our results



extend these with a different proof method, which in turn is closely related to the approach of
Hayashi and Tomamichel for proving the additivity of the sandwiched Rényi mutual information
[29].

In Section IV, we prove our main result, (a.1). The non-trivial part of this is the inequality
LHS<RHS, which we prove using a refinement of the arguments in [44]. First, in Proposition
IV.4 we employ a suitable adaptation of the techniques of Dueck and Korner [21] and obtain
the inequality in terms of the log-Euclidean Rényi divergence, which gives a suboptimal bound.
Then in Proposition IV.5 we use the asymptotic pinching technique developed in [44] to arrive at
an upper bound in terms of the regularized sandwiched Rényi divergence radii, and finally we use
the previously established additivity property of these quantities to arrive at the desired bound.
In the proof of Proposition IV.4 we need a constant composition version of the classical-quantum
channel coding theorem. Such a result was established, for instance, by Hayashi in [27], and
very recently by Cheng, Hanson, Datta and Hsieh in [14], with a different exponent, by refining
another random coding argument by Hayashi [26]. We give a slightly modified proof in Appendix
C. Further appendices contain various technical ingredients of the proofs, and in Appendix A we
give a more detailed discussion of the concepts of divergence radius and mutual information for
general divergences and a-z Rényi divergences, which may be of independent interest.

II. PRELIMINARIES

For a finite-dimensional Hilbert space H, let B(?) denote the set of all linear operators on H,
and let B(H)sa, B(H)+, and B(#H) 44+ denote the set of self-adjoint, non-zero positive semi-definite
(PSD), and positive definite operators, respectively. For an interval J C R, let B(H)sa, s :={A €
B(H)sa : spec(A) C J}, i.e., the set of self-adjoint operators on H with all their eigenvalues in J.
Let S(H) := {0 € B(H)+, Tr o = 1} denote the set of density operators, or states, on H.

For a self-adjoint operator A, let P7* := 1;,)(A) denote the spectral projection of A corre-
sponding to the singleton {a}. The projection onto the support of A is }- PA; in particular,
if A is positive semi-definite, it is equal to lim,+ 9 A% =: A°. In general, we follow the convention
that real powers of a positive semi-definite operator A are taken only on its support, i.e., for any
reR, A" =3 _,a"P.

Given a self-adjoint operator A € B(H)sa, the pinching by A is the operator F4 : B(H) —
B(H), Fa(.) :== >, PA()PA, ie., the block-diagonalization with the eigen-projectors of A. By
the pinching inequality [25],

X <|spec(A)|Fa(X), X € B(H)+.
Since F 4 can be written as a convex combination of unitary conjugations,
f(Fa(B)) < Fa(f(B)),  Trg(Fa(B)) <Trg(B), (IL.6)

for any operator convex function f, and any convex function g on an interval J, and any B €
B(H)sa, . The second inequality above is due to the following well-known fact:

Lemma II.1 Let J C R be an interval and f: J — R be a function.
(i) If f is monotone increasing then Tr f(.) is monotone increasing on B(H)sa,s-
(1t) If f is convex then Tr f(.) is convex on B(H)sa,j-

For a differentiable function f defined on an interval J C R, let I : J x J — R be its first
divided difference function, defined as

f(a)—f(b) a#b,

f[l] (a,b) := {a—b’

,be J
f/(a)7 a:ba ¢

The proof of the following can be found, e.g., in [10, Theorem V.3.3] or [30, Theorem 2.3.1]:



Lemma I1.2 If f is a continuously differentiable function on an open interval J C R then for
any finite-dimensional Hilbert space H, A — f(A) is Fréchet differentiable on B(H)sa,s, and its
Fréchet derivative D f(A) at a point A is given by

DFA)Y) = fMa,b)PLY P, Y € B(H)sa-
a,b
It is straightforward to verify that in the setting of Lemma II1.2, the function A — Tr f(A) is

also Fréchet differentiable on B(H)sa,s, and its Fréchet derivative D(Trof)(A) at a point A is
given by

D(Trof)(A)(Y) =Tr f'(A)Y, Y € B(H)sa, (I1.7)
where f’ is the derivative of f as a real-valued function.

An operator A € B(H®") is symmetric, if U, AU* = A for all permutations 7 € S,,, where U,
is defined by Ur21 ® ... @ Ty = 711y ® ... @ Tr-1(n), T3 € H, i € [n]. As it was shown in [27],
for every finite-dimensional Hilbert space ‘H and every n € N, there exists a universal symmetric
state oy, € S(H®™) such that it is symmetric, it commutes with every symmetric state, and for
every symmetric state w € S(H®"),

w < Un,dOu,n»
where vy, ¢ only depends on d = dimH and n, and it is polynomial in n.

By a generalized classical-quantum (geq) channel we mean a map W : X — B(H)4, where X
is a non-empty set, and H is a finite-dimensional Hilbert space. It is a classical-quantum (cq)
channel if ranW C S(H), i.e., each output of the channel is a normalized quantum state. A
(generalized) classical-quantum channel is classical, if W (x)W (y) = W (y)W (z) for all z,y € X.
We remark that we do not require any further structure of X or the map W, and in particular,
X need not be finite. Given a finite number of gcq channels W; : X; — B(H;)+, their product is
the gcq channel

Wi..oW,: : X x... XXn%B(H1®®Hn)+
(1, yzpn) = Wi(z1) ® ... @ Wy (zp).
In particular, if all W; are the same channel W then we use the notaion W®" =W ®...@ W.

We say that a function P : X — [0,1] is a probability density function on a set X if
> wex P(x) = 1. The support of P is suppP := {x € X : P(x) > 0}. We say that P is
finitely supported if supp is a finite set, and we denote by P (X) the set of all finitely supported
probability distributions. The Shannon entropy of a P € P¢(X) is defined as

H(P):= - P(x)log P(x).
reX

For a sequence x € X™, the type P, € Ps(X) of z is the empirical distribution of z, defined as
1< 1
P£:2£;(5m: y»—>g|{k:xk:y}|, yeX,
i—

where 6, is the Dirac measure concentrated at x. We say that a probability distribution P on
X is an n-type if there exists an x € A" such that P = P,. We denote the set of n-types by
Pn(X). For an n-type P, let Xg := {x € X™: P, = P} be the set of sequences with the same
type P. A key property of types is that x,y € X™ have the same type if and only if they are
permutations of each other, and for any z,y with P, = P,, we have

Pt (y) = e ), (I1.8)
By Lemma 2.3 in [18], for any P € P, (X),
(7’L+ 1)—\suppP\enH(P) < ‘XIT;L| < enH(P). <119>

The following lemma is an extension of the minimax theorems due to Kneser [35] and Fan [22]
to the case where f can take the value +o0o. For a proof, see [23, Theorem 5.2].



Lemma I1.3 Let X be a compact convex set in a topological vector space V and Y be a convex
subset of a vector space W. Let f: X xY — RU {400} be such that

(i) f(x,.) is concave on'Y for each x € X, and

(i) f(.,y) is convex and lower semi-continuous on X for eachy € Y.
Then

inf sup f(z,y) = sup mf fz,y), (I1.10)
zeX yey yey z€X

and the infima in (I1.10) can be replaced by minima.

III. DIVERGENCE RADII
A. General divergences

By a divergence A we mean a family of maps Ay 1 B(H)4 X B(H)+ — [—00, +0o0], defined for
every finite-dimensional Hilbert space H. We will normally not indicate the dependence on the
Hilbert space, and simply use the notation A instead of Ay. We will only consider divergences
that are invariant under isometries, i.e., for any po,0 € B(H); and V : H — K isometry,
A (VoV*|VaV*) = A(p||lo). Note that this implies that A is invariant under extensions with
pure states, i.e., Ao ® |||l @ [¥){]) = A(p| o), where ¢ is an arbitrary unit vector in
some Hilbert space. Further properties will often be important. In particular, we say that a
divergence A is

e positive if A(pllo) > 0 for all density operators g, o, and it is strictly positive if A(ol|o) =
0 <= ¢ = 0, again for density operators;

e monotone under CPTP maps if for any o,0 € B(H)+ and any CPTP (completely positive
and trace-preserving) map ® : B(H) — B(K),

A (2(0)]|2(0)) < Af(ello);

e jointly convez if for all g;,0; € B(H), i € [r], and probability distribution (p;)7_;,

(szgz szo'z> < sz Qz |Uz ;

e block additive if for any o1, 02, 01,02 such that o9 vV o? L 09 Vv o3, we have
A(or + oz2]lo1 + 02) = Aler]|o1) + A(ezllo2);

e homogeneous if

A(Xo||Aa) = X A(g||o), 0,0 € B(H)4+, M€ (0,4+00).

Typical examples for divergences with some or all of the above properties are the relative entropy
and some Rényi divergences and related quantities; see Section II1B.

Remark II1.1 It is well-known [49, 58] that a block additive and homogenous divergence is
monotone under CPTP maps if and only if it is jointly convex. The “only if” direction follows
by applying monotonicity to 0 := Y. p; |1)(i|p ® 0; and & := ", p; |i)(i|p ® 0; under the partial
trace over the E system, where (|i))i_, is an ONS in Hg. The “if” direction follows by using
a Stinespring dilation ®(.) = Trg V()V* with an isometry V : H — K ® Hg, and writing
the partial trace as a conver combination of unitary conjugations (e.g., by the discrete Weyl
unitaries).



Given a non-empty set of positive semi-definite operators S C B(H), its A-radius Ra(S) is
defined as

RA(S) := inf A . .11
a(S) ,dut,  sup (ello) ( )

If the above infimum is attained at some o € S(H) then o is called a A-center of S. A variant
of this notion is when, instead of minimizing the maximal A-distance, we minimize an averaged
distance according to some finitely supported probability distribution P € P,(S). This yields
the notion of the P-weighted A-radius:

R S):= inf P(o) A . I11.12
sr(8):= jat, 3 Pl@) Alelo) (Im.12)

If the above infimum is attained at some o € S(H) then o is called a P-weighted A-center for S.

Remark II1.2 For applications in channel coding, S will be the image of a classical-quantum
channel, and hence a subset of the state space. In this case minimizing over density operators o
in (IIL.11) and (II1.12) seems natural, while it is less obviously so when the elements of S are
general positive semi-definite operators. We discuss this further in Appendiz A.

Remark II1.3 Note that for any finitely supported probability distribution P on B(H)y, and
any supp P C S C B(H), we have

Ra,p(S) = Ra p(supp P) = Ra,p(B(H)+).

That is, Ra p(S) does not in fact depend on S, it is a function only of P. Hence, if no confusion
arises, we may simply denote it as Ra p.

Remark II1.4 The concepts of the divergence radius and P-weighted divergence radius can be
unified (to some extent) by the notion of the (P, B)-weighted A-radius, which we explain in Section
Al

We will mainly be interested in the above concepts when S is the image of a gcq channel
W : X — B(H)+, in which case we will use the notation

W, P) := RA pow-1 W)= inf P(x) AW , II1.13
XaV.P)i= R pow (an W) = inf, ) 5~ P@) AW (@) (111.13)

where (PoW™1)(0) := >, c. W (z)=o I(2). Note that, as far as these quantities are concerned,
the channel simply gives a parametrization of its image set, and the previously considered case
can be recovered by parametrizing the set by itself, i.e., by taking the gcq channel X := S
and W :=ids. We will call (II1.13) the P-weighted A-radius of the channel W, and any state
achieving the infimum in its definition a P-weighted A-center for W. We define the A-capacity
of the channel W as

xa(W):= sup xa(W,P).
PGPf(X)

In the relevant cases for information theory, the A-capacity coincides with the A-radius of the
image of the channel, i.e.,

Xa(W) = Ra(can W) = inf_sup AW () o)
0ES(H) zeXx

see Proposition A.1.
We will mainly be interested in the above quantities when A is a quantum Rényi divergence.
For some further properties of these quantities for general divergences, see Appendix A 1.



B. Quantum Rényi divergences

In this section we specialize to various notions of quantum Rényi divergences. For every pair
of positive definite operators p,0 € B(H)++ and every a € (0,400) \ {1}, z € (0, 4+00) let

a l-—a a\*
Qu.s(ollo) = Tr (0¥ 0™ 0% ) .

These quantities were first introduced in [34] and further studied in [6]. The cases

Qa(ollo) == Qaa(ollo) = Tre%a' ™, (IT1.14)
Qa(0l0) = Qualollo) = Tr (o™= 0) ", (IIL.15)

and
Q(ello) = Qo soolello) = _lim Qa:(ofo) = Treteerizaliose (I11.16)

are of special significance. (The last identity in (II1.16) is due to the Lie-Trotter formula.) Here
and henceforth (¢) stands for one of the three possible values (¢t) = { }, (¢) = * or (¢t) = b, where
{ } denotes the empty string, i.e., Q,(lt) with (¢t) = { } is simply Qq.

These quantities are extended to general, not necessarily invertible positive semi-definite op-
erators g,0 € B(H)+ as

Qaz(0llo) = lim Qaz(0 +elllo +€I) (I1.17)

= lim Qq,-(ollo +I) = lim Qu - (0] (1 — )0 + eI /d) = s(a) sup Q, . (¢l + £I),
eN\0 eN0 e>0 ’
(I11.18)

for every z € (0,4+00), where d := dimH,

-1, a<l,

1’ «a > 1 ) Qa,z = S(Q)QO&,Z)

s(a) :==sgn(a—1) = {

and the identities are easy to verify. For z = 400, the extension is defined by (II1.17); see [33, 44]
for details.

Various further divergences can be defined from the above quantities. The quantum a-z Rényi
divergences [6] are defined as

log Qa.z(0]|o)

Do c(oll7) = —log =222

(I11.19)

for any a € (0,+00) \ {1} and z € (0, 4+00]. It is easy to see that
a>1, gofao = Qa:=Dy.=+0

for any z. Moreover, if a — z(«) is continuously differentiable in a neighbourhood of 1, on which
z(a) # 0, or z(a) = 400 for all «, then, according to [41, Theorem 1] and [44, Lemma 3.5],

. 1
Du(ello) := limy Do »(o)(ello) = 7 Dlello) = Dz(ello), = € (0, +od],

where D(pl||o) is Umegaki’s relative entropy [59], defined as
D(g|lo) := Tr o(log o — log o)

for positive definite operators, and extended as above for non-zero positive semidefinite operators.
Of the Rényi divergences corresponding to the special @, quantities discussed above, D, is
usually called the Petz-type Rényi divergence, D¥ the sandwiched Rényi divergence [45, 60], and
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Dg the log-Euclidean Rényi divergence. For more on the above definitions and a more detailed
reference to their literature, see, e.g., [44].

To discuss some important properties of the above quantities, let us introduce the following
regions of the a-z plane:

Ko: 0<a<l,z<min{a,1—a}; Ki:0<a<l,a<z<1-—aq
Ky: 0<a<l max{a,l1—a} <z<1; K;y:0<a<l,l1-a<z<aq
Ky:0<a<1,1<z Ks:l<a,a/2<z<1;

Kg: 1< a, max{a—1,1} <z < g K;:1<a<z

The («, z) values for which D,, , is monotone under CPTP maps have been completely char-
acterized in [2, 9, 13, 24, 31, 62] (cf. also [6, Theorem 1]). This can be summarized as follows.

Lemma IIL.5 D, . is monotone under CPTP maps <= @a,z is monotone under CPTP maps

= Q,.. is jointly conver <= (a,z) € K2 U K4 U K5 U K.
Corollary III.6 D, . is jointly convez if (o, z) € Ko U Ky.

Proof Immediate from Lemma II1.5, as the joint convexity of @a,z implies the joint convexity
of Dy,» = =15 log 5()Q,,, whenever a € (0,1). O

Recall that a function f : C'— RU{+4o00} on a convex set C' is quasi-convex if f((1—t)x+ty) <
max{f(z), f(y)} for all z,y € C and ¢ € [0,1].

Lemma III.7 On top of the cases discussed in Lemma II1.5 and Corollary I11.6, D, . is convex
in its second argument if (o, z) € K3 U Kg U K7, and @a’z is convex in its second arqument if
(o, 2) € K3 U K7. Moreover, Dy, , is jointly quasi-convez if («, z) € Ks.

Proof The assertion about the quasi-convexity of D, . is immediate from the joint convexity of
Q... when (o, z) € K.

Note that it is enough to prove convexity in the second argument for positive definite operators,
due to (II1.18).

Assume that (a,2) € Ko UKs,ie, 0<a<1,1—a<z<1. Then0< 1_7“ < 1, and hence

o o= is concave. Since B(H)+ 2 A — Tr A% is both monotone and concave (see Lemma
IL.1), we get that o — Qq,-(0||0) is concave, from which the convexity of both @, , and Dg . in
their second argument follows for (a, z) € K3 (and also for K», although that is already covered
by joint convexity).

Assume next that (o, z) € KgU K7, i.e., 1 < a, and max{l,a — 1} < z. Then —1 < 1_7" <0,

and hence f : ¢ +— =% is a non-negative operator monotone decreasing function on (0, +00).
Applying the duality of the Schatten p-norms to p = z, we have

z 1—

D, .(¢llc) = sup log Tr 0% & = 077 = sup
res() @ — 1 reS(H) O —

_1
z

logwr (f()),

where w,(.) := Tr g% (.)p%= 71~ % is a positive functional. By [3, Proposition 1.1], D, (0].) is the
supremum of convex functions on B(H)4+, and hence is itself convex. This immediately implies
that @a’z is convex in its second argument when («, z) € Kg U K7 (of which the case Kg also
follows from joint convexity). O

Lemma III.8 For any fized o € B(H)4+, the maps
o @a’Z(QHO’) and o+ Dy .(0||o)

are lower semi-continuous on B(H)+ for any o € (0, +00)\{1} and z € (0, +00), and for z = +o0
and o > 1.

Proof The cases a € (0,400) \ {1} and z € (0,+00) are obvious from the last expression in
(IT1.18), and the case z = 400 was discussed in [44, Lemma 3.27]. O
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It is known that D,, D} and D?, are non-negative on pairs of states [44, 45, 49], but it seems
that the non-negativity of general a-z Rényi divergences has not been analyzed in the literature
so far. We show in Appendix A 4 that they are indeed non-negative for any pair of parameters

(a, 2).

C. The Rényi divergence center

Let W : X — S(H) be a geq channel. Specializing to A = D, , in (II1.13) yields the P-
weighted Rényi (o, z) radii of the channel for a finitely supported input probability distribution
Pe Pf (X),

Xa,z(W,P) := xp, . (W,P) = inf P(z)D,, (W (z)||c) = min P(z)D, .(W(z)|o).
oceS(H) oy cE€S(H) Jopp
(I11.20)

The existence of the minimum is guaranteed by the lower semi-continuity stated in Lemma III.8.
We will call any state o achieving the minimum in (II1.20) a P-weighted D,, , center for W.

It is sometimes convenient that it is enough to consider the infimum above over invertible
states, i.e., we have

az(W,P)=  inf P(x)Dq,,(W(z)||o), I11.21
X (WP) = i 3 P@)De-(W(E)l) (1r1.21)

which is obvious from the second expression in (III.18). Moreover, any minimizer of (II1.20) has
the same support as the joint support of the channel states {W }zesupp P, With projection

\/ W)’ =w(p),
xEsupp P
at least for a certain range of («, z) values, as we show below.

Lemma IIL.9 Let 0 be a P-weighted D, , center for W. If (a,z) is such that D, , is quasi-
conver in its second argument then o° < W (P)°.

Proof Define F(X) = W(P)°XW(P)° + (I — W(P)°)X(I — W(P)?), X € B(H), and let
G = W(P)°cW (P)°/ Tr W(P)%. We will show that D, (W ()||5) < Da. .(W(z)|o) for all
x € supp P, which will yield the assertion. Note that we can assume without loss of generality
that W (P)% # 0, since otherwise D, (W (x)| /o) = +o0 for all z € supp P, and hence o clearly
cannot be a minimizer for (III.20).

According to the decomposition H = ran W (P)? @ ran(I — W (P)?), define the block-diagonal

unitary U := {é _OI}, so that F(.) = 1 ((.) + U(.)U*). For every z € X,

Do, -(W(2)[|F(0)) < max {Dq,-(W(2)||0), Da,-(W(2)[UsU")}
= max {Dy - (W(2)]|0), Do (UW (2)U*|[UoU")} = Da - (W (2)] o),

where the first inequality is due to quasi-convexity, and the first equality is due to the fact that
UW (2)U* = W(x). On the other hand,

Do, (W ()| F(0)) = Da,-(W(2)[|(Tt W(P)°0)5)
= Da,. (W(2)||5) —log Tt W(P)°0 > Da,. (W(2)|5),

where the inequality is strict unless o® < W (P)°. O

For fixed W and P, we define
F(o) =Y P(@)Da.(W(z)llo),  o€B(H);.
reX

In the following, we may naturally interpret W(z) as an operator acting on ran W (z) or on
ran W (P).
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Lemma III.10 F is Fréchet-differentiable at every o € B(H) 44, with Fréchet-derivative DF (o)

given by
DF(0): Y s—— % Pla)—
a1 2 "G W)
e > Al (a,0) PIW (2) 5 (W(x)%aléaW(x)%)z_l W(z)=PCY, (111.22)
a,b

where hg,]z is the first divided difference function of he .(t) ==t = .

Proof We have F' = %" . P(x)(gz 0tz 0 Ha,z), where H, . : B(H)4 = B(H), Ha,2(0) := o=t
is Fréchet differentiable at every o € B(H)44+ with DH, .(0) : Y = >, hg}z(mb)PgYPb”,
according to Lemma II.2. For a fixed z, ¢, : B(H) — B(ran(W(z)) is defined as A —
W (x)2z AW ()%, and, as a linear map, it is Fréchet differentiable at every A € B(H), with
its derivative being equal to itself. Finally, g, : B(ran W (z)) — R is defined as g, (T') := Tr T7,
and it is Fréchet differentiable at every T' € B(ran W (x))44, with Fréchet derivative Dg,(T) :
Y — 2 Tr T77'Y | according to (IL7). If o € B(ran W (P));++ then H, (o) € B(ran W (P))4+,
and vy (Hy »(0)) € B(ranW(z));+4+. Hence, we can apply the chain rule for derivatives, and
obtain (II1.22). O

Lemma III.11 Let o be a P-weighted D, . center for W. If a > 1 or o € (0,1) and 1 — a <
2z < 400 then W(P)? < 0.

Proof When o > 1 and W(P)? £ oY, there exists an z € supp P with W2 £ 0¥ so that
D, .(W(x)|lc) = +o00. Hence, o cannot be a minimizer for (III.20).

Assume for the rest that @ € (0,1), and o is such that W(P)°? £ o9 this is equivalent to
the existence of an xg € supp P such that W, Py # 0. Let us define the state w := cFy, with
c¢:=1/Tr P§. For every t € [0,1], let

op:=(1—-t)o+tw= Z (1 —t)APY +tcFs,
Aespec(a)\{0}

so that oy € B(H)44 for every ¢t € (0,1]. Note that if ¢ < tg := Amin(0)/(c + Amin(0)),
where Apin (o) is the smallest non-zero eigenvalue of o, then P = PJ, and P("lt_ o = PX,

A € spec(o) \ {0}.
By Lemma III.10, the derivative of f(t) := F'(o,) at any t € (0,1) is given by

f'(t) = DF(0)(w — o)

¥ 1

B Pla) 57— | e ct)cTr A, +P?

ailze){ ( )Qa,z(W(aj)”O—t)[ a,z( ) 50

= > e (A= NAT A PY
A€spec(o)\{0}
1 L o

B ZP@)[HU DY S T

TEX QQ’Z(W(I)”Ot) A€espec(a)\{0}

l-a_4 l-a
—t = TleE TrAPY

7

1-a z—1
where A, ;= W(x)3= (W(x)%oiW(x)%) W(x)2=.

Our aim will be to show that limy o f'(t) = —oo. This implies that f(t) < f(0) for small
enough ¢ > 0, contradicting the assumption that F' has a global minimum at o. Note that
im0 Qa,-(W(x)||or) = Qa,-(W(x)||o), which is strictly positive for every « € supp P. Indeed,
the contrary would mean that D, (W (z)||o) = +o0, contradicting again the assumption that F'
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has a global minimum at o. Hence, the proof will be complete if we show that I Ty Az 1 P§
diverges to 400 while Tr A, ¢ PY is bounded as ¢ N\, 0 for any x € supp P and X € spec(o) \ {0}.
Note that for any ¢ € (0,t9) and z > 1,

s l—a
teIl<o, <1 = (to) = I1<o,° <I

= (1) W@ <W)Fo, - W) < W)t
=t aW(@) <W()E ;;aw(m)% < W ()’
— PR < W)Ee WwE] <aW@) )
— tlza(z_l)CQW(CE)% <A < caW(z)%, (IT1.24)

where ¢; 1= ckTaAmin(W( NE >0,c0:=¢] >0, c3:= W (z)]|* >0, cq:= =c; ' >0, and the
inequalities in (II1.23)—(111.24) hold in the opposite direction when z € (0, 1). This immediately
implies that

ti—l T‘I'AIU tPO > ti—l-‘r = (z— 1)02 Tr W({L‘()) P(ST t\"—o) —+o0, z > 1,
xg,tpog Z t%7104 TI‘ W(.To)%POU t.\‘.0—> +OO, z € (0, 1),

since Tr W ()= P§ > 0 by assumption, 1% — 14+ 1=2(z = 1) = —a < 0, and 5% — 1 < 0 iff
1—a <z when z € (0,1).
Next, observe that

—a l—a
I-HF{ <o = (1-t) = F{<o,°
where the inequality follows since, by assumption, 0 < 1_70‘ < 1, and = +— 27 is operator
monotone on (0, +o00) for v € (0,1). Hence,

0<TrA, P < (1-0)°F Trdy, - =1 —0)F Qua(W@)or) — Qu-(W()|o),

N0
which is finite. This finishes the proof. U

Remark II1.12 Note that the region of («, z) values given in Lemma III.11 covers z =1 for all

€ (0,+00], i.e., all the Petz-type Rényi divergences, and {(a,«) : a € (1/2,400]}, i.e., the
sandwiched Rényi divergences for every parameter o for which they are monotone under CPTP
maps, except for o = 1/2. It is an open question whether the condition z > 1 — « in Lemma
1111 can be improved, or maybe completely removed.

Remark ITII1.13 Note that the case o > 1 in Lemma II1.11 is trivial, and this is the case that we
actually need for the strong converse exponent of constant composition classical-quantum channel
coding in Section IV; more precisely, we need the case z = a > 1.

Let us define I'p to be the set of («, z) values such that for any geq channel W and any input
probability distribution P, any P-weighted D, , center o for W satisfies 0¥ = W(P)". Then
Corollary II1.6 and Lemmas I11.7, I11.9 and II1.11 yield

I'pb D {(a,2): € (0,1), 1 —a<z4+oo}U{(a,2) : a>1, z>max{a/2,a — 1}}.
The following characterization of the weighted D, . centers will be crucial in proving the
additivity of the weighted sandwiched Rényi divergence radius of a geq channel.

Theorem III.14 Assume that (o, z) € I'p are such that D, , is convex in its second variable.
Then o is a P-weighted D, . center for W if and only if it is a fived point of the map

(bWPDa 2 Z P m (O’ 1272& W(QT)%O'%)Z (IIIQ5>

zeX

defined on Sw.p(H)4+ := {0 € S(H)+ : 0® = W(P)°}.
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Proof By the assumption that («, z) € I'p, we may restrict the Hilbert space to be ran W (P)°,
and assume that o is invertible. Let F(A) := > _, P(z)Dqo,.(W(x)||A), A € B(H);+. Due to
the assumption that D, . is convex in its second variable, ¢ is a minimizer of F' if and only if
DF(0)(Y) =0 for all self-adjoint traceless Y. By Lemma III.10, this condition is equivalent to

_a—lzp Qo (W ||or Zh (a,0) PgW ()%(W(CU)%U

zeX

l1—a @

a—1 “
SW(@)E) W@)ER

for some A € R. Multiplying both sides by o'/2 from the left and the right, and taking the trace,
we get A = —1. Hence, the above is equivalent to (by multiplying both sides by ¢'/? from the
left and the right)

__* 1 1/231/21 [1] o 3 g 1o a\*! P
=1 2 PG ey Y e @R W ) (W@ Fo=wws) W@
= ZPC’ < =22 (a, b)(I)W,p,%Z(O')) 4 (I11.26)
where
(/I;W,P,Da ; Z P(x ;W(x)% (W(m)%alza W(x)%yil W(g;)z%
2 P g W@l

Writing the operators in (II1.26) in block form according to the spectral decomposition of o, we
see that (I11.26) is equivalent to

a—1 ~ a—1 -~
Va,b: Gapa = T'PI = PI®wpa.(0)P < o : T'=®wpp,. (o)
—

1—a o~
< U:UT(I)W,P,DUL,Z( )O’ 2z,

This can be rewritten as

3 P) W) E (W) Ee = w@E) W ks
o= —o'zz xT) 2=z Tr)2z20 = xT)2=z T)2z g 2=
GV
= Plz) ———— o= I/V(a:)%crlz_zcx z,
=2 Pag 7 ( )
where the last identity follows from X f(X*X)X* = (idg f)(XX™). O

Remark II1.15 The special case z = 1 yields the characterization of the P-weighted Petz-type
Rényi divergence center as the fixed point of the map

q)WPD ;P WO’ 2 W(.’E)QO'T, UGSW,P(H)++,

for any a € (0,400)\{1}. Note that in the classical case D, , is independent of z, i.e., Do, = Dy
for all z > 0, and the above characterization of the minimizer has been derived recently by
Nakiboglu in [53, Lemma 13], using very different methods. Following Nakiboglu’s approach,
Cheng, Li and Hsieh has derived the above characterization for the Petz-type Rényi divergence
center in [15, Proposition 4]. The advantage of Nakiboglu’s approach is that it also provides
quantitative bounds of the deviation of Y P(x)Do(W (z)||0) from xa,.(W,P) for an arbitrary
state o; however, it is not clear whether this approach can be extended to the case z # 1, in
particular, for z = a, which is the relevant case for the strong converse erponent of constant
composition classical-quantum channel coding, as we will see in Section IV.

Remark II1.16 A similar approach as in the above proof of Theorem III. 14 was used by Hayashi
and Tomamichel in [29, Appendiz C] to characterize the optimal state for the sandwiched Rényi
mutual information as the fized point of a non-linear map on the state space. We comment on
this in more detail in Section A 2.
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Example II1.17 We say that a cq channel W is noiseless on supp P if W(x)W (y) = 0 for
all x,y € supp P, x # y, i.e., the output states corresponding to inputs in supp P are perfectly
distinguishable. A straightforward computation shows that if W is noiseless on supp P then
o:=W(P) =73, Plx)W(x) satisfies the fized point equation (II1.25) for any pair (o, z). Hence,
if (o, z) satisfies the conditions of Proposition II1.14 then W (P) is a minimizer for (I11.20), and
we have

Xaz(W, P) =3 P(2) Do -(W(2)|W(P)) = — Y P(x)log P
reX zeX

Thus, the Rényi (a, z) radius of W is equal to the Shannon entropy of the input distribution,
independently of the value of («, z).

Corollary III1.18 If (o, z) satisfies the conditions of Proposition III.14, and D, . is monotone
under CPTP maps then

Xa,:(W,P) < H(P) (I11.27)
for any cq channel W and input distribution P.
Proof We may assume without loss of generality that X = supp P. Let W (z) := |es)(e,| for

some orthonormal basis (e )zesupp p in a Hilbert space K, and let @(.) :=>_ . p W(2) (ex] () |ex),

which is a CPTP map from B(K) to B(#H). We have W = ® o W, and the assertion follows from
Example I11.17. ]

Remark II1.19 Our approach to prove (II1.27) follows that of Csiszdr [16]. A (much) simpler
approach to prove the inequality (II1.27) was given by Nakiboglu [53, Lemma 13] (see also [15,
Proposition 4] for an adaptation to various quantum Rényi divergences}. Obviously,

Xa:(W,P) <> Pz z)|W (P)). (111.28)
zeX

Assume now that D, , satisfies the monotonicity property B(H)+ 3 01 < 09 = Dy ,(g|l01) >
D, .(0llo2) for any o € B(H)1+. It is easy to see that this holds for every (a,z) with z >
|a —1|. In this case, we can lower bound W (P) by P(x)W(x), and hence D, (W (z)|W(P)) <
Dy .(W(z)||P(x)W(z)) = —log P(x), whence the RHS of (II1.28) can be upper bounded by
H(P).

D. Additivity of the weighted Rényi radius

Let W@ : X — B(HW),, i = 1,2, be geq channels, and P € P;(X®) be input probability
distributions. For any a € (0,+00) and z € (0, +o0],

Xa.s (W(l) ewW®, Pl g P<2>) (I11.29)
< 1) (2) 1) 1) .
< dnb o 3T PU@)PP (@)D (WO @) @ WO (@)ler @) (11130)

1€XD), 2,€X(2)
= Xo: (W“),P“)) + Xos (W@), P(2>) : (IIL.31)

by definition, i.e., xa,. is subadditive. In particular, for fixed W : X — S(H) and P € Ps(X),
the sequence m — xq,,(W®™, P®™) is subadditive, and hence

lim ixa (W™ pE™Y — inf *Xa (W™ pEmy < Xa,z(W, P).

m—+400 M, meN m
In fact,

1
EXOéyz(W@mv P®m) S on,z(VV; P) (11132)

for all m € N.
As it turns out, we also have the stronger property of additivity, at least for («, z) pairs for
which the optimal o can be characterized by the fixed point equation (II1.25).
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Theorem IT1.20 (Additivity of the weighted Rényi radius) Let wm o x® & S(HW) and
W® . x@ & S(HP) be geq channels, and PY) e Pr(XW), i = 1,2, be input distributions.
Assume, moreover, that a and z satisfy the conditions of Theorem III.14. Then

Xa: (WD @ W, PO g PO =y, (WD, PO) 4 x . (WD, PO (IIL.33)

Proof Let o; be a minimizer of (IT1.20) for (W®, P(®"). By Theorem III.14, this means that
@W(i)wp(i)yDayz(O'i) = o;. It is easy to see that

Py gwe, pogp@ . p, . (01 ®02) = Pya) pay p, (1) @ L) pe) p,  (02) =01 @ 02

Hence, again by Proposition I11.14, oy ® 5 is a minimizer of (IT1.20) for (WM W @), P g (),
This proves the assertion. O

Corollary III.21 For any gcq channel W : X — B(H)4, any P € Py(X), and any pair («, z)
satisfying the conditions in Theorem III.14, we have

Xa,z(W®m7 P®m) = mXa,Z(W P)7 m € N.

We will need the following special case for the application to classical-quantum channel coding
in the next section:

Corollary II1.22 For any gcg channel W : X — B(H)y, any P € Psp(X), and any o €
(1/2,400],

o (W™ PE™) = my* (W, P), m € N.

Remark II1.23 As far as we are aware, the idea of proving the additivity of an information
quantity by characterizing some optimizer state as the fixed point of a non-linear operator on the
state space appeared first in [29]. We comment on this in more detail in Appendiz A 2.

IV. STRONG CONVERSE EXPONENT WITH CONSTANT COMPOSITION

Let W : X — S(H) be a classical-quantum channel. A code C,, for n uses of the channel is a
pair C,, = (€n,Dy), where &, : [M,,] = X", D, : [M,] — B(H®"),, where |C,| := M,, € N is
the size of the code, and D,, is a POVM, i.e., Zf\i’i D, (i) = I. The average success probability
of a code C, is

[Cnl
P (WO C,) = |% S Tr WE(E, (1)) Do ().

| m=1

A sequence of codes C,, = (€, D), n € N, is called a sequence of constant composition codes
with asymptotic composition P € Py(X) if there exists a sequence of types P, € P,(X), n € N,
such that lim, 1 [|[P, — P|l; = 0, and &,(k) € AP for all k € {1,...,[Cy[}, n € N. (See
Section II for the notation and basic facts concerning types.) For any rate R > 0, the strong
converse exponents of W with composition constraint P are defined as

1 1

sc(W, R, P) := inf {lim inf —— log P,(W®",C,) : liminf ~ log|C,| > R} , (IV.34)
n—-+oo n n—+oo N
1 1

s¢(W, R, P) := inf {lim sup —— log P,(W®™,C,,) : liminf — log |C,| > R} , (IV.35)
n—+oo N n—+oo n

where the infima are taken over code sequences of constant composition P.
Our main result is the following:
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Theorem IV.1 For any classical-quantum channel W, and finitely supported probability distri-
bution P on the input of W, and any rate R,

a—1

sc(W, R, P) = 5(W, R, P) = sup

a>1

[R— x4o(W, P)]. (IV.36)

We will prove the equality in (IV.36) as two separate inequalities in Propositions IV.3 and
IV.5. Before starting with that, we point out the following complementary result by Dalai and
Winter [19]:

Remark IV.2 Similarly to the strong converse exponents, one can define the direct exponents
as

1 1
d(W, R, P) := sup {liminf ——log(1 — P,(W®™.C,)) : liminf — log|C,,| > R} ,

n—-+o0o n n——+oo N

d(W, R, P) := sup {limsup ! log(1 — Po(W®™ C,)) : liminf 1 log |Cp| > R} ,
n

n—+o0o n—+oo 1

where the suprema are taken over code sequences of constant composition P. The following,
so-called sphere packing bound has been shown in [19]:

d(W,R,P) < sup a1

[R = Xa(W, P)]. (IV.37)
0<a<l

Note that the right-hand sides of (IV.36) and (IV.37) are very similar to each other, except that
the range of optimization is « > 1 in the former and « € (0,1) in the latter, and the weighted
Rényi radit corresponding to the sandwiched Rényi divergences appear in the former, and to the
Petz-type Rényi divergences in the latter. Also, while (IV.36) holds for any R > 0 (and is non-
trivial for R > x1(W, P)), it is known that (IV.37) holds as an equality only for high enough
rates (and is non-trivial for R < x1 (W, P)) for classical channels, and it is a long-standing open
problem if the same equality is true for classical-quantum channels.

The following lower bound follows by a standard argument, due to Nagaoka [46], as was also
observed, e.g., in [14]. For readers’ convenience, we write out the details in Appendix B.

Proposition IV.3 For any R > 0,
a—1

sup [R = xo(W, P)] < s¢(W, R, P).

a>1

Our aim in the rest is to show that the second term is upper bounded by the rightmost term
in (IV.36). We will follow the approach of [44], which in turn was inspired by [21]. We start with
the following:

Proposition IV.4 For any R > 0,

se (W, R, P) < sup a1 [R (W, P)} . (IV.38)
Proof We will show that
Sc(W, R, P) < min{Fy(W, R, P), Fs(W, R, P)}, (IV.39)
where
ROVRP)= il DV[WP),
F(W.R P)i= | int _ [DVIWIP)+ R=x(V.P).

Here, the infima are over channels V : X' — S(H) satisfying the indicated properties. It was
shown in [44, Theorem 5.12] that the RHS of (IV.39) is the same as the RHS of (IV.38).
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We first show that s¢(W, R, P) < F;(W, R, P). To this end, let r > F;(W, R, P); then, by
definition, there exists a channel V : X — S(H) such that

D(V|W|P) <r and x(V,P) > R.

Due to x(V,P) > R, Corollary C.3 yields the existence of a sequence of constant com-
position codes C, with composition P,, n € N, such that supp P, C suppP for all n,

lim,, 40 || P — PJ|; = 0, the rate is lower bounded as % log|Cy| > R,n € N, and lim,,_, o, Ps(V®™,C,) =
1. Note that for any message k,

Tr (VE(En(K)) — " WE (E,(K))) , = Tr (VE(En(K)) — " WE™ (€, (K))) D (k),
and hence

T W (€, (k) Do (k) = e [T VE (£, (k) Do (k) = T (VI (Ea () — e W (Ea(R)) |

This in turn yields, by averaging over k, that

Cnl

Py(WE",Cp) > e | Po(VE",C) — ﬁ ZTr (V®n(‘€"(k)) - emW®n(5n(k)))+
" k=1

- {P (VO C) = T (VO ™) — e e (o)) ] ,
+

where (") is any sequence in X" with type P,. Since D(V|[W|P) < r, Corollary D.2 yields that
lim,, 4o T (V®" (z()) — erryen (g(”)))+ = 0, and so finally

1
liminf — log Ps(W®™,C,) > —r, whence §¢(W,R,P)<r.

n——+oo N

Since this holds for any r > Fy (W, R, P), we get s¢(W, R, P) < Fy (W, R, P).

From this, one can prove that also s¢(W, R, P) < F»(W, R, P), the same way as it was done
in [44, Lemma 5.11] (which in turn followed the proof in [21, Lemma 2]); one only has to make
sure that the extension of the code can be done in a way that it remains constant composition
with composition P, but that is easy to verify. O

From the above result, we can obtain the desired upper bound.

Proposition IV.5 For any R > 0,

a—1

sc(W, R, P) < sup

a>1

(R~ x4 (W. P)]. (IV.40)
Proof We employ the asymptotic pinching technique from [44]. Let W,, : X™ — S(H®™) be
defined as

Wm(&) =Fm W®m(£)’

where F,, is the pinching by the universal symmetric state oy, ,, introduced in Section II.
Employing Proposition IV.4 with W + W,,,, R+ Rm and P — P®™ we get that for any R > 0,

there exists a sequence of codes C,gm) = (Slgm), D,im)) with constant composition P,gm) € Prp(X™),
k €N, such that }1og|C{™| = mR for all k, limp, oo | P = PP =0, and

a—1

1 m
limsup—E log PS(I/V}%]“,C,(f ')) < sup
k—+oo a>1 &

[mR —Xo (Wi, P®m)] .

For every k € N, define Ci,, := (Slgm),}'m D,(Cm)), which can be considered a code for W®*™
with the natural identifications (X™)F = xX*™ and (H®™)®F = H®*™  For a general n € N,
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choose k € N such that km < n < (k+ 1)m, and for every i = 1,..., |C,(€m)\7 define &, (i) to be
Erm (1) concatenated with n — km copies of some fixed z¢ € supp P, independent of i and n, and

let Dy (i) := Dy (i) @ I%)(n_km). Then it is easy to see that

1
liminf — log |C,| > R,

n—+oo N

and

1 -1 1
lim sup - log P,(W®",Cy) < sup — [R - =X (Wm,P®m)} : (IV.41)

—Xa
n—+o00 a>1 « m

We need to show that the above sequence of codes is of constant composition P. Let x =
(zq,...,11) € (X™)* = X*™ be a codeword for C,(Cm)7 and let P{™ and Py denote the corre-
sponding types when x is considered as an element of (X™)* and of X*™, respectively. For any
a€ X,

Pa)= 1 3 #lixi=ab #l: m=ah= Y P@Pa) = Y B @)Pao)

TEAX™ TEX™ TEAX™

only depends on x through its type P,((m) = P,gm), which is independent of x. Thus, the type
of Exm (i) is independent of 4, i.e., Cy,y is a constant composition code for every k € N. For a
general n € N with km <n < (k + 1)m, we have

km n—km .
Pgn(i) (a) = 7P5km(i)(a) + 6117900T’ (S {1’ K |Cn| = Ickm|}7

and hence C,, is also of constant composition.
Next, we show that lim, i« [P, — P|; = 0, where P, is the type of C,,. For km < n <
(k + 1)m, we have

Y [Pu(a) = P(a)| < ) |Pula) = Pun(a)l + Y [Pun(a) = P(a)],
aeX acX acX
and
k k k
3 |Pu(a) — Pimla) = Y <1 - m) Pim(a) + (1 - m) =92 (1 - m) =0
n n n
a€X acX
as k — 4o00. For the second term, we get

> |Pin(@) = P@) = > | - A (@)Pela) = Y P"(2)Pula)

a€EX a€EX |[zEAX™ TEX™
< 3 M@ - P S Puta) = R - P
TEX™ a€eX

where in the first identity we used Lemma E.1, and the last expression goes to 0 as k — 400 by
assumption.

Since we have established that the codes used in (IV.41) are of constant composition P, we
get that for any m € N,

-1 1
Se(W, R, P) < sup °— L [R - Lo, P®m>] . (Iv.42)

a>1 «

According to [44, Lemma 4.10], X2, (W,,,, P®™) > x%(W®™ P®™) — 3log v,, 4, and hence

-1 1 log v,
56(W, R, P) < sup — {R - —xa(wen, P®m)] +3-280md (IV.43)
a>1 « m
-1 1 1
< sup & [R — inf —y& (W™, P®m)} + 328 md (IV.44)
a>1 « meNm
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for every m € N, from which

a—1 1
sc(W,R,P) <s R — inf —x*(W®™m, p®m)| . 1V.45
sc(W, R, P) < sup — nf — Xl , PET) (Iv.45)
Finally, Corollary II1.22 yields the desired bound (IV.40). O

As it has been shown in [44], the strong converse exponent of a c¢q channel W with uncon-
strained coding is given by

-1
so(W, R) = sc(W, R) = Se(W, R) = sup “— [R = x3(W)]
a>1
for any R > 0, where x3 (W) = suppep, (x) Xa(W, P), and sc(W, R) and sc(W, R) are defined
analogously to (IV.34)—(IV.35) by dropping the constant composition constraint. It is natural
to ask whether this optimal value can be achieved, or at least arbitrarily well approximated, by
constant composition codes, i.e., whether we have

inf  se(W, R, P) = sc(W, R). (IV.46)
PG'Pf(X)

In view of Theorem IV.1, this is equivalent to whether
a—1 a—1

inf sup [R— x5 (W,P)] =sup inf
PEPf(X)a>1 « a>1 PEPf(X) «

[R—xo (W, P)]. (IV.47)

By introducing the new variable u := 2=1 and f(P,u) := ux*, (W, P), (IV.47) can be rewritten
1—u
as
inf sup {uR — f(P,u)} = su inf {uR— f(P,u)}. 1vV.48
Pep.f(X)U<uIil{ (P} 0<u21 PGPf(X){ fBu) ( )
One can extend f to [0,1] by f(0) := 0 and f(1) := lim,_~ f(u) = x% o (W, P), where the latter
is the P-weighted max-relative entropy [20, 51] radius of P. It is not difficult to see (similarly
to [44, Lemma 5.13]) that (IV.48) is equivalent to
inf sup {uR — f(P,u)} = su inf {uR— f(P,u)}. V.49
Pepf(X)OguI;l{ f(Pu)} oguI;lPGPf(X){ f(Pu)} (Iv.49)
It is clear that f is a concave function of P, hence the above minimiax equality follows from
Lemma IL3 if f(P,.) is convex on [0, 1] for every P € P¢(X). This turns out to be highly non-
trivial, and has been proved very recently in [15] using interpolation techniques. The identity
(IV.48) has also been stated in [15], although only as a formal identity, as the operational

interpretation of sup,~; 2% [R — X% (W, P)], (i.e., Theorem IV.1), and hence the equivalence of
(IV.48) and (IV.46), had not yet been known then.

The convexity of f(P,.) also plays an important role in establishing the weighted sandwiched
Rényi divergence radii as generalized cutoff rates in the sense of Csiszar [16]. Following [16], for
a fixed k > 0, we define the generalized r-cutoff rate C(W, P) for a cq channel W and input
distribution P as the smallest number Ry satisfying

s¢(W,R,P) > k(R—Ry), R>0. (IV.50)

The following extends the analogous result for classical channels in [16] to classical-quantum
channels, and gives a direct operational interpretation of the weighted sandwiched Rényi diver-
gence radius of a cq channel as a generalized cutoff rate.

Proposition IV.6 For any x € (0,1),
Cu(W.P) = x's_(W.P),
or equivalently, for any o > 1,

Xa(W, P) = Cazs (W, P).
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Proof By Theorem IV.1, we have

sc(R,W,P) = sup {uR—f(Ru)}>nR—f<P,m>=n(R—if(P,@), ke (0,1),

O0<u<1

where the inequality is trivial. Since f(P,.) is convex according to [15], its left and right
derivatives at &, 0~ f(P,.)(x) and 8% f(P,.)(x), exist. Obviously, for any 9~ f(P,.)(k) < R <
ot f(P,.)(k),

sup {uR = f(Pa)) = kR~ f(P) = (R~ () )

O<u<1

showing that L f(P, k) = x*, (W, P) is the minimal Ry for which (IV.50) holds for all R > 0. O
11—k

Appendix A: Further properties of divergence radii
1. General divergences

Here we consider, among others, the connection between the divergence radius and the
weighted divergence radius for a general divergence A. The following is a common generalization
and simplification of several results of the same kind for various Rényi divergences [36, 43, 44, 60].

Proposition A.1 Assume that A is conver and lower semi-continuous in its second argument.
Then

sup Ra,p(S) =Ra(S5) (A1)
PEP;(S)

for any S C B(H)+.
Proof We have

RA(S)= inf supA(g|lc) = inf sup P(o) Ao||o
s(5) = uf, sy Aalo) = i s 3P0 Alel)

= sup inf P(o)A(g|lo) = sup Ra p(9).
PeP;($) 7€SH) 725 PEPs(S)

The first equality above is by definition, and the second one is trivial. The third one follows from
Lemma I1.3 by noting that > ¢ P(0) A(ol|o) is convex and lower semi-continuous in o on the
compact set S(H), and it is trivially concave (in fact, affine) on the convex set P;(S). The last
equality is again by definition. O

When A is non-negative on supp P for some P € P;(B(#)) in the sense that A(g|o) > 0 for
all p € supp P and o € S(H), it is possible to define a continuous approximation between the A-
radius and the P-weighted A-radius as follows. Define for every 3 € [1, +00] the (P, 8)-weighted
divergence radius of a set S C B(H)4 as

1/8
B
Raps(S):= inf [AC0)]p = inf (Coes P@Alo)?) ™, Belltoo) (4
P, ocES(H) ) c€S(H) SngesuppPA(Q”U), ﬂ:JrOO.

Just like before, a o € S(H) is called a (P, B)-weighted A-centre if it attains the infimum in
(A.2). Again, Ra pg(S) is in fact independent of S, and hence we will often drop it from the
notation.

Note that Ra,p1 = Ra,p, and when S is finite and supp P = S then Ra p+o0(S) = Ra(S).
In general, though, we need a further optimization to recover Ra from Ra p 4. According to
well-known properties of the S-norms,

Ra pp, < Ra,pp, when B1 < B2, and Ra pg,” Rap+cc as B +00 (A.3)
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for any P € Py(B(H)+). Moreover, it is clear from the definitions that

sup Rapg < RA(S) (A4)
PEPf(S)

for any S C B(H)4+ and 8 € [1,4+00]. Under the conditions of Proposition A.1, the above holds
as an equality:

Proposition A.2 Assume that A is non-negative on some S C B(H)y, and convex and lower
semi-continuous in its second argument. Then

sup  Ra,ps(S) = Ra(S) (A.5)
PEPf(S)

for any B € [1, +o0].

Proof Due to (A.4) and the monotonicity (A.3), it is enough to prove the assertion for g = 1,
which has already been established in Proposition A.1. O

In the rest of the section we explore some properties of the divergence radius Ra. We will
denote the set of A-centers of S by Ca(S).

Lemma A.3 The A-radius satisfies the following simple properties.
(i) The A-radius is a monotone function of S, i.e., if S C S’ then RA(S) < Ra(S').
(i) If S C 5" and RA(S) = Ra(S") then Ca(S") C Ca(S).

(iti) If A is quasi-convex in its first argument then RA(S) = Ra(conv(S)) and Ca(S) =
Ca(conv(S)).

(iv) If A is lower semi-continuous in its first argument then Ra(S) = Ra(S) and Ca(S) =

Ca(S).

Proof The monotonicity in (i) is obvious.
Assume that the conditions of (ii) hold, and that o is a A-centre for S” (if Ca(S) = 0 then
the assertion holds trivially). Then

RA(S) < sup A(gflo) < sup A(gl|o) = Ra(S') = Ra(S),
€S €S’

from which sup,cg A(ol|o) = Ra(S), i.e., 0 is a A-centre of 5.

As a consequence of (i) and (ii), in (iii) we only have to prove that Ra(S) > Ra(conv(S)) and
CA(S) C Ca(conv(S)), and analogously in (iv), with S in place of conv(S).

Assume that A is quasi-convex in its first argument. For any ¢’ € conv(S), there exists a
finitely supported probability distribution P, € Ps(S) such that ¢’ =" 0es Py (0)o, and hence
A(d'llo) < max,esupp p, Alollo) < sup,es Aello) for any o € S(H). Taking the supremum in
o' € conv(S) and then the infimum in 0 € S(H) yields Ra(conv(S)) < Ra(S). If 0 € Ca(S5)
then

Ra(conv(S)) < sup  A(d]lo) < sup sup  A(p|lo) = sup A(p|lo) = Ra(S)
o’ €conv(S) o' €conv(S) g€supp P,/ €S

= Ra(conv(9)),

from which Ra(conv(S)) = sup, coonv(s) Ald'[|0), 1., 0 € CA(CSIIV(S)).
Assume now that A is L.s.c. in its first argument, and let ¢’ € S. Then there exists a sequence
(0n)nen € S converging to ¢, and hence, by lower semi-continuity,

A0 |lo) < liminf A(p,||o) < sup A(o||o), o€ S(H). (A.6)
n—-+oo 0ES
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Taking the supremum in ¢’ € S and then the infimum in o € S(H) yields Ra(S) < Ra(9). If
o € Ca(S) then

RA(S) < sup A(¢[lo) < sup A(ello) = Ra(S) = Ra(S),
o'eS €S

where the second inequality is due to (A.6). This yields that Ra(S) = sup 5 A(¢'[|0), Le.,

O’ECA(S). O

Corollary A.4 If A is quasi-convex and lower semi-continuous in its first argument then
RA(S) = Ra(conv(9)) and Ca(S) = Ca(conv(9)).
for any S.

As a consequence, when studying the divergence radius for a divergence with the above prop-
erties, we can often restrict our investigation to closed convex sets without loss of generality.

Proposition A.5 Assume that A satisfies (A.1) for any S C B(H)4. Then Ra is continuous
on monotone increasing nets of subsets of B(H)+, i.e., if S C P(B(H)+) (all the subsets of
B(H)+ ) such that for all S, 5" € S there exists an S” € S with SUS" C S” then

RA(US) = sup Ra(S). (A7)
Ses
In particular, for any S C B(H)+,
RA(S) =sup{Ra(S"): S’ C S, S finite}. (A.8)

Proof It is clear from the monotonicity stated in Lemma A.3 that

RA(US) > sup Ra(S),
Ses

and hence we only have to prove the converse inequality. To this end, let

¢ < RA(US) = sup RAJD(US),
PePg(US)

where the equality holds by assumption. Then there exists a P € Py(US) for which ¢ <
Ra p(US), and there exists an S € S such that supp P C S, and hence Ra p(US) = Ra p(S).
From this we get (A.7), and (A.8) follows immediately. O

Remark A.6 Theorem 3.5 in [48] states A.1 for the relative entropy. However, in their proof
they use (A.8) without any explanation. In the proof above we assumed that A.1 holds, so the
question arises whether the proof in [48] can be made complete in some other way.

2. Generalized mutual information

For a general divergence A and a gcq channel W : X — B(H)y, we may define the A-mutual
information between the classical input and the quantum output of the channel for a fixed input
distribution P € Py(X) as

Ia(W,P):= inf AW(P)|P&o) (A.9)

The mutual information and the weighted divergence radius are different quantities in general
(as we see below). However, they are equal if the divergence satisfies some simple properties:

Lemma A.7 Assume that A is block additive and homogeneous. Then
IA(W,P) = xa(W, P)

for any geq channel W and input distribution P.
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Proof We have

IAN(W,P) = aeig(fﬂ) A(W(P)||P® o)

inf A Ple W (x H Plx
s (5 romomal G

zeX

(P(z) |z) (2| © W(2)[|P(2) |2) (x| © o)

I
Q
M.
=
;ﬁ)—h
T M

l>

= XA(Wa P)a

where the first two equalities are by definition, the third follows by block additivity, the fourth
by homogeneity, the fifth by isometric invariance (see the beginning of Section IITA), and the
last one is again by definition. O

In particular, all @, . are block additive and homogenous, and hence we have

Corollary A.8 For any («, z), any gcg channel W and input distribution P € P;(X), we have
I@Q7Z(W7 P) = X@a’z (VV7 P)

Note that the relative entropy D = D1 is also block additive and homogeneous, and hence the
corresponding mutual information and weighted D-radius coincide for any input distribution P:

x1(W, P) = (W, P). (A.10)

Moreover, the relative entropy is even more special, as for any cq channel W, the P-weighted
D-center coincides with the minimizer in (A.9), and can be explicitly given as W (P). Indeed,
for any state o € S(H), we have the simple identities (attributed to Donald)

D(W(P)|IP®o) =Y P(z)D(W(z)|o) = (P)llo) + Y P(z)D(W ()| W (P))

TEX reX
= D(W(P)||lo) + D (W(P)|P @ W(P)),

and the assertion follows from the strict positivity of the relative entropy on pairs of states. (Note
that for this it is necessary that all the W (z) are normalized on supp P.) x1(W, P) = I, (W, P)
is called the Holevo quantity of the ensemble {W(z), P(z)}sesupp p i the quantum information
theory literature.

It is easy to see that D, . is not block additive if & # 1, and in general the D, . mutual
information I, .(W, P) := Ip, (W, P) and the weighted D, . divergence radius xa,.(W, P) are
different quantities. However, they can be related by a simple inequality, as

. 1
fa,z(mp)zaelg(fma gQaz<ZP ) |2) (2] @ W (a HZP ) |z) x®a> (A.11)

rzeX

~.dH 1 P)Qa.:( g A12

0cES(H) v — gg; Q )” ) ( )

1
< inf P ] i .
= ,es(m) (x)a —1°8 Qa.z(W()lo) (if « € (0,1))
reX

= inf P(z)D, .(W(x)|o

sd8hu 2 PP Des (W (2)lo)

= Xa,z(VVv P)7
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where the second equality follows as in the proof of Lemma A.7, and the inequality is due to
the concavity of the logarithm. Obviously, the inequality holds in the opposite direction when
a> 1.

The above inequality is in general strict. As an example, consider a noiseless channel as in
Example I11.17 with a non-uniform input distribution P. Then we have

T (W, P) € Den(W(P)[P & W(P)) = ——log 3" P()Qu~(W(@)|W(P))
reEX
= i 7 log Z P(z)P(z)' ™ < Z P(x)a i 7 log P(x)' ™
TEX zEX

= H(P) = Xa,:(W, P),

where the first inequality is by definition, the strict inequality follows from the strict concavity
of the logarithm, and the last equality is due to Example II1.17.

While the mutual information I, ., for D, . differs from the weighted channel radius x,, . for
D, ., it is a simple function of the weighted channel radius for @, . (and thus, by Corollary
A8, also of the mutual information for @), .); indeed, moving the infimum over o behind the
logarithm in (A.11) and (A.12), respectively, yields

1
I,.(W,P)= po—] log s(a)Iaa‘z(I/V, P)= o

Moreover, the difference between I, ., and D, , vanishes after optimizing over the input distri-
bution:

log S(O‘)Xéa,z (W, P), (A.13)

Corollary A.9 If (o, z) are such that D, . is convex in its second argument then

sup on,z(W7 P) =Rp,, . (ran W)a (A14)
PePy(X) ’
and if (o, z) are such that @ayz is convex in its second argument and o # 1 then
sup I, (W,P)=Rp,  (ranW) (A.15)
PEPs(X) ’

for any geq channel W : X — S(H).

Proof The identity in (A.14) is immediate from Proposition A.1. The identity in (A.15) follows
as

1
. sup I, (W, P)= p— log s(a) sup Xq.. . (W, P)
EP(X) PeP(X)

1
= log s(a)R@mz (ran W)

T logs@) it sup QL (W(@)]o)

1
— inf 1 0%
20 5 0B V@)

= inf sup D,.(W(z)|lo
dnf sup D (W(z)]o)

= Rp,, . (ran W)

where the first equality is due to (A.13), the second one is due to Proposition A.1, and the rest
are obvious. O

Remark A.10 The above proof method is due to Csiszdr [16], and extends various prior results
for different quantum Rényi divergences and ranges of parameters («, z) in [36, 43, 44, 60]. The
special case

sup x1(W,P)=Rp(ranW) = sup IL(W,P)
PEPs(X) PEP;(X)

was proved by different methods in [48, 54, 57].
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Remark A.11 Mutual information quantifies the amount of correlation in a bipartite state by
measuring its distance from the set of uncorrelated states. Following this general idea, one may
give two alternative definitions of mutual information between the input and the output of a gcq
channel W for a fized input distribution P using a general divergence A: the A-“distance” of
W(P) from the product of its marginals P @ W (P):

2
I{ (W, P) == A (W(P)|P & W(P)),
or the A-“distance” of W(P) from the set of uncorrelated states:

IVw, p) = inf A (W(P .
A (W, P) ves ™ s (W(P)||w® o)

Both of these options seem more natural than the curiously asymmetric optimization in (A.9),
and one might wonder why it is nevertheless the capacity x5 (W) := suppep, (1) I (W, P) cor-
responding to the version (A.9) (for the sandwiched Rényi divergence) that seems to obtain an
operational significance in channel coding, according to [16, 44].

There seems to be at least two different resolutions of this question: First, as the more detailed
analysis of constant composition channel coding shows (according to [16] and our Corollary IV.6),
it is in fact not the mutual information, but the weighted divergence radius that obtains a natural
operational interpretation in channel coding; the mutual information only enters the picture
because its optimized version over all input distributions “happens to” coincide with the optimized
version of the divergence radius. In this context it would be interesting to know if any of the trivial
inequalities

sup I(Al)(W,P)g sup IA(W,P) < sup I(AQ)(W,P)
PEPs(X) PEP(X) PEPs(X)

holds as an equality for general W and P (at least for A = D}, with o > 1).

Second, according to (A.13), the mutual information for Rényi divergences is simply a function
of another weighted divergence radius, corresponding to the Q quantities rather than the Rényi
divergences, and the optimization over o is simply the optimization over the candidates for the
weighted divergences centers, which is very natural, and in this context the problem of asymmetry
does not even makes sense.

The same arguments as in Sections III C and IIID yield the following statements, and hence
we omit their proofs.

Lemma A.12 Let o be a P-weighted @a,z center for W.
(1) If (o, z) is such that Q. , is quasi-convex in its second argument then o® < W (P)°.
(2) Ifa>1orac(0,1) and 1 —a < z < +oo then W(P)? < o°.

Let us define FQ to be the set of («, z) values such that for any gcq channel W and any input

probability distribution P, any P-weighted @, , center o for W satisfies 0® = W(P)°. Then
Lemmas II1.5, IT1.7, and A.12 yield

o,z

I'g2{(a,2): @€ (0,1),1—a<z+ootU{(a,2): a>1, z>max{e/2,a}}.

Proposition A.13 Assume that (o, z) € I'm are such that Q. , is convez in its second variable.

Then o is a P-weighted Q,, . center for W if and only if it is a fived point of the map

1 1o a l-a\Z
g, (@) == Y Pa) (FF W)= ), (A.16)
reX

o € Sw.p(H)++, where T is the normalization factor

7= ) P(@)Qa:(W(x)|lo).

rzeX
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Remark A.14 Note that the fized point equations in (A.16) and (111.25) look very similar, except
that the normalization of sigma is obtained “globally” in the former, and for each x individually
in the latter.

Proposition A.15 (Additivity of the D, . mutual information) Let W) : x(1) — S(HW) and
W@ . x® - S(HP) be geq channels, and PY € Pr(X™), i = 1,2, be input distributions.
Assume, moreover, that a and z satisfy the conditions of Proposition A.13. Then

Xq.. . (W(l) ewW® plg p(2)) = XGu.. (W(1)7p(1)) ‘Xa, | (W(Q),P(Q)) 7 (A.17)

Io.. (W<1> oW®, pl) g P<2>) — 1. (W<1>, P<1>) Iy (W<2>, P<2>) . (AI8)

Remark A.16 In [29], a generalized notion of mutual information was studied, where the bi-
partite state need not be classical-quantum, and the first marginal of the second argument is fized
but not necessarily equal to the first marginal of the first argument. For sandwiched Rényi di-
vergences a characterization of the optimal state in terms of a fized point equation, as well as
the additivity of the generalized mutual information was obtained. Our approach is essentially
the same as that of [29], and Propositions A.18 and A.15 are special cases of the results of [29]
when z = «.

Remark A.17 As we have mentioned above, the relative entropy (o = 1) is special in that for cq
channels the minimizer for the mutual information can be explicitly determined (as W(P)), and
hence also the mutal information can be given by an explicit formula. The only other known family
of quantum Rényi divergences with these properties are the Petz-type Rényi divergences (corre-
sponding to z = 1). Indeed, it is easy to verify that in this case we have the classical-quantum
Sibson identity [36, Lemma 2.2] Do 1(W(P)||[P®0) = Da1(04,1]l0) + =25 log(Trw(a))®, where

1/
w(a) = <Z P(ac)W(as)o‘> , o and 01 = w(a)/ Trw(a).

As a consequence, 04,1 is the unique P-weighted Q,, ; center, and

[

1/
Xg, ,(W.P) =" P(@)Qu,(W(2)|oa1) = s(a)(Trw())* = s(a) | Tr (Z P(ff)W(ff)“>

zeX

3. PSD divergence center and radius

Note that while we defined the divergence radius and center for an arbitrary non-empty subset
S of B(H)+, in the definition of the center we restricted to density operators, i.e., PSD operators
with trace 1. This is a natural choice when the set S consists of density operators itself, and,
even more importantly, it leads to operationally relevant information measures as our main result,
Theorem IV.1 shows.

Moreover, restricting the set of possible divergence centers to density operators may be op-
erationally motivated even when the elements of the set S are not normalized to have trace 1.
Indeed, the optimal success probability of discriminating quantum states o1, ..., 0, with prior
probabilities pq,...,p, can be expressed as

P =exp (RD;O({plé)h e ,PrQr})) )

where D}, = limy 400 D} = limy 400 Do, is the max-relative entropy [20, 45, 51]. This
follows by simply rewriting the optimal success probability P := maX{Z;l p; Tr o; M;
(M;)i_, POVM} using the duality of linear programming, as was done in [61] (see also [37]).

In this section we consider the alternative approach where the divergence center is allowed
to be a general PSD operator. This is largely motivated by recent investigations in matrix
analysis regarding various concepts of multi-variate geometric matrix means, in particular, by
the approach of [11]. We comment on this in more detail at the end of the section.
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For a general divergence A, we define the P-weighted PSD A-radius as

R = f P(o
A,p(S) a'eg(l?-[)+ Z A(ollo),

and we call any o B H), that attains the above infimum a P-weighted PSD A-center. For
a geq channel W : X — B(H)4 and P € Py(X) we define P-weighted PSD A-radius of W as
before:

Xa(W, P) := RA7POW—1 (ran V).

Any PSD minimizer in the definition of RA, pow—1(ran W) will be called a P-weighted PSD
A-center for the channel W.

It is easy to see that these quantities are meaningless for the Rényi divergences considered
before, as we always have

~ —o00, «a€(0,1),
Bonr(®) = Rgp9={, 050V

due to the scaling laws
Do (0lIA0) = Da:(ollo) =log A, Qa.(elAo) = A"Q, . (ell0), A€ (0,+00).

Hence, in order to make sense of the PSD divergence radius, it seems necessary to modify the
notion of Rényi divergence for PSD operators.

We consider two such options, motivated by Proposition A.23 in Section A 4. One is a simple
rescaling of D,, ., defined as

Quolelle)
(Tro)*(Tro)t—«

~ 1 e}
D, .(¢||o) := - log . log Qa,z(0llo) — — 1 logTr o+ log Tro

— Do —log Tro+log Tro = D, |
, oglrpo—+loglro (Trg Tra)

The limit o — 1 yields

Dulelo) i= ity Dosio () = Dalilo) + o Tr o~ togTra = 0 (2| )

for any function a — z(a) that is continuously differentiable in a neighbourhood of 1, on which
z(a) # 0 [41]. Obviously, Dy ,(9|l0) = Da,.(0|lo) for any pair of states g,o. Note that D, , is
a projective divergence, i.e., Dy, »(Aol|o) = Dq (0| \d) = Dq . (0||o) for any g,0 € B(H)4+ and
A € (0,400). As an immediate consequence, we have

Rp, . p(S)=Rp,.p ZP )log Tr o,

i.e., we essentially recover the previously considered concept of the D, .-radius, apart from an
uninteresting term. Obviously, if o is a PSD D, ,-center then so is Ao for all A € (0,400).

Moreover, the normalized PSD lA)a,z—centers can be characterized by the fixed point equation in
Theorem II1.14 for the («, z) pairs for which Theorem III.14 holds.

The other option we consider is a modification of the Tsallis quantum Rényi divergences, or
Tsallis relative entropies, defined as

Ta(ello) =

lia (aTro+ (1 —a)Tro — Qq,-(0]|0)) .

We will call these quantities Tsallis («, z)-divergences. The limit o« — 1 yields

Tl(Q”U) = i1—>m1 Ta,z((x) (Q”U) = D(QHJ) —Tr o+ Tr ag,

for any function o — z(«) that is continuously differentiable in a neighbourhood of 1, on which

z(a) # 0 [41].
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Remark A.18 The usual way to define the quantum Tsallis relative entropy is

T (ollr) = 1 (Tro— Quaollo)).

Note that T, coincides with T, 1 on pairs of density operators but, unlike T, 1, T}, is not positive
on pairs of PSD operators for any («, z). Moreover, the PSD divergence radius problem is trivial
for these quantities, as

~ —00, a € (0,1),
R (S) =
.. (5) {liazgw@, o1

We consider the PSD divergence center for Ty . in the gcq channel formalism, for easier
comparison with Theorem III.14 and Proposition A.13.

Proposition A.19 (i) For any a € (0,+00) \ {1} and z € (0, +o0),

T, (W.P) = 12 [T (P) - (st w.p) . (A.19)

—

(i) If o is a P-weighted PSD T .-center for W then Tro = ) P(x)Qa,.(W(x)||o), and
o =o0/Tro is a P-weighted @mz—center for W.

(iii) If & € S(H) is a P-weighted Q, ,-center for W then

1/c
0= (Z P Qa z )HU)> a

is a P-weighted PSD T, .-center for W.

(iv) If (o, z) satisfy the conditions of Proposition A.13 then o is a P-weighted PSD T, ,-center
for W if and only if it is a solution of the fixed point equation

o= P@) (¢ F W )%alzl“)z. (A.20)

zeX

Proof We have
Xr..W,P)= _inf " P(a)Ts.(W(z)|o)

cEB(H)+ .

— Tr W(P)+ inf

Tro — ﬁ Zp(x)Qa,z(W(x)|J)]

1-— cEB(H)+
- . . R Y _
=g TW(P)+_inf inf lA — ZP ) Q= (W )IIU)] :

Differentiating w.r.t. A yields that the optimal A is

1/«
(ZP )Qa,-(W )IJ)) ZP )Qa,=(W(z)|0), (A.21)

with o := Ao. Writing it back to the previous equation, we get

1/«
«
X P)=—-"T" P f P(x o
W 0 P) = P mw(P) + i 2 <Z Q- >||o>> ,

which is exactly (A.19). This proves (i), and (ii) and (iii) are clear from the above argument.
Finally, (iv) is immediate from the above and Proposition A.13. d
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Remark A.20 Note that (i)—(iii) of Proposition A.19 hold true for any pair of divergences T
and Q% related as

Ti(ello) =

1
T, (@Tre+ (1 —a)Tro - Qi(ello)),
provided that Q% 1is a non-negative divergence that satisfies the scaling property Q% (o|| o) =
X*71Q4 (ol|lo), and that there exists a o € B(H)+ such that QL(W(x)|lo) < +oo for all x €
supp P.

The above Proposition extends Theorem 8 in [12], where the fixed point characterization (A.20)
was obtained in the case z = a = 1/2, by a somewhat different proof than above. The existence
of a solution of the fixed point equation (A.20) was studied in [1, Theorem 6.1] for the case
z = a =1/2, and their proof extends without alteration for more general («, z) pairs as below.

Proposition A.21 Let o € (0,1). If there exist positive numbers \,n, such that W(x) €
A,nI] .= {A € B(H)y : M < A < nl} for all x € supp P then the fized point equation
(A.20) has a solution, which is also in [N, nI].

Proof It is easy to see that the map on the RHS of (A.20) maps the compact convex set [AI,nI]
into itself, and hence, by Brouwer’s fixed point theorem, it has a fixed point. O

Remark A.22 The case of the Petz-type Tsallis divergences (z = 1) is again special in that
the weighted PSD T, 1 center and radius can be given explicitly. Indeed, by Remark A.17 and
Proposition A.19, the unique T, 1 center is given by

1/« 1/«
6a71=(ZP(aa)Qa,l(W(x)wa,l)) Tfio(‘i)=w<a>=<ZP<x>w<x>a> ,

and

Xt, . (W, P) =

o —

1/«
TrW(P) - Tr (Z P(ar)W(x)“>

Let us now explain how the above considerations are related to recent research in matrix
analysis. First, we recall that if p1,...0, are points in a metric space (M,d), and (p;)i_; is a
probability distribution then the p-weighted Fréchet variance is infocpr >, pid?(0;,0), and if o
attains this infimum then it is called a p-weighted Fréchet mean of g1, ... 0. These are analogous
to our notions of weighted divergence radius and center. Note, however, that we only defined
divergences on PSD operators, which is more restrictive than the setting of the Fréchet means,
while it is also more general in the sense that a divergence does not need to be the square
of a metric. (Although some properties of the relative entropy are reminiscent to those of a
squared Euclidean distance.) In particular, if f is an injective continuous function on an interval
M C R, then d(z,y) := |f(z) — f(y)] is a metric on M, and a straightforward computation shows
that for any g1,...,0, € M, and any probability distribution (p;)I_,, there is a unique Fréchet
mean, which is exactly the generalized f-mean f~* (>°!_, p;f(0:)), and the Fréchet variance is
> pif(0)? = (X, pif ()™

Of particular importance to us are the cases M := (0,400), f(¢) := t*, which yields the
Qa-power mean (Zipigf‘)l/a, and f(t) :=logt on the same set, which yields the geometric mean
[L; 0f". These special cases are closely related to each other, as the geometric mean can be
recovered from the a-power mean in the limit o 0,

1/«
li 0% = pi
by (£r) -1l
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while the a-power mean is the unique solution of the fixed point equation
0= Zpiga(Qi”U)v (A.22)
i

where G, (0i|l0) := 0fo; ~® is the a-geometric mean of g; and o.
There are various ways to extend the a-geometric mean to operators, and these are closely

related to different definitions of Rényi divergences. Indeed, for every («, z), the quantity

l1—a o 1-a\*
Go . (0l|0) == (a = 020 E )

is well-defined if o € (0,1), or @ > 1 and ¢° < 0¥, and it reduces to the a-geometric mean
for scalars for every z > 0. This is related to the (o, z)-Rényi divergences via Qq. .(0llo) =
Tr G, . (0|lo). The fixed point equation (A.20) is an exact analogy of (A.22), and hence we may
call the solution of (A.20) the P-weighted («, z)-power mean of (W(z)).cx, and denote it as
Po.»(W, P), provided that it exists and is unique. (From here we switch to the geq channel
formalism for better comparison with the preceding part of the paper, but this is equivalent
to considering subsets of PSD operators and probability distributions on them.) That is, the
P-weighted (o, z)-power mean is nothing but the P-weighted T, .-center for W (or, in other
terminology, the PoW ~l-weighted T, .-center of ran W). In general, there is no explicit formula
for it; the case z = 1, discussed in Remark A.22, is an exception, and the resulting formula is
probably the most straightforward extension of the a-power mean from numbers to operators.
Following the ideas of [40], a family of multivariate geometric means for operators may be defined
as G(W, P) := lima\ 0 Ga, (o) (W, P), where z(a) is some well-behaved funcion of a. It is an
interesting question if this limit always exists, how it depends on the choice of z(«), and how it
relates to other notions of multivariate geometric means.

Probably the most studied notion of a-geometric mean for a pair of operators is the Kubo-Ando
geometric mean [38]

G (gllo) == o/? (0—1/2@7—1/2)“01/2,

introduced by Kubo and Ando for « € [0,1]. This is also a special instance of a mazimal f-
divergence [32, 42] (with a minus sign for « € (0,1)), and can be extended to a > 1. It gives rise
to the mazimal Rényi divergence [56] D2** and the maximal Tsallis divergence T** via

1

max 1 max
D2 (gl = —— log Q™ (el

1
I3 (ello) = = (aTre+ (1 - a) Tro — Q™ (ell0)),

where QW**(g||o) := Tr G'**(p||o) for positive definite ¢ and o, and it is extended to general PSD
operators via the smoothing procedure in (II1.17). (In fact, T2** is also a maximal f-divergence,
corresponding to the convex function f(t) = 2= (at + (1 — a) — t), which is operator convex

if and only if € [0,2].) The positive version of D™** can be defined again as D™ (g||) =

Dmax (T% | TYL) Lim and Palfia [40] showed that when all W (z) are positive definite, the fixed
0 o

point equation

o= P@)Gy™(W(z)|o)
has a unique solution, which we will call the maz a-power mean and denote it as P2*(W, P).

Moreover,

lim P2*(W, P) = Gx (W, P),
a0

where the latter is the Karcher mean, which, in our terminology, is nothing else but the Po W ~1-
weighted PSD (D?,)2-center of ran W, i.e.,

Gr (W, P) = argming ), ) Pa)(D5(W(2)]0))*.
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By Remark A.20, (i)—(iii) of Proposition A.19 hold true for the pair T** and Q2**. However, it
has been shown in [50] that (iv) of Proposition A.19 is no longer true in this case. More precisely,
an example is shown in [50] for W and P for which the max 1/2 power mean does not coincide

with the P-weighted Tl‘?gx—center for W.

4. Positive Rényi divergences

In this section we establish the non-negativity of ZA)QVZ and Ty, ., for all @ € (0,+00) \ {1} and
z € (0, 400].

Proposition A.23 For every o,0 € B(H)4, and every z € (0,+00], we have

Qa2 (0llo)
Qa,-(0ll0)

or equivivalently, D 2(ollo) >0 and Ty, .(0l|o) > 0 for all aw € (0,400) \ {1} and z € (0, +o0].

(Tro)*(Tro)' ™ <aTro+ (1 —a)Tro, a € (0,1), (A.23)

<
> (Tro)*(Tro)' ™ > aTro+ (1 —a)Tro, a>1, (A.24)

Proof Note that the bounds are independent of z; in particular, it is enough to prove them
for all finite z, and the case z = 400 follows by taking the limit z — 4o00. Note also that the
second inequalities in (A.23)—(A.24) follow by the trivial identity x%y*~* = y(z/y)®, and lower
bounding the convex function ¢ — s(a)t* on [0,400) by its tangent line at 1.

To prove the first inequalities, we may assume w.l.o.g. that ¢ and o are positive definite, due
o (IT1.17). Assume first that ¢ and o are both diagonal in the same orthonormal basis with
diagonal elements r1,...,rs and s1,..., sy, respectively, where d := dim H. Concavity of ¢ — ¢t
for v € (0,1) yields

d « d «
Tr o) Si Ty Si T - a l-a
o (S 3) =hms () oS

i=1 i=1

which is exactly the first inequality in (A.23). When « > 1, the inequality in (A.25) is in the
opposite direction, which yields the first inequality in (A.24).
For the general case, we follow the approach at the beginning of Section 3 in [7]. Let s1(X) >
. > $4(X) denote the decreasingly ordered singular values of an operator X. By the Gelfand-
Naimark majorization theorem (see, e.g. [30, Theorem 4.3.4]), we have

k k k
TLs (7% ) sars, <l (%) < I (o) s (%)
j=1 i=1 i=1

forevery 1 <k <dand 1<1i; <...<i; <d. Taking it to the power 2z yields

k k k

—a a o 1-a a)* —a a
[Ts (@' sarii, (0% < [T (%05 0%) ) <[] si0)' s (e)"
j=1

=1 i=1

Using that weak log-majorization implies weak majorization (see, e.g. [30, Proposition 4.1.6]),
we obtain

k k
o a \*? —
Z 54, (o) Sd+1-i, (0)° Z 5 (( =0 = Q2z> ) < Z si (0)' % s (0)"
j=1 i=1

=1

for every 1 < k < d. Taking now k = d, we see that the middle sum is equal to Qn. ,(g|l0), the
@ -«
rightmost sum can be upper bounded by (Z?Zl sz(g)) (Zle si(a)) = (Tro)* (Tro)' ™

when « € (0, 1), by the same argument as in (A.25), and similarly, the leftmost sum can be lower
bounded by (Tr 0)* (Tro)'™* when o > 1. O
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Remark A.24 The first inequalities in (A.23)—(A.24) for (a,z) € Ko U K4 U K5 U K7 are
immediate from the monotonicity under taking the trace of both ¢ and o, according to Lemma
1I1.5.

We can also establish strict positivity of ﬁa_’z and Ty, ., except for the region
Ky: 0<a<l,z<min{e,1-—a}.

In the proof we also give an alternative proof for the first inequalities in (A.23)—(A.24) when
(o, 2) ¢ K.

Proposition A.25 The second inequalities in (A.23)—(A.24) hold as equalities if and only if
Tro="Tro. If (a,2) € ((0,400) x (0,+00]) \ Ko then the second inequalities in (A.23)—(A.24)
hold as equalities if and only if o/ Tro =0/ Tro.

Proof The assertion about the second inequalities is trivial from the strict convexity of ¢ —
s(a)t™ when a € (0,400) \ {1}. Hence, for the rest we analyze the first inequalities.

It has been pointed out, e.g., in [41, Proposition 1], that the Araki-Lieb-Thirring inequality
[4, 39] implies the monotonicity

2
~—
!
IA
—

o l-a o 2
T (9222 g =2 9222) = Qa,zz(QHU)a z2 < 21
(A.26)

o  l-a o
Qaca(ello) = Tr (0% 075" o7

Hence, for a@ > 1 we have

~ ~ 0 o
:Daz >Da oo :Da 00 H >07
e (155l ) = Do) > Bueotelo) = Dio (s |70 ) 2

with equality if and only if o/ Tr o = o/ Tr o, according to [44, Proposition 3.22]. This is exactly
the second inequality in (A.24) with the equality condition. If o € (0,1/2] and z > « then

- > Daa 7H7 > 07
<TrgHTra> az(ell7) 2 Da.alello) = Da, (Trg Tra) -

with equality if and only if o/ Tr ¢ = o/ Tr o, according to [9, Theorem 5] (see also [44, Proposition
3.22]). If @« € [1/2,1) and z > 1 — « then

~

2|25 B 5 2]
32 (TI'Q TI'O') 13472(‘9”0-) - 0471*04(‘9”0-) a,l—a TI'Q TrO'

a
o () 2
11—« ’ (Trg Tro

with equality if and only if o/ Tr o = o/ Tr o, by the same argument as above. O

Corollary A.26 Let p,0 € B(H)+ and o € (0,4+00), z € (0,+00]. Then

Da,z(0l|0) > log Tr o — log Tr o, (A.27)
Da-(0ll0) > 0, (A.28)
Ta=(ello) = 0. (A.29)

If, moreover, (o, z) ¢ Ko then equality holds in (A.27) or (A.28) if and only if o = Ao for some
A € (0,+00), and equality holds in (A.29) if and only if o = 0.

Proof Immediate from Proposition A.25. (]
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5. Further properties of the Rényi divergence radii

Lemma A.27 For any 0 € S(H)1+ and any a € (0,400) \ {1}, z € (0,+00), the map
z +— Dg.(W(x)|lo) is bounded on X for any gc channel W, and hence the map P
Y wex P(@) Do .(W(x)|lo) is continuous on Py(X) in the variational norm.

Proof We prove the case o > 1; the case a € (0,1) follows the same way with all inequalities
reversed. If 0 € S(H)4+ then o > Apin(0)I, and hence o < )\min(a)lfTaI. Using the
monotonicity of A +— Tr A% on B(H)4 for z > 0, we get

1 o —a o \?
Do o (W(@)]j0) < —— log Tr (W () Amin(0) = IW (2)% )
1
= —log Amin(0) + T log Tr W(z)® < —log Amin(0),
o —
proving the boundedness, and the assertion on continuity is immediate from this. U

Corollary A.28 The map P — x5 (W, P) is concave and upper semi-continuous on Py(X) in
the wvariational norm. In particular, if P € Pg(X) and P, € Ps(X), n € N, are such that
limy, o0 || Pn — Pl|; = 0 then

limsup v (W, P,) < x4(W, P). (A.30)

n—-+o0o
Proof A combination or (III.21) and Lemma A.27 shows that x}, as the infimum of continuous
affine functions, is upper semi-continuous and concave. Upper semi-continuity imples (A.30). O
Appendix B: Proof of Proposition IV.3

Proof of Proposition IV.3: Define the classical-quantum states

ICn| Cnl
1 1

Rui= g SR © W ER), 8= SRk @0,
M g=1 " k=1

and the POVM element

[Cn|
k=1

where (|k><k|)‘,f:1| is a set of orthogonal rank 1 projections in some Hilbert space, and o € S(H)
is an arbitrary state. Then we have

ICnl
1
Tr R, T, = W Z’I‘I‘W@n(‘gn(k))pn(k) = PS(W®n,Cn),
k=1

ICn |
1 1
Tr SnTn = W E ’I‘I‘O‘®7LDn(k/’) = ﬁ.
nl 1 n
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For any o € S(H®") such that W&(&,(k))° < o0 for all k, and for all a > 1, we get

11—«
Po(WE",Co)® <|cl|> (Y R T (T SuTo) ™" < @ (RullSi)

o

n

i * ®n o_®n
cl Qa (W™ (En(k)) o)

“7
—_— =

n

H ||0 nP”(a:)
k ex
= exp (n(a -1 Z Pn(x)D:;(W(x)Ho)) )

reX

1
Co]

where the inequality is due to the monotonicity of the sandwiched Rényi divergence for o > 1.
Note that the inequality between the first and the last expressions above holds trivially when
wen (&, (k))? £ o for some k. From this we get

o —

%logPs(W(@n’Cn) < — ! [111 log|Crn| — Z Pn(x)DZ(W(x)HU)] (B.1)

zeX

for any o € S(H) and o > 1. Hence, if L1log|Cy,| > R for some n then

1 -1
. IOgPs(W®nacn) < - sup =
n

a>1

(R = xa (W, Py)]. (B.2)

Assuming instead that liminf, , ;. Llog|C,| > R, taking first the limit n — +oc in (B.1)
for a fixed o € S(H)1+, using Lemma A.27, then taking the infimum over o, and finally the
infimum over a > 1, we get

1
lim sup ~ log Py(WE, Cp) < —sup “—L [R — x*.(W, P)], (B.3)

n—+oco N a>1

which is what we wanted to prove.

Remark B.1 Note that (B.2) is valid for every n for which +log|C,| > R, and hence it gives a
stronger statement then the asymptotic version (B.3).

Remark B.2 We can also arrive at (B.3) by taking (B.2) without the supremum over «, taking
the limit n — +o00 and using Corollary A.28, and then taking the infimum over a > 1.

Appendix C: Random coding exponent with constant composition

Below we give a slightly different proof of the constant composition random coding bound first
proved in [14]. We start with the following random coding bound, given in [26, 28, 47].

Lemma C.1 Let W : X — S(H) be a classical-quantum channel, n € N, R > 0, M,
[e"], and Q, € Pp(X™). For every x = (zy,...,z5,) € (X™)Mn, there exists a code Cy x =
(Enxs Dnx) for W™ such that &, x(k) =z}, k € [M,], and

Eqen Pe(W < ) Q) WO (2){W®(z) — " WE(Qn) < 0}
rexn
+ ™Y Qu() T WO (Qu){W®" (z) — " WE™(Qn) > 0}
rexn"
< enf(1—a) Z Qn TrW@n( )OLW®H(Q’”)17&. (Cl)
rexn"

In particular, there exists an x € supp Q, such that P.(W®™,C, x) is upper bounded by the RHS
of (C.1).
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From this, we can obtain the following;:

Proposition C.2 Let W : X — S(H) be a classical-quantum channel, and let R > 0. For every
n € N, and every type P, € P,(X), there exists a code C,, of constant composition P, with rate
Llog|Cu| = R such that

LIOEP(VE.C) < = sup (a = 1) [R= Y PL@)Da(W@IW(E) + |supp Py 25

0<a<l TEX

(C.2)

Proof Let X, := X5 C X" be the set of sequences with type P,. Choosing Q, := ﬁlxn in
Lemma C.1, we get the existence of codes C,, with constant composition P,, such that

PE(W®n,Cn) < enR(l_a)T‘I“W(Xm(g)aW@"(Qn)l_a

for any z € X,,, where we used that W®"(Q,,) = ﬁ D yex, W (y) is permutation-invariant.

Now we use the well-known facts that |Xp | > (n+1)~! supp PulgnH(Pu) _and that for any y € Xp |
PEn(y) = e HPn) | (see (I1.8) and (IL9)), to obtain that

W®n Qn — n+1)\supan\ean(Pn) Z W®n(g)

yEXn YEXn

= (n+ 1)/l YT PR )W (y)
YEXn

< (n+1)\supan\ Z Pg@n(y)wéan(y)
g€X7L

= (n+ 1)\ supp Pn‘W(Pn)®”.

Using that ¢ — t1=% is operator monotone on R for a € [0, 1], we get that
Pe(W®n, Cn) < (?’L + 1)(1—a)| supp Pn\enR(l—a) Tr W®n(£)a (W(Pn)®n)1—a )

From this (C.2) follows by simple algebra. O

Corollary C.3 Let W : X — S(H) be a classical-quantum channel, let R > 0, and P € P§(X).
There exists a sequence of codes (Cp)nen, where all C,, are of constant composition with some
P, € P,(X) and supp P,, C supp P, lim,,, 1 o || P, — P|; =0, and every C,, has rate %log ICpn| >
R, such that

1
limsup — log P.(W®™,C,) < — sup (a—1) Z P(x ()||W(P))| . (C.3)

n
n—+00 0<a<1 reX

If, moreover, R < >___, P(x)D(W (x)||W (P)) then P.,(W®" C,) goes to zero exponentially fast.

TeX
Proof For any given P we can find an approximating sequence P,, € P, (X’) such that supp P,, C
supp P for all n € N, and lim,,_, ;. ||P, — P|; = 0. Applying Proposition C.2 to this sequence,
the assertion follows. O

A variant of Corollary C.3 was given by Csiszér and Korner in [18, Theorem 10.2] for classical
channels, where the RHS is

-1
— sup [R — xo(W, P)].
0<a<l «
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Note that 2= gives a strictly better prefactor, while xo (W, P) < > 1 P(z)Do(W (z)|W (P)).
However, the Csiszar-Korner bound is optimal for high enough rates, and hence it would be
desirable to obtain an exact analogue of it for classical-quantum channels.

Constant composition exponents were obtained also for classical-quantum channels before; for
instance, the following was stated in [27]: Let X be a finite set, H be a finite-dimensional Hilbert
space, let P be a probability mass function on X', and R > 0. Then there exists a sequence of
codes (Cp)nen such that

1
lim —logl|C,| = R,
n

n—-+oo

and for any classical-quantum channel W : X — S(H),

1 -1
lim inf —— log P.(W®",C,)) > sup a
n—-+4o0o n 0<a<l1 —

(R — L(W, P)]. (C.4)
While this is not sufficiently detailed in [27], the codes above can indeed be chosen to be of
constant composition.

Note that the bound in (C.4) is not as strong as the classical universal random coding exponent
given by Csiszar and Korner, as 0 < o < 2 — « for all @ < 1, and x(W,p) > I,(W, p), with the
inequality being strict in general.

Appendix D: Evaluation of the information spectrum quantity

For every n € N, let H,, be a finite-dimensional Hilbert space, and let o,,, 0, € S(Hy,). Let

limsup,,_, o +log Tr oo L™, a € (0,1],
Y(a) = q . 1 172 =% 1/9\¢
limsup,, , ;, ;- log Tr (gn on® On ) , a€(1l,+00).

The following statement is a central observation in the information spectrum method, and its
proof follows by standard arguments. We include a complete proof for the readers’ convenience.

Lemma D.1 In the above setting,

. for all T € R, if (1) <0,
m Tr(o, — ¢"o,)s = 1 D.1
o Tr(en — €™ om)y {for r< 8 y(1), ify(l) = 0. (D-1)
If 0% < &% for all large enough n, then ¥(1) =0, and
lim Tr(o, — €™ 0n)y =0  forall r>0T(1). (D.2)

n—-+oo
Proof Let S, := {0, — "0, > 0} be the Neyman-Pearson test with parameter r. Then
0< Tr(Qn - enro,n)+ =Tr QnSn,r —e"Tr O'nSn,T =1- an(Sn,r) - enrﬁn(sn,r)7

with o, (Spr) == Tr 0 (I — Sp») and By, (Sy.r) := Tr 0,5y, being the type I and the type IT error
probabilities corresponding to the test S, ., respectively. In particular,

0<e" TropSnr < Tt 0nShr (D.3)
By Audenaert’s inequality [5, Theorem 1],
en(r) == an(Sn,r) + emﬂn(snn') = Tron(I — Snn') + e Tr OnSnr < enr(1=a) Ty QZU};O‘

for all o € [0, 1], and hence

lim sup 1 logen(r) < — sup (o —D{r —¢(a)/(a—1)}. (D.4)

n—+oo T 0<a<l



36

Since lim, 1 ¥(a) /(e — 1) = 0~ ¢(1) if ¥(1) = 0, and +oo otherwise, we obtain that e, (r) — 0
as n — +oo for any r € R when 9(1) < 0 and for » < 97 ¢(1) when (1) = 0. Using
that max{a, (Sn,r), €" Bn(Sn.r)} < en(r), we see that in these cases, also €™ 3,(S,,) — 0 and
1 — ap(Sn,r) — 1, and therefore Tr(g, — €™ oy,)+ — 1. This proves (D.1).

Next, we prove (D.2). By the monotonicity of the sandwiched Rényi divergences, we have, for
every 0 < T, < I, and every a > 1,

T (0 %0n™ 0}/?)" > (Tr0,1,)" (Tro T,)
and therefore
1
limsup — log Tr 9,7, < inf a- {hm sup — log Tr o, T, —|— (@) } . (D.5)
n—+4oo N a>l  « n—+oo N -1

Now, let T;, := S, , with some r. Then, by (D.4), we have

1
limsup — log Tro,,T,, < — sup {ar —¢¥(a)} < —r.
n—+oo T 0<a<l

Hence, if r > 074 (1), then the RHS of (D.5) is negative, and thus Tr 9,5, — 0 as n — +oc.
Using (D.3), we get that also ¢"” Tr 0, S, » — 0, and hence Tr(g, —e™" 0, )+ — 0, as required. OJ

Corollary D.2 For everyn € N, let P, be an n-type and (™ € X" be of type P,. Assume that
(Py)nen converges to some P € Py(X) and Upensupp Py, is finite. If V(2)° < W(z)° for all
x € supp P, and all n large enough, then

im n x(n) — e n x(n) _ 17 r < ZzeX P(I)D(V(I)HW(I)),
i T (V) - e ) = {o, >3 P@)D(V (@)W ().

Proof We use Lemma D.1 with g, := V®"(z(™), ¢, := W®™(z(™),. Then we have

1
n(@) = = log Tr gflo) Po(x)log Tr V (z) W (z)'
Yn(a) = ~logTreroy w;{ )log Tr V()W (z) ™™,

for a € (0,1], and

]_ l-a 11—«
U (@) == - log Tr (g}ﬂana gi/2> Z P, (z)log Tr (V(x)1/2W(x) a

zeX

(@)2)",
for o > 1. Hence, () = limy,,—, 4 o0 ¥ () exists as a limit, and

{Zmex P(x)log Tr V(z)“W (z)t~<, a € (0,1],

vla) = > wex P(x)log Tr (V(x)l/zw(w) Ea V($)1/2>a , a>1

By assumption, (1) = 0, and

=) Pl hm Do(V(2)[W(z)) = > P(x )| W (),

reX reX
ote(l) =Y Pla hm Di(V(2)|[W(z)) = > P(x )| W (x).
rEX reX
Hence, the assertion follows immediately from Lemma D.1. O

Appendix E: A type lemma

The following simple lemma is probably well known; however, we are not aware of a reference,
so we give a proof for readers’ convenience.
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Lemma E.1 For any P € P¢(X), and any m € N,
> P ()P, = P.
TEAX™

Proof Note that if z; ¢ supp P for some z € X™ and i € [m] then P®"(z) = 0, and hence the

LHS above is equal to 3 ¢ cupp pym P®™(z)P,. For any a € X, we have

Y Pr@r@=Y1 Y P
k=0

z€(supp P)™ z?(sur)p l?mk
#{i:x;=a}=

S Erar() X P

k=1 z€&(supp P)" "
Vi:z;#a

o /m—1 _
S (N LOD NG

k=1
_ — (m—1 k=11 _ m—k
=r@ 3 (7)) p@ o P
= P(a).
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