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Introduction

The one-dimensional Morse oscillator is a useful model in the physics of non-
linear oscillations. By its help one can describe a number of real physical
problems in an analytic manner. Perhaps the best known application of the
Morse potential is in atomic and molecular physics. In the pioneering paper
[1] P. M. Morse pointed out that the inter-atomic interaction in a non-rotating
diatomic molecule can be satisfactorily approximated by his potential-energy
function — called as Morse potential since then — allowing to treat the problem
analytically. It was also shown that the influence of rotation on vibration
can be taken into account by suitably adjusting the parameters of the Morse
potential [2]. The Morse oscillator model was also used to study the interaction
of atoms and molecules with solid surfaces [3).

Since the 1970’s, when the possibility of dissociating molecules by multi-
photon absorption processes [4] using infrared lasers was discovered, the Morse
oscillator has been attracting some renewed interest. Focusing on the excita-
tion and dissociation of diatomic molecules induced by infrared lasers, several
authors have been studying the problem of the Morse oscillator coupled to an
external classical electromagnetic field in the dipole approximation [5, 6, 7).
In the Bohr-Oppenheimer approximation for infrared exciting fields, when the
electron transitions can be neglected, this driven Morse oscillator serves ade-
quate description for diatomic molecules. If one wishes to deal also with elec-
tron transitions, one has to consider several vibronic potentials corresponding
to the different electronic levels. It should be mentioned here that the local
mode concept employing also the Morse oscillator has been used extensively
in the study of overtone vibrational spectra of polyatomic molecules [8].

It has been recently shown that the anharmonicity of the Morse oscillator
naturally leads to an interesting collapse-revival phenomenon in the vibronic
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dynamics of diatomic molecules [9]. In [10] similar character in the time evo-
lution of the populations of two electronic levels subject to resonant laser
excitation was pointed out due to the quantization of molecular vibration.

The object of this work is to give a detailed mathematical analysis of the
Morse oscillator and to present the underlying algebraic structures relevant
to the model. Moreover, on the basis of these algebraic results we propose a
new approach for the study of the infrared absorption processes in diatomic
molecules. Our method allows one to proceed analytically much further, than
it was possible earlier.

The outline of the present work is the following. In Chapter 1 we give
a short overview of supersymmetric quantum mechanics (SUSY QM). This
method, that is similar to the ladder operator treatment of the harmonic oscil-
lator, provides an elegant and useful algebraic tool to find the bound states of
Hamiltonians corresponding to the class of the one-dimensional shape invari-
ant potentials including the Morse potential, as well [11]-[18]. This method is
the starting point of our algebraic ladder operator technique throughout this
work.

In Chapter 2 we start the analysis of the quantum mechanics of the Morse
oscillator. Using the method of supersymmetric quantum mechanics, we red-
erive the bound states and the corresponding wave functions of the Morse
oscillator. For the sake of completeness we also solve the second order or-
dinary differential equation corresponding to the eigenvalue equation of the
Hamiltonian in the traditional way and write down the scattering states of the
Morse oscillator, as well. Until that point we present earlier results which are
necessary for further study of the problem.

In Section 2.3 we begin to present our own results. In order to avoid the
problem caused by the incompleteness of the Morse bound states we introduce
a new class of complete orthonormal bases, each of them allowing one to give
the full quantum mechanical description of the system. In Section 2.4 using
the SUSY ladder operators we give the algebraic construction of the Morse
coherent states [19]. This construction is similar to the one given by Glauber
and Klauder for the coherent states of the harmonic oscillator [20, 21].

In Chapter 3 we prove that the Morse coherent states are strongly con-
nected to the affine group of the real line and some of its extensions. They
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are generated by the affine group from the ground states, being itself coherent,
and in addition they minimize the strong uncertainty relation associated to
the affine algebra generators [22). We also show how one can describe certain
quantum states of the Morse oscillator in phase space [22] by the help of a
quasi-probability density function (affine Wigner function).

In Chapter 4 we apply these mathematical results to a real physical sit-
uation of a diatomic molecule. We consider the problem of the dynamics of
infrared absorption processes for the NO (nitrogen-oxide) molecule. First we
determine analytically the matrix elements of a realistic dipole moment opera-
tor in the basis of quasi-number states spanning not only the bound subspace
but the whole dissociated region, too. Then we transform the Schrédinger
equation into a set of coupled ordinary differential equations which can already
be solved by straightforward numerical methods [23]. We follow the dynamics
of photodissociation of the NO molecule and show that by using appropriate
chirped infrared laser pulses a significant dissociation can be achieved under
the ionization threshold of the molecule [24].






Chapter 1

Overview of Supersymmetric

Quantum Mechanics

The notion of supersymmetry (SUSY) was originally introduced in the context
of field theory in the early 1970’s [25, 26, 27]. The concept of SUSY predicts a
new symmetry of nature unifying the description of bosonic and fermionic types
of particles into the same algebraic structure. The corresponding infinitesimal
supersymmetry transformations constitute an extended version of a Lie algebra,
containing both commutators and anticommutators. These so-called graded
Lie algebras [28] have been successfully applied in particle physics and field
theory [29], and nowadays it is widely assumed that supersymmetry will be a
necessary ingredient in any unification approach of the electromagnetic, weak,
strong and gravitational interactions.

On the other hand, supersymmetry has been penetrating into other ar-
eas of mathematical physics. The model that is now called supersymmetric
quantum mechanics (SUSY QM) was introduced by Witten [30] in 1981 in
order to investigate the mechanism of the spontaneous breaking of SUSY non-
perturbatively. Soon after, it turned out that SUSY QM is interesting not
only for testing field theoretical methods but in its own right, as a method for
solving traditional quantum mechanical problems. With the additional con-
cept of shape invariance discovered by Gendenstein in 1983 [13], SUSY QM
gives a nice algebraic insight into why the eigenvalue problems connected to
a certain class of potentials are analytically solvable [11)-[18]. It should be
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mentioned here that similar ideas to those involved behind the SUSY property
and shape invariance were formulated earlier by Infeld and Hull in 1951 [31].
They developed their 'factorization method’ in order to treat the eigenvalue
problems of certain Hamiltonians corresponding to one-dimensional quantum
systems. In fact, the factorization method was first used by Schrodinger [32] to
solve the hydrogen atom problem analytically. Subsequently, Infeld and Hull
generalized this method for a wide class of potentials. It also turned out that
the factorization method as well as the methods of SUSY QM including the
concept of shape invariance are both reformulations [33] of Riccati’s idea of
using the equivalence between the solution of Riccati’s equation and a related
second order linear differential equation.!

In this chapter we give a brief overview of supersymmetric quantum me-
chanics. We show how the SUSY ladder operator factorization of Hamiltonian
can be used for solving one-dimensional quantum mechanical problems. We
also present the integrability condition of shape invariance. For further and
more detailed survey of SUSY QM we refer to the comprehensive review paper
of Cooper at el [11].

1.1 Factorization

Let us start with a Hamiltonian H(~) of the form:

HG) = P +V~(X), (1.1)
2m

where X denotes the coordinate variable and P is the momentum operator
obeying the usual canonical commutation relation [X, P] = iki. Let us assume
that there exists a single ground state ‘\Il((,_)>, i.e.: the Hamiltonian is bounded
from below, and the ground state energy E((,_) is known which — without loss

of generality — is set to be exactly zero:

HO) ‘wé") = E{) |x1:§,"> =0 (1.2)

1This method was supposedly used for the first time by the Bernoulli family and the
history is discussed in detail in Ref. [34].
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Because H(7) is a positive semi-definite self-adjoint operator, it can be
factorized as

H(_) = AtA, (13)

where the yet unknown operator A and its adjoint A are called as SUSY
annihilation and creation operators, respectively [11]. The terminology of an-
nihilation operator reflects the crucial fact that the operator A annihilates the
ground state:

A ‘w(‘,"> =0. (1.4)

This relation can be immediately seen by recognizing that the norm ||A |¥)],

that equals \/(Uo| H(-) |¥,), vanishes. Introducing the operator W (X), that

is generally referred to superpotential in SUSY QM, one tries to find the SUSY
ladder operators A and A' in the form [11]:

ih —ih

v2m v2m

respectively. Substituting these latter expressions into (1.3) one obtains the

A=

P+W(X) and Al= P+ W(X), (1.5)

following relationship between the potential V{~)(X) and the superpotential
W(X):
h

W2(X) — \/—TTHW'(X) = V)(X). (1.6)

By solving the differential equation? above, the superpotential W (X) can be
determined. The ground state wave function \Il((,_) (z) can be easily obtained
by solving the coordinate representation of (1.4), which is according to (1.5) a
first order differential equation:

(-)
\/rz%ang(z) = _W(X)(a). (17)

Apart from a multiplicative factor this latter equation has the following unique
solution:

§) (z) o e~ JE=WE), (1.8)

2This first order ordinary differential equation is the previously mentioned Riccati equa-
tion [33).
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One can see that the asymptotic behaviour of the superpotential determines
the normalizability of \Il((,_)(:z:). In the present case, when by assumption the
normalizable ground state does exist, the superpotential W (z) has to take on
positive (negative) values if z tends to the positive (negative) infinity. It is
important to note here that for a superpotential behaving asymptotically as
above, there is no such normalizable state which is annihilated by A!. This
latter state would be written in the form

Ui (7) o /=W, (1.9)

which can not be normalized if once \Il((,_)(z) is normalizable. In other words,
there is no Hilbert state element, other than the zero ket, which would be
annihilated by A and A at the same time [11].

The key object of SUSY QM is the supersymmetric partner Hamiltonian
H) defined by reversing of the order of the annihilation and creation operators
in H) [11):

P

2
—_— (+)
——+ VH(X). (1.10)

H® = AAt =

This new Hamiltonian H*) is strictly positive and corresponds to a new po-
tential V(+)(X) which differs according to (1.5) and (1.6) from the original one
as

+ — T2 B owiexy = vi- L
14 )(X)—W(X)+\/2_m_W(X)—V( )(X)+2\/%W(X). (1.11)

As we shall see below, the energy eigenvalues and the eigenstates of H(~) and
H) are related. It will turn out that the two spectra are identical except
for the ground state energy of H(-) [11]. First, the eigenvalue equation of
Hamiltonian H(-)

HO 20O = BO [90) (112)

implies for n > 0 that A

\I!S,,") is the eigenstate of H(t):

HWA|EO) = AHO |20 = EO A0, (1.13)
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For n = 0 the ground state is annihilated by A, hence A \Ilg_)> is only a trivial
zero vector eigenstate of H(*). Similarly, the eigenvalue equation for the SUSY

partner Hamiltonian H(*) written as

H® | wthy = B |wiH) (1.14)
implies that
HO) At I\Ilsz+)> = At |\Il,(1+)> — E’(z+)AT |\I’$z,+)> . (1.15)

Let us remember that the energy ESP is always positive and there is no non-
zero normalizable state annihilated by Af. These relations all together indicate
that the two spectra are identical except for the ground energy of H(-):

ES?'=0 ad EQ=EY,  (n>0), (1.16)

and the eigenstates are intertwined by the following relations:

1 -
|\I’$z+)> = \/ET-H.A \I’SH-)1> (n>0), (1.17)
- 1
x1:$,+)1> = mmqlgﬂy (1.18)

One can see that for n > 0 the operator A (A') not only converts an eigenfunc-
tion of H-) (H(*)) into H(H) (H(-)) with the same energy eigenvalues but also
decreases (increases) the value of the index n with 1. Since the ground state
of H() is annihilated by A, this has no SUSY partner. Thus, the picture we
obtained is that once knowing all the eigenvectors and eigenvalues of H(*) one
can reconstruct all the eigenvectors of H(~) except for the ground state using
the operator Af, and vice versa using A one can determine all the eigenvectors
of H™) from those of H(~). This is illustrated in Figure 1.1.

1.2 Superalgebra

As we have seen, except for the ground state of H(-) the energies of the partner
Hamiltonians are the same. This can be considered as a “degeneracy” in the
spectrum of the following matrix SUSY Hamiltonian built up by the partners
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Figure 1.1: The energy spectrum of the SUSY partner Hamiltonians.
[11]:

HO 0
el .

\I,(—)>
This Hamiltonian acts on the direct sum Hilbert space spanned by states [ I "
0

0
and [ o ‘, where n,m are positive integers or zeros. Let us introduce
m

the operator @) which is built up with the annihilation operator A as
00

Q=_A 0}, (1.20)
and its adjoint operator Q' which is given by

[0 At ]
|0 0
The operator Q and its adjoint Q' are called supercharges. These latter oper-
ators with the matrix Hamiltonian H of (1.19) span the sl(1/1) superalgebra

which closes under the following commutation and anti-commutation relations
[11, 35]:

Q= (1.21)

[H, Q] 0 and [HQY=0, (1.22)
{Q1 = H {Q@}=0 ad {Q.Q}=0 (123

10
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The fact that the supercharges Q and Q' commute with H is responsible
for the degeneracy. We note that often instead of Q and Q' one uses an
other but equivalent Hermitian version of supercharges: @, = %(Q +@*) and
Q= 5@Q- Q.

The eigenstates of the SUSY matrix Hamiltonian can be written as the
following two-dimensional column vectors:

|‘I’i—)>} A

o)

where ¢, and ¢/} are complex numbers satisfying the normalizability condition

|0) = forn >0, (1.24)

ca

lcz|? + |¢F|? = 1. The corresponding energy spectrum is exactly that of H(-)

including the eigenvalue ES) = 0, too. While the ground state energy is
non-degenerate, the excited energy eigenvalues are 2-fold degenerate.

A finite SUSY transformation has the form [36]
U(a) = €929, (1.25)

where the complex number o parameterizes the transformation. The action of
U(c) on the states |n) is

eVEBuc_ [gl)

— paQt-a*Q —
U@ == | 5

(1.26)

€ Ct+

First, one can immediately see that the ground state is left invariant by any
U(a). This is the consequence of that the ground state energy is zero and thus
the supercharges annihilate the ground state:

Qo) =@t|0)y =o. (1.27)

Since the ground state has the same symmetry as the Hamiltonian H does
(Ut(a)HU(c) = H), thus the supersymmetry is unbroken, or in other words,
complete [11].

Here we note briefly that sometimes there is no ground state destroyed by
either @ or @1, the ground state subspace gets 2-dimensional and the super-
symmetry is broken. The problem can be connected with a slightly different
form of SUSY factorization of H(-) to that used in (1.3):

HGO) = AtA ¢ (1.28)

11
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where the parameter £ < 0 is smaller than the ground state energy® E((,') =0.
One can realize that in this case no state is destroyed by either A or At corre-
sponding to this new factorization and the energy spectra of SUSY partners are
entirely identical including the ground state energies, as well. In consequence,

the ket —z=—A l\II((,—)> is the ground state |lIlf,+)> of Hamiltonian H(*), and

vice versa z—A! ‘\Il((,+)> is the ground state |\1:§,"> of Hamiltonian H(*).
The effect of the supersymmetry transformation U(a) on any arbitrary vector

_ e

0
wlt

|0) = of the now 2-dimensional eigensubspace corresponding to

ground state energy Ep = E((,') = Eé"') =0is

e o) eV =Eq |\I,(()—)

U() |0) = e*?'-2"@ = :
R X S P

(1.29)

Since € < 0, an arbitrary ket |0) of the ground state subspace is transformed
into another state in the same eigensubspace but as a vector it does not remain
invariant. Thus the supersymmetry gets spontaneously broken [11].

1.3 Shape invariance

Let us suppose that in addition to the coordinate X the potential V(-)(X) =
V(=)(X, a) depends also on a set of parameters a. We would like to emphasize
that the parameter set a consists of just real numbers and not operators. The
potential V(-)(X) is said to be shape invariant [13] if its partner has the same
functional dependence on the coordinate X as the original potential but with
a possibly altered parameter. More precisely, the potential V{~)(X;a) and its
partner V+)(X;a) are shape invariant if there exist the functions f(a) and
R(a) of the parameter set a so that the following identity is fulfilled [11)-[18]:

V(X;a) = VOUX; f(a) + R(f(a)) (1.30)

3Let us recognize that until now the factorization energy shift £ has been chosen to be
the ground state energy E((,") =0.

12
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This relation can be equivalently written in terms of the partner Hamiltonians
or the ladder operators:
HM®(a) = HY)(f(a))+ R(f(a)), (1.31)
A(a)Al(a) = A'(f(a))A(f(a)) + R(f(a)).
As it was pointed out by Gendenstein [13] the shape invariance property above

is an integrability condition, and enables one to solve the eigenvalue problems
of the partners. In order to see this, let us consider the eigenvalue equations

HO @) [¥0(a)) = ED(@)[¥7(a)), (1.32)
BW) [#9@) = EP(@) [#9(@). (1.33)
The obvious consequence of (1.30) is that
E{Y(a) = E{)(f(a) + R(f(a)). (1:34)
Combining this latter formula* with (1.16) leads to
ED@) =Y RF@)  (n>0) (1.35)
Further, from equations (1.17) and (1.18) one obtains (n > 0)
@) = ———AG @I @), (13)
@) = e )
¥(@) = ———Al(a) [¥(F(a)). (1.37)

Vv E'r(t.-—!-)l (a)

In summary, if one knows one of the eigenvectors and eigenvalues of a shape in-
variant potential V(-)(X, a) for arbitrary a, then the whole eigenvalue problem
(all eigenvalues and eigenstates) can be found. The eigenvectors correspond-
ing to neighboring eigenvalues are connected by the SUSY annihilation and
creation operators in a pleasant, algebraic manner similar to the well-known
ladder operator method of the harmonic oscillator. The list of the known
shape invariant potentials which can be treated in this way is rather large
containing all the commonly used ’textbook’ potentials: harmonic oscillator,
3-dimensional harmonic oscillator, Coulomb, Morse, Rosen-Morse, Eckart and
Péschl-Teller I and II potentials [13]-[18].

“Throughout the construction it has been supposed that the ground state energy of
H)(a) is ES7) (a) = 0 for any a.

13
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Chapter 2
Morse oscillator

The Morse or anharmonic oscillator is a frequently used model in physics,
especially in molecular physics {1, 37]. The Morse potential provides a sim-
plified but satisfactory potential curve for vibrations of a diatomic molecule.
While the harmonic oscillator is acceptable only for vibrations with small dis-
placements from the equilibrium, the Morse oscillator describes larger, non-
harmonic excitations and dissociation, as well. Figure 2.1 shows the inter-
atomic Morse potential-energy function for the NO (nitrogen-oxide) molecule:

V(z) = Dyle~2** — 2¢%7), (2.1)

where Dy = —6.5eV is the dissociation energy, and o = 1/3.61A is the range
of the interatomic potential [37].

In this chapter we present the mathematical apparatus which is needed to
treat the quantum problem of the anharmonic Morse oscillator in an algebraic
manner. First we consider the eigenvalue problem of the Morse Hamiltonian.
Applying the method of SUSY QM discussed in the previous chapter, one can
determine the bound states and the corresponding energies of the system. As
it is known, part of the spectrum lies in the continuum, and therefore the
Morse Hamiltonian cannot be diagonalized - in a strict sense — in the entire
Hilbert space of square integrable wave functions. The diagonalization can
be performed only by restricting the Hamiltonian to the finite dimensional
subspace which is spanned by the bound states. In other words the bound
states do not form a complete set of states in the Hilbert space. For a full
quantum description of the Morse oscillator we introduce a class of sets of

15
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Energy levels

3 4
Displacement from the equilibrium

Figure 2.1: The Morse potential and the vibration energy levels for NO molecule.
The energy and the position values are given in units 1eV and 1/a = 3.61A, respec-
tively.

normalizable states where each set provides a complete orthonormal basis in
the Hilbert space. These bases will be constructed by consecutive application
of SUSY creation operators to ground states of Morse potentials with different
shape parameters. The advantage of using these sets of states, to be called as
Morse-Laguerre bases, is that the Hamiltonian has a tridiagonal form in them.
In certain special cases the Hamiltonian can be further decomposed into two

tridiagonal blocks that simplifies a series of problems.

2.1 Bound states

The Hamiltonian of the Morse oscillator is given by [1, 38]

~ ~

2 2

o P . P 2 %

16
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The operators X and P have the commutator [)? ,ﬁ ] = th. It is worth to

introduce dimensionless operators. To that purpose, first let us start with the

notations:
2D,
= — 2.3
wo (4 m ( )
and the dimensionless number
= V2mDo _ 9 (2.4)

ah

The frequency wy is the so-called Morse frequency that is the circular frequency
of the harmonic oscillator which approximates the Morse potential for small
vibrations. The parameter s is by assumption a positive number connected
with the number of the bound (normalizable) energy eigenstates. As we shall
see, the number of normalizable bound states is [s]: the largest integer which
is smaller than s. Now let us define the dimensionless operators

1

X=aoX, Y=(@2s+1)e*X and P= Eﬁ' (2.5)
These satisfy the following commutation relations:
[X,Pl]=i¢ and [Y,P]=—iY. (2.6)

Throughout this work we prefer to use the exponentially scaled coordinate Y
operator rather than X. The reason for this is that the potential has a simple
quadratic form in P and Y. We introduce the dimensionless Hamiltonian
Hy(s):

2 1~ Y?
Ho(s) = ;:0 Bo= P+ — (s +1/2)Y. 2.7)

This Hamiltonian is not positive semi-definite. However, it is bounded from

below as one expects that from physical reasons (see Figure 2.1). In order
to apply the SUSY technique presented in the previous chapter we need to
identify the lowest energy eigenvalue and then to shift the energy scale so that
the ground state energy will be exactly zero. To that purpose, let us use the
following modified SUSY factorization with the energy shift parameter € as

Ho(s) = AY(s)A(s) +e, (2.8)

17
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The annihilation operator has the form
A(s)=iP+W(Y;s) (2.9)
with the superpotential W(Y’; s) which is the solution of the differential equa-
tion (1.6):
Y2
W2(Y;s)+YW'(Y;s) +e= 7" (s +1/2)Y. (2.10)

One can seek the solution in a linear functional form:
W(Y;s) =aY +bl, (2.11)

As the kernel of A should contain a normalizable state (see Section 1.1) the
superpotential has to take on definitely positive (negative) values if Y — 0
(Y — o0). This requirement restricts the range of the parameters a and b to
be negative real and positive real numbers, respectively. Substituting (2.11)
in (2.10) one obtains

2
(@®+a)Y?+2a(b+1)Y + b2 +e = Y _ (s +1/2)Y, (2.12)

4
which leads to the following equations for the parameters a, b and e:

(a®+a)=1/4, a(2b+1)=—(s+1/2) and b = —-. (2.13)

The solution fulfilling the requirements of the appropriate asymptotic behavior
of W(Y;s) is

a=-1/2, b=s and &=-s% (2.14)
With these values the superpotential and the ladder operators are written as

W(Y;s)=sI—Z A(s)=iP+sI—§ and A“(s)=—iP+sI—Z

2° 2’
(2.15)

respectively. For the Hamiltonian one obtains
Hy(s) = Af(s)A(s) — s (2.16)

18
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Using coordinate representation, it can be seen that the wave function ¥y(y; s)
corresponding to the vector |¥g(s)) annihilated by A is the solution of the
differential equation

—y@—oa(—yy—;é2 + W(y; 8)To(y; 8) = 0. (2.17)

Hence the normalized ground state can be found in the form:

Wo(y; 5) = y'e ¥/ (2-18)

I'(2s)

This wave function is normalizable for any s > 0. For s < 0 the potential
has no bound states. Because the superpotential W(Y; s) does not have any
singularity, the wave function ¥y(y; s) above has no zeros. This means that
|Wo(s)) must be the ground state of Hy(s) with the energy Ey(s) = —s?.

Now we are in the position to apply the results of Chapter 1 to the shifted
Hamiltonian Hy—s?> = H(-). It can be verified that the SUSY ladder operators
A and A' depending on the parameter s obey the shape invariance condition
(1.31):

A(s)A'(s) = AN(f(s))A(f(s)) + R(f(s)) (2.19)
with:
f(s)=s—1 and R(s)=2s+1, (2.20)

Then according to (1.35) and (1.37) the energy eigenvalues E,(s) are

En(s) = Eo(s)+ Z R(s — i) = —(n — 5), (2.21)

i=1

and the eigenvectors |¥,(s)) of Hy(s) can be written

[Unsa(s)) = [ea(s)]™/? Af(s — 1) [¥a(s — 1)), (2.22)
[n(s)) = [ea(s)] ™2 Als +1) [¥nsa(s +1)), (2.23)

where the normalization factor €, (s) is

€n(s) = VEn(s) — Ey(s) = /n(2s — n). (2.24)

19
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Using the relations above repeatedly, one obtains that the n-th bound state
can be generated from the ground state as:

(2s — 2n)!

mA\‘(s)...Af(s —n+1) |[To(s — n)). (2.25)

[¥n(s)) =
Starting from (2.18) in coordinate representation by the help of the Rodrigues’
formula for the generalized Laguerre polynomials LZ(y) [39, 40] one can trans-
late the abstract generation (2.25) of the energy eigenstates into wave function
language and obtain the following form for the bound states [38]

Uny:0) = || Sy L e, (2.26)

This wave function is normalizable with respect to the measure dy/y on the
positive half line if and only if s > n. With the original coordinate variable z
(note: y = (2s + 1)e~*) one can see that only for s > n > 0 the correspond-
ing wave functions ¥,,(z; s) are the elements of the function space L?(dz, R),
therefore the number of bound states is [s] + 1 where [s] denotes the largest
integer that is smaller than s. Consequently the states |¥,(s)) do not consti-
tute a complete set in the (infinite dimensional) Hilbert space of the problem.!
The latter is the direct sum:

H=H oH (2.27)

where H~ is the finite ([s] + 1) dimensional subspace spanned by the bound
states, while its orthogonal complement H* is an infinite dimensional subspace
with normalizable elements producing positive energy mean values. These
latter states can be interpreted therefore as normalizable dissociated states of
the Morse oscillator. We would like to emphasize here that the positive energy
(scattering) eigenfunctions of Hy are not normalizable (they do not belong to
the Hilbert space) but they can be interpreted as well-defined kernels of linear
functionals over #. Moreover, appropriate continuous sums (integrals) of these
functionals can be identified as Hilbert space elements in the subspace H*.

1For instance, the wave function 9(y) = 1/ﬂ2—(ﬁﬁy“‘1e"” 2, which is obviously the
element of the function space above, cannot be decomposed into the terms of only the

energy eigenfunctions (2.26).
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2.2. THE CONTINUOUS PART OF THE SPECTRUM

2.2 The continuous part of the spectrum

For the sake of completeness we also give the wave functions of the non-
normalizable energy eigenstates. Let us start with the second order differential
equation corresponding to the eigenvalue problem of the Morse Hamiltonian
(2.7):

>

dz?
By the help of the rescaled coordinate y = (2s+1)e~* and the notation k2 = E
this equation can be transformed into the form of Whittaker’s equation [38, 39]:

PU(y)  1d¥(y) (K s+1/2 1 ~
& Ty dy (y2 e 4) ¥(y) = 0. (2-29)

+(s+ %)2(2(3-* — e~%)W = —EV. (2.98)

One can verify that each positive energy solution ¥(z) must tend to ef*® ~

(2s + 1)Fkyik if 1 —3 00 (y — 0) and to exp {—(s+1/2)e~*} ~ ¥/ if
z — —oo (y — 0). Taking into account this asymptotic behaviour and
substituting ¥(y) = e¥/2y*w(y) into (2.29) one arrives at the equation [39)

yw'(y) + (b —y)w'(y) — aw(y) =0 (2.30)

with parameters b = 2ik + 1 and a = —s + ik. This latter equation has two
linearly independent solutions and the general solution can be written as

'l.U(y) = CMM(a1 b, y) + CUU(a7 b) y) (231)

where the so-called Kummer’s functions? M(a, b,y) and U(a, b, y) are given by

M(a,b,y) =) ((Z;: %y", (2.32)

n=0

where the notation (z),, denotes the Pochhammer’s symbol Hrf’(—l')’ﬂ, and

™ {r( M(a,b,y) M1 +a—b,2—b,y)}’

Ule,b,y) = sin(b) \T(I+a—-b)®) 7 I'(a)l'(2 - )

(2.33)

2M(a,b,y) is denoted sometimes by ®(a, b;y) or 1F(a,b;y) and called confluent hyper-
geometric function. .
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CHAPTER 2. MORSE OSCILLATOR

respectively [39]. One can verify that }En U(y) = 0 and En M(y) # 0.
y—¥c0 y—oo0
Keeping in mind that for large y the wave function ¥(y) has to tend to 0, one
finds that the solution of (2.29) is:
_ A M(—s+ik,2ik +1,y)  _; M(—s—ik,1 — 2ik,y)
N} — y/2 ik ) ) .tk ’ )
(y) = Ce {y T(—s—ik)C@ik+1) 7 T(—s+ik)(1— 2ik)
(2.34)

For small y (or alternatively z — oo) the asymptotic form of this latter wave
function is

\I’“s(z) ~ {e—ikz - (s + 1/2)+z2k PE s+ Zk;]_"gz; -2:13 +:kz} ’ (2.35)

where k = VE. Therefore one can read off the reflection coefficient R which
is
z2ln(s+1/2)kr( s+ Zk)r(l — 22,‘:)

k= I'(—s —ik)'(1 + 2ik)

(2.36)

As it can be expected on physical grounds (see Figure 2.1), one obtains that
|R)? = 1, i.e. the particle incoming from the positive infinity (z — o) is
totally reflected by the Morse potential.

2.3 Morse-Laguerre basis, quasi-number and

pseudo-number states

From the present section we begin to present our own results concerning the
quantum problem of the Morse oscillator. As we have seen, the Morse Hamil-
tonian Hy(s) has only a finite number (precisely [s] + 1) of bound states which
cannot form a complete set of states in the Hilbert space . Hence the full
quantum description of the Morse potential is impossible by restricting oneself
only to these bound states. One could of course use the continuous part of the
spectrum of Hy(s), but — in a strict sense — they are not the elements of the
Hilbert space. Therefore we consider here the following infinite series of states
l¢n(q)) given by the recurrence relations [19, 22]:

leo(@)) = [%o(a)) and  |ea(e)) = Cr*ANg+n— 1) lena(e)), (2.37)
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2.3. MORSE-LAGUERRE BASIS

where 7 is a positive integer and C,, = 1/n(2g + n — 1) is a normalization
coefficient. The first state |¢o(g)) = |¥o(g)) in the series above is the ground
state of a Morse Hamiltonian Hy(g) with the positive shape parameter value ¢
which is not necessarily equal to s. From now on we consider that the value of
the parameter s of the Hamiltonian has been fixed but g in A(g) can be changed
arbitrarily. Let us note the difference between the sign of the parameter shifts
in (2.20) and (2.37).
A key observation from our point of view is that the SUSY ladder operators
AQ)=iP+al- 7 and ANg)=—iP+qI-7, (2.38)
(with arbitrary real ¢ and ¢’) and the identity I span a three-dimensional Lie
algebra. Since for any reals ¢ and ¢’ we have:

Ald)= A9+ (d' - 9)! (2.39)

the Lie algebra is invariant with respect of a shift of the parameter ¢, and an
easy calculation shows that the SUSY ladder operators satisfy the following
commutation relations:

[A(Q)iA(q')] = 0, [Af(Q)’Af(ql)] =0, (2'40)
[A(g), AY(d)] = (g+d) - (A(q) + Al(g)) . (2.41)

In Chapter 3 we shall give a detailed discussion of this algebra and shall show
that it is the central extension of the affine Lie algebra of the real line [41].

Now, using only the commutation relations (2.40)-(2.41) and the fact that
for ¢ > 0 the operator A(g) annihilates the state |pp(g))

A(q) l#o(q)) =0, (2.42)
we verify that the states defined in (2.37) are mutually orthogonal:

(on(a)] om(9)) = Onm. (2.43)

First let us realize that the operator product A(g + n + 1)A¥(g + n) can be
rearranged as

Alg+n+1)At(g+n) =2(¢+n) + AT(g+n — 1)A(g +n). (2.44)
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To see this one has to use only the property (2.39) and the commutation
relations (2.40)-(2.41). Because the first state in the series (2.37) is annihilated
by A(g) according to (2.42) the expression above implies that

CrontAlg +n+1) |0ns1(0)) = la(g))  (n20). (245)

Equations (2.45) are the inversion of the defining formulae (2.37). Using them
with (2.39) one finds the following recurrence relation for the scalar product

(en(9)| om(2)):

(n@)] om(@)) = 22 (a1 s (@) + B (g, )
(2.46)
Taking also into the account that
1 (m=0)
(@len@) = 2 (4Qpo@Iwl@) =0 (m>0), (@47

ie.: the state |po(g)) is orthogonal to all the other states, one arrives at the
orthogonality relation (2.43).

We are going to call these states as the Morse-Laguerre basis of the anhar-
monic oscillator and we give here the corresponding wave functions in terms
of the variable y = (2¢ + 1) exp(—z). By the help of (2.15) and (2.37) we
find that the wave functions in question obey the following recursion relations
(n > 0):

—_ —_ 1 g —_
vo(y;9) = (ylwolg)) = \/F(Tq)y exp(—y/2), (2.48)
on(y;0) = (ylen(e)) =Cy 1(%% +(@+n-1)- g)wn_l(y; q)- (2.49)

Comparing (2.48) and (2.49) and with the Rodrigues’ formula for the gen-
eralized Laguerre polynomials L&(y) [40] one finds that the normalized wave
functions of the Morse-Laguerre states are:

o) = (10 ("% 7Y)) T venumirw. @
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2.3. MORSE-LAGUERRE BASIS

Due to the completeness of the Laguerre polynomials L22~!(y) with respect of
the weight function exp(—y)y??~! [40], the functions (2.50) form a complete
orthonormal set in the space L? ((0, 00), %‘i), (the square integrable functions
on the (0, 00) interval, with respect to the measure dy/y ), and therefore the
set of Morse Laguerre states is a complete, orthonormal basis in the Hilbert
space for any ¢ > 0.

We would like to note here that for the problem of the Morse potential
these latter basis plays analogous role as the Coulomb-Sturmian basis does
for the Coulomb potential [42]. Though the Coulomb potential has infinite
number of bound states, they do not constitute a true basis either. But one
can achieve a full quantum treatment by employing the Coulomb-Sturmian
basis which is a complete set of states and includes vectors representing states
also from the ionized region. The prize one has to pay for completeness is also
similar to the current case: the elements of the basis are not eigenstates of the
Hamiltonian any more [42, 43].

We now calculate the matrices of the SUSY ladder operators in the |¢,(g))
basis. Using (2.37) and (2.39) one obtains the following matrix elements:

(om(9)| A(s) len(9)) = V(2¢ + M)omi1n — (M +q — 8)0mm,  (2:51)

(m(9)l At(s) ln(9)) = Vm(29 + n)dmat1 — (0 + g — 8)0m,n. (2.52)

In a similar manner the matrix of the Hamiltonian Hy(s) can be determined,
too:

(om(a)| Ho(s) len(@)) = [n(2¢+n—1)+ (g~ s+ m)+ Eo(s)]Omn
—(g—s5+m)y/n(2g+n—1)0pmt1n (2.53)

—(g— s +n)v/m(2qg + m — 1)0pmpns1.

We see that the Hamiltonian is not diagonal in the |¢,(g)) basis but it is quite
close to a diagonal matrix. It has non-vanishing elements only in, above and
below the main diagonal, ie: the Hamiltonian is tridiagonal. If r =s—gis a
positive integer or zero, then the matrix of the Hamiltonian splits into a more
simple form of two tridiagonal blocks. The first block is s — ¢ + 1 dimensional
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CHAPTER 2. MORSE OSCILLATOR

while the other one is infinite. This indicates that the first s — g + 1 Morse-
Laguerre states |¢,(g)) constitute a finite invariant subspace for Hy(s) while
— of course — the states with n > s — g span the orthogonal complement.

To obtain more insight into the structure of the invariant subspaces of
Hy(s), and also to present the advantage of the SUSY operator technique, let
us calculate the scalar product of |¢,(g)) with the bound states |¥,,(s)). Using
equation (2.39) we have:

4@)-Am+a-n=y. (T 8= @sy

3=0

where the notation
A9 (s) := A(s — j +1)...A(s) and AO(s) =1 (2.55)

has been introduced. By (2.54) and with the defining formula (2.37) of the
Morse-Laguerre states one obtains that the scalar product is the sum

" (n)(r =1 g
@@ on@) = 525352 (7) G A0 OB e - 239

Here we have used C;(q) = /%(2¢g + i — 1) in accordance with our previous

notation C; = Cj(q¢ = s). Let us recognize that for an integer r the term

—r—1)!
G=r—1
eithern—r >1landj >rorifn—r < 1and j < r. The action of the operator

product AY)(s) = A(s — j + 1)..A(s) on the state |¥,,(s)) can be determined
by (2.23) which leads to

= (n —r —1)...(j — r) gives non-zero contribution to the sum only if

mil'(2s —m +1)
(m—-)Ir'2s—m-—j+1)

|‘I’m—j(s - .7)) .

(2.57)

A(s = j +1)-.A(s) [¥m(s)) = \/

For j > m this latter state is necessarily zero, otherwise the scalar product in
question is

(¥r(5)] (@) = \/’" HE s (2.58)

™ (n) (n—1 = 1)1 (Tp_j(s — 7)| @o(q))
‘= \J/VT@s-m—-j+1)(m—-5)!G-r-1)"
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n
where we have used that z=l-[1 Ci(g) = 1/%' To calculate the terms
(¥m—j(s — j)| wo(q)) one has first to realize that

—-J_—J) (Umojea(s =3 - Dl o(@)) . (2.59)

(Tm—j(s — 5)| vo(q)) = ems (5

Using this formula repeatedly one obtains

(g i __ (r—)T(2s-2 —2m+1)
(Tm—i(s — 3)| wolg)) TG = =T T

(To(s — m)| wo(a))

(2.60)

The scalar product (¥,,—;(s — j)| wo(g)) can be determined by taking into
account that

1 T Y,,8—m+g—1
(ol =)l (@) = s [ dyedy* ™ (261)

I'(s—m+q)
Vv T'(2s — 2m)I'(29)

Finally one arrives at the formula:

miT@2s—m+1) TI(s—m+q)

(Um(s)l ¢nla)) = \/n!I‘(2q +n)['(2s —2m) (r —m) X (2.62)
min(n,m) . ;
n\ (n—r—1!(r—5)y/T(2s—2j —2m+1)
> ()

jiJG—r=1! (m—-HIr2s—m-—-j+1)

=0

Summing up the non-vanishing terms in (2.62) one can verify that the
scalar product has values

0 n>r,m<r

0 n<<rm>r
(Tm ()| @alq)) = ’ (2.63)
non-zero n<r,m<r
non-zero n>r,m>r

According to (2.63) we can see that in the case of the parameter setting
r = 0, ie.: s = ¢, the ground state coincides with the first Morse-Laguerre
state |po(g = s)) and is orthogonal to the other (n > 0) Morse-Laguerre basis
elements. On the other hand, the first Morse-Laguerre state has zero overlap

27



CHAPTER 2. MORSE OSCILLATOR

with each of the bound states other than the ground state. These could be
already seen form construction (2.37). In the present case, when s = ¢ and
therefore r = 0, we call these Morse-Laguerre states |pn(s)) as pseudo-number
states [19, 22, 23]. We shall see in the next chapter that although the pseudo-
number states are not the energy eigenstates, they play similar role for the
construction of coherent states for the Morse oscillator as the number-states
do in the case of the harmonic oscillator [19, 22, 23].

Another important and useful case can be obtained by setting r = [s] or
equivalently ¢ = s — [s]. With this parameter choice we call these Morse-
Laguerre basis elements gquasi-number states [24]. In this basis the matrix
of the Hamiltonian Hpy(s) consists of two tridiagonal blocks. The first one is
[s] + 1 dimensional and the second one is infinite dimensional. The origin of
this decomposition is that the first [s] + 1 quasi-number states span the same
subspace H~ as the bound states do, and the quasi-number states with n > [s]
belong to the orthogonal complement H*consisting of dissociated states with
positive energy mean value. Therefore the quasi-number states provide useful
tools to investigate the dynamics of dissociation or other processes leading out
of the bound subspace #~[23, 24].

2.4 Morse coherent states

Coherent states for systems other than the harmonic oscillator have attracted
much attention for several years [44]-[47]. There are a number of different
approaches to this problem and the one presented here is based on the methods
of SUSY QM [19]. Since it is the generalization of the ladder operator method
of the harmonic oscillator it seems straightforward to use the SUSY ladder
operators to construct coherent states for other, non-harmonic potentials, too.
Based on this idea, an algebraic construction of coherent states was proposed
by Fukui and Aizawa [47] for the class of shape invariant potentials having an
infinite number of bound-energy eigenstates. Their definition, however, does
not work for potentials, where the number of normalizable energy eigenstates
is finite, thus not for the Morse potential either.

In what follows, using the pseudo-number states which was introduced
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earlier we give the algebraic construction of an overcomplete set of continuously
labeled states called as Morse coherent states. Let us use the SUSY operator
analogy with the harmonic oscillator, and define the coherent states of the
Morse potential as follows [19]

18) = 9(B) {I +3 & (s +n 1) -A*(s>} To(s)),  (264)

where B is a complex number and g(B) is a normalization function to be
determined below. The expression of Cy, in the defining formulae of the pseudo-
number states (2.37) implies the introduction of a generalized factorial {n}!
with the definition:

n! (n+2s—

=1, =g 1)_ (n>0) (2.65

Then the coherent states in (2.64) can be written by the help of (2.37) as:

18) = ﬂ)Z m |¢n(s)) - (2.66)

n=0
To obtain the explicit form of g(8), and to find the label space (the set of
allowed B-s) we set:

1=(16) = ﬂ)|2'§1}’:— {1+223 Bstn- 1)|ﬂ|2"}.
(2.67)

The sum in the above expression is convergent if and only if |3]| < 1, i.e. the
label space is the complex open unit disk, and then the sum in the braces in
equation (2.67) yields (1 — |B[*) 2 S0 we have finally for the coherent states
of the Morse potential3:

= (-1 S (TN T )iy @ecisi<y

n
n=0

where ¢ is a phase term to be fixed later.

3This expansion of the Morse coherent states on the pseudo-number states is essentially
the same that was found by Y. Aharonov et al in [48] for the regular phase states of a mode
of the radiation field in terms of the number states of the mode [49).
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The various sets of coherent states that have been introduced in the past for
an arbitrary system, have two fundamental common properties established in
[21]: continuity in the label space and completeness in the sense that there ex-
ists a positive measure on the label space such that the identity operator admits
the resolution of unity. The first property follows from the definition: if 8 — #,
(18],18] < 1), then |||8) — |8")||* — 0. To verify the second property, valid
for s > 1/2, we consider the measure §8 = (2s — 1)/ (1 — |ﬂ|2)2dRe,BdImﬂ
(|18] < 1) and find:

|#n(5)) (pm(3)]
5B = _
|m/<1 s Y ; VI {m}! (2.68)
/ (8™ (1 — |B%)** dRe BdIm B.
18l<1

Introducing polar coordinates in the label space, the integral above can be
calculated easily, and we find the resolution of unity as:

oo
[ 1866188 =73 loao) (on(o)] =71 (2:69)
ll<1 n=0
Here we have used the fact proven previously in Section 2.3 that the pseudo-
number states constitute a complete set of states in the Hilbert space.
We also present here the wave functions ¢g(y) corresponding to the states
|8). From (2.50) and (2.66) we have:

esy) = (1-181") Z m%(y, (2.70)

n=0
e (18| )
9 n L2s -1
A >n§_%ﬂ ).
Using the generating function formula for the Laguerre polynomials [40]:
o0
—a z
Y ALz =(1-pB) exp(—m) (2.71)
n=0

one obtains that the corresponding wave functions in the y coordinate are [19]:

e (1-18)" yl+p
T =g P 21= )

w(y) = (2.72)

30



2.4. MORSE COHERENT. STATES

These wave functions are essentially the same which have been discovered in
another way by Nieto et al [44], who called them as generalized minimal un-
certainty coherent states (MUCS) of the Morse potential. They introduced
certain special coordinates in the classical phase space transforming the tra-
jectories of the bound motions into ellipses. According to [44], the MUCS type
coherent states are those which minimize the uncertainty relation of the quan-
tum operators corresponding to these new classical coordinates called “natural
classical variables” in [44].

Here we also present another interpretation for the states |8) by giving the
physical meaning of its parameter 8 [19]. We recast the wave function (2.72)
in the original coordinate variable z. Substituting y = 2(s + ;) exp(—z), one

has for pg(z) := (z|B)
() = —
T

exp {—?i'ﬁe‘ (a=2+in(s+3) } ,

e—s(z—i+ln(s+-;-)) exp {_e"(-""“i"'ln(""%))} X (273)

where Z and p are real numbers depending on S:

1+8
~ 1+8 ~ Im -8

, . 2s
and the phase term e~ has been chosen so that e~* = (ﬁ) . Calculating

the expectation values of the operators X and P in the state |8) one obtains:

BIX|6) =2+ (X}, (BIP|B)=P. (2.75)

We see that apart from an additive constant (X), the parameters 7 and p
are just the position and momentum operator expectation values, respectively.
The constant (X), = In(2) — #(2s) is the position mean value in the ground
state. (Here 9(z) denotes Euler’s digamma function [39].) Hence we can
introduce a new labeling for the coherent states by the help of the real numbers
z and D instead of the original complex 5. In these coordinates |8) can be
written as |Z, D) and the appropriate label space is IR? with the measure dZdp
on it. Then the resolution of unity (2.69) has a similar form as in the case of
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the harmonic oscillator [19):

— [ [ En@nas=1 276)

47rs

It is not hard to see that the square of the modulus of the wave function in
(2.73) is equal to that of the ground state function shifted along the z-axis.
Equation (2.73) also implies that our coherent states can be written as [19]:

|%,5) = e =Fe~377 |0) = D(%,5) |0) (2.77)

where |0) := |8 =0) = | =0,p=0) is identical to the ground state, being
itself a coherent state, and D(Z, D) is a displacement operator. Using equation
(2.15) for A(s) and Al(s), the latter can be rewritten as [19):

D(F,5) = enFA61+416) g5(41()-409). (2.78)

We see that D(Z,p) is unitary for arbitrary Z, and p, and it also proves that
our states belong to the category of displacement operator coherent states
(DOCS) according to [44]). The displacement operator is the element of the
unitary irreducible representation of the Lie group which can be obtained by
the exponentiation of the affine group [19, 22]. The precise connection between
the Morse coherent states and the affine group and other consequences will be
discussed in the next chapter.
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Chapter 3

The affine group and the Morse

oscillator

In the previous chapter the coherent states of the Morse potential were con-
structed using the ladder operator technique of supersymmetric quantum me-
chanics. The aim of the present chapter is to show the group theoretical back-
ground of this construction and to elucidate the relation between the Morse
Hamiltonian and the affine group of the real line and some of its extensions
[22, 50]. We are going to show that the affine group plays similar role for the
Morse oscillator as does the Heisenberg-Weyl algebra, and the corresponding
group is the Heisenberg-Weyl group for the harmonic oscillator. This is not a
symmetry group of the harmonic oscillator, because the group translations, in
general do not commute with the Hamiltonian. The relevance of this algebra
for the harmonic oscillator lies in the following facts:

(a) The specific set of generators of the algebra, namely a and a' are spectrum-
generating (ladder) operators, in the sense that they connect eigenstates be-
longing to neighboring eigenvalues.

(b) The elements of the irreducible representation of the corresponding group,
known as the displacement operators of the harmonic oscillator, create the
coherent states from the ground state [20].

We now turn to the case of the Morse potential, and the affine group. The
operators in which the Hamiltonian (2.7) is quadratic are P = iy 2 and Y =y,

33
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and they obey the commutation relation
[P,Y] =Y. (3.1)

Equation (3.1) shows that the operators Y and P form a closed Lie algebra. It
is known and will be demonstrated briefly below, that this is just the algebra
corresponding to the affine group of the real line [51]. The ladder operators
in the equation (2.15) are linear combinations of Y and P plus the identity
operator I. Therefore, we need to extend the algebra spanned by Y and P
with the identity operator, which commutes with all the other generators.
This standard procedure is known as a central extension in group theory. The
operators P, Y, and I, or alternatively, A, At, I form the basis of an extended
Lie algebra, to be denoted here by G,.

In what follows we shall need to use an even larger group, denoted by
éo which is a further extension of Gy. Later we will also show that éo is
closely connected to the minimal sates of the strong uncertainty relation of the
operators Y and P. Now we are going to characterize the groups in question:
the affine group, Gy and 50, and the corresponding algebras in some more
detail:

(a) The affine group. The elements of the two-parameter affine group (a, b),
a > 0, b € R act on the points z of the real line as (a, b)z = az +b, and satisfy
the group multiplication property: (a,b)(a’,b’) = (aa', ab’ + b).

(b) The group Gy. This group is a direct product of the affine group and
the real line R and it can be realized in the following way. Gy has elements
(a,b,c)(a',b', ) = (ad',abl + b,c+ )

(c) The group Go. This four-parameter group has the following composition
rule: (a,b,c,d)(a,b,c,d") = (ad',abl +b,c+ + pd'Ina,d+ d'), where a > 0,
b, c, d € R, and p is a fixed real number.

The simplest faithful representation of the group 50 is given by the four-
dimensional matrices

a b0 0
010 O
,b,¢,d) = 3.2
9(e,b,c,d) 0 ¢c 1 plna (3.2)
0d0 1
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obeying the required multiplication rule. Disregarding the last row and col-
umn, or alternatively setting d = 0 one gets back the group G,. Disregarding
the last two rows and columns, or alternatively setting ¢ = d = 0, one arrives
back at the affine group. The group G, can also be recovered as a quotient of éo
by the subgroup T consisting of the elements (1,0, ¢, 0), ¢ € IR. The elements of
the quotient Gy /T are the equivalence classes [a,b,d] = {(a,b,c,d),Vc € R}.
As can be seen from the composition law of Go, the set of elements [a,b,d)
transforms as Gy, and is thus isomorphic to it. The group éo is, in fact, can
be constructed as the extension of the group Gy by the group T [50].

A representation of the generators of the Lie algebra Go corresponding to
the group éo is obtained by taking the derivatives of g(a,b,c,d) at the unit
element. We are going to use here the self-adjoint generators as

. Og
Xo=1—= (3.3)
: da a=1b=c=d=0

and similarly for X, X, and X,;. Calculating these derivatives of the matrix
above, and evaluating their commutators, one obtains

[Xa,Xb] = 'iXb, [Xa, Xd] = 'l:ch, [Xb, Xd] = 0. (34)
while X, commutes with all the others. Setting the correspondence:

Xo=P, Xs=Y, X, =I X;=Z=phY =—pX +In(2s+1)pI

(3.5)
one arrives at the following commutation relations:
(a)
[Xe, X3 =iXy = [P,Y]=1Y (3.6)
(b)
[Xg, Xe) =0 = [X§,I]=0 k=a,b,c (3.7)
(c)
[Xe, Xd] = pX, = [P, Z]=1ipl (3.8)

X0, X = 0 = [V,2)=0
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CHAPTER 3. THE AFFINE GROUP AND THE MORSE OSCILLATOR

Considering only (a), one sees that the commutation relation (3.1) is really
that of the algebra of the affine group, having only these two generators.

The relations (a) and (b) together yield the Lie algebra of the group G.
In view of equation (2.15) the ladder operators for the Morse potential can be
considered as elements of the extended affine Lie algebra Gy, and according to
equation (2.25) the eigenstates are generated by the consecutive applications
of Af. We note that this Lie algebra corresponds to case III in the Bianchi
classification of the three-dimensional Lie algebras [52].

We turn now to the unitary irreducible representation of the above groups
on the space of the functions ¥ € L?(0, oo; dy/y) with inner product

ay .
.9) = [ L. (39)
The widest group C~¥o can be represented unitarily an irreducibly on the function
space above:
Ul(a, b, c, d)ip(y) = e~i®vtetedlnny a0y (g,b,¢,d) € Go (3.10)

where p is a real parameter [41, 50]. Keeping in mind that Gy and the affine

group are subgroups of 50, one sees that the unitary irreducible representations

of Gy and that of the affine group can be obtained by setting d = 0 and

¢ = d = 0, respectively. Alternatively, the whole transformation (3.10) yields

a projective representation for the group C:'o/T consisting of elements [a, b, d].
The generators of the representation (3.10) of G, are:

UY(y) _

Pyly) = i—75 = =iydy3(y), (3.11)
vue) = 2000 = gy) 3.12
1) = 2 _yq), (3.13)
z6() = 209 _ pinyuy), (3.14)

where the derivatives were taken at a =1land b=c=d=0.

It can be also shown that the exponentiation of the Lie algebra elements
X = uP+vY +wl+tZ, yields the following Baker-Capbell-Hausdorff-type re-
lation between the parameters u, v, w,? € R and the group parameters a, b, ¢, d
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of (3.2):
e iWPHIYHuIHEZ) — [1(g = ¢¥, b= %(e" —1),c=w+ gtu, d=t). (3.15)

In order to obtain this relation let us recall the four dimensional matrix rep-
resentation given by equation (3.2). We will prove that the identifications of
parameters

a=e", b=%(e“—1), c=w+§ut, d=t (3.16)

yield the equality
e—i(uXatvXptwXe+tXy) _ g(a,b,c,d), (a,b,c,d) € éo, (3.17)

where the Lie algebra generators X,, X, X, and X, are defined by (3.3) and
parameters u, v, w and ¢ are arbitrary real numbers.

To prove the identity above let us first set d = 0 and calculate the left hand
side of equation (3.17). A straightforward calculation gives:

e* v&El 0 0

g~ HuXatvXptwXe) 0 1 0 0 = g(e*, 'ue—_—l, w,0) (3.18)
0 w 1 pu U
0 0 0 1

In the case of arbitrary d we can use the commutators (3.4)-(3.8). With the
notation B = —itX, and C = —i(uX,+vX,+wX,) one has [B, C] = —iutpX,
and [[B,C}, B] = [[B,C],C] = 0. Then e{B+C} = ¢~3[B.ClgAeB and one can

write:

e—i(uX°+'qu+ch+th) — e—ithe—'i(uXa,+qu+(‘w+%utp)x¢;)’ (319)

By (3.18) and the multiplication rule of the group Go:

. v_1
e—z(uXa+'qu+ch+th) = g(1,0,0, t)g(eu’ ’Ue - LW+ gut, 0) — g(a, b, c, d),
(3.20)
where a = €%, b = 2(e* — 1), ¢ = w + Sut and d = ¢. Finally taking into

account that (a,b,c,d) = (1,0,0,d)(1,0, ¢, 0)(1,5,0,0)(a,0,0,0) one arrives at
equation (3.17).



CHAPTER 3. THE AFFINE GROUP AND THE MORSE OSCILLATOR

3.1 The affine group and the Morse coherent

states
Let us use the following notation:
U(a,b) =U(a,b,0,0), (3.21)

where (a,b) is an element of the affine group. This with (3.10) defines an
unitary irreducible representation for the affine group on L?(0, co; dy/y). Since

Al(s) — A(s) = =2iP, Al(s)+ A(s)=2sI-Y (3.22)

the unitary displacement operator D(Z,p) given by equation (2.78) can be
written as:

D(3,p) = e TPe~ %Y, (3.23)

This operator acts on wave functions that are defined on the half-line and
square integrable for the measure dy/y. According to the Baker-Cambell-
Hausdorff relation (3.15) and (3.21) we have:

e EPe= %Y = U(¢F, O)U(l,% : (3.24)
Using the fact that
Ula,b) = U(L,B)U(a,0) = U(a, O)U(L, g) (3.25)
we obtain that the coherent states are generated from the ground state as:
|z, ) = D(Z,p)%o(y) = U(a, ) To(y), (3.26)

where the parameters o and b of the affine group are related to z and p ac-
cording to:

pexp(2)
e (3.27)

a=exp(z), b=
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3.2. MINIMAL STATES AND THE GROUP G,

3.2 Minimal states and the group éo

The coherent states will be shown here to be the states minimizing the strong
uncertainty relation [53, 54, 55] with respect of the non-commuting operators
P and Y. The derivation of this relation will now be recalled. Given two Her-
mitian operators B;, Bs, the norm of the vector (B; +1AB;)|®) is nonnegative
for any complex number A:

(®, (B, — iX*B,) (B, + iAB2)®) > 0. (3.28)
Using the notation: (B;B;) = (®, B;B;®) and setting A = i%%l we obtain
by linearity and hermicity:

(B})(B3) 2 |(B1B2)” = (1/4) ((B1B; + ByB.)* — ([B1, B2])”) . (3.29)
The latter equality’ is obtained by splitting (B, B,) into its symmetric (real)
and antisymmetric (imaginary) parts. Applying this result to:

Bi=P—-py, Ba=Y —1y (3.30)
with (P) = py and (Y) = yo leads to the strong uncertainty relation:
OyyOpp — 0oy > (Y)?/4 (3.31)
where:

oy = (Y —%)? pp = {(P — po)?)
PY +YP
ow = EEYD _yvyipy (3.32)
According to relations (3.28) and (3.30), the minimal uncertainty states for

which equation (3.31) turns into equality obey the equation
(P = po) +3A(Y — %)]|®) =0, (3.33)

where pp and yg are real and ) is a (generally) complex parameter. In the
space of functions L2(0, 0o, dy/y) one has to solve the corresponding differential
equation:

[z'ya%—pom(y—yo)]@(y) ) (3.34)

In fact, the relation (B?)(B2) > |(B1B2)|? is the Cauchy-Schwarz inequality for the pair
of vectors B;|®) and B,|®).
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The solution is
®(y; A, po, Yo, §) = Ce™ ¥y vomiPog=2, (3.35)

where C = (2Re))®Red) /. /T'(yo2Re)) is fixed by the normalization.
The special case of the Morse coherent states yg(y), defined in equation
(2.72), is obtained for:

Do = YolmA, =0

The relation of parameters 8, and s to A and y, is written as:
22 -1
22+1°

The normalizability condition, ReA > 0 implies |8| < 1, while the condition
Re)\ > 1/2y,, required for completeness of the set of coherent states, leads to

B = s = yoReA (3.36)

s > 1/2. Moreover, the Morse coherent states can be obtained by applying
the group element U(a,b) to the ground state with the appropriate shape
parameter.

On the other hand, the states for which op,, = 0 are exactly the ones
for which A is set to be real in equation (3.33), see [53, 54, 55]. These are the
states which minimize the more customary and weaker form of the uncertainty
relation: AP AY > (Y)/2. In the family of Morse coherent states, only those
with ImA = 0 and hence py = 0 are minimal in the usual sense. They coincide
with the minimal states introduced by Klauder [56] and proved useful as basic
analyzing wavelets in signal theory [57).

Now let us turn our attention to the problem, how the whole set of minimal
states can be generated from the ground state. Considering the representation
of G in equation (3.10) an easy calculation shows that the group elements
U(a,b,c,d) generate the minimal states with parameter s which satisfy the
constraint yoRe\ = s:

2sb 2
U(a,b,c,d) Yo(y,s) = ®(y; A = §+ib,po = pd + —-:—,yo = ;s,¢= c),

(3.37)
where (a,b,c,d) € G,. Using the analogy with the harmonic oscillator case the

above states minimizing the uncertainty relation of (3.31) and including the
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coherent states can be regarded as the intelligent states of the Morse potential
characterized by the shape parameter s. It is obvious that by changing the
shape parameter one obtains disjoint sets of intelligent states which exhaust
the entire set of minimal states of the affine algebra.

We would like to note here that in the case of the harmonic oscillator the set
of intelligent states is identical to the whole set of minimal states of the uncer-
tainty relation. This is in accordance with the fact that the frequency playing
the shape parameter for the harmonic oscillator [11, 12] does not change by
constructing the SUSY partner Hamiltonian. This is in contrast with the case
of Morse partner-Hamiltonians where the shape parameter s is shifted. We
have also shown that each of these sets of intelligent states are generated from
the corresponding ground state with the appropriate shape parameter s by the
elements of the unitary irreducible representation of the group Go.

3.3 Affine Wigner function

The introduction of Wigner functions in quantum mechanical problems leads
to a description in phase space that is equivalent to the operator description
but that is more pertinent in some respects. In particular, the usual coherent
and squeezed coherent states of the harmonic oscillator are represented by
positive functions and their squeezing is clearly exhibited in the (z,p) phase
space.

It is known that the coherent states of (2.72) will not be represented by a
positive Wigner function, (for ordinary Wigner functions of Morse eigenstates,
see [58, 59, 60]). More basically, the usual Wigner function is constructed on
the Heisenberg group and has a larger covariance by the metaplectic group {61,
62]. As it has been shown above, it is the group éo which plays a fundamental
role in the Morse problem, and hence it seems more desirable to use a phase
space representation constructed on this latter group. This will be the affine
Wigner function. We will now recall its construction and exhibit some of its
properties that are relevant to the present problem.

The natural phase space is spanned here by coordinates p and y. It can be
defined as an orbit of the group Go under its coadjoint representation deter-
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CHAPTER 3. THE AFFINE GROUP AND THE MORSE OSCILLATOR

mined as follows. Consider the adjoint representation of Gy defined by
ad(a, b,c,d) X = U(a,b,c,d) XU (a,b, c, d) (3.38)

where X = zpP + zyY + z1] + £zZ denote the elements of the corresponding
Lie algebra. Using the commutation relations (3.4)-(3.8) one obtains:

Tp (1 —b —pd 0 ] Tp
0 0 O
ad(a, b, c, d) Rl X Y (3.39)
Tr 0 0 1 0 Tr
Tz | 0 0 plnae 1 ] Tz

T
The coadjoint representation [63] acting on the dual space element ( D, Y, L 2 )

is given by
P (1 a% pd O] (»p
0 a! 0 0
coad(a, b, c, d) Y 1= @ y (3.40)
L 0 0 1 0 L
z |0 0 —phna 1]\ 2

This representation has four different types of orbits in the dual space of 50:

O°(m,m) = {(m,0,0,m)}, (3.41)
0%(¢) = {(»n0,¢,2), pz€eR},
O*(tn&) = {(py.&i,pilny—8&), y>0,peR}.

where the real parameters m, 72, &, &1, and & are constants characterizing the
individual orbits [22].

Theoretically the above classes of orbits serve four different possibilities to
define phase space but not each of them has physical relevance in the present
problem. The first class O° is singular, because it includes only one-point
orbits which are invariant under the action of group éo in the coadjoint rep-
resentation space. It is obvious that these zero dimensional orbits do not
meet the requirements of phase space. The orbits of the second one, O give
the usual phase space spanned by coordinates (p,z), because the fourth pa-
rameter, z originates from the operator Z = pInY = —pX + (In(2s + 1)pI,
which is essentially identical to X. Additionally, on these orbits the coadjoint
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3.3. AFFINE WIGNER FUNCTION

representation above acts as the Heisenberg-Weyl group. This is the conse-
quence of that the subgroup with elements U(u,v = 0, w, t) is identical to the
Heisenberg-Weyl group. We have shown, however, that the operators P and
Y are the relevant operators in the Morse problem and it is obvious that by
choosing the class OF, the affine subgroup of G‘o would be lost. Hence it
is seen that the appropriate choice of the phase space is an orbit from the
class Ot or O~ parameterized by (p,y). Among them only the class O* with
positive valued coordinate y is well adapted to the current problem [22]. The
action of the group Gy on the phase space corresponding to the orbit O+ (£,, &)

( v ) - ( ptaby+pbud ) (3.42)
y a’ly

This gives the action of Go on the phase space parameterized by coordinates

can be written:

(p,y) and consequently on any function F(p,y):
(a'a b’ C, d) : F(p, y) — F'(P, y) = F(p - by - p&ld, ay) (343)

In the following, we will set £&; = 1 as this does not restrict generality.
Now the affine Wigner function is defined as a real quadratic functional of
the wave function written as:

W(p,y;9) = / K(p,y; 41, y2)¥(y1)v* (y2) dy dy- (3.44)
R xR+t
where the kernel K is such that:
K*(p,y;y1,92) = K(p, Y3 2, 41) (3.45)

Now, the correspondence ¥(y) — W (p, y; ¥) has to fulfill the following require-
ments:

1. Covariance by the group 50
When the wave function % (y) is transformed by the representation U(a, b, ¢, d)
according to (3.10), the corresponding phase space function W(p,y;%) un-
dergoes a point-like transformation of the form (3.43). In other words, the
following diagram is commutative:

P(y) — U(a,b,c,d)y(y) = emilbvrerrding) y(gy)
¥ i (3.46)
Wp,y) — W'(p,y) = W(p — by — pd, ay)

43



CHAPTER 3. THE AFFINE GROUP AND THE MORSE OSCILLATOR

Writing explicitly this condition with the functional W (p, y; %) defined in (3.44)
leads necessarily to a phase space function of the form [57]:

00 v/2 —v/2
. —_ iup yve * yve
Wipyi¥) /_w ey (2sinh('u/2)) 4 (2sinh('u/2)) uw)do  (347)
where the function p(v) is such that:

w(v) = u(-v) (3.48)

and otherwise arbitrary.

2. Unitarity
This is also called Moyal property in the case of the usual Wigner function.
Here it is written as:

~/1R><IR.+ W(p, Y ¢1)W(p’ v, ¢2) dp(dy/y) = |(’¢'1, ¢2)|2 (349)

with the scalar product of wave functions given by equation (3.9). The con-
straint (3.49) leads to the determination of u(v): p(v) = 3=
Finally the affine Wigner function is given by:

1 [ . ve*/? ve~v/?

W(p,y;9) = %/_w ePyP (ﬁi—hm) P (2:'111—11(,0/'2—)) dv (3.50)
This function is not positive everywhere for an arbitrary state, and is thus
only a pseudo-distribution. However it provides a phase space interpretation
for the properties relative to the minimal states and for the action of the group
Go.

Due to the non-commutativity of the affine algebra, there is no state hav-
ing a phase space representation W (p,y) exactly localized in one point. The
optimal concentration of the affine Wigner function will occur for the minimal
states. Consider first the Morse ground state, which is identical to the coherent
state with 8 = 0:

Yo(y) = y'e /3, (3.51)

\/I‘(2 5)

Substitution into expression (3.50) gives:

2s
—y(v/2) coth(v/2)
27r1" 2.5-) / (2 sinh(v/2) ) ¢ dv

Wo(p, y; 5) (3.52)

W (p, y; Yo(s))
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This expression can be shown to be positive, as the Fourier transform of a
function of positive type [64], and it is localized around the point p = 0,
y = 2s. The use of the covariance property (3.46) shows that the phase space
representation of a general minimal state, as defined by equation (3.37), is
obtained from Wy by a point transformation and is thus positive as well. In
particular, the affine Wigner representation of any Morse coherent state (2.72)

written as:
_ __ 0 s —(a/2+iby . _11+5
(pﬂ (y) U(a7 b)qIO(y) \/my € ’ a/2 + "’b 21 — IB
(3.53)
is equal to:
W (p,y; @) = Wo(p — by, ay; s) (3.54)

Thus, for a given s, there is a Morse coherent state attached to any point of the
phase space and the extension of its (positive) affine Wigner function depends
only on that point.

More generally, any intelligent state (3.35) is represented by:

W (p, y; ®(A, po, %0, 8)) = Wo(p — po — (¥ — vo) ImA, 2Re) y; yoReA).  (3.55)

The parameter A, which appeared in equation (3.33), can thus be interpreted
as a factor determining the shape of the function W(p,y). In the limit A =0,
the functions ®(y) collapse into eigenstates of the operator P:

¥p(y) =y, (3.56)

and sharp localization is obtained in phase space:

W (p,y;¥p) = 6(p — po) (3.57)

The group C~¥0 has been seen to perform point transformations in the affine
Wigner function. In fact, it is the largest group with this property which can
be represented unitarily on the wave function. It thus plays a role analogous
as does the metaplectic group [61] in the harmonic oscillator case.
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To make a comparison of the present phase space representation (3.50) with
what would be obtained from Wigner’s, it is useful to go back to the original
variable z and to define:

P(z) = P((2s+1)e™), W(p,z;9)=W(p, (2s+1)e%¢)  (3.58)

The expression (3.50) leads to:

[s )

W(p, 2;%) = / & (s -2 ()7 (s+ 3 —r()) dv,  (359)

—00

where 7(v) is given by

v+ (2s+1) sinh(v/2).

r(v) =In 5simh(0]3) (3.60)

It can be seen that, in the vicinity of v = 0, the argument of 1 (resp ¥*) is
approximated by z —v/2 (resp +v/2). Hence the function W (p, z; %) will be
close to the original Wigner function only for states (z) which have support
on a narrow interval. In particular, the usual Wigner function cannot localize
exactly states of the form (3.56).
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Chapter 4

Dissociation in the Morse

oscillator

Since the first observation of infrared multiphoton absorption in molecules in
the 1970’s, these processes have been attracting much attention because of
their potential applicability in the laser control of molecular reactions [5, 6,
65, 66, 67). The focus of the current chapter is on the dynamics of multiphoton
absorption for diatomic molecules. These processes have been investigated the-
oretically by solving the time dependent Schrédinger equation of the molecule
in external fields. In the present work we will describe a new method for
treating the case when the molecule is in its ground electronic state and the
potential energy curve between the atoms is of the realistic Morse form. We
will give an almost completely analytical description of the Morse oscillator
subject to an external classical electromagnetic field, where the interaction is
treated in the dipole approximation. In other words we shall give the solution
of the time dependent Schrédinger equation:

. d @ 25 ~

42 _ (&, - aE@)le) (1)

where ro is the Morse Hamiltonian, 1 is the dipole moment operator of the

molecule, and E(t) is the classical electric field strength of the excitation.
Time dependent problems can be treated in principle in quantum mechanics

by an expansion in terms of stationary states of the unperturbed Hamiltonian,

but if a part of the spectrum falls into the continuum, then this method is not
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very convenient. Therefore other methods have been worked out, an overview
of which can be found in the review paper of Kosloff [68]. They are using
mainly the coordinate representation and the so-called split operator method,
that solves the time dependent Schrédinger equation by using coordinate and
momentum representations alternating, and have a precision of the order (At)?2
in the time variable increment. The method we propose for the Morse oscil-
lator leads to a system of ordinary differential equations, with given constant
coefficients where the precision can be of much higher order.

Our method uses the ladder operator technique of supersymmetric quan-
tum mechanics (SUSY QM) and the complete orthogonal and normalizable
set of quasi-number states which is defined as special case of Morse-Laguerre
states |¢n(0)) with the parameter choice 0 = s — [s] (see section 2.3). The
formalism introduced by us in [19]-[24], and its mathematical background has
already been discussed in previous chapters. Besides of its higher precision
another advantage of our treatment is that we use essentially an algebraic
operator method. This technique is widely exploited if the molecular vibra-
tions are treated in the harmonic approximation because of its clarity. The
Morse problem is however essentially anharmonic and its classical dynamics is
not linear either, therefore we think that the algebraic approach to the corre-
sponding quantum problem will be of interest on its own. Besides working out
this method we shall demonstrate the power of our formalism in a concrete
application, we shall calculate the dissociation probability of the NO molecule
under the action of a short chirped laser pulse.

4.1 Matrix elements of the interaction term

We consider now the time evolution of the molecular vibration subject to an
external classical field with the field strength E(t). In the dipole approximation
the interaction term is given by

Hiny = —~E(®)R(X), (4.2)

where i(X) is the molecular dipole moment depending on the interatomic
separation. Using the units introduced in Section 2.1 given by the equation
(2.5) we define u = %;’Z, the dimensionless dipole moment operator, where
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Qe = %ﬂh:o is an effective charge and « is the range parameter of the Morse
potential. Then for the dimensionless interaction Hamiltonian one obtains that

Hip = —M(X)g(t), (43)

where £(t) = Q;‘—d"'o%'ﬁE(t) denotes the electric field strength in our units. If
one wishes to solve the Schrédinger equation (4.1) in the quasi-number state
basis, one also need to know the matrix of the dipole moment in this basis.
Due to the algebraic properties of the quasi-number states |¢n(0)), the matrix
of 4(X) can also be determined analytically for certain simple cases. Let us
suppose first that the dipole moment can be approximated by an operator of
the form:

K(X) = X exp(—7X). (4.4)

Using equation (2.37) and the fact that [f(X), Af(k)] = [f(X),—iP] = ﬂd%l
for an arbitrary operator function f(X) of X, the following recurrence relation

is obtained:

nl WO onst) = G—((-m=D(enluD o)+ (45)

Cm (m-1| (X lpn) + {@m| exp(=7X) [¢n))-

Here we have introduced the obvious abbreviations |@,) = |pn(0)), Cm =
Cm(0) = y/m(m + 20 — 1). By the same procedure a similar recurrence rela-

tion can be derived for the matrix elements (| exp(—7X) |¢n):

1
(om|exp(—7X) [pnt1) = C—H((n — m — ) {¢m| exp(—7X) |n) (4.6)
n
+Con {Pm-1| exp(—7X) |0n))-
Then all matrix elements can be calculated, if one has the first of these series:

(po| u(X) |wo) and (wo| exp(—yX) |wo). These latter can be calculated via
integration in coordinate representation:

(ol ) o) = oo [+ ) =B +0)] @)
(‘p0| exp(—fyX) |(P0) = T (2];§2(02:+7i)—1 ’ (48)
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where 9 denotes the digamma (Euler’s %) function [39]. Using the recur-
rence relations (4.5)-(4.6) above, one can determine the symmetric matrix
(@m| u(X) |¢n) for arbitrary indices m and n.

This result can be trivially extended to the case when the dipole moment
is a sum of terms like the one in equation (4.4):

X) =Y d;X exp(~7;X), (49)
i

which is a rather general form. The values of the parameters d; and 7; can
be obtained by fitting this function to experimental dipole curves, or to those
obtained from molecular calculations. Taking only a single term with v = 0
would mean the simplest linear dipole moment borrowed from atomic calcula-
tions and used sometimes for molecules, as well. This latter approach, however,
overestimates the strength of the interaction at large atomic separations and
leads to an unrealistic dissociation probability.

4.2 Time evolution and dissociation

The quasi-number states constitute a complete orthonormal basis, hence one
can expand any state |®(t)) in the form: |®(2)) = 3_>2 jcn(t) |@n). Measuring
the time ¢ in units of 27 /wy, the Schrédinger equation can be written as the
following infinite system of ordinary differential equations:

dc;_p“ -(2s+1)2{(‘P"|H0 |om) — E() (@nl 1t lom)} em(t).  (4.10)

where {(@n| Hp |¢om) and (@a| ¢ |¢m) are given by analytical expressions as de-
tailed in the previous sections.
We will apply our method to determine the dissociation probability of
a molecule. This probability is a time dependent quantity defined as the
projection probability of |®(¢)) on the continuum, or identically as the part of
its norm that has already flown out of the bound subspace H~, and is given
exactly by:
[s) (]
PE) =1-Y_ [@®)| ¥m)’=1- ) ch(t)em(?)- (4.11)

m=0 m=0

50



4.2. TIME EVOLUTION AND DISSOCIATION

(Here we have used the abbreviation |¥,,) for the bound state [¥,,(s)).) To
calculate the dissociation probability above, we have to solve the set of the
dynamical equations (4.10) and to determine the coefficients cp,(t) for 0 < m <
[s]. The coefficients we are looking for are, however, coupled to those with
m > [s] by the dipole interaction, thus the set of equation one has to solve
is infinite dimensional. Therefore in practice we have to truncate the system
(4.10), and we have to use a numerical method to find the solution.

The restriction of the number of the dynamical equations to a finite number
is done here in two steps. First we consider the problem in a very large
subspace of dimension N >> [s], and neglect the contribution of those states
|¢n) for which n > N. Essentially, this truncation means that the infinite
dimensional subspace of dissociated states, H* is approximated by a large, but
finite dimensional subspace. We note that the dimension of the subspace of the
bound states [s]+1 is typically of the order of a few tens, therefore the subspace
of the scattering states is approximated by an N — [s] — 1 dimensional space,
where N is of the order of 103. Then the Hamiltonian is represented by an
operator that is restricted to the finite IV dimensional subspace spanned by the
orthonormal system {|¥,,), |¢,)} withn=[s]+1,... Nand m=0,1,...[s]:

H™ = B — g(t)u™, (4.12)

where HéN) and £(t)u™) are the truncated operators, so that their matrices
are of dimension N. The matrix of H{" is built up by an [s] + 1 dimensional
diagonal (see equation (2.21)) and an N — [s] —1 dimensional tridiagonal block
matrix (2.53) corresponding to the bound state subspace and to the approxi-
mated positive energy subspace, respectively. Before solving the already finite
number of ordinary differential equations we perform a unitary transformation
on our truncated basis to bring this restricted free Hamiltonian into diagonal
form. Due to the fact that the matrix of HéN ) is finite tridiagonal, this can be
done by the help of a very fast algorithm. This yields positive energy eigen-
values ES" (1 + [s] < n < N) and the corresponding eigenstates |2 ) which
we can use for the description of the dissociated part of the spectrum. If N
is large enough, then the lowermost positive energies E™ follow densely each
other, and approximate satisfactorily the continuous energy spectrum above
the dissociation threshold.
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CHAPTER 4. DISSOCIATION IN THE MORSE OSCILLATOR

In the second step of the approximation, we restrict the calculation to the
bound subspace and to those |\II,’:’ ) states with n > [s], for which the dipole
couplings with the bound states are non-negligible. In the application to be
discussed below, it will turn out that these matrix elements are significant only
for those |W)') states that correspond to the lowest positive energy eigenvalues
EM™ withn = [s]+1,... M, sothat M <« N. Therefore, in order to follow the
dissociation process, it is enough to solve (4.10) in the basis |¥y,), [ %), which
means that we expand the time dependent states as |®(t)) = S0 by, (£) ) ,
where now the notation

_J) %) i 0<n<|s]
[%n) ={ WYY it [ <n<N (4.13)

has been introduced. Then we solve the system of M ordinary differential
equations

dba(t)
at (2s+1)

Z {("/Jnl Hy |¢m) S(t) (¢n| © W)m)} bm ( ) (4'14)

that describes the time evolution of the coefficients b, and calculate the dis-
sociation probability via equation (4.11) with the obvious cy,(t) — b (2)
replacement:

[s]
) =1-" b (t)bm(t). (4.15)

m=0

4.3 An example: the NO molecule

In what follows we are going to illustrate our method through a calculation for
a concrete molecule. We are going to determine the dissociation probability
starting from the ground state for the nitrogen-oxide (NO) molecule, excited
by an appropriate laser field. The dissociation of this molecule has attracted a
certain interest in the last few years. We have used a Morse potential with the
molecular data in the electronic ground state which are summarized in Table
4.1. These values of parameters m, o and D are taken from [37].

The potential and the dependence of the dipole moment on the interatomic
separation are depicted in Figure 4.1. The circles show the dipole moments
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4.3. AN EXAMPLE: THE NO MOLECULE

parameter symbol value
reduced mass m 7.46 a.u.
range parameter o 27.68 nm ™!
dissociation energy D 6.497 eV
Morse frequency wo = V2Da?/m 1904, 2cm™!
s parameter s=+v2mD/ha —1/2 54.54

Table 4.1: Typical pameters for NO

Energy (eV)
1
o
o

1
o
3]

(9AgaQ) uawow ajodi(]

-5+ ; Morse potential
TR T e RS fitted dipole moment
® calculated dipole moment
-10 T T T
2 0 2 4 6
X (dimensionless)

1
©°

Figure 4.1: The dipole moment function of NO

of NO at various interatomic separations that have been calculated by an
unrestricted density functional method [69]. The dotted line is a fitted function
of the form (4.9)

w(X) = di X exp(—1X) + do X exp(—72X), (4.16)

with the parameter values: d; = —9.66, dy = 10,64, y; = 0.927 and v, = 0.870.
The matrix elements corresponding to these operators have been determined
analytically by using the recurrence relations of (4.5) and (4.6).

In order to carry out concrete calculations we have chosen the truncation
indices to be N = 3000, and M = 200, as increasing these values had no effect
on the result. (Note that the number of bound states is now [s]+ 1 = 55.) The
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CHAPTER 4. DISSOCIATION IN THE MORSE OSCILLATOR

dipole moment matrix corresponding to the set of states |t,,) is shown in Figure

4.2. One can see that it has negligible elements far away from the diagonal, that
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Figure 4.2: The absolute values of the dipole moment matrix elements

justifies the truncation procedure, in calculating the dissociation probability.
The initial state was taken to be the vibrational ground state, and we devised
the excitation with the aim to achieve a significant dissociation probability.
According to [7] one can think of the desired time evolution as a sequence
of two-level transitions. In the ideal case the electric field is resonant with
every single transition and its pulse area is 7. In order to maintain the reso-
nance condition during the whole process, it is appropriate to use continuously
chirped pulses. If the frequency of the pulses decreases slowly enough, then it is
possible to consider its effect as a sequence of approximately resonant two-level
transitions. For low vibrational quantum numbers the coupling is the largest
between the nearest neighbors, therefore at the beginning the excitation has
to drive the system through the ladder of neighboring eigenstates towards the
continuum. However, as it is seen in Figure 4.3, there is a minimum in the

m — m+ 1 couplings at m = 42, therefore this vibrational quantum number
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corresponds to a trapping state.

0,30
- e S AVTE A
0,25 /\ ------- [ e

. \ ........... (@l o)
0,20 4

0,15 Sech \\\ dissociation limit
G .
e eeedee N
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Dipole moment matrix elements (Debye)

0004 -

Figure 4.3: The neighbouring matrix elements

This is a consequence of the shape of the dipole moment curve (Figure
4.1) and it would be absent in the linear approximation p(X) ~ X. One
can circumvent the problem by lengthening the pulse time, but we present a
different route here with the three pulses shown in Figure 4.4, exploiting other
than first neighbor transitions, as well. The area condition could be met for
all three pulses with the distorted secant-hyperbolic envelopes:

E =&,/ [exp(to — t) /7 + exp(t — to) /7] (4.17)

with different exponentials in their fronts 74 and tails 3. The chirping rates
can be seen in Figure 4.4 while the other data of the pulses are given by (a)
pulse 1: 74 = 10.27, 7, = 246.4, to = 41.0, (b) pulse 2: 74 = 71.87, 7, = 61.61,
to = 1297.5 and (c) pulse 3: 75 = 71.87, , = 61.61, ¢, = 2087.6. Further the
peak values for all three pulses are 1.05 x 103V /cm. Using these parameters,
the first pulse drives the molecule into a superposition of a few states |¢p,)
around m = 42. This implies that a second laser pulse with an initial carrier
frequency being in approximate resonance with the corresponding m — m-+2
transition will continue this dissociation process and let the molecular state
jump over the trap state. After this second pulse, the distribution of the
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Figure 4.4: The sequence of three chirped laser pulses and corresponding dissocia-

tion rates

populated states is not so narrow as it was before, which is a consequence
of the presence of second neighbor transitions. The most probably populated
states are now so close to the continuum limit that a final pulse - even without
chirping - leads to a dissociation probability that is more than 40%. As shown
in Figure 4.4, this probability is practically zero before the third pulse.

In this chapter, we have presented a method based on SUSY QM that
leads to a system of ordinary differential equations describing molecular time
evolution. The key object of our approach was the complete and orthonormal
basis of the pseudo-number states serving full description of the Hilbert space
and allowing to evaluate the matrices of both the free Hamiltonian and the
perturbation term, too. We have applied this method for devising laser pulses
leading to a significant dissociation probability of the NO (nitrogen-oxide)

molecule with a realistic dipole moment.
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Summary

In the present work we have pursued the detailed algebraic analysis of the
anharmonic Morse oscillator. Our approach is essentially based on the ladder
operator technique which was originally introduced in the context of super-
symmetric quantum mechanics. Using the supersymmetric creation operator
of the Morse oscillator we have generated a class of complete sets of normaliz-
able states which enabled us to formulate the problem of the Morse oscillator
entirely in Hilbert space even above the dissociation threshold. We have also
introduced coherent states for the Morse potential in an algebraic manner and
have proven their connection to the affine group of the real line. We have also
shown that from certain points of view in the case of the Morse potential the
affine group and its further extensions play similar roles as the Heisenberg-
Weyl group and the metaplectic group do for the harmonic oscillator. To
emphasize also the practical applicability of our algebraic results we have ap-
plied them to the study of a concrete physical problem: the dissociation of the
NO (nitrogen-oxide) molecule induced by external electromagnetic pulses.

Chapter 1: Owverview of SUSY QM. In this chapter we introduced those
objects which are necessary to treat the quantum problem of the Morse os-
cillator by an algebraic method. We reviewed the concepts of SUSY QM and
shape invariance. We presented how SUSY QM can be used to solve eigen-
value problems corresponding to shape invariant Hamiltonians in an algebraic
way similarly to the commonly used ladder operator method of the harmonic
oscillator.

Chapter 2: Morse oscillator. In this chapter we first started with known re-
sults. In the first two sections we recalled the bound states and non-normaliz-
able scattered states of the Morse potential where these latter ones do not
belong to the Hilbert space of normalizable vectors. There exists only a finite
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number of bound states and the dimension of the subspace spanned by them is
given by the expression [s] + 1, depending on the shape parameter s character-
izing the depth of the potential well. (Notation: [s] denotes the largest integer
less than parameter s.) For sake of completeness we also recalled the scattering
wave functions of the Morse oscillator which obey other boundary conditions
than the bound states, and they do not belong to the Hilbert space of square
integrable function. However, these wave functions can be interpreted as the
kernels of non-bounded linear functionals over the Hilbert space and certain
appropriate continuous sums (integrals) of them lead to normalizable states in
the orthogonal complement of the bound state subspace.

Obviously, it is impossible to have a full quantum description restricting
the system only to this finite bound state subspace. In order to avoid the prob-
lem of the incompleteness and to describe the dissociated part of the Hilbert
space we have introduced a new complete set of mutually orthogonal and nor-
malizable states depending on a positive parameter g. In general we referred
to these basis states as Morse-Laguerre states. An additional advantage of
these bases is that for certain appropriate choice of the parameter ¢ the Morse
Hamiltonian takes on the form of a simple tridiagonal matrix consisting of
two blocks which correspond to a finite and an infinite dimensional invariant
subspaces, respectively.

It is worth two distinguish two particular cases. In one of these g coincides
exactly with the positive shape parameter s of the Morse potential. Then the
first Morse-Laguerre state is the ground state, while the excited bound eigen-
states are infinite linear combination of the Morse-Laguerre states other than
this first one. We call this special case of the Morse-Laguerre states as the
pseudo-number state basis. By the help of these pseudo-number states we con-
structed the coberent states for the anharmonic Morse potential analogously
to the way one expands the coherent states of the harmonic oscillator in terms
of its eigenstates.

In the second particular case, we set ¢ = s — [s]. Then each of the first
[s] + 1 Morse-Laguerre states becomes exactly the linear combinations of the
bound states. In other words, the bound subspace is spanned by the first
[s] + 1 Morse-Laguerre states while its orthogonal complement subspace cor-
responding to the dissociated part of the Hilbert space is spanned by the rest
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of the Morse-Laguerre states. In this case, i.e., when ¢ = s — [s], we call the
Morse-Laguerre states as quasi-number states. They serve useful tools to study
the state evolution when an external field forces the system to flow out of the
bound subspace.

Chapter 3: The affine group and the Morse oscillator. In Chapter 2 we had
introduced the coherent states of the Morse oscillator as the superpositions of
pseudo-number states in complete analogy to the case of harmonic oscillator.
In this chapter we elucidated the connection of the Morse coherent states with
the affine affine group of the real line and some of its extensions. In the case the
Morse oscillator the central extension of the affine Lie algebra plays a similar
spectrum generating role as the Heisenberg-Weyl algebra does for the harmonic
oscillator. We also pointed out that the elements of the unitary irreducible
representation of the affine group are displacement operators for the Morse
coherent states in the sense that they create them from the ground state being
itself coherent. We showed that the Morse coherent states minimize the strong
version of the uncertainty relation associated to the affine group. Therefore
they can also be interpreted as minimal uncertainty states of the affine group.
We proved how the whole set of minimal states - which is larger than the
coherent state set - is connected to a certain further non-trivial extension of
the affine group (the extension by the torus group).

We also presented a phase space picture for the Morse coherent states
and minimal states via a quasi-distribution density function called the affine
Wigner function introduced originally in signal processing theory.

Chapter 4: Dissociation in the Morse oscillator. The multiphoton absorp-
tion processes in diatomic molecules have been attracting continuous atten-
tion for a long while. The driven Morse oscillator is a widely used model
to study such molecular processes especially the photodissociation. In this
chapter by applying the basis of the quasi-number states we transformed the
time-dependent Schrédinger equation corresponding to the Morse oscillator
that is driven by an external classical laser field into a set of ordinary differ-
ential equations. The parameters of the Morse potential were chosen to be of
the real nitrogen-oxide molecule. We approximated the dipole moment val-
ues calculated by an ab-initio method with a special dipole moment function.
The functional form of these latter function allowed us to determine the corre-
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sponding dipole matrix elements algebraically. By straightforward numerical
methods we solved the dynamical equations and found significant dissociation
induced by a sequence of appropriately tailored chirped laser pulses.
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A dolgozatban elvégeztitkk a kvantummechanikai anharmonikus Morse osz-
cillitor részletes algebrai analizisét. Mddszeriink lényegében a szuperszim-
metrikus kvantummechanika 1éptetd operatoros technikdjan alapul. A Morse
oszcilldtor szuperszimmetrikus kelté operatordn keresztiil normalhaté, orto-
gondlis allapotok teljes rendszereinek egy osztilyat allitottuk el6, amely lehe-
t6vé teszi a Morse potencidl teljes, Hilbert-térbeli leirasat még a disszociacids
kiisz6b felett is. Algebrai médon koherens allapotokat vezettiink be a Morse
potencial esetére, és bizonyitottuk azok kapcsolatit a valds szimegyenes affin
csoportjaval. Megmutattuk, hogy az affin csoport és annak tovabbi kiter-
jesztettjei a Morse potencidl esetében hasonlé szerepet jatszik, mint a Heisen-
berg-Weyl csoport és a metaplektikus csoport a harmonikus oszcillator estén.
Gyakorlati jelentéségét hangsilyozandé, algebrai eredményeinket egy konkrét
fizikai probléma, a NO (nitrogén-monoxid) molekula kiils6 elektromdgneses tér
indukdlta disszocidcidjdnak tanulményozasara alkalmaztuk.

1. Fejezet: A szuperszimmetrikus kvantummechanika dttekintése. A fe-
jezetben az irodalom alapjdn bevezettikk mindazokat az objektumokat, ame-
lyek a Morse oszcillitor kvantummechanikai probléméjdnak algebrai leirasa-
hoz sziikségesek. Roviden 4ttekintettilk mind a szuperszimmetrikus kvantum-
mechanika, mind az alakinvarianca koncepcidjit. Bemutattuk hogyan oldhaté
meg egy alakinvaridns potencidl Hamilton operdtordnak sajitérték problémaéja
algebrai dton, hasonléan a harmonikus oszcillitorndl mar megszokott 1éptetd
operatoros targyaldsdhoz.

2. Fejezet: Morse oszcillitor. A fejezet els6 két szakaszdban kordbbroél
ismert tényekkel foglalkoztunk. Felidéztiik a Morse potencidl kotott illetve
nem normdlhaté szért allapotait. Amennyiben létezik, akkor mindig véges
szdmi normélhaté k6tott dllapot irhaté fel, és az ezek dltal kifeszitett altér di-
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menziéjat pontosan a Morse potencidl mélységét jellemz6 s paramétertdl fiiggd
[s] + 1 kifejezés adja meg. (A jelolés: [s] azt a legnagyobb egész szdmot je-
lenti, amely szigorian kisebb s-nél.) A szért 4llapotok a Hamilton operdtor
pozitiv sajatértékeihez tartozdé, nem Hilbert-térbeli sajitfiiggvények, amelyek
a megfelel6 hatarfeltételeknek tesznek eleget. A szért dllapotok, mint nem
korlatos linerdris funkciondlok mar j6l értelmezhet6ek a Hilbert-tér felett, és
a veliik képzett megfelel6 integrdlok a kotott allapoti altér ortogondlis kom-
plementerének elemei. Ezen az utébbi végtelen dimenziés ortogonslis kom-
plementer altéren (disszocidlt altéren) a Hamilton operdtor azonban szigori
értelemben mir nem diagonalizalhaté.

Nyilvdnvaléan, csupdn a véges kotott dllapoti altérre szoritkozva a rend-
szer teljes kvantummechanikai lefrésa, illetve a fizikailag lényeges disszocidcids
folyamat vizsgélata nem valdsithaté meg, mivel ekkor a Hilbert-tér disszociélt
alterét figyelmen kiviil hagyjuk. Ezt a problémét megoldandé a 2.3 pontban,
ahonnét a sajit eredményeink ismertetését kezdtiik el, bevezettiink ortonormé4lt
bazisok egy uj csalddjit, amelynek mindegyike ténylegesen kifesziti a teljes
Hilbert teret. Ezeket a bézisokat, amelyeket egy pozitiv ¢ paraméter kii-
Ionboztet meg egymastdl, k6zos néven Morse-Laguerre bdzisoknak nevezziik.
A teljességen til a Morse-Laguerre bézisok tovibbi elénye, hogy a Hamilton
operator matrixa benniik tridiagondlis. A ¢ paraméter bizonyos jél megha-
tarozott értékeinél a Hamilton operdtor matrixa egy véges és egy végtelen
dimenzids tridiagondlis blokkra bomlik szét.

Itt két kiilondsen hasznos esetet vizsgdltunk meg részletesen. Az elsd e-
setben, amikor a ¢ paraméter pontosan megyezik a Morse potencidl s pozitiv
alakparaméterével, az els6 Morse-Laguerre allapot éppen az alapéllapot, mig
a gerjesztett dllapotok a tovdbbi Morse-Laguerre dllapotok végtelen linedris
kombinéciéi. Ebben a specidlis esetben a Morse-Laguerre allapotokat pszeudo-
szdmdllapotoknak nevezziikk. A pszeudo-szdmallapotokon keresztiil az anhar-
monikus Morse oszcillator koherens 4llapotai ahhoz az eljirashoz hasonléan
konstrudlhaték meg, ahogyan a harmonikus oszcillitor esetén a koherens alla-
potok a szdmadllapotokon keresztiil fejthet6k ki. A Morse koherens 4llapotok
ilyetén val6 konstrukcidjat szintén ebben a fejezetben targyaltuk.

A mésodik esetben, a ¢ = s — [s] paraméter vélasztéssal az elsd [s] +
1 Morse-Laguerre éllapot a kotott allapotok egymdéstdl linedrisan fiiggetlen
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kombindciéi. M4s szavakkal, a kot6tt dllapoti alteret az elsd [s] + 1 Morse-
Laguerre baziselem, mig a disszocidlt dllapoti alteret (a k6t6tt dllapoti altér
ortogonalis komplementerét) a tovdbbi Morse-Laguerre bazisvektorok feszitik
ki. Az ilyen paramétervilasztissal adédé Morse-Laguerre dllapotokat kvdzi-
szdmdllapotoknak hivjuk. Ez utébbi dllapotok hasznos eszkdziil szolgidlnak
dllapotok idé6fejlédésének nyomonkévetésére, még abban az dsszetett esetben
is, amikor egy kiils6 gerjeszt6 tér hatdsdra a rendszer “kifolyik” a kotott
altérbal.

3. Fejezet: Az affin csoport és a Morse oszcilldtor. Az el6z6 fejezetben — a
harmonikus oszcilldtor esetével analég médon — bevezettiikk a Morse koherens
dllapotok tilteljes rendszerét, mint pszeudo-sziméllapotok megfelel6 szuper-
poziciéit. Ebben a fejezetben kifejtettiik a Morse koherens allapotok kap-
csolatdt a valés szdmegyenes affin csoportjaval, illetve annak néhdny tovabbi
kiterjesztésével. ElGszor megmutattuk, hogy a Morse oszcilldtor esetén az affin
algebra centrélis kiterjesztése jatssza ugyanazt a spektrumgenerdl$ szerepet,
amit a Heisenberg-Weyl algebra a harmonikus oszcilldtor szdmdira. Azt is
bizonyitottuk, hogy az affin csoport megfelelé unitér irreducibilis reprezenta-
ci6jdnak elemei a Morse koherens allapotok eltoldsi operdtorai. A koherens
dllapotokat ezek az eltoldsi operatorok allitjdk el6 az alapéllapotbédl, amely
maga is koherens 4llapot. Megmutattuk tovabbé, hogy a Morse koherens
dllapotok minimaliziljék az affin csoport generdtoraihoz tarsitott hatdrozat-

lansdgi reldcid “ erGsebb” vétozatit. Ezért azokat az affin csoport minimdlis
dllapotaiként is értelmezhetjiik. Beldttuk azt is, hogy a minim4lis 4llapotok
egész halmaza, amely b6vebb, mint csak a koherens dllapotoké, az affin csoport
egy nem trividlis, a térusz csoporttal t6téné, kiterjesztésével kapcsolatos.

Megadjuk a Morse koherens és minim4lis 4dllapotok fazistérbeli reprezenté-
ciéjat az tin. affin Wigner fiiggvények segitségével, amelyek mdshol, eredetileg
a jelfeldolgozds elméletében keriiltek bevezetésre.

4. Fejezet: Disszocidcid Morse oszcilldtorban: Kétatomos molekuldk t6bb-
fotonos abszorpcids folyamatait méar hosszu ideje jelentds érdeklodés ovezi.
A kényszeritett Morse oszcillitor gyakran hasznédlt modell ilyen molekuldris
folyamatok, kiilonésen a fotodisszocidcid, tanulményozdsira. Ebben a fe-
jezetben a kvizi-szdm4llapotok bazisdn a kiilsé klasszikus lézer tér altal ger-
jesztett Morse oszcillator idofiiggd Schrodinger egyenletét egy kozonséges dif-
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ferencidlegyenlet-rendszer formdjiban irtuk fel. A Morse oszcillitor paramé-
tereit egy valédi molekuldénak, a nitrogén-monoxidénak (NO), vélasztottuk.
A molekula dipél momentumét, amelynek értékei kiilonb6z6 magtévolsdgokon
egy mdsok altal végrehajtott kvantumkémiai médszerrel adédtak, mi egy konk-
rét fiiggvénnyel kozelitettiikk. E fiiggvény funkciondlis alakja lehet6vé teszi,
hogy a megfelel6 dipél matrix elemeket analitikusan, algebrai iton hatdrozzuk
meg. Ezutdn numerikus médszerekkel megoldjuk a dinamikai egyenleteket és
megmutatjuk, hogy megfelelGen tervezett infravords lézerimpulzusok hatéséra
a molekula jelentos mértékben disszocial.
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