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Abstract We consider elliptic diffusion problems with a random anisotropic dif-
fusion coefficient, where, in a notable direction given by a random vector field,
the diffusion strength differs from the diffusion strength perpendicular to this no-
table direction. The Karhunen-Loéve expansion then yields a parametrisation of
the random vector field and, therefore, also of the solution of the elliptic diffusion
problem. We show that, given regularity of the elliptic diffusion problem, the decay
of the Karhunen-Loéve expansion entirely determines the regularity of the solu-
tion’s dependence on the random parameter, also when considering this higher
spatial regularity. This result then implies that multilevel quadrature methods
may be used to lessen the computation complexity when approximating quantities
of interest, like the solution’s mean or its second moment, while still yielding the
expected rates of convergence. Numerical examples in three spatial dimensions are
provided to validate the presented theory.
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1 Introduction

The numerical approximation of quantities of interest, such as expectation, vari-
ance, or more general output functionals, of the solution of a diffusion problem
with a scalar random diffusion coefficient with multilevel collocation or multilevel
quadrature methods has been considered previously, see e.g. [2,8,13,14,20,23,28,
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35] and the references therein; in this isotropic case, the mixed smoothness required
for the use of such multilevel methods has been provided in [9] for uniformly elliptic
diffusion coefficients and in [26] for log-normally distributed diffusion coefficients.
However, in simulations of certain diffusion phenomena in science and engineering,
the diffusion that needs to be modeled may not necessarily be isotropic. One spe-
cific application we have in mind here stems from cardiac electrophysiology, where
the electrical activation of the human heart is considered. It is known that the
fibrous structure of the heart plays a major role when considering the electrical
and mechanical properties of the heart. And while the fibres have a complex and
generally well-organised structure, see e.g. [11,31,32,33], the exact fibre orienta-
tion may vary between individuals and also over time in an individual, for example
due to the presence of scaring of the heart.

More generally, we wish to be able to model diffusion in a fibrous media, where
fibre direction and diffusion strength in fibre direction are subject to uncertainty.
For this setting, the following random anisotropic diffusion coefficient was defined
in [24]:

VW]V [w]

VTw]V[w]’

where a is a given value, I is the identity matrix of R?*? and V is a random
R%-valued field, over a given spatial domain D C R? and a given probability space
(£2, F,P). The fibre direction is hence given by V/||V||2 with the diffusion strength
in the fibre direction being ||V||2 and the diffusion strength perpendicular to the
fibre direction is defined by a. While we only consider this model hereafter, the
techniques we use may also be applied straightforwardly to other models of random
anisotropic diffusion coefficients, such as, for example, the following model in three
spatial dimensions:

Alw] :=al + (”V[w}”2 - a)

[ | |7 [cosasw] —sinas[w] 0] [1 0 0
Afw] ;= [f ts| [sinas[w] cosaszjw] 0| [0 cosaz[w] sinaz|w]
L] 0 0 1| [0 —sin az[w] cos aa|w]
[ cosaifw] 0sinai[w]] [aglw] O 0 cosai[w] O sinaq|w]
0o 1 0 0 agfw] O 0 1 0
| —sinai[w] 0 cos a1 [w] | 0 0 as[w]| |—sinaifw] 0 cosai|w]
(1 0 o 17 cos agw] —sinaa[w] 0 i | ]| i
0 cosasw] sinaz|w] sin aslw] cosaszw] 0 fts
|0 —sin az|w] cos az(w] | 0 0 1 |||

Here, f, t and s are vector fields describing the fibre, the transverse sheet and the
sheet normal directions in the heart, which at each point in D yields an orthonor-
mal basis. These vector fields could, for example, be derived from measurements or
be generated by an algorithm such as the Laplace-Dirichlet Rule-Based algorithm
described in [3]. Note that, in this model, the diffusion strengths are random fields
af, at and as, and the fibre and sheet directions are locally angularily perturbed
by random fields a1, a2 and as.

We shall consider the second order diffusion problem with this uncertain dif-
fusion coefficient A given by

—divx (Aw] Vxulw]) = f in D,

for almost €
or almost every w { ulw] =0 on OD,
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with the known function f as a source. The result of this article is then as follows.
Having spatial H°®-regularity of the underlying diffusion problem, given by suffi-
cient smoothness of the right hand f side and the domain D, then the random
solution u admits analytic regularity with respect to the stochastic parameter also
in the H*(D)-norm provided that the random vector-valued field offers enough
spatial regularity. This mized regularity is the essential ingredient in order to ap-
ply multilevel collocation or multilevel quadrature methods without deteriorating
the rate of convergence, see [20] for instance.

The rest of the article is organised as follows: In Section 2, we provide basic def-
initions and notation for the functional analytic framework to be able to state and
then also reformulate the model problem, by using the Karhunen-Loéve expansion
of the diffusion describing random vector-valued field V| into its stochastically
parametric and spatially weak formulation. Section 3 then deals with the regular-
ity of the solution of the stochastically parametric and spatially weak formulation
of the model problem with respect to the stochastic parameter and some given
higher spatial regularity in the model problem. We then use the fact that the
higher spatial regularity can be kept, when considering the regularity of the solu-
tion with respect to the stochastic parameter, to arrive at convergence rates when
considering multilevel quadrature, such as multilevel quasi-Monte Carlo quadra-
ture, to approximate the solution’s mean and second moment. Numerical examples
are provided in Section 4 as validation; specifically we use multilevel quasi-Monte
Carlo quadrature to approximate the solution’s mean and second moment in a
setting with three spatial dimensions. Lastly, we give our conclusions in Section 5.

2 Notation and model problem
2.1 Notation and precursory remarks

We denote the natural numbers including 0 by N and excluding 0 by N*.
For a sequence of natural numbers, & = {an }nen+ € NV we as usual define
the support of the sequence as

suppa = {n € N* | an, # 0}.

If supp v is of finite cardinality, we say that « is finitely supported. The set of
finitely supported sequences of natural numbers is then denoted by N?j*, while
we will refer to its elements as multi-indices. For all m € N* we will identify the
elements a = (au,...,am) € N™ with their extension by zero into N?I*, that is
a = (a1,...,am,0,...), so that all notations defined below for elements of N?F
also carry over to the elements of N™; we then also refer to elements of N as
multi-indices.

For multi-indices & = {an tnen+, 3 = {Bn}nen+ € NI}I* and a sequence of real
numbers v = {7y, }nen- € RY | we use the following common notations:

laf := Z Qi al = H anl,

nesupp o nesupp «

<g> " (g> SaE | (IS

nesupp aUsupp B nEsupp o
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Furthermore, we say that o < 3 holds, when a; < §; holds for all j € supp o U
supp 3, and a < B, when a < 3 and a # 3 hold.

Subsequently, we will always equip R™ with the norm ||-||2 induced by the
canonical inner product (-,-) and R™*™ with the induced norm ||-||2. Then, for
v,w € R?% the Cauchy-Schwartz inequality gives us

T
v wl=[(v,w)] < [[vll2]wll2,
and we also have, by straightforward computation, that
T
[vw 2 = [[v]]2[[wl]2.

Moreover, when considering R™ itself or an open domain D C R™ as a measure
space we always equip it with the Lebesgue measure. Similarly, we always equip
N and N* with the counting measure when considering them as measure spaces.
Let X, X1,..., X, and ) be Banach spaces, then we denote the Banach space
of bounded, linear maps from X to Y as B(X;)); furthermore, we recursively
define
B(X1,..., X Y) = B(X1;B(Xa,..., X))

and the special case
B°(Xx;¥):=Y and Bt'(X;Y):=B(X;B(X;))).

For T € B(X1,...,Xr;Y) and v; € X; we use the shorthand notation Tvy - - - v, 1=
T(vi,...,vr) €.

For a given Banach space X and a complete measure space M with measure
 the space L (M; X) for 1 < p < oo denotes the Bochner space, see [25], which
contains all equivalence classes of strongly measurable functions v: M — X with
finite norm

1/p
[ b@lan@] L p<o
lvllp, M2 = |lllLe a2y o= M
eSSSupH’U(l‘)HX7 p = Q.
rEM

A function v: M — X is strongly measurable if there exists a sequence of count-
ably-valued measurable functions v, : M — X, such that for almost every m € M
we have limy, o0 vn(m) = v(m). Note that, for finite measures u, we also have the
usual inclusion L (M; &) D LE(M; &) for 1 <p < g < oo.

For a given Banach space X and an open domain D C R¢, with d € N*, the
space WTP(D; X) for n € N and 1 < p < co denotes the Sobolev—Bochner space,
which contains all equivalence classes of strongly measurable functions v: D — X,
such that the function itself and all weak derivatives up to total order n are in
L?(D; X) with the norm

1
10lln o052 = 0llwnrizy = Y 105 0]l, b2
le|<n

Moreover, W' (D; X) denotes the closure of the linear subspace of smooth func-
tions with compact support, CS°(D; X), in W™"P(D; X) and we set H"(D; X) :=
W™2(D; X) and H(D; X) := W"*(D; X).
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In the notation for the Bochner and Sobolev—-Bochner spaces we may omit
specifying the Banach space X when X = R. Especially, H™"(D) denotes the
topological dual space of Hy (D). Moreover, if the X we are considering is itself a
Bochner or Sobolev—Bochner space then we replace the X' in the subscript of the
norm with the subscripts of its norm, for example

[vllp, Min,q.0:9 = IVllp, mswna(pip) = [Vl LE AW (Di))-

As we will need the Faa di Bruno formula, see [10], we just restate it here —
in a slightly adapted way, for our notation and usage — as a remark for reference.

Remark 1 Let ) and Z be Banach spaces, and D C R™ or D C RY" a domain.
Given W:Y — Z and v: D — Y, where Y C Y is open with imgy,v C Y and
W, v are both sufficiently differentiable for the formula to make sense, then

||

ag(Wov):a!Z% Z (DTWov)aﬁlv---8E’“vHﬁLj',
j=1"7

r=1"" C(ar)

for a € N™, respectively a € Nlﬁ* with a # 0, where C(a, r) is the set of multi-
index compositions of a multi-index « into r non-vanishing multi-indices, given

by
Cla,r) = {(ﬂl,...,,@r) € (N?j*)r : Zﬁj =aand B; #0forall1 <j < r}.
j=1

Finally, we note that to avoid the use of generic but unspecified constants in
certain formulas we use ¢ < d to mean that ¢ can be bounded by a multiple of d,
independently of parameters which ¢ and d may depend on. Obviously, ¢ 2 d is
defined as d < ¢ and we write c< d if c <d and ¢ 2 d.

2.2 Model problem

Let (£2,F,P) be a separable, complete probability space. Then, we consider the
following second order diffusion problem with a random anisotropic diffusion co-
efficient

—divx (Aw] Vxulw]) = f in D,

ulw] =0 on dD, M)

for almost every w € 2: {
where D C R? is a Lipschitz domain with d > 1, the function f € H~'(D)

describes the known source and the random anisotropic diffusion coefficient, A €
L (£2; L°°(D; RESL ), is given by

Alw](x) = D(V[w](x)).

Here, V € LHODO(Q; L°°(D;]Rd)) is a random vector-valued field that specifies the

direction and diffusion strength of a notable direction at each point and D: R? —
R;i;n‘fm is a mapping, which is given by

D) = al + (|Iv], — a) % @)

viv
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for a € R a given positive number and which maps this description of direction and
diffusion strength given by v € R? to a diffusion coefficient matrix that accounts
for homogeneous diffusion with strength a perpendicular to v and diffusion of
strength HVH2 in the direction of v.

We require that there exist a > 0 and @ > 0 such that

a< eiseigf e)scseiBfHV[w](x)” < eswsesgp eisesBpHV[w] (X)H <a (3)

and a < a < a. Then, by definition, A satisfies the uniform ellipticity condition

< essinf ess inf Amin (A < Amax (A <a
a < essinfessin (Alw](x)) < eSS Sp 55 SUp (AWl(x) <@, (4)

where Amin(B) and Amax(B) denote the smallest and largest eigenvalues of the
matrix B € deyxn‘fm. Without loss of generality, we assume a < 1 < a.

It is assumed that the spatial variable x and the stochastic parameter w of the
random field have been separated by the Karhunen-Loéve expansion of V, yielding
a parametrised expansion

VIyl(x) = E[V](x) + D oxthr(x)yr, (5)
k=1

where y = (yx)ken- € O 1= RY is a sequence of uncorrelated random variables,
see e.g. [24]. In the following, we will denote the completion of the pushforward of
the measure P on [J equipped with its product o-Algebra of the Borel o-Algebras
of R as Py. Then, we also view Aly](x) and u[y](x) as being parametrised by y
and restate (1) as

—divx(Aly] Vxuly]) = f in D,

uly] =0 on dD. (6)

for almost every y € [J: {

Lastly, we note that the spatially weak form of (6) is then given by

Find u € L§S (0; Ho (D)) such that
(A[Y] Vx u[Y]7 VX 'U) LZ(D;Rd) = (f7 U) LZ(D;]Rd) (7)
for almost every y € [0 and all v € H(%(D).

This also entails the well known stability estimate.

Lemma 1 There is a unique solution u € Lg, (0 H&(D)) of (7), which fulfils

1
lulloo,551,2,0 < —=5-IIfll-1.2,D,
acy,

where cy is the Poincaré-Friedrichs constant of Hg(D).
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3 Parametric regularity and multilevel quadrature

We now derive regularity estimates for the solution u of (7) and apply multilevel
quadrature for approximating the mean of u. The regularity estimates are based
on the following assumption on the decay of the expansion of V.

Assumption 1 We assume that E[V] and the v, are elements of W™ (D; R?)
for a 7 € N and that the sequence ¥r = (Vr,k)ken+, given by

Tk = Ho-k’(pk HT,OO,D;]R”"

is at least in L'(N*;R). We also define

Cry, = max{HE[V]HT’m’D;Rd + lvr ll1nesm, 1}.

Furthermore, for the regularity estimates we also require an elliptic regularity
result.

Assumption 2 Let R be a Banach space with norm ||-||r, such that, for all
Bc W™ (D;REE)NR,
that fulfil (4), we have that the problem of solving

(B Vxu, Vg v) = (h,v)2(D)

L2(D;R%)
for any h € H™"Y(D) has a unique solution u € HQ (D), which also lies in
H™ (D), with

[ullz+1,2,0 < Crer (D, g, |Bll=. ) |hll7-1,2,0

where Cr er only depends on D, a and continuously on ||B||r., .
We assume from here on that A also lies in Lg, (C; R+ ).

Note, that for 7 = 0, this reduces to the stability estimate, for which the parametric
regularity may be found in [24]. Therefore, we will hereafter only consider the
case where 7 > 1. Such an elliptic regularity estimate for example is known for
7 = 1, when the domain is convex and bounded and R, = C%}(D;R¥*?), see
[16, Theorems 3.2.1.2 and 3.1.3.1]. The elliptic regularity estimate is also known
to hold for 7 > 1 and d = 2, when the domain’s boundary is smooth and R, =
W™ (D; R see [7].

The rest of this section is now split into three subsections. The first subsection
is dedicated to the computation of explicit bounds for the regularity of the map-
ping D, which maps our description of a fibre to a diffusion coefficient. With this
result at hand we then, in the second subsection, may assert regularity estimates
for the diffusion coefficient itself and derive the regularity estimates of the solution
u in Theorem 3. We then briefly discuss what kind of convergence rates and com-
putational complexity this regularity of u yields, for the example of approximating
E[u] using singlelevel and multilevel quadrature methods, in the third subsection.
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3.1 Regularity of the vector field to diffusion coefficient mapping

Since our aim here is to give explicit bounds for the regularity of the mapping D,
which maps our description of a fibre to a diffusion coefficient. We first supply*® the
following three lemmas that give simple explicit upper bounds on the constants
which bound the derivatives of a real analytic function that is defined by summing,
multiplying or composing real analytic functions between Banach spaces.

Lemma 2 Let X and Y be Banach spaces, X C X and vi,...,vi: X — Y
be infinitely Fréchet differentiable mappings such that there exist some constants
ki, c; > 0 with

||DT vi(x) |

1A
Br(x:y) < rlkic;

forallx e X, i=1,...,t. Then, the mapping vi + - -+ 4+ v¢ is infinitely Fréchet
differentiable with

D" (vi+-+ W)(X)Hsr(x;y) < rlkc”
for allx € X, with k:=ki1+ -+ ke and c := max{c1,...,ct}.

Lemma 3 Let X, Y1,...,Y:, and Z be Banach spaces, X C X and M: X —
BV,..., Y 2), vi: X — Vs be infinitely Fréchet differentiable mappings such
that there exist some constants kni, e, ki, ci > 0 with

D" M(x)|

' T
B (B, v 2)) = THhMem

and

D" vi(x)|| < rlkc;

BT (X;Y;)
forallx € X, i =1,...,t. Then, the mapping Mv1 ---v; is infinitely Fréchet
differentiable with

< rlkc”

D" (Mvy - v) (%)) Br(x;2) =

for all x € X, with k := kngk1 -+ ke and c := 2" max{em, c1, ..., ¢t}

Lemma 4 Let X, Y, and Z be Banach spaces, X CX,Y CY and W:Y — Z,
v: X — Y both be infinitely Fréchet differentiable mappings such that there exist
some constants kw, cw, kv, cv > 0 with

D" W(y)]

' s
Br(1:2) < rlkwew

and
”Dr v(x)|

| T
Br(x:y) < rlkvey

for allx € X andy € Y. Furthermore, let v(X) C Y, then, the mapping W o v
is infinitely Fréchet differentiable with

[D"(W ov)(x)| < rlkc”

Br(X;2)

for all x € X, with k := kw and ¢ := (ewkv + 1)cy.

1 We omit their proofs, as the first lemmma essentially follows from the linearity of the
Fréchet derivative, the second can be proved by an iterated use of the Leibniz formula for
Fréchet derivatives and the third one is a simple modification of the proof shown in [27, proof
of Proposition 1.4.2] for the composition of real analytic functions from R to R.
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By using these results we can now consider our specific mapping D, see (2)

VVT

D(v) *GI+(HVH fa>

viv’

While we restrict ourselves to this mapping, the above results clearly can be used
to also consider other mappings; e.g. the other diffusion coefficent stated in the in-
troduction may also be stated in the form A = DoV, where V is the concatenation
of f, t, s and |1, a2, a3].

Theorem 1 Let V := {v € R? : a < ||v|2 < @} then the mapping D defined in
(2) is infinitely Fréchet differentiable on V with

|D"D(v)|

|
B (Rd; ngxrgm) <r! kDCD

for all v € V, with kp :=a+ 2a°a™2 and cp = (EQQ_Q +1)8.
Proof One starts from the mappings

D;: V%]Rd,vr—>v and Dao:V %Rle,vHvT
which are obviously infinitely Fréchet differentiable with the bounds

D" D1 (v)]

<rlkici and ||[D"Da(v)]

|
B (R4;R4) < rlkacy

Br(R4;R1xd)
for all v € V| with k1 = k2 = @ and ¢; = c2 = 1. Then, one may stepwise build up
the mapping D by applying Lemmas 2 and 3 as well as Lemma 4 with the outer
functions v(z) = 2~ ! and w(z) = V.

Especially, we remark that the r-th derivative of v and w are given by

v(@)hy - hy = (1) Plz " H he = (=) "rlv(z)v(z H hi

k=1
and
D, w(x)hy - hy = crzz " H hi = crw(z)v(zx H hi,
where ¢, == [[/Zo (3 — 7). For z € [a®,@°] we therefore have
Dz v(z)] BrRR) S rlkye, and ||D w(z)] BrER) S 71Ky Cop

-2 -2

where ky, =a~ 2 and ¢, = a2 as well as ky =@ and ¢ = a
Thus, the assertion follows — with some book keeping necessary for the con-
stants. O
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3.2 Parametric regularity

First, we provide some results concerning the norms introduced beforehand that
are subsequently used in this subsection. This mainly stems from the situation
that in general we will be considering elements of spaces of the form Lg7 (I X);
indeed, we therefore also introduce the shorthand notation

vl = o]l 05

We will especially make use it for spaces of the form Lﬁj (D; W"P(D; X)), where
this then becomes [|v||y,p,0;x = ||V|lco,0in,p,D;2c- With these lemmas at hand, we
then first prove the parametric regularity of the diffusion coefficient A and then
also the parametric regularity of the solution u of (7).

The following lemma gives a bound after applying a divx or V.

Lemma 5 Letn € N*, 1 < p < co. For v € Lg; (D;W"’p(D;Rd)) we have that
divx v € Lp; (5 W"_l’p(D;R)) with

lIdivs vln—1,p,0 < 0d||Vlly,p, Dira-

For v € Lg; (0; W™P(D)) we have that Vxv € Lg; (5 W"il’p(D;Rd)) with

IVxvlly—1,p,p;re < ndl[v][n,p,D-

Proof We calculate

d

Z ag awi Vi [Y]
=1

:Zi

d
Z 6961 Vi [y]
1=1

ldivse vIylll, _y , p =

n=Lp D jal<n-1 PP
1< 1<
< > g2 llogon bl p <0 Yo Yo llog el
lof<n—1 =1 lo|<n  i=1
1
<nd Y N0V, pize < VIV, o g
le|<n
We also may compute
1
”vxv[y}anl,p,D;]Rd = Z a”a?‘ vxv[y]Hp,D;Rd
la|<n—1
1 ag 8581 U[y] 1 d
-y A < Y LYoo,
la| <m—1 0% Oz, v]y] ». DR la|<n—1 " i=1
d
1 1
<n > i 2 Moxomll, p <md X0 llox ol p < ndllolll, o
la|<n i=1 la|<n

Since these calculations hold for almost every y € [J, applying the essential supre-
mum over y € [J then yields the assertions. a

The Leibniz rule also yields the following kind of submultiplicativity.
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Lemma 6 Letne N, 1 <p,p1,...,pr <00, X1,...,X and Y be Banach spaces
and

M e WP (D; B(X1,..., X)), v; € WPi(D; X))
with g = (p~ ' 4+p* +---+p- 1)~ > 1. Then, we have
-
[Mvy - - 'VT”n,q,D;y < ||M||77,p,D;B(X1,...,Xr;y) H”Vj”n,pj,D;Xj-
j=1
Proof If the assertion holds for » = 1 then by induction it also follows for r > 1.
Therefore, we only consider the case with » = 1 and set v := v1 and p’ = p;.
Let o, B € N¢ be two multi-indices, then we have

1 a+pB) 1 (a+B8)! 1
(a+ B)! J¢; T (a+B) aB! T alB’

We now can calculate

1
IMv|[,q,0;3 = Z a”ai[Mv]Hq,D;y

lo|<n
1 o _
= — Mo Pv
= a2 )

la|<n

q,D;Y

< 3 3 A (5 lezmor

la| <n ﬁ<a
B a—0
< 0 5 A (51021, 1957
‘a|<n[3<a
By a change of variables, i.e. replacing a with a + 3, and remarking that
{(a=8.8):lal <n,B<a}={(a,B):|a|+|8] <n},
we find the identity

Z Z ( )||aﬁM||pD;B(X;37)H8g_ﬁv|

|06|<’r],3<a p',D;X
1 a+pf 58 M e
R | g [ L
o+ <n
1 8 N
= ‘ |%l< Tﬂ”ax MHP,D;B(X;J})Hax V! P DX
o+ <n
Consequently, as
1
MV [5,4,0:9 < | ‘%;K g 1M, o 105 V] o
o n
1
= Z [HBEMHP,D B(X;)) Z !"3$v‘pI7D;X
‘ﬁ|<n la[<n

= [[Mlly,p,0:8x:) | VIIn,p, Dix

we arrive at the desired estimate. O
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Lastly, the Faa di Bruno formula, see Remark 1, now yields the following
lemma.

Lemma 7 Letne N, 1 <p<oo, X and Y be Banach spaces,
veWm™(D;X),

X C X be open withimgp v C X, W: X — Y n-times Fréchet differentiable and,
for0<r<mn,
D"Wov e LP(D; B"(X;Y)).

Then, we have

Wov e W™ (D;))
with

1
[Wovlypnpy < Z ﬁHDT Wo VHp,D;BT(X;lV) HV”:],ooyD;X'
r=0

Proof The Faa di Bruno formula leads to

1) .a
n,p,D;Y = Z a”ax(wov)HP,D;y

la|<n
<[[Wo VHP,D;JJ

W o v]|

||

DY SEIDY

!
D"Wov 8glv--~8£Tv —
D" W o) 115

1<|lal<nr=1"" C(a,r) “lp, D3y
Now, with Lemma 6,
|
H(DTVVOV)QE1 v.--0% v H =
o3 Bt
s 1 IB
<[D"Wo V||p,D;B*(X;3?) H Fj!Haxj v||oo,D;X
j=1
leads to
W ov|yp Dy
<|Wov|y by
|| 1 r 1 s
+ > D I Wovlh sy Do [ L
1<|al<pr=1"" Cla,r)j=1"7"

<|Wov|ynpy

7 1 . T 1 v
+ Z ﬁ”D W o vllp,p;sr(x:y) Z Z H @“85] vHoo,D;X
r=1

r<|a|<n C(e,r) j=1

n 1 1 T
<IW o vllppw + 3 ID"W o v, ps i) (Z @Haﬁvnw,w)
r=1"" B<a

n
1
< E :FHDTWOV||p7D;BT(X;y)”V”:z,oo,D;X-
r=0
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From Lemma 7, with a second application of the Faa di Bruno formula, see Re-
mark 1, we then can derive the following lemma.

Lemma 8 Letne N, 1 <p<oo,veE NI}I*, X and )Y be Banach spaces,

v:O—> WP (D; X),
X C X be open with imgnimgy,v C X, W: X — Y be n + |v|-times Fréchet
differentiable and, for a <v and 0 <t < n+ |v|,

oy v e LE (;Wh®(D; X)),  D'Wove L (D; LP(D; B'(X;)))).
Then, we have
85 (W ov) € LE (0; WP (D; V)

with

1

IW o vlinppw <Y SID"Wovll, iy IVIlco. i

r=0
and, for a # 0,

||

1 /<1
o S (Z SID W vl by Ve )
S= r=

Z H !Haﬁj 17 co,D; X"

Cla,s) j= 1

|05 (W ov)

Proof The application of Lemma 7 leads to

|ID* W o VHL, p,D;B5(X;Y)
_ esysesé‘lpHD Wovly H!n,p,D;BS(X;JJ)
"1
< ~|[prmsw H ’
—eSySGS]DJp;TIH ( )Ov[y] p,D;B"(X;BS(X;y))||V[y]||n’oo’D;X

r
|77,oo,D;Xa

J R
<30 I W ov e M

r=0

from which, with s = 0, the assertion follows directly for a = 0.
For a # 0, we remark that the Faa di Bruno formula yields

|05 (W ov)]|

n,p,D;¥
|| s
<alz z H‘Dwov)aﬁl LoV &
s= j=1"77"1ln,p,D;y
3

<ald LY D Woyl

s= 1 " C(e,s)

B
n,p,D;B3 (X;Y) H /6 "”8 ! m,, 00,D; X
||

<a'Z

Note that in the calculation we also use the fact that the submultiplicativity of
the norms ||-||,p, 0;x¢ shown in Lemma 6 also extends to the norms ||-||y,p,p;x. O

B
n,p,D;Bs(X;)) Z H@\H@ H\,,ooDX

C(a,s) j=1
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Now, using these previous results we can consider the regularity of the diffusion
coefficient A[y](x) := D(V]y](x)), for which we have the following theorem.

Theorem 2 We know for all o € N?I* that
105 Al oo st < lallir aKS,
where pr = (fr k) ken+ With

DCy,
log 2

kra = (T+1)kp2cpc), and prp = Vrok-

Proof Firstly, since V depends affinely on y we know that

105 V1, oo i < 0075

Moreover, as V[y](x) almost surely and almost everywhere lies in V, Theorem 1
yields

[ID"Do V| < rlkpcp.

dxd
00, D; B (R RS im )

With this, because A =D oV, we can employ Lemma 8 to arrive at
11
H‘AHL—,OO’D;RS},X&]) < Z ﬁ ‘HDT Do VH!(}O7D;BT(Rd;ngXn’§lHI ) H‘Vm;,‘r,D;Rd
=0

-
1
< Z ﬁr!k:Dchcf,T
r=0 "
T T
< (74 1)kpepesl,

as well as, for a # 0,

|05 A

‘ pdXxd
7,00, D;Rsymm

|| T
1 1
<013 5 (3 I D0 Vi g VI e

r=0
S
1 3.
> L 51109 Vi, e
C(a,s)j=1"7"
- 1/ 1 S B,
SQ!Z§<Z ﬁ(r—l—s)!chTD"’scfyT) Z Hﬁcvf’)’r]
s=1"" =0 " C(a,s) j=1 J

|| s
<allt+ 1)kD2TcTDc§TQ‘°‘|cB“ <Z Z H %)C‘f:l’ﬁl
!

s=1C(a,s) j=1

Now, since it follows from [10] that

71
al Z HE :S!S\od,sa

Cla,s) j=1
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where Sp,s denotes the Stirling numbers of the second kind, see [1] and since
we know that ZL";‘I 5!S|a|,s equals the |a|-th ordered Bell number, we have the
following bound

o] s ||

1 !
@} 3 Il gy =3 8w < T

s=1C(a,s) j=1
see [4]. Thus, combining these estimates finally yields the assertions. a

Now, Assumption 2 directly implies the following result.

Lemma 9 The unique solution u € Lg, (D;H&(D)) of (7) moreover also fulfils
ue L (0; HTHH(D)), with

llull++1,2,0 < erllfllr-1,2,D,

where
Cr.er(D, a,s).

Cr = max
0<s< A=,

However, by also leveraging the higher spatial regularity in the Karhunen-Loeve
expansion of the random vector-valued field, we can show, with the usual boot-
strapping argument, that the solution v admits analytic regularity with respect
to the stochastic parameter y also in the H™ ™ (D)-norm. This mixed regularity
is then the essential ingredient when applying multilevel methods.

Theorem 3 The derivatives in'y of the solution u of (7) satisfy

|a|4+1 o
-

103 «ll < ety

741,2,D
where
c:i= rnax{27 2CTT2d2k’7—7A, cT||f||,-,172,D}.

Proof By differentiation of the variational formulation (7) with respect to y we
arrive, for arbitrary v € Hg (D), at

(63 (AVxu), Vx v) e (D) =0

Applying the Leibniz rule on the left-hand side yields
(Z (g) 0P AP Vyu, Vy v> =0.
B<a L2(D;R)
Then, by rearranging and using the linearity of the gradient, we find

(A Vx 0y u, Vx v) Le (Dt =— ( Z (g) 83‘_5 AV, 85 u, Vx U>

f<a L2(D;RY)

Using Green’s identity, we can then write

(A V05 u, Vuv) ooy = ( 3 (g) div (85 ° AV 05 u), v)

B<a L?(D;R)
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Thus, we arrive at

105wl 1100 < e D2 (g) div (95 7% A V05 u)
B<a

HT*I,Q,D

[e% a—03 €]
: CTﬁ;x <ﬁ> Tdmay A VxOyu 7,2,D

a -
S (AR LR

B<Lla
o _
< cTT2d2kT,A Z (5) lo — B!\ B‘“ag “‘|}T+1,2,D’
B<la
by using Lemma 5 and the submultiplicativity of the norms ||-||;,p,0;x, Which

follows from Lemma 6, as well as the bounds from Lemma 2. From this we then
arrive at

c o -
‘HB;U‘HTH,Q,D <3 Z <ﬁ> lox = Btz ll05 UH|T+1,2,D'

B<a

We note that, by definition of ¢, we have ¢ > 2 and furthermore, because of
Lemma 9, we also have that }HUH\HI(D) < ¢, which means that the assertion is true
for |a| = 0. Thus, we can use an induction over |a] to prove the hypothesis

lee+1

15wl < lafipSe

r41,2,D
for |a| > 0.

Let the assertions hold for all e, which satisfy |a| < n — 1 for some n > 1.
Then, we know for all @ with |a| = n that

C « —
LIRS S ol (4 [ T

B<a
¢ o o 1BI+1
< SHr Z <ﬂ)|a—5|!|ﬁ|lc
B<a
€ o2 o
_ ¢ a _ [B]+1
~5 3 3 (5) - e
7=0 B<a
|1Bl=J

Making use of the combinatorial identity

= (5)-(%)

181=3
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yields

185 |

T+1,2,D

n—1 n—1
C o « Ny ey d C o ;
ury ('j><|a| — et = Caluse Y &
Jj=0 §=0

C
< __° 14 \a|+l.
< 2(C_l)lﬂflurc

Now, since ¢ > 2, we have ¢ < 2(c — 1) and hence also

193 ull, .y 5 p < ladfipScl L,

This completes the proof. a

3.3 Numerical quadrature in the parameter

We now impose some common assumptions, which make the Karhunen-Loeve ex-
pansion computationally feasible.

Assumption 3 The random variables (yr)ren+ are independent and identically
distributed. Moreover, they are uniformly distributed on [—1,1].

By rescaling the oj with the factor 2 we thus can replace the choice [J := RN

with O == [ 3, 1]V .2

Coming from the solution of (7), that is u € Lg, (O; H™Y(D)), we now wish
to know the moments of w. In this section, we will therefore consider the approxi-
mation of the mean of u.

The mean of u is given by the Bochner integral

Efu](x) = /D uly)(x) dy.

Therefore, we may proceed to approximate it by considering a generic quadrature
method Qn; that is

Efu)(x) ~ Qulu)(x) = > - oM ulx, &), ®)

where
N N ! *
{(("‘g )asz( ))}z 1CRX[ %’;]N

are the weight and evaluation point pairs. We assume that the quadrature chosen
fulfils

HE[U’} - QN[U]|’1’2,D < CC(CH‘T)N_T (9)

for some constants C'(cpr) = C >0 and r > 0.

2 (Clearly, in practice the Karhunen-Loéve expansion also has to be truncated after the first
M summands, for some M € N. However, the Taylor expansion of u at the point 0 and the
bounds from Theorem 3 imply that the error incurred by such a truncation tends to 0 as M
tends to infinity. Thus, a large enough M can always be choosen to give the desired accuracy,
while, as the quadrature considered has constants that do not depend on M, increasing the M
also does not deteriorate the accuracy of the quadrature error.
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We will employ the quasi-Monte Carlo quadrature based on the Halton se-
quence, i.e. wl(N) = 1/N and égN) = Xi — %1, where x; denotes the i-th M-
dimensional Halton point, cf. [18]. Then, we know that, given that there exists
an € > 0 such that pu,; < k737 holds, for every § > 0 there exists a constant
C = C(0) > 0 such that (9) holds for r = 1—4, see e.g. [22] which is a consequence
of [36]. Clearly, other, possibly more sophisticated, quadrature methods may also
be considered, for example, other quasi-Monte Carlo quadratures, such as those
based on the Sobol sequence or other low-discrepancy sequences as well as their
higher-order adaptations, and anisotropic sparse grid quadratures, see e.g. [12,17,
30,34].

To approximate the mean of u as in (8), we require the values ufy] for y = &;.
These values can be approximated by w;[y], where v; is the Galerkin approximation
of the spatially weak formulation on a finite dimensional subspace V; of H}(D);
that is, u; is the solution of

Find w; € Lg, (0; V) such that
<A[y] vx up [YL VX 'U) LQ(D;]Rd) = (fﬂ U) L2(D;Rd)
for almost every y € 0 and all v € V.

We assume that a sequence of V; can be chosen for [ € N such that there is a
constant K with
—7l
llw = w120 < Klluflri1,2,027 " (10)

For example, we can consider V; to be the spaces of continuous finite elements of
order 7 coming from a sequence of quasi-uniform meshes 7; using isoparametric
elements, where the mesh size behaves like 27, Then, this is known from finite
element theory, see e.g. [5,6].

The combination of the error estimates (9) and (10) then leads to

[Elu] - QN[ul]Hl,Q,D < ||Efu] - QN[U]HLQ,D +]@nlu— ul]”l,Q,D
< cClepr)N ™" + K|[uflr 412,027

Thus, choosing N; := [2”/’"] finally yields

”IE[u] —Qn, [“l]H1,2,D S 277"

In contrast, the mixed regularity, shown before in Theorem 3, allows us to
consider a multilevel adaptation, which may be given as

l
Efu] =~ Q" [uo, ..., u) := Z AQu[ui—]
k=0

where AQo = Qn, and AQy = Qn, — @n,_,. Indeed, this is the sparse grid
combination technique as introduced in [15], see also [14,20,23]. As Theorem 3
yields an analogous result to [23, Lemma 8.1], it thus follows that

[El] - @ fuo, .. ], , , S 2277

~

For complexity considerations, we shall consider a quadrature that is nested,
i.e. a quadrature method were increasing the number of evaluation points from N
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to N + 1 is done by adding one further evaluation point to the set of evaluation
points one already had. Thus, we may set & = égN) as it does not depend on N.
Then, we note that QM [uo, ..., ;] may explicitly be stated as

No
QM uo, -] (%) = D wiNui(x, &)
=1

l Ny
+ ( > (%(Nk) - ngH))Ul—k(X,&)

k=1 \ i=1
N
+ Y W Mux, &))-
1=Np_1+1
Computing Qn,[ui] requires thus the values w;;(x) = u(x,&;), which can be

derived by solving

(A(&) Vxuii, Vxv)

Find u;,; € V; such that
for all v € V.

Lomsy = (F10) 2 (ppay

Generally, when considering a sequence of finite element spaces V; as described
above, the number of degrees of freedom behaves like O (21‘1) and computing one
uy,; using state of the art methods will have a complexity that is (9(2ld)‘

Therefore, the computation of the singlelevel quadrature Qn,[u;] has a com-
plexity of (’)(21(7/ 7"*'d)). However, for the computation of the multilevel quadrature
QML uo, ..., w], we arrive at an over-all complexity of

I Ny O(QZT/T) for d < 7/r,

!
Z Z@(Q(l—k)d) _ Z O<2k'r/r2(l—k)d> —{032")  ford=r/r,

k=0i=1 k=0 o(2'%)  ford>r7/r.

We mention that also non-nested quadrature formulae can be used but lead to a
somewhat larger constant in the complexity estimate, see [14] for the details.

Remark 2 The singlelevel approach gives an error scaling like (2T)l with a com-
plexity scaling like (27/ r+d)l The multilevel approach, however, for any choosen
e > 0, yields an error scaling like [(277)! < (277+%)! with a complexity of (27/7)!,
124! < (2975) or (2%)!, respectively. Thus, by considering a small &€ > 0 we see
that the multilevel approach has an error to complexity scaling that essentially
either is the error to complexity scaling of the quadrature method or that of the
space discretisation.

Remark 3 If we redefine the N; as N; := [Z(H'E)/TZTZ/TW for an € > 0, as proposed
in [2], then we arrive at

[Efu] — Q" [uo, -, w|| g1 ) S 277

So, the logarithmic factor, which shows up in the convergence rate, can be removed
by increasing the quadrature accuracy slightly faster. Note that this modification
increases the hidden constant with a dependance on e.
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In the particular situation of the quasi-Monte Carlo method based on the
Halton sequence, we can consider ¢’ such that § > §’ > 0. Then, with a similar
argument as in [2], it follows that

[Efw] - Q" [uo, -, w|| g1 ) S 277

That is, the logarithmic factor, which shows up in the convergence rate, is removed,
while the hidden constant increases with a dependance on ¢'.

While we have exclusively considered the case of the mean of the solution
here, we do note that analogous statements may also be shown for example for
the higher-order moments, see [20,23] for instance.

4 Numerical Results

We will now consider two examples of the model problem (1) with a diffusion coef-
ficient of form (2) using the unit cube D := (0,1)* as the domain of computations.
Therefore, in view of H>2-regularity of the spatial problem under consideration, we
are only considering the situation with 7 = 1. In both examples, we set the global
strength a to a := 0.12 and choose the right hand side f = 1. For convenience, we
define

sj(%,x) =16 - 2;(1 — ;) - 2 (1 — ).

Ezample 1 In this first example, we choose the description of V to be defined by
E[V](x):=[100]"

and

2 1 0 0
CovVi(x.x) e L exp[ - X=X1l2 :
vIV](x,x') = exp 20 0 9s2(x,x") 0
0 0 9s3(x,x’)

We note that for j € {2,3} the covariance in the normal direction on the parts of
the boundary with z; € {0,1} is suppressed.

In Figure 1 the stream traces of two samples of the vector field V/||V]|2 are
shown. By definition of the mapping D these stream traces show the orientation
of the fibres which are described by D o V. They are coloured according to || V|2,
which by the mapping D encodse the diffusion strength in the fiber direction.

Ezample 2 For this second example we choose the description of V to be defined
by
cos ((z3 —0.5)%)
E[V](x) := |sin ((z3 — 0.5)%)
0

and
9 ||X _ X/||2 s1(x,x") 0 0
Cov[V](x,x') i= —— exp| ————2 0 s2(x,x") 0
0 0 s3(x,x)

Here, the covariance in the normal direction on all of the boundary is suppressed.
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Fig. 1 Example 1. Fibre visualisations for two samples of the parameter y.

The numerical implementation is performed with aid of the problem-solving
environment DOLFIN [29], which is a part of the FEniCS Project [29]. The
Karhunen-Loéve expansion of the vector field V is computed by the pivoted
Cholesky decomposition, see [19,21] for the details. For the finite element dis-
cretisation, we employ the sequence of nested triangulations 7;, yielded by suc-
cessive uniform refinement, i.e. cutting each tetrahedron into 8 tetrahedra. The
base triangulation 7o consists of 6 - 23 = 48 tetrahedra. Then, we use interpolation
with continuous element-wise linear functions and the truncated pivoted Cholesky
decomposition for the Karhunen-Loeve expansion approximation and continuous
element-wise linear functions in space. The truncation criterion for the pivoted
Cholesky decomposition is that the relative trace error is smaller than 1074 - 47t

Since the exact solutions of the examples are unknown, the errors will have to
be estimated. Therefore, in this section, we will estimate the errors for the levels
0 to 5 by substituting the exact solution with the approximate solution computed
on the level 6 triangulation 7¢ using the quasi-Monte Carlo quadrature based on
Halton points with 10* samples.

For every level, we also define the number of samples used by the quasi-Monte
Carlo method based on Halton points (QMC); we choose

Ny = 207010

with § := 0.2; see Table 1 for the resulting values of N;. This then also implies the
amount of samples used on the different levels when using the multilevel quasi-
Monte Carlo method based on Halton points (MLQMC). Based on these choices,
we expect to see an asymptotic rate of convergence of 27! in the H'-norm for the
mean and in the W1 l-norm for the variance.

Figures 2 and 3 show the estimated errors of the solution’s first moment on
the left hand side and of the solution’s second moment on the right hand side,
each versus the discretisation level for the QMC and MLQMC quadrature for the
two different examples. As expected, the QMC quadrature methods achieves the
predicted rate of convergence in both examples, and this rate of convergence also
carries over to its multilevel adaptation (MLQMC).
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Table 1 The number of samples for the first six levels and the respective parameter dimen-
sions.

N, 10 24 57 320 762

My 17 26 30 36 44 52
My 14 26 30 36 43 52

10° 1 F 710!
. . [ .
[ e - F >o -
N —
S | 1 1 N o
- -
— —
o o
° e
g 107 E 1L o Z
g —B QMC —B- QuC E
4 —— MLQMC —— MLQMC =
| - == slope 27¢ ) | - == slope 27¢ )
-2 T T T T -3
10 0 2 0 2 4 10
Level { Level {
Fig. 2 Example 1. H'-error in the 15¢ moment (left) and Wll-error in the 24 moment
(right).
10° 3 710!
=Y 1 F &
Eoos 1 F S ]
= N -
S | 1 N o
- -
- -
o o
° e
£ w07t 4 F q107 2
g -8~ Quc 1 = auc | e
4 —— MLQMC —— MLQMC =
I|--- slope 27¢ | I|--- slope 27¢ )
-2 T T T T -3
10 0 2 4 0 2 4 1o
Level { Level {
Fig. 3 Example 2. H'-error in the 15¢ moment (left) and Wll-error in the 2°4 moment

(right).

5 Conclusion

In this article, we have considered the second order diffusion problem

—divx (Aw] Vxulw]) = f in D,
for almost every w € 2: W] =0 5D
ulw] = on ,
with the uncertain diffusion coefficent given by
: V[ VT [w]

This models anisotropic diffusion, where the diffusion strength in the direction
given by V/||V||2 is ||[V]|2 and perpendicular to it is a, which can be used to
model both diffusion in media that consist of thin fibres or thin sheets.
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After having restated the problem in a parametric form by considering the
Karhunen-Loéve expansion of the random vector field V, we have shown that,
given regularity of the elliptic diffusion problem, the decay of the Karhunen-Loéve
expansion of V entirely determines the regularity of the solution’s dependence on
the random parameter, also when considering this higher regularity in the spatial
domain.

We then leverage this result to reduce the computational complexity of the
approximation of the solution’s mean, by using the multilevel quasi-Monte Carlo
method instead of the quasi-Monte Carlo method, while still retaining essentially
the same error rate. Indeed, while in the singlelevel scheme the computational
complexity is the product of the complexity of the quadrature method and of
the spatial discretisation method considered, this is not the case for the multi-
level scheme, which has a computational complexity that essentially scales like
the complexity of the quadrature method or of the spatial discretisation method
considered. The numerical experiments corroborate these theoretical findings.

While we considered the use of QMC and its multilevel adaptation, one can
clearly also consider other quadrature methods, such as the anisotropic sparse
grid quadrature, and then reduce the complexity by passing to their multilevel
adaptations. Likewise, multilevel collocation is also applicable.
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