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ABSTRACT. In this article, exponential contraction in Wasserstein distance for heat semi-
groups of diffusion processes on Riemannian manifolds is established under curvature con-
ditions where Ricci curvature is not necessarily required to be non-negative. Compared to
the results of Wang (2016), we focus on explicit estimates for the exponential contraction
rate. Moreover, we show that our results extend to manifolds evolving under a geomet-
ric flow. As application, for the time-inhomogeneous semigroups, we obtain a gradient
estimate with an exponential contraction rate under weak curvature conditions, as well as
uniqueness of the corresponding evolution system of measures.

1. INTRODUCTION

Let M be a d-dimensional connected Riemannian manifold and consider the operator
L = A+ Z where A is the Laplace-Beltrami operator and Z a C'-vector field on M. We
denote by X; the diffusion process with generator L, which is characterized by the property
that for any test function f on M, the relation

df(X;)—Lf(X;)dt =0, modulo differentials of martingals,

holds in the Itd sense. Throughout the paper we assume that the L-diffusion process is
non-explosive. This holds true, in particular, when the Bakry-Emery Ricci curvature of M
is bounded from below, that is, for some real constant K,

Ric?(X,X) :=Ric(X,X) — (VxZ,X) > K|X|>, X € LM, x€ M. (1.1)
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Let P be the Markov transition semigroup associated to X; and uF be the law of X; with
initial distribution u. It is well known that there are various functional inequalities on P
which all give conditions equivalent to the curvature condition (1.1), see [3, 14].

In this article, we investigate L?-Wasserstein contraction inequalities (¢ > 1) for up,.
Denote by &?(M) the set of probability measures on M. On (M) the L7-Wasserstein
distance is defined as

1/q
W)= ot ([ platan)) e )
SA(TINTY) MxM

where p denotes the Riemannian distance on M and & (u;, Uz) consists of all couplings of
U1 and tp. The Wasserstein distance has various characterizations and plays an important
role in the study of SDEs, partial differential equations, optimal transportation problem,
etc. For more background, one may consult [12, 9, 14] and the references therein.

The L7-Wasserstein distance W, on &?(M) will be used to quantify the time evolution
of (UP);>0,uez(m)- A typical phenomenon of interest for the system (LF:);>0, ue () 1
exponential contraction in the Wasserstein distance, i.e.

Wq(:uli)lnuzpl)Sceiqu(ulv.uZL l‘ZOa f]Zl, (12)

with positive constants ¢ and k. We refer the reader to [7, 8, 11, 16] for work in this
direction on the Euclidean space M = RY. When M is a Riemannian manifold, for instance,
under the curvature condition

RicZ(X,X) > k|X|? (1.3)

with k¥ > 0, the exponential contraction (1.2) holds with ¢ = 1 and k the curvature bound
in (1.3). Moreover, it is well-known that inequality (1.2) with ¢ = 1 is actually equivalent to
the lower curvature bound (1.3). For certain cases, when Ric? is not bounded from below
by zero, Wang [15] showed that the following inequality holds: for any ¢ > 1,

W (8P, 8,P) < ce ™ (p(x,y) v plxy)1) (1.4)

for some constant ¢ > 1 and A > 0.
In order to weaken condition (1.3) as in [15], let us first recall the definition of the index:

IZ(xay) :I(Xay)+ (Z,Vp(',y)> + (Z,Vp(-,x)), x,y€eM,

where
pley)d=] ) o
1) = [ LAV = RGN0} (1) ds.
i=1

Here p is the distance function, R the Riemann curvature tensor of M, y: [0,p(x,y)] > M
the minimal geodesic from x to y with unit speed, (J;);=1,... 4—1 are Jacobi fields along y
such that

Ji(y) =Peydi(x), i=1,....d—1,

for the parallel transport P, ,: T.M — T,M along the geodesic y, and {y(s),Ji(s): 1 <
i<d—1} (s=0, p(x,y)) is an orthonormal basis of the tangent space (at point x and
y, respectively). Note that when (x,y) € Cut(M), that is if x is in the cut-locus of y, the
minimal geodesic may be not unique. As it is a common convention in the literature, all
conditions on the index I# are supposed to hold outside of Cut(M). If there exists positive
constants K; and K, such that

IZ(x7y) < ((Kl +K2)]l{p(x,y)§r0} _KZ) P(xa)’) (1.5)
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and Ric? is bounded below, then (1.2) holds with k¥ > 0 and ¢ > 1 for any ¢ > 1, see [15].
This is the case, for instance, when RicZ is positive outside a compact set. It is crucial that
the exponential rate A is independent of p. Due to the equivalence of (1.2) with ¢ = 1 and
(1.3), in the negative curvature case it is essential that ¢ > 1.

In this paper, we give quantitative estimates of K and ¢ by constructing a suitable auxil-
iary function. We begin the discussion with a more general condition (see Assumption (A1)
below) which includes situation (1.5). Actually, we rewrite condition (1.5) as follows:

Iz(xay) S kl _kzp(x7y)7

for some constants k1 > 0 and kp > 0. Then, for p > 1,7 > 0, and x,y € M, we obtain (see
Corollary 2.5 below) that

2%\ (P=D/p k2 k
W,,(éxP,,ﬁyPt)§<1+k;) exp — ) (P vp(e)'7).

1
— - t
pka 2 P eki/ka

Note that the constant k5 /(2 ekt/ k2) is independent of p.

In the second part of the paper, we extend the results from Riemannian manifolds to the
differentiable manifolds carrying a geometric flow of complete Riemannian metrics. More
precisely, for some 7, € (—eo,0], we consider the situation of a d-dimensional differen-
tiable manifold M equipped with a C! family of complete Riemannian metrics (g;) te(—ooT.)-
Let L, = A; + Z;, where A, is the Laplace-Beltrami operator associated with the metric g;
and (Z;),cjo,r,) isa C !_family of vector fields on M. Assume that the diffusion process (X;)
generated by L; is non-explosive before time 7; (see [1] for detailed construction). Let Py,
be the corresponding time-inhomogeneous semigroup.

In [4], the first author has shown that if

(Riof . ;a,gt) X.X)() > k[X2()

for some positive constant k, where Ric,Z is defined as in (1.1) for the manifold (M, g; ), then
exponential contraction in LP-Wasserstein distance holds with respect to the g,-Riemannian
distance p;.

In this paper, we consider situations where Ric? — %8,gt is not necessarily bounded
below by zero. More precisely, assuming that there exists a real-valued function k such
that liminf,_,.. k(r) > 0 and

(Ric; _ ;&g;) (X, X)(x) > k(py ()X [2(),

we prove that

L) (1—s)

‘%773(“1&,[7#2PS,I) S Ceiﬁ Wp,[(:ulnu'z)v 12 S, P 2 la (16)

holds for some positive constants ¢ and A, where

1/p
W) = inf ([ pley)Vplxn)atdxdy))
nEC (U1,l) \IMxM

Moreover, in Theorem 3.1 we give estimates for the constants ¢ and A and apply these
results to estimates of the semigroup.

Furthermore, we use the W ;-contraction property to prove uniqueness of the evolution
system of measures. It is well known that invariant measure provide important tools in the
study of the long behavior of diffusion processes. When it comes to time-inhomogeneous
diffusions, the evolution system of measures plays a role similar to the invariant measure.
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In [5], the first two authors investigated existence and uniqueness of evolution systems
of measures. In particular, they found that W;-contraction of the distance helps to prove
uniqueness properties (see [5] for details). Since now the W;-contraction is established
even in cases when the lower bound of the curvature may be negative, this allows to im-
prove the result in [5] where a uniform lower curvature bound had been imposed for each
time. Inspired by this, in Section 4, we consider uniqueness of the evolution system of
measures under a new relaxed curvature condition which allows a lower bound of curva-
ture depending on the radial distance (see Theorem 3.5). It is surprising that under this new
condition, a type of dimension-free Harnack inequality can be derived which then may be
used to obtain supercontractivity of the semigroup Py, (see Theorem 3.7).

The paper is structured as follows. In Section 2, we investigate (1.4) by constructing
a suitable coupling (X,Y) and using a new auxiliary function to measure the distance of
X and Y. Our result in this section can be applied to the time-inhomogeneous diffusion
process on manifolds carrying geometric flows in Section 3. Section 4 is devoted to the
study of existence of evolution system of measures under the new kind of curvature condi-
tion. Finally, supercontractivity of the semigroup P, with respect to the evolution system
of measure is studied by establishing dimension-free Harnack inequalities.

2. EXPONENTIAL CONTRACTION IN WASSERSTEIN DISTANCE
We begin this section by specifying our assumptions.

Assumption (A1). There exist a non-negative continuous function ki on (0,e0), a positive
constant ky and and a constant 0 > 0 such that

IZ(xvy) Skl(p(xvy))_kzp(xvy)l+e (21)

and such that for some positive constants ro and k3 (with k3 < ky) the following two condi-
tions hold:

(1) ki(r) —kor'*0 < —k3r'*0, for r > ro,
(2) Joki(v)dv <eo,  foreachr> 0.

Remark 2.1. Note that if RicZ(x) > k(p(x)) and liminf, ,..k(r) > 0, then there exist
constants k; and k; such that

F(x,y) < ki —kap (x,). 2.2)
In this case, Assumption (A1) is satisfied with k| a non-negative constant and 6 = 0.

We now state some exponential contraction inequalities for the Wasserstein distance
with explicit estimates of the decay rate.

Theorem 2.2. Suppose that Assumption (A1) holds. Then,
@) forp>1,t >0, and x,y € M, we have

W, (8,5, 8,P) < cpe /P (p(x,y) V p(x,y)'/P),

where

1 [ k
= (p—1)/p - K2 240
cp=(1+r) exp (417/0 ki(r)dr+ 8pr0 )

and

1 sro k
A = ksr exp (4/0 kl(r)drszr%“’);
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(ii) fort >0, Uy, € P(M) and p > 1, we have
W, (11 P, 1o P;) < Cpefh/pr(Hlauz),

where

1/p
W)= it ([ pley)rvpeya(dndy) ) s
me? (u,2) \/MxM

(iii) fort > 0and pi, Uy € Z(M), we have
Wi (P, taP) < cre ™M Wy ().

Remark 2.3. Since ry and k3 are independent of p, the constant A in Theorem 2.2 also
does not depend on p. Moreover, although ¢, depends on p, it can be controlled by a
constant independent of p:

cp=(1+ry) P~ 1/"’exp< / ki (r dr+ b 2+9)

k
< (14+rp)exp (4/0 ki(r)dr+ 82r8+9> .

For the proof of Theorem 2.2, the function y defined below and its properties will be
crucial. First let o € C'([0,00)) be a function satisfying 0 < ¢ < 1 for r € (ro,ro + 1),
o =1 forr <rygand ¢ =0 for r > ro+ 1. Furthermore, define

lo(r) = ap> 2= Virg(r1/ry2,
0(r) = pr' = VPky (rVP) — plor' TP - dp(p— 1)r' 2P o (r/P)2,

and let
. 0 p—14(r)
U(r) = phkarg g, n + (p " —£41(r) Lpr -
Since 6 > 0, it is obvious that for r € (0, rp),
ki (r) —kor®™ > —karfr. (2.3)

We thus have /1 +¢ > 0, according to the definitions of ¢; and ¢. Next, consider the function

y(r)= /Orexp </r: de) du. (2.4)

0
The following lemma collects properties of .

Lemma 2.4. Let ky,ky, k3,0 and ro be given by Assumption (A1). The function y in (2.4)
is well defined, twice differentiable on (0,0), and satisfies W' > 0 and W' < 0. In addition,

@) forr >0, we have
G (' (r) +Lo(r)y" () (r)y'(r):
(i) there exist positive constants ¢| and ¢, such that
Elrl/” <wy(r)< Ezrl/”

where

Go=prt™ and & =prl! L k() dr+ 212+0
= pr} and & = pr{ exp 2/, 1(r) r+§r0 ;
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(iii) for any r >0,

Lr)y'(r) > Ay (r),

l:k3rgexp< / ki(r dr—zré“)) .

Proof. The first assertion is immediate from the definition of y. For 0 < r < rg , we have
o(r'/?) = 1 and then

1428 142
/%Hflwdv:/f(m(v‘/ﬂ) L=l ke 1+p> N
rg rg

where

bo(v) 4pvi-1/p P 4p 4p
As ki, ky satisfy (2.3), we find
/ Mdv <InrAP=D/P _1p rg—l (2.5)
& Lo(v)
and
ry Vi B ke (/P Bk —143
/ Mdvklnr@*l)/p—lnrg - O%d\)—/o v pdv. (2.6)
rg 60(\)) 0 4pv -1/p 0 4p
Combining (2.5) and (2.6), we conclude that
_ 17 k _
PP <y () < exp (4/00k1(r)dr+8r8> 21 1)/,
This implies
art’t <wy(ry<éar/?, 0<r<ib, (2.7)

where
B 1 rro k _
&y = prg 1 and ¢ :=pexp (4/0 k1 (r)dr+ 87’(2)) rg 1.

On the other hand, for r > rfj, we have

/’Z(M)Jr&(u) p—1 71 p—

1
du= —du= (Inr — plnry)

r o Lo(u) p Jihu P

which gives

r0 +/ exp< /:61(52)?)6( )dv>du

)
=) +p (rrng ).
Moreover,
l//’(r) = rg_lr(l*p)/l’7 r> rg.
In particular, y is well defined. Combining this with (2.7), we obtain, for all » > 0,
ar'’t <wy(r) <ér'/r
where

~ _ p—1
1 =prp

1 [ k -
er=pex (4 [kars )
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Using the condition &y (r) — kor!'t® < —ks3r'*9 on [r] o) and the above estimates for y
and Y/, we arrive at

(kzropr]l[orp +k3pr ]].[Ooo)) ll//(r)

prp (kzro]].[o r(/;>+k3r0]l[rg’m)) rl/p

. 0 1 [ k »
> min{ky, k3 }rj exp _Z/ k1(r)d”—§ro v(r)
0
= Ay(r). 0

Proof of Theorem 2.2. Consider the operator L = A+ Z where Z is a vector field on M. Let
dy denote the It6 differential on M. Then the L-diffusion process X; is obtained as solution
to the It6-SDE

diX, = V2u,dB, + Z(X,)dt, Xo=x, (2.8)

where (B;);>0 is a d-dimensional standard Brownian motion on R and (i, );>¢ a horizontal
lift of (X;);>0 to the orthonormal frame bundle over M. The idea is to construct the coupling
for short distance by reflection and for long distance by parallel displacement. To this end,
we choose a cut-off function ¢ € C!([0,%)) as before, that is a function o € C!(]0,))
satisfying 0 < 6 < 1 when r € (rg,r9p+ 1), and 6 =0 when r > ry+ 1 and o = 1 when
r < rg. For (x,y) ¢ Cut(M), let

Myy: TM — T,M, v Py —2(0,7)(x)7(y)

be the mirror reflection, where 7y is the minimal geodesic from x to y. We rewrite SDE (2.8)
as

X, =2 (a(p(X,,Y,)) wdB, +1/1—0(p(X;,Y;))? utdB;’> +Z(X,)dt,

where B, and B are two independent Brownian motions. Now define Y; as solution to the
following SDE on M with initial condition Yy = y:

diY, =2 <0'(p(X,,Y,))MX,m wdB;+\/1—0(p(X:,Y;))? Py, y, utdB;’) +Z(Y;)dt. (2.9)
Since the coefficients of the SDE are at least C! outside the diagonal {(z,z): z € M}, there
is a unique solution up to the coupling time

T:=inf{t>0: X, =Y,}.

As usual, we let X; =Y; fort > T. We ignore here technical difficulties related to a possibly
non-empty cut-locus Cut(M). It is well known how to deal with these issues, see for
instance [13, Chapt. 2] or [2, Sect. 3] for details. The presence of a cut-locus actually
facilitates the coupling; it decreases the distance of the two marginal processes.

Next, we have by Itd’s formula,

dp(X,,Y;) <2vV20(p(X,,Y,))db, + 17 (X,,Y,)dt
< 2\/§G(p(X,,Y,))dbt + (kl (p(Xt7Yt)) 7k2p(X17Yt)1+9) dt, 1<T,
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where b; is a one-dimensional Brownian motion on R. Thus,
_ 1 _
dp(X,,Y,)" < pp(Xe. )P dp (X, ) + 5 p(p = 1)p (X, X,)" 2 d{p):
< pp(X,, Y7 ! {2ﬁc(p(X,,Y,))db, + (lq (p(X;, Y1) *kzp(X,,IG)He) dt}

+4p(p—1)0(p(X,.Y,))*p(X,Y,)P*dt, t<T,

where (p), denote the quadratic variation of p(X;,Y;).
Taking this calculation into account, our next step is to look at properties of the process
v(p(X;,Y;)?). First of all, by Itd’s formula, we have

Ay (p (X, Y)") < ¥ (P (X, 1)") (Mpp(xt,m"*‘cm(x,,m)dbz +01(p(X )" dt)
+ ¥ (p(X, Y)P) o (p(X,,Y2)P) dt
=er—€(p(Xt,Yt) W (p (X, Y:)P)dt, t<T,
where
dM; = 2V2py/ (p (X, )P )p (X, Yi)P " o (p (X, Y;)) db;.
By means of Lemma 2.4 (iii), we get
dy(p(X,.Y,)P) <dM, — Ay (p(X,.Y;)")dt, t<T.
Lett,={t>0: p(X:,Y;) ¢ [1/n,n]}. Then 7, 1 T as n — oo, and for s <1,
Ey(p? (Xinz,»Ying,))

<EY(p”(Xong, Ying,)) — A / EY(0 (Xons,, Yons,)?) dr: (2.10)

From now on, for the sake of brevity, we simply write p/’ := p(X;,Y;)?. Since y(0) =0
and X; =Y, fort > T, we have

Ey(p/rr) =E[w(p/)Ly<ry] +E[w(pr)Lysry] =Ew(p/). (2.11)
Letting n — oo of (2.10) and using (2.11), we conclude that

!
Ey(p!) < Ew(pf)~2 | Ew(pf)dr
Thus, letting
f(t) =Ey(p/),

—;L[f(r)dr

U(t)=e*y(p(x,y)),

we obtain

For the function

it is immediate that

!
2 [ Umdr U©) =vipny)).
This implies



EXPONENTIAL CONTRACTION IN WASSERSTEIN DISTANCE 9

Actually assume that there exists #p > 0 such that f(¢9) > U(tp). Setting t; = sup{s <1y :
f(s) <U(s)}, by the continuity of f and U, we obtain that f(r;) = U(#1) and f(r) > U(r)
for r € (11,1p). From this we conclude that

F(0) < f(n) —l/ttf(r)dr <U(n) fl/ttU(r)dr: U,

that is
Ey(p (X, Y;)P) <e M y(p(x,y)"). (2.12)
Recall from Lemma 2.10 (ii) that there exist two constants ¢; and ¢ such that
ar'/? <wy(r) <ér'/r. (2.13)
Combining (2.13) with (2.12) we obtain the following estimate:
Ep(X.1) < 2 EW(p(X.1)") < Ze M p(xy). (2.14)

Recall that
dy(p(X,,Y;)P) <dM; —{(p (X, Y,)") )y (p (X, Y)P) dt.

Since o(p(X;,Y;)) = 0 for p(X;,Y;) > ro+ 1 while dy(p(X;,Y;)?) < 0 when p(X;,Y;) >
ro+ 1, we have

w(p (X, Y1)P) < w((ro+ 1)V pP(x,y)),
which together with (2.14) implies
EC) (X, %)) < ((1470) Vp(x,3))” ' Elp(X;, 1))

24
1

3

< e M(14n0)P plxy) Vp(x,y), U

According to Remark 2.1, under the assumption that

liminfRic?(x) > 0,
p(x)—vee

we can find positive constants k; and k» such that
(x,y) < ki —kap(x,y),

and then by Theorem 2.2, there exist constants ¢ and A such that (1.4) holds. More pre-
cisely, we have now the following results with explicit values for ¢ and A.

Corollary 2.5. Assume that
P(x,y) <k —kap(x.y), (2.15)

for some constants ki > 0 and ky > 0. Then,
1) forp>1,t>0,andx,y € M,

2%, \ (P=D/p K2 k
Wp(5xPz,5yPt)<(l+k;) exp | — 2 (p(x,y) V p(x,y)'/P);

%_ 2;76:]‘%/]‘2
(i) forp>1,t>0and W, € (M),

W, (WP, ioPy) < 1+& (p_l)/pex ﬁth W, ( )
P Hile, Wplt) < k2 p pk2 Zpek%/]Q 4 Hi, U2 ),
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where

. 1/p
Wy (1, ) = inf </ P(an)pVP(X,Y)”(dey)) ;
neC (H1,p2) \IMxM

(iii) in particular, fort > 0,

Kk
(x) q__ R
EXYp(X,,Y;) < exp (,Q Zek%/kzt)p(x,y)

Proof. By assumption, we have
(x,y) < ki —kap(x,y).
Let ro = 2k /ky. Then, for r > ry, we have k; < kyr/2, or equivalently,
ki —kyr < f%kzr.

Thus, we find k3 = k;/2 and

L fro k k K?
7L:k3exp (—4[) k1dr—82r2) :EZexp <_k;)

Substituting the explicit constants in the results of Theorem 2.2, we complete the proof.
O

Corollary 2.6. Keeping the assumptions as in Theorem 2.2, we have
VRS <cre ™ |V
foranyt >0 and any f € C5 (M), where ¢ and A are the constants given in Theorem 2.2.

Proof. For f € C; (M), according to the definition of [VP, f|, we have

| RS =R ‘
VP, = 1 Lyx) —njywy)
VEAR) = Jim )
= lim E®) {f(X’)f(Yt) P(XI,Y,)}
p(xy)—0 p(X.Y) ply)
<cre M| Vf]l.

fort > 0. O

3. EXPONENTIAL CONTRACTION IN WASSERSTEIN DISTANCE ON EVOLVING
MANIFOLDS

In this section, we deal with the case that the underlying manifold carries a geomet-
ric flow of complete Riemannian metrics. More precisely, we consider a d-dimensional
differentiable manifold M equipped with a C' family of complete Riemannian metrics
(81)te(—,1,) for some T;. € (—oo,00]. We denote the interval (—oo,7;) by I.

We first give some quantitative results concerning exponential contraction in Wasser-
stein distance over evolving manifolds. As application, we use the Wj-contraction inequal-
ity to derive a gradient inequality and uniqueness for the evolution system of measure.
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3.1. Main results. Let V’ be the Levi-Civita connection and A, the Laplace-Beltrami op-
erator associated with the Riemannian metric g;. In addition, let (Z,)te[O)TC) be a C'-family
of vector fields on M. We set

Iz(t7x7y) :I(t’x7y> + <Zlavtpf('7y)>f+ <Zf7thl('vx)>l

where
pr(x,y) d=1 P LN gt L.
I(t,x,y) =/0 Y {1V~ RT3 (0) + Diga(3,7) (1) ds
i=1

Now p; is the Riemannian distance, R, the Riemann tensor, and y: [0, p;(x,y)] — M the
minimal geodesic from x to y with unit speed, everything taken with respect to the Rie-
mannian metric g; in addition, {J ?;1] are Jacobi fields along 7y such that

Jiy) =P Ji(x), i=1,...,d-1,
in terms of the parallel transport P;,y: T.M — T,M along the geodesic 7, and such that

{7(s),Ji(s): 1<i<d—1}, 5=0, p(x,y)

are orthonormal bases of the tangent spaces T, M, respectively 7,M, with respect to g;.
We first give a precise formulation of our assumptions in the time-dependent case.

Assumption (A2). There exist a non-negative continuous function k| € C(0,0), a positive
constant ky and a constant 0 > 0 such that

I (t,x,5) < ki (pr(x,y)) = Koy (x,)' (3.1)
and such that there exist positive constants k3 (ks < kp) and ry with the property:
ki(r) —koyr! 70 < —kar'*0 > g,
and [y ki(v)dv < e for each r > 0.

Consider the operator L, = A; + Z, where Z; is a family of vector fields which is Clint.
Let (X;) be the diffusion process generated by L, which is assumed to be non-explosive up
to time 7, and let P;; be the corresponding time-inhomogeneous semigroup.

Theorem 3.1. Assume that Assumption (A2) holds. Then
@G) forx,yeM,p>lands<t<T,

Wyt (8:Pys, 8,Pss) < cpe M9 (py(x,y) v py(x,y)1/P),

where

c,,_(1+r0)<f’1/f’exp< /kl dr+2r§+9), (32)

A= k3rg exp (—i /0 ki(r)dr— k82r(2)+9) ; (3.3)
(i) fors <t <T., p>1and u,lu € P(M), we have
Wp,t (.ulps,t; .u2Ps,t) < Cp e—l(t—s)/p Wp,s(ul 5 [.12),

where

1/p
W)= _int ([ ey vplenatandy) )
TEC (U,12) \I MM
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(iii) fors <t <T.and Ui, € (M),

Wi, (WP, o Pry) < cre MWy ().

Proof. Let X, be the L,-diffusion process, which we assume to be non-explosive. It is well
known that the process X; solves the following SDE:

diX, = 2u,dB, + Z,(X,)dt, X, =x, (3.4)

where (B;),> is a d-dimensional Brownian motion on R?. Here (1), is a horizontal lift
of (x;);>s to the frame bundle over M such that the parallel transport u,u; ' : (T,M,g5) —
(Tx,M,g,) along x; is isometric. We may rewrite SDE (3.4) as

d]Xt = \/E (G(pt (Xtht)) I/ttdB; =+ 1 — G(Pt (Xt,Yt))z MtdB;/> +Zt (Xt)dt,

where B} and B’ are two independent Brownian motion on R¢. Recall that ¢ € C!(]0,))
is a function satisfying 0 < o < 1 when r € (ro,ro+ 1), and 0 =0 when r > rp+ 1 and
o = 1 when r < ry. Let ¥; solve the following SDE on M (with initial condition Yy = y):

drv =3 (c(pxx,,m)M;(,,y, wdBl 4+ /1 cr(pt<xz,m>2p§,7y,utd37) Lz, (Y,

where P)t(f,Yt and M)t(t-,Yt denote respectively the parallel transport and the mirror reflection
along the g;,-geodesic connecting X; and Y; with respect to the metric g;. Since the coef-
ficients of the SDE are at least C' outside the diagonal {(z,z): z € M}, it has a unique
solution up to the coupling time

T:=inf{t >s: X, =Y}
Let X; =Y; fort > T as usual. Then, by Itd’s formula (see [4]), we have
dp;(X;,Y;) <2V2db, +1%(t,X,,Y,)dt
< 2V2db; + (ki (P (X, Yi)) = kapi (X0, %) T 0)de, 1 <T,

where b, is a one-dimensional Brownian motion on R. Moreover,
_ 1 _
dpi(X,,%1)" < ppi(Xe, Yo'~ dpi (X, ) + 5 p(p = Vi (X, Y:)P 2 d ()
< PPt(Xt,Yt)pil {Z\Edb, + (kl(Pt(Xth)) —kzpz(XnYt)He) dl}
+4p(p—1)p:(X,,Y,)P 2 dr.
Then, by the It6 formula for y(p;(X;,Y;)?), we have

dy(p: (X, Y1)") < v (p (X, Y2)P) (Z\fzpp,(Xt,Yt)p_ldb,+€1(p,(X,,Y,)1’)dt)

+¥" (0 (X, Y,)P ) o (pr (X; . Y;)P ) dt
=dM; —0(p: (X, Y)") W (0 (X, Y;)P) dt

where
dM; = 2V2py' (pi(X:,Y1)")py (X, Y;)P " db.

The remaining steps are the same as in the proof of Theorem 2.2. We skip the details. [
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Remark 3.2. It is natural to ask whether contraction in Wasserstein distance still holds
when the curvature condition (3.1) is weakened as follows: there exist non-negative func-
tions k1,k, € C!(I) and ¢ € C([0,0)) such that

IZ(t,x,y) < kl (t)¢(p,(x,y)) - kZ(t)pt(xvy)l+e' (35)

A possible way to deal with this case is to prove the result for each interval [s,¢]. Assume
that for an interval [s,f] C I,

Iz(u,x7y) <k (Sat)¢(pu(xvy)) —kz(s,t)pu(x,y)l+e, uc [SJ},
and there exist k3(s,¢) and ro(s,¢) such that
ki(s,0)(r) —kz(s,t)rHe < —k3 (s,t)rHe, r>ro(s,t)

and [j ¢ (u)du < o for r > 0. Then, by an analogous procedure as in the proof of Theo-
rem 3.1, we get

Wp,t(5xPS,la 5,\'PS-,Z) < cp(s,t) e Hen=s)/p (Ps(an) vps(xa}’)l/p)-

Hence, if the coefficient cp(s,t)e’“”)(’ —s)/p converges to 0, as t —s — oo, we still have
contraction of the Wasserstein distance Wp_,.

Assume that RicZ > k(p;) and liminf, ,..k(r) > 0. Then there exist positive constants
k1 and ky such that

I(t,x,y) < ki —kaps (x,y).
In this case, the following corollary follows directly from Theorem 3.1.
Corollary 3.3. Suppose that
A(t,x,y) <k —kopy(x,y), t€I (3.6)

for some non-negative constant ki and positive constant k. Then,
G) forp>1,s<t<T,andx,y e M,
2k, (p—1)/p k2 k
Wy (6P, 0,P ) < 1+) exp| —4— — ———(r—s
p,t( xlsty Cy J) ( k2 p pk2 2pek%/k2 ( )
X (Ps(x,3) V ps (x,)'/7);
(i) fors<t<T, p>1land u, € M),
_ 2%, \ PP 2 ky -
W, P, P )<|1+— ———(t— W,
ot (U1 Psgy o Pyy) < ( + o ) exp ol 2pek%/k2 (t—s) | Wps(t1, p2)
where

1/p
Wy, 2) = inf / ps(x,y)P V ps(x,y) m(dx,dy) ;
' TEC (U1,12) \I MM

(iii) in particular, for s <t < T,

k? k
(x) o2
ECY) p,(X;,Y;) < exp <k2 e (t s)> Ps(x,y).

We now apply Theorem 3.1 (iii) to derive gradient estimates for the 2-parameter semi-
group Fy,.
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Corollary 3.4. Under the same conditions as in Theorem 3.1, we have
|VSPs,lf‘s <ci C_Mt_s) H|th|l||oo
forany s <t and any f € C5 (M), where c; and A are defined as in (3.2) and (3.3) respec-
tively.
Proof. For f € Cj(M), according to the definition of V*P, f, we have for s <7,
P, — P
VR f) = tim [Pl DT D)
ps(x.y) =0 Ps(x,y)
— lim IE(S,(X,y)) <f(Xf) 7f(Yl) pI(Xl?Yl)>
ps(x,y)HO pt (Xt7Yt> ps(x7y)
<cre MV fLL - O

3.2. Applications. Let us first recall the notion of an evolution system of measures for a
2-parameter semigroup. A family of Borel probability measures (i );e; on M is called an
evolution system of measures for Py, (see [6]) if

/MPS’[(M“S:/(M”“ 0 € By(M)

for s <t < T.. In [5], we investigated existence and uniqueness of evolution systems of
measures. The condition for uniqueness (H3) in [5, Theorem 2.3] requires that the lower
bound of Ric,Z — %8, g: depends only on time ¢ and satisfies an integrability condition. Here

we give another condition in terms of lower bounds on RicZ — %&g, depending on the
radial distance p;.

Theorem 3.5. Suppose that there exists a function k € C([0,0)) with liminf,_,. k(s) > 0
such that

Ric/ — %a,gt > k(p;) 3.7)
and that there exist € > 0 and xy € M such that for some constant C,
3ke(t)e+ |Zil:(x0) <C, tel,

where

ke (1) := sup{Ric,(x): ps(x0,x) < €}. (3.8)
Then there exists a unique evolution system of measures (s)ser for Ps;.
Proof. First of all, by [10, Lemma 9], we have

(L +0,)p* =2p,(L; +9,)p; +2

<2(F(p)~ [ K troD)ds +1Z ()l ) i+,

where
F(s) =\/ke(t)(d — l)coth( ke(t)/(d — 1)(s/\8)> +ke(t)(sNeE)

and ke (1) is given by Eq. (3.8). As Ric? — %&g, > k(py) and liminfs_,.k(s) > 0, the
function k is bounded below and there exist constants rg > 0 and k¥ > O such that for
r 2 ro,

k(r)>x>0.
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By straightforward estimates, using the obvious inequality coth(x) < 1+ %, we obtain
(Li+0,)pf < 2d+ (3ke(t)e +|Z i (x0) +3(d — 1)e™") py +cpr — 2kp}.
Thus, if 3k¢(¢)€ + |Z|; (x0) < C, we can find constants C; and C; such that
(Li+0)p7 < C1 —Capy.

Therefore, by [5, Theorem 2.3], there exists an evolution system of measures (i) such
that

G
s (p) < <o
se(imJ] 2

Recall that Ric? — 19,g; > k(p;) with k(r) > k > 0 for rg > 0. Moreover, given condition
(3.7), we know that there exist positive constants k; and k; such that

pr(xy) [ 1 o
Ieey) < - | (Rw,z - 2atg,) (7(5), 7(5))ds < ki ~ kapy (x,).

Hence condition (3.6) in Corollary 3.3 is satisfied, and by this corollary, there exist con-
stants ¢; and A depending on k| and k; such that

Psaf (x0) — () =

[ B0 = a0 ar)

= | o [ZE =000 )| )

< (19 B0 oy (6 o) s
< e MV fL L s s)
<cpet) | IV’f\tl\wm,

which implies
gim_ [Py f(x0) — ()] = 0.

If there is another evolution system of measures V;, then

() = ve(N < Tim ([P f(x0) =t ()[4 [P f (x0) = Ve (£)]) = 0,
i.e. 4y = v;. This finishes the proof. (]

Remark 3.6. Comparing the above conditions to [5, Theorem 2.3], we note that the func-
tion k() is only required to be positive outside a compact set. If k(r) is not bounded below
by zero, the situation is not covered by [5, Theorem 2.3].

It is well known that evolution systems of measures play a similar role in the inhomo-
geneous setting as invariant measures for homogeneous semigroups F;. Inspired by this,
we take the system ()5 as reference measures and study the contraction properties of
the two-parameter semigroup P ;.

Theorem 3.7. Keeping the assumptions of Theorem 3.5 and assuming that [;(ePs) < oo
for any € > 0, the semigroup Py, is supercontractive.

The idea is to first establish a dimension-free Harnack inequality under assumption (3.9)
below.
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Lemma 3.8. Suppose that there exist constants ki ,ky such that
I (t,x,y) < ki —kapy (x,y). (3.9)
Then, for any p > 1, the following dimension-free Harnack inequality holds:

4k ps(x 2k ps(x,y)?
20, 1P5(x,y) 2Ps(x,Y)
(kl (t—s)+ eka(t—s) 11 + e2ka(t—s) _1

a0 = Pt (32

for any non-negative function f € B,(M) and s <t < T,.
Proof. Let X; solve the stochastic differential equation
diX, = 2u,dB, + Z,(X,)dt, X, =x,
and let Y; solve the stochastic differential equation
diY; = V2P, yudB+ (Zi(Y) +&(0,X, X)) dt, Y=y,

where the function & € C' (I x M x M) will be specified later. Since the coefficients of the
coupled SDE are at least C! outside the diagonal {(z,z): z € M}, the coupled SDE has a
unique solution up to the coupling time

T:=inf{t >s: X, =Y }.
Let X; =Y, for t > 7 as usual. By It&’s formula, we have
dp;(X;,Y,) < T2 (1,X,,Y,)dt — Edt < (ki —kopy(X;,Y;) — &)dt, 1<, (3.10)
where & := &(t,X;,Y;). Now, for a fixed constant T € (s, T;), let

2ky €20 py (x, )
ét: 1+ 2/{2( )_1 9 IZS

Then

T
/s ( ét) kalt=s) dr = 7p-\'(x7y)a

and
pr (X, Yr) — ps(x,y) < /(kl )elali=5) ¢ /p,x,,y,

< —ps(x,y)—/ pe(Xe, Y;)dt.

From this, it is easy to see that T < T and hence X7 = Y7.
Now due to Girsanov’s theorem, Y is generated by L, under the weighted probability
measure RP where the density R is given by

1 T 1 /7
R =exp (\@/Y <§tVZPt(Xt7 ')(Yt)7P)I(,7y,MrdBt>[ 2 /Y étzdt>~
Thus,
(Porf())? < (P f7(x)) (ERP/ (0= D) P,

Since T < T and

t — N; :=exp (\ﬁ(;_l)/st@,V’p,(xr, (), P, Yu,dB - _1 / éZdr)
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is a martingale, we have EN; = 1 and hence,

T
-0 oo (37, L [ 0ar)|
pP— s

iy () | 2kaps(x,y)? )) .

= _ P (2
=exp (4(1) 1)? (kl(T 5) + T 11 + Pl ]

It follows that

p (kz(T—s) dkips(x,y) | 2kops(x,y)? )) 7

s < PO ewp (72 i) | Zapdra).

as claimed. O

Proof of Theorem 3.7. As explained in the proof of Theorem 3.5, there exist positive con-
stants k; and &, such that (3.9) holds. Noting that (i) is the evolution system of measures
and using Lemma 3.8, we have

1= /M Poe|f1P (v) 1as(dy)

2
p N P 20, 4k1Ps(X,Y) 2k2ps(x7y)
2 s [ exp (5 (B9 + SRy ZaRE0) ) i ay

p 4k (ps(x)+1) | 2ka(py(x)+1)?
eXp<_4(p—1) <k%(t_s)+ P S R Ty | ))“S(dY)

> [RufI7) [

Bs(x07l)

Z |})S,tf|p('x):uS(BS(x0a 1))6Xp <_PC(I_S7Paklak2) -

p(2k1 ekZ(tis) +ky — 2](1) ( )2
(- D —n P )

where Bg(xp,1) = {x € M: ps(x) < 1} is the unit geodesic ball (with respect to g;) centered
at xo and C(z — s, p, k1, k) is a constant depending on ¢ — s, p, k; and k. Letting

2k el kg — 2k

(- (R )

we get

€Xp (C(t _S,p,kl,k2)>

Ap? Py
e'rs < oo fl¥)=1.
Hs (Bs(x(h 1))1/17 .ut(| | )

|Ps,tf| (x) <

Therefore

C(I—S,p,kl,kz)) 2
(P, 1)V < exp ( ((eraPiy)1/a,
‘LL (| Jf‘ ) — IJ«S(BS(.XO,I))l/‘D ( (e ))

. 2 . . .
Thus if ps(e*9P5) < oo for some s € I, then Py, is supercontractive, i.e., ||P;|| (pt)—=(
forany 1 < p < g < oo.

g5) <
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