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Vielberth

1 | INTRODUCTION

In this contribution, we consider a two-phase flow for incompressible fluids of different densities and different viscosities.
The two fluids are assumed to be macroscopically immiscible and to be miscible in a thin interface region; ie, we consider
a diffuse interface model (also called phase field model) for the two-phase flow. In contrast to sharp interface models,
where the interface between the two fluids is a sufficiently smooth hypersurface, diffuse interface model can describe
topological changes due to pinch off and droplet collision.

There are several diffuse interface models for such two-phase flows. Firstly, in the case of matched densities, ie, the
densities of both fluids are assumed to be identical, there is a well-known model H, cf Hohenberg and Halperin or Gurtin
et al.1'2 In the case that the fluid densities do not coincide, there are different models. On one hand, Lowengrub and
Truskinovsky? derived a quasi-incompressible model, where the mean velocity field of the mixture is in general not diver-
gence free. On the other hand, Ding et al* proposed a model with a divergence free mean fluid velocities. But this model is
not known to be thermodynamically consistent. In Abels et al,> a thermodynamically consistent diffuse interface model
for two-phase flow with different densities and a divergence free mean velocity field was derived, which we call AGG
model for short. The existence of weak solutions of the AGG model was shown in Abels et al.® For analytic result in the
case of matched densities, ie, the model H, we refer to Abels” and Giorgini et al® and the reference given there. Existence of
weak and strong solutions for a slight modification of the model by Lowengrub and Truskinovsky was proven in Abels.>1°

Concerning the Cahn-Hilliard equation, Giacomin and Lebowitz!!1? observed that a physically more rigorous deriva-
tion leads to a nonlocal equation, which we call a nonlocal Cahn-Hilliard equation. There are two types of nonlocal
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Cahn-Hilliard equations. One is the equation where the second order differential operator in the equation for the chem-
ical potential is replaced by a convolution operator with a sufficiently smooth even function. We call it a nonlocal
Cahn-Hilliard equation with a regular kernel in the following. The other is one where the second order differential
operator is replaced by a regional fractional Laplacian. We call it a nonlocal Cahn-Hilliard equation with a singular ker-
nel, since the regional fractional Laplacian is defined by using singular kernel. The nonlocal Cahn-Hilliard equation with
a regular kernel was analyzed in previous works.!>1® On the other hand, the nonlocal Cahn-Hilliard equation with a sin-
gular kernel was first analyzed in Abels et al,'” where they proved the existence and uniqueness of a weak solution of the
nonlocal Cahn-Hilliard equation, its regularity properties, and the existence of a (connected) global attractor.

Concerning the nonlocal model H with a regular kernel, where the convective Cahn-Hilliard equation is replaced by
the convective nonlocal Cahn-Hilliard equation with a regular kernel, first studies were done in references'®20; see also
Frigeri?! and the references there for more recent results. More recently, the nonlocal AGG model with a regular kernel,
where the convective Cahn-Hilliard equation is replaced by the convective nonlocal Cahn-Hilliard equation with a regular
kernel, was studied by Frigeri,?? and he showed the existence of a weak solution for that model. The method of the proof
in Frigeri®? is based on the Faedo-Galerkin method of a suitably mollified system and the method of passing to the limit
with two parameters tending to zero. The method is different from Abels,® which is based on implicit time discretization
and a Leray-Schauder fixed point argument.

In this contribution, we consider a nonlocal AGG model with a singular kernel, where a convective Cahn-Hilliard
equation in the AGG model is replaced by a convective nonlocal Cahn-Hilliard equation with a singular kernel. Our aim
is to prove the existence of a weak solution of such a system.

In this contribution, we consider existence of weak solutions of the following system, which couples a nonhomogeneous
Navier-Stokes equation system with a nonlocal Cahn-Hilliard equation:

(pv) + div(v ® (pv + 1)) — div2n(@)DV) + Vp = uVe in Q, 1)

divv=0 in Q, 2)

0o +v-Vo=divim(e)Vu) in Q, 3)

u="@+Ly in Q, 4)

where p = p(@) := ‘312#‘32 + @qp, J= —’32—;’7’m((p)Vy, Q = Q X (0, ). We assume that Q c R¢, d = 2,3, is a bounded

domain with C2-boundary. Here and in the following v, p, and p are the (mean) velocity, the pressure, and the density
of the mixture of the two fluids, respectively. Furthermore, 5;,j = 1, 2, are the specific densities of the unmixed fluids,
@ is the difference of the volume fractions of the two fluids, and u is the chemical potential related to ¢. Moreover,
Dv = %(Vv + VvT), n(@) > 0 is the viscosity of the fluid mixture, and m(g) > 0 is a mobility coefficient. The term J
describes the mass flux; ie, we have
op = —divJ.
It is important to have the term with Jin (1) in order to obtain a thermodynamically consistent model, cf Abels et al® for
the case with a local free energy.
Finally, L is defined as

Lu(x) = p.v. /Q (@) — u(y)k(x, y,x — y)dy

e—0

= lim / (u(x) — u(y)kx, y,x — y)dy for x € Q (5)
Q\B, (x)

for suitable u : Q — R. Here, the kernel k : R? x R¢ x (R \ {0}) — R is assumed to be (d + 2)-times continuously
differentiable and to satisfy the conditions

k(x7 Y, Z) = k(% X, _Z), (6)
100002k (x, ¥, < Cppslel =41, @)
colzl ™" < k(x. y.2) < Colz ™ . ®)

forallx,y,z € R%, z # 0and f,7,6 € Ng with |B] + |y| + |6] < d + 2 and some constants Cy, 5, co, Co > 0. Here, a is
the order of the operator, cf Abels and Kassmann.?* We restrict ourselves to the case « € (1,2). If w € CZ*Z(Rd), then
k(x,y,z) = o(x,y)|z| ¢~ is an example of a kernel satisfying the previous assumptions.
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We add to our system the boundary and initial conditions

V|ga =0 on 0Q X (0, 00), 9)
Onttlog =0 on 0Q X (0, ), (10)
(V7 (p) |[=0 = (VO, (PO) ln Q (11)

Here, 0, = n - V and n denotes the exterior normal at dQ2. We note that (9) is the usual no-slip boundary condition
for the velocity field and onpu|ae = 0 describes that there is no mass flux of the fluid components through the boundary.
Furthermore, we complete the system above by an additional boundary condition for ¢, which will be part of the weak
formulation, cf Definition 1. If ¢ is smooth enough (eg, ¢(t) € C'# (ﬁ) foreveryt > 0)and k fulfills suitable assumptions,
then

n, - Vo(x) =0 for all x, € 0, (12)

where n,, depends on the interaction kernel k, cf Abels et al,17- theorem 6.1 and x4 € 0Q.
The total energy of the system at time ¢t > 0 is given by

Eiot(@, V) = Exin(@, V) + Efrec (@), (13)

where

v|? 1
Exin(@,v) = / p% dx, Efree(@) = / Y(p) dx + 55(% )
Q Q

are the kinetic energy and the free energy of the mixture, respectively, and
Eu,v) = / / (uG) — u()WX) — vk, y,x — y) dx dy (14)
oo

forallu,ve H H (Q) is the natural bilinear form associated to £, which will also be used to formulate the natural boundary
condition for ¢ weakly. Every sufficiently smooth solution of the system above satisfies the energy identity

d
aEtot((P’V) = —/277((0)|DV|2 dx — /m((p)|V/4|2 dx
Q Q

coincides with

for all t > 0. This can be shown by testing (1) with v, (3) with y, and (4) with 0,¢, where the product of L¢ and d;¢

E(@(1), 0:9(1))

under the same natural boundary condition for ¢(¢) as before, cf (12).
We consider a class of singular free energies, which will be specified below and which includes the homogeneous free
energy of the so-called regular solution models used by Cahn and Hilliard?*:

9.
W(p) = g (@ +@)In( +@)+(1 - @)l - ) - Z¢?, g el-11, (15)

where 0 < 9 < 8. This choice of the free energies ensures that ¢(x,t) € [—1,1] almost everywhere. In order to deal
with these terms, we apply techniques, which were developed in Abels and Wilke?® and extended to the present nonlocal
Cahn-Hilliard equation in Abels et al.'”

Our proof of existence of a weak solution of (1) to (4) together with a suitable initial and boundary condition follows
closely the proof of the main result of Abels et al.® The following are the main differences and difficulties of our paper
compared with Abels et al.® Since we do not expect H'-regularity in space for the volume fraction ¢ of a weak solution of
our system, we should eliminate V¢ from our weak formulation taking into account the incompressibility of v. Implicit
time discretization has to be constructed carefully, using a suitable mollification of ¢ and an addition of a small Laplacian
term to the chemical potential equation taking into account of the lack of H'-regularity in space of . While the arguments
for the weak convergence of temporal interpolants of weak solutions of the time-discrete problem are similar to Abels
et al,® the function space used for the order parameter has less regularity in space since the nonlocal operator of order less
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than 2 is involved in the equation for the chemical potential. For the convergence of the singular term ¥'(¢), we employ
the argument in Abels et al.!” The only difference is that we work in space-time domains directly. For the validity of the
energy inequality, additional arguments using the equation of chemical potential and the fact that weak convergence
together with norm convergence in uniformly convex Banach spaces imply strong convergence are needed.

The structure of the contribution is as follows: In Section 2, we present some preliminaries, fix notations, and collect
the needed results on nonlocal operator. In Section 3, we define weak solutions of our system and state our main result
concerning the existence of weak solutions. In Section 4, we define an implicit time discretization of our system and show
the existence of weak solutions of an associated time-discrete problem using the Leray-Schauder theorem. In Section 5,
we obtain compactness in time of temporal interpolants of the weak solutions of time-discrete problem and obtain weak
solutions of our system as weak limits of a suitable subsequence.

2 | PRELIMINARIES

Asusual,a ® b = (aibj);ij:1 for a,b € R? and Ay, = %(A + AT) for A € R¥4. Moreover,

<f?g>E<f’g>X’,X=f(g)’ fEX/agEX

denotes the duality product, where X is a Banach space and X is its dual. We write X << Y if X is compactly embedded
into Y. For a Hilbert space H, its inner product is denoted by (-, -)g.

Let M C R? be measurable. As usual LI(M), 1 < q < oo, denotes the Lebesgue space, IIllg its norm and (., )y =
(., 2w its inner product if ¢ = 2. Furthermore, L(M; X) denotes the set of all f : M — X that are strongly measurable
and g-integrable functions/essentially bounded functions. Here, X is a Banach space. If M = (a, b), we denote these spaces
for simplicity by L%(a, b; X) and L%(a, b). Recall that f : [0, ) — X belongs Lfoc([o, ); X) if and only if f € L9(0, T; X) for
every T > 0. Furthermore, Lgloc([O, o0); X) is the uniformly local variant of LI(0, co; X) consisting of all strongly measurable
f: [0, 00) » X such that

uloc

1/ 1zs (o000 = SUOP 1S lzacee41:x) < o0.
£

If T < oo, we define LY, ([0, T);X) := L0, T; X).
For adomain Q c R¢, m € Ny, 1 < q < oo, the standard Sobolev space is denoted by W' (Q). WZ‘O(Q) is the closure of
Cy(Q) in Wit(Q), W™(Q) = (W‘;",’O(Q))’ ,and W(;(’)”(Q) = (W;}(Q))’ . H*(Q) denotes the L2-Bessel potential of order s > 0.
Let fo = ﬁ Jof @) dx denote the mean value of f € L'(Q). For m € R, we define

Lfm)(gz) ={f €LYQ) : fo =m)}, 1<q<o.

2

Then the orthogonal projection onto L(O)

(Q) is given by

Pof:=f—fg=f—ﬁ/f(x)dx forall f e L*(Q).
Q
For the following, we denote
H1 = H1 )(Q) = Hl(Q) n L2 (Q), (C, d)H(IO)(Q) = (VC, Vd)LZ(Q).

0) © 0)

Because of Poincaré’s inequality, H(lo)(Q) is a Hilbert space. More generally, we define fors > 0

N— g — s 2 s _ S /
Hjy = Hy (Q) = H'( Q) NLE (Q),  Hy(Q) = (Hy (),

Hy(Q) = (H(Q))', HY(Q) = (Hy(Q))".

Finally, f € H} (Q)ifand onlyif flo € H5(Q') for every open and bounded subset Q' with QcQ
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We denote by L2(Q) is the closure of Cgf’a(Q) in L*(Q)4, where Cgf’d(Q) is the set of all divergence free vector fields in

C ()% The corresponding Helmholtz projection, ie, the L*-orthogonal projection onto L2(€), is denoted by P,, cf, eg,
Sohr.26

Let I =[0,T]with0 < T < oo or I = [0, 00) if T = oo and let X is a Banach space. The Banach space of all bounded and
continuousf : I —» Xisdenoted by BC(I; X). It is equipped with the supremum norm. Moreover, BUC(I; X) is defined as the
subspace of all bounded and uniformly continuous functions. Furthermore, BC,,(I; X) is the set of all bounded and weakly
continuous f : I — X. C5°(0, T; X) denotes the vector space of all smooth functions f : (0,T) — X with suppf ccC (0, ).
By definition f € W,(0,T;X),1 < p < oo, if and only if f, ‘Z—’: € LP(0, T; X). Furthermore, W;’uloc([o, ®); X) is defined
by replacing LP(0, T; X) by L?, _ ([0, 0); X), and we set H'(0, T; X) = W}(0, T; X) and H!, ([0, 0); X) := W] ([0, %0); X).

loc 2,uloc
Finally, we note the following:

Lemmal. LetX, Ybetwo Banach spacessuchthatY & X andX <Y densely. Then L= (I, Y)NBUC(I; X) < BCy(I;Y).

For a proof, see, eg, Abels.?

2.1 | Properties of the nonlocal elliptic operator £

In the following, let £ be defined as in (14). Assumptions (6) to (8) yield that there are positive constants c and C such that

cllul>.  <luol?+&Ew,u) < Clul?. for all u € H2\(Q).
H2(Q) H2(Q)

This implies that the following norm equivalences hold:

Eu,u) ~ ||u||;%(9) forallu e H(%)(Q), (16)

Euu) + |ug)? ~ lull? . forall u € H:(Q), 17
H2(Q)
cf Abels et al.17 lemma 2.4 and corollary 2.5
In the following, we will use a variational extension of the nonlocal linear operator £ (see (1)) by defining £ : H H Q) —
HOE Q) as
=Eu,p) forall ¢ € H>(Q).

a
2

(Lu, ¢>HO’%,H

This implies

(Lu,1) =Ew,1)=0.
We note that £ agrees with (1) as soon as u € H} (Q) nH 3(Q)and ¢ € C2(Q), cf Abels and Kassmann, lemma42 Byt

this weak formulation also includes a natural boundary condition for u, cf Abels et al,!”- theorem 6.1 for 3 discussion.
We will also need the following regularity result, which essentially states that the operator L is of lower order with
respect to the usual Laplace operator. This result is from Abels et al.!7- lemma 2.6

Lemma?2. Letg € L(ZO)(Q) and 6 > 0. Then the unique solution u € H}o)(Q) for the problem

—G/Vu Vo + EW, @) = (90 forall ¢ € H(lo)(Q) (18)
Q

2 . .
belongs to H;, (€2) and satisfies the estimate

BIIVUIZ, ) + 1112, ) < ClEIE

where C is independent of 0 > 0 and g.

For the following, let ¢ : [a,b] — R be continuous and define ¢(x) = +oo for x & [a, b]. As in Abels set al,'7-5ction 3 e
fix @ > 0 and consider the functional

Fy(c) = g/wcﬁ dx + %8(0, c)+/¢(c(x)) dx 19)
Q Q
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domF, = {c e H@QNL2 (Q) : ¢(c) € Ll(g)} ,

domF, = H'(Q) n domF, if >0

for a given m € (a, b). Moreover, we define

Eo(u,v) = G/Vu -Vvdx + E,v)
Q

forall u,v € HY(Q) if 0 > 0 and u,v € HY*(Q) if 6 = 0.

In the following, 0Fy(c) : L(Zm)(Q) - P(L(ZO)(Q)) denotes the subgradient of Fy at ¢ € domF, ie, w € 0Fy(c) if and only if

w,c — )2 < Fp(c') — Fy(c) forall ¢ e L(Zm)(Q).

The following characterization of dFy(c) is an important tool for the existence proof.

Theorem 1. Let ¢ : [a,b] — R be a convex function that is twice continuously differentiable in (a,b) and satisfies
limy_, 4@’ (x) = —o0, lim,_ ¢’ (x) = +00. Moreover, we set (x) = +oo for x & (a, b) and let Fy be defined as in (19). Then

0F, : D(0Fy) C L(Zm)(Q) - L(ZO)(Q) is a single valued, maximal monotone operator with

D(3F,) = {c € H*

loc

@ NHAQ L2 Q) : ¢'(c) € L(Q),3f e LXQ) :

8(c,co)+/¢’(6)(de=/f(pdx Y ¢ € H/*(Q)}
Q Q
if6 =0and

D(0F,) = {c € H?

loc

@NH'@NLE, (@) : ¢(c) € LX(Q),3f € LAQ) :

59(C,¢)+/¢’(C)¢dx=/f¢dx Vo e H(Q)
Q Q

if 0 > 0 aswell as
0Fy(c) = —OAc+ Lc+ Pyd'(c) in D'(Q)  for 6 >0.

Moreover, the following estimates hold
OllclFy + llcli7,z + 118" @115 < C (10Fa ()13 + llcll3 +1)
/ / (¢'(c(0) = @' (c(yN)(clx) — c(y)k(x, y,x — y) dx dy
oo
< C (10Fp(@)l13 + llcll3 +1)

0 / @IV dx < C (I0Fs@I2 + lell2 +1) 20)
Q

for some constant C > 0 independent of c € D(dFy) and 6 > 0.

The result follows from Abels et a].17- corollary 3.2 and theorem 3.3

3 | WEAK SOLUTIONS AND MAIN RESULT

In this section, we define weak solutions for the system (1)-(4) and (9)-(11) together with a natural boundary condition
for @ given by the bilinear form £, summarize the assumptions, and state the main result.
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Assumption 1. Let Q C R4, d = 2,3, be a bounded domain with Cz-boundary. The following conditions hold true:

L p(@) = 51+ /o) + 5 — p)g forall € [-1,1].
2. m € CY(R), n € C°(R) and there are constants mg, K > 0 such that 0 < my < m(s),n(s) < Kforalls € R.
3. ¥ e C(-1,1]) n C*((~1,1)) and

lim ¥/'(s) = +c0, W’(s)> —«k forsome x eR. (21)

s—+1

A standard example for a homogeneous free energy density V¥ satisfying the previous conditions is given by (15). Since
for solutions we will have ¢(x, t) € [—1, 1] almost everywhere, we only need the functions m, 5 on this interval. But for
simplicity, we assume m,  to be defined on R.

Definition 1. Let vy € L2(Q) and ¢, € HY*(Q) with |g,| < 1 almost everywhere in Q and let Assumption 1 be
satisfied. Then (v, @, 4) such that

Vv € BC,([0, ); L3 (Q)) N L*(0, 00; Hy(Q)%)
@ € BC,([0, 00); H*(Q)) N L2, ([0, 00); HE (Q)) . W'(¢) € L2 ([0, 00); L*(Q)) ,

uloc uloc

u € L? ([0, 00); H(Q)) with Vu € L*(0, o0; L*(Q))

uloc

is called a weak solution of (1)-(4) and (4)-(9) if the following conditions hold true:

—(pv, 0o + (div(pv @ V), y)q + (2n(@)DV, Dy ) — ((v ®7J), VW)Q

=—(eVu,y)g (22)

for all y € C(Q X (0, 0))? with divy = 0,

—(@,0p)g + (V- Vo, yp)q = —(m(@)Vu, V), (23)

/ / o dx di = / / W (@) dx di+ / E((D), (D) dt (24)
0 Q 0 Q 0

for all y € C((0, o0); C'(Q)) and
v, @)l =0 = (Vo, @o) . (25)

Recall T = —’72;—’71m(qo)V/4. Finally, the energy inequality

t t
Etot((t), V(1)) +/ /271((0) |Dv|* dx dr +/ /rn((/))IVMI2 dx dr
N Q N Q

< Eiot(@(s), v(s)) (26)

holds true for all t € [s, o0) and almost all s € [0, o0) (including s = 0). Here E\ is as in (13).
The main result of this contribution is as follows:

Theorem 2 (Existence of weak solutions). Let Assumption 1 hold and a € (1,2). Then for every vo € L:(Q) and
@y € HY?(Q) such that |@,| < 1 almost everywhere and (¢,)a € (—1,1), there exists a weak solution (v, @, i) of (1)-(4)
and (9)-(11).

Remark 1. Using, eg, @Vu € L*(0,00;L*(Q)), one can consider this term in (1) as a given right-hand side and
obtain the existence of a pressure such that (1) holds in the sense of distributions in the same way as for the single
Navier-Stokes equations, cf, eg, Sohr.?
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4 | APPROXIMATION BY AN IMPLICIT TIME DISCRETIZATION

Let ¥ be as in Assumption 1. We define ¥, : [—1,1] — R by Wo(s) = P(s) + K% for alls € [a,b]. Then ¥, : [-1,1] - R
is convex and lims_,il‘l’[)(s) = +00. A basic idea for the following is to use this decomposition to split the free energy Efree
into a singular convex part E and a quadratic perturbation. In the equations, this yields a decomposition into a singular
monotone operator and a linear remainder. To this end, we define an energy E : L2(Q) » R U {+o0} with domain

domE={p e H/*(Q)|-1<¢p<1ae.}

given by
1
E(p) = { €@, @) + [o¥o(e) dx for p €dom E , @
+o0 else .
This yields the decomposition

Ene(#) = E@) = Zlloll},  forall ¢ € dom E.

Moreover, E is convex and E = F, if one chooses ¢p = ¥, and Fj is as in Subsection 2.1. This is a key relation for the
following analysis in order to make use of Theorem 1, which in particular implies that dE = dF, is a maximal monotone
operator.

To prove our main result, we discretize our system semi-implicitly in time in a suitable manner. To this end, let h = 1%

for N € Nand vy € L2(Q), ¢, € H{(Q) with ¢, (x) € [—1,1] almost everywhere and p; = %(ﬁl + ) + %(p‘z — p1)@y be
given. Then ¥(¢,) € L}(Q). We also define a smoothing operator P, on L*(Q) as follows. We choose u as the solution of
the following heat equation:
ou—Au =0 inQx(0,7T),
{ Ul=o = @’ onQ,
oylyo = 0 ondQx(0,7),

where ¢/ € L*(Q), and set P,¢’ := ul|.—n. Then P,¢’ € H*(Q) and Py¢' — ¢’ in L*(Q) ash — 0 for all ¢’ € L*(Q).
Moreover, we have |Pr¢’| < 1in Qif |¢'(x)] < 1 almost everywhere and P,¢’ —jo ¢’ in H 5 (Q)as h — 0 for all
@ € H3(Q).

Now, we determine (v, @, ) = (Vi+1, @is1> Hir1)s kK € N, successively as solution of the following problem: Find v €
H (@)Y N L2(Q), ¢ € D(OE) and

4 € HYQ) = (u € HX(Q) | dntlyg =0 on 9Q),

such that
V — oV . . ~
(F=22%) + [@vpPrpov ® V).w)a + n(@oDV.Dy)g + (divv @ D.w )
= ~((Pro)Vu,y)g (28)
forally € CS?G(Q),
¢ _h(pk + v - VP = div(m(P,@r)Vu) almost everywhere in Q, (29)
and
+
/<#+K(pZ(pk)wdX=€((p,w)+/‘I’6((p)wdX+h/V(p-dex (30)
Q Q Q
for all w € H¥*(Q), where
T=Tin = -EBmPup0 Vi = - BB mProoVa
For the following, let
v|? 1 h
Eoth(@,V) = /pL dX+/‘1’((p) dx + =E(p, p) + —/IV(/)I2 dx (31)
o 2 o 2 2 /o

denote the total energy of the system (28)-(30).
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Remark 2.

1. Asin 6. Abels et al, we obtain the important relation

P = pi

—v-Vp(Proy) = div]

by multiplication of (29) with —@ = d‘;L(Z’). Because of div(v ® j) = (divi)v + (3 . V> v, this yields that

(%, W)Q + (div(p(Prpr)V ® V), W)g + (2n(@)DV, Dy)g
+<(div3_ P —hl)k —v- Vp(Phcok)) % u/)ﬂ + ((3 V) v, "’>Q = —(Proi) Vi, ¥ (32)

forally € C3° () to (28), which will be used to derive suitable a priori estimates.
2. Integrating (29) in space, one obtains [, dx = /@i dx because of divv = 0 and the boundary conditions.

The following lemma is important to control the derivative of the singular free energy density ¥ (¢).

Lemma 3. Let ¢ € D(0F),) and u € H'(Q) be a solution of (30) for given ¢, € H(Q) with |@,(x)] < 1 almost

everywhere in Q such that
1

1
Po = —— (de=—/(p dx e (-1,1).
“ |s2|/g 1ol /o

Then there is a constant C = C( fgqok, Q) > 0, independent of @, u, @y, such that

1% (@)l ) + ‘//4 dx‘ S CUIVulle: + ||V(P||iz +1) and
Q
0Fn(@)lr2) < C(llpllzz +1) .

Proof. The proof is an adaptation of the corresponding result in Abels et al.% For the convenience of the reader, we
give the details. First, we choose y = ¢ — ¢q in (30) and get

+
/M((p—<pg)dx+/l<%(qo—m)dx
Q Q

=E(p, @) + /‘I‘g((p)((p — @q) dx + h/V(p Ve dx. (33)
Q Q

Let g = u — pg. Then [,u(p — o) dx = [,uoep dx.
In order to estimate the second term in (32), we use that ¢ € (-1 + ¢,1 — ¢) for sufficiently small £ > 0 and that

lim,,_..;¥{(9) = +oo. Hence, for sufficiently small €, one obtains the inequality ¥ (¢)(@ — @a) > C:|¥(p)| - c.,
which implies

/ W (@) — po) dx > C / W ()] dx - C .
Q Q

Together with (32), we obtain

K
/|‘I’6((P)| dx < Clluollrzll@llre @) + C/EVP + @rllo — pal dx+ Cy
Q Q

IA

Cluollz2 @) + ”(p”iz(g) +1)
CllVullze + 1D,

IA

because of |@|, |@x] < 1. Next, we choose y = 1 in (30). This yields

/,udx=/‘P6(§0)dx—/§((P+§0k) dx .
Q Q Q
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Altogether, this leads to

/ " dx' < CAIVullzze + 1) -
Q
Finally, the estimates of 0F, (@) and ¥((¢) in L*(Q) follow directly from (30) and (20). O

Now, we will prove existence of solution to the time-discrete system. We basically follow the line of the corresponding
arguments in Abels et al® here. As before, we denote

HXQ) :={u e H¥Q) : n- Vu|yo = 0}.

Lemma 4. For every vy € L2(Q), ¢, € H/(Q) with |@,(x)| < 1 almost everywhere, and py = %(/31 +p2)+ %(/32 — 1)@k,
there is some solution (v, @, u) € (Hy(Q)* N L2(Q)) X D(0F,) x H2(Q) of the system (29)-(30) and (32). Moreover, the
solution satisfies the discrete energy estimate

2 2
VvV — Vg Vo — Vi 1
Emt,h((p,VH/pk—' | d>€+/—| | dx + =E(@ — @1, ¢ — @)
o 2 o 2 2

“h / ()| DVI* dx+ h / M@ Vil dx < Euoun(@i, Vi) - (34)
Q Q

Proof. As first step, we prove the energy estimate (34) for any solution (v, ¢, u) € (Hé 4N Li(Q)) X D(0Fy) X H2(Q)
of (29)-(30) and (22).
We choose y = vin (32) and use that

/Q<(div3)§+<3-v)v>-vdx=/gdiv<3¥> dx = 0.

Then we derive as in Abels et al®, proof of lemma 4.3

. , v|?
/ (dIV(p(Phqok)v ® V) — (Vp(Propr) ~V)§) vdx = / div <p(Ph(Pk)V%> dx=0,
Q Q

due to divv = 0. Next, one easily gets

1 1 v vil*) | 1 v 1 |[v-w|?

h(pv Pka)V—h<P2 Pk +h(p k) > +hpk >
Therefore, (32) with y = vyields

2 _ 2 _ 2
0= /M dx+/pku dx+/2;1((pk)|Dv|2 dx+/Ph(ka;4-vdx. (35)

Moreover, multiplying (29) with ¢ and using the boundary condition for u, one concludes

o=/""h(”" udx+/<v-vph(pk>udx+/m<Pwk>|vm2dx. (36)
Q Q Q

Furthermore, choosing y = %((p — @) in (30), we obtain

h

2 2
@ — P "
- — dx - dx . 37
/g“ " /g" 2 37

- 1
0=/V¢-V(¢—(pk)dx+/%(¢>(” Pr dx + £ 0= 1)
Q Q
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Summation of (35) to (4) yields

vI2 = pulvel? v —vi|?
Oz/w dx+/pk—| kl dx+/211((pk)|Dv|2 dx+/m(Ph(pk)|V/4|2 dx
g oh o 2h Q Q

2 2

- o -0

¥ () (Pkdx_/ k
+/Q o(®) W QK o

1
+/V¢-V((p—(pk)dX+ 58((0,(/)—@()
Q

VI2 = or Vi |2 vV — v |?
Z/M dx+/pk—| d dx+/2;1(q)k)|DV|2 dx+/m(Ph«pk)IVﬂI2 dx
a 2h Q 2h Q Q

dx

@’ — @?
+%L(%(¢)—%(w» dx—/gg -

Vo -V 2 2 2
+/I ® = Vol dx+/ IVol” _ Vo™ 4,
o 2 o\ 2 2

18(@.0) 1& (@)  1E@— o, @ — @i)
—_ _—— + —_ ,
h 2 h 2 h 2

+

because of /QPh(kay vdx = —/Q(V' VPupp)u dx,

o (9) (@ — @) > Wo(@) — Yoler) .
IVol> _ IVoul® Vo - Vorl®

Vo - V(g — @) = : 5 5 , and
Ep, ) E@r. o) | E@— @k, @ — @)
E@ o= —— - ’; 2 ’; 2

This shows (34).
We will prove existence of weak solutions with the aid of the Leray-Schauder principle. In order to obtain a suitable
reformulation of our time-discrete system, we define suitable £y, Fx : X —» Y, where

X = (Hy( @) nL2(Q)) X D(IF;) x HA(Q) ,
Y = (HX(Q)? nL2(Q)) x LA(Q) x LA(Q)

and

Li(v)
Liw) = —div(im(Proi) V) + [ou dx
@ + OF, (@)

for everyw = (v, @, u) € Xand

(Le(V), ) = / 27(@)DV : Dy dx forall y € HY(Q)? N LA(Q).
Q

Moreover, we define

~ PSP — div(p(Pap0v @ V) = VP = (AT = 52 v Vp(Pugp) ) § = (V) v

Fr(w) = —% —Vv-VPypr + fQ/t dx

@+ u+ R

for w = (v, @, u) € X. By construction, w = (v, @, u) € X is a solution of (28) to (30) if and only if

Ly(w)—TFr(w)=0.



12_|_Wl LEY ABELS AND TERASAWA

In Abels et al, [section 4.2]° it is shown that
Ly : HY(Q N L2(Q) - (HX(Q nLA(Q)'

is invertible and that for every f € L*(Q),
~div(m(Prpi) V) + / pdx=fin Q, Onpulyg=0 (38)
Q

has a unique solution y € HZ(Q). This follows from the Lax-Milgram Theorem and elliptic regularity theory.
Moreover, in Abels et al,® section4.2 the estimate

lullme < Cr (Ilullme + 1 f @) (39)

is shown.
Because of Theorem 1, dF;, is maximal monotone, and therefore,

I+ 0F, : D(OF;) —» L*(Q)

is invertible. Moreover, (I+0Fy,)"! : L*(Q) — H'(Q) is continuous, which can be shown as in the proof of proposition
7.5.5 in Abels.?’ Since now, a nonlocal operator is involved, we provide the details for the convenience of the reader.
Let f; =1~ fin L*(Q) such that f; = w; + 0F(w)) and f = u + dF(u) be given. Then u; — u in H'(Q) since

s = wll?, + hll Vg = Vull?, + Eu — w,u — u) < [lug — ull7, + (0Fp(ur) — 0Fn (W), wy — )
< llus + OFn(up) — (u + OF,)llz2 llur — ullz>
1 2 , 1 2
< SIfi= G+ S lhw = i,

Altogether, £ : X — Y is invertible with continuous inverse E;l (Y > X,
We introduce the following auxiliary Banach spaces

X 1= (Hy(@)* nLA(Q)) x H(Q) x HA(Q),
Y 1= L3@ x W(Q) x H'(Q)
2
in order to obtain a completely continuous mapping in the following. Because of the considerations above, E;l 1Y >

X is continuous. Because of the compact embedding Y << Y, E;l : Y - X is compact.
Next, we show that F; : X — Y is continuous and bounded. To this end, one uses the estimates:

oVl ;3 o) < ClVIm@(l@llize + 1), 1div(p(Phpiov @ VIl 5 ) < CillVilF g -
IVuPr@ill 3 ) < Cell Vil - divivll 5 o) < CelVilm@ il -
IJ - V)VHL;(Q) < Clvilm@llullimze) V- Vorllw @ < Cellvllme) -
2

Note that P, and therefore p(P,¢,) belong to H*(Q2)). More precisely,

1. For the estimate of div(p(P,@;)v ® V) in LE(Q), one has to estimate a term of the form p(Pr@;)dv;v; in LE(Q),
which are a product of functions in L®(Q), L*(Q) and L5(Q). Therefore, the term is bounded in L (). Moreover,
3
there are terms of the form 9;p(P, ¢, )v;v; in L2 (Q), where each factor belongs to LY(Q).

2. To estimate (divf)v in L% (), one has terms of the form m' (Pr@y)0iPpp;0;pv; and of the form m(Py, ey )0;0;uv;. For
the first type of terms, the first factor is in L®(Q), and the other three are in L°(Q2), which yields the bound in
3
L2(Q). The second type are products of functions in L®(Q), L*(Q), and L*(Q).
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3. The bound of (3- V)vin L (Q) follows easily since the factors in m(Py¢;)0;u0;v; are bounded in L* (), L5(Q) and
L*(Q), respectively.

The estimates of the other terms are more easy and left to the reader. These estimates show the boundedness of .
Using analogous estimates for differences of the terms, one can show the continuity of 7 : X — Y.

We will now apply the Leray-Schauder principle on Y. To this end, we use that £,(w) — Fi(w) = 0 forw € X is
equivalent to

f—FroL, ') =0 forf=Li(w). (40)

Therefore, we define Ky := FroLl' : Y — Y. We remark that K is a compact operator since ct Y > Xis
compact and 7 : X — Y is continuous. Hence, (40) is equivalent to the fixed-point equation

f = Ky (f) for feVY.
Now, we have to show that there is some R > 0 such that
Iff € Yand 0 < A <1 fulfill f = AKf , then |f|y <R. (41)
To this end, we assume thatf € Yand 0 < A < 1 are such that f = AKCf. Let w = ﬁ;l(f). Then
f= ) © L(W)— AF(w)=0.

The latter equation is equivalent to

'V — DKV .
/Zn((pk)Dv : Dy dx+/1/% -y/dx+/l/dlv(p(Ph(pk)v®v)-u/dx
Q Q Q

.~ P~ Pk v
+/1/Q(de Ly Vp(Phqok)>2 u/dx+/1/g

<3-V)V~wdx

= —A/VMPh(pk -y dx (42)
Q

for all y € H}(Q)* n L2(Q) and

2L | v VP — /1//4 dx = div(im(Prer)Vu) - /M dx, (43)
Q Q
+
@ + OFu(@) = A + Ap + AR 2Pk 24"" . (44)

As in the proof of (34), we choose y = vin (32), test (43) with u, and multiply (44) with %((p — @). In the same way
as before, one obtains

1 P|V|2 pk|Vk|2 1/ |V—Vk|2 / ) / 5
O=de |\ ——5 ) +t4 [ 2 Dv*+(1-4
hé( 2 R A LA R Gl WA

+/m((pk)IVMI2+(1—i)%/(ﬁ(w—(pkH/V(p'(V(p—V(pk)
Q Q Q

+pE@o 00+ ] [ oo~ rwifxw_¢i
pE@ 0= o0+ | W@Ne—e0—ip | Kk
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1 [ (V> pelvil? 1 [ v—wl s 2
Z/IE/Q< T 5 >+/1]71/Q/7k—2 +/92n(rpk)IDVI +(1—/1)</QM>
P P IVol2 Vol
2 _ Y Tk @ _ Pk
/mupk)wm +(1- Nz /( 2>+/Q< > - )

18@.9) 1&@reo)  1E@— @r,®— k)
— —_—— + —_
h 2 h 2 h 2

L[ o v Bl
+E_/Q( o(@) — Polpr) — E/QK > .

For brevity, we omitted the integration element dx. Thus, we obtain

h/zn«pkanP +h/m(¢k>wm2 + g/w(mz
Q Q Q
2
g ’
/ly(¢)+(1—/1)</ dx> ((’;(”)
2 2 g
S/P1c|;’1c| / /|V(Pk| +/l},0((pk)+/|’(| (qok,(,ok)
Q

Here, we used —4 ]Q % dcx < A fQ|K| % dx and in addition estimated every 4 resp. (1 — A) on the right side by 1.
Because of w = (v, ¢, /4) 1(f) IS X @ € D(0Fy) and therefore ¢ € [—1, 1] almost everywhere. In particular, we
have p > 0. Moreover, /Q‘P((p) dx is bounded.

Altogether, we conclude

2
a- a)(/y dx) ; h/znwkanP dx+ h/m(<pk>|w|2 dx
Q Q Q

£
+E/IV¢I2 de+ 829 < ¢, (45)
2 /o 2

+

for some Cy independent of (v, ¢, u). Using ||¢|lr~ < 1, Korn's inequality, (17), and the fact that #, m, and a are
bounded from below by a positive constant, we obtain

1-1

p dx’ Vil + VAl + @l < Cr . (46)
Q

In order to estimate || u||2, we distinguish the cases 4 € [%, 1]and 4 € [0, %). In the case 4 € [%, 1], we simply use
%l fQ udx| < A fgy dx| and conclude as in the proof of Lemma 3 together with (46) from (44) that

/de’SCk.
Q

In the case 4 € [0, %), we conclude directly from (46) that | fQ u dx| < Cy. Thus, (46) can be improved to
IVl @ + llullme + llellae < Ck . (47)
With the help of (39), we can estimate || u||g2q) and derive
IVIlm @ + |l + lellme) < Ck - (48)
Using (44), we also have ||0F,(¢)l|12@) < Ck. Altogether, we conclude

Wl + [[0Fn(@)llz2 ) = IV, @, Iz + 10Fr(@)l12) < Ck .
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Finally, we can estimate f = L,(w) in Y by using that f — /leﬁlzl(f) = 0 implies f = AFy (W) together with the
boundedness of F; : X — Y. Thus, we obtain

Iflly = IAFw)lly < C .

Thus, the condition of the Leray-Schauder principle is satisfied, which proves the existence of a solution. O

5 | PROOF OF THEOREM 2

5.1 | Compactness in time

In order to prove our main result Theorem 2, we send h — Oresp. N — oo for the approximate solution, which are obtained
by suitable interpolations of our time-discrete solutions. To this end, let N € N be given and let (Vi41, @115 Hiq1), kK € N,
be chosen successively as a solution of (28) to (30) with h = % and (v, q)g’ ) where (pﬁ’ = P, as initial value.

As in Abels et al,® we define fN (¢) for t € [—h, o) by the relation fN(t) = f; for ¢t € [(k — 1)h, kh), where k € N, and
f € {v,, u}. Moreover, let pV = %(p} + )+ %(p} — p1)@". Furthermore, we introduce the notation

(AFS) (@) = f+h) = 10, (A7f) @) := F@) = FE=h).
05,0 =2 (M) @, fii= (25F) O = ft—h).

In order to derive the weak formulation in the limit, let v € (Cg"(Q X (0, oo)))d with diviy = 0 be arbitrary and choose
~ . rU+Dh

‘= Ju, W dtas test function in (28). By summation with respect to k € N, this yields

/m/a;h(pNvN)wdxdt+/w/div(p§’vN®vN)~wdxdt+/m/zn(<p§j)DvN:Dwdxdt
0 Q 7 0 Q 0 Q

—/oo/<vN®3N):Dwdxdt:—/m/VyN(pg'q/dxdt (49)
o Jo o Ja

forally € (C(‘;"(Q X (0, oo)))d with divy = 0. Here, pl}:’ = (pM), and qol}:’ = (™). Using a simple change of variable, one

sees
/ /a;h(pNvN)-w dx dt = —/ /(pNVN) -0,y dx dt
0 Q 0 Q ’

for sufficiently small i > 0. In the same way, one derives

[ fi o [ oo [ frimi e o
o Jao© o Jo o Je

for all ¢ € C5((0, o0); CY(Q)) as well as

N N

[ [oen Ty axar= [ e ae [ [ vt axa
o Jao 2 0 o Ja
+h/ /V(pN~Vy/dxdt (51)
0 Q
for all y € C((0, 00); CH ().
Let EN(¢) be defined as
k+1Dh-t t—kh
BN = EE DR 0 + S B (s Vi) for t € [kh, (k + D)h)

h
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DN() := /211(€0k)|DVk+1|2 dx+/m(§0k)|vﬂk+l|2 dx
Q Q
for all t € (¢, t+1), k € Ny. Then (4) yields

d BN = Eiot(@k, Vi) — Etot(@k+1, Vis1) > DV(p) (52)

dt h

for all t € (t, t+1), k € Ny. Integration implies

t
Eoi(@™ (1), VN (1)) + / / (2n(@) DV |* + m())|VuM|?) dx dr

Q

< Eiot(@N(5), vV () (53)

forall0 < s < t < oo with s, t € hN,.
Because of Lemma 3 and since Etot(wf)\’ ,Vp) is bounded, we conclude that

(VMyen € L2(0, 003 H(Q)Y) N L=(0, 00; LAQ)?) ,
(Vi )ven € L3(0, 003 LX(Q))

(@)nen C L®(0, 00; H2(Q)) , and

(h VN )yen € L=(0, 003 LX)

(54)

are bounded. Moreover, there is a nondecreasing C : (0, o) — (0, o0) such that

r

Therefore, there are subsequences (denoted again by the index N € N, h > 0, respectively) such that

/yNdx‘dtSC(T)forallo<T<oo.
Q

vN = v in L*(0, c0; HY(Q)?) ,

vV =*v in L®(0, 00; L2(Q)%) ,

N~ in L¥(0, 00, H2 (),

uN = pin L2(0, T; H'(Q)) forall 0 < T < o0,
V¥ = Vy in L0, 00; L2 (Q)) ,

where € L2, ([0, c0); H'(2)).
In the following, @" denotes the piecewise linear interpolant of ¢™(f;) in time, where t; = kh, k € Ny. Then 0,¢" =
d,,@", and therefore,

18" = o™l @ < R0 @) - (55)
Using that vV and Vu" are bounded in L(0, co; L*(Q)%) and (50), we conclude that 9,pN € L?(0, °°;H(_()§(Q)) is
bounded. Since (¢™)yey and therefore (@V)ycn are bounded in L*(0, co; H H (Q)), the lemma of Aubin-Lions yields

@~ — @in L*(0, T; L*(Q)) (56)

forall0 < T < oo for some @ € L®(0, c0; L2(Q)) (and a suitable subsequence). In particular, @V (x, t) — &(x, t) almost
every (x, t) € Q X (0, o0). Because of (55),

6™ — @2 hcom-1)) = O, (57)

1 ([0, 00); HH(Q)NLX([0, co0); H: (Q)) < BUC([0, 00); LX) and N € L(0, 003 H? ()
are bounded, Lemma 1 implies ¢ € BC,,([0, o0); H aE(Q)). Moreover, (" — @M )yen € L®(=h, 00; H H (Q)) is bounded since

and thus, ¢ = ¢. Since @V € H!
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(@V)nens (@V)nen € L®(=h, 00} H 3(Q)) are bounded. By interpolation with (57), we conclude
N — ¢V - 0in L*(—h, T; L*(Q)) (58)

and therefore
¢~ > @in L*(0, T; L*(Q)) (59)

for all 0 < T < 0. Moreover, we have

N N
lo, — @llrzori@) < lo, — enllizoriie) + len — ellorzq)

1
< h2 ”(PI(;J“LZ(Q) + oY = @llrz0.r-n12@) + lon — @llz0.1:1200)- (60)

Because of [|gn — @ll1200.7:22@) = h—00, We obtain [l — ¢l 120,720 = h-00-

Finally, using the bounds of @" in H'(0, T; H"(Q)) n L*(0, T;H>(Q)) forall 0 < T < o as well as @¥ — ¢ in
L*(0, T; L*(Q)), we conclude @" (0) — ¢(0) in L*(Q). Since @ (0) = ¢} > N-c@o in L*(Q), we derive ¢(0) = ¢,.

Since pY depends affine linearly on ¢V, the conclusions hold true for pN.

To pass to the limit in (5.1), we closely follow the corresponding argument in Abels et al.!” The only difference is that
we work on the space-time domains directly, while they work on the spacial domains fixing a time variable in Abels
et al.'” We include the argument here for completeness. We first observe that 'P{(¢™) are bounded in L2, ([0, c0); L*(€))
using Lemma 3 and the boundedness of Vuy in L*(0, co; L*(2)). Using this bound, we can pass to a subsequence such
that ¥/ (¢") converges weakly in L*(0, T; L*(Q)) to y for all0 < T < oo as N tends to infinity. Let y € C((0, 0); cL(Q)).
Thanks to the convergences listed above, we can pass to the limit N — oo in (51) to find

/ /(H +k@)y dx dt = / E(@,y) dt + (¥, W)12((0,000xQ)-
o Ja 0

To show (24), we only have to identify the weak limit y = limNﬁoo‘I‘(’)((pN ). Let T > 0. Since (59) holds, passing to a
subsequence, we have ¢V — ¢ almost everywhere in Q x (0, T). On the other hand, thanks to Egorov's theorem, there
exists a set Q,, C Q X (0, T) such that |Q,]| > |Q X (0,T)] — ﬁ and on which ¢ — ¢ uniformly. We now use (uniform

with respect to N) estimate on ‘Pg((pN ) in L*(Q x (0, T)). By definition, the quantity
M;y = |{(x, e Qx©O7)eVe b >1 - 5}]
is decreasing in 6 for all n € N. Since ¥{(y) is unbounded for y — +1, we set
Cs = |c|i£1f—5 |lP6(C)|—>5—>000,

we have by the Tschebychev inequality
[ 1P dxde> i,
Qx(0,T)

From the uniform (with respect to N) estimate of the norm of ‘1‘6((pN ) in L*(Q X (0, T)), we obtain Ms, — 0 for 6 — 0
uniformly in n € N. Therefore, we deduce

. N _ _
lim [{0e.0) € @x 0, Dlle"(x,0] > 1 -6} =0
uniformly in N € N. Thus, there exists 6 = §(m) independent of N, such that

(o e@x©Dllg ol >1-6})| <5 YN e N
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Consider now N € N so large that by uniform convergence, we have | (x,t) — @V (x,t)| < g forall N > Nand all
(x,t) € Q. Moreover, let Q) . C Qy, be defined by

Qn=0mn{C,) eQx O, (1) <1-5}.

By the above construction, we immediately deduce that |Q;nN| > |Qx%x(0,T)|— i and that |(pN' (x, t)| <1- g forallN' > N
and for all (x,f) € Q,, n. Therefore, by the regularity assumptions on the potential ¥;, we deduce that ‘P(’)((pN ) = Yi(@)
uniformly on Q;n ~- Since mis arbitrary, we have ‘Pg(qu ) — ‘1’6((,0) almost everywhere in Qx(0, T). By a diagonal argument,
passing to a subsequence, we have lI’f)(qu ) = ¥, (@) almost everywhere in Q x (0, o) and T6(¢N ) = ¥ (p)ash - 0in
LI(Qy) forevery1 < g <2and 0 < T < co. Finally, the uniqueness of weak and strong limits gives y = ¥{(¢) as claimed.

Next, we show vV — vin L2(0, T; L*(Q)?) forall 0 < T < co and almost everywhere. We note that o, (ZFIN> =0, (PNVN)

since pv'" is the piecewise linear interpolant of (PNVN) (fr). Using that

prvN @ vV is bounded in L*(0, T.L:(Q)),
Dv" is bounded in L(0, T; L3(Q)) ,

vN ® VN is bounded in L7 (0, T; L3 (Q)) ,
VuN ey is bounded in L*(0, T; LA(Q)) ,

together with (49), we obtain that o, <IF”U(WN)> is bounded in L7 0, T; (W61 (Q)))forall 0 < T < co. Here, we remark that
the boundedness of V™ € L*(0, T; L*(Q)) and @) € L®(0, T; L®(Q)) imply that VuN¢Y € L*(0, T; L*(Q)) is bounded.
Since p" is bounded in L®(0, T; H? (@)%) and vV is bounded in L%(0, T; H*(Q)%), using a product rule for Besov spaces, cf
Runst and Sickel,?® suitable Sobolev embeddings and the boundedness of P, in Sobolev spaces, we have the boundedness
of P,(3v") in L2(0, T; H*(Q)%) for some € > 0.
Hence, the lemma of Aubin-Lions implies

P,(3%") - w in L*(0, T; L*(Q)%)

forall0 < T < oo for some w € L®(0, oo; L?(Q)%). Since the projection P, : L?(0, T; L*(Q)%) — L*(0, T; L2(Q)) is weakly
continuous, we conclude from the weak convergence ZR'IN — pvin L*(0, T; L*(Q)) that w = P,(pv). This yields

T T T T
//pN|vN|2=/ /MpNvNyvNe/ /m(pv).v:/ /,,|v|2
0 Q 0 Q 0 Q 0 Q

because of P, (pNvN) = NPy (pv) in L2(0, T; L2(Q)%). Since weak convergence and convergence of the norms imply strong
convergence in a Hilbert space, we conclude (pN)2vN — (p)2v in L*(0, T; L>()%). Because of

P~ — p almost everywhere in (0, 00) X Q and |pN| > ¢ >0,

we derive
VW= ()7 ((M)VY) eV in L0, TSI

This yields vV = y_ v almost everywhere in (0, oo0) X Q (for a subsequence).
Now, we can pass to the limit in (51) and (50) to get (22) and (23) with the aid of the previous results using that for all

divergence free y
T T
/ /VyNPN(pllj~wdxdt—>N_,oo/ /V,u(p~q/dxdt.
o Ja 0o Jao

The initial condition v(0) = v, in L*(Q)? is shown in the same way as in Abels et al.° Therefore, we omit the proof.
Finally, using (4), ¥/(@) € L?, ([0, o); L?(Q)), and the local regularity result due to Abels and Kassmann,?> 1emma 43 ye

uloc

obtain ¢ € Liloc([o, o0); H*(Q")) for every open Q with Q' CQ,ie.,p€ Liloc([o, 00); H* (Q)).

loc
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5.2 | Proof of the energy inequality

It remains to show the energy inequality (26). If we show that V() — @(¢) in H(Em) for almost every ¢ € (0, c0) and

\/EV(/)N — 0 in (L?(Q))¢ for almost every ¢ € (0, o), the rest of the proof is almost the same as in Abels et al,® and we
omit it. To this end, it suffices to show (¢", \/EV(pN ) converges strongly to (¢, 0) in L2(0, T; H (Em)(Q) x (L2(Q))?) for every
T > 0. If we take y = ¢ in (51) (after a standard approximation), we have

/ / Wk —— (dexdt=/ E@Y, o) dt+/ /‘Pg(qu)(dexdt
o Ja 2 0 o Ja

+h/ /quN-quNdxdt. (61)
o Ja

Since ¢V — ¢ in L*(Qy), uN = p in L*(Qr) and ¥} (¢") = ¥/ () in L*(Qr) as N — oo, we have

lim { / oc5((pN(t), oN) dt+h / " / Vel -Vl dx dt}
N-oo 0 0 Q

=/ /(u<p+f<<p2)dxdt—/ /‘P{)((p)(pdxdt=/ E(@(t), (1)) dt (62)
0 Q 0 Q 0

because of (24).
Next, we show ¢ — @in L?*(0, T; Hfm)) and \/EquN — 0inL*(0, T; L*)as N — oo forany T > 0. Let T > 0 be arbitrarily

fixed. (@")yen is bounded in L®(0, T; H (Em)), hence, also in L?(0, T; H (Em)). Then there exists some ¢’ € L?(0, T; H (Em)) such

that oV — ¢ in L*(0, T; H/, ). Since ¢" — ¢ in L*(Qr), ¢ = ¢. Hence, ¢ = ¢ in L*(0, T; H_, ).
For any fixed y € C2(Qr)?,

Vi Voy -wdx,t)=— | Vi o div v dex, b
Qr Qr

20,0

tends to zero as N — oo since ¢V — ¢ in L?(Qy). Since supycy/| \/ﬁV(lele(QT)d < o0 and CP(Qr)? = L*(Qr)4,

we have VhVgN — 0in L%(Q,)%. Hence, we have (¢, VhV@Y) = (¢,0) in L20, T; H (Em) x (L?)9).

Because of (62), we also have the convergence of the norms of (¢, \/EV(pN ) to that of (¢, 0) in L?(0, T; H (zm) x (L2)%).
Hence, we have shown the claim.
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