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Abstract This paper investigates the finite-time synchronization for a class of linearly coupled dy-
namical complex networks with both nonidentical nodes and uncertain disturbance. A set of controllers
are designed such that the considered system can be finite-timely synchronized onto the target node.
Based on the stability of the error equation, the Lyapunov function method and the linear matrix
inequality technique, several sufficient conditions are derived to ensure the finite-time synchronization,
and applied to the case of identical nodes and the one without uncertain disturbance. Also the adaptive
finite-time synchronization is discussed. A numerical example is given to show the effectiveness of the

main results obtained.
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FTS OF COMPLEX NETWORK WITH NONIDENTICAL NODES 819

1 Introduction

In the past few decades, complex networks have gained a lot of attention in various fields
of science and humanity worldwide, such as food-webs, ecosystems, metabolic pathways, the
World Wide Webs and so on. Their control and synchronization have been deeply investigated,
and various relevant theoretical results have been established!! "), Also many effective con-
trol approaches have been proposed, such as adaptive control!® 9!, intermittent controll*® 13/,
impulsive control* 17 slide mode control™® 29 and sampled-data controll?!: 221 et al.

It is frequently encountered that many significant differences exist in the relevant individual
nodes. For example, in power systems, because the generators and loads are connected to buses
that are interconnected via transmission lines in a network structure , the power systems can be
considered as a dynamical network with nonidentical nodes(®3). When the dynamics of nodes
in a complex network are nonidentical, the synchronization problems become complicated and
more challenging than the case of identical nodes. By use of free matrices, [23] considered
the case of synchronizing to both a common equilibrium solution of all isolated nodes and the
average state trajectory with nonidentical nodes. Combining the local intermittent controller
with the open-loop controller, [24] established several exponential synchronization criteria for a
class of complex networks with nonidentical nodes. In [25], the pinning cluster synchronization
of complex dynamical networks with time-delayed coupling and dynamic nonidentical nodes
was obtained. [26] studied the finite-time synchronization problem for linearly coupled complex
networks with discontinuous nonidentical nodes.

On the other hand, more and more attention has been paid to the study of complex networks
with perturbations because of the wide application?” 3%, [27] investigated globally exponential
synchronization for linearly coupled neural networks with time-varying delay and impulsive
disturbances. The derived sufficient condition was closely related with the time delay, impulse
strengths, average impulsive interval, and coupling structure of the systems. [28] addressed the
scheme of cluster synchronization of overlapping uncertain complex networks with time-varying
impulse disturbances. In [29], the cluster synchronization problem of coupled complex networks
with uncertain disturbance was considered under an adaptive fixed-time control strategy.

Most of the related research focuses on either nonidentical nodes or uncertain disturbance.
Hence it is very necessary and important, with profound theoretical and practical significance,
to investigate the finite-time synchronization of complex networks subject to both nonidentical
nodes and uncertain disturbance. However, two difficulties have to be faced: (i) What conditions
should be proposed which are applicable to general complex networks with both nonidentical
nodes and uncertain disturbance and are easy to be verified? (ii) Which kind of controller should
be designed such that the nonidentical nodes and the uncertain disturbance can be well dealt
with? This paper aims to overcome these two difficulties and achieve finite-time synchronization
for a class of linearly coupled complex networks with both nonidentical nodes and uncertain
disturbance, and further enrich the theoretical results of finite-time synchronization. The main
contributions in this paper can be summarized as follows: 1) A novel discontinuous controller

is designed for a class of heterogeneous networks with uncertain disturbance and the controller
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820 LI QINGBO, et al.

can overcome the influence of heterogeneous and uncertain disturbance simultaneously on the
finite-time synchronization of the network; 2) Several criteria have been derived to check the
finite-time synchronization of the considered networks. Different from most of the existing
results, the obtained finite-time synchronization conditions are represented in the form of linear
matrix inequalities, and easy to be verified; 3) The adaptive finite-time synchronization of the
heterogeneous networks are addressed.

Firstly, in order to make the results obtained more easily verified and applied in practice,
a model of the complex network with both nonidentical nodes and uncertain disturbance is es-
tablished. After that, a set of controllers are designed. Based on the finite-time stability for the
error equation, the Lyapunov function method and the linear matrix inequality technique, it is
shown that the complex network considered can be finite-timely synchronized onto any isolated
driving node. Secondly, several sufficient criteria are obtained to guarantee the synchronization
goal, and applied to the case of identical nodes and the one without uncertain disturbance.
Meanwhile, the adaptive finite-time synchronization is also discussed.

The remainder of this paper is organized as follows. In Section 2, the complex network
model with both nonidentical nodes and uncertain disturbance is formulated and the finite-
time synchronization problem is introduced. The finite-time synchronization conditions are
obtained in Section 3. Section 4 considers the finite-time synchronization by the adaptive
control method. In Section 5, a numerical example is provided to illustrate the validity of the
method proposed. Some conclusions are made in Section 6, together with some potential future

study.

2 Problem Formulation

Consider an array of nonlinear systems with the linear and diffusive coupling consisting of
N nonidentical nodes in which each node is an n-dimensional dynamical system with uncertain

disturbance as follows

N
(1) = filt, wi(t)) + ha(t, 2i(1)) + ¢ > Gog Ty (1), (1)

j=1
where x;(t) = [zi1(t), 721(t), -, zin(t)]T € R™ is the state vector of the ith dynamical node;

filt,z; (1)) : RT x R®" — R™ is a smooth nonlinear vector fields describing the modal self-
dynamics, and h;(t,z;(t)) : Rt x R — R is the uncertain disturbance, i = 1,2,--- ,N; ¢ >
0 is a constant and denotes the coupling strength of the whole complex network, and I' =
diag(y1,7v2,* ,¥n) € R™ ™ is the inner-coupling matrix, which is used to illustrate the way
of linking the components in every pair vector of nodes with v; > 0; G = (Gij)nxn is the
constant coupling configuration matrix which represents the topological structure and may be
defined to be diffusive, i.e., G;; > 0 (i # j) if there exists a directed connection from node j
to node %; otherwise, Gj; = 0 and Gy = — Z;V:Ljﬂ Gj. Here, the coupling matrices G is nor
required to be symmetric or irreducible.

@ Springer



FTS OF COMPLEX NETWORK WITH NONIDENTICAL NODES 821

We refer to the system (2) with zg|t=0 = 20(0) as the driven dynamical node of (1)
o(t) = folt, wo(t)) + ho(t, zo(t)). (2)

Definition 2.1 (see [31]) The complex network (1) is said to be synchronized in finite
time if there exist a designed feedback controller and a constant t* > 0, which often depends
on the initial state vector value X (0) = (21 (0), 23 (0),---,2%(0))T, such that

lim

t—t*

{,Ci(t) - xo(t) H: 0.

Then the synchronization performance of drive-response network are achieved in a finite-time,
ie.,
| z:(t) — zo(t) |=0, ¢>t", i=1,2,--- N.

This paper aims to design feedback controllers for the complex network (1) to achieve the

finite-time synchronization.

Assumption 2.1 (see [32]) There exists a uniformly symmetric positive definite matrix
L = diag(ly,l2, - -+, l,,) such that f;(¢,x) satisfies

(y - x)T(fi(tvy) - fi(t7x)) < (y - x)TL(y - x)7 = 1727' te 7N (3)

for all x, y € R™ and ¢t > 0.
Assumption 2.2 (see [30]) There exists a time-varying function u(¢) > 0 such that

Assumption 2.3 The uncertain disturbances h;(t, z;(t)) are continuous at ¢, z;(t) > 0,
and bounded by a given non-negative number A .x, that is,

[hi(t,z; ()] < hmax, ©=0,1,--+,N. (5)

Remark 2.2 Assumption 2.1 is satisfied with chaotic oscillators and Rossler’s systems
and so on. Assumption 2.2 and Assumption 2.3 impose restrictions on the activation function,

and they are widely used in literatures!23 26/,

3 Finite-Time Synchronization

In this section, we design controllers for the finite-time synchronization of the complex
network (1). For this, the controllers u;(t) € R™ are constructed as

ui(t) = —d;e;i(t) — n(t)sign(e;(t)) — ksign(e;(t))]e; (t)|?, i=1,2,---, N, (6)

where dy,ds, -+ ,dn are positive constants to be determined, k > 0 is a constant, sign(e;(t)) =
(sign(en (1)), sign(ein(t)), ---, sign(em(t))", sign(e;(t)) = diag(sign(en (1)), sign(ei(t)), -,
sign(ein (1)), lei()]® = (lea ()%, lear(H)|?, -+, leim(t)|?)T, and the real number 3 follows
0<pg<1.

@ Springer



822 LI QINGBO, et al.

Then the controlled complex dynamical network is given by

N
@i(t) = filt, i) + hi(t, 2i(t) + ¢ > GijDaj(t) +ult), i=1,2,--- N (7)
j=1
By defining the synchronization errors e;(t) = x;—xo, F;(t) = fi(t,x;)—fo(t, o) and H;(t,e;(t)) =
hi(t, z;(t)) — ho(t,xo(t)), the error dynamical system can be represented by

N
éi(t):Fi(t76i)+H¢(t76i(t)+CZGijF€j+ui(t), i:1,2,'-- ,N. (8)
j=1

Lemma 3.1 (see [33, 34]) Assume that a continuous, differentiable, positive-definite func-
tion V(t) : [0, +00) — [0,400) satisfies

dv(t
0 < e, vz, Vi) 20,
where n >0 and 0 < a < 1 are two constants. For any given ty, one can have
VITH() VI (to) —n(l—a)(t —to), to<t<t

V1T (to)
n(l—a) °

Lemma 3.2 (see [35]) For matrices A, B,C, D with appropriate dimensions and a scalar

and V() =0,t >t =to +

«, the following assertions hold.

1) (a¢A) ® B=A® (aB);

)
2) (A+B)®@C=A®C+B®C;

3) (A® B)(C ® D) = (AC) @ (BD);
4) (A® B)T = AT @ BT,
where ® is the Kronecker product.

Lemma 3.3 (see [36]) Suppose that a; >0 fori=1,2,--- ,n, 0<p<1and0<q<2,
it follows that (Y7, ai)P < S0 (a)” and Y7 (ai)t > (S0, a2)0/2.

Theorem 3.4 Consider the complex network (1) under the set of controllers (6). If
Assumption 2.1, Assumption 2.2 and Assumption 2.3 hold, and

n(t) > p(t) + 2hmax, INQL+¢(G°@T)—D®I, <0 (9)

with D = diag{dy,da, - ,dn} > 0, G* = (G + GT)/2, L being given by Assumption 2.1,
then (7) can be synchronized in a finite time with
§ V(0)'2”
"= [3—1( ) ) (10)
272 k(1-0))
where V(0) = ;Zfil el (0)e;(0) and e;(0) is the initial condition of e;(t) = z;(t) — zo(t) for
i=1,2,---.N.
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Proof For (8), a Lyapunov function is constructed by

1 N

VD)=, > el e,

i=1

whose derivative along the trajectory of System (8) can be calculated as

N
= Ze;r(t) {Fi(t,ei(t)) + Hi(t,ei(t)) + CZGijFGj(t) + ui(t)}

j=1

+11(t) + Io(t) + I3(1), (11)

with I (1) = ¢, € (8) 3270, Gig ey (1), ()= S, ef (0 Hi(tei(t)), and Tx(t) = 3.,
el (t)F;(t,ei(t)).
From Lemma 3.2 and noticing that I" is a diagonal matrix, we have
I (t) = ce™(t)(G @ Ie(t
I T
_ ceT(t)G®F+2(G® ) e(t)

= ceT(t)(G® ® INe(t). (12)

By use of (5) in Assumption 2.3, one can get

N
I(t) = Zef(t)(Hi(ﬂxl(t)) — Ho(t,z0(t)))
lLI
< Z llei(@®)ll2l| Hi(t, 21 (t)) — Ho(t, xo(t))|l2

@ Springer



824 LI QINGBO, et al.

= Igl(t) —|-132(t) (14)

with I1(t) = Y/, el ()(filt,zi(t)) = filt,z0(t)) and Ipo(t) = S0, el (8) (filt,zo(t) —
fo(t,zo(t))). From (3) in Assumption 2.1, it is known that

I3 (t) < Ze t)Le;(t) = €T (t)In @ Le(t). (15)

By (4) in Assumption 2.2, one can get

I3o(t Z lei(®ll2llfi(t; zo(8)) = folt, zo(t)) 2

Z () ll2p(t) (16)

Submitting (12)-(16) into (11) yields that

Z

V(t)

N
< et (t)(In @ L)e(t) + ce ()(G* ® De(t) + Z lleillzp(t) + 22 llei ()| 2Pmax

N
+> el (t) {—=dies(t) — n(t)sign(ei(t)) — ksign(ei(t))]e:(t)|" }
i=1
= Wh(t) + Wal(t) + Ws(t), (17)

where

N
Wi(t) = eT(t)(In ® L)e(t) + ce™ (¢)(G* ® INe(t) — Z e (t)dies (1),
N N =1
(t) = Z lleillzu(t) + Z llei (t)]]2(2hmax) Ze?(t)(n(t)sign(ei(t))),

Ze Dksign(e: (1)) le: ()],

By virtue of Lemma 3.2 and (9), it is known that

Wi(t) = e'(t)(In @ L)e(t) + ce™ (t)(G* @ Ie(t) — e (t)(D & I, )ei(t)

eT(t)(In @ L+ ¢(G*®T) — D ® I,)e(t)

0. (18)
Since e} (t)sign(ei(t)) = (e (t), eia(t), -, ein(t))(sign(eir (t)), sign(eia(t)), - - -, sign(en (t)))" =
S0y leij ()] and [les()l2 — ef (B)sign(es () = (37— €2(1)2 = X1, leij (£)] < 0 according to

Lemma 3.3, one can give

IA

N

N
Wa(t) = 3 (u(t) + 2hmax)lles(t)ll2 = () 3 _ el (D)sign(e(t)
@ Springer . )



FTS OF COMPLEX NETWORK WITH NONIDENTICAL NODES 825

N
< (u( +2hmax2|lez M2 —n (ﬂZH@i(ﬂlb

= (u(t) + 2hmax — 1(t)) Z les(t)]l2
=1

<0. (19)
Considering that |e;(t)| = (lei1 (t)], lea(t)],- -, [em(t))T and |e; ()17 = (lear (8)[°, e (t)?,-- -,
lein(t)]?)T, we have
N
Ws(t) = —Ze? )ksign(e;(t ))|e¢(t)|5
N
= —kz lea ()] |es(t
N n
= —kzz les; (£)' 17 (20)
1=1 j=1

By Lemma 3.3, it can be obtained that

1

(ZZW |1+B> > (iimj(ﬂﬁ)g,

i=1 j=1 i=1 j=1
and
1455 N lgﬁ
(ZDe IRIE (ZD% 2) " = (Saran)
i=1 j=1 =1 j=1 i=1
which together with (20) implies that
N 18
Wi(t) < —k(Zel(t)Tel(t))
=1
= —k(2v(D) ¥
= 2" kv, (21)

Submitting (18), (19) and (21) to (17), we can get

1+8

V() < Wit) + Walt) + Ws(t) < =2 2 kV (1) 2

According to Lemma 3.1, V(t) converges to zero in a finite time, and the finite time ¢* is given
by

§ V(0)1—0.5(1+ﬁ) ( )
T2 YR —05(1+8) 2% 1k(1 8)
Hence, the error vector e;(t) converges to zero within ¢* for ¢ = 1,2,--- , N, and (1) under (6)

is finite-timely synchronized in the finite time ¢*. The proof is completed.

@ Springer



826 LI QINGBO, et al.

Remark 3.5 Theorem 3.4 also provides a method how to select controllers for getting the
finite-time synchronization of a linearly coupled heterogeneous complex network (1) when the
Laplacian matrix G is asymmetric and the nodes are nonidentical. The controller is divided into
three parts: The first part —n;e;(t) overcomes the linear condition of nonlinear function, the
second part —d(t)sign(e;(t)) is used to offset the difference between state functions f; (¢, x;(t))
and the uncertain disturbance h; (¢, z;(t)), and the last one —ksign(e;(t))|e;(t)|? is used to make
the network achieve the finite-time synchronization.

If the nodes are identical which indicates that f1, fo, -+, fn§ are equal to the same function
denoted by f, then (1) becomes

N
i(t) = f(t,2i) + hi(t,z5(t) + ¢ Y Gy Tay(t), i=1,2,---,N. (22)
j=1

The drive dynamical node with zo|;—o = 2(0) is given by

To(t) = f(t,z0(t)) + ho(t,zo(t)) (23)

and it can be seen that the error dynamical system is
N
éit) = F(t,ei(t)) + Hlt,ei(t) + ¢ Y _ Giilej + ui(t),
j=1
where F;(t) = f(t,z;(t)) — f(t,x0(t)) and H;(t,e;(t)) = hi(t,z;i(t)) — ho(t, zo(t)).
Let

u;(t) = —d;e; (t) — n(t)sign(e;(t)) — k‘sign(ei(t))|ei(t)|ﬁ, 1=1,2,---,N, (24)

where d; > 0 is constant to be determined for i = 1,2,---, N; k > 0 is a constant; sign(e;(¢)) =
(sign(eir (1)), sign(ei(t)), -+, sign(em(®))", lei(t)|” = (lear ()|, lez(t)”, -+, lewm(t)]7)", sign
(ei(t)) = diag(sign(e;1(t)), sign(e;a(t)), - -, sign(e;n(t))); the real number § satisfies 0 < § < 1.
Then, we can get a criterion on the finite-time synchronization of the complex network with
identical nodes.

Corollary 3.6 Consider the complexr network (22) under the set of controllers (24). If
Assumption 2.1 and Assumption 2.3 hold, and

T](t)thax, IN®L+C(GS®F)—D®In<O

with D = diag(dy,da, - ,dn) > 0, then (22) can be synchronized to the state of the node (23)
in a finite time

*

v(0)'2’

2%k - )

Furthermore, if h; = 0 for ¢ = 0,1,--- , N in (22), that is, all nodes not only are identical
but also have no uncertain disturbance, then (1) is reduced to

N
&i(t) = f(t,2:(1) + e ) Gig I (1), (25)
j=1
@ Springer
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and the drive dynamical node of the complex network model (25) with x¢|t=0 = 20(0) is

afo(t) = f(tva(t))'

In this case, the finite-time synchronization of (7) is changed to the problem of the complex
network (25) with identical nodes. A criteria for the finite-time synchronization is given in the
corollary below.

Corollary 3.7 Consider the complex network (25) under the controllers
ui(t) = —die;(t) — ksign(e; (t))]ei(t)]®, i=1,2,---, N,

where k is a positive constant, 0 < B < 1, |e;(t)|3 = (leir(®)|?, |eia(®)]?, -+, lein(®)|?)T and
sign(e;(t)) = diag(sign(e;1(t)), sign(e;(t)), - ,sign(ein(t))). If Assumption 2.1 holds and

IN®L+c(G°®I)-D®I1, <0
with D = diag(dy,da,- -+ ,dn) > 0, then (25) can be synchronized in a finite time

Vo
2% k(1))

*

4 Adaptive Finite-Time Synchronization

This section discusses the adaptive finite-time synchronization of (1). We design an adaptive
controllers as follows

wi(t) = —edi(t) Des(t) — n(t)sign(en(t)) — ksign(es(t))ex(t)|?,
d T e\ B (26)
() = e () Pes(t) — k( qi) sign(d;(t) — d)|ds(t) — d)°,

where d is a constant to be determined; k > 0 is a constant; |e;(t)|® = (|eq (t)]?, |eia(t)|?,

s len (D)), sign(ei(t)) = (sign(ean(t)), -, sign(ein(t)))", sign(ei(t)) = diag(sign(ei (1)),
-, sign(e;n (t))); the real number g satisfies 0 < 8 < 1.

Theorem 4.1  Consider the complex network (1) under the set of adaptive controllers (26).

If Assumption 2.1, Assumption 2.2 and Assumption 2.3 hold, and
1
N(t) > 2hmax, d > Amax (IN @ (LI +cG*® 1),
c

then (22) can be synchronized in a finite time

t* =

V(0)
273"

2 k(1

o 27
- 3)) 27

where Amax(+) represents the largest eigenvalue of a matriz, V(0) = %Zfil e (0)e;(0) +
Zf\il 20; (d;(0)—d)?, and e;(0) is the initial condition of e;(t) = z;(t)—xo(t) fori=1,2,--- | N.

@ Springer



828 LI QINGBO, et al.

Proof For (1) under (26), a Lyapunov function is constructed as

N N
= Z el (t) {Fi(h ei(t)) + Hi(t, e;(t)) + ¢ Z Gijlej(t) + Ui(t)}

j=1

N 551
“(dilt) ~ e 6'—C sien(d; () — d)|d; (t) — d|°
+ ; g (di(t) d){% i (t)e;(t) kj(%) gn(d;(t) — d)|d;(t) — d }
N N N N
= Z er () Fi(t,ei(t)) + Z el () H;(t, e;(t)) + CZ el (t) Z Gi;Te;(t)

=1 i=1 i—1 =

N
+ Z el (t) {—cdi(t)Fei(t) —n(t)sign(e;(t)) — ksign(e;(t))|e;(t) |B}

N
+e > (di(t) — d)ef (t) e (t)

i=1

— WA () + Walt) + Ws(t)
where
N N N
Wi(t) =Y el (OFi(te(t) +c> el (t) Y GiiTe;(t)
i=1 =1 j=1
N N
= el (tedi(t)Tei(t) + ¢ Y _(di(t) — d)ef (t)Tei(t)
i=1 =1
N N
Wat) = el (O H;(t,ei(t) — > el (£)(n(t)sign(ei(t))),
i=1 i=1

Ze t)ksign(e;(t))]ei(t)]?
1+ﬁ

—zk( ) (ds(t) — d)sign(di(t) — d)ldi(t) — dIP).

@ Springer
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Letting d > i/\max(IN ® (LI'Y) + ¢G* ® I,,), and similar to the proof of Theorem 3.4, we can

obtain

N
Wi(t) = e(t) (I ® L)e(t) + ce™ (£)(G* @ De(t) — ¢ Y eF (t)dle;(t)
=1
=eT(t)(In @ L+ ¢(G* — dIy) ® INe(t) <0, (29)

N N
Wa(t) = Z l[ei(t)ll2(2hmax) — Z e; (t)(n(t)sign(es(t)))

N N
< n<t>(2|ei<t>|2 - Z|ei(t>|)
=1 i=1

<0 (30)

and

148
2

Ws(t)

—k(§;|ei(t)|l+ﬁ+§;(qi) |di(t)_d|1+3)

148

N N
<k (S ha® B+ Clan-a?)
i=1 i=1
=2 kv (31)
Submitting (29)—(31) into (28), we can get
V() < Wi(t) + Walt) + Wa(t) < =2 2 kV(t) 2.
By Lemma 3.1, V(t) converges to zero in a finite time, and the finite time ¢* is given by
C_ V(o)) V(o)
T2V R 05014 08) 2% k1-0)
Hence, the error vector e;(t),7 = 1,2,--- , N, can converge to 0 within ¢*. Consequently, under

the controllers (26), the complex network (1) is synchronized in the finite time ¢*. The proof is

completed.

5 Numerical Example

Consider a five-pendulum coupled nonlinear system®” with linearly and diffusively coupling
in which the dynamics of the ith node is described by

5
@i(t) = filt,xi) + hi(t,x:) + ¢ Y Gy Taj(t), i=1,2,---,5 (32)
j=1
with initial values X (0) = (21 (0), 23 (0),--- , 23 (0))T = (0.60.91.2 —0.3 —=0.90 —1.2 1.5 1.05 —

1.2)T. The inner-coupling matrix I" and the Laplacian matrix G are
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110 00
0-22 00
F:[ég, G=1]00-220
00 0 -11
00 0 00

Its activation function f;(t,z;(t)) = (zs2, —qri2 — risin(x;1))T and its uncertain disturbance
hi(t, ) = (0,¢4(t))T, where ¢ = 3.15, r; = 0.02 for i = 1,2,---,5, and (¢1, ¢, ,¢5)" =
(0.1sin(t), —0.15sin(t), —0.2sin(t), 0.15sin(t),0.2sin(¢))T. The drive dynamical node is

To(t) = fo(t, i) + ho(t, ;)

with initial values z¢(0) = (1,1)T, where fo(t,z0) = (202, —qz02) ", ho(t, z0) = (0,0)T, and the
coupling strength ¢ = 2.0.

As a comparison, the state response trajectory and the state error response track of the
heterogeneous complex dynamic network (32) without control are given. It can be seen from
Figure 1 that before the application of the control the synchronization errors of each node do
not tend to 0, and then the states of nodes have not been synchronized.

X (1), i=1,2,..5
X0, 512,05

i

times(sec) times(sec)

(a) State response x;1 (b) State response x;2

< o
=

e (1),i=1.2,..,5

il

07"\\’/\(/;\\/\J/“\\/\(/\‘,/\/%\ ]
- .

2
e

e,(0.512,..5

0 5 10 15 20 25 30 0 5 10 15 20 25 30
times(sec) times(sec)

(c) Synchronization error e;1 (d) Synchronization error e;2

Figure 1 State responses and synchronization error without control
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Let L = I, p(t) = 0.1 and hpax = 0.5, which implies that Assumption 2.1, Assumption 2.2
and Assumption 2.3 hold since ||f;(¢t,z) — fo(t,z)|| = [|(0, —r;sin(xq)| = r < 0.1. With
D = diag(2,2,2,2,2), it is known that Apax(In @ L+ ¢(G* ® I') — D ® I,,) = —0.3592, which
indicates that (9) can be satisfied. According to Theorem 3.4 with 7(t) = () + hmax = 0.6,k =
1,8 = 0.6, by use of (6), (32) can be synchronized to the drive node (33). From Figure 2, it
can be seen that the synchronization error of each node is reduced to 0 within ¢* = 4.3766, and
the node state is synchronized within ¢* = 4.3766. In fact, the time of the numerical simulation
actually synchronizes is 0.6090 seconds.

Furthermore, we use (26) with d = 5 and the initial values X (0) = [zT(0), XJ(0),z¥(0),
2} (0),z3(0)]T =234 —1 =30 —453.5 —4]T, 29(0) = [1 1]*. From Theorem 4.1 and (27),
it can be seen that (32) can be synchronized within the finite time ¢* = 10.4051 and the actual
synchronization time is 0.1074 seconds, which is illustrated by Figure 3.

05

)

x,(0,i=1.2,...5
X, (0, =1.2,...5

0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3

times(sec) times(sec)

(a) State response z;1 (b) State response x;2

il

e, (0,i=1.2,..5

e (1),i=1.2,..,5

0.5 1 1.5 2 2.5 3
times(sec) times(sec)

0 0.5 1 1.5 2 2.5 3

(c) Synchronization error e;1 (d) Synchronization error e;o

Figure 2 Finite-time synchronization
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, i=1,2,...,5

X, (0.
X, (012125
i - o

0 0.05 0.1 0.15 02 0.25 0.3 0.35 04 045 0.5 0 0.05 0.1 0.15 02 0.25 0.3 0.35 04 045 0.5
times(sec) times(sec)

(a) State response z;1 (b) State response x;2

1,2,...5
<
1,2,...5

e, (0.7
NUN,

3 -4
4 5
st . . . . . . . . . % . . . . . . . . .
0 0.05 0.1 0.15 02 0.25 03 035 04 0.45 0.5 0 0.05 0.1 0.15 02 0.25 03 035 04 0.45 0.5
times(sec) times(sec)
(c) Synchronization error e;1 (d) Synchronization error e;2

Figure 3 Adaptive finite-time synchronization

6 Conclusions

This paper has discussed the finite-time synchronization for a class of dynamical complex
network with nonidentical nodes and uncertain disturbance, some sufficient conditions have
been proposed by using the Lyapunov function method and the linear matrix inequality tech-
nique, and they have been applied to the case of identical nodes and the one without uncertain
disturbance. Also the adaptive finite-time synchronization has been studied. Future work
can focus on the fixed-time synchronization for complex networks with nonidentical nodes and
uncertain disturbance.
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