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Decay Properties Of Multilinear Oscillatory Integrals

Abstract

In this thesis, we study the following multilinear oscillatory integral introduced by Christ, Li, Tao and Thiele
\cite{CLTT}

\begin{equation}
I_{\lambda}(f_1,...f_n)=\int_{\mathbb{R}*m}e*{i\lambda P(x)}\prod_{j=1}*n f_j(\pi_j(x))\eta(x)dx,
\end{equation}

where $SP:\mathbb{R}*m\to\mathbb{R}$ is a real-valued measurable function, $\eta$ is a compactly
supported smooth cutoff function. Each $\pi_j$ is a surjective linear transformation from
$\mathbb{R}*m$ to $\mathbb{R}*{k_j}$, where $1\le k_j\le m-1$.

Each S$f_j:\mathbb{R}*{k_j}\rightarrow \mathbb{C}$ is a locally integrable function with respect to
Lebesgue measure on S\mathbb{R}*{k_j}$.

In Chapter 2, we first introduce the nondegeneracy degree along with the nondegeneracy norm defined in
\cite{CLTT} to characterize the nondegeneracy condition of the phase function. In the same chapter, we
will summarize some powerful tools that can help to simplify the problem and introduce the idea of a
special geometric structure called “separation”.

There are three results in this thesis. The first proves trilinear oscillatory integrals with nondegenerate
polynomial phase always have the decay property. The second one extends the one-dimensional case
whose phase function has large nondegeneracy degree. The third result deals with the case where every
linear mapping preserves the direct sum decomposition.
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ABSTRACT

DECAY PROPERTIES OF MULTILINEAR OSCILLATORY INTEGRALS

Zhen Zeng

Philip T. Gressman

In this thesis, we study the following multilinear oscillatory integral introduced by

Christ, Li, Tao and Thiele [7]

Bfifi) = [ O] sm s 0.0.1)

where P : R™ — R is a real-valued measurable function, 7 is a compactly supported
smooth cutoft function. Each 7; is a surjective linear transformation from R™ to
R%, where 1 < k; <m — 1. Each f; : R¥ — C is a locally integrable function with
respect to Lebesgue measure on R,

In Chapter 2, we first introduce the nondegeneracy degree along with the non-
degeneracy norm defined in [7] to characterize the nondegeneracy condition of the
phase function. In the same chapter, we will summarize some powerful tools that
can help to simplify the problem and introduce the idea of a special geometric
structure called “separation”.

There are three results in this thesis. The first proves trilinear oscillatory inte-
grals with nondegenerate polynomial phase always have the decay property. The

second one extends the one-dimensional case whose phase function has large non-
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degeneracy degree. The third result deals with the case where every linear mapping

preserves the direct sum decomposition.
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Chapter 1

Introduction

Oscillatory integrals have long been an essential part of harmonic analysis and
have been a powerful tool in many central questions of mathematics. The most
commonly seen oscillatory integral is Fourier transform, which has a wide range
of applications in partial differential equations, physics and signal processing, see
9], [17], [19]. One of the most fundamental questions about oscillatory integrals
is the asymptotic behavior of them under certain conditions. For example, if f is
an L! function on R", the Riemann-Lebesgue lemma implies the Fourier transform
f is a continuous bounded function on R", which vanishes at infinity. However, if
f € L*(R"), then f can be any function in L2(R") and it does not necessarily tend
to 0 at infinity.

Many mathematicians have investigated settings in which oscillatory integrals

may have certain decay, and they have achieved fruitful result. See [14], [16], [20]



for reference.

1.1 Oscillatory integrals of the first kind

We now introduce oscillatory integrals of the first kind, in the terminology of
Stein[20], which are defined as below and we want to characterize the asymptotic

behavior of these integrals for large positive \:

I\ = /n @ (1) d, (1.1.1)

where ¢ is a real-valued smooth function(the phase), and v is complex-valued,
smooth, and compactly supported. See [20].

One tool to deal with it is the principle of nonstationary phase, which roughly
speaking asserts that (1.1.1) is rapidly decreasing in A whenever ¢ is smooth and
nonstationary (that is, V¢ does not vanish).

Proposition 4 (Stein[20], pp.341) (principle of nonstationary phase) Let ¢
and ¥ be smooth functions so that b has compact support, and V¢ # 0 for all x on
supp . Then

IA) < Cyyp ™Y
as X\ — oo for all N > 0.

Proof. For a function f € C*°, we define the operator

N dx

L(f) (1.1.2)



and its transpose

1 d

L'(f) = —a@(af),
with
1
a(x) = )

So if f, g € C* then integration by parts gives

/OO L(f)QZ/OO FLT(g) + [Mr"

00 oo i\ —o0
=[jjﬂﬂm+[%g£%qia

If in addition g € C§°, then we have

| wne= [ )

Also, this operator is useful here because L(e*?) = e*¢ and then LV (e?) = ¢i*¢

for all N € N. Thus

10 = [ 1o = [ XL (0w

R

Now for each N, (LT)N(y(xz)) is (—=)" times a function that is continuous and
supported in supp(¢). This function is then integrable and does not depend on .

So we get

‘I(/\)‘ < enAV,
where for each IV the constant ¢y depends on the phase and the amplitude but not
on \. Hence as \ goes to infinity, the decay of the integral is very fast and is in fact

as fast as the decay of the Fourier transform mentioned above. m
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If stationary points do exist, things may become complicated. However, in one
dimension, where n = 1, even if we do not know the information of V¢, we may
still obtain an estimate for f; @) dy. Given ]%| is bounded away from 0 for
some k > 2 by the following van der Corput lemma, which is one of the most
fundamental results in this area. Notice that V¢ (x) being bounded away from 0 is
not enough to guarantee the decay of the integral in this case, one can refer to [20]
for counterexamples.

Proposition 2 (Stein[20], pp.332) (van der Corput lemma) Let k € N. Let
I C R be an interval and suppose that ¢ : I — R satisfies |p*) (x)| > 1 for z € I.
Then for A € R,

’/6i)\¢(:6)d$’ < Ckw*%’
I

provided, in addition when k = 1, ¢'(x) is monotone on I. The constant Cy is

independent of ¢ and I.

Proof. We use the same operator 1.1.2 but now when we do the integration by parts

we get

b
Ii(\) :/ L(e™@)dy

b
:/ e“‘t’(x)LT(l)da:jL[

() b
AP () ]

a

The second term is obviously bounded by % and the first term is bounded by

/ab LT(l)‘dx: %/b

d. 1
%(qﬁ,(@)‘ (1.1.3)




d

and since ¢/(x) is monotonic and continuous, - (=7

) does not change sign. Then

' da \¢/ ()
(1.1.3) is
1 [°d 1 1 1 1 1) 1
S a Gl = 3w - swl < Mlaw)

where the last inequality holds because ¢'(a) and ¢'(b) have the same sign, and this

is bounded by % Putting the terms together, we get the result. O

In higher dimensions, Carbery, Christ and Wright [3] give an analogue of van

der Corput lemma as below.

Lemma 1.1.1. Let 5 = (54,...0,) # 0 be a multi-index, and suppose that at least
one of its entries 3; is greater than or equal to two. Then there exist € > 0 and
C < o0, depending only on B and on n, such that for any integrable v : @ — R
satisfying DPu > 1 on Q in the sense of distributions, for all X € R, the oscillatory

integral I(\) = [, e dy satisfies

[TV < CIA

1.2 Oscillatory integrals of the second kind

Oscillatory integrals of the second kind, which are known as oscillatory integral

operators, are given the following form

() = [ O a)ota, e

Hoérmander [12] gives a characterization of such operators when the Hessian of ¢ is
nonvanishing in the support of the cutoff .
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Theorem 1.1 (Hoérmander [12]) Assume n(x,y) is a smooth cut-off function
supported in a neighborhood of 0 and S(x,y) is a real-valued smooth function in

R™ x R™ such that

‘det a?sy‘ >1 (1.2.1)

o0x0

for all (z,y) € supp n with A > 1. For 1 <p <2 1/p+1/p' =1, one has
T () o < C’)\|_m/p,||f||Lp- (1.2.2)

Here

T(f)(x) = / NSED Fy (e, y)dy.

Proof. The statement is obvious when p = 1 so in view of the interpolation argu-
ment, it suffices to prove it when p = 2. In the proof we may assume f has small

support. We have to estimate

T = / / iy, 2) F () F(2)dydz,

where 7i(y, 2) = [ XSEN =S5y (z, y)y(z, 2)de.

When y and z are close to a given point and (z,y) € supp(n) we have
10/0x(S(w,y) — S(x,2))| = Sz, (y — 2)| + O(ly — 2*) > cly — zI.
So if k is any positive integer, k partial integrations give

7(y, 2)| < Cr(1+ Ay — z|) 7"



If k = m+1, it follows that [ |7(y, 2)|dy < CA™™, [|7(y, z)|dz < CA~™. Hence

T f1I7: < CA~™||f||3. and the theorem is proved. O
The situation where % vanishes at some point is more tricky. Just like van

der Corput lemma, we may need some extra assumptions on other derivative. If
. gatBg

there exists o > 1, § > 1, but (o, 5) # (1,1) and zagy? 7 0 on the support of 7,

estimates like 1.2.2 still holds. Detailed work can be found in [3]. When S(x,y) is

analytic, we do not need extra assumption. See [15].

When p = ¢ = 2, the inequality (1.2.2) can be written in this form

| [ esen gy wnte.s)dy| < A2 gl

So the above theorem actually obtains an estimate of a bilinear oscillatory inte-
gral. In the next section, we will give a more general formulation of estimating the

asymptotic behavior of multilinear oscillatory integrals.

1.3 Multilinear oscillatory integrals

In [7], Christ, Li, Tao and Thiele initialize the study of a rather general multilinear

functionals of the form

Db = [ O fmtanta)ds, (13.0)

where P : R™ — R is a real-valued measurable function, 7 is a compactly supported

smooth cutoft function. Each 7; is a surjective linear transformation from R™ to



R¥ | where 1 < ki < m —1. Each f; : Rk — C is a locally integrable function
with respect to Lebesgue measure on R* . This integral is well-defined if in addition
all f; belongs to L*. And the question is, under what conditions this integral has

rapid decay? Here rapid decay means there exists some ¢ > 0 such that

[IN(frs o)l < C+ AT HHfJHLoo (1.3.2)

holds for every A and every f; lying in L>(R%).

Notice that when n = 0, that is, the number of function is 0, we are dealing
with [ e?P@n(z)dz, which is oscillatory integrals of the first kind. Indeed, (1.3.2)
with L>®-bounds on the functions f; is equivalent to | [ e**@y(x)dx| < C|A|~€
uniformly for all phase functions of the form ¢ = P — > iy o mj, where the h;
are arbitrary real-valued measurable functions, one can refer to [3]. When n = 2,
for certain exponents, oscillatory integrals of the second kind can be viewed as an
example of the bilinear case of (1.3.1) with R*" = {(z,y)} and 7 : (z,y) — (),
Ty (x,y) — (y). So the two kinds of oscillatory integrals introduced before can be
included into this framework.

In [7], the authors focus on the situation where the phase function is a polynomial
of degree less than or equal to some constant d. They successfully prove that
when k; = m — 1 for all j and when k; = 1 for all j under some restrictions, to
characterize the decay property of the above oscillatory integrals (1.3.1), it suffices
to check certain nondegeneracy conditions of the phase function P as well as some
geometric and dimensional conditions of the linear projections {m;}. Despite the

8



great progresses they make, the general cases have not been thoroughly explored.
After the work of Christ, Li, Tao and Thiele[7], Christ and Silva[8] study a

rather special trilinear integrals of the form

I(f1, f2, f3) = / ePMP@Y) £1(2) fo(y) fs(z 4+ y)n(z, y)dady (1.3.3)

R2m
where P is a polynomial of degree less or equal to a constant d and R?*™ = R™ x
R™ = {(x,y)} and give a characterization of such integrals by the nondegeneracy
conditions of the phase function. But the more general cases are still left to be
investigated.

Other results in this area include the oscillatory integral operator defined by

Phong, Stein, and Sturm [16], which is of the form

3= / AT £ (). fon (T ) Ay T,
D

where the phase function ¢(x1, ...x,,) is a polynomial. And D is a subset of the unit
ball in R™. They have obtained some precise results on the exponent in the decay

estimate, which is phrased in terms of the reduced Newton polyhedron.

1.4 Application

The estimate of oscillatory integrals can be used to get the corresponding sublevel
set estimate. To be more precise, if a real-valued measurable function P satisfies

(1.3.2) for all functions f; € L°°(R*), then there is an upper bound for the measures



of the sublevel sets of the form

n

{y € B:|P(y) = > _gi(m(y)| < e} < Ce

j=1

uniformly for all measurable functions g;. See [6]. And the sublevel set estimates
of certain real-valued functions turn out to have close connections with some com-
binatorial problems arising in extremal graph theory. See [3] for more details.
Understanding the decay property of various oscillatory integrals can certainly
help us deal with many problems in mathematics. Hormander discovers Theo-
rem 1.1(H6rmander [12]) in order to simplify the proof of Carleson and Sjdlin [4]
that deals with the necessary and sufficient conditions for certain function to be a
multiplier.

Other important application includes the restriction problem in harmonic anal-
ysis. It asks the question that what are the exponents ¢ such that the Fourier
transform of an LI(R™) function g can be meaningfully restricted to a given hy-
persurface S, in the sense that the map g — ¢|s can be continuously defined from
LYR™) to L'(S,do) with o is the surface measure of S. It turns out that the
variable coefficient (Homander) setting of the problem is exactly dealing with the

oscillatory integral operator

1) = [ 0 )
with some specific analytic phase function and ||f||z~ < 1. The problem now
becomes characterizing the range of ¢ such that the bound [|Ty||, < A~ holds.
One can refer to [1] and [2].

10



Another important application is singular integrals. In [18], Ricci and Stein
study the operator T'(f me K(x —y)f(y)dy where K is a standard
Calderén-Zygmund kernel, that is, K is Lipschitz continuous except at the origin,
K(ry) = r™K(y) for all r > 0 and v # 0, and [, Kdo = 0, where ¢ denotes
surface measure on the unit sphere S. They have shown 7' is bounded on LP for
1 < p < co. The bilinear and multilinear analogue of it has been studied in [7] by
combining previously known results for nonoscillatory singular integral operators

with estimates for nonsingular oscillatory integrals.

11



Chapter 2

Goals and tools

2.1 Goals and conventions

In this thesis, we study the multilinear oscillatory integral initially introduced by

Christ, Li, Thiele and Tao [7]:

Bt = [ PO fm0mx)ax. 2.11)

Here A € R is a parameter, P : R™ — R is a polynomial of degree less or equal
to some given constant d, m > 2, n € C§°(R™) is a compactly supported smooth
cutoff function. Each 7; is a surjective linear transformation from R™ to R* | where
1 <k; <m—1. We assume f; € L>°(R*) and each f; has support in a specified

compact set B; C R . In this case, the integral is well-defined.

Definition 2.1.1. We say { P, {7;}_, } has power decay property in R™ on an open
set U C R™, where P is a measurable, real-valued function, each ; is a surjective

12



linear map from R™ to Vj, if for any smooth cutoff function 1 defined on U, there
exists € independent of 7 and a constant C depends on the support and C* norm of

7 such that
3(frs )l < O+ A HHfJHLoo (2.1.2)

for all A € R and all f; € L>®(R").

In this thesis, we will focus on the case where the phase function is a polynomial.
Though (2.1.2) may also hold for other exponents ||f;||z»;, we will only assume
all |[fjl|z are finite. Since |[I\(f1,...fa)] < Cl|fellzr [Tz [1fllze uniformly in
A for any k, if (2.1.2) holds, by the interpolation argument, the decay estimate
for T, I[fjllp; also holds for various p;. So it suffices to consider this extreme
formulation.

Notice that if P = Z;L:lpj o7, for some function p;, then f; = e~ P (T3 (@) ¢
L>(R*) gives eI, fi(m;(X)) = 1 so that (2.1.1) becomes constant and
thus has no decay. So a necessary condition for I, having power decay is that P

cannot be decomposed in this way, which leads to the following definition in [7].

Definition 2.1.2. A polynomial P is said to be nondegenerate relative to a collec-
tion of surjective linear mappings {m;} if P cannot be expressed as a sum of p; o7,

where each p; is a polynomial.

The goal of this thesis is to see under what conditions the power decay property is
equivalent to the nondegeneracy of the phase function and what other assumptions
may also lead to the power decay property of (2.1.1).

13



The regularity condition n € C* is rather arbitrary. Here we will use the big O
notation. If f(z) = O(g(z)) for x — oo, it means there exists constants M, xy such
that |f(z)| < M|g(z)| for x > xy. If n is merely Holder continuous then for any
s < 00, n may be decomposed as a smooth function whose C* norm is O(|\|?) plus
a remainder which is O(|A|7®) in supremum norm. If (2.1.2) holds for all € Cj
with a constant C' which is O(||n||c=), then it follows from the decomposition, with

= ¢/2C, that it continuous to hold for all Holder continuous 7.

If for some 1 < j < n, 7Tj1», 7T]2~ are two surjective linear mappings with identi-
cal nullspaces and ranges of equal dimensions, then there is some invertible linear
transformation L such that 7rj2- = Lo 7TJ1». So for every function f defined on the
range space of (77(x)), there exists a function g = f o L defined on the range space
of 7j such that for every z € R™, g(nj(z)) = f o L(nj(x)) = f(n;(x)). Therefore,
if (2.1.2) holds for the collection of mappings {my,...7}...,m,}, it also holds for the
collection {mry, 7r]2, Tp}. So we can assume without loss of generality that each 7;
has distinct nullspace and we may equivalently speak of nondegeneracy relative to
a collection of subspaces {V;}}_, of R™ where V; = nullspace(r;). Similarly, we can
also assume that there is no index i and j such that nullspace(m;) C nullspace(r;).
If so, there exists a surjective linear transformation from the range space of m; to
the range space of 7; such that m; = L o m;. So for every function f; defined on the

range space of 7;, there exists a function g; = f; o L defined on the range space of

m; such that g;(m;(z)) = f;(m;(z)). In this case, we say f;(m;(x)) is absorbed into

14



g (mi(a))

So we may equivalently say {P,{V;}7_,} has the power decay property in R™,
if (2.1.2) holds true for any linear mappings 7; with nullspaces equal to V;. In this
paper, we will just consider the case where the phase function P is a polynomial of

bounded degree d.

2.2 Nondegeneracy

In this section, we want to discuss some ways to characterize nondegeneracy.

In [7], the authors define the nondegeneracy norm which is one way to character-
ize nondegeneracy. Let P(d) be the vector space of all polynomials in R™ of degree
at most d. Given d, fix a norm || - ||p, on the finite dimensional vector space P(d).
The nondegeneracy norm || - ||na(r, 1<i<n) of P with respect to {7;} is defined to be
inf [|P — 3~ pj om;|[p, where the infimum is taken over all real-valued polynomials
of degree no greater than d. If there is no ambiguity, we may write || ||nq(r,,1<i<n) 88
|| - ||na- Since the space of polynomials with degree at most d is finite dimensional,
the infimum defining the relative norm is actually attained by some polynomial p;.
Thus P is either degenerate or the nondegeneracy norm is strictly positive.

We say a family P, of real-valued polynomials of bounded degrees is uniformly
nondegenerate relative to a collection of surjective linear map {m;} if inf,||P. —
> 1§ omllp, > ¢ >0 with ¢ a uniform constant.

Similarly, we say a collection of surjective linear map {7;} has the uniform

15



power decay property if the power decay property holds with uniform constant C. e,
for any family of real-valued polynomials of bounded degrees which are uniformly
nondegenerate relative to {7, }.

The following lemma in [7] suggests that nondegeneracy is a property of every

homogeneous part of the phase function.

Lemma 2.2.1. A polynomial P is nondegenerate relative to {m;} if and only if at

least one of its homogeneous summands is nondegenerate.

This inspires the idea of using the highest degree of the nondegenerate homoge-
neous part to characterize nondegeneracy. In this thesis, we introduce the following

definition.

Definition 2.2.2. The nondegeneracy degree of a polynomial P relative to a collec-
tion of {V;} is defined to be the highest degree of the nondegenerate homogeneous
part of P. If P is degenerate with respect to {V;}, the nondegeneracy degree of P is

defined to be 0.

Given a homogeneous polynomial, the following lemma in [7] provides a way to

distinguish nondegenerate polynomials from degenerate ones.

Lemma 2.2.3. Let P be a homogeneous polynomial of some degree d. Then P is
nondegenerate relative to a finite collection of surjective linear mappings {m;} on
R, if and only if there exists a constant coefficient partial differential operator L,
homogeneous of degree d, such that L(P) # 0 but L(p;jom;) = 0 for every polynomial
pj - V; = C of degree d, where V; denote the range space of ;.
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Example: In R?, assume P(z,y) = zy and m(z,y) = z, ma(z,y) = y. We

pick £ = then g;—éz = 1. But for any polynomial pi(mi(z,y)) = pi(z),

pa(ma(z,y)) = p2(y), g::@y = 0 and d m = 0. So wzy is nondegenerate relative to

{71'17 7T2} .

Notice that in the above example, 8% annihilates any polynomial of one vari-
able y and a% annihilates any polynomial of one variable z. So %gy which is the
composition of and annlhllates any degenerate polynomials. This idea can be

extended to the following definition in [7].

Definition 2.2.4. A polynomial P is said to be simply nondegenerate relative to
{mi : 1 <i <n} if there is a differential operator L of the form L =[], (w; - V),

with each w; € ker(m;), such that L(P) does not vanish identically.

Remark: It is not difficult to see that simply nondegeneracy implies nondegen-
eracy. However, the following “light cone” example in [6] shows the converse does

not always hold.

Ezample 2.2.5. Define P : R* — R to be P(zy, 72, 73) = x3. Fix an arbitrary large
positive integer N. For j € {1,2...N} choose nonzero unit vectors v; = (vj, v, v}) €

377

R3, none of which is a scalar multiple of another, all satisfying

(07)* = (vj)" + (V)"

Define 7j(z) = z1vj + 290} + x3v). For any f; € L™(m;(R?)), the operator L =
222 2 annihilates fjomj for all j, but does not annihilate P. Therefore P

axg Oxy 8 2
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is nondegenerate relative to {m;,1 < j < N}. But it is not simply nondegenerate

since any simply nondegeneracy polynomial should have degree at least N.

The following theorem in [7] shows simple nondegeneracy implies power decay
property.

Theorem 2.2.6. Any simply nondegenerate polynomial has the power decay prop-
erty in every open set. More precisely, let d € N. Let L = [[7_,(w;- V), where each
w; € ker(m;) is a unit vector. Then there exist C' < oo and € > 0 such that for any

real-valued polynomial of degree at most d such that maxjy <1 |L(P)(x)| > 1,

A(frs )l < O+ A H||fj||Loo
for all functions f; € L* and all A € R.

Detailed proof can be found in [7]. The above theorem can also be generalized
to the case where the phase is a smooth function with the simply nondegeneracy is
defined as L(S(z)) does vanish to infinite order. See [11].

From the definition of simple nondegeneracy, one can see that every w; - V
annihilate polynomials defined on one subspace. It turns out that by the same proof
in [7], the definition of simple nondegeneracy could be extended to more general
case. That is, if there is a differential operator L of the form L = szl(wi - V), for
some ¢, such that each w, - V annihilates polynomials defined on ; for j € I, with

Usls = {1,2,..n} and max|y<; |L(P)(x)| > 1, then
L f)l < GO A HHfJHLoo
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holds for all functions f; € L* and all A € R. We will also see in Chapter 4 that
when the subspaces all have one dimensional range space and lie in general position,

we may only need to use nondegeneracy degree to characterize nondenegeneracy.

2.3 First tool: Elimination of codimension one

range space

The codimension one range space in the title refers to the range space of some
surjective linear mapping with dimension m — 1 if it is defined on R™. In this
section, we will show the result in [7] that to investigate the power decay property
of a collection of surjective linear mappings {r;}, it suffices to consider the collection
without those mappings whose range space is codimension one. This property can

help to reduce the multilinearity of the problem.

Theorem 2.3.1. Let {m;} be any finite collection of surjective linear mappings on
R™, and let {l;} be any finite collection of surjective linear mappings on R™ whose

nullspace is of dimension one. If {m;} has the uniform power decay property, then

so does {m;} U{l;}.

Proof. 1t suffices to prove this in the case where a single linear mapping [ is given.
We now assume {m;} has the uniform power decay property and we want to show
{m;, 1} also has the uniform power decay property. Choose coordinates of R™ such
that I(2/,z,,) = l(2/,0). Let P be any nondegenerate polynomial relative to the
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augmented collection {m;,{}. It is no loss of generality to assume that ker(l) is not
contained in any ker(rw;), for any such linear mappings may be deleted from {m;}

without affecting the nondegeneracy of P.
L(fis o fa) = /m M f (1)) fuoa (T (2) o (1) ) (2) . (2.3.1)

Let T(fuy oo fat)(@') = [ €36 fy(m1(2))-fos (mus ()2
(2.3.1) = / T(fr. . fur) (@) full(a, 0))da’
(2.3.2)
< Ty o) el ol

Here
||Cr(fla‘--fn—l)HL2 :/ AP@)=P(zem)) Hfz 7Tz fz 7Tz z xm))

:/ (@1/\( P(z'+z,2m)) Hfz 7T1 fl 7'('z '+ z, ;(;m)) (233)

n(@)n(x' + z, x)da'dv,, ) dz
:/G(z)dz
where

n—1

G(z2) :/ iNP(z)=P('+2.2m)) Hfl mi(x)) fi(mi (2" + 2, 2,))

n(x)n(z' + z, xp)de' dx,,

We want to show P(x) — P(2' + z, z,,,) is nondegenerate relative to {m;} for most z.
To do this, we want to show the polynomial 22~ is nondegenerate relative to {m;}.
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If it is true, then there exists z € R™ for which P,(z) = P(2/,x,,) — P(2', x, + 2)
is nondegenerate relative to {m;}. For if not, since 9P/dz,, can be reconstructed
from {P.,} for a suitable finite collection of points z;, degeneracy of each P., implies
degeneracy of OP/0z,,.

Consider the quotient space P of all polynomials of degrees not exceeding the
degree of P modulo the subspace of all such polynomials which are degenerate
relative to {m;}, and equip it with some inner product structure. Then || P,||?, is a

polynomial in z which does not vanish identically. Since

1727

=||P(a',2m) = P(2', 2m + 2) |54

B oP 1, P2, z,)
=||—=z- (‘)xm(x7xm>+52 .—3x%1
(=) 4 P xm)

d d o a\(h+t) hp(e) 0P (x
:Zszh+t<a P(z) 9'P( )>_

hlt! or,," T Oy
Hence there exist C,5 € RT such that for any ball B of fixed finite radius and
for any € > 0,

{z € B:||P.||2, < €} < C€. (2.34)

Thus
(2.3.3) = AG(z)dz+/cG(z)dz. (2.3.5)
Here A={z€ B:||P,||?; > ¢}, A= {z € B:||P.||?; < €}, B is some compact set
that z is supported on, which follows that n is compactly supported. For z € A, the
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first term can be deal with by the hypothesis that {m;} has uniform power decay

property. For z € A¢, the second term can be dealt with by (2.3.4). So we have

n—1

(23.5) < C(Ie*N7 + 1) T Il illaes- (2.3.6)

Let € = |A|™ for some &' < 2, then we have (2.3.1) has power decay.

To establish the uniform decay property, fix ¢ € (1,00) and a degree d. Let
P be any polynomial of degree at most d whose norm, in the quotient space of
polynomials of degree at most d modulo polynomials of degrees at most d that are
degenerate relative to {m;,[}, lies in [¢c"!,¢c|]. Since this quotient space is a finitely
dimensional vector space, P thus belongs to a compact subset. Together with the
above reasoning, this implies (2.3.4) holds with a constant depending on d and ¢
but not on P.

So now it is only left to show polynomial 8‘1—1; is nondegenerate relative to {m;}.
If not, then there exists a polynomial decomposition 8830—1 = >, ¢; om;. Since ker(l)
is not contained in any ker(m;), there exist nonzero vectors v; in the range space V;
of m; such that 9(f o m;)/0x, = (v; - Vf) om; for all functions f : V; — R. Since
0 # v; € V;, there exist polynomials @; such that v; - VQ; = ¢;. Consequently,
0(Q; om;)/0x,, = q; o m;, and hence P = > Q; o m; satisfies O(P — ﬁ)/axm = 0.
Thus P — >, Q; o7 is a function of z,, alone, contradicting the hypothesized

nondegeneracy of P.

From the above theorem, we can get the following corollary.
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Corollary 2.3.2. Any collection of surjective linear mappings {m;}i—, whose range

space has codimension one for each i has the uniform power decay property.

Remark: in R?, the range space of any surjective linear mapping that we are
interested in this problem is of dimension either 0 or 1. If it is 0, it is a constant
map. If it is dimension one, it is also codimesion one so that linear mapping can
be removed from the collection. The problem in R? will finally be deduced to the
oscillatory integrals of the first type that we have introduced in chapter 1. However,
in higher dimensions, the range space is not necessarily of codimension one so things

may be more complicated.

2.4 Second tool: Elimination of common subspace

Let us recall the example below introduced in [6]. In the bilinear case, if the mapping

r — (m(x), m(x)) of R? to R x R! is a bijection, I\(f1, f2) can be written as

[ e falgtoine.g)dody. (241)
A necessary and sufficient condition for it to have the power decay property is | gj{%

does not vanish identically, see [7]; equivalently, P is not a sum of one function of

x plus another function of y. Since if P = py(x) + pa(y), g;é; = gig; + g;g’; = 0.

Now consider the integral [ e @w:2) f (1, 2)g(y, 2)n(x, y, z)dedydz. Again, such an

9?2 P(z,y,z

integral has power decay property if and only if there exists =~ By ) does not vanish

identically, see [7]. For any fixed z, the integration becomes (2.4.1), the result of
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the previous case gives a bound

Cmin(L, [Q(2)| T AT 2)llz=llg(-, 2)|| s

for some & > 0 and some polynomial Q which does not vanish identically. The
power decay property follows by integration with respect to z.

One can see from this example that under the above assumptions, the problem
can be reduced to a lower dimensional case by fixing the “common” subspaces z.
It turns out that this observation can be extended to the following “separation”

structure.

2.4.1 Separation

One of the most important observations of this thesis is that if {7;} preserving
certain decomposition of R this property may help divide the problem of checking
the the power decay property of oscillatory integrals (2.1.1) into two subproblems

defined on subspaces. The definition is as below.

Definition 2.4.1. {m;}!", is said to preserve the direct sum decomposition of R™ =

T, & T5, where T}, Ty are subspace of R™ | if m;(R™) = m;(T}) @ m;(T3) for all i.

In this case, it may look like 7; acts on 7} and T “separately”. We denote

my = dimTl, meo = dll’nTQ
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One example is the following integral which appears in [§],

I(f1, f2, f3) = / NP m2) £ (1 y1) fo@2, y2) f3(21 + T, Y1 + Yo)
R4

n(z,y)dedy (2.4.2)

with 77 = {(21,0,22,0)|z1,22 € R} and Ty = {(0,41,0,92)|v1,y2 € R}. We can
show this integral has power decay property by the separation structure in Chapter
D.

One application of the separation property is to reduce dimensions.

Lemma 2.4.2. Assume R™ = C & R and {m;} preserves the direct sum decom-
position, here C' and R are subspaces of R™, C' means “common” and R means
“remaining”. If kerm; N C' = {0} for 1 < i < n, and {ker(m;) N R} has uniform

power decay property in Ty, then {ker(m;)} has uniform power decay property in R™.

In the example in [6], we have 7 : (z,y,2) — (z,2) and m : (2,9, 2) — (y, 2), so
the corresponding kernels are {(0,y,0)} and {(z,0,0)}. Denote R* = C'® R where
C ={(0,0,2)}, R = {(z,y,0)}, then kerm; N C = {0} for i = 1,2. Now ker(m;) N
R = {(0,4,0)}, ker(m) N R = {(x,0,0)}. Denote 7} : (z,y,0) — (z,0,0) and
7y 1 (z,y,0) = (0,y,0), then the corresponding kernels in R are exactly ker(7;) N R
and ker(mg) N R. As suggested by the above lemma, it suffices to check if the integral
[ erP@v0) f(2,0,0)9(0,y,0)n(x,y,0)dzdy has the uniform power decay property.
Denote f'(z) = f(x,0,0), ¢'(y) = 9(0,9,0), P'(z,y) = P(z,y,0) and n'(z,y) =
n(x,y,0), the problem now becomes (2.4.1).
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2.4.2 Proof of lemma 2.4.2

Proof. Adopt coordinate in R™ such that C' = {(z,0)}, R = {(0,y)}.

Assume {ker(m;) N R} has uniform power decay property in R. Once a norm

|| - || is fixed, without loss of generality, we can assume P(z,y) is a polynomial

nondegenerate relative to {m;} whose nondegeneracy norm is 1. For any fixed e,

/m PINP (@) ﬁfi(m(x,y))n(x,y)dxdy
:/A </€MPI f[ff (mi (0, 9))n" (y )dy>da:
+/C (/ e ﬁ (m:(0,9)) (y)dy>dx

=1

where P*(y) = P(x,y), f(m:(0,y)) = fi(mi(x,y)), n*(y) = n(z,y).

|| P nd(ker(rs)nmaa<i<n) < €}

By the assumption

J 1] e O T i
<l [ 1w

©i=1

<l TT I1Alo~-
=1

A={zr e B:

So it suffices to show there exists uniform constants ¢, § such that |A] < ce’,

here P* is viewed as a polynomial of y. B is some given compact set in C', which

may depend on the support of . The nondegeneracy norm is taken relative to

{ker(m;) N R}, which is defined as inf || P(y) — >, pi(m(0,y))||, where each p; is a

polynomial.
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Write P(z,y) = >y Zk1+...+km1:i Pry. ko, (U1, Yo )Ty kL L TE, for any fixed

kisookmyy Pryon, (Y15 Ymy) = qlil,...kml (m1(0,9)) + - + ai, . k., (Ta(0,9)). Since
kerm; N C' = {0} for 1 < i < n and 7 is surjective, dim(m;(C)) = dim(C). if
(€1, ...m,) is a basis in C, {m;(e;)} will be a basis of m;(), and it differ from the
underly basis of m;(T}) by some invertible linear transformation. For any polynomial
rlz] defined on C, there is a corresponding polynomial 7* defined on 7;(C') such
that r[z] = r'[m(z,0)]. So there exists polynomials r, , [mi(z,0)] such that
it =1, [mi(2,0)]. Then

Pla,y) =Y Y (@ g, (m(0,9) 4 o+ g (Ta(0,9))) 2t

i<d ki,

=S Y G, (MO )R, [T, 0] +

i<d kytethm, =i

+ 45y, (T (0, 9) B, [, 0)]).

Notice for every k, 1 < k < n, m, preserve the direct sum, if we fix any
z € m(R™), since 7y, is surjective, there exists a pair (z,y) such that m(z,y) = 2,
then z = m,(z,0) @ m,(0,y) is a unique decomposition. We also notice that q’,jl"”kml
is a polynomial defined on 7 (R) and R} ko, 18 & polynomials defined on 7, (C), so
Gy, (T1(0,9))T4, ., [Ti(,0)] is @ polynomial defined on 74 (z,y). This shows
P(z,y) can be represented by a sum of polynomials defined on {7 }1<r<, respec-
tively, which contradicts the assumption that P(x,y) is nondegenerate. So there ex-
ists k1, ...k, such that Py, . (Y1, ---Ym,) is nondegenerate relative to {m(0,y)}7_,.

Among all Py, ., (Y1, .--Ym,) that are nondegenerate relative to {m(0,y)}L,,
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we can always pick up one, denote it as Py ikl such that its nondegeneracy degree

is the highest. This P’f'p-~~k4n1 may not be unique, but that’s fine. Once we fix this

mi

Py, - let N be the nondegeneracy degree of it, write Py & = > ey Piii,---kinl

where Pi,1 w 1s its homogeneous part of degree i. Without loss of generality,
e vmg

when ¢ > N. By the assumption,

i .
we can assume Py vanish for all ky,...kp,

Pg___ki“ is nondegenerate relative to {m(0,y)}1<k<n. So by the lemma 2.2.3, there
exists a constant coefficient differential operator L whose symbol is a y polynomial of

degree N such that L(qu,k’ ) 7& 0 but L(lelﬁkﬁnl (7rk(07 y))) = 0 for all po]ynomialg

mq

k.. Ky, and all 1 <k <n. Then

LP,y) =L 3 P, W1, )2 i)

i kitetkm, =i

km
- Z Z L( Pk, (U1, g ) )TNt

7 k1+...+kml =1

Since N is the highest degree among all Py, k,, and L is a constant coefficient
operator of degree IV, L(Pkl,mkml) is either O or a nonzero constant. Let ax, .k, , =

L(Py,,..k,,, ), then L(P(z,y)) = >, Zkﬁ“_%m:i akl,_kmla:]fl...xfn";l. And there exists

at least one ag,. ,,, which is nonzero. Without loss of generality, for any 1 < k < n

L(q(mi(2,y))) = L(gr(mi(z, 0) + (0, y)))

=L > o, (@0, )7 (21,0...0,0)...m." (0, ...0, %, , 0))

7 kl-‘r...kml:i

=37 Y Lank, (me(0,9)) 7 (21, 0...0,0)...7,7 (0, ...0, 2y, 0)
7 k‘1+...kml:i

=0.
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The set A of x such that ), Zkﬁ“#kml:i aklmkmlxlfl...:cfn"il = (0 is of measure
zero. For any fixed x € B\ A, P* is nondegenerate relative to {m(0,y)}.

Fix ¢ € (1,00). Let P be a polynomial of bounded degree whose nondegeneracy
norm relative to {m(x,y)}7_, lies in [¢™!, ¢|. Since the quotient space of polynomial
of bounded degree modulo degenerate polynomials is finite dimensional, P belongs
to a compact set. Without loss of generality, we can assume the quotient space is
equipped with some inner product structure. ||PI||id(m(07y)71§i§n) is a polynomial
of x and it is not identically 0. So there exists a constant ¢(P) and ¢ such that
{z € B : ||P"||nd(rs(0.)1<i<n) < €}| < ¢(P)e®. Then we can pick a uniform constant
¢ that depends on ¢ and d such that [{z € B : ||P||na(mi(0.9)1<i<n) < €}] < ce® hold

for all P with ¢! < ||P||na < c. O

2.5 Third tool: Elimination of intersection

of nullspaces

Let’s consider the following example:

Bo= [ M fw)gly)nta,y, 2)dudyds. (2.5.1)
]Rfi

Here P is a polynomial, and f, g are two functions such that || f]|.c < 00, ||g]]ec < 0.

Notice that we have dealt with integrals of the form

B= [ e fa)glunte. pidedy, (252)
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which is the oscillatory integral of the second kind in Chapter 1. If P(x,y,z) is
indeed a polynomial of x,y, then the problem of checking power decay property
of (2.5.1) can be reduced to lower dimensions (2.5.2). We can do so because the
span of (z) and (y) is not R3, that is, the intersection of ker(m;) and ker () is not
0. Inspired by this observation, we might want to think if we can always reduce
the problem to lower dimensions if the intersection of the nullspaces of the linear
mappings are nonzero. First denote [ : R® — R? as (x,y,2) — (z,y). There are
two cases that we want to consider.

If ||P||ngqy is bounded below by some constant, since ker(l) C ker(m;) and
ker(l) C ker(m), if we view f(z)g(y) a function of x,y, then (2.5.1) is reduced

to checking the power decay property of the following integral

I, :/ M@V (2 \n(x,y, 2)dedydz, (2.5.3)
R3

which is essentially the oscillatory integral of the second type and we know (2.5.3)
has power decay property.

If || P||na@ is actually very small, this suggests that P is “almost” a polynomial
of z,y. To be more precise, P can be written as P(z,y,z) = Pi(x,y) +r(z,y, z) for
some polynomials Py, r with ||r|| very small. And ||Py(z,y)||na > ||P(x,y, 2)||nd —
l|m(z,y, 2)|], 0 || P1||na is bounded from below.We will give detailed proof later but

essentially, ||r?|| is also small for most fixed z in the support of 1 and the problem
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is reduced to check the power decay property of the following integral

B= [ e gl (e, 2dudyd:
R (2.5.4)

- / ( / NP+ £ (g (y)n(, v, 2)dady)dz.

The result of the oscillatory integrals of the second kind gives a bound of (2.5.4):

Cmin(1, [|Py(z,y) + (@, ) ior, my A O o9 2

for some ¢ > 0. And ||P(z,y) + 7*(2, Y)||nd(x,,m) is bounded from below since 7* is
essentially very small.

The above example can be extended to the following lemma.

Lemma 2.5.1. If NI, ker(m;) = N, where dim(N) > 0 and let R™ = N @ R,
here N denote the intersection of the nullspaces, and R means “remaining”. Then
{ker(m;)NR} has the uniform power decay property implies {ker(m;)} has the uniform

power decay property.

Remark: here we need to assume there is no ¢ such that ker(m;) N R is 0. But
since in this thesis, we assume there is no k # j such that ker(m) C ker(n;). If
ker(m;) N R is 0, that means ker(m;) C ker(w;) for j # 4, which contradicting our

assumption.

2.5.1 Proof of lemma 2.5.1

Proof. Without loss of generality, we can assume ||P|[,q({r,}r_,) = 1. Choose coor-

dinate of R™ such that R™ = {(z,y)} where N = {(2,0)} and R = {(0,y)}. Then
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fi(mi(x,y)) = fi(m(0,y)). Let [ : R™ — R be the projection from R™ to R. Notice
ker(l) C ker(m;), the function [[;_, f;(m;(0,y)) can be viewed as a function defined
on IR. There are two cases.

The first case is || P||nq0) > ¢1 for some constant ¢; that will be picked later, the

problem becomes the case of oscillatory integrals of the second kind

/ PMPED h(y)n(z, y)dxdy. (2.5.5)

We know in this case, (2.5.5) has the power decay estimate:
(2.5.5) < (1 4+ [Aea]) | |7 | pos- (2.5.6)

Denote h =[], fi, one can check ||[Ti; fillzee < TIiy || fillzee, so we can get the
power decay property of the original integral.

The second case is || P||nqq) < ¢1. Then P(z,y) = Pi(y) +r(z,y) with ||r|| < c;.
The integral becomes

I, = /m AP @) Hfi(m(a:,y))n(x,y)dxdy
=1 (2.5.7)

We now want to show ||r*|| < co||r(z,y)|| for some constant ¢y for any z in a
compact set depending on the support of 7.

Consider the space T of all polynomials of degree less than or equal to d equipped
with the norm || -|| on it. It is a finite dimensional space, so the set of polynomials

in this space such that the norm of it is less than or equal to ¢; is compact. For any
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fixed x, define a operator £, on this space such that L£,(r(z,y)) = r*(y). L, is a
continuous operator for each x (since every norm is equivalent in finite dimensional
space, if we take the [y norm of the polynomial space, we can check that £, is
a continuous operator for each z). Especially, the norm of this operator can be
viewed as a continuous function on the compact set that x is defined. So there is
a uniform constant ¢y such that ||r®|| < co||r(x,y)|| < c1cp for every z in the given
compact set. Since ||P||nq = 1, if ||r|| < ¢, then ||Py|]ng > 1 — ¢1. So when fix z,
|1Pi(y) — 7 (Y)||na > 1 — ¢1 — c1¢o. By the hypothesis, {ker(m;) N R} has uniform
power decay property. The result of the oscillatory integrals of the second kind

gives a bound of (2.5.7):

Cmin(1, [Py, y) + (2, )| [a0 A 7° HlllelLoo

(2.5.8)
< Cmin(L[[1 — exeal 25, MO [T 1l
i=1
Combine the two cases (2.5.6) and (2.5.8), we can conclude the result.
[l

2.6 Fourth tool: A-uniformity

In [7] and [13], a powerful tool called A-uniformity is introduced to deal with the
estimation of oscillatory integrals. This concept is inspired by a notion of uniformity
employed by Gowers [10]. Fix a bounded ball B C R¥. Let 7 be a small quantity

to be chosen later, let |A\| > 1 and consider any function f € L*(R*) supported in
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B.

Definition 2.6.1. A function f € L?(B) is A-nonuniform if there exists a polyno-

mial ¢(t), t € R*, of degree bounded by d and a scalar ¢ such that

1F = ¢l 2s) < (1= N1 22 s)- (2.6.1)
Otherwise, f is said to be A-uniform.

This notion depends on the parameters d, 7. Once they are fixed, f is A-uniform
is equivalent to | [ f(t)e=™Ddt| < [N "7/?||f||12(p). Sinceif f; is A-nonuniform, there
exists a polynomial ¢ of degree at most d such that | [ f(£)e Wdt| > |X|~/%|| f||r2(n)

Let ¢ = (f,e").

1f = {f e e l[Le =IIf1IZ2 = [1{f, e)IZ (2.6.2)
[{f, e D2

=1 - ——%— 2 2.6.3

<(L= AL (2.6.4)

From the above argument, we can also see that once ||f||z2 is bounded by some
constant, ¢ = (f, ') is majorized by a uniform constant independent of ¢.

In [7], the authors use the A-uniformity tool to prove that when every m; has one-
dimension range space and the number of functions is not too large, nondegeneracy
of the phase function can imply the corresponding oscillatory integral has power
decay.

In the setting of [7], each 7; is an orthogonal projection from R™ to a linear
subspace V; in R™ which is of same dimension k. They introduce the concept of
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the general position condition is to be any subcollection of {V;}7_, of cardinality
t > 1 spans a subspace of dimension min(kt, m).

In this thesis, we might want to extend the concept to linear spaces that are not
necessarily a subspace of R™ and may not have the same dimension. To achieve
this, we use ker(7;) instead. We say a collection of distinct linear subspaces {4, }ier
of R™ lie in general position if

dim(Njer,4;) = max{0, Y _dim(A;) — (|| — 1)m}
Jjelo
for any subset I of the index set I.

A collection of surjective linear map {m;} is said to satisfy the general position
condition if {ker(m;)} satisfies the general position defined as above.

Given the inner product structure in R™, denote U; to be the orthogonal com-
plement of ker(7;). In the case where 7; is indeed an orthogonal projection from R™
to U; C R™, these two definitions coincide. Since span(Uj,,...U;,)" = U;-N...NUj,.
dim(span(Uj,, ...Uj;,)) = m — dim(span(Uj,, ...U;,)) = m — dim(Ny<;<; ker(7j;)) =
min{m, tm — ., dim(ker(m;;)) } = min{m, >, ,., dim(Uj,)} for any subset
{j1,--.Jt} € {1,2..n}. In [5], the author also define the general position condition
that be more abstract. But when the range space of every linear mapping has

dimension one, these definitions are all compatible.

Theorem 2.6.2. Suppose that n < 2m. Then any family {m;,1 < j <n} of linear

surjective maps whose range spaces are one-dimensional lying in general position
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has the uniform power decay property. Moreover, under these hypotheses,

(o fa)| S CL+ A H||f]||L2

holds for all polynomials P of bounded degree which are uniformly nondegenerate
with respect to {m;}, for all functions f; € L*(m;(R™)), with uniform constants

C,e e RT.

Proof. Given the cutoff function 7, we can assume without loss of generality that
each f; is supported in some B; C R. We assume ||f;||zz < 1 for all j and ||
exceed some sufficiently large constant.

The proof divides into two parts depends on whether f; is A-uniform. Define

A()) to be the best constant such that

[IA(f1s e fo) | < AN H||f]||L2
If f1 is A-nonuniform, let ¢, ¢ satisfy (2.6.1). Then
[(fi = ce' s fu)] S AN = A7),

Where |c| is majorized by an absolute constant. Notice {m;}, still satisfies the

general position condition, so by the induction on the number of functions, we have
[Ia(ce™, foo fo)| < CHN(E", fo, . )| < CIAI77,
for certain C, o € (0,00). Combine the two terms, we have

[ (fr )l S AN = A7) + A7
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Since A(A) is the best constant, we should have A(X) < AA)(1 — |A|77) + |A]7°.
This implies A(A) < [A]777. Once we pick 7 < o, we then have A(\) < |A|7¢ for
some € > 0.

Now consider the case where f; is A-uniform. We may assume that n is strictly
larger than m since the theorem is already known in a more precise form for the
case n = m. See [16], [14]. Consider Wy = ", ker(m;), Wa = (),-,, ker(m;). By

the general position condition,

dim((") ker(7;)) = max{0, » _ dim(ker(m;)) — (m — 2)m} = 1

i=2 i=2

dim(ﬂ ker(m;)) = max{0, Zdim(ker(ﬂj)) —(n—m—-—1m}=2m—-n>0

i>m i>m

What’s more, by the general position condition, the intersection of (", ker(m;)
and ., ker(m;) is {0}. We can adopt coordinates (t1,t2,y) € R x R! x R™2
such that {(t1,0,0)} = ", ker(m;), {(0,t2,0)} C ;s ker(m;). Denote t = (t1,t,).

Since [TiL, fi o mj(ti t2,y) = TIjL, fj © mi(t1,0,0) + II7%, f5 © m;(0,t2,) =
172, fj o m;(0,t2,y), we can denote FY(ts) = [[[_, fj o mj(t,y). By the same ar-

gument, Fy(t) =[]}, , fj o m;i(t,y) and let [ be the linear mapping such that

GY(U(t)) = fiom(t,y), n*(t) = n(t,y). We have

/I\Ff’H%aHGyH%zdy=CHHfjH%z
j=2

/||F5H%2dy= c LI IE

i>m
and consequently,

S G el sy < UM P TL I

J
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For each y, consider

I = / AP0 Y (8) FY (1) GY(1(0)) (1),
R2
There are two kinds of y.

1. The “bad” parameters y such that PY can be decomposed in the form PY(t) =
Q1(t1)+Q2(t2)+Q3(l(t))+R(t) where Q; are real-valued polynomials of degree

at most d on R and ||R|| < |A|77, p will be specified later.

2. The “good” parameters y such that ||R|| > |A|7” under the above decompo-

sition.

For the good parameters, |A|?PY is at least a fixed positive distance from the
span of all polynomials Q1 (t1) + Qa(t2) + @3(I(t)), so we can apply theorem 2.3.1
and it suffices to show {m} U {m;};>n has uniform decay property, which is proved
by the induction hypothesis. Now the nondegeneracy norm of the phase function
APY is at least |\ - A7 = |A\|'™” and by the induction hypothesis, there exists some

constant p such that
X< CON) PN 2| B || 2 || GY 2
So
[ 114y < cax) Tl
J
For those bad parameter vy, let F¥(ty) = FY(t5)eP@(2) FU(t,) = FY(t;)eQt),

G(s) = GY(s)e @) 7y (t) = n¥(t)e™ O, By the equality
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1Y (t1, t2) = /e%(tlfﬁt2 (&, &) dérd,

Gt = [ 100G (e)dso,

If we denote [ : (t1,t2) — 11 + oty for some constant ¢y, ¢2, and let £ = —c2éy —&o,
= —c1é§o — &, then

Fit) = [ e,

Ft) = [ e R,

So we have

1Y) = ‘/ ()G (Ue)i (1) -
2.6.5

- ‘ /3 F~1y<_62£0 — &) FY (~arbo — E)GY (€)1 (€1, &) dEndErdta|
R
Notice AR is a polynomial of degree at most d and is O(]A\|'™") on the support

of ¢ € R%. By the principle of non-stationary phase, we have
(O] < CnINCPN (L + Je) =

for £ = (&1,&) and any N € N. Here Cy depends N and the C norm of n¥, which
is majorized by some constants times C" norm of n if supp(n) is fixed. Without
loss of generality, we can assume N = 4, then (2.6.5) < O||]§1y||Loo||]§2y||L1||éy||Loo
By the same argument, we also have |I3| < C||Z«§1y]|L1HFZQyHLmHéyHLw Making
use of a simply interpolation argument and Plancherel’s theorem, we get |Ij| <
CINE ol X2 1G e < OISO E ol ¥l 12 < CIN0=0 T, [l
So we can just pick p € (0, 1) close enough to 1 such that 4(1 — p) — 7= —e < 0.
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Combine, we get
AN < max((A]7 ATE2 AN (1= A7) + (A7),

So we can pick 7 and the corresponding p such that A(\) < [A\|=¢ for some € > 0.

]

Remark: This result partially solves the “light cone” problem when the number
of function is < 5. We should notice that when the dimension of the range space is
> 2, 2.3.1 can no longer been used. However,the “splitting” argument in the next

section will help to solve this problem.

2.6.1 Splitting

In this thesis, we will first generalize A-uniformity to the following lemma.

Lemma 2.6.3. Assume f,qg,...g, are functions : V. — C, where V is a vector
space with an inner product structure (,) where n : V — C is a smooth function
with compact support. If (f,n11i_; 9;) = || flle2 [Tieq 1gilloee, with |11, gillr2 <
[T Nlgille < 1 Then [|f — an T, gillee < (L= 5lel?TTzy gl lLoo)I| f|] 22, where

a = cl[ [l

40



Proof
(f = anﬁgi,f - anﬁgw
= (f. f) = (f, anﬁg» - <C”7f[19i7f> + <anﬁgz~,anﬁ9i> (2.6.6)
IR - a<f,nf!gi> - a<n1igi,f> + \amnﬁlgiuia

Plugina = ¢||f||z2 and (f, n I Tizy 9:) = el f1]2 [Ti= 193l | e, we get a(f,n 1Ty 9:)

a(n Tz g0 ) = [Pl f1IZ2 Tz 19l L. We should also notice that [ [Ti, gill7. <

1112 9l < [T gillooe since [T, gillze < 1.

(2.6.6) < [|f1[7> — 20eP[1£1[72 [T llgillzwe + IePILAA1Z [T gill.
i=1 =1
= (1= [e [T llgille )l f11Z2
=1
n 1 n
< (@@=l T lgllz + ZICI“H gil 211z
i=1 =1

1 n
= (- §!C|2H\|gi|\Loo)2HfH%2-
i=1
This gives ||f — an ], gillze < (1= 3lcl Ty Hgillz=) [ f]22- U

From the above lemma, given pand ¢ > 0, if (f,n [}, g;) = c||fllr2 [T—; llg:l|
with |c| > ||, we say [ splits into an [\, ¢;, since in this case || f —an [\, |2 <
(1= 3l PIE Ngillzo) 1 1]z

M. Christ develops the idea of “splitting” in [5] to reduce dimensions. He also
defines the general position condition in an implicit way and may be different from
the previous definition. However, if the kernel of each linear map is of codimension
1, these definitions are compatible.
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Let V,, = ker(m,). The main result of [5] is the following

Theorem 2.6.4. If a finite family of subspaces {V,} of R™ of codimensions k, €

[1,m — 1] is in general position and satisfies
2max kg + ko < 2m. 2.6.7
gk + D o < (2.6.7)
then {V,} has the uniform power decay property.

The coefficient of 2 in 2.6.7 is unnatural and the proof still applies in many cases
with a smaller quantity. For example, when k, = 1, the hypothesis 2.6.7 reduces to
n<2m-—1.

The following lemma in [8] could be proved by the above idea. It is also proved

by an alternate method, see [8].

Lemma 2.6.5. Let {m; : 1 < j < 3} be a collection of three surjective linear

mappings from R?>™ — R™ which lie in general position. Then

AN (1, fa, f3)] < (AP |na) ™ Hllfgllm

holds for all polynomials P: R*™ — R™ of degree < d and for all functions f; €
L2(R™), with constants C, ¢ depend only on m, d, . It is no loss of generality to

restrict attention to the case where R*™ is identified with R™ xRy, and Ty (v, y) = x

7"-2(1‘7y) =Y, 7T3(x7y) =T+ Y.
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Chapter 3

First result: Trilinear case

We already discuss about some results of the case where the number of functions
does not exceed 2, see [7], [14]. The general case of higher multilinearity has not
been thoroughly investigated. In this thesis, we will deal with the very general
trilinear case. Especially, we do not require the linear mappings to satisfy the

general position condition. Here is the result.

Theorem 3.0.1. Let {m;}}_; be a collection of three surjective linear mappings from

R™ to V; where 1 < dim(V;) <m — 1. Then
3
s for f)] < COA NP na) ™ [Tl (3.0.1)
=1
holds for all f; € L>®(m;(R™)) with uniform constant C,e.

Remark: though we do not require any geometric property of linear mappings,

we may still assume there are no 7,5 in {1,2,3} and i # j such that ker(mw;) C
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ker(7;). Since if so, up to a linear transformation, we may view f; as a function
defined on the range space of ;. This will reduce the trilinear case to bilinear case,

which has been discussed in Chapter 1.

3.1 First reduction: Get rid of the common space
By theorem 2.4.2, it suffices to assume
span(ker(my), ker(ms), ker(ms)) = R™.

If not, denote span(ker(m ), ker(ms), ker(ms)) as R. And let C' be the subspace of
R™ such that R™ = C' @ R. Then ker(m;) N C' = 0 by the definition of direct sum
decomposition. By applying theorem 2.4.2, it reduces to check if {ker(m;) N R} has
the power decay property. In this case, by the definition of R, ker(m;) N R = ker(m;),
i =1,2,3, so span(ker(m) N R, ker(m) N R, ker(m3) N R) = R. We assume there is

no i # j such that ker(m;) C ker(m;), so for every 1 <i <3, 0 C ker(m;) N R C R.

3.2 Second reduction: Get rid of the common in-

tersection of nullspaces

By theorem 2.5.1, it suffices to consider the case where ker(m )Nker(my)Nker(ms) = 0.
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3.3 Third reduction: Get rid of the intersection

of any two nullspaces

We claim it suffices to prove the case where ker(m;) Nker(m;) = 0 when @ # j.

If Wy = ker(m;) Nker(me) with dim(W;) > 0. From the previous section, we
can assume Wj N ker(ms) = 0. By choosing coordinate properly, we can assume
R™ = {(z,y,2)} and Wy = {(2,0,0)}, ker(m3) = {(0,y,0)}. Here {(0,0,z)} is the
complement of span(W7, ker(ms)). It is possible that this complement is {0}. If it is
indeed {0}, we can identify 73 as (z,y) — (z), m(z,y) = m(0,y), i = 1,2. (3.0.1)

can be written as

[P (m1(0.9)) om0, ) ol )y (3:3.1)

= (/ M) fo (@) () dx) o (1.0, ) fo(ma(0, ) dy. (3.3.2)

By the splitting lemma, we can replace fs3(z) by ¢®?@ for some polynomial p(z),
and replace n(z) with n/(z) for some smooth function 7'(z) of compact support.
Then the problem is reduced to the bilinear case.

If the complement has dimension greater than 0, we can identify w3 with the
projection (z,y, z) = (x, 2). m(z,y,2) = m(0,y,2), 7= 1,2. (3.0.1) can be written

as

[T im0, ) om0 Do g 2dadyds (3.33)

= /(/ ei’\Py(””’z)ff(m(O, 0,2))f3(m2(0,0, 2)) f3(z, 2)n(x,y, 2)dzdz)dy (3.3.4)
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where PY(z,z) = P(z,y,z), f/(m(0,0,z2)) = fi(m(0,y,z)) for i« = 1,2. For fixed
y, by the splitting lemma, one can replace f3(x,z) with fi(z), and n with some 7’
The phase function AP(z,y, z) —Q(z, z) for any polynomial @ is still nondegenerate
relative to {ker;}, ¢ = 1,2, 3, with the same nondegeneracy norm. Now 73 is replaced
by the projection (x,y, z) — (z2).

Notice now ker(m; ) Nker(my) Nker(ms) = Wy, by the same method of last section,
the problem is reduced to check whether {ker(m;)NR}, i = 1,2, 3, has uniform power
decay property in the ambient space R = {(0,y, 2)}. Notice in R, (ker(m )N R) N
(ker(m) N R) = 0. We should also check that ker(m;) N R # 0. Actually, if there is
any ¢ # j such that ker(m;) C ker(rw;), the problem can be reduced to the bilinear
case so we can just assume there is no ¢ # j such that ker(m;) C ker(r;). From this,
we have Wy C ker(m;), i = 1,2. So ker(m;) N R has dimension greater than 0 for
i=1,2.3.

By this argument, we can assume without loss of generality that ker(m;) N
ker(my) = 0. Repeating the same argument, one can then assume ker(7;) Nker(7;) =

0 when i # j.
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3.4 Fourth reduction: Any two nullspaces span

the ambient space

In this section, we will show it suffices to consider the case that
span(ker(m;), ker(m;)) = R™.
when ¢ # 7. If not, without loss of generality, we can assume
span(ker(my), ker(my)) € R™.
By the previous section, we can conclude
span(ker(my), ker(ms)) = ker(my) @ ker(my).

Let ker(7;) is spanned by a set of vectors {y}, ker(ms) is spanned by a set of vectors
{z}. If span(ker(m), ker(my)) € R™, since

span(ker(my), ker(ms), ker(mz)) = R™,
there exists a set of vectors {z} linearly independent of {y,z} such that {z} C
ker(m3) and R™ is spanned by {z,y,z}. Without loss of generality, by choosing
coordinate properly, one can identify m; as the projection (z,y,2) — (z,2), m as
the projection (z,y,z2) — (z,y), m3(x,y,2) = m3(0,y,2). The integral (3.0.1) can

be written as

/ eiAP(%y’Z)fl(x?Z)f2($7y)f3<7r3(07y7 z))n(:p,y,z)dl’dydz (341)

:/ ( / M@ £ (2, 2) () L (m5(0,0, ), y, 2)dedz)dy (3.4.2)
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where

Py<x7z> = P(;C,y, Z)’ny(Z) = f2<y72),fg(71'3(0,0,2)) = f3(7T3(07y7 Z))

By splitting lemma, fi(x,z) can be replaced by fi(z)gi1(x) for some f], ¢1,
while we can denote f}(x,y) = g1(x)fa(x,y). n is replaced by a corresponding 7'.

P'(x,y,z) = P(z,y,2) — Q1(x, z) for some polynomial @);. The integral becomes

/ M) £1(2) fi, ) fa(ma (0, y, ) (2, y, 2)dadydz

By the same argument, fi(x,y) can be replaced by f(y). The integral becomes

[ ) 1) a0, ) )y

Here 7 is replace by the projection L, : (x,y, z) — (), ms is replace by the projec-
tion Ly : (x,y,2) — (y). Here the phase function P”(x,y, 2) is still nondegenerate
relative to { L1, Lo, m3} with nondegeneracy norm no less than 1.

Now we should notice that ker(m) Nker(my) Nker(ms) = {(z,0,0)}. By the same
technique applied before, if we denote R = {(0,y, z)}, the problem is reduced to
show the corresponding linear mappings {ker(m3) N R, ker(L,)N R, ker(Ls) N R} have

power decay property. In this case,
span(ker(L1) N R,ker(Ls) N R) = R.

One should also check that (ker(L;)NR)N(ker(Ly)NR) = 0. And (ker(L;)NR)N
(ker(m3) N R) = 0. Since ker(m;) = {(x,y,0)} and by the assumption of the previous
section, ker(my)Nker(ms) = {(x,0,0)}. We also have (ker(Lo)NR)N(ker(ms)NR) = 0
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by the same reasoning. That means after this reduction, the linear mappings we
are dealing with still satisfy the assumption of the previous section.

Without loss of generality, we still use {ker(m;)}?_, to denote the kernel of the
linear mappings. Now we check the previous assumption still holds, that is, ker(m;)N
ker(m;) = 0 for ¢ # j and what’s more, span(ker(m), ker(my))=R".

Let span(ker(ms), ker(ms)) = Wy, By exactly the same argument, we can set
ker(me) = {(0,9,0)}, ker(ms) = {(0,0,2)} and {(z,0,0)} C ker(m) while R™ =
{(z,y,2)}. If we identify m with (z,y,z) — (z,z2), m3 with (z,y,2) — (z,9),
and let m(x,y,z) = m(0,y,2), by the splitting lemma, it suffices to replace
with the linear mapping Ls : (z,y,2) — (2), and replace w3 with L3 : (z,y,z) —
(y). Now ker(m;) N ker(Lqy) N ker(Ls) = {(z,0,0)}. Let R = {(0,y,2)}. The
problem is reduced to check {ker(m;) N R}?_, has the power decay property. One
can check {ker(m) N R,ker(Ly) N R,ker(Ls) N R} still satisfy the condition that
(ker(m) N R) N (ker(L;) N R) =0, i = 2,3 and (ker(Ly) N R) N (ker(Ls) N R) = 0.
What’s more, one also need to check that span(ker(m;) N R, ker(Ly) N R) = R. Here
R = {(0,y,2)}, so ker(Ly) N R = {(0,y,0)}. Since R™ = {(x,0,0)} & {(0,y, 2)},
there exists a subspace U of the space {(0,y, z)} such that ker(m;) = {(x,0,0)}®U.
And ker(m) N R = U. We already know span(ker(m), ker(m)) = R™, this implies
span(U, {(0,y,0)}) = {(0,y, 2)}. And this shows span(ker(m )R, ker(Ly)NR) = R.
So we can repeat the above argument till ker(m;) and ker(7;) span the ambient space

for any pair of i # j.
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3.5 End of Proof

By the previous assumption, we can assume
span(ker(m;), ker(m;)) = R™
for i # j and ker(m;) Nker(w;) = 0. That is,
dim(ker(my)) + dim(ker(ms)) = m
dim(ker(ms)) + dim(ker(ms)) = m
dim(ker(m;)) + dim(ker(ms)) = m
So we must have every 7; is a surjective linear mapping from R™ to R* where
= 2k, i = 1,2,3. If one can check, {ker(m;)}3 ; actually satisfy the general

position condition in [7] and [8]. By the result below in [8], we can conclude {7;},

1 = 1,2, 3 has uniform power decay property.

Lemma 3.5.1. Let {m; : 1 < j < 3} be a collection of three surjective linear

mappings from R*™ — R™ which lie in general position. Then

w

(L) (s f2r f)l < (IM1P][na) ™ H | f5l2

holds for all polynomials P: R*™ — R™ of degree < d and for all functions f; €

L2(R™), with constants C, ¢ depend only on m, d, 7.
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3.6 Transverse splitting condition

Theorem 3.0.1 can be used to deal with some multiliear cases. Besides the general
position condition, we want to introduce another kind of special structure of the
surjective linear mappings that also has been discussed in the work of Christ [5]

though his notation might be more abstract.

Definition 3.6.1. A set of linear mappings {m; }ic; : R™ — R* with nullspace V;
is said to satisfy the transverse splitting condition if they satisfies general position
condition and, without loss of generality, if assuming dim(V}) = min;e; dim(V;),
I\{1} can be divided into two disjoint groups Iy, I5 such that:
(m — dim(V1)) + 3 (m — dim(V})) < m,
jeh

(m — dim(V4)) + Z(m —dim(V;)) < m.

JEl2

Remark: one example of the above definition is the one dimensional range space
case where the number of functions does not exceed 2m — 1 and those linear map-
pings lie in general position. Actually, theorem 2.6.2 can be extended to the follow-

ing corollary.

Corollary 3.6.2. Any collection of surjective linear mappings {m;} defined on R™

that satisfies the transverse splitting condition has the uniform power decay property.

Proof. Let V; = ker(m;), 1 <1i < n. Without loss of generality, assuming dim(V;) <

dim(V3)... < dim(V},,), such that I\{1} can be divided into two disjoint groups I;,/5
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such that:

(m —dim(V))) + Y (m — dim(V})) < m,

jeh

(m — dim(V3)) + Z(m — dim(V})) < m.

Let X1, ¥ be the linear mapping such that ker(3;) = Ny, ker(m;) and ker(3,) =

Nier, ker(m;). Notice by the general position condition,

dim(span (ker(m), ker(3:)))
= dim(ker(m)) + dim(ker(3;)) — dim(ker(m; ) Nker(X;))
— dim(ker(m)) + dim(ker(%;)) — max{0, dim (ker(r, )

+ dim(ker(%,)) — m}

= dim(ker(m)) + max{0, » _ dim(ker(r;)) — (|| — 1)m}

jeh

The same argument shows dim(span(ker(my), ker(23))) = m.

If f; is A-uniform,

Bff) = [ O] smnte)ds
i=1 (3.6.1)

=/;W@mmma@mmmxmmwm
Here G1(21(2)) = [Ligy, filmi), Ga(32(x)) = [ ey, fi(mi).

There are two cases:

1. P is nondegenerate relative to {my, X1, ¥2}. And the nondegeneracy norm is
> |A|7¢. This case is proved by theorem 3.0.1.
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2. P’s nondegeneracy norm relative to {m, X1, X9} is < |A| 75

In case 2, let 7}, 37 be the adjoint of m;, ¥;. That is, (m(z),y) = (z,7](y))
for any z € R™ and any y € V;. Define [} : V} x Vo — R™ : (&,&) — 75 (&) +
¥5(&). We want [; to be linear and injective. Linearity is trivial. We just need to
show injectivity. That is 7f(&1) + £5(&) = 0 implies & = & = 0. We will show
span(ker(m; ), ker(X;)) = R™ can guarantee this. Notice ker(m;) = im(7})* for 1 <
i < n. So span(ker(m; ), ker(3;)) = R™ implies span(im(7;)*,im(X;)+) = R™. For
span(im(7})+L, im(37)1) = span(im(7})Nim(X3))+L, which gives im(7})Nim(X}) = 0,
so w1 (&) + 27(&) = 0 implies 77(&) = Xi7(&) = 0. Since m; is surjective, we
have 7}, X7 is injective , which gives { = & = 0. The same argument shows
lo: Vi x V3 = R™: (&,&) — w5 (&) + 25(&3) is also injective.

Plr) = Pi(m(z)) + Qu(%1(2)) + Q2(Xa(2)) + R(x) where [|R[[,a < [A[™. Let

Fi= fr-ePPEE) G = @ ePUm@) ] <<= g M)

(36.1) = [ Fi(€)G1(E)CalE)ii(mi (1) + Th(&) + Th(6s))dErdéadEs.

It suffices to show supg, [ [ [7(7](&1) + 35 (&) + 23(&3)) [dérdEs < C|A[*~°, which
is guaranteed by the injectivity of [ : V} x Vo — R™ : (£1,&) — 71 (&) + 25(&).

If f; is A-nonuniform, the problem is reduced to I)(fa,...f,). By the induction
hypothesis, {7}, still satisfies the transverse splitting condition. Keep repeating

the above argument till the number of function is < 3, by theorem 3.0.1, we know

the integral has the uniform power decay property. O
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Chapter 4

Second result: Generalization of

one dimensional case

In this chapter, we will discuss a generalization of the one dimensional range space
case. In [7], the authors already discuss about the case where n < 2m — 1. However,
higher multilinearity case has not been studied yet. Essentially, if a phase function
is “very” nondegenerate, like it is simply nondegenerate or has very high nonde-
generacy degree, then the corresponding oscillatory integral has the power decay
property no matter what the structure of the linear mappings might be. Or, if
the linear mappings satisfy the transverse splitting condition for instance, then the
phase function being nondegenerate is sufficient to ensure the power decay property
of the oscillatory integral. The second result in the thesis, which is listed below,

provides a good trade off between the nondegeneracy degree of the phase function
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and the structure of the linear mappings.

Theorem 4.0.1. {m;}, is a collection of surjective linear mappings defined on R™
whose range space is one-dimensional for each i. Assume {m;} satisfies the general
position condition. If there is an integer k < d — 1 such that n < k(m — 1) +2 and
P is a polynomial with nondegeneracy degree > k + 1 relative to {m;}I,. Then we

have

L Sl S CAHIA D Billaa)™ [T 1112 (4.0.1)
j=1

i>k+1
for all f; € L>(m;(R™)) with uniform constant Ce.
Sketch of the proof:
The proof of the theorem is by induction and divided into several steps. First
we introduce some helper mappings. For a fixed 1 < s < m — 2, we define a linear
surjective mapping X5 on R™ such that ker(X;) = ker(m(z)) N ... Nker(ms(x)). For

each s, there are two cases:
1. P has small nondegenerate norm relative to {m;, ¥}.
2. P has large nondegenerate norm relative to {m;, 3,}.

The question is, how we define “small” and “large” as above? Actually, the thresh-
old of “small” and “large” is different for each s. By choosing proper threshold for
each s, we can guarantee either the second case happens or if the first case happens,
we can keep going to s+ 1 or we can prove the oscillatory integral has power decay
property. We call ¢ the helper mapping.
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For s = 1, the helper mapping has the same kernel of 7. So it is just {m;}",
and the second case holds. We then assume for cases k less than or equal to s, the
second case hold, and we now consider case s + 1.

If the first case holds, P is essentially a polynomial defined on the comple-
ment of ker(X;,1). By choosing coordinate properly, we can assume 7;(z1, ...xT;,) =
7:(0,...0,24,0..0) for 1 < i <m. And [[Z] fi(mi(z)) can be viewed as function de-

fined on the complement of ker(3,,1). By the TT* method, essentially the integral

becomes

Iy _/ei/\P(x)fl(7T1(951))f2(72($2))--'fm(ﬂm(xm))---fn(Wn(l’))ﬁ(fc)dx
Z/G(-’Bu--xs,xs+2--asm)f1(7r1(931))---fs(ﬂs(Is))fs+2(7rs+z($s+z))---

fon (T (Tm))dxy ... drsdrsis...dxyy,.

Here
G(T1y ooy Ty Ty 2y eeey Ty

= [ O s T ) o)) () 1

We will show the new phase function P(zq,...2) — P(21, .25 + Ys, ...Ty) 18
nondegenerate relative to {msi1, Tmi1, .- }. We will choose a proper linear differ-
ential operator that vanishes on all degenerate polynomials but not the new phase
function that we are dealing with. Basically, this differential operator is a product
of the normal vector, similarly defined as the one in simple nondegeneracy 2.2.6.
To prove the new phase function is nonvanishing under this differential operator,
we need the nondegeneracy degree of P to satisfy the assumption in the theorem.
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If it is the second case, we keep going to consider s 4+ 2 and repeat the above
process. Finally we will reach the case where s = m—1. Notice the helper mapping’s
range space has codimension one and it turns out that it can be solved by the same

codimension one argument as in 2.3.1.

4.1 First step: Induction settings

We prove theorem 4.0.1 by induction on k.
By theorem 2.3.1, we can assume m > 3. Without loss of generality, we also
assume || Zi2k+2 Pi||nd(m,1§i§n) =1L

When k£ =1 and n < m+ 1, it is concluded by theorem 2.1 in [7] that

I (fro o f)l < CO+[IAPaa) ™ T 11l (4.1.1)
Jj=1

Since the space of all polynomials of degree at most d is a finite dimensional space,

every norm defined on it is equivalent. So we have

||P||nd(7ri,1§i§n) 2 C|| Z BHnd(m,lSign)
i>k+2

with ¢ an absolute constant depends only on the choice of norm. So

(4.1.1) < "L+ [N Y Pillaa) T 1l
=1

i>2
for some constant C’.
Assume the theorem holds for any 1 < t < k. We now deal with the case

t = k+ 1. Now fix P. By the assumption, the highest-degree nondegenerate
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homogeneous part P; of P has degree i > k+ 2. If n < k(m — 1) + 2, by the
same argument, we have || ZiZk—i—l Pyl |nd(rin<i<n) > €| Zi2k+2 Py||nd(r:1<i<n) With
¢ an absolute constant depends only on the choice of norm. By the induction
hypothesis, (4.0.1) holds true. So we can write n = k(m—1)+2+¢, 1 <i<m—1.

Let W, = ker(m (x))N...Nker(ms(x)) and denote 35 be any projection defined on
R™ with nullspace Wy, 1 < s < m—1. For any given fixed P and fixed 1 < s < m—1,

we will show one of these cases must be true:

L || > iskto Pillnd(m,s.) < €s. Here the nondegeneracy norm is taken relative to

{mi, X5}, 1 <i < n. Then (4.0.1) holds true.

2. || Zi2k+2 Pi||nd(7ri,25) > €.

Let ¢, = 1. We will continue to pick up €5, 2 < s < m — 1. The way of picking up
€s will be specified later but now we can assume ¢; > €;.1, 1 <i <m — 2.

When s = 1, Wy = ker(m(z)). {m,...m,, Xy, P} is the same as {7y, ...m,, P}, So
1> iskso Pillnd(ri 1<i<nsy) > € holds true.

Assume we know for 1 <u < s <m — 2, case (2) holds true. We now consider

u=s+1.
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4.2 Second step: Phase function has small non-

degeneracy norm relative to helper mappings

I || D ishio Pillndr,s.1) < €541 is the case, that is, the phase function has small
nondegeneracy norm relative to helper mappings.
We write P = Zf:o P;, where P; is the homogeneous part of degree i, then we

have
P = Qi(Xs1(2)) + Ri(z) + ZPij(Wj(w))a (4.2.1)
j=1

for i >k +2, with |[ Y 5,0 Ri(2)|] < €511

By the induction hypothesis of s, there exists some ); with ¢ > k + 2 such
that @; is nondegenerate relative to {my,...m,, 3} since €5 > €541. Let @, has
the highest degree among those homogeneous part (); that is nondegenerate with
respect to {m,..m, Xs}. Then r > k + 2. Without loss of generality, we can
also write Q; = Qi(¥s(x)) + D27, pij(m;(x)) for i > r. Without loss of generality,
> i1 pij(mj(z)) could be assigned to f;. To summarize it, we write

Pz) = Y Br) + ) QE@) + Y QiZa@) + ) Ril)

i<k+2 i>r k+2<i<r k+2<i
Notice || Zizkm Qi(Zs41(2)) + Zi2k+2 Ri(@)|nd(r; 1<i<n,s.) = €5 and

1> iskee Ri(®)]] < €541, which implies

1Y QiCa1(2))lIndimagicns,) > € — €1 (4.2.2)

k+2<i<r
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By the general position condition, denote I be any subset of {1,2...n} with cardi-
nality m, dim(N;esker(m;)) = 0, dim(N;epx ker(m;)) = 1 for any k& € I. Without
loss of generality, let I = {1,2...m}. Pick any nonzero vector e; € N\ ker(m;),
since it is one-dimensional, the vector we pick is unique up to a scale. We claim
these m vectors are linearly independent. If not, without loss of generality, sup-
pose e; € span{es,...e,,}. By definition, e; € ker(m(x)) for any i € {2,...m}. So
span{ey, ..., } € ker(my(z)). Thus e; € ker(m(x)), which implies e; € N;ey ker(m;).
But Njes ker(m;) = 0, contradicting the assumption that e; is a nonzero vector.
So these m vectors is a basis of R™ and we can have the corresponding coordi-
nate. Notice for any fixed k with 1 < k < m, e; € ker(m) for j # k and
1 <j<m. Let x = (x1,..20) € R™ we have m(x) = m(0,..,0,2,0,..0) +
(21, ooy To1, 0, Ty 1.t) = (0, ..,0,24,0,..0). To make the notation easier
to read, we will write mp(xg) as m(0,..,0,24,0,..0) for 1 < k < m. Actually,
span;cp i€} € ker(m,) and has dimension m — 1. So span;cp,{ei} = ker(my).
Wy = ker(m(z)) N ... N ker(mg(z))), so Xs(x) = E4(z1,...25,0..0). We will also

denote ¥g(x1, ...x5) = 3g(x1, ...75,0..0). Then

I - / NP i (11 (21)) fo (2(72))Fon (o () o () ()
—/ G()e Dior Q) £ (1 (21)) .. oy (20)) frra (T (@er2) o

(T () )day .. dxsdrsio...dxy,.
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Here

G(T1y ooy Ty T g2y eeey Ty

- / 6i>\(2i<k+2 Pi+z}€+2§i§r Qi+2i2k+2 Ri)fs—f—l (7Ts+1 <x8+1))

S (T (@) fr(Tn () )0(2)d g 11

By Cauchy-Schwartz inequality,

I, < (/|G(x1,...,xs,xs+2,...,:Em)|2dx1...d$5da:8+2...dxm)é H || fill -
itst+l

We want to show for some € > 0,

1
/]G(a:l,...,a:s,a:s+2,...,:cm)|2d:1:'1...d:csda:3+2...dxm)2

<o+ IT Il
i€{s+1,m+1,..n}

We write J(z) = 3 ocic, Qi(Bsi1(@)) + D4 poey Bi(®) + X icpyy Pi(T).
/ | /eiAJ(x)fs-H(7T5+1(ms-l-l))fm—l—l(7Tm+1(ZL‘))...fn(ﬂn(x))n(gj)dgjs+l|2
dxl...d:z:sdxsw...dxm)%
—( / < / A1) =T (@1 a1 et an)) Vet (e ()
Eoit (g () Ee (0 () )t (x)dxl...dazsdx8+1...dxm> dysﬂ)%

1
< / L, dyess)?.

Here
FY (me)) = lme) Fmlon, e st + Y, Tt )
fork=s+1m+1,..n.

77y5“<x) = U(x)ﬁ(l’h - Lgy L1 + Yst1, Tst2, l’m)
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I

— NI (@1, T ) =T (T1, Zs £ 1HYs 415 Tm)) Yst1
Ys+1 /e ° ° Foq (778+1(x8+1)>

Eri (Mg () FP (mn (2) )Y+ () dy .. dgd gy . ATy,

The phase function becomes

J(x1, @) — J(X1, oo Zs1 + Ysi1s - Tim)

= Z (Qi(Ess1(2)) = Qi(Xsy1(21, - Tor1 + Ysy1, - Tm)))

k+2<i<r

+ Z (RZ(I‘) - Ri(xl, Lol + Ys+1, Im))

+ ) (Pix) = P21, o ogr + Yos1s - Tm))-

Define H*+1(z) = JZ 15 (2) = Jispra(T1, ) = Jispra (21, - Zog1 +Zsg1, - Tm).-
We consider the quotient space of all polynomials of degree < d — 1 modulo sum
of the subspace of all degenerate polynomials relative to {mgi1, Tpmyi1,...m} and
the space of polynomial of degree < k + 1. If this quotient space has an inner

product structure and the norm is induced by the inner product structure then
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|z

. . 8+1 .
iobr | rd(ress w18 @ polynomial of 2°*1 since

| |H1Z;zirl | |nd (Ts41,TmA1,---Tn)
:|| Z (Ji2k+2(l'1, ZL’m)
j>k+1
- JiZk-&-?(*Ila L1 + Zg41y +ne )) ||nd (Ts41,Tm+41,e--Tn)
0Ji>k+2 1 82J‘>k+2
Iy 2t (G () + > sl o)
>kl s+l j>k41 Ts+1

(—1)4 04 Ji> 1,
S CA

) ||nd (m )
] ax s+1,Tm-+41,---Tn
J>k+1 S+1

d d
—1)+t) ohJ; o,
D) DR MR SELAE N SEka )

h=1 t=1 >k+1 07511 >k+1 0511

Now we will show for proper e, || Ziz“l(awsﬂ) || nd(ms i=s+1,m+1..n) could be greater
than a constant ¢ > 0.

Consider the vector space T' consisting of polynomials of the form 7" | p;(m;(z))+
Po(Xs+1(z)) whose degree is < d. Let L; be the space of polynomials of the form
Yo pi(mi(2)) + po(Xs41(z)) whose degree is < k+1 and Ly be the space consisting
of polynomials of the form Y " | p;(m;(z)) + po(Xs(z)) whose degree is < d. Let L
denote the quotient space of T modulo L; + Ls. Then L is a finite dimensional
space with a norm |[ Y5, o Pillnd(m;,1<i<nx,) for any polynomial P defined on it.

Let H be the space consisting of all polynomials of degree < d modulo the sum
of polynomials of the form » 7" . pi(mi(x)) + psp1(mer1(2)) and polynomials of
degree < k. H is also finite dimensional with the norm || Zz‘zk+1 Py||nd(m:1<i<n)-

We now define an operator h : L — H by h(l) = 8;1 - This is well-defined.

Since if t1,ty € T with ¢, = £y in L, then t; —ty = > 1 qi(m(2)) + qo(Xs(2)) +
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p(Xs11(x)) for some polynomials p, q;, 0 < ¢ < n with degree of p is < k+ 1. So

8(t1 —t2)

el Yo G(mi(2)) + oy (i) + WE:1@) g1 some polynomials ¢}, and

? BIS+1

the degree of W(Ee1(@) g < k, which is 0 in the quotient space H. Also, h is

azs+1
linear and continuous. If we define the function hg on L by ho(l) = ||h(])||lg =
I ZiZk-i-l(%)’A|nd(7ri,i=<9+17m+1mn)‘ Then hy is continuous.

Let A be the compact set {l : ¢ < [[X s piolillnd(macicnzy < C} oon L,
where (' is an absolute constant > 2, ¢ will be chosen later and ¢ < 1. hg is
a continuous function on L, So it attains minimum in A. What’s more, since
ho(al) = |alho(l) where a € R is a scalar, if ho(I°) = infieaho(l), we must have
||Zi2k+2 lz‘c“nd(m,lgign,xs) = mfleA||Z,-2k+2 li||nd(7ri,1§i§n7zs) = c. If welet ¢ =
€s —€s11, then for any P € A, there exists a constant C'; independent of P such that
ho(P) = Ci(es — €54+1). Notice [| 304 ocic, Qi(Xst1(2))|Ind(mi1<i<n,5,) = € — €541, SO
we have ho(Q_y aci<, Qi(Est1(2))) = Ciles — €541).

It is left to show this constant C; is nonzero. To make the proof easier to read,
we will postpone it to last step.

Consider the space consisting of polynomials of degree < d modulo degenerate
polynomials relative to {m;,1 < i < n,¥,}. It is also a finite dimensional space.

Notice || D ispps Bill < €511, 50

i Z Rillnd(mi1<i<ns,) < €st1.
i>k+2

OR

By the same argument, we see || Ei2k+1(8a:s+1

)i”nd(m,i:erl,erl...n) < Cz€s+1 for some

constant Cy independent of R.
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So now we can pick €,11, 1 < s < m—3, such that Cy(es—€541) > 2C5€5,1. Then

I Zizkﬂ(%)ﬂ|nd(7ri,i=s+17m+1.--n) > Cyeqsq1 > Orelative to {m;, 7 = s+1,m+1..n}.

2

(a1 1) is not identically 0

From the above argument, we see ||H; 3% ||
and it is of bounded degree as a polynomial of z,,1. So there exists C, such that

for any compact set B in R of bounded radius, for any ¢ > 0,

Al = {2 € B |[HZ I, ) < et <), (4.2.3)

nd(ﬂ'5+1 sTm+1y---Tn

Since || H 23 1|2 aira s monssmny 18 @ polynomial of bounded degree, §(.J) could be a
uniform constant independent of J. We now want to prove the constant C(.J) is
uniform.

Consider the quotient space T of polynomials of degree bounded by d modulo
the sum of degenerate polynomials relative to {m;, 1 < i < n, ¥} and polynomials of
degree < k+1. The set of polynomials in 7 such that ¢; > || P> g2 || nd(m1<i<n,n,) =
¢ is compact, for any constants co < ¢y.

Define a function [ on Ty by I(P) = || Pi>g+2||nd(mi1<i<n,n,..), then [ is a well-
defined and continuous function on 71 since if [(Py) = [(P,) then } o, o (P1— )i is

degenerate relative to {m;, ¥} which is also 0 under the norm ||-||,q(r,,1<i<n,».,,) and

s+l
12 is k2 (P)jlndmsi<icn sy = 1| 2 ispra(P2)jllndema<icn s | S s ppa(Pr —
Py)jllndrii<icnsn) < 12 sksa(Pr = Po)jllndrii<icnz,). So the set of P in Ty
such that [(P) < c3 is closed for any c3. Thus the subset A; in T3 with A; = {P :
c2 < ||Piskrallndim i<icnsy) < ¢ || Piskr2||nd(rs1<i<ny) < €3} is compact in 7.
The polynomial J lies in A;. Once we define an inner product structure on the
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space V of polynomials of degree bounded by d, for any subspace W of it, we can

identify V/W with W+. Thus <Zj2k+1(ah‘]’2k+2)j, Zj2k+1(8tji2’“t2)j> should vary

8xs+1h 6-733+1

continuously with respect to J for every h,t. So the constant C'(J) defined on 2.1.1
is continuous with respect to J. Thus there is a uniform constant C' such that

{21 € B [[HZ ) < e < e

NAd(Ts1,Tm+41,--Tn
This means for any ¢ > 0 except for a set of measure < ¢, the nondegeneracy

Zs+1 .
norm of H;3;', > e with respect to {Tss1, Tmi1, -..mn} for nonzero z,,1. By the

induction hypotheses, the number of function isn —m+1 < k(m — 1) + 2.

n

Lo (Fat, B F)| < C(L+ D) NEZ Mz T NES |l
j=m+1

<O+ D) fonllie TT [1ill7s

j=m+1

for some ¢’ > 0. Since n(x) is compactly supported in some bounded set B. zg;1 is

also bounded by some compact set Bgyq. If € ~ |A|77 for some 7 < 1, this gives

1 1
LHS < ( / L, dyess)? + ( / L, |dyssn)}
ANBs41 ACOBS+1

<o+~ I Al

i€{s+1,m+1,...n}

for some €.

4.3 Third step: Nonzero lower bound

In this section we will prove C} is nonzero. That is, for any nonzero polynomial ¢

oQ

0T s41

in L, we want to prove is nonzero in H. If we write Q =, ., Q;, where
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0Qr
OTs41

@, is nonzero in L, r < d, then it suffices to show is nonzero in H since @), is
@’'s highest degree term. Without loss of generality, we write @, = Q,(Xs11).

If not, 6%%%1“ can be written as psi1(Ts41(Ts+1)) FPms1 (M1 () +...pp (70 (2))
for some polynomials pi1, Pmi1,-.-Pn- Given the inner product structure and the
coordinate we already choose, for every m+1 < i < n, since V; = ker(m;) is of dimen-
sion m—1, we can always find its orthogonal complement U; which is spanned by one
nonzero vector u;. This w; is unique up to a scale. m;(R™) = m;(V;)+m;(U;) = m;(U;).
Notice by the general position condition, 7;(0,...0, 51,0, ...0) is not identically zero
for m +1 <4 < n. Since {(0,...0,2,1,0,..0)|Ts11 € R} = Miefr2..5,542,...m} Ker(my)
and Mie(12..5.5+2,.m,q} Ker(m) = 0. This means if we write u; = ale; + ...al, e,
then a’,;, # 0 for m +1 < i < n. So there exists some polynomials g1,
Gm415---Gns ¢ such that Q. o X1 (@1, .. Tsp1) = @1 (Teg1(Ts41)) + Gt (Tgr (x)) +
cin(mn () + (21, 29, . s, T2y .. Tp). FOT @1, ...qn, there are n — m = (k —
1)(m — 1) + i + 1 many polynomials, 1 < ¢ < m — 1. For every fixed 1 < j <
k=1, dim(Nj(m—1)42<i<jm—1)+m ker(m;)) = 1. Notice Mjm—1)12<i<jm—1)+m ker(m;) =
(SPA (1) 2<i<j(m—1)+m (Ui)) "5 SO SPAN (1) {ocicjm—1)4m(Ui) is @ m — 1 dimen-
sional subspace. So there exists [; which is a normal vector to this subspace.

Let L; =1;0V. Then L;(u;) =0 for j(m —1)+2 <4i < j(m — 1)+ m. Thus
Liqim—1)+t(Tjm-1)+6(%)) = Ljqjom—1)+¢(Tjom—1)+¢(Tjom—1)¢)) = 0 for 2 < ¢ < m,
here (n—1)+¢ 18 the orthogonal projection of x to Ujum—1)4: Since @, = Q, o

ZJs-i—l (xla ...$5+1), Gs+1 = 4s+1 (7Ts+1 (xs-i—l)) and 1 <s< m_2a we have %Qrozs—i—l =
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0
OTsy1

0, %%H(Wsﬂ(ﬂfsﬂ)) =0 and q(T1, .2, Toya, ... 0y) = 0.

For the rest polynomials, notice n = k(m — 1) + 2+, 1 <i < m — 1, there are
n—(k—=1)(m—1)—m = 1+ 4 many of them. spany, 1);o<i<k(m—1)+1+i(Ut)
has dimension . We can always find a normal vector [, of this subspace but
lr is not orthogonal to w,. Since if wu, is orthogonal to every normal vector of
SPAN (1 1)+ 9<t<k(m—1)+14+i(Ut), We have w, € spany,,_1)ioci<pim—1)11+i(w). But

this contradicts the general position condition. Similarly, we have L, = [, o V.

Lk‘Qk(mfl)th(Wk(mfl)+t<x)) = 07 2 S 14 S 1 +2 S m, but
Lka(m71)+i+2(Wk(m*1)+i+2($)) 7£ 0

for any gp(m—1)+it1(Te@m—1)+i+1(x) of degree > 1.

0Ty Ox

Consider L = =2 ‘jﬂ Hle L;, then Lg,(m,(x)) must be 0. By the general
position condition, wu, is not orthogonal to any l;, 1 < j < k or €411, ey, which
means degree of g, is < k+1. Same argument shows deg(g;) < k+1, m+1 < j <n.
Since ), o X511 is a homogeneous polynomial with degree r > k + 2, if we just see

the highest degree part, we get

Qr(Bsr1(w1, - Ts41)) = Psr1(Teg1(Ts41)) + @21, - T, Tr2, o Tim),

let x; =0 for s+ 2 < i < m, we see

Qr<23+1(1}1, ---$3+1)) = ps+1(ﬁs+1('xs+1>) + q<£lj'1, ..Tg, O, O),

q(z1,...25,0,..0) is a polynomial defined on K, = {(z1,...25,0..0)|z; € R;1 < i <

s}.
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If we denote 7. to be the orthogonal projection from R™ to K, then the
nullspace of it is W,. So there exists a polynomial ¢’ such that ¢'(X4(z)) =

q(z1,...25,0,..0), which contradicts the assumption that @, o ¥, is nondegen-

0Qr
axs-kl

erate relative to {my,...m,, Xs}. So must be nondegenerate with respect to
{Tss1, Tma1, -Tn . ] Z¢2k+2Pi||nd(m,Es+1) < €411, this gives C is nonzero and

finish the proof.

4.4 Third step: Phase function has large nonde-

generate norm relative to helper mappings

If || > iso Billnd(mi,se1) > €541, that is, P has relative large nondegenerate norm
relative to {m;, X541}, we keep repeating the above argument until s + 1 =m — 1.

Now the problem becomes dealing with the following integral

I, = /ei)‘P(x)Fl(Zm1(x))fm(7rm(xm))...fn(ﬁn(x))n(x)dx (4.4.1)

with || Zi2k+2 HHnd(m,mSiSn,Emfl) > €m—1-
Let H*™ = P(xy,...xm) — P(z1,..Tm_1,Tm + 2m). Let r be the highest degree

of P such that P, is nondegenerate relative to {m;,m <i <mn,>,,_1}. As previous,

OP;
OTm

it suffices to show is nondegenerate relative to {m;, m <i < n}. If not, gf r —

> qi(m;(z)) for some polynomials ¢;,m < i <n. So

P.(z) = Z pi(mi(x)) + po(@1, - 1)

69



for some polynomials pg, p;,m < i < n, contradicting the assumption that P, is
nondegenerate relative to {m;,m <i < n,%,,_1}. By the same argument as above,

we know (4.4.1) has power decay property.
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Chapter 5

Third result: Separation structure

In chapter 2, we introduce the concept of separation structure, that is, there exists
subspaces 11,75 C R™ such that R™ = T; & T, and {m;}_, preserves the direct
sum decomposition, namely, m;(R™) = m;(T}) @ m;(T3). Denote my; = dim T, mg =
dim T5.

Under this condition, we say a polynomial P(x,y) is of bidegree (i, j) if it has
degree ¢ when viewed as a polynomial of x and has degree 7 when viewed as a
polynomial of y. We can write P =), Z]‘ Pii(x1, ... Ty Y1, ---Ymy ), Where every P
is of bidegree (i,j). we call every P;; as a homogeneous part of P with bidegree

(,7). In this case, we have a similar result as Lemma 2.2.1.

Lemma 5.0.1. Assume {m}}_, preserve the direct sum decomposition. A poly-
nomial P is nondegenerate relative to {m,}i_, if and only if at least one of its

homogeneous part is nondegenerate. That is, a homogeneous polynomial of bidegree
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(1,5) is degenerate if and only if it may be expressed as ), pi © T, where each py, is

a homogeneous polynomial of the same bidegree.

Proof of lemma 5.0.1. If Py = 3", pijx o m, for every 4, j, then P is obviously de-
generate.

If there is a (7,7) such that P;; # >, pijx © 7, for any polynomial p;;; defined
on V;, we want to show P cannot be expressed as a sum of P, om, 1 < k <n, for
any polynomial P.

Consider the pairing of the vector space consisting of all polynomials of bidegree
(,7) and the constant coefficient differential operator of bidegree (i, j), that is, its
symbol is a polynomial of bidegree (i, 7). This pairing is nondegenerate. Thus the
dual space of polynomials of bidegree (7, ) can be canonically identified with the
vector spaces of all such differential operators.

Consider the space consisting of all degenerate polynomials of bidegree (i, 7).
It is a subspace of the space consisting of all polynomials of bidegree (i,7). So
there exists a constant coefficient differential operator L;; of bidegree (i, j) such
that L;;(pijr(m)) = 0 for all 1 < k <n and all polynomials p;;, defined on V), with
bidegree (7, j) but L;;(P;;) # 0. Define a linear functional L as L(p) = L;;(p)(0)
for any polynomial p of degree < d. Then L(pk(m;)) = 0, 1 < k < n, for any
polynomial py. Since L(pg(mi)) = >, >, L(ps (7)) for homogeneous polynomial
pesk of bidegree (t,s). If (t,s) # (i,7), Lij(pesk(mr))(0) = 0 for any polynomial pyy.

If (t,s) = (¢,7), by the definition of L;;, Li;(pijx(7x))(0) = 0. But L(P) # 0, since
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L;;(P;;) # 0, which means P is nondegenerate relative to {m}. O

One example of oscillatory integrals that has the separation structure is the

following:

/ eAP@ra2y192) 1 (1) ) fo(a, y2) fa (21 + 2o, y1 + v2) fa(r, y1 + 42)
R4

J5(@2, y1 + yo)n(x, y)dody, (5.0.1)

which can be viewed as a generalization of the example treated in [8]. Indeed, if we
see the slice of x and y separately, we can find that these two integrals consist of
the same “component” in each slice.

To be more precise, when restricted to x, we only have three linear mappings
(x1,22) — (1), (21,22) — (x2) and (z1,22) — (1 + 22). When restricted to y,
we also only have three linear mappings, (y1,v2) — (¥1), (Y1, ¥2) = (v2), (y1,42) —
(y1 + y2). This observation leads to the question that if there is a general approach
to deal with the oscillatory integrals consisting of the same components when they
are equipped with the separation structure. The following third result in this thesis

is trying to answer the above question.
Theorem 5.0.2. If {m;, P} satisfies the conditions below:

1. There exists Ty, Ty such that R™ =Ty @ Ty and {m;} preserve the direct sum

decomposition.

2. {ker(m;) N T1} satisfies the transverse splitting condition in Tj.
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3. {ker(m;) N Ty} has uniform power decay property in Ty.

4. Pis nondegenerate relative to {m;} with some nondegeneracy bidegree (ki, kz),

ky > 2.

Then {m;, P} has power decay property.

Remark: in (5.0.1), if we define T3 = {(z,0)}, To = {(0,)}, then {ker(m;) N
T1} is {(1,0,0),(0,22,0), (x1, —21,0)} and {ker(m;) N Ty} is {(0,41,0), (0,0, y2),
(0,91,—vy1)}. Actually one can check they both satisfy the transverse splitting
condition thus have the uniform power decay property, see 3.6.2. We just need to
require P has nondegeneracy bidegree (7, j) where either ¢ or j is greater than 1.
If we already P is nondegenerate, this requirement actually only excludes the case

that i = j = 1.

5.1 Proof of Theorem 5.0.2

Let {ey, ...em, } be a basis of T7 and {E}, ...E,,, } be a basis of To. Any point z € R™
can be represented by (z1,...Zm,, Y1, .--Ym,) Where x denotes the coefficient of e
and y denotes the coefficient of . Since we have a basis of R™, we then have a

corresponding coordinate. And m;(z,y) = m;(z,0) © m;(0,y).
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Without loss of generality, we can reset the index as

I = / ENPED £ (111 (2, 9))--Fks (T (2, )
fa(ma(@,y)). fie, (Tor, (2, y) )0 (2, y)dwdy  (5.1.1)

with Z;Zl k; =mn, 1 <t. Here kerm;; NT; are identical for 1 < j < k;.
Denote A; = kerm;; NTy. Let 3; be any linear map with nullspace A; & {0}.

There are two cases.
(a) P is nondegenerate relative to {m;;, 2}, 1 <i,s <t, 1 <j <k

(b) P is degenerate relative to {m;;, X}, 1 <i,s <t, 1 <j<k,.

5.1.1 First step: Reduction to lower dimensions

For case (a), notice ker(¥;) C ker(m;;). Denote
k;
Fi(Bi(z,y)) = Hfij(ﬂ'ij(xuy))
j=1
for 1 < i <t. We just need to show {¥g, P} has power decay property, that is,

¢
|/6“13(”5’”1‘71(21(%y))'--Ft(Et(%y))n(%y)d:rdyl <CNTIIF . (5.1.2)
j=1
holds for all F; € L*(X;(R™)). Since
t t ki
[TIE e < T TN 6l
j=1 i=1 j=1

for some constant C' only depends on the support of 7, if we can show (5.1.2) holds,
then we have I has the power decay property.
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Notice ker(%;) N Ty, = {0}, 1 < ¢ < ¢, by lemma 2.4.2, it suffices to show
{ker(%;) N T1} has uniform power decay property in 7j. By the definition of ¥,
ker(X;) N Ty = ker(m;;) NTh, 1 < j < k;. By corollary 3.6.2 and condition (2), we

know {ker(X;) N 71} has uniform power decay property in 77, thus (5.1.1) holds.

5.1.2 Second step: Transverse splitting case

For case (b), since ker(%;) C ker(m;), 1 < i < ¢, 1 < j < k;, without loss of
generality, we can write P = Py(31(x,y)) + ...P:(X:(x,y)), where P;, 0 <i <t are
polynomials.

At least one of P, o %; is nondegenerate relative to {m;;}, 1 < j < k; with some
nondegeneracy bidegree (kq, k2), k1 > 2. Otherwise P will be degenerate to {m;;},
or with only nondegeneracy bidegree (ki,ks), k1 < 1. Without loss of generality,
we can assume P o 3 is nondegenerate relative to {m;}, 1 < j < k;, with some
nondegeneracy bidegree (ki, ks), k1 > 2. Notice 7 is compactly supported, so any
slice of the support set is also compact. We can pick 7;(3;(x,y)) to be the bump
function which equals 1 on the slice of the support of n and vanishes outside of a
neighborhood of that slice. Then n(x,y) can be written as [['_, 7:(Zi(z, v))n(x, y),
where 7;(X;(z,y)) is a smooth function with compact support whose L* norm is

bounded by an absolute constant. The integral (5.1.1) becomes

/E(El(m’,y))---Ft(Et(w,y))n(x,y)dfcdy
(5.1.3)

:/(/ EY (S (2, 0)...F (Sy(x, 0)nY (x)da)dy,
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where

F(8i(2,0)) = F(Sia,y)) = M) H Jig(mij (2, y))ns (B, y))

j=1
for 1 <g <t.

By condition (2), {ker(X;)N77} has the transverse splitting condition in 77. That
is, if we denote I = {1,2,...t} and dim(ker(X,) N71) = min,e; dim(ker(X;) N 71),
then there is a partition Iy, I of I\{a} such that

(my —dim(V,)) + Z my — dim(V;)) < my,

jeh

(mq —dim(V,)) + Z my — dim(V;)) < my.

J€l2

Here V; = ker(X;) N 15.
If a # 1, we can assume 1 € I;. Since dim(ker(X,) N71) = min;e; dim(ker(3;) N
Ty), if I = {a} U L1\{1}, then I}, I, is a partition of I\{1} such that
(my — dim(Vy)) + Z my — dim(V;)) < my,
JEeI;

(my — dim(V4)) + Z my — dim(V;)) < my

VISP)

still holds. Without loss of generality, we denote I] = {2,...s}, [s = {s + 1, ...t}.
Let Uy = kerYs N...NkerX; and Uy = ker X, N ... N kerd;. Let [; be any

linear map defined on R™ with nullspace U; and [, be any linear map in R™ with

nullspace Uy. Let Gy (1 (,y)) = [0, Fi(Zi(x,y)), Ga(la(x,y)) = [T~ il Fy(Zi(z,y)).

Using the same argument as in lemma 3.6.2, denote £}’ (2, (z,0)) = F1(Z1(x, y)),
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G1Y(li(2,0)) = Gi(li(x,y)), G5(I2(x,0)) = Go(la(z,y)). Then we have

(5.1.3) = /(/ FY (312, 0)G1Y (1 (,0))Go? (In (2, 0))n () da) dy
(5.1.4)
<C [ I~ Gl |Gy
for some constant C' only depends on 7. We should notice that since 7 is compactly
supported, we can always assume G; is compactly supported for for ¢ = 1,2. For
any fixed y,
1G> =[IG1l]z2

- / G (I, y) [P

S S ki
<CITNEE @ y)lle~ < CTT T Iisllzoe-
=2

i=2 j=1

Apply the same argument to Go, we have

. t ki
(5.1.4) gC/HFf’IILoody-HHI|fijl|Lw-

i=2 j=1
In the next section, we will show [ |FY||peedy < c|A|70 Hf;l || f1j]|Le for some

o> 0.

5.1.3 Third step: Phase function with a special form

For any € > 0, by the definition of L*°, we can pick a 6(\,y, €) such that
2 k1
Sty <[] [ @@ ] ity g)eseorwome
j=1
m (X1 (z,y))dE(z,0)|dy + Ce.  (5.1.5)
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Notice the oscillatory integral on the right hand side has a phase function with a
special form. Though we do not have any information of #, when fixed y, the phase
function is still a polynomial of x.

Denote my — dim(ker(2;,) N71) = s. Without loss of generality, we can assume
ker(¥1) N7y = {(0,..0, 2541, ...Tm,,0..0)|z; € Rys 4+ 1 < i < my}. Since ker(X;) N
Ty = kerm; NT, for 1 < j < Ky, up to a linear transformation, we can identify
¥ (x,y) with the projection (z1,...%pm,,y) — (21,...75,y), m;(z,0) = (z1,...75,0)

for 1 < j < k;. So we deal with

(5.1.5) :/|/eMPl(ml’“'mS’y)fn(7711(%y))-'-flkl(ﬁlkl(%y))ﬁl(xay)
el 2125 8N dy | dy
—/ei)‘Pl(xl""ms’y)fn(7T11(x,y))---flkl(ﬂlk1(x>y))nl(x7y)

et 21<i<s T8O g0y daydy.  (5.1.6)

Here ||g||~ = 1. Since 1, is compactly supported, we can assume g is compactly
supported. Denote P gk, as the homogeneous part of P; with bidegree (ky, k2). No-

A2 ky k<1 P (89) can be decomposed into ! 2i=1 %% g (1) So without

tice e
loss of generality, we can assume Py =3, > <o Pk,

We now consider the case where s > 2. If s = 1, one can jump to the fourth
step. Let L, be the projection from (z,,...z5,y) to (x,41,..25,y), 1 <r < s—1.

Every time we’ll check if P; is nondegenerate relative to {L,,m,}, 1 < j < k;. We'll

show r = 1 as an example. There are two cases:
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(D) 2k, Zk122 Pi(x1,...xs,y) is nondegenerate with respect to
{L1,m;}, 1 <7<k
(I0) >4, ZklZQ Py (21, ...z5,y) is degenerate with respect to {Ly,m,}, 1 < j < ky.

For case (1), we just need to show

|[/\| :| / oML (1’1,...@87y)f11(71-11(x’ y>>f1k1 (Wlkl (.73, y))nl (SL’, y>eiz1-91()\,y,e)

G(z3...xs,y)dxy...dzsdy|

k1
<O [T Iillz= |G-
=1

holds true for any function fi;, G such that || fi,||z~ < 1 and ||G||z~ < 1. Notice

1< ([ 1] e iy o) (ras (2,0

em'el(’\’y’e)dxl\zd:vg...dassdy> el
We just need to deal with the following
/ | /ei)‘Pl(xl""xs’y)fn(7T11($a Y))-- Sk (kg (@, y))m (@, y)
em'el(’\’y’g)d:vl|2dx2...dxsdy
k1
= [ ([ erreen TL i msto)ite, ) ()dody )z
j=1

where Pf(x,y) = Pi(z,y) — Pi(x1 + 2,29, .25, y),

fiz](ﬂ-lj(x7y)) = flj(ﬂlj(xay))flj(ﬁlj(zl +Z7$27"'$S7y))7 fOI' 1 SJ S klv nf($7y) =

m(z, )21 + 2,29, ..., y), 77 (y) = "= Av0),
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We will use the notation A, as the projection from R¥2 — R™2 : (xq, ...x4,y) —
(y). We want to show || Pf (2, y)||nd(ry; 00,1<j<k) = C|A| ™ as a function of z except
for a set of measure C|A\|="". By the same argument as in theorem 2.3.1 and

the assumption that P is nondegenerate relative to {xs, ...z, y}, it suffices to show

aPl (1'17y)

= is nondegenerate relative to {m;, Ao}, 1 < j < k;. To prove this, assume it is

degenerate, then there exists polynomials ¢;, 0 < i < ky such that %ﬁ’y) = qo(y) +
> gi(mi(x,y)). Then Pi(z,y) = Qo(wa-s,y) + 1 - qo(y) + 212, Qi(muilw,y)),
for some polynomials );, 0 < i < ki, which contradicts the assumption that P; is
nondegenerate relative to {m;, L1}, 1 < j < k; with some nondegneracy bidegree
(k1, ko), k1 > 2.

So now it suffices to show {m;, A2}, 1 < j < k; has uniform power decay. For

fixed z, there are two cases.

1. 7*(y) splits into @) Hkl 1 m1;(0,y) given [A|77.

Jj=
2. r*(y) does not split into e1¥) 51:1 m;(0,y) given |A|7°.
For case 1, since ker(m;) C ker(m; o Ag), any polynomial defined on 71; o Ay(R™)

can be “absorbed” into some polynomial defined on 7;(R™). By the definition of

nondegeneracy norm, we have

[ PE (2, y) — R(Y)Inderj1<i<k) = PE(@ Y] Ind(Agim 1 <i<hn)-

Thus the problem is reduced to show {ﬂlj};?lzl has uniform power decay, which is
given by condition 3.
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If it is case 2, we have
k1
| [ e 1 gy ms ) (o) () dndy)
j=1
k1
< [1 [ e o T a5 (e 0.0 )y
j=1

k1
<CIA Al

i=1
The last inequality is proved by the assumption that r*(y) does not split into
W) TT5L, (0, y) given A7

So whether 7*(y) splits, {m;, A2}, 1 < j < k; always has uniform power decay

property.

5.1.4 Fourth step: Reduction to the codimension one case

We now consider case (I1), that is, >, > ~, Pi(21,...25,y) is degenerate with

respect to {L1,m;}, 1 < 7 < k. Without loss of generality, we can assume

Z Z Pi(x1,..25,y) = Z Z Py (22, ..., y)

ko k1>2 ko k1>2

k1
(5.1.6) = / ( / ¢ B oz Pzt D TT 1 (g, ey, 0) 4 714(0, )
=1

Ny (Tg... 1, y)e' 2asi<s 270w g (y)dwz.--dxsdy> dxy,

where f{#(xg,...ws,y) = fri(m1(2,0) + 71:(0,9)) = fri((21,...5,0) + 71;(0, 7)), 1 <

i < ki, g7 (y) = g(y)er OO pitt (zy. g, y) = mi (T, y).
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We will prove D, > 0 <5 Piik, (T2, .75, y) must be nondegenerate relative to

{Lyom;}, 1 <j <k, with some nondegeneracy bidegree (ki, k), k1 > 2. Since
ker(Ly omyj) NTh = {(21,0..0, Ts41, ..., 0.0)|2; € R, s +1 < i <my },

ker(my;) N Ty = ker(Ly o my;) N1y,

we have ker(my;) C ker(Ly o my;), so any polynomial in L; o 7, can also be viewed
as a polynomial in 7y;. So if 37, > ~o Pigyk, (T2, .25, y) is degenerate relative to
{Lyom;}, 1 <j <k, then P, must be degenerate relative to {m;}, 1 < j <k or
nondegenerate relative to {m;} but with nondedegeneracy bidegree (ki,k2), k1 <
1, contradicting the assumption of P;. So }_,. Zk’122 P gy (22, ..., y) must be
nondegenerate relative to {L;omy;}, 1 < j < &y, with some nondegeneracy bidegree
(k1, ko), k1 > 2.

If we can show the following

k1
1| =| /ez‘AZkQ 2k 2 Prky by (22-.25,9) H FE (0, 2, ..., 0) + 713(0, 1))
i=1
N (..., y)e! 22<izs B0 W0) g1 () iy ey

k1
<CIA T e lg™ | oc
=1

holds for some uniform ¢ > 0 for any fixed x; with the constant independent of x,
then (5.1.6) has power decay property.
Keep repeating the above argument, that is, checking the following conditions

for every 1 <r <s—1. Here L, : (2, ..x5,y) = (Tyy1, ...Ts, ).
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() >k, 2ok >0 P12, .5, y) is nondegenerate with respect to

{LT’77T1j}7 1 S.] < kl'
(ID) >k, 2ok, 52 Pr(wr, s, y) is degenerate with respect to {L,, mi;}, 1 < j < k.

If it is case ([), we repeat the argument in the second and third step. If it is case
(I1), the problem is reduced to checking if {L, o m;;} has uniform power decay
property in the ambient space R¥~"t™m2,

We end up with showing

. kl

’ / /61)\2762 2oky 22 PLkyky (%) H fﬁ((o, .0, g, 0) + 7T1i<0, y))

i=1

nf(xsa y>67«1’ses(Avyve)gi(y)dxsdy‘ (517)

k1
<CI T I fuillzos - (197 | es
i=1
Here & = (z1,...75_1), ¥ = (21, ..Ts_1, Ts, Y),

ffi = fli(ﬂ—li($1a lg—1, s, y)),

T

3 (y) = gly)e =m0

with fixed xq,...x5_1.

If we denote

k1
h*(y) = /eikpl(“’y)nfﬁ((oa---O,xs,O) +m15(0, y)) e i (0, y)dacs,
=1

by the same argument, we have

k1

G.11) <0 [ ([ i T] 1 (o)l o) )y,

J=1
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where Pf(zs,y) = Pi(zs,y) — Pi(zs + 2,y),

[ (e y) = fi(my (s y) - i (my (e + 2,9)),

(s + 2,3), 7°(y) = e =00,

for 1< j <k, 07" (5, y) = 1 (25, )71}
Notice now the ambient space is R™T! = {(x,,y)|r, € R,y € R™}. We will
still use the notation A, as the projection from R™2*1 — R™2 : (z,,y) — (y). By

the same argument, to prove P has nondegeneracy norm greater than or equal to

IA|%" for some & > 0, except some possible subset of z with small measure, we only

9P (zs,y)

need to show 5
Ts

is nondegenerate relative to {m;, Ao}, 1 < j < ky. If it is
degenerate, we can check P; is nondegenerate relative to {m;}, 1 < j < k; with
only nondegneracy bidegree (ki, ks), k1 < 1.

Now it is only left to show {Ay, Ls_10m;;} has the uniform power decay property.

Notice the range space of A, is a codimension 1 subspace of the ambient space. By

lemma 2.3.1 and 2.4.2, {ker(my;) N75} has uniform power decay property can imply

k1
/ / M TT 52 (o (@, )0y (2, ) (y) dasdy
j=1

has uniform power decay for every fixed z, which is proved by condition (3).
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