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Aerodynamic Centers of Arbitrary Airfoils Below Stall 

Douglas F. Hunsaker,* Jeffrey D. Taylor,
†
 Josh Hodson,

‡
 and 

Utah State University, Logan, Utah 84322-4130 

Orrin D. Pope
§
 

Lockheed Martin Missiles and Fire Control, Grand Prairie, Texas 75051 

The aerodynamic center of an airfoil is commonly estimated to lie at the quarter chord. 

This traditional estimate is based on thin airfoil theory, which neglects aerodynamic and 

geometric nonlinearities. Even below stall, these nonlinearities can have a significant effect on 

the location of the aerodynamic center. Here we present a method for accurately predicting 

the aerodynamic center of any airfoil from known lift, drag, and pitching moment data as a 

function of angle of attack. The method accounts for aerodynamic and geometric 

nonlinearities, and does not include small-angle, small-camber, and thin-airfoil 

approximations. It is shown that the aerodynamic center of an airfoil with arbitrary amounts 

of thickness and camber in an inviscid flow is a single, deterministic point, independent of 

angle of attack, and lies at the quarter chord only in the limit as the airfoil thickness and 

camber approach zero. Furthermore, it is shown that once viscous effects are included, the 

aerodynamic center is not a single point, but is a function of angle of attack. Differences 

between this general solution and that predicted by thin airfoil theory can be on the order of 

3%, which is significant when predicting flutter speeds. Additionally, the results have 

implications for predicting the neutral point of complete aircraft. 

                                                           

* Assistant Professor, Mechanical and Aerospace Engineering, 4130 Old Main Hill, AIAA Senior Member. 

† PhD Candidate, Mechanical and Aerospace Engineering, 4130 Old Main Hill, AIAA Member. 

‡ PhD Candidate, Mechanical and Aerospace Engineering, 4130 Old Main Hill, AIAA Member. 

§ Aeronautical Engineer, Aerodynamics Technology Center, AIAA Member. 
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Nomenclature 

nB   = coefficients in the expansion given in Eq. (50) 

AC
~

  = section axial-force coefficient 

,

~
AC   = first derivative of AC

~
 with respect to   

 ,,

~
AC  = second derivative of AC

~
 with respect to   

DC
~

  = section drag coefficient 

0

~
DC   = section drag coefficient at zero lift 

LDC ,0

~
 = coefficient of LC

~
 in the parabolic relation for DC

~
, Eq. (81) 

2
0 ,

~
LD

C  = coefficient of 2~
LC  in the parabolic relation for DC

~
, Eq. (81) 

sDC
~

  = coefficient in the relation for DC
~

 given in Eq. (96) 

LC
~

  = section lift coefficient 

,

~
LC   = first derivative of LC

~
 with respect to   

,0

~
LC  = first derivative of LC

~
 with respect to  , at 0  

mC
~

  = section moment coefficient about the point (x, y)  

acmC
~

  = section moment coefficient about the aerodynamic center 

4

~
cmC  = section moment coefficient about the quarter-chord 

OmC
~

  = section moment coefficient about the origin 

,

~
OmC  = first derivative of 

OmC
~

 with respect to   

 ,,

~
OmC  = second derivative of 

OmC
~

 with respect to   

AmC ,

~
 = constant coefficient used in Eqs. (58) and (83) 

NmC ,

~
 = constant coefficient used in Eqs. (58) and (83) 

,0

~
mC  = constant coefficient used in Eqs. (58) and (83) 

,

~
msC  = constant coefficient used in Eqs. (62) and (99) 

NC
~

  = section normal-force coefficient 

,

~
NC  = first derivative of NC

~
 with respect to   

 ,,

~
NC  = second derivative of NC

~
 with respect to   

nC   = complex constants in the Laurent series expansion, Eq. (31) 
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c  = section chord length 

F1, F2 = Laurent series expansions used in Eqs. (47) and (48) 

L
~

  = section lift 

Om~   = pitching moment about the origin 

n  = term in the Laurent series expansion 

R  = radius of the circular cylinder used for the conformal transformation 

t  = airfoil thickness 

V   = freestream airspeed 

w  = complex velocity field 

w1  = complex velocity in the plane of the circular cylinder 

w2  = complex velocity in the plane of the airfoil 

yx,   = axial and upward-normal coordinates relative to the leading edge 

acac yx ,  = x and y coordinates of the aerodynamic center 

cy   = y coordinate of the camber line 

z   = coordinate in the complex plane of the airfoil 

lz   = leading edge of the airfoil in the z-plane 

tz   = trailing edge of the airfoil in the z-plane 

  = angle of attack 

0L   = zero-lift angle of attack 

  = circulation strength 

  = thickness parameter, ct77.0  

   = analytic transformation function 

l   = point in the complex plane that maps to the airfoil leading edge 

surface  = coordinates of the cylinder surface 

t   = point in the complex plane that maps to the airfoil trailing edge 

0   = center of the circular cylinder in the complex plane, 000  i  

1–5  = constants defined in Eqs. (92) and (103) 
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  = change of variables for the axial coordinate of an airfoil 

  = angle relative to the horizontal axis in the complex plane 

t  = value of at the airfoil trailing edge 

  = fluid density 

1  = complex potential in the plane of the circular cylinder 

2  = complex potential in the plane of the airfoil 

0   = real coordinate of the center of the circular cylinder in the complex plane 

0   = imaginary coordinate of the center of the circular cylinder in the complex plane 

I.   Introduction 

ORRECTLY identifying the location of the aerodynamic center of a lifting body is important in aircraft design 

and analysis. For example, the location of the aerodynamic center of a complete aircraft relative to the center of gravity 

is an important measure of static stability. The longitudinal characteristics of an aircraft are dependent on both the 

axial and normal distance between the aerodynamic center and the center of gravity. The aerodynamic center of a 

complete aircraft is often referred to as the neutral point and is a function of the aerodynamic centers of all lifting 

surfaces or wings comprising the aircraft. The locus of aerodynamic centers along the span of a single wing depends 

on the aerodynamic center of the airfoils from which the wing is constructed, as well as wing sweep, dihedral, and 

planform [1–3]. Furthermore, this locus of aerodynamic centers along a wing significantly impacts aeroelastic 

estimates for flutter and divergence speeds [4]. As Rodden points out [4], an error in the location of the aerodynamic 

center of only 2% can result in an 18% error relative to the elastic axis of a wing. Thus, correctly predicting the 

aerodynamic center or neutral point of a complete airframe during preliminary design depends on the accuracy to 

which the aerodynamic centers of airfoils and wings can be predicted. Here we present a method for more accurately 

estimating the location of the aerodynamic center of an airfoil. Although the nomenclature and development in this 

paper are directed toward the aerodynamics of airfoil sections, the implications of this work easily extend to allow 

estimates of the aerodynamic centers of finite wings and complete aircraft.  

C 



Hunsaker, Pope, Taylor, and Hodson 

5 
 

A. Traditional Relations for the Aerodynamic Center  

 The aerodynamic center is traditionally defined to be the point about which the pitching moment is invariant to 

small changes in angle of attack. For an airfoil section, this is commonly expressed as  

 

 0

~







acmC

 (1) 

The pitching moment about any point in the airfoil plane can be found from a simple transformation of forces and 

moments about the origin to the point of interest, i.e., 

 

 ANmm C
c

y
C

c

x
CC

O

~~~~
  (2) 

where 
OmC

~
 is the pitching moment about the origin, AC

~
 is the axial force coefficient, and NC

~
 is the normal force 

coefficient. The airfoil can be located anywhere in relation to the origin of the coordinate system, but for convenience 

we will assume that the origin is located at the airfoil leading edge. The axial and normal force coefficients are related 

to the lift and drag coefficients through a transformation in angle of attack, as shown in Fig. 1 

 

  sin
~

cos
~~

LDA CCC   (3) 

  sin
~

cos
~~

DLN CCC   (4) 

Using Eqs. (3) and (4) in Eq. (2), the pitching moment about the aerodynamic center is 

 

 )sin
~

cos
~

()sin
~

cos
~

(
~~

 LD
ac

DL
ac

mm CC
c

y
CC

c

x
CC

Oac
  (5) 

 

 

 

Fig. 1 Forces and pitching moment on an airfoil. 
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For a typical airfoil, the vertical offset of the aerodynamic center from the airfoil chord line is small, and the drag is 

much less than the lift. Additionally, the angle of attack is small for normal flight conditions. Therefore, applying the 

traditional approximations,   cos
~

sin
~

LD CC  ,  cossin acac xy  , LacDac CxCy
~~

 , 1cos  , gives 

 

 L
ac

mm C
c

x
CC

Oac

~~~
  (6) 

Taking the derivative of Eq. (6) with respect to angle of attack, applying the constraint given by Eq. (1), and 

rearranging gives the traditional approximation for the aerodynamic center 

 

 




,

,
~

~

L

mac

C

C

c

x
O ,    0

c

yac
 (7) 

Note that the y-coordinate is traditionally assumed to be zero due to the approximations applied in the development 

of Eq. (6). 

 The relations shown in Eq. (7) are widely used today across the aerospace industry and academia. Furthermore, 

analogous relations have traditionally been used to approximate the location of the neutral point of complete aircraft, 

and are often used to evaluate aircraft static stability and compute the aircraft static margin. As will be shown, these 

widely used approximations suffer from several limiting assumptions and can result in errors on orders that are 

significant to aircraft stability and flutter analysis. 

 The assumptions leading to the result given in Eq. (7) include a constant lift slope and moment slope below stall, 

and therefore neglect any nonlinearities in lift and/or pitching moment. Additionally, any influence of drag on the 

aerodynamic center is entirely neglected. Furthermore, this traditional approach applies the small-angle approximation 

to reduce the nonlinear trigonometric relations in Eq. (5) to linear functions of angle of attack. These linearizing 

approximations significantly hinder our understanding of the effects of nonlinearities associated with pitch stability 

of airfoils and aircraft. In order to provide a more accurate solution for the location of the aerodynamic center, we 

shall relax the linearizing assumptions in a more general development of the aerodynamic center. 
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B. General Relations for the Aerodynamic Center  

 Phillips, Alley, and Niewoehner [3] presented general relations for the aerodynamic center, which do not include 

the linearizing approximations used in the traditional approach. From Eq. (2) or (5), the pitching moment about the 

aerodynamic center can be written 

 

 A
ac

N
ac

mm C
c

y
C

c

x
CC

Oac

~~~~
  (8) 

Taking the derivative of Eq. (8) with respect to angle of attack and applying the traditional constraint given in Eq. (1) 

yields 

 

  ,,,

~~~
OmA

ac
N

ac CC
c

y
C

c

x
  (9) 

Note that application of the constraint given in Eq. (1) produces an equation for a line, not a point [3,5]. The line given 

in Eq. (9) is the neutral axis of the airfoil [3]. All points along this line satisfy the constraint given in Eq. (1). Therefore, 

the single constraint given in Eq. (1) is not sufficient to specify a single point as the aerodynamic center. Phillips, 

Alley, and Niewoehner [3] suggest a second constraint to isolate the location of the aerodynamic center, namely, that 

the location of the aerodynamic center must also be invariant to small changes in angle of attack, i.e., 

 

 0






acx
,   0







acy
 (10) 

Differentiating Eq. (9) with respect to angle of attack, and applying Eq. (10) gives 

 

  ,,,,,,

~~~
OmA

ac
N

ac CC
c

y
C

c

x
  (11) 

 The intersection of the two lines specified by Eqs. (9) and (11) defines a unique point where both of the constraints 

are simultaneously satisfied, and therefore defines the location of the aerodynamic center. Solving Eqs. (9) and (11) 

for xac and yac, and using the result in Eq. (8) gives the location of the aerodynamic center and the associated pitching 

moment [3] 

 

 




,,,,,,

,,,,,,

~~~~

~~~~

NAAN

AmmAac

CCCC

CCCC

c

x
OO




  (12) 
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c
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  (13) 

 A
ac

N
ac

mm C
c

y
C

c

x
CC

Oac

~~~~
  (14) 

 Equations (12) and (13) offer a more accurate description of the location of the aerodynamic center for any lifting 

body. These expressions allow both the x and y coordinates of the aerodynamic center to be evaluated, unlike the 

traditional approximations given in Eq. (7), which always predicts that the aerodynamic center lies on the chord line. 

Furthermore, Eqs. (12) and (13) correctly allow for the effects of vertical offsets, trigonometric nonlinearities, and 

aerodynamic nonlinearities such as drag to be included through proper treatment of the first and second aerodynamic 

derivatives. 

 If the lift, drag, and pitching moment are known from computational or experimental results at discrete angles of 

attack, finite differencing methods can be used to evaluate the first and second derivatives needed in Eqs. (7) or (12) 

and (13). However, finite differencing methods can be highly sensitive to small errors in data, especially when the 

data are given at small intervals in angle of attack. Most experimental data and computational results suffer from some 

amount of scatter, depending on how the experiment or simulation was performed. Therefore, applying finite 

differencing directly to such datasets can produce significant scatter in the predicted aerodynamic center of an airfoil. 

Hence, rather than using finite differencing methods on the data directly, these data are generally used to fit analytical 

expressions for lift, drag, and pitching moment as a function of angle of attack. The analytical derivatives of these 

expressions can then be used to obtain the required derivatives for Eqs. (12) and (13). This method for estimating 

derivatives reduces the impact of numerical or experimental error inherent in the data set. However, such an approach 

relies on an assumed form of the relationship between angle of attack, lift, drag, and pitching moment. Below stall, 

the lift and pitching moment are usually assumed to be linearly related to the angle of attack. This linear relationship 

is a result of thin airfoil theory. 

C. Classical Thin Airfoil Theory  

 Thin airfoil theory was developed by Max Munk during the period between 1914 and 1922 [6–10], and the 

development of this theory can be found in many engineering text books on aerodynamics [11–16]. In this classical 

potential-flow theory, an airfoil is synthesized as the superposition of a uniform flow and a vortex sheet placed along 
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the camber line of the airfoil. Small camber and small angle-of-attack approximations are applied such that higher-

order terms can be neglected. This results in the classical thin-airfoil lift and pitching-moment relations  

 

 )(
~~

0, LLL CC    (15) 

 
4

~
~~

4

L
mm

C
CC

cO
  (16) 

where ,

~
LC  is the lift slope, 0L  is the zero-lift angle of attack, and 

4

~
cmC  is the pitching moment about the quarter 

chord. The coefficients 0L  and 
4

~
cmC  are constants that can be obtained from the camber line distribution through the 

relations 

 

 













0

0 )cos1(
1

d
dx

dyc
L  (17) 

 










0

]cos)2[cos(
2

1~
4

d
dx

dy
C c

mc
 (18) 

where   represents the change of variables for the axial coordinate given by )cos1)(2()(   cx . The coefficient 

,

~
LC  is a constant, which from thin-airfoil theory is predicted to be 

 

  2
~

, LC  (19) 

Using Eq. (15) in Eq. (16) and applying the result to the traditional relations for the aerodynamic center given in Eqs. 

(6) and (7) gives the aerodynamic center as predicted by thin airfoil theory, 

 

 
4

1


c

xac
,    0

c

yac
,    

4

~~
cac mm CC   (20) 

 Notice from Eqs. (15) and (16) that the lift and pitching moment are predicted by this theory to be linear functions 

of angle of attack. All higher-order terms in angle of attack were neglected in the development of these relations. 

Strictly speaking, Eqs. (15)–(19) are only accurate in the limit as the airfoil geometry and operating conditions 

approach the approximations applied in the development of classical thin airfoil theory. These assumptions include 

those of potential flow as well as an airfoil with zero thickness and small camber at small angles of attack. However, 

it is commonly assumed that the form of Eqs. (15) and (16) are correct for arbitrary airfoils at angles of attack below 
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stall, even with viscous effects included. Therefore, ,

~
LC , 0L , and 

4

~
cmC  are often used as coefficients to fit Eqs. (15) 

and (16) to airfoil data obtained from experimental measurements or numerical simulations. This results in predictions 

for lift and pitching moment that are linear functions of angle of attack and do not contain any higher-order dependence 

on angle of attack below stall. 

 Even with the rather constraining assumptions used in the development of thin airfoil theory, comparisons show 

that results from this theory are in reasonable agreement with experimental data [16]. Hence, the linear relationship 

between lift and angle of attack as well as pitching moment and angle of attack have been widely used. Therefore, it 

may appear that a reasonable estimate for the aerodynamic center of an airfoil could be obtained by applying the linear 

aerodynamic equations from thin airfoil theory while retaining the geometric nonlinearities of Eqs. (3) and (4). For 

the case of inviscid flow, i.e., 0
~

DC , using Eq. (15) in Eqs. (3) and (4), differentiating the result twice along with Eq. 

(16), and applying the resulting derivatives to Eqs. (12)–(14) gives 

 

 
8)(4

cos2sin)(
2

0

0






L

Lac

c

x




 (21) 

 
8)(4

sin2cos)(
2

0

0






L

Lac

c

y




 (22) 

 
8)(4

]2)[(
~

4)(
~

~
2

0

2
0

3
0, 4






L

LmLL

m
c

ac

CC
C




 (23) 

Note that the aerodynamic center and associated pitching moment given by Eqs. (21)–(23) are nonlinear functions of 

angle of attack. However, because these expressions were derived using the aerodynamic coefficients from thin airfoil 

theory, they retain the aerodynamic linearizing assumptions. As will be shown, this approach of retaining the 

geometric nonlinearities given in Eqs. (3), (4), (12), and (13) while neglecting the aerodynamic nonlinearities produces 

a very poor approximation for the location of the aerodynamic center. From Eqs. (12) and (13), we see that the location 

of the aerodynamic center depends on accurately predicting any second-order aerodynamic nonlinearities, even below 

stall. Because thin airfoil theory neglects second-order effects, it cannot be used with Eqs. (12) and (13) to estimate 

second-order derivatives. Hence, some estimate for the nonlinear aerodynamic characteristics of an airfoil below stall 

is needed in order to accurately locate the aerodynamic center. We now consider a more general airfoil theory that 

retains nonlinear aerodynamic properties below stall. 
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II.   General Inviscid Airfoil Theory 

 A general airfoil theory that does not include the linearizing approximations of small camber, small thickness, 

and small angles of attack can be developed from the method of conformal mapping [17,18], in which flow about a 

circular cylinder in the -plane is mapped to flow about any arbitrary two-dimensional surface in the z-plane. The -

plane and z-plane are shown in Figs. 2 and 3. Flow about a circular cylinder of radius R centered at the point 

000  i , including the effects of angle of attack, , and finite circulation, , can be described in the -plane by 

 

 
























 2

0

2

0

1
1

)(

1

)(

1

2
)(


  ii eR

V

Γ
ieV

d

d
w     (24) 

where 1  is the complex potential and w1 is the complex velocity in the plane of the circular cylinder. Using the 

method of conformal mapping, we can apply an arbitrary transformation of this flow from the plane of the cylinder to 

the plane of an airfoil of the form 

 

 )]([)( 12 zz      (25) 

where )(z  is an analytic transformation function. The complex velocity in the airfoil plane corresponding to this 

complex potential is 

 

 









 d

dz
zw

dz

d
zw

dz

d
z

d

d

dz

d
zw )]([)]([)]([)( 111

2
2 


     (26) 

Thus, the complex velocity for the transformed flow field can be expressed as 

 

 




d

dz
eR

V

Γ
ieV

dz

d
zw ii

























 2

0

2

0

2
2

)(

1

)(

1

2
)(        (27) 

 The potential-flow solution about a circular cylinder can be transformed to obtain the potential-flow solution 

about a cylinder with any arbitrary cross section. In general, an arbitrary transformation requires an infinite number 

of degrees of freedom, and can be expressed in terms of the Laurent series expansion [18], 

 

 





1

)(
n

n

nC
z


     (28) 
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Fig. 2 Circular cylinder in the complex -plane. 

 

 

Fig. 3 Airfoil geometry in the complex z-plane. 

where the coefficients, Cn, are complex constants. The first derivative of this general transformation is 

 

 






1

1
1

n
n

nnC

d

dz


    (29) 

The equation for the surface of the circular cylinder in the -plane can be written as 

 

 0surface     ieR     (30) 

Using Eq. (30) in Eq. (28), the transformed surface of the cylinder in the z-plane is given by the relation 

 

 


 


1 0

0surface
) (

 )(

n
ni

ni

eR

C
eRz







    (31) 

 The derivative of the conformal transformation given in Eq. (29) can be zero at multiple points, depending on the 

values of the complex coefficients, Cn. These values of  are often referred to as the critical points of the 

transformation, at which the transformed velocity field given by Eq. (27) is singular. In order to map the flow of a 

Imaginary
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0 t
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0
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R R
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circular cylinder to that over an airfoil, one of the critical points must lie on the circular cylinder in the -plane at the 

point that maps to the airfoil’s trailing edge in the z-plane. All remaining critical points must lie inside the circular 

cylinder in the -plane in order for the flow external to the cylinder to remain conformal. We will constrain our analysis 

to airfoil cross sections with only a single trailing edge at which the Kutta condition is applied. Here we denote the 

critical point in the -plane that maps to the airfoil’s trailing edge in the z-plane ast. It is convenient to choose t to 

be on the positive real axis, as shown in Fig. 2. This requires 

 

 00
2
0

2   
 ti

t eRR     (32) 

where t is the value of  at =t, i.e., 

 

 






   2
0

2
0

1
0

1 tan)(sin  RRt        (33) 

Similarly, the left-hand real-axis intercept of the parent circular cylinder is 

 

 0
2
0

2   Rl       (34) 

The Kutta condition must be satisfied at the trailing edge of the airfoil, and requires that t be a stagnation point for 

the flow in the -plane. The complex velocity field is given in Eq. (24) and will have a stagnation point at the point 

on the parent circular cylinder that maps to the airfoil trailing edge if 
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i eR
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Solving this relation for  gives the circulation that will satisfy the Kutta condition at the trailing edge, 
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    (36) 

Using Eq. (32) we can evaluate 

 

 0
2
0

2
000

2
0

2
0 )(  iRiRt      (37) 

Using Eq. (37) in Eq. (36) gives an alternate form for the circulation 
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    cossin4 0
2
0

2RVΓ     (38) 

From the Kutta-Joukowski law [19,20], the section lift can be computed from the section circulation, i.e., 

 

 ΓVL  
~

    (39) 

Using the circulation from Eq. (38) in Eq. (39) gives 

 

 






    cossin4
~

0
2
0

22 RVL  (40) 

 Notice that the predicted section lift given in Eq. (40) is independent of any particular transformation, and is a 

function only of the radius and vertical offset of the circular cylinder. On the other hand, the leading and trailing edges 

of the airfoil in the z-plane are dependent on the transformation, and are needed in order to compute the chord length 

and lift coefficient. For any given transformation, the section lift coefficient can be obtained from Eq. (40) 
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L  (41) 

where lt zzc   is the airfoil chord length. Thus, regardless of the transformation, the lift coefficient will be of the 

form 

 

 )costan(sin
~~

0,0  LLL CC   (42) 

where ,0

~
LC  is the lift slope at zero angle of attack and 0L  is the zero-lift angle of attack. From Eq. (41),  
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0

2
0

1
0 tan  RtL  (43) 

Notice that from Eqs. (40) and (43) the lift and zero-lift angle of attack do not depend on either the transformation or 

the real part of the cylinder offset, 0. On the other hand, the lift coefficient and lift slope at zero angle of attack depend 

on the transformation, which in turn depends on 0. In any case, Eq. (42) is a general form for the lift coefficient of 

an arbitrary airfoil. No assumptions of camber, thickness, or small angle of attack were made in the 
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development of Eq. (42). Therefore, we would expect this form of equation to fit the potential-flow lift properties 

of any arbitrary airfoil with a single trailing edge at arbitrary angles of attack. 

 From the Blasius relations [21,22], the pitching moment about the origin for an arbitrary geometry is 
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Using Eq. (29) in Eq. (27), the square of the complex velocity of the transformed flow field is 
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Using Eq. (45) in Eq. (44) and expanding in a Laurent series of 1  gives 

 

   
C

O dFFVm  )()(real~
2

2
1

2

2

1
 (46) 

where 
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and 
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Therefore, the pitching moment about the origin can be written in terms of the series 
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where 
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Using Eq. (51) in Eq. (50) and integrating shows that the pitching moment is only a function of the first constant in 

the Laurent series, 

 

    ii
O eΓVeCVim 




  0
2

1
22real~  (52) 

After applying the Kutta-Joukowski law given in Eq. (39), the pitching moment about the origin can be written as 
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Using the identity  sincos iei   as well as the definition 000  i  in Eq. (53) gives 
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Because the constant C1 depends on the transformation, we see that unlike the section lift, the section pitching moment 

does depend on the transformation. Dividing Eq. (54) by the dynamic pressure and chord length squared, the section 

pitching moment coefficient relative to the origin used in the transformation can be expressed as 
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The moment coefficient about an arbitrary point in the z-plane can be found from the moment coefficient relative to 

the origin and the lift coefficient, 
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Using Eq. (55) in Eq. (56) gives 
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In order to compute the pitching-moment coefficient, we need to know C1, zt, and zl, which must be found from the 

transformation. However, regardless of the transformation, the pitching-moment coefficient for an airfoil in inviscid 

flow about the origin of the transformation is a function of angle of attack of the form 
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where ,0

~
mC , NmC ,

~
, and AmC ,

~
 are constant coefficients. Although Eq. (58) was developed using the origin of the 

transformation as the location about which the moment is evaluated, the form of Eq. (58) will hold for the pitching 

moment about any point in the domain. As can be seen from Eq. (57), the values for the coefficients NmC ,

~
 and AmC ,

~
 

are a function of the x and y location of the pitching moment relative to the origin used in the transformation. Since 

the origin of the transformation has little physical meaning in the traditional airfoil coordinate system, we will define 

NmC ,

~
 and AmC ,

~
 to be the coefficients with the pitching moment evaluated at the airfoil leading edge, i.e. lzx   and 

0y , which is the origin of the traditional airfoil coordinate system. For any given transformation, the pitching 

moment of an airfoil in an inviscid flowfield evaluated at the airfoil leading edge can be found from Eq. (58) with the 

coefficients 
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 The form of Eqs. (42) and (58) hold for any airfoil transformation, and therefore should accurately match 

the potential-flow solution for any arbitrary airfoil with a single trailing edge. These relations were developed 

without any approximations for airfoil thickness, camber, or angle of attack, and are not constrained under 

the same limitations that were used in the development of the traditional small-camber and small-angle 

relations given in Eqs. (15) and (16). 

 For the special case of a symmetric airfoil, the vertical offset of the cylinder in the -plane must be zero, i.e. 

00  . Using this in Eqs. (43) and (59) gives 
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Applying this result to Eq. (42) yields 
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Using Eqs. (60) and (61) in Eq. (58) and applying the trigonometric identity  cossin2)2sin(  , we see that the 

pitching moment of a symmetric airfoil in inviscid flow can be written as 
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where 
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Notice that the pitching moment equation given in Eq. (62) is a function of only one coefficient, ,

~
msC , instead of the 

three coefficients, ,0

~
mC , NmC ,

~
 and AmC ,

~
, required to specify the pitching moment of a cambered airfoil as a function 

of angle of attack given in Eq. (58). Methods for estimating this coefficient as well as the required aerodynamic 

coefficients for arbitrary airfoil geometries are described below.  

A. Determination of Aerodynamic Coefficients 

 Various methods can be used to generate airfoil geometries, including conformal mapping techniques, camber 

and thickness specification, or using splines or other curve-fitting techniques to describe the outer surface.  For any 

airfoil geometry derived from conformal mapping, the coefficients ,0

~
LC , 0L , ,0

~
mC , NmC ,

~
, and AmC ,

~
 required in Eqs. 

(42) and (58) can be evaluated analytically from a known parent cylinder offset and transformation by using Eqs. (43) 

and (59). For example, the Joukowski transformation is defined as a special case of Eq. (28) where 
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Using Eq. (64) as well as a given parent circular cylinder offset of 0, the method described above gives the coefficients 

for a Joukowski airfoil 
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 Most airfoils in use today were not developed using conformal mapping techniques and therefore do not have an 

analytic transformation similar to Eq. (64) for the Joukowski airfoils. For airfoil geometries not generated from 
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conformal mapping techniques, the coefficients ,0

~
LC , 0L , ,0

~
mC , NmC ,

~
, AmC ,

~
, and ,

~
msC  required for Eqs. (42) and 

(58) or (62) can be evaluated numerically. This can be accomplished by fitting Eqs. (42) and (58) or (62) to a set of 

airfoil data obtained from experimental or numerical results. 

 A vertical least-squares regression method for fitting aerodynamic-coefficient equations to a set of data is outlined 

in detail by Hunsaker et al. [23]. Given lift and pitching moment at a set of n angles of attack, the coefficients ,

~
LC  

and 0L  needed for the traditional lift equation given in Eq. (15) can be evaluated from 
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and the quarter-chord pitching moment needed for Eq. (16) can be evaluated from 
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For the special case of a symmetric airfoil, Eqs. (66)–(68) reduce to 
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 Similarly, this vertical least-squares regression method can be used to evaluate best-fit values for the coefficients 

,0

~
LC  and 0L  needed in Eq. (42), which gives 

 

 



























 



 



n

i

n

i

iiL

n

i

ii

n

i

iL

n

i

ii

n

i

iL

n

i

i

n

i

iL

L

ii

ii

CC

CC

1 1

2

11

111

2

11
0

cos)sin
~

()cos(sin)cos
~

(

)cos(sin)sin
~

(sin)cos
~

(

tan





  (70) 



Hunsaker, Pope, Taylor, and Hodson 

20 
 

 














n

i

iLi

n

i

iLiL

L

i
C

C

1

2
0

1

0

,0

)costan(sin

)costan(sin
~

~





  (71) 

For the moment coefficients needed in Eq. (58), the vertical least-squares-regression method gives 
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For symmetric airfoils, Eqs. (70) and (71) reduce to 
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and the pitching-moment coefficient, ,

~
msC , required for Eq. (62) can be obtained from 
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Equations (66)–(74) can be used to obtain the corresponding aerodynamic coefficients for any arbitrary airfoil 

geometry. To demonstrate how this is done, we now consider sample results for airfoils from the NACA 4-digit series. 

B. Comparison to Inviscid Computational Results 

 Because the general airfoil theory relations given in Eqs. (42) and (58) were developed without any assumptions 

for airfoil geometry other than that of a single trailing edge, we should expect the form of these equations to match 

inviscid airfoil aerodynamic data more accurately than Eqs. (15) and (16), which were obtained from thin airfoil 

theory. Here we consider the accuracy of each of these equations for the NACA 4-digit series over a range of camber 

and thickness. 
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 Inviscid incompressible aerodynamic lift- and pitching-moment-coefficient data for 150 NACA 4-digit series 

airfoils were generated over a wide range of camber and thickness using a numerical vortex panel method employing 

linear vortex sheets along the airfoil surface [24]. The airfoil surfaces were discretized using 400 panels, which 

produced grid-resolved solutions.  The panels were clustered near the leading and trailing edges of the airfoil using 

standard cosine clustering. All computations were performed using double-precision computation. Results were 

computed for each airfoil at angles of attack ranging from –15 to +15 degrees in increments of 1 degree. At each angle 

of attack, the lift and pitching-moment coefficient about the airfoil leading edge were recorded. 

 The least-squares regression method given in Eqs. (66)–(69) was used to fit the aerodynamic data for each airfoil 

to the thin-airfoil-theory equations given in Eqs. (15) and (16), and the root-mean-square (RMS) value for each case 

was recorded. Similarly, the least-squares regression method given in Eqs. (70)–(74) was used to fit the aerodynamic 

data for each airfoil to the general airfoil theory equations given in Eqs. (42) and (58) or (62), and the RMS value for 

each case was recorded. Table 1 shows sample resulting coefficients for the NACA 2412 airfoil, along with the 

associated RMS error from both thin airfoil theory and general airfoil theory. 

Table 1. Coefficients for a NACA 2412 airfoil evaluated by fitting results from the vortex panel method to 

relations from thin airfoil theory and general airfoil theory. RMS error are included for each fit.  

 

Coefficient Thin Airfoil Theory Coefficient General Airfoil Theory 

,

~
LC  6.87991 ,0

~
LC  6.93038 

0L  -0.03748 0L  -0.03765 

4/

~
cmC  -0.05580 ,0

~
mC  0.70133 

  NmC ,

~
 -0.46413 

  AmC ,

~
 0.01214 

    

RMS Error Thin Airfoil Theory  General Airfoil Theory 

LC
~

 0.00444  machine zero 

mC
~

 0.00746  machine zero 

 Note that the RMS error from thin airfoil theory is on the order of 0.005 while the RMS error from general airfoil 

theory is on the order of machine precision. These results were typical for the 150 airfoils tested with an average RMS 

of thin airfoil theory of 0.0119 and all results matching the general airfoil theory to machine precision. This indicates 
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that the general airfoil theory equations can be fit exactly to the inviscid solutions, and therefore, are of the correct 

form. The error associated with the least-squares regression fits to the thin airfoil theory equations indicate that the 

form of the thin airfoil theory equations are not exactly correct. With current measurement technology for experimental 

setups, the accuracy gained from the general airfoil theory equations for lift and pitching moment predictions is clearly 

unwarranted. Experimental data is generally known to only 2 or 3 significant figures, which is the same order of 

accuracy as that obtained from thin airfoil theory. Therefore, the significance of the general airfoil theory is not 

that it can more accurately fit experimental data or computational results. Indeed, the error in experimental data 

or CFD simulations often falls outside the range of accuracy to be found in either the general airfoil theory or thin 

airfoil theory. Thus, using one theory over the other will not give significantly improved results if we wish only to 

predict lift or pitching moment over a range of angles of attack below stall. Rather, the significance of the general 

airfoil theory becomes apparent when second derivatives for lift or pitching moment as a function of angle of 

attack are needed. Such is the case in the estimation of the location of the aerodynamic center. 

III.   The Aerodynamic Center of Airfoils in Inviscid Flow 

 In general, the location of the aerodynamic center can be correctly predicted using Eqs. (12) and (13). Recall that 

this definition for the location of the aerodynamic center is a general definition, in that it does not include any 

linearizing or small-angle approximations. We shall now consider the location of the aerodynamic center of inviscid 

airfoils as predicted by the relations developed from general airfoil theory compared with the relations developed from 

classical thin airfoil theory. First we consider only the case of inviscid flow, i.e., 0
~

DC . From Eqs. (3) and (4), this 

gives 
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 cos
~~
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 The aerodynamic center of an arbitrary inviscid airfoil can be found by using the lift and pitching-moment 

relations from general airfoil theory. Using Eqs. (42) and (58) in Eqs. (75) and (76), differentiating twice, and applying 

the resulting derivatives to Eqs. (12)–(14) gives 
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For the special case of a symmetric airfoil, using Eqs. (61) and (62) in the same process yields 
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Notice that Eqs. (77)–(80) are independent of angle of attack. Therefore, the location of the aerodynamic center 

for an arbitrary airfoil in inviscid flow is a single point, independent of angle of attack. This same conclusion 

was arrived at by Karamcheti [18], who also used conformal mapping to demonstrate that “there is a point about which 

the moment remains unaltered as the angle of attack is varied.” This point does not in general lie on the chord line at 

the airfoil quarter chord, but is a single deterministic point dependent on airfoil thickness and camber. This solution 

was developed from general airfoil theory, which does not make any assumptions for small angles of attack, small 

camber, or small thickness. It is rather remarkable that when all geometric and aerodynamic nonlinearities are retained 

in the lift and pitching moment equations, along with those in the definition of the aerodynamic center, the relations 

for the aerodynamic center reduce to such a simple expression, independent of angle of attack, for inviscid flow. 

 Figure 4 shows the aerodynamic center for the NACA 2412 airfoil as predicted by the traditional expressions 

given in Eqs. (7) and (20), thin airfoil theory with trigonometric nonlinearities given in Eqs. (21) and (22), and the 

general airfoil theory given in Eqs. (77) and (78). Figure 5 shows the corresponding pitching moment about the 

aerodynamic center predicted by each theory as a function of angle of attack. Note that the aerodynamic center 

predicted by Eqs. (77) and (78) does not lie at the quarter-chord, but is a single point 1.20% chord aft and 0.45% chord 

above the quarter-chord point. The pitching moment at the quarter chord shown in Table 1 deviates from the pitching 

moment about the aerodynamic center predicted from general airfoil theory by about 5.77%. Equations (21)–(23) 

represent a mix of using linear aerodynamics from thin airfoil theory while retaining the trigonometric nonlinearities 
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given in Eqs. (75) and (76). This produces non-physical results and should never be used to approximate the 

aerodynamic center and associated pitching moment.  

 

 

Fig. 4 The location of the aerodynamic center for a NACA 2412 airfoil in inviscid flow as predicted by 

traditional theories and the general airfoil theory. 

 

 

 

Fig. 5 Pitching moment about the aerodynamic center for the NACA 2412 airfoil in inviscid flow as predicted 

by traditional theories and the general airfoil theory.  

 To understand how thickness and camber affect the location of the aerodynamic center, the aerodynamic center 

as predicted from Eqs. (77) and (78) or (80) was computed for 150 NACA 4-digit-series airfoils as a function of 

camber and thickness. These results are shown in Fig. 6, and the corresponding predictions for the pitching moment 

at the aerodynamic center are shown in Fig. 7. Note that increasing thickness tends to shift the aerodynamic center aft, 

while camber tends to shift the aerodynamic center normal to the chord line. The aft movement of the aerodynamic 

center with increasing thickness was also predicted by Alan Pope [25]. Pope calculated the axial deviation of the 
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aerodynamic center from the quarter chord due to thickness based on an improved lift slope estimated from conformal 

mapping of Joukowski airfoils. His approximation can be written as 

 

 
)1)(1(4
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where ct77.0  and ct  is the percent thickness. His solution predicts an axial deviation as a function of thickness 

“being at the 26.7 per cent point of an airfoil 9 per cent thick and at the 27.6 per cent point for one 15 per cent thick” 

[25], but neglects any vertical deviation. Note that the axial deviations shown in Fig. 6 for the 4-digit NACA airfoils 

are smaller than those predicted by Pope [25], which were based on Joukowski airfoils [26]. Hence, the deviation of 

the aerodynamic center due to airfoil thickness depends on the family of airfoils considered. 

 Because the static margin is often on the order of 5% for a stable aircraft, the difference in the approximations for 

the location of the aerodynamic center obtained from general airfoil theory compared to the traditional approximations 

can be significant. Furthermore, because flutter analysis is highly dependent on the distance between the locus of 

aerodynamic centers and the elastic or torsional axis of the wing, correctly identifying the locus of aerodynamic centers 

along a wing can be critical. We have thus far considered only the case of inviscid flow. As will be shown, viscosity 

also significantly impacts the location of the aerodynamic center of an airfoil. 

 

 

Fig. 6 The aerodynamic center location predicted from Eqs. (77) and (78) or (80) for 150 NACA 4-digit airfoils 

as a function of camber and thickness. Filled markers represent airfoil thickness increments of 10%. 
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Fig. 7 Pitching moment about the aerodynamic center predicted from Eqs. (79) or (80) for 150 NACA 4-digit 

airfoils as a function of camber and thickness. 

IV.   Viscous Effects 

 In the previous two sections we neglected the influence of viscosity on the aerodynamic forces and moments 

created by an airfoil. The largest effect of viscosity on airfoils at angles of attack below stall is the production of 

friction along the surface of the airfoil. Below stall, this skin friction generally does not significantly impact the lift 

but does produce drag and alters the pitching moment relative to the inviscid scenario. The section drag coefficient is 

traditionally related to the section lift coefficient using a quadratic equation. Here we use the traditional relation 
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where 
0

~
DC , LDC ,0

~
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0 ,
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LD

C  are constant coefficients for a given airfoil drag polar. Note that the second term on the 

right-hand side is required to adequately describe drag polars that do not have a minimum at zero lift. Such is the case 

for most non-symmetric airfoils. 

Viscosity also affects the pitching moment produced by the airfoil. Recall that Eq. (58) was developed from airfoil 

theory based on conformal mapping, which is built on the assumption of an inviscid flow. This equation for the 

pitching moment can be extended to account for viscous effects by including the drag-component acting in the normal 

and axial directions, 
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or, in light of Eqs. (3) and (4), 
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Differentiating Eq. (82) with respect to angle of attack and applying the result to Eqs. (12) and (13) gives the exact 

solution for the location of the aerodynamic center including viscous effects 
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Applying Eqs. (82), (84), and (85) to Eq. (14) gives the associated pitching moment 
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 In order to complete the formulation, first and second derivatives for the axial- and normal-force coefficients 

needed in Eqs. (84)–(86) must be obtained. Expressions for these derivatives with respect to angle of attack can be 

found analytically by using Eqs. (42) and (81) in Eqs. (3) and (4) and differentiating. The process for obtaining each 

of these derivatives is rather straight forward and can be performed by a symbolic solver. The details will not be 

included here. Once obtained, these derivatives can be used in Eqs. (84), (85), and (86) to find the exact location of 

the aerodynamic center and associated pitching moment including viscous effects. The result is a rather lengthy set of 

equations. However, as can be seen from Eqs. (84) and (85), the location of the aerodynamic center of an arbitrary 

airfoil including the effects of viscosity is a function of angle of attack. This differs from the inviscid solution given 

in Eqs. (77) and (78), which yield a single point independent of angle of attack. 

 The first and second derivatives of the axial- and normal-force coefficients required for Eqs. (84)–(86) are quite 

cumbersome to use in practice, although they can be very useful if applied in a computational framework. A simplified 

approximation for the location of the aerodynamic center can be obtained by applying the third-order small-angle 

approximations  
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to Eqs. (84)–(86) as well as to the first and second derivatives of the axial- and normal-force coefficients required in 

these equations. Because the angle of attack , zero-lift angle of attack 0L , and drag are small compared to the section 

lift slope ,0

~
LC , we neglect any terms that include fourth-order and higher combinations of  , 0L ,  

0

~
DC ,  LDC ,0

~
, and 

2
0 ,

~
LD

C . For airfoils at angles of attack below stall, values for these coefficients generally fall in the ranges 

3.02.0   ,  1.01.0 0  L ,  010.0
~

004.0
0
 DC ,  0

~
003.0 ,0

 LDC ,  015.0
~

003.0 2
0 ,


LD

C .  Therefore, we 

also apply the following simplifying approximations 
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This process produces what will be referred to here as the third-order approximation for the aerodynamic center and 

associated pitching moment, which can be written as 
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where 
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 Equations (89)–(92) can be used as an accurate estimate for the aerodynamic center and associated pitching 

moment for any cambered airfoil below stall. Of course, the accuracy of any estimate for the aerodynamic center is 

also dependent on the accuracy to which the coefficients in Eqs. (42), (81), and (83) are known.  
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 The aerodynamic coefficients required for Eqs. (89)–(92) including viscous effects can be obtained from a set of 

data using the least-squares regression method outlined by Hunsaker et al. [23]. Because viscosity produces only a 

small effect on lift, the least-squares solution given in Eqs. (70) and (71) can be used to obtain the aerodynamic 

coefficients needed to predict lift as a function of angle of attack given in Eq. (42). The aerodynamic coefficients 

needed for the drag polar equation given in Eq. (81) can be obtained from 
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In a similar manner, the aerodynamic coefficients needed for the pitching-moment equation given in Eq. (83) can be 

obtained from 
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where iLiDiA ii
CCC  sin
~

cos
~~

  and iDiLiN ii
CCC  sin
~

cos
~~

 . 

 

A. Example Results 

 Data for several NACA 4-digit airfoils at a Reynolds number near 3.0E06 were digitized from plots of lift, drag, 

and pitching moment published by Abbott and von Doenhoff [27]. These data were fit to Eqs. (42), (81), and (83) 

using the least-squares regression equations given in Eqs. (70), (71), (93), and (94). The resulting aerodynamic 

coefficients for these airfoils are shown in Table 2. Figure 8 shows the aerodynamic center location for each of these 

airfoils over the range 1515    as computed from the exact solution obtained from analytical derivatives applied 

to Eqs. (84) and (85), as well as the third-order estimate from Eqs. (89) and (90). As can be seen from these results, 
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Eqs. (89) and (90) quite accurately match the exact solutions for each of the airfoils considered. Note that at positive 

angles of attack, the aerodynamic center is positioned higher than at negative angles of attack. This vertical deviation 

can be as large as 2% of the chord. Also notice that the aerodynamic center predictions including viscous effects 

deviate from the quarter chord by as much as 3.5% in the axial direction and 4.5% in the normal direction as a 

percentage of chord for this set of airfoils. While the deviation of the aerodynamic center from the commonly used 

approximation of the quarter chord may seem insignificant, these magnitudes can be significant for flutter estimates. 

Additionally, results have strong implications for the pitch stability of complete aircraft, which generally have a static 

margin on the order of 5% of the main wing mean chord. For most aircraft, accurately estimating the axial location of 

the aerodynamic center is usually more important than accurately estimating the vertical location of the aerodynamic 

center. This is because the vertical offset between the center of gravity and the aerodynamic center is small for most 

aircraft. However, as pointed out by Phillips, Alley, and Niewoehner [3], “if the center of gravity of an airplane is 

substantially above or below the aerodynamic center, nonlinear effects can have a detrimental effect on pitch stability 

by producing large variations in the pitch-stability derivative with angle of attack.” This can be the case for high-wing 

aircraft and hang gliders. 

Table 2. Coefficients for several NACA airfoils as computed from the vertical least-squares algorithm using 

data from Abbott and von Doenhoff [27]. 

NACA 0L  ,0

~
LC  0

~
DC

 
LDC ,0

~

 
2

0 ,

~
LD

C
 ,0

~
mC

 AmC ,

~

 NmC ,

~

 

1408 -0.01457 6.18977 0.00515 -0.00176 0.00802 0.86774 -0.03221 -0.53493 

1412 -0.02160 6.02468 0.00587 -0.00135 0. 00537 0. 54239 -0. 01838 -0. 42972 

2412 -0.04556 5.75810 0.00640 -0.00208 0.00619 0.49412 -0.02634 -0.41442 

2424 -0.03540 5.18830 0.00845 -0.00076 0.00636 0.56386 0.02839 -0.43311 

4415 -0.07343 5.68654 0.00751 -0.00254 0.00419 0.64057 -0.02452 -0.46852 

4418 -0.06851 5.71103 0.00790 -0.00256 0.00401 0.66330 -0.02351 -0.47075 

4424 -0.06285 5.38038 0.00879 -0.00178 0.00533 0.68051 -0.00591 -0.47971 
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Fig. 8 Predicted aerodynamic centers of several NACA 4-digit airfoils including viscous effects at a Reynolds 

number of 3.0E6 over the range –15 ≤ α ≤ 15. 

 

 To understand how large the deviation of the aerodynamic center as a function of angle of attack can be in 

comparison to the airfoil geometry, results for the NACA 2412 airfoil are shown in Fig. 9. Predictions for the 

aerodynamic center from four methods are included. These include the traditional solutions from Eqs. (7) and (20), 

the inviscid solution from Eqs. (77) and (78) using data from the panel method [24], and the full viscous solution from 

Eqs. (84) and (85) using data from Abbott and von Doenhoff [27]. Also included is the estimate given in Eqs. (89) 

and (90), which nearly identically overlap the exact solution from Eqs. (84) and (85). Note that while the traditional 

solutions given in Eqs. (7) and (20) and the inviscid solution given in Eqs. (77) and (78) predict an aerodynamic center 

that is independent of angle of attack, the full viscous solution predicts that the aerodynamic center is a function of 

angle of attack. 

 Figure 10 shows the pitching moment for the NACA 2412 airfoil as a function of angle of attack predicted from 

the traditional method as well as the methods suggested in this paper. In this case, thin airfoil theory matches the full 

viscous solution surprisingly well, partially due to the fact that viscosity tends to cancel thickness effects [24]. 
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Fig. 9 Aerodynamic center locations for the NACA 2412 airfoil as predicted by traditional methods compared 

to the methods presented in this paper. Note that the location predicted by Eqs. (84)-(85) lies directly on top of 

that predicted by Eqs. (89)-(90). 

 

 

Fig. 10 Pitching moment about the aerodynamic center of the NACA 2412 airfoil as predicted by a traditional 

method compared to the methods presented in this paper. 

 

 First and second derivatives computed from curve fits can be sensitive to the range of data used for the curve fits, 

especially if the data do not follow the form of the equations to be fit. In order to gain some insight into this sensitivity 

of the method, the location of the aerodynamic center was estimated using various dataset ranges from the 

experimental data published by Abbott and von Doenhoff [27] for the NACA 2412 airfoil at a Reynolds number of 

3.1 million. Figure 11 shows the estimated aerodynamic center location as computed using the data from four angle-

of-attack ranges: −3 to +3 degrees, −6 to +6 degrees, −10 to +10 degrees, and all data below stall onset. Results 

computed from Eqs. (84) and (85) are shown for angles of attack from −15 degrees to +15 degrees, and results from 
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the traditional method given in Eq. (7), which are independent of angle of attack, are also included. As can be seen, 

results from the estimate given in this work as well as the traditional estimate for the aerodynamic center are sensitive 

to the data ranges used. This is due to variation in the experimental data. The axial variation in results from Eq. (84) 

is about 0.20%, and that from Eq. (7) is about 0.52%. The vertical variation in results from Eq. (85) is about 14.31%, 

and that from Eq. (7) is zero due to the fact that the traditional method does not predict any vertical offset of the 

aerodynamic center for any airfoil. Although the vertical variation from Eq. (85) is noticeably sensitive to variation in 

the experimental data, it is encouraging to note that the axial location of the aerodynamic center as predicted by Eq. 

(84) is less sensitive to the variation in the dataset than is the axial location predicted by the traditional method from 

Eq. (7). These results provide some preliminary insight into the sensitivity of the aerodynamic-center estimates to 

variation in experimental data. Conclusions drawn from Fig. 11 should not be extrapolated to other data sets or airfoils. 

A more thorough study of the sensitivities of the methods should be conducted in order to draw any full conclusions 

as to the robustness of either approach. The purpose of the present work is simply to provide the fundamental 

aerodynamic theory for more accurately estimating the location of the aerodynamic center. 

 

 

Fig. 11 Aerodynamic center locations for the NACA 2412 airfoil using data in various ranges in angle of attack 

published by Abbott and von Doenhoff [27]. 
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B. Symmetric Airfoils 

 For the special case of a symmetric airfoil, the drag is minimized at zero lift, and 0
~

,0
LDC . For this case, Eq. 

(81) reduces to 
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Equation (95) represents a parabola with the vertex at 
0

~
DC . Because the lift is nearly a linear function of angle of 

attack, Eq. (95) is very nearly parabolic in angle of attack. Additionally, any parabola can be fit to a cosine function. 

In this case, it is convenient to express the drag coefficient of a symmetric airfoil as a trigonometric function of angle 

of attack. We will define an alternate drag parameter 
sDC

~
 such that the drag given in Eq. (95) can be written in terms 

of angle of attack as 
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The pitching moment for a symmetric airfoil including viscous effects can be obtained by applying the symmetric 

relation 0
~

, AmC  from Eq. (60) to the pitching-moment equation given in Eq. (83). This yields 
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Using Eqs. (61) and (96) in Eq. (97) and applying the trigonometric identity  cossin2)2sin(   gives 
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Because the cosine of  is very nearly unity for all angles in the range below stall, the term inside the square brackets 

in Eq. (98) is very nearly constant for symmetric airfoils below stall, and the pitching moment from Eq. (98) can be 

closely approximated as  
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where ,

~
msC  is a constant coefficient. Using Eqs. (61) and (96) in Eqs. (3), (4), and (99), differentiating and applying 

the result to Eqs. (12)–(13) gives the location of the aerodynamic center for arbitrary symmetric airfoils including 

viscous effects 
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where 
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Notice that in contrast to Eq. (80), the aerodynamic center of a symmetric airfoil is a function of angle of attack once 

the effect of viscous drag is included. Additionally, the y-coordinate of the aerodynamic center for this case as 

predicted by Eq. (101) lies on the chord line only when the angle of attack is zero. Hence, even for symmetric airfoils, 

the aerodynamic center will have a vertical offset that varies with angle of attack. 

 The coefficients needed in Eqs. (98)–(101) can be computed from a set of numerical or experimental data using 

a least-squares regression technique. Equation (73) can be used to compute a value for ,0

~
LC , and Eq. (74) can be used 

to compute a value for ,

~
msC . The coefficients needed for the drag polar in Eq. (96) can be computed from  
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 For example, experimental data from Abbott and von Doenhoff [27] were digitized for the NACA 0006, 0009, 

and 0012 airfoils. These results were fit to Eqs. (61), (96), and (99) using the least-squares regression relations given 

in Eqs. (73), (74), and (104). The resulting aerodynamic coefficients are shown in Table 3. These coefficients were 

then used in Eqs. (100) and (101) to obtain the location of the aerodynamic center for each of these airfoils. Results 

of these computations for the NACA 0006 and 0012 airfoils are included in Fig. 8 for comparison to the results of 

cambered airfoils. Notice that the vertical position of the aerodynamic center of these symmetric airfoils can vary by 

2.5% of the chord over the range 1515   . 
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Table 3. Coefficients for example symmetric NACA airfoils as computed from the vertical least-squares 

algorithm using data from Abbott and von Doenhoff [27]. 

 

NACA 0L  ,0

~
LC  

0

~
DC  

sDC
~

 ,

~
msC  

0006 0.0 6.18958 0.00461 0.78888 -1.55068 

0009 0.0 6.10308 0.00551 0.42810 -1.52197 

0012 0.0 6.14987 0.00580 0.44154 -1.53301 

 

 Note from Fig. 8 that the concavity of the locus of aerodynamic centers for symmetric airfoils is opposite to that 

of cambered airfoils. The aerodynamic center of symmetric airfoils moves aft with increasing angle-of-attack 

magnitude, while that for cambered airfoils moves forward. The aerodynamic mechanisms that produce this result are 

not fully understood at this point.  However, it is insightful to compare these results to those for finite wings 

published by Phillips, Alley, and Niewoehner [3]. 

 In their publication, Phillips et al. computed estimates for the aerodynamic center of a single swept wing with a 

symmetric airfoil, as well as for a wing-canard combination [3]. The concavity of the aerodynamic centers of 

symmetric airfoils shown in Fig. 8 match that found from CFD simulations for a single swept wing with a symmetric 

airfoil [3]. This should not be too surprising since symmetric airfoils and finite wings with symmetric airfoils should 

have similar symmetric dependence of lift, drag, and pitching moment on angle of attack. Additionally, the concavity 

of the aerodynamic centers of cambered airfoils shown in Fig. 8 match one estimate of Phillips et al. [3] for a wing-

canard configuration with the canard offset vertically from the canard. This, again, should not be too surprising, since 

the lift, drag, and pitching moment of the canard configuration would produce an asymmetric dependence on angle of 

attack, similar to that of a cambered airfoil.  

 The results presented in this work can be used to obtain the location of the aerodynamic center for cambered and 

symmetric airfoils. Furthermore, because the lift, drag, and pitching moment on a finite wing and/or full aircraft are 

often assumed to depend on angle of attack in the same form as that of an airfoil, the results of this work have strong 

implications for estimating the aerodynamic center or neutral point of lifting surfaces in general. 
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 An alternate approach for obtaining the aerodynamic center as a function of angle of attack could be taken by 

fitting polynomials to experimental data for lift, drag, and pitching moment. These polynomials could then be related 

to axial and normal forces through Eqs. (3) and (4), and derivatives of these polynomials could be used in Eqs. (12)–

(14) to obtain the aerodynamic center and associated pitching moment. Although such an approach can provide 

accurate numerical solutions, the main benefit to the approach outlined in this paper is that relations between the 

aerodynamic center and other airfoil properties, such as lift slope or zero-lift angle of attack, can be clearly seen and 

understood. In contrast, polynomial fits provide little insight into the physics of the problem since the coefficients of 

the polynomials are somewhat removed from the aerodynamic properties of the airfoil. For airfoils below stall at 

moderate Reynolds numbers, the nonlinear relations presented in this work should be fairly accurate. However, for 

more complex cases such as low-Reynolds-number behavior and separation bubbles, employing polynomial fits may 

be more straight forward in practice. 

V.   Conclusions  

 Thin airfoil theory predicts that the aerodynamic center of an airfoil lies at the quarter chord, and this 

approximation is commonly used today in aircraft design. However, it is widely acknowledged that this is, in general, 

not correct. Rather, the aerodynamic center lies at the quarter chord only in the limit as the airfoil thickness and camber 

both approach zero and in the absence of viscosity. Traditional linear methods of predicting the lift and pitching 

moment coefficients of airfoils as a function of angle of attack neglect trigonometric and aerodynamic nonlinearities 

associated with the aerodynamics of lifting bodies. Hence, traditional approximations do not accurately predict the 

location of the aerodynamic center, even below stall. 

 General nonlinear relations for the ideal lift and pitching moment of arbitrary airfoils as a function of angle of 

attack below stall have been developed here, which include the trigonometric and aerodynamic nonlinearities of 

airfoils with arbitrary thickness and camber at arbitrary angles of attack. These general relations are given in Eqs. (42) 

and (58) for cambered airfoils and in Eqs. (61) and (62) for symmetric airfoils. These relations have been shown to 

match inviscid airfoil results for arbitrary airfoil geometries to machine precision, whereas the traditional lift and 

pitching-moment equations based on thin-airfoil theory match the data to only one or two digits. However, the 

significance of the general airfoil formulation is not that it more accurately fits experimental data or numerical 
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results. Indeed, the accuracy of the traditional equations based on thin airfoil theory is often well within the accuracy 

of experimental or computational results. Rather the significance of the general airfoil formulation becomes 

apparent when second derivatives for lift or pitching moment as a function of angle of attack are needed, which 

is the case in the estimation of the location of the aerodynamic center. 

 Using the general airfoil theory formulation, it has been shown that the aerodynamic center of any arbitrary airfoil 

in inviscid flow is a single point, independent of angle of attack. For cambered airfoils this position can be computed 

from Eqs. (77) and (78), and for symmetric airfoils it can be computed from Eq. (80). The corresponding pitching 

moment about the aerodynamic center is given in Eqs. (79) and (80) respectively. The deviation of this point from the 

quarter chord can be significant, and example solutions are shown in Fig. 6 for 150 NACA airfoils over a range of 

thickness and camber. 

 Estimates for the aerodynamic center based on thin airfoil theory also neglect any effects due to viscosity. It has 

been shown that, once viscous effects are included, the aerodynamic center is no longer a single point, but is a function 

of angle of attack. The location of the aerodynamic center including viscous effects can be found for cambered airfoils 

from Eqs. (84) and (85), and for symmetric airfoils from Eqs. (100) and (101). The associated pitching moment about 

the aerodynamic center can be obtained from Eqs. (86) and (102) respectively. Because Eqs. (84)–(86) can be 

cumbersome to implement in practice, a third-order approximation to these solutions is offered in Eqs. (89)–(91). 

Example solutions for a range of NACA airfoils with varying camber and thickness are shown in Fig. 8, showing that 

the third-order approximation is in excellent agreement with the exact solutions. Additionally, these results show that 

the aerodynamic center can deviate from the quarter-chord by more than 3% of the chord. For a wing with an elastic 

axis located at 35% chord, a deviation in aerodynamic center of 3% relative to the chord is a deviation of 30% relative 

to the distance between the aerodynamic center and the elastic axis. Therefore, while the difference in the location of 

the aerodynamic center predicted using thin airfoil theory and the theory presented here is only on the order of a few 

percent, this can be significant when predicting important aircraft static stability parameters and flutter characteristics. 
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