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ABSTRACT This paper presents theoretical and experimental bit error rate (BER) results for a free-
space optical (FSO) multiple-input-multiple-output system over an arbitrarily correlated turbulence channel.
We employ an erbium-doped fiber amplifier at the receiver (Rx), which results in an improvedRx’s sensitivity
at the cost of an additional non-Gaussian amplified spontaneous emission noise. Repetition coding is used
to combat turbulence and to improve the BER performance of the FSO links. A mathematical framework
is provided for the considered FSO system over a correlated non-identically distributed Gamma-Gamma
channel; and analytical BER results are derived with and without the pre-amplifier for a comparative study.
Moreover, novel closed-form expressions for the asymptotic BER are derived; a comprehensive discussion
about the diversity order and coding gain is presented by performing asymptotic analysis at high signal-to-
noise ratio (SNR). To verify the analytical results, an experimental set-up of a 2 × 1 FSO-multiple-input-
single-output (MISO) system with pre-amplifier at the Rx is developed. It is shown analytically that, both
correlation and pre-amplification do not affect the diversity order of the system, however, both factors have
contrasting behaviour with respect to coding gain. Further, to achieve the target forward error correction
BER limit of 3.8 × 10−3, a 2 × 1 FSO-MISO system with a pre-amplifier requires 6.5 dB lower SNR
compared with the system with no pre-amplifier. Moreover, an SNR penalty of 2.5 dB is incurred at a higher
correlation level for the developed 2× 1 experimental FSO set-up, which is in agreement with the analytical
findings.

INDEX TERMS Arbitrary correlation, ASE noise, diversity, experimental, free-space optical communica-
tions, gamma-gamma distribution, optical pre-amplifier, spatial diversity.

I. INTRODUCTION
Regardless of all the advantages that a free-space optical
(FSO) communications system offers such as high data rates,
security at the physical layer, and license free spectrum;
the quality of transmission of FSO link is exacerbated by

The associate editor coordinating the review of this manuscript and
approving it for publication was Huaqing Li.

the unpredictable weather conditions such as haze, fog, tur-
bulence, thus resulting in system performance degradation
because of signal fading and dispersion [1]–[3]. In order to
characterize channel induced fading in FSO links, several
statistical turbulence models have been proposed in the lit-
erature. Gamma-Gamma (00) turbulence model has been
proved as the most appropriate, which covers weak-to-strong
turbulence regimes [1], [4]. Many spatial diversity techniques
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are available in the literature, which employ multiple aper-
tures at the transmitter (Tx) and/or at the receiver (Rx). These
techniques are used to alleviate the effects of atmospheric
turbulence (AT) and thereby improve the performance of FSO
system [5]–[7]. A space-only code has been used to achieve
a full spatial diversity gain in an intensity modulation/direct
detection (IM/DD) multiple-input multiple-output (MIMO)
system [8]. The full spatial diversity is achieved by using
repetition codes (RC), where the same symbol is transmitted
by all Tx apertures [9] – thus resulting in a fast maximum-
likelihood (ML) detection. In [10] and [11], it has been
reported that the RC outperforms the orthogonal space-time
block code (OSTBC) in IM/DD FSO systems with on-off
keying (OOK) and subcarrier intensity modulated multiple-
input-single-output (MISO) systems.

There are many practical applications with multiple aper-
tures, where the available space at the Tx/Rx end is not
sufficient to employ apertures with proper separation between
them (i.e., spatial coherence separation between them exceed-
ing the fading correlation length) [1], [12]. Therefore, this
limitation can lead to correlated FSO links. Hence, in order
to ensure that the analysis carried out is generalized and
also valid for a practical FSO system, channels must be
considered to be correlated. In [4], the outage performance
analysis of a selection combining-based Rx over a constant
correlated 00 AT link was carried out. The performance
analysis of diversity systems over a 00 AT channel was
studied in [13] and [14]. The authors in [13] considered
an exponentially correlated fading channel model to inves-
tigate the outage probability and the bit error rate (BER) of
the selection combining and maximal ratio combining-based
Rxs, respectively. While in [14] 00 random variables (RVs)
were considered to be independent; performance analysis of
sum of correlated 00 RVs was studied in [15] by using an
approximate α-µ distribution for a triple aperture system.
Performance analysis of multivariate 00 RVs with arbitrary
correlation was presented in [16]. Although in [17], the BER
analysis of the FSO-MISO system with RC was carried out
over correlated 00 turbulence, the analysis was applicable
only for constant correlation. The effect of the pointing
error on the performance of FSO systems using multi-pulse
pulse position modulation (MP-PPM) over the00 turbulence
channel was studied in [18]. The authors in [19] proposed
an adaptive transmission modulation (ATM) technique for
FSO links in order to improve the spectral efficiency of the
system.

The use of an optical pre-amplifier at the Rx compen-
sates for the losses incurred by the propagating wave; there-
fore, maintains the required receiver sensitivity and improves
the data rate or the transmission span. However, it intro-
duces an additional amplified spontaneous emission (ASE)
noise, which results in the beat noises (i.e., spontaneous-
spontaneous and signal-spontaneous) at the Rx. The received
signal at the output of photo-detector is more precisely
described by Chi-square distribution, when beat noises are
dominant at the Rx (i.e., the dominant source compared

to the shot and thermal noises) [20]–[22]. Non-Gaussian
nature of the probability density functions (pdfs) of signals
(i.e., logical 1’s and 0’s) in the presence of ASE noise has
been experimentally verified in [23]. The BER of the indoor
lightwave communications system employing optical pre-
amplifiers and no turbulence was evaluated in [20], [21]. The
effect of turbulence was considered in [22] in carrying out the
BER analysis for a FSO system with ASE noise. The authors
in [24]–[27] studied the effect of turbulence and pointing
error on the BER performance of an optically pre-amplified
FSO system by considering different distributions to model
the FSO channel. However, all these analyses were based on
a single-input-single-output (SISO) link and applicable to an
un-correlated channel.

In this paper, we consider OOK IM/DD non-identical
FSO links over the arbitrarily correlated 00 AT channel
in the presence of ASE noise. Note that, in order to study
a practical system, we have assumed that the number of
line-of-sight photons (non-dispersed) is sufficiently higher
than the number of the scattered photons at the Rx and the
transmit power is sufficient to reduce the effect of dispersion
[28], [29]. Therefore, both the AT and spatial correlation are
considered as the dominant factors affecting the performance
of the proposed FSO system. To the best of the authors’
knowledge, the comparative BER performance analysis of
a correlated FSO-MIMO system with RC and non-identical
links, with and without the ASE noise has not been reported
in the literature yet. It should be noted that, the considered
correlated system model in this work is practically applicable
to the terrestrial FSO links.

Motivated by aforesaid discussions, we claim the following
specific contributions in this paper:
• Under the influence of arbitrary correlation, a novel
closed-form analytical expression is derived for the BER
of FSO-MIMO system with RC over the arbitrarily cor-
related 00 channel, without considering a pre-amplifier
at the Rx.

• In order to generalize the analysis for the practical appli-
cations, the BER expression for the correlated FSO-
MIMO system with a pre-amplifier is also derived in the
form of power series.

• To substantiate the analytical findings, an experimental
set-up is developed to validate the BER of a 2 × 1
correlated FSO system with RC in the presence of pre-
amplifier at the Rx.

• Asymptotic BER analysis at high signal-to-noise ratio
(SNR) is also performed to obtain expressions for the
diversity gain, coding gain and the loss in coding gain.
Useful insights into the impact of correlation and the
ASE noise on the diversity and coding gains of the FSO-
MIMO system are extracted with the help of asymptotic
BER analysis under different AT regimes.

The rest of the paper is organized as follows. In Section II,
the Tx and channel models with general assumptions are
briefly presented. In Section III, Rx models for the con-
sidered correlated FSO-MIMO system both in the absence
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FIGURE 1. Demonstrative diagram of arbitrarily correlated FSO-MIMO system.

and presence of the ASE noise are presented followed by
the derivation of analytical BER results. Further, we also
perform asymptotic BER analysis at high SNR to get some
intuition about the impact of correlation and the ASE
noise on the diversity order Gd , coding gain Gc, and loss
in coding gain 1 GLc in Section IV. Numerical results
are presented and discussed in Section V. In Section VI,
an experimental set-up is developed for a 2 × 1 correlated
FSO system with RC. Finally in Section VII, we present
concluding remarks based on the numerical results and
observations.

II. PRELIMINARIES
Let us consider an IM/DD FSO-MIMO system consisting
of M -Tx lasers, and N -Rx apertures, as shown in Fig. 1.
We assume a FSO-MIMO system, where the lasers at the
transmitting end are closely spaced; and similarly, the Rx
apertures are also closely spaced, thus resulting in chan-
nels with arbitrary correlation [4], [16]. The information bit
stream, converted into a non-return-to-zero (NRZ) OOK for-
mat with RC, is used for IM of multiple Txs for transmission
over an arbitrarily correlated 00 AT channel [30].

A. CHANNEL MODEL
In this paper, we characterize the fading behaviour of the FSO
channel using the 00 turbulence model. Let In,m denotes the
received signal irradiance at n-th Rx from m-th Tx, which is
given as:

In,m = I0hn,m, (1)

where I0 is the received irradiance through the clear air chan-
nel, hn,m represents the correlated channel gain between the
m-th Tx-laser and the n-th Rx-aperture with 1 ≤ m ≤ M and
1 ≤ n ≤ N , which is modelled as 00 RV. As a result of the
linear relation between In,m and hn,m in (1), In,m also follows
the 00 distribution with arbitrary correlation.

B. GENERAL ASSUMPTIONS
In order to simplify the generalized discussion for FSO-
MIMO channel, let us consider H be an N × M arbitrarily

correlated channel gain matrix with hn,m ∈ H. Vectoriza-
tion of matrix H, i.e., h = vec(H) gives a vector of size
NM ×1 withMN 00 distributed channel coefficients. Let us
represent them by a compact notation hi, i = 1, 2, . . . ,MN
without loss of generality. The correlated 00 RVs his for a
MIMO channel can be generated as a product of two sets
of Gamma RVs wis and uis, which arises from large-scale
and small-scale eddies, respectively [16]. Further, ρw and ρu
denote the correlation coefficients of large-scale and small-
scale eddies, respectively and ρi,j represents the effective
correlation coefficient between the i-th and j-th sub-channels,
j = 1, 2, . . . ,MN . Since the large-scale and small-scale
fadings are considered to be independent according to the 00
model, ρi,j can be given by [15]:

ρi,j =

√
αiαjρu +

√
βiβjρw + ρwρu

√
αi + βi + 1

√
αj + βj + 1

, (2)

where αi and βi are the turbulence parameters associated
with i-th sub-channel, which denote the effective numbers of
large-scale and small-scale eddies [1], respectively and their
effective sizes vary from the inner-scale to the outer-scale of
turbulence denoted by l0 and L0, respectively. In the case of
plane wave (link length≥ 1 Km) propagation with l0 close to
0, i.e., a zero inner scale condition, the AT parameters of αi
and βi can be obtained using [31]:

αi =

(
exp

[ 0.49σ 2
Ri

(1+ 1.11σ 12/5
Ri )7/6

]
− 1

)−1
, (3)

βi =

(
exp

[ 0.51σ 2
Ri

(1+ 0.69σ 12/5
Ri )5/6

]
− 1

)−1
, (4)

where σ 2
Ri is the Rytov variance of i-th sub-channel, which

represents irradiance fluctuations associated with AT, given
by σ 2

Ri = 1.23C2
nik

7/6L11/61 for the plane wave, where L1 is
the link length, C2

ni is the refractive index structure parameter
of the i-th sub-channel, and k = 2π/λ is the wave-number.
Morever, for spherical wave propagation, the AT parameters
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are given as [31]:

αi =

(
exp

[ 0.49σ 2
Ri

(1+ 0.56σ 12/5
Ri )7/6

]
− 1

)−1
, (5)

βi =

(
exp

[ 0.51σ 2
Ri

(1+ 0.69σ 12/5
Ri )5/6

]
− 1

)−1
, (6)

where σ 2
Ri = 0.5C2

nik
7/6L11/61 .

In order to generate correlated 00 RVs for a given ρi,j,
the challenge is to find appropriate values of ρw and ρu using
(2) for the considered channel. This is because it can be
observed from (2) that, for a given ρi,j there are an infinite
number of possible solutions. However, in [32, Section 5],
the specific criteria for setting large and small-scale correla-
tion coefficients based on the scintillation theory, were pro-
posed, which can be used to easily determine the parameters
ρw and ρu.
Before setting ρw and ρu, let us first define the three

scale sizes z1, z2, and z3 as the spatial coherence radius r0,
the first Fresnel zone

√
L1/k , and the scattering disk size

L1/kr0, respectively where r0 depends on L1 and C2
n , and

given as r0 =
(
1.455(2π/λ)2C2

nL1

)−3/5
for plane wave

and r0 =
(
0.555(2π/λ)2C2

nL1

)−3/5
for spherical wave.

For strong AT, intensity fluctuations arising from small-scale
eddies is averaged; thus ρu ≈ 0. Moreover, under weak-to-
moderate AT conditions, when z1 > z2 > z3, generally the
proposed solution is to set ρw = ρu. However, for the value of
ρ obtained with this solution, we can reasonably set ρu = 0
in (2) to obtain the value of ρw as an equivalent solution for
ρ = ρw = ρu.

Therefore, in this work, we consider RVs uis to be inde-
pendent, and the RVs arising from large-scale eddies wis to
be arbitrarily correlated. The correlation between wis and wjs
is defined by the correlation matrix6, of sizeMN×MN with
6i,j ≡ 1 for i = j and 6i,j ≡ ρi,j for i 6= j, and 6i,j ∈ 6. ρi,j
is defined as:

ρi,j ,
cov(wi,wj)√
var(wi)var(wj)

, (7)

where 0 ≤ ρi,j < 1, cov(·) and var(·) denote the covariance
and variance, respectively [16], [33]–[35]. According to [36],
ρi,j also depends on the transversal distance between the i-th
and j-th apertures d (i,j)r and the spatial coherence radius r0,
which can be expressed as:

ρi,j = exp
(
−
(
d (i,j)r /r0

)5/3)
. (8)

For a given separation among two apertures, the existing
correlation level can be calculated using (8).

C. STATISTICS OF CORRELATED 00 AT MODEL
The joint pdf of L = MN 00 RVs his with arbitrary corre-
lation and identical distribution is given by (9) (given on the
bottom of this page) [16], [37]. In this expression, | · |, Kv(·),
and 0(·) denote the determinant, modified Bessel function of
the second kind of order v [38] and Gamma function, respec-
tively; � = E[hi]/α, where E(·) denotes the expectation
and α and β are the AT parameters. Further, W represents
the inverse of correlation matrix 6 (i.e., W = 6−1), wi,js
denote the elements of W, δj , ((α + mj + β)/2) − 1, ηj ,
((α +mj − β)/2) with mj = ij for j = 1, mj = iL−1 for j = L
and mj = ij−1 + ij for j = 2, 3, . . . , (L − 1) [16]. Note that,
(9) is valid only when the matrix W follows the tridiagonal
property. However, the inverse of matrix 6 is not always
tridiagonal for all practical correlation models. Therefore,
in this paper we will use Green’s matrix approximation of
6 in the analysis [35].

D. SUM OF ARBITRARILY CORRELATED AND
NON-IDENTICALLY DISTRIBUTED 00 RVS
Let us consider a set of L correlated 00 RVs [h1, . . . , hL] and
their sum hsm =

∑L
i=1 hi. Note that, hi is the product of two

Gamma RVs, i.e., [h1, . . . , hL] = [u1w1, . . . ., uLwL]. It is
assumed that, the vector [u1, . . . , uL] contains independent
and identically distributed Gamma RVs with the parame-
ter β [14], whereas [w1, . . . ,wL] corresponds to the vec-
tor containing L arbitrarily correlated non-identical Gamma
RVs with parameters1 αi and �i = E[wi]/αi [16]. The
Karhunen-Loeve expansion is employed to decorrelate the
arbitrarily correlated, non-identical, Gamma distributed RVs
wis to obtain a new set of independent and non-identically
distributed Gamma RVs [40]. Then, by expressing the sum
of a new set of independent Gamma RVs as a nested finite
weighted sum of Gamma RVs, a closed-form expression for
the pdf of hsm is obtained by employing the transformation
of RVs. But, before discussing the pdf of hsm, let us take into
account the following assumptions, which are applicable to
this pdf [39]:

• Without loss of generality it is assumed that, the AT
parameters lie in increasing order, i.e., α1 ≤ α2 ≤ . . .
≤ αL .

• Let zi = [zi,1, zi,2 . . . zi,2αi ]
T is a vector of size 2αi × 1,

which contains independent and identically distributed

Gaussian RVs, {zi,k}
2αi
k=1, with E[z2i,k ] = �i/2.

1Note that, the AT parameter αi is considered to be a positive integer [39].

fh1.....hL (h1, . . . ., hL) =
2L |W |α

0(α)0(β)L

∞∑
i1,....,iL−1=0

( β
�

) L(α+β)
2 +

∑L−1
j=1 ij

L∏
j=1

h
δj
j

w
ηj
j,j

× K2ηj

(
2

√
βwj,j
�

hj

) L−1∏
n=1

[
| wn,n+1 |2in

in!0(α + in)

]
(9)
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• Let z = [zT1 z
T
2 · · · z

T
L ]
T be another vector of order D× 1

with D =
∑L

i=1 2αi and λi is a set of L distinct eigen-
values of the covariance matrix Kz(k,l)i,j

= E[zi,kzj,l],

which can be given as:

Kz(k,l)i,j
=



�i/2 if i = j and k = l

ρ
(z)
i,j

√
�i�j/2 if i 6= j

and k = l = 1, 2
, .., 2min{αi, αj}

0 otherwise,

(10)

where ρ
(z)
i,j denotes the correlation among the

elements of z.
• Moreover, µi is the algebraic multiplicity of each λi,
which satisfies

∑L
i=1 µi = D.

Based on the aforementioned assumptions and discussions,
pdf of hsm can be accurately approximated as the weighted
sum of independent 00 RVs2 with parameters αi = µi/2
and �i = 4λi/µi (where µi and λi are already defined under
the assumptions), as given by [16], [39]:

fhsm (hsm) =
L∑
i=1

αi∑
j′=1

24L(i, j′, {αq}Lq=1, {�q}
L
q=1)

×
(Lβ)

Lβ+j′
2 h

Lβ+j′
2 −1

sm

0(j′)0(Lβ)(�i)
Lβ+j′

2

Kj′−Lβ
(
2

√
Lβhsm
�i

)
, (11)

where the weights 4L(i, j′, {αq}Lq=1, {�q}
L
q=1) can be calcu-

lated using the recursive formula of [39, Eq. (8)].

III. PERFORMANCE ANALYSIS OF RC OVER
CORRELATED 00 AT
In this section, we will describe the Rx models of the consid-
ered correlated FSO-MIMO system with RC, with and with-
out the erbium-doped fiber amplifier (EDFA) and associated
ASE noise followed by the derivation of their analytical BER
results.

A. FSO-MIMO WITH NO OPTICAL PRE-AMPLIFIER
1) RECEIVER MODEL
The equal gain combining is performed to obtain the
received electrical signal at the Rx with no optical pre-
amplification as:

r =
√
Eb

N∑
n=1

M∑
m=1

hn,mx +
N∑
n=1

en, (12)

where Eb =
η2 I20
M2 N 2 , η represents an optical-to-electrical

conversion coefficient, I0 is the light intensity received at
the photo-detector without considering the channel effect,

2The pdf given in (11) is applicable to the scenario when correlation
among the large-scale eddies dominates the correlation among the small-
scale eddies. Nevertheless, the sum of correlated 00 RVs, when both the
small and large-scale eddies are contributing to the effective correlation can
also be derived easily by following the procedure given in [39].

x ∈ {0, 1} denotes the transmitted symbol and en is the
total noise at the Rx, which is modelled as an additive white
Gaussian noise (AWGN) with zero mean and variance of
N0/2. Moreover, the factor 1/MN is used to normalize the
total transmit and receive power levels, in order to keep the
total radiated power of MIMO the same as the SISO. Note
that, we have employed an ML detection scheme at the Rx.

2) AVERAGE BER EVALUATION
For the given input-output (I/O) relation of the MIMO sys-
tem (12), the instantaneous SNR at the Rx with no pre-
amplification for RC is given by [10]:

γ =
η2I20

2M2N 2N0

( N∑
n=1

M∑
m=1

hn,m
)2
. (13)

Note that, the average SNR is denoted as γ̄ = (η2I20 )/N0 and
without the loss of generality, it is assumed that the average
irradiance is normalized. The conditional BER of RC over
00 AT with arbitrary correlation can be given as:

Pe|h = Q(
√
γ ) = Q

(√
Eb
2N0

N∑
n=1

M∑
m=1

hn,m

)
. (14)

To derive the BER of FSO-MIMO with RC, we need
to average (14) over the pdf of MN correlated 00 RVs,
i.e., the pdf of hsm =

∑N
n=1

∑M
m=1 hn,m. The exact pdf of

hsm remains unknown, however, the proposed problem can
be made analytically tractable by employing the approximate
pdf described in Section II-E, with correlated physical diver-
sity sub-channels being transformed into independent virtual
sub-channels. By using the relationQ(x) ≈ 1

2 exp(−x
2/2) in

(14), substituting and considering η and I0 to be 1, the average
BER can be obtained from:

Pe ≈
1
2

∫
∞

0
exp

(
−h2sm

4N0M2N 2

)
fhsm (hsm)dhsm, (15)

where fhsm (hsm) is as given in (11).
Substituting (11) in (15), followed by some mathematical

manipulations and employing [41, Eq.(2.24.3/1)], the BER
of the FSO-MIMO under 00 AT with arbitrary correlation is
obtained in the form of:

Pe ≈
1
8π

L∑
i=1

αi∑
j′=1

4L(i, j′, {αq}Lq=1, {�q}
L
q=1)

×
(Lβ)

Lβ+j′
2

0(j′)0(Lβ)(�i)
Lβ+j′

2

(
1

4N0M2N 2

)−Lβ−j′
4

×G4,1
1,4

(Lβ
�i

)2 4N0M2N 2

24

∣∣∣∣∣∣
4−Lβ−j′

4

b

 , (16)

where L = MN , b =
[ j′−Lβ

4 ,
j′−Lβ+2

4 ,
Lβ−j′

4 ,
Lβ−j′+2

4

]
. Let

us make the following remarks on the derived BER expres-
sion in (16):
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• The derived closed-form BER expression consists of
finite nested summations and also the weight coeffi-
cients can be easily evaluated by using the recursive
formula given in [39, Eq. (8)]. It makes the BER result
evaluation very easy and fast.

• Moreover, the derived expression is very much general-
ized as it is valid for the FSO-MIMO system with non-
identical links, arbitrary correlation, and wide range of
AT regime.3

B. BER OF RC OVER CORRELATED Γ Γ AT
WITH EDFA PRE-AMPLIFIER
1) RECEIVER MODEL
At the Rx, N plano-convex lenses and collimators are used
to couple the received optical signal into the single mode
fibers (SMF) the output of which are combined and then
amplified. Note, the pre-amplifier introduces an additional
noise of ASE, which is modeled as zero mean Gaussian noise
with two-sided power spectral density of N0/2, with N0 =

Nsph′ν(G − 1). Here h′ is Planck’s constant, ν is the optical
center frequency, G is the amplifier gain, and Nsp is sponta-
neous emission factor [20], [42]. It is assumed that, the optical
gain is sufficiently high such that the ASE noise is the domi-
nant source compared with the shot and thermal noise sources
at the Rx [20], [22], [25], [42]. Prior to square law detection,
the received optical signal with noise is passing through a
band-pass filter in order to improve the SNR (i.e., reduce the
noise). Let us assume that, the dimensionality of the space of
finite energy signals with a bandwidth B and the time spread
T is an even integer of 2M1. The filtered noise process at
the photo-detector over T and orthonormal functions φi′ can
be denoted as

∑2M1
i′=1 ni′φi′ (t), where ni′ is Gaussian RV with

zero mean and variance N0/2. The information signal with
the energy E =

∑2M1
i′=1 s

2
i′ at the photo-detector can also be

represented in the same orthonormal basis as
∑2M1

i′=1 si′φi′ (t).

The generated photo-current I =
(∑2M1

i′=1

(∑L
n=1 hnsi′ +

ni′
)
φi′ (t)

)2

, where L = MN . Equalization is performed on

the electrical signal and then it is averaged over a one-bit
duration to obtain the decision variable, which is given as:

y =
2M1∑
i′=1

( L∑
n=1

hnsi′ + ni′
)2
=

2M1∑
i′=1

(
hsmsi′ + ni′

)2
, (17)

where y follows the Chi-square distribution [20]. If the
binary 1 is transmitted (i.e., signal present), then the statistical
behaviour of y can be more accurately described as non-
central Chi-square distribution with 2M1 degrees of freedom:

fy(y | hsm, x = 1)

=
(hsm)2

N0
(
y
E
)
M1−1

2 e
−

(y+E)h2sm
N0 IM1−1

(
2h2sm
√
yE

N0

)
, (18)

3Note that, the BER expression reported in [17, Eq. (12)], which was
derived for FSO-MISO system with constant correlation, can be considered
as a special case of (16).

where E is the bit energy and Iv(x) is the modified Bessel
function of the first kind of order v.

If the binary 0 is transmitted (i.e., no signal) with E = 0,
then y follows central Chi-square distribution given as:

fy(y | hsm, x = 0) =
(h2sm
N0

)M1 yM1−1

(M1 − 1)!
e
−
yh2sm
N0 , (19)

where (·)! represents the factorial operation.

2) CONDITIONAL BER
In order to decide whether the binary 1 or 0 has been received,

threshold based detection is adopted using y
1
≷
0
yth to compare

the decision variable with a threshold level yth. Based on this
decision, there are two possible errors: i) P(e | hsm, 0→ 1):
binary 1 is detected when 0 is transmitted. ii) P(e | hsm,
1 → 0): binary 0 is detected when 1 is transmitted, where,
we have

P(e | hsm, 0→ 1) =
∫
∞

yth
fy(y | hsm, x = 0)dy. (20)

and

P(e | hsm, 1→ 0) =
∫ yth

0
fy(y | hsm, x = 1)dy. (21)

Substituting (19) in (20) and employing [43, Eq. (3.381/3)],
we have:

P(e | hsm, 0→ 1) =
1

(M1 − 1)!
0

(
M1,

h2smyth
N0

)
. (22)

Further, by replacing Iv(x) with its series form (given in
[43, Eq. (8.445)]) in (18), then substituting it in (21), and
following some mathematical manipulations, P1 can be
expressed as:

P(e | hsm, 1→ 0) =
∞∑
k=0

(h2sm
N0

)k Eke−Eh2sm/N0

0(k +M1)k!

× γ
(
k +M1,

ythh2sm
N0

)
, (23)

where γ (·, ·) is the lower incomplete Gamma function. Now,
for the equiprobable input signals, the conditional error prob-
ability can be obtained usingPe|hsm =

1
2 (P(e | hsm, 0→ 1)+

P(e | hsm, 1→ 0)).

3) AVERAGE BER CALCULATION
Having obtained the conditional error probability, the average
BER can be evaluated by averaging Pe|hsm over the MIMO
fading channel hsm as given by:

Pe =
∫
∞

0
Pe|hsm fhsm (hsm)dhsm

=
1
2

(∫
∞

0
P(e | hsm, 0→ 1)fhsm (hsm)dhsm︸ ︷︷ ︸

I1

+

∫
∞

0
P(e | hsm, 1→ 0)fhsm (hsm)dhsm︸ ︷︷ ︸

I2

)
. (24)
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To simplify the analysis, let us first calculate the integral I1
of (24) by substituting (11) and (22) in I1 and using the series
representation of Gamma function as given by:

0(a, x) = e−x
a−1∑
p=0

(a− 1)!
p!

xp. (25)

Employing the above series, replacing the modified Bessel
function of the second kind by a Meijer-G function in
fhsm (hsm), followed by some mathematical substitutions, and
then employing [41, Eq. (2.24.3/1)], the integral I1 is solved
to obtain:

P(1)e =
M1−1∑
p=0

L∑
i=1

αi∑
j′=1

4L(i, j′)(Lβ)
Lβ+j′

2

4πp!0(j′)0(Lβ)(�i)
Lβ+j′

2

×
(yth
N0

)− (Lβ+j′)
4 G4,1

1,4

(Lβ
�i

)2 N0

yth24

∣∣∣∣∣∣∣
4−4p−Lβ−j′

4

b

 , (26)

where b is defined in Section III-A.2.
The integral I2 can be solved by employing a series repre-

sentation of γ (·, ·), given as [43, Eq. (8.354/1)], in (23) and
then substituting it and (11) in the integral I2 to obtain:

I2 =
∫
∞

0

∞∑
k,n=0

L∑
i=1

αi∑
j′=1

9(yth, αi, �i)h2Dsme
−
Eh2sm
N0

×G2,0
0,2

Lβhsm
�i

∣∣∣∣∣∣∣
· , ·

j′−Lβ
2 ,

Lβ−j′

2

 dhsm, (27)

where D = 2k +M1 + n+
Lβ+j′

4 −
1
2 and

9(yth, αi, �i) =
Ek

N k
00(k +M1)k!

(−1)n

n!(k +M1 + n)

×
(yth
N0

)k+M1+n 4L(i, j′)(Lβ)
Lβ+j′

2

0(j′)0(Lβ)(�i)
Lβ+j′

2

. (28)

The integral in (27) can be solved by carrying out transforma-
tion of RVs and then employing [41, Eq. (2.24.3/1)] to obtain:

P(2)e =
∞∑

k,n=0

L∑
i=1

αi∑
j′=1

( E
N0

)−2k−M1−n−
Lβ
4 −

j′
4

×
9(yth, αi, �i)

4π
G4,1
1,4

(Lβ
�i

)2 N0

E24

∣∣∣∣∣∣∣
81

b

 , (29)

where 81 = (1− 2k −M1 − n− Lβ/4− j′/4).
Finally, the average BER of the correlated FSO-MIMO

system with RC in the presence of ASE noise can be obtained
using Pe = 1/2(P(1)e + P(2)e ) by substituting (26) and (29)
in (24).

Let us make some remarks on the derived expression for
BER of the considered correlated system with the ASE noise:

• The BER expression derived for the considered system
with pre-amplifier is quite simple and can be easily
implemented, since (26) consists of only finite weighted
summations and the power series in (29) converge very
fast at k, n ≈ 8−10. The Cauchy ratio test [38], [44] can
be adopted to prove the convergence of the power series
in (29).

• The derived BER result is very generalized and valid
for practical scenarios where links are not necessarily
identical, correlation is arbitrary and also the ASE noise
is dominant.

IV. ASYMPTOTIC BER ANALYSIS
It is not possible to get any intuition of the diversity order
of the system from (16), (26), and (29). Therefore, for a
better understanding of the system’s performance behaviour,
the asymptotic BER analysis at high SNR is performed in this
section. Both Gc and Gd are the two well known parameters,
which are used to quantify the BER performance at high SNR.
The parameter Gc contributes to the horizontal shift of BER
plots against SNR on a log-log scale, i.e., difference between
the SNR levels required in two plots to reach the same value
of BER.Whereas,Gd specifies the slope of decay of the plots
at very high values of SNR.

A. DIVERSITY ANALYSIS OF FSO-MIMO SYSTEM
WITHOUT EDFA
To perform asymptotic BER analysis for the FSO-MIMO
systemwith no EDFA, let us rewriteMeijer-G function in (16)
in terms of the generalized hypergeometric function (using
Slater’s theorem [41]) to obtain:

P̃e ≈
1
8π

L∑
i=1

αi∑
j′=1

4L(i, j′, {αq}Lq=1, {�q}
L
q=1)

×
(Lβ)

Lβ+j′
2

0(j′)0(Lβ)(�i)
Lβ+j′

2

(
γ̄

4M2N 2

)−Lβ−j′
4

×

[ 4∑
h=1

4∏
k=1

0(bk − bh)∗0(1+ bh −
4− Lβ − j′

4
)

× ζ bh1F3

(−1)−4ζ

∣∣∣∣∣∣∣
1+ bh −

4−Lβ−j′

4

(1+ bh − bq)∗

], (30)

where ζ =
(
Lβ
�i

)2
4M2N 2

24γ̄
, bk , bh, bq ∈ b with k , h,

q ∈ {1, 2, 3, 4} and γ̄ is the average SNR. The notation
0(z)∗ signifies that 0(z) = 1 for z ≤ 0, and the asterisk sign
in the argument of the hypergeometric function indicates to
ignore the terms with h = q. At high SNR, the hypergeo-
metric function in (30) tends to unity, i.e., 1F3(·)→ 1 [38],
which results in a simplified asymptotic BER expres-
sion. After some rearrangements and simplification in (30),
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we have:

P̃e ≈
1
8π

L∑
i=1

αi∑
j′=1

4L(i, j′, {αq}Lq=1, {�q}
L
q=1)

×
(Lβ)

Lβ+j′
2

0(j′)0(Lβ)(�i)
Lβ+j′

2

(
γ̄

4M2N 2

)−Lβ−j′
4

×

[ 4∑
h=1

4∏
k=1

((Lβ
�i

)2 4M2N 2

24γ̄

)bh
×0(bk − bh)∗0(1+ bh −

4− Lβ − j′

4
)
]
. (31)

It is well established in the literature that, the asymptotic BER
at high SNR is given by [45]:

P̃e ≈ (Gcγ̄ )−Gd . (32)

The asymptotic value of the BER at high SNR is domi-
nated by the term that corresponds to the smallest exponent
of average SNR γ̄ in the asymptotic BER expression [45].
However, all the terms corresponding to the summations with
indices i and j′ must be present in (31), because the weighting
coefficients,4L(i, j′), incorporate the effect of correlation and
cannot be ignored (as it is obtained from the eigen-values of
the correlation matrix). It can be observed from (31) that,
each summation term will have one of the four terms from
the vector {bh + (Lβ + j′)/4} ∈ { j

′

2 ,
j′+1
2 ,

Lβ
2 ,

Lβ+1
2 }, as the

exponent of average SNR γ̄ . For α > β, then within the
summation with the index h, only the term corresponding to
b3 will dominate (i.e., the smallest exponent). However, for
α < β, both terms corresponding to b1 and b2 will contribute.
Based on the aforementioned discussions, the diversity

order of the considered system without EDFA is given as:

Gd = Lmin{
α1

2
,
β

2
}. (33)

B. DIVERSITY ANALYSIS OF FSO-MIMO
SYSTEM WITH EDFA
Asmentioned in Section III-B.3, the BER expression of FSO-
MIMO system with EDFA is obtained from (26) and (29)
using Pe = 1/2(P(1)e + P(2)e ); therefore, the corresponding
asymptotic BER expression can be obtained from P̃e =
1/2(P̃(1)e + P̃

(2)
e ). For a better understanding of the asymptotic

BER analysis, let us study the asymptotic behaviour of two
components of the BER expression (Eqs. (26) and (29)) one
by one. In order to obtain P̃(1)e , Meijer-G function in (26) is
rewritten in terms of the generalized hypergeometric function
to obtain:

P̃(1)e

=

M1−1∑
p=0

L∑
i=1

αi∑
j′=1

4L(i, j′)(Lβ)
Lβ+j′

2

4πp!0(j′)0(Lβ)(�i)
Lβ+j′

2

×
(
ythγ̄

)− (Lβ+j′)
4

4∑
h=1

4∏
m=1

0(bm − bh)∗

×0

(
1+ bh − (

4− 4p− Lβ − j′

4
)
)(

(
Lβ
�i

)2
1

yth24γ̄

)bh
×1F3

(−1)−4(
Lβ
�i

)2
1

yth24γ̄

∣∣∣∣∣∣
1+ bh −

4−4p−Lβ−j′

4

(1+ bh − bq)∗

 ,
(34)

where bm, bh, bq ∈ b with m, h, q ∈ {1, 2, 3, 4} and γ̄ is
the average SNR. As already discussed, at very high SNR we
have 1F3(·)→ 1; and the Gamma function with asterisk sign
signifies that, for (bm− bh) ≤ 0, the contribution of Gamma
function is ignored by setting 0(bm− bh)∗ = 1, which gives:

P̃(1)e

=

M1−1∑
p=0

L∑
i=1

αi∑
j′=1

4L(i, j′)(Lβ)
Lβ+j′

2

4πp!0(j′)0(Lβ)(�i)
Lβ+j′

2

×
(
ythγ̄

)− (Lβ+j′)
4

4∑
h=1

4∏
m=1

0(bm − bh)∗

×0

(
1+ bh − (

4− 4p− Lβ − j′

4
)
)(

(
Lβ
�i

)2
1

yth24γ̄

)bh
.

(35)

Now, in order to obtain the second asymptotic component
of the BER, i.e., P̃(2)e from (29), the power series in (29) is
considered only at k, n = 0. Here also, Meijer-G function is
expressed in terms of the generalized hypergeometric func-
tion and at high SNR we have 1F3(·)→ 1, which results in:

P̃(2)e

=

L∑
i=1

αi∑
j′=1

yM1
th

0(M1)M1

4L(i, j′)(Lβ)
Lβ+j′

2

4π0(j′)0(Lβ)(�i)
Lβ+j′

2

×
(
γ̄
)− (Lβ+j′)

4 E−M1−
Lβ
4 −

j′
4

4∑
h=1

4∏
m=1

0(bm − bh)∗

×0

(
1+ bh − (

4− 4M1 − Lβ − j′

4
)
)(

(
Lβ
�i

)2
1

E24γ̄

)bh
.

(36)

The asymptotic BER of the system with EDFA at the Rx is
given as P̃e = 1/2(P̃(1)e + P̃(2)e ) and it can be obtained from
(35) and (36).

Further, let us discuss the diversity order of this system
by observing the possible exponents of γ̄ in (35) and (36).
In asymptotic BER, only the terms corresponding to the
smallest exponent of γ̄ dominates. However, the discussion
following (33) also applies to the asymptotic BER compo-
nents (35) and (36). Therefore, all the terms corresponding
to the indices p, i, j′ in (35) and (36) will contribute to the
asymptotic BER. Note that, one of the four terms from the
vector ah = {bh + (Lβ + j′)/4} ∈ { j

′

2 ,
j′+1
2 ,

Lβ
2 ,

Lβ+1
2 }, will

appear as the exponent of γ̄ in each of the summation terms
of (35) and (36), which is the same as that of the system
without EDFA. Since j′ is the index with maximum value
of αi, when α < β, then inside the summation with index
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TABLE 1. Examples of different correlation models corresponding to different correlation levels with their respective Green’s matrix approximations 3-Tx
aperture-based systems.

h, the terms with a1 and a2 as indices of γ̄ will dominate
the asymptotic BER; otherwise only the term corresponding
to γ̄ with index a3 will contribute to the asymptotic BER.
The aforementioned discussion leads to the diversity order of
Gd = Lmin{α12 ,

β
2 } for the FSO-MIMO system with EDFA.

C. LOSS IN CODING GAIN DUE TO CORRELATION
The loss in coding gain1GLc due to correlation can be deter-
mined by taking the logarithmic of the ratio ofGc at two non-
zero value of 6i,j = ρ1 for i 6= j and 6i,j = ρ2 with ρ1 > ρ2
as follows:

1GLc = 10 log10

(
G(ρ1)
c

G(ρ2)
c

)
, (37)

where ρ1 > ρ2. Moreover, for ρ1 < ρ2, the above expression
becomes coding gain1Gc. Note that,Gc for a certain ρ can be
calculated by comparing the derived asymptotic BER equa-
tion, P̃e, with (32) and then substituting it in (37) to obtain
1GLc . This parameter can also be obtained easily from the
BER versus SNR plots by calculating the difference between
the SNR levels required between two plots (at different cor-
relation levels) to reach the same value of BER. Among the
two plots, the one requiring lower SNR to reach the BER is
said to be providing the coding gain over the other.

V. NUMERICAL RESULTS AND DISCUSSION
In this section, we present a detailed discussion of the com-
parative study of BER performance of the arbitrarily corre-
lated FSO-MIMO system with and without the ASE noise.
In order to check the validity of the proposed analytical results
of Section IV, Monte Carlo simulation is performed to gen-
erate arbitrarily correlated 00 RVs following the algorithm
proposed in [33]. The analytical results for the considered
system with EDFA are obtained for parameters M1 = 2,
E = 4 and yth = 0.5. Note that, in this paper we uti-
lize the same set of parameters for EDFA that were used
and validated in [20], [25]. Further, the choice of the AT
parameter αi for non-identical links in the rest part of this
section can be verified from the AT parameters of the reported
results in [39].

Considering the fact that, the inverse of the correlation
matrix 6 does not always follow the tridiagonal property,
following the similar algorithm as given in [35], we will
approximate matrix6 with another matrixC (Green’s matrix
approximation) such that C−1 is tridiagonal; and square of
difference between the elements of matrices 6 and C is
minimal. For Green’smatrix approximation, it is required that
C must be of the following form:

C =


x1y1 x1y2 · · x1yL
x1y2 x2y2 · · x2yL
· · · · ·

x1yL x2yL · · xLyL

 , (38)

where xi and yi are two sequences of real numbers with
xiyi = 1. Both the matrices 6 and C are equated to obtain
a set of non-linear system equations. These equations can
be easily solved using the widely known non-linear methods
such as Levenberg-Marquardt, quasi-Newton or Conjugate
gradient method, which are available in MATLAB, MATHE-
MATICA, etc. The validity and correctness of Green’s matrix
approximation method are studied in detail in [16] and [35].
By following the similar procedure outlined in [35], we have
provided the numerical examples of three correlation models,
i.e., linearly arbitrary, circular and constant, with their respec-
tive Green’s matrix approximations, in Table 1, which will be
used to obtain the analytical plots.
Figure 2 compares the simulated and analytical BER plots

for the FSO-MISO system with two identical links for strong
AT (i.e., C2

n = 5 × 10−13 m−2/3), σ 2
R = 3.68, α = 2, β =

1.4, L1 = 0.95 km and λ = 1550 nm [17]. RC is used
as a spatial diversity technique in the proposed system and
the results are obtained for both cases of with and without
the ASE noise. The BER versus SNR plots are obtained for
a constant correlation level of ρ = 0.5 and 0.95. A good
agreement between the analytical and simulation results can
be observed from the figure for both the correlation levels
and the considered SNR range. It confirms the validity of the
proposed analysis and also substantiates the correctness of
the approximate approach followed for the analysis. First, let
us discuss the results corresponding to the case with no ASE
noise. A relative shift of the BER versus SNR plots along
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FIGURE 2. Comparison of analytical and simulated BER versus the
average SNR for the 2-Tx lasers-based FSO-MISO system with and without
pre-amplifier at Rx for strong AT with α = 2, β = 1.4, L1 = 1 km,
λ = 1550 nm with various values of ρ.

x-axis can be observed in Fig. 2, which signifies the perfor-
mance degradation of the considered systems (i.e., in terms of
1GLc ) at high correlation levels among the system’s apertures.
Note that, there is a loss in the coding gain of 2.36 dB at
a high correlation ρ of 0.95 as compared to ρ = 0.5 at a
BER of 10−3 (which is just below the forward error correc-
tion (FEC) BER limit). However, as expected, with EDFA
(pre-amplifier) at the Rx there is a significant coding gain
of 6.5 dB compared with the case with no pre-amplifier.
Remark 1: For the considered values of AT parameters of

α = 2, β = 1.4, the diversity orderGd for the 2-Tx apertures-
based system is β. Examples of the diversity order of the
system are enumerated from Fig. 2, by taking the logarithm
of the ratio of two BER values at the SNR values at a step
of 10 dB for different values of ρ. For the system with no
EDFA, we obtain the BERs of 2.1× 10−4 and 2.9× 10−3 at
the SNR values of 40 dB and 30 dB, respectively for ρ = 0.5
from Fig. 1, which leads to a diversity order of 1.2 (i.e., close
to β). By following the same process, Gd of the system with
no EDFA at ρ = 0.95 is also obtained to be 1.2, which can
approach β at very high SNR values. It shows that, Gd is
independent of ρ. Similar sets of calculation are also repeated
for the system with EDFA and the BERs of 2.8 × 10−5

and 5.2 × 10−4 are obtained at the SNR values of 40 dB
and 30 dB, respectively for ρ = 0.5. This corresponds to
the diversity order Gd of 1.3 and it remains unchanged with
ρ at the considered SNR levels. It shows that, Gd remains
unaltered with the use of EDFA at the Rx.4

In Fig. 3, we illustrate simulated and analytical BER versus
SNR plots for the FSO-MISO system with two identical links
under moderate AT, i.e., α = 4 and β = 1.9 [1]. The values of
α and β are obtained using (3) and (4), respectively for L1 = 3
km, λ = 1550 nm, C2

n = 1.7× 10−14 m−2/3 and σ 2
R = 2.55.

It can be observed that, there is a good match between the
simulated and analytical plots for the considered values of ρ

4This observation will be further validated by studying the diversity order
of the considered system using asymptotic results.

FIGURE 3. Comparison of analytical and simulated BER versus the
average SNR for the 2-Tx lasers-based FSO-MISO system with and without
pre-amplifier at the Rx for moderate AT with α = 4, β = 1.9, L1 = 3 km,
D = 15 mm and l0 = 0 with various values of ρ.

and SNR. A SNR penalty of 2.2 dB at ρ = 0.95 compared
with ρ = 0.5 at a BER of 10−4 is evident from the figure, for
both the systems-with and without pre-amplifier. Moreover,
at ρ = 0.95 the system with pre-amplifier offers an improved
performance (i.e., a coding gain of 6.5 dB) compared to the
system with no pre-amplifier. Further, in case of the system
with pre-amplifier and for SNR values of <35 dB, both
plots corresponding to ρ of 0.5 and 0.95 almost overlap.
Nevertheless, for SNR > 35 dB both plots diverge and there
is a loss in the coding gain at a high correlation level of 0.95.
In this figure, BER plots corresponding to the strong AT at
ρ of 0.5 is also shown for comparison with moderate AT at
the same ρ. It can be observed that, there is an improvement
in the BER performance in terms of the diversity order and
the coding gain for the system under moderate AT (black
dashed-circle marker) compared to the system under strong
AT (red dashed-circle marker).

FIGURE 4. Comparison of BER performance of 2-Tx lasers-based system
with identical links (α1 = α2 = 2, β = 1.4) and non-identical links
(α1 = 2, α2 = 4, β = 1.4) in both the cases of with and without EDFA at
ρ = 0.5.

Figure 4 illustrates a comparison of BER performance of
the FSO-MISO system with M = 2 and ρ = 0.5 for
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two different cases of identical and non-identical links with
and without EDFA at the Rx [20]. At first, both links are
assumed to be identically distributed with α1 = α2 = 2 and
β = 1.4. Then, without the loss of generality, it is assumed
that large-scale AT parameters are in increasing order with
α1 = 2, α2 = 4 and β = 1.4 [39]. Note that, the parameters
corresponding to the non identical links, which resulted in
α1 = 2, α2 = 4 and β = 1.4 are (i) for the link 1 with
L1 = 950 m, C2

n = 5 × 10−13m−2/3, σ 2
R = 3.68 and

λ = 1550 nm, which results in α1 = 2 and β = 1.4.; and
(ii) for the link 2 with L1 = 1200 m, C2

n = 12×10−14m−2/3,
σ 2
R = 3.3 and λ = 1550 nm, which results in α2 = 4 and
β = 1.4. Although, the slopes in both cases remain
unchanged, however, the system with identical links offers a
marginal improvement in the coding gain by∼1 dB compared
to the system with non-identical links.
Observation 1: Note that, the offered coding gain at lower

value of ρ (over higher values of ρ) is not dependent on
EDFA. Moreover, the performance gain achieved for a 2× 1
system with EDFA in case of the system with non-identical
links remains the same as that of the system with identical
links, i.e., ≈ 6.5 dB.

FIGURE 5. Analytical and simulation BER results of FSO-MISO system with
M = 3 for identical and non-identical links at different correlation levels.

Figure 5 presents a comparison of analytical and sim-
ulated BER results for the 3 × 1 correlated FSO system
with and without EDFA for (i) identically distributed links
with ρ = 0.6; and (ii) non-identically distributed links with
linearly arbitrary correlations, i.e., ρarbit = 0.4, 0.1, where
ρarbit denotes the non-diagonal elements of the first row of the
correlation matrix 6. The plots are obtained for the arbitrary
correlation matrix63

arbit1 and the constant correlation matrix
63
const1, as given in Table 1. For the system without EDFA

at the Rx, it can be observed that the plot corresponding to
the identical links with α1 = α2 = α3 = 2, β = 1.4 and
ρ = 0.6 offer improved BER performance compared with the
non-identical links with α1 = α2 = 1, α3 = 2, β = 1.4 and
ρarbit = 0.4, 0.1. E.g., at a BER of 10−4, the required SNRs
are 33.5 and 37.5 dB for the identical and non-identical cases,
respectively. Also shown is the BER result for the identical

links for α1 = α2 = α3 = 1 and ρ = 0.6, which lies
between the other two plots. With EDFA, we also observe
similar trends for the identical case, which performs better
than the non-identical scenario. Note that, the link with EDFA
at the Rx offers a substantial coding gain of ≈ 11 dB, which
means that to achieve a BER of 10−4 the link without EDFA
will incur a high SNR penalty of 11 dB compared with the
system with EDFA.
Remark 2: For the non-identically distributed links without

EDFA (wheremin(α1, β) = α1), the obtained BER values are
2.8×10−5 and 8×10−4 at SNRs of 40 and 30 dB, respectively
for the correlation matrix63

arbit1. This corresponds to a diver-
sity order of 1.45 ≈ 3α1

2 with α1 = 1, see Fig. 5. In the case
of the non-identical system with EDFA, the diversity order
remains the same, i.e., Gd ≈ 1.5. Now, let us consider the
case of identical links system with EDFA, where the diversity
order should be Gd = 3

2β = 2.1 (from (33)). In this case,
the obtained BER values are 7.6 × 10−8 and 6.9 × 10−6

at SNRs of 40 and 30 dB, respectively thus resulting in
Gd = 1.955 ≈ 3

2β. It can be deduced from the results
that, the diversity order is independent of the correlation
model.

Contrary to the previously considered set-up where only a
single aperture was considered at the Rx, in Fig. 6 the BER
plots are shown for a 2 × 2 correlated MIMO system with
and without EDFA and for four different non-identical links
for α1 = α2 = α3 = 1, α4 = 2 and β = 1.4. In both cases,
we obtain plots for the same scaling factor, i.e., �i = 1, i =
1, 2, 3, 4 and then for not necessarily the same scaling factor,
i.e., �i = 0.75, i = 1, 2, 3 and �4 = 1. It is assumed that,
the Tx apertures have a low level of correlation as compared
with the Rx apertures with the following correlation matrices:

62
Tx =

[
1 0.15

0.15 1

]
, 62

Rx =

[
1 0.3
0.3 1

]
. (39)

The effective correlation among all the sub-channels can be
defined using Kronecker model of correlation as follows:

64
H = 6

2
Tx ⊗6

2
Rx

=


1 0.3 0.15 0.045
0.3 1 0.045 0.15
0.15 0.045 1 0.3
0.045 0.15 0.3 1

 , (40)

where ⊗ denotes Kronecker product.
A good agreement between the analytical and simulation

results is evident from Fig. 6, which validates the accuracy of
the analysis carried out for the considered correlated FSO-
MIMO system. At a BER of 10−4 for the system without
EDFA, there is a SNR penalty is 2 dB at ρ = 0.5, as compared
with ρ = 0. Moreover, it can be seen from the figure that,
when all the links are assumed to have same scaling factor
(as opposed to different scaling factor), it offers 1Gc of
≈ 3 and 4 dB for the systems with and without EDFA,
respectively. Note,1Gc of 12.5 dB offered by the systemwith
EDFA compared with the system without EDFA. In order to
calculate the diversity order of the considered FSO-MIMO
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FIGURE 6. Analytical and simulation BER results of 2× 2 MIMO system
with non-identical links at different correlation levels with
α1 = α2 = α3 = 1, α4 = 2, β = 1.4.

system, (33) is used, which gives Gd = L
2 min{αi, β} =

4
2 × 1 = 2; this can be shown from Fig. 6. In case of the
correlated MIMO system with EDFA, the BER values are
2.45 × 10−8 and 1.68 × 10−6 for SNRs of 40 and 30 dB,
respectively. These values result in the diversity order Gd of
1.85 ≈ 2. Following the same approach for uncorrelated and
correlated systems without EDFA we have Gd ≈ 2.

FIGURE 7. Comparison of analytical and asymptotic BER plots for the 2-Tx
lasers-based system corresponding to different levels of correlation
illustrating the values of Gd under different AT regimes with and without
EDFA at the Rx.

Figure 7 illustrates comparison of the analytical and
asymptotic BER results for a 2×1 system in order to verify the
correctness of the proposed asymptotic analysis in Section IV.
The results are obtained for two sets of AT parameters of α =
2, β = 1.4 and α = 1, β = 1.4 for ρ = 0.5 and 0.95. A very
good match between the analytical and asymptotic results for
SNR > 35 dB is observed from Fig. 7. Let us consider the
FSO-MISO system with EDFA at ρ = 0.95 where the BER
values are 6.02 × 10−6 and 0.00015 for SNRs of 45 and
35 dB, respectively. This gives Gd = 1.4 = L/2 × β. Note
that, the slopes of all plots corresponding to the same AT
parameters (with and without EDFA) at any value of ρ are

the same, see Fig. 7, which was not clearly evident in Fig. 2.
Whereas, for the system with α = 1, β = 1.4 we have Gd
of 1.

TABLE 2. Value of Gc obtained by comparing different parameters such
as correlation (low and high), EDFA and no EDFA, Identical and
non-identical links.

Table 2 summarizes the predicted results for 1Gc for
different set of parameters under different scenarios. We have
compared the coding gain for ρ = 0.5 compared with ρ =
0.95 for L = 2, 3, 4. Note that, L = 2, 3, 4 corresponds to
M = 2,N = 1, M = 3,N = 1, and M = 2,N = 2,
respectively. It can be observed from the table that, the offered
gain at low correlation keeps on reducing with increasing
L. In other words, the SNR penalties at higher values of ρ
reduces significantly with increasing L. The second column
of Table 2 illustrates a substantial improvement in Gc offered
by the system with EDFA (over the system without EDFA)
at fixed values of ρ with L. For example, a correlated MIMO
systemwith L = 4 offers an additional gain of 6 dB compared
with the system with L = 2. Note that, employing EDFA at
the Rx in a basic spatial diversity system with L = 2, results
in a substantial coding gain of 6.5 dB. Finally, the coding
gains of 1 and 4 dB are offered by the FSO-MISO systemwith
L = 2 and 3 identical links (i.e., all αi = 2), respectively over
the system with non-identical links (i.e., α1 = α2 = α3 = 1
and α4 = 2). Nevertheless, the SNR penalty incurred with the
non-identical links depends on the values of AT parameters
and it increases with growing L. Let us make the following
observations about the numerical results.
Observation 2: It can be seen from Figs. 6 and 7 that,

the slope of plots remains unchanged irrespective of any
change in correlation level/model for a fixed number of Tx
and Rx apertures. However, the diversity order improves
with increasing number of Tx and/or Rx apertures. It can
be deduced that, the diversity order of the proposed system
is independent of the correlation matrix 6, while it depends
only on α, β and L = M · N . It is in agreement with the
derived expression of diversity gain (33).
Observation 3: Figs. 2-7 depict that, the diversity order

remains unchanged even with EDFA at the Rx. However,
with EDFA, a substantial coding gain is achieved compared
to the system with no EDFA. Note, this gain increases with
the number of Tx and/or Rx apertures.
Observation 4: It can be seen from Figs. 4-5 that, there is

an SNR penalty in the system with non-identical links (not
the same values of α in all links) as compared to the system
with identical links. Note that, in Fig. 4 the plot correspond-
ing to the identical links at comparatively higher ρ displays
an improved performance than the one with non-identical
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FIGURE 8. Experimental set-up of the correlated FSO-MISO system with EDFA.

links and a change in Gd . This is because of the change in
min{α1, β} for both cases.
Observation 5: Figure 6 illustrates that, there is a loss in

the coding gain incurred in the system with unbalanced links,
i.e., �i not necessarily the same for all links, as compared
to the system with balanced links. Note that, the system with
balanced links will offer coding gains over the system with

unbalanced links only when�(balanced)
i ≥ max{�(unbalanced)

i }.

VI. EXPERIMENTAL INVESTIGATION
In the previous section, we established with the analytical
results that, a coding gain is offered by - the system with low
ρ over the system with high ρ, the system with EDFA over
the systemwithout EDFA, the systemwith identical/balanced
links over the system with non-identical/unbalanced links.
Note that, it is difficult to measure BER practically over the
FSO wireless links without using EDFA. Therefore, in this
section, we outline the experimental set-up developed 5 for a
FSO system over a turbulent channel with EDFA at the Rx
and measure the BER for different values of ρ.

1) EXPERIMENTAL SET-UP
The laboratory experimental set-up for the correlated FSO
system shown in Fig. 8 is composed of two Tx apertures (i.e.,
Tx1, Tx2), a FSO channel with a link length L1 of 3 m, and
a Rx. In RC, the same symbol sequence is transmitted simul-
taneously by both Txs. We have used a signal source (BER
tester - BERT-VeEX VEPAL TX300) to generate a pseudo-
random binary data pattern in the NRZ-OOK format at a data
rate of 10 Gb/s and wavelength 1550 nm. The generated data
sequence is launched into a single mode fiber (SMF) and then
applied to 50/50 beam splitter (Thorlabs OSW22-1310E).
The light signals from both Txs (i.e., SMFs) are launched into

5The experimental set-up was developed at Czech Technical University in
Prague.

the free space channel using a combination of gradient-index
(GRIN) fiber optic collimators (Thorlabs 50-1550A-APC)
and plano-convex lenses (aperture of 2.54 cm) with focal
lengths of 10 and 15 cm, respectively. At the Rx side, a plano-
convex lens with f of 15 cm and a GRIN fiber collimator
are used to couple the incoming optical beam into SMF. The
output of SMF is attenuated using a digital variable attenuator
in order to adjust the level of optical SNR (OSNR), prior to
being amplified using a EDFA. The output of the EDFA is
applied to 50/50 beam splitter for monitoring the received
signal quality using an optical spectrum analyzer (OSA) and
a BERT. The BER is measured using the correlated set-up
for different turbulence levels and correlation values using
the BERT. As for the free space channel, we have used a
controlled indoor AT channel to create turbulence by blowing
hot air using two fans perpendicular to the direction of the
propagating optical beams. The strength of turbulence is
controlled by adjusting the speed/heating level of the fans.
We have used 20 temperature sensors spaced 0.225 m apart
along the link in order to record the temperature profile along
the propagation path. The measured temperatures are used to
determine C2

n using the equation given in [46]. Note that, for
the FSO channel to be uncorrelated the Tx apertures must
be separated by the spatial coherence distance exceeding the
fading correlation length [1]. In addition, the correlation level
depends on various factors such as the angle of arrival, L1,
σ 2
R , C

2
n and λ (see Eq. (8)). Since the components used in

the experiment are not of the microscopic size in practical
outdoor FSO links, it is practically infeasible to attain the
aperture separation of the order of λ. Therefore, we have
placed the apertures as close as possible to ensure a correlated
channel and evaluated ρ using (8).

2) EXPERIMENTAL RESULTS
We have recorded the measured data for the FSO link span
of 3m for two different cases. CaseA -Both heating fanswere
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on and placed near the transmitting end. Note, the channels
were completely separated near Txs using barriers (as shown
in Fig. 8) tomaintain ρ ≈ 0. In order to obtain different values
of ρ, the measurements were recorded at dr = 13.5, 10 and
6.5 cm, where dr denotes the distance between the Txs. Note,
(i) the barriers were removed to achieve highly correlated
channels; and (ii) the speed and heating level of fans were
used to generate different AT levels. Case B - Only placed
the fans at receiving end and repeated the same procedure as
in Case A.

FIGURE 9. Experimental BER versus OSNR results of a 2× 1 FSO-MISO
system at different turbulence levels and dr = 10 cm illustrating the
comparative study of impact of turbulence at the Tx and at the Rx.

Figure 9 shows the measured BER as a function of the opti-
cal SNR for a range of AT levels generated at the Tx and Rx
ends. First, we measured the BER for dr = 10 cm, with
C2
n of ∼ 10−13 m−2/3 and ρ = 0.7, which corresponds to

moderate-strong AT. Note that, ρ is determined using (8), see
Section II-C. It can be seen from the figure that, at lower
OSNR values of < 31 dB, the BER performance is slightly
better when fans are placed near the receiving end compared
to the fans being positioned at the transmitting end. However,
for OSNR > 31 dB, the measured BER values are almost
similar for both cases. Further, keeping other parameters the
same we placed the barrier between the Txs and we measured
the strong turbulence regime (i.e., C2

n of ∼ 10−11 m−2/3)
and ρ ≈ 0. It can be observed from Fig. 9 that, in order to
maintain a BERof 10−4 under strongAT, the requiredOSNRs
are 32 and 34 dB when fans were placed near the receiving
and transmitting ends, respectively. It means that, the coding
gain is reduced by 2 dB when the turbulence source was near
the Txs. This is because the optical wave-front experiencing
both phase and amplitude distortions, thus leading to a much
weaker and dispersed signal at the receiving end.

Finally, Fig. 10 shows the measured BER versus the OSNR
for a 2×1 correlated FSO-MISO link for a range of AT levels,
when fans were placed near the transmitting end. Note, for
dr = 13.5 cm, the calculated average value of turbulence is
C2
n = 1.7× 10−14 m−2/3 and ρ = 0.9. The BER is recorded

for this set-up and the measurement is repeated by reducing

FIGURE 10. Experimental BER versus OSNR results of a 2× 1 correlated
FSO-MISO system at different turbulence levels and different values of ρ
illustrating 1Gc achieved at lower values of ρ.

dr to 10 cm and maintaining C2
n to be the same as in the

previous case. For this separation of Txs the calculated value
of ρ is 0.97. Note that, there is a loss in coding gain 1GLc
of 1.5 dB at dr = 10 cm compared to dr of 13.5 cm. Next,
we increased the AT levels to C2

n = 1.6 × 10−12 m−2/3 and
7.9 × 10−12 m−2/3 for dr = 6.5 cm (ρ ≈ 0.3) and 13.5 cm
(ρ = 0), respectively and recorded the BER. In the case of
strong AT with C2

n = 1.6×10−12 m−2/3, a loss in the coding
gain 1GLc of 2.5 dB is observed from the figure because of
higher correlation level ρ of 0.3.
Remark 3: At a certain C2

n value, a relative shift of BER
plots along x-axis is evident from Fig. 10 with increasing
correlation level (decreasing dr ), which denotes the loss in
coding gain at higher correlation level as compared with a
lower correlation level. This experimental observation is in
agreement with the analytical results of 2 × 1 FSO system
shown in Fig. 2 (also summarized in row 2 - column 2 of
Table 2), which shows a loss in the coding gain of 2.2-2.36 dB
at higher ρ as compared with the lower ρ.

VII. CONCLUSION
We investigated analytically and experimentally, the impact
of correlation and the ASE noise on the BER performance
of the FSO-MIMO system employing RC. A novel and a
simple BER analytical expressions for the proposed corre-
lated FSO-MIMO system with and without EDFA at Rx was
derived. In order to validate the analytical results, simulated
BER results were obtained, and a close match between the
analytical and simulation results was observed for the con-
sidered SNR range. Asymptotic behaviour of the considered
system was thoroughly analysed with the help of derived
closed-form expressions of the asymptotic BER, diversity
order, coding gain and loss in the coding gain of the system.
With the help of proposed analysis, it was shown analytically
that, any variation in the correlation level and employing
EDFA at the Rx did not affect the diversity order of the
system. Nevertheless, a 2 × 1 system with EDFA at the
Rx offered a substantial coding gain of 6.5 dB (at a BER
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of 10−3) over similar systemwithout EDFA, and this gain was
shown to be increasing with the number of Tx/Rx apertures.
Moreover, significant degradation in the BER performance
was observed at a higher correlation of ρ = 0.95 in terms of
the loss in coding gain of 2.2 dB, which was validated through
experiments. Further it was observed that, the considered sys-
temwith identically distributed turbulence along links offered
improved performance compared with the system with non-
identical links.
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