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Absolutely Convergent Fourier Series of Functions over
Homogeneous Spaces of Compact Groups

ARASH GHAANI FARASHAHI

ABSTRACT. This paper presents a systematic study for classical aspects
of functions with absolutely convergent Fourier series over homoge-
neous spaces of compact groups. Let G be a compact group, H be a
closed subgroup of G, and p be the normalized G-invariant measure
over the left coset space G/H associated with Weil’s formula with
respect to the probability measures of G and H. We introduce the ab-
stract notion of functions with absolutely convergent Fourier series in
the Banach function space LI(G/H, ). We then present some ana-
Iytic characterizations for the linear space consisting of functions with

absolutely convergent Fourier series over the compact homogeneous
space G/H.

1. Introduction

The classical aspect of harmonic analysis over homogeneous spaces of compact
non-Abelian groups, more precisely, left (resp. right) coset spaces of non-normal
subgroups of compact non-Abelian groups is placed as building blocks for coher-
ent states analysis, constructive approximation, and particle physics, see [3; 2; 5;

; 16] and the references therein. Over the last decades, abstract and computa-
tional aspects of Fourier transforms, Fourier series, and Plancherel formulas over
symmetric spaces have achieved significant popularity in abstract harmonic anal-
y51s geometric analysis, mathematical physics, and scientific computing, see [1;

; 05 145 8; 17, 19; 18] and the references therein.

Let G be a compact group and H be a closed subgroup of G. Then the left coset
space G/H is a compact homogeneous space, where G acts on it via the left ac-
tion. Let u be the normalized G-invariant measure on the compact homogeneous
space G/H associated with Weil’s formula with respect to the probability mea-
sures of G and H. This paper consists of theoretical aspects of a unified approach
to the nature of absolutely convergent Fourier series in the Banach function space
L' (G/H, 1). We aim to further develop the abstract notion of absolutely con-
vergent Fourier series of functions over homogeneous spaces of compact groups,
which has not been studied when compared to the absolutely convergent Fourier
series of functions over compact groups [16].

This paper, which contains five sections, is organized as follows. Section
is devoted to fixing notation and preliminaries including a summary on operator
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theory, abstract non-Abelian Fourier analysis over compact groups, and classi-
cal results on abstract harmonic analysis over homogeneous spaces of compact
groups. In Section 3, we present some abstract aspects of harmonic analysis on
the Banach function spaces over the compact homogeneous space G/H. We then
briefly introduce the abstract notion of dual space G//71 for the homogeneous
space G/H, and also we present a summary including the theoretical definition
of the abstract operator-valued Fourier transform over the compact homogeneous
space G/ H and its basic properties in Section 4. Finally, we introduce the abstract
notion of functions with absolutely convergent Fourier series over the compact
homogeneous space G/H, and then we study basic properties of the linear space
consisting of all functions with absolutely convergent Fourier series over the com-
pact homogeneous space G/H in the framework of abstract harmonic analysis.
We shall also present some analytic characterizations for these spaces.

2. Preliminaries and Notations

Throughout this section we present preliminaries and basic notations.

2.1. Operator Theory

Let H be a separable Hilbert space. An operator T € B(H) is called a Hilbert—
Schmidt operator if for one, hence for any orthonormal basis {e;} of H, we
have ), | Tex]l?> < oo. The set of all Hilbert—Schmidt operators on # is de-
noted by HS(#), and for 7 € HS(H), the Hilbert—-Schmidt norm of T is || T ||12-Is =
Y liTex 2. The set HS(#) is a self-adjoint two-sided ideal in B(H), and if H is
finite-dimensional, we have HS(#H) = B(H). An operator T € B(H) is trace-class
if |7l = t[| T[] < 00, where tr[T] =", (Tek, ex) and |T| = (TT*)V/2 [16; 20].

Let ‘H be a finite dimensional Hilbert space of dimension d and 1 < p < oo.
For a (bounded) linear operator T € B(#), the Schatten operator p-norm of T,
denoted by ||T'||, is defined as [16]

d 1/p
171, = (Ds,-(m") :
j=1

where {s;(T) : 1 < j < d} is the sequence of singular values of 7', that is, the
sequence of eigenvalues of the positive-definite operator |T'|. It is a well-known
result that || 7 ||, = e[| 7 |”]. Thus, | T |1 = || | and | Tl|l2 = | T [lus-

2.2. Abstract Fourier Analysis over Compact Groups

Let G be a compact group with the probability Haar measure dx. Then each irre-
ducible representation of G is finite-dimensional, and every unitary representation
of G is a direct sum of irreducible representations, see [5; 15; 16]. The set of all
unitary equivalence classes of irreducible unitary representations of G is denoted
by G. This definition of G is in essential agreement with the classical definition
when G is Abelian, see [5; 15]. For a subset 2 C 6, the x-algebra Hnesz B(Hy)
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is denoted by €(£2), where scalar multiplication, addition multiplication, and the
adjoint of an element are defined coordinatewise. For 1 < p < oo, €P (L) is de-
fined by

e (Q) = {T= (Tr)nen € CD|ITlg) ) = D d|ITxll} < OO} 2.1
[m]eR

and

(R = {T = (Tr)rea € E@)|IThex@) = 50 Trlloo < 0],
[r]eQ

where || T ||, with = € Q are the Schatten operator p-norms. The set of all T €
€(2) such that {m € Q : T;; # 0} is finite, is denoted by €yo(£2), and €p(£2) is
defined as the set of all T € €(2) such that T¢ :={mw € Q: || T ||oc > €} is finite
forall € > 0, see [16, Section 28.24 and Section 28.34] and [20].

If 7 is any unitary representation of G, for ¢, & € H, the functions 7y ¢ (x) =
((x)¢, &) are called matrix elements of 7. If {e;} is an orthonormal basis for H,
then 7;; means 7, . ;e The Fourier transform of f € L! (G)atmw e G is defined in
the weak sense as an operator in B(#) by

fw) = fG F)m(x)* dx. 2.2)

If 7 (x) is represented by the matrix (7;;(x)) € Cdx%dx | then f(n) € Clnxdr g
the matrix with entries given by f();; =d 1c}’i (f) satisfying

dx dx
D Hmi) =dp Y Flr) jimij(x) =dy el f (0)m (1),
i, j=1 i, j=1

where cZ j (f) =dz(f,7ij)12(G)- Then the Peter—Weyl theorem implies

dx
11726, = D dallf@Iz= )" Y Wfd mppel 23
[71eG [71eG J.k=1
and
f) =" dptlf(m)m(x)] forae. xeG. (2.4)
[r1eG
Thus, the a/lzstract Fourier transform Fg : L2(G) — (’22(5), given by f —
Fe(f) = (f()), @ is a unitary transform, see [16, Section 27.40 and Sec-
tion 28.43] and [5].
A function f € L'(G) is said to have an absolutely convergent Fourier series
if
Y dall fmlh < o0 2.5)
[71eG
The linear space consisting of all functions with absolutely convergent Fourier
series over the compact group G is denoted by R(G), and we have R(G) ={f €
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LY(G): f e ¢/(G)}. Then
felflly =1 e =Y. dlf@ih

[r1eG
defines a norm on the linear space R (G), which makes R (G) into a Banach space,
see [ 16, Section 34].

2.3. Classical Harmonic Analysis over Homogeneous
Spaces of Compact Groups

Let H be a closed subgroup of G with the probability Haar measure dh. The
left coset space G/ H is considered as a locally compact homogeneous space that
G acts on it from the left, and g : G — G/H given by x = q(x) := xH is the
surjective canonical map. The classical aspects of abstract harmonic analysis on
locally compact homogeneous spaces are quite well studied by several authors,

see [5; 15; 16; 21] and the references therein. The function space C(G/H) consists
of all functions Ty (f), where f € C(G) and
TH(f)(xH)=f fxh)dh. (2.6)
H

Let 1« be a Radon measure on G/H and x € G. The translation w, of u is defined
by uy(E) = n(xE) for all Borel subsets E of G/H. The measure u is called
G-invariant if u, = pu for all x € G. The compact homogeneous space G/H has
a normalized G-invariant measure p associated with the following Weil formula:

/ Tu(f)(xH)du(xH) =/ f(x)dx, 2.7
G/H G

and hence the linear map Ty is norm-decreasing, that is,

ITe(DLrGra,m < 1L
forall f € L'(G), see [5; 15; 21].

3. Abstract Harmonic Analysis of Functions over Homogeneous
Spaces of Compact Groups

Throughout this paper we assume that G is a compact group with the probability
Haar measure dx, H is a closed subgroup of G with the probability Haar measure
dh, and p is the normalized G-invariant measure on the compact homogeneous
space G/H associated with Weil’s formula (2.7) with respect to the probability
measures of G and H. From now on, we say that u is the normalized G-invariant
measure over the compact homogeneous space G/ H, at times.

This section is devoted to review some classical aspects of abstract harmonic
analysis over the Banach function spaces L”(G/H, i) with p > 1. For more de-
tails, we refere the readers to [8; 9] and references therein.

PrOPOSITION 3.1. Let H be a closed subgroup of a compact group G. The linear
map Ty : C(G) — C(G/H) is uniformly continuous.
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THEOREM 3.2. Let H be a closed subgroup of a compact group G, | be the nor-
malized G-invariant measure on G/H, and p > 1. The linear map Ty : C(G) —
C(G/H) has a unique extension to a norm-decreasing linear map from LP(G)
onto LP(G/H, 1).

COROLLARY 3.3. Let H be a closed subgroup of a compact group G, u be the
normalized G-invariant measure on G/H,and p > 1. Let ¢ € L (G/H, u) and
¢q =@ oq.Then ¢, € LP(G) with

logllLrc) = llellLrGa,w- 3.1

Let 72(G, H) :={f € L*(G) : Ty(f) =0} and J*(G, H)"* be the orthogonal
completion of the closed subspace [J 2(G, H) in L*(G).

PROPOSITION 3.4. Let H be a closed subgroup of a compact group G and (v be
the normalized G-invariant measure on G/H. Then Ty : L*(G) — L*(G/H, 1)
is a partial isometric linear map.

COROLLARY 3.5. Let H be a closed subgroup of a compact group G. Let
P 726 iy and P72 g1 be the orthogonal projections onto the closed subspaces

TJ*(G, H) and J*(G, H)* respectively. Then, for f € L*(G) and x € G, we have

Py mr ()(x)=Tu(f)(xH),

3.2
PG (H@) = f(x) = Ty (f)(xH). (3:2)

COROLLARY 3.6. Let H be a compact subgroup of a compact group G and p be
the normalized G-invariant measure on G/H . Then:

L JHG. H) = {yy=voq:y € L*(G/H, ).

2. Forfejz(G,H)J- and h € H,we have R, f = f.

3. Fory € LX(G/H, ), we have |[Yyll 2y = 1V | .26/ #1.10)-

4. For f,g € JX(G, H)*, we have (T (f), Tu (@) 2 H,) = ([ 8) 12(G)-

REMARK 3.7. Invoking Corollary , one can regard the Hilbert space
L2(G/H, ) as a closed subspace of L?(G), that is, the closed subspace con-
sists of all f € L%(G), which satisfies R, f = f for all 4 € H. Then Theorem
and Proposition 3.4 guarantee that the linear map

Ty : L*(G) — L*(G/H, ) C L*(G)
is an orthogonal projection onto L>(G/H, ).
The following results present L°°-properties of the linear map Ty .

THEOREM 3.8. Let H be a closed subgroup of a compact group G and |4 be the
normalized G -invariant measure on G /H . The linearmap Ty : C(G) — C(G/H)
has a unique extension to a norm-decreasing linear map from L°°(G) onto
L>®(G/H, ).
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Proof. Let f € C(G). Then it is easy to see that

I TH (f)XH)| < |1 f lloo
for p-almost xH € G/H. Thus, we deduce that |7y (f)|lco < || fllcc- Hence,

we can extend Ty to a norm-decreasing linear operator from L°°(G) onto
L*°(G/H, 1), which still will be denoted by Ty . O

COROLLARY 3.9. Let H be a closed subgroup of a compact group G and |1 be the
normalized G-invariant measure on G/H . Let ¢ € L°(G/H, ) and ¢4 := ¢ oq.
Then ¢, € L°°(G) with

logllLeoc) = ll@llL(G/H, 1) (3.3)

4. Abstract Fourier Transforms over Homogeneous
Spaces of Compact Groups

Throughout this section, we briefly present the abstract notion of operator-valued
Fourier transforms over homogeneous spaces of compact groups, for proofs and
more details we refer the readers to [7; 10; 11; 12; 13]. It is still assumed that H
is a closed subgroup of a compact group G and p is the normalized G-invariant
measure on the compact homogeneous space G/H.

For a closed subgroup H of G, define

HY :={x1eG:n(h)=1forall h € H}. “.1)
If G is Abelian, each closed subgroup H of G is normal, and the locally compact
group G/H is Abelian, then the character group G//71 is the set of all characters
(one-dimensional irreducible representations) of G, which are constant on H, that
is, precisely H+. If G is a non-Abelian group and H is a closed normal subgroup
of G, then the dual space (7/71 , which is the set of all unitary equivalence classes
of unitary representations of G/H, has meaning and it is well-defined. Indeed,
G/H is a non-Abelian group. In this case, the map @ : G//T-I — H* defined by
o+ ®(0) :=0 ogq is a Borel isomorphism and G//T{ = H*, see [5; 15]. Thus,
if H is normal, H~+ coincides with the classic definitions of the dual space either
when G is Abelian or non-Abelian.

For a closed subgroup H of G and a continuous unitary representation (i, H)
of G, define

TR = / w(h)dh, 4.2)
H

where the operator valued integral (4.2) is considered in the weak sense.
In other words,

(TEe.€) = /Hm(h);,smh for £, & € Hiy. 43)

The function h +— (w(h)¢, €) is bounded and continuous on H. Since H is com-
pact, the right integral is the ordinary integral of a function in L' (H). Therefore,
T} is a bounded linear operator on H, with | T7] < 1.

The following proposition states basic properties of the linear operator 7} .
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PropPOSITION 4.1. Let H be a closed subgroup of a compact group G and (7w, Hy)
be a continuous unitary representation of G with Tj; # 0. Then the linear opera-
tor Tj; is an orthogonal projection.

The next definition presents the abstract notion of dual homogeneous space G/ H.

DEFINITION 4.2. Let H be a closed subgroup of a compact group G. Then we
define the dual space of G/H as the subset of G, which is given by

G/H:={x1€G: T} ;éO}:{[n]e@:/n(h)dh;Ao}. (4.4)
H

Evidently, any closed subgroup H of G satisfies
HYcG/H. 4.5)

Let ¢ € Ll(G/H, u) and [] € (T/?I The Fourier transform of ¢ at [7] is
defined as the operator

Fo (@) (r) = plr) = /G PR At 46)

on the Hilbert space H,, where for x H € G/H the notation I';; (x H) stands for
the bounded linear operator on ‘H, satisfying
(€. Tz (xH)§) = (¢, w () TE) 4.7
forall ¢, & € Hy.
The operator-valued integral (4.6) is also considered in the weak sense. That
is,
@(ﬂ)é,if):/ o(xH)(Tx (xH)*¢, &) dpu(xH) (4.8)
G/H

forall ¢, & € Hy.
In other words, for [7] € G/H and ¢, & € ‘H,, we have

(@()E,§) =/G/H pOH) (G, m()TE) du(xH). (4.9)

Therefore, () is a bounded linear operator on H,; satisfying

18GON < el 16240 (4.10)
From now on, we may use @ () or F6/H (@) () at times.
The following propositions give us the connection of the Fourier transform
over the homogeneous space G/H with the Fourier transform on the group G.

PROPOSITION 4.3. Let H be a closed subgroup of a compact group G and (1 be the
normalized G-invariant measure on G/H. Let ¢ € L'(G/H, 1) and [r] € G//7I
Then

Faiu(p)(w) = F(@q) (10). (4.11)

PROPOSITION 4.4. Let H be a closed subgroup of a compact group G and . be
the normalized G -invariant measure on G/H . Then:
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1. For f € L'(G) and [x] € G/H, we have Ty (f) () = T f ().

2. Foroe L"(G/H, ) and [7] € G//TJ, we have T () = @(mr).

3. Forgp € L\(G/H, ) and [x] € G/H, we have t[¢(m) T ] = tr[§(r)].
DErINITION 4.5. Let H be a closed subgroup of a compact group G and

w be the normalized G-invariant measure on G/H. The linear map Fg/g :

L' (G/H, ) — @((T/?I ) is called as abstract operator-valued Fourier transform
over the compact homogeneous space G/H.

THEOREM 4.6. Let H be a closed subgroup of a compact group G and | be the
normalized G-invariant measure on G/ H. The Fourier transform

Fo/n - L'(G/H, 1) — €(G/H)
is a norm-decreasing homomorphism onto a subalgebra of QIO(CT/?I ).

PrOPOSITION 4.7. Let H be a closed subgroup of a compact group G and be
the normalized G- mvarlant measure on G/H.Let o € L'"(G/H, ) and [r] € G

be such that (] ¢ G/H. Then we have
@q () =0. 4.12)

Proof. Letg € L'(G/H, 1) be given. Then we have ¢, € L'(G).If [7] € G with

[7] ¢ G//?I then we have 77, = 0. Hence, for ¢, & € H,, we have Ty (g ;) =0.
Therefore, using Weil’s formula, for ¢, & € H,, we get

(@q (1), &) 2/ (xH)Ty (e ) (xH)du(xH) =0,
G/H

which implies ( ). O

Since L>(G/H, n) C L'(G/H, 1), the Fourier transform defined in (4.6) is well
defined for L?-functions over the homogeneous space G/H.

The next result shows that the Fourier transform defined in (4.6) satisfies a
generalized version of the Plancherel formula in L>-sense.

THEOREM 4.8. Let H be a closed subgroup of a compact group G and | be the
normalized G-invariant measure on G/H. Each ¢ € L>(G/H, u) satisfies the
Plancherel formula

Y I3 =11907265.,- (4.13)

(x1€G/H

COROLLARY 4.9. Let H be a closed subgroup of a compact group G and |v be the
normalized G -invariant measure on G/H . Then:

1. For o,V € L2(G/H, ), we have
3 e PG (T = (0. V) 126 10 (4.14)

n]eaﬁ
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2. For f,g € J*(G, H)*, we have
Y et f(MBM) 1= (1. 8) 12(6)- (4.15)

(71eG/H

THEOREM 4.10. Let H be a closed subgroup of a compact group G and p be the
normalized G-invariant measure on G/H. The range of the Fourier transform
FG/H - L*(G/H, u) — ¢*(G/H) is the closed subspace

R(G/H) =T =(Tx), 577 € ¢X(G/H)|TE Ty = Ty forall w € G/H).

COROLLARY 4.11. Let H be a closed subgroup of a compact group G and p
be the normalized G-invariant measure on G /H . The abstract Fourier transform
FG/H - L*(G/H, u) — R*(G/H) is a unitary isomorphism of Hilbert spaces.

COROLLARY 4.12. Let H be a closed subgroup of a compact group G. Then TI\-I
maps €2(G) onto R2(G/H).

DEFINITION 4.13. The inverse Fourier transform T — T from 9R%(G/H) onto
L*(G/H, u) is defined as the inverse of the Fourier transform ¢ — @, which
maps L%(G/H, i) isometrically onto R%(G/H).

Plainly T — Tisa unitary isomorphism of Hilbert spaces.
The following theorem shows that the abstract Fourier transform
Fou : LX(G/H, ) - €(G/H)

is surjective only when H is normal in G.

THEOREM 4.14. Let H be a closed subgroup of a compact group G and . be the
normalized G-invariant measure on G/H . The abstract Fourier transform Fg, g

maps L*(G/H, ) onto €2(G//7-1) if and only if H is normal in G.

REMARK 4.15. Theorem can be considered as an abstract characterization of
the algebraic structure of the homogeneous space G/H via analytic and topolog-
ical aspects.

We hereby finish the section by the following useful results concerning abstract
harmonic analysis over the dual homogeneous space G/H.
For T = (Tz) ()¢ € €©(G), let Ty := (T} Tﬂ)[n]eG//ﬁ € ¢(G/H). Then
Tn: ¢(G) — ¢(G/H)

given by T — Ty is a well-defined linear operator.
The abstract operator-valued Fourier transform over G/H satisfies
F6n 0Ty =Th o Fo. (4.16)

Next we show that the linear map 7/";1 : @P(a) — CP(G//?I) is norm-
decreasing for all 1 < p < oo.
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THEOREM 4.16. Let H be a closed subgroup of a compact group G and p > 1.
Then .
Ty : €2 (G) — € (G/H)

is a norm-decreasing linear operator.

Proof. LetT = (T (1 € (g (6). We then have

e p _ b P
ITh g, g7m = 2 dalTiTxlp
[71eG/H
< Y Tl
(x1eG/H
< Y dalTlp =1TIg, G-
[x1eG g

THEOREM 4.17. Let H be a closed subgroup of a compact group G. Then
Th : €°(G) — €*(G/H)
is a norm-decreasing linear operator.

Proof. Let T = (Ty) ;) € €°(G). Then we get

1T (Dllggrm = s 1T Txlloo
[x1eG/H
< sup T llooll T lloo
(x1€G/H

< sup |Txlleo
(x1eG/H

= sup_ 177 lloo = ||T||¢w(6)-
(n1eC U

The following results present other interesting properties of the linear map Ty :

¢ (G) — €*°(G/H).

THEOREM 4.18. Let H be a closed subgroup of a compact group G and u be the
normalized G-invariant measure on G /H . Then, for f € L'(G), we have

1T (Pl g 77y = 1 lex@)-

Proof. Let f € L'(G) and [r] € G/H. Then we have
1Ta (N = ITE F o)
< ITENFEll
< fl

< sup_[[f (@)= Ifllgxg)-
[01eG
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Thus, we deduce that

1Tt (Dl rm = 5w ITa(DEON =1 Fllex)-
[x1€G/H O

COROLLARY 4.19. Let H be a closed subgroup of a compact group G and | be
the normalized G-invariant measure on G/H. Then, for ¢ € L'(G/H, i), we
have

Proof. Let ¢ € L'(G/H, ). Then, using Proposition and also ( ), we get

1yl ey = sup_l1G5 GOl
[r]leG
= swp_ (ol
[71eG/H
= sup_ 1PN =18l g 577,
[rleG/H O

5. Absolutely Convergent Fourier Series of Functions over
Homogeneous Spaces of Compact Groups

Throughout this section we study analytic aspects of absolutely convergent
Fourier series of functions over homogeneous spaces of compact groups. We first
introduce the abstract notion of the linear subspace of all functions with absolutely
convergent Fourier series over homogeneous spaces of compact groups, and then
we study basic properties of these spaces in the framework of abstract harmonic
analysis. We shall also present some characterizations for these spaces.

It is still assumed that H is a closed subgroup of a compact group G and u is
the normalized G-invariant measure on the compact homogeneous space G/ H.

A function ¢ € L'(G/H, ) is said to have an absolutely convergent Fourier
series if

Y drl @) < 0. (5.1)
[x1eG/H
The linear space consisting of all functions with absolutely convergent Fourier
series over the homogeneous spaces G/H is denoted by R(G/H). Thus, it is
easy to see that

R(G/H)={p € L'(G/H, ) : g € ¢"(G/H)}.
Also, it can be readily checked that
o lolay = 1@lagm = > @l
(x1eG/H

defines a norm on the linear space R(G/H).
We then have the following interesting observations.
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PROPOSITION 5.1. Let G be a compact group, H be a closed subgroup of G, and
W be the normalized G -invariant measure over the homogeneous space G /H . The
abstract Fourier transform ¢ — @ is a linear isometric isomorphism of R(G/H)
into €1 (G/H).

COROLLARY 5.2. Let G be a compact group, H be a closed subgroup of G, and
be the normalized G-invariant measure over the homogeneous space G/H. The
linear space R(G/H) with respect to | - ||(1y is a Banach space.

The next theorem shows that the linear operator Ty maps R(G) into R(G/H).

THEOREM 5.3. Let G be a compact group, H be a closed subgroup of G, and |
be the normalized G-invariant measure over the homogeneous space G/H. The
linear operator Ty maps R(G) into R(G/H).

Proof. Let f € R(G). Using Proposition 4.4, we have
T (/)(r) =T f (),
forall [7] € G//T-I . Since 77} is an orthogonal projection, we get
1T (D@ =T T
<IN FEOI < 1 F @
Let 2 be a finite subset of the dual space (7]7-1 . Then we get

S @A Ta(D@h < Y. dell Fe0l

[rle [r]eQ
Since each finite subset of G//T{ is a finite subset of G as well, we have

Y delFmli= Y del Flh = 1£ll)- (5.2)

[r]eQ [r1eG

Invoking the fact that 2 was an arbitrary finite subset of G//T-I , we deduce that the
following series

Y. & Ta(H@
(x1eG/H
converges, which implies that Ty (f) € R(G/H). O

Then we deduce the following consequences.

COROLLARY 5.4. Let G be a compact group, H be a closed subgroup of G, and |1
be the normalized G-invariant measure over the homogeneous space G /H . Then,
for f € R(G), we have

ITa (Ol <N fllqy-
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Proof. Let f € R(G). Then, using (5.2), we have
ITeDIm =Y. delTa(HEIh

(x1eG/H

= sup Y delTu(H@I =1 ll)-
QcG/H [1]eQ 0
finite

COROLLARY 5.5. Let G be a compact group, H be a closed subgroup of G, and
W be the normalized G-invariant measure over the homogeneous space G/H and
¢ € R(G/H). Then ¢; € R(G) and

lellay = llegll)- (5.3)

Proof. Letg € R(G/H). Since ¢ € L' (G/H, ), we have ¢, € L'(G). Let Q be
a finite subset of the dual space G. Then, using ( ), we have

D drlggmii= Y del@mii+ Y dall@gmin

[rles (x1eQ@nG/H [71eQ-G/H

= Y dal@ymlih

(n1eQ@nG/H
= Y dal@@lh.
n1eQnG/H
Since 2N (7/7—1 is a finite subset of (7/7—1 , we get
Yoo dl@mihi s Y d g = llell.
[71€QNG/H (x1€G/H
Thus, we conclude that

> drllggoli < ligllay.

[r]eQ

Invoking the fact that 2 was an arbitrary finite subset of G, we deduce that the

series
> drllgg (o)l
[r1eG
converges and hence ¢, € R(G) with
legllay = Z drllog ()l < llell)- (5.4)
[r1eG

Using Corollary and since Ty (¢,) = ¢, we achieve
lellay = I1Ta @)y < llegllay- (5.5)
Then (5.4) and (5.5) guarantee (5.3). O

The next result summarizes basic properties of the linear map Ty : R(G) —
R(G/H).



192 ARASH GHAANI FARASHAHI

COROLLARY 5.6. Let G be a compact group, H be a closed subgroup of G, and |1
be the normalized G-invariant measure over the homogeneous space G/ H. Then
Ty : R(G) - R(G/H) is a norm-decreasing surjective linear operator.

In the following we present some characterizations for elements of the linear
space R(G/H).

THEOREM 5.7. Let G be a compact group and H be a closed subgroup of G. Let
W be the normalized G-invariant measure over the homogeneous space G /H and
¢ € L\(G/H, ). Then ¢ € R(G/H) if and only if there exists a constant B > 0
such that

‘ Y detl@(n)T}]

(x1eG/H

< BTl g g7 (5.6)
forall T = (T”)neG//ﬁ € QOO(G//?I). In this case, we have |¢l|(1) < B.

Proof. Let ¢ € R(G/H). Then we have ¢, € R(G). Thus, using Theorem 34.29
of [16], there exists a constant B > 0 such that

’ > dn el @y (m)S3]

[71eG

= B||S||¢oo(6) (5.7

for all S = (Sx),cg € €oo(G) and |lgglly < B. Now let T = (Tx),co7m €

QOO(G//T-I) be given. Define S := (Sx) ;.5 € 600(5) such that S, =0 for [7] € G
with [7] ¢ G/H and S; = T for all [7] € G//71 . Then it can be readily checked
that [[Sll¢eo () = ||T||¢00(G//ﬁ)- Applying (5.7), we achieve

‘ > dr @y (1) S5 ]

[71eG

< BlSllex@) = BTl g 577, (5.8)

Thus, using (5.8), we can write

> dntr[am)T:]':’ Y dptrl@y(m)T7]

[x1eG/H (x1eG/H
=‘ Y dr Gy (0T < BITl g 5777,
[1eG

which implies (5.60). Also, using (5.3), we deduce that

el = llegllay < B.

Conversely, suppose that there exists a constant B > 0 such that inequality (5.6)

holds for all T = (T”)nec//ﬁ € 600(6-/7-1). Now we claim that ¢, € R(G). To

this end, let S = (Sz), .5 € 0200(5) be given. Then Sy = (TﬁSn)[n]GG//ﬁ €
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€o0(G/H) With [l g 777, = ISl e (- APPIYing (5.6) to Sy, we get

‘ > dwl@OSITEN < BISHll gy < BISlen@y (59

(x1eG/H

Then, using (5.9), we have

‘ > dr ]Gy (1) S5 ]

[71eG

=| Y. ditrlgy(r)S;]

(x1eG/H

=| Y dntl@(m)S;]

(x1eG/H

=| Y. daulTS9(m)S5]
x1eG/H

=| Y detl@(r)SiTH]
(x1eG/H

=< B||S||¢OO(§)-

Since S = (Sz) ;e € coo(é) was arbitrary, Theorem 34.29 of [16] implies that
¢q € R(G) with |l¢4ll(1y < B. Then Theorem and equation (3.3) guarantee
that ¢ = Ty (¢;) € R(G/H) with

lellay =llellay < B. O
We then deduce the following consequence.

COROLLARY 5.8. Let G be a compact group, H be a closed subgroup of G, and
W be the normalized G-invariant measure over the homogeneous space G/H . Let
¢ e L' (G/H, 1) and o(x H) =lim, ¢, (x H) for w-almost all xH € G/ H, where
each ¢, € R(G/H) with

B :=sup|l¢lla) < oo.

n

Then ¢ € R(G/H) with |l¢ll1) < B.
We can also present the following characterization.

PROPOSITION 5.9. Let G be a compact group and H be a closed subgroup of G.
Let (1 be the normalized G-invariant measure over the homogeneous space G/H
and ¢ € L*°(G/H, ). Then ¢ € R(G/H) if and only if there exists a constant
B > 0 such that

fG/Hw(xH)lﬁ(xH)dM(xH) = BllYll g 77, (5.10)

forall y € L\(G/H, ). In this case, we have llella) < B.
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Proof. Let ¢ € R(G/H). Then we have ¢, € R(G). Using Corollary 34.31 of
[16], we deduce that

<lleglylIgllg= g, (5.11)

' / 9q(x)g(x) dx
G

forall g € LY(G). Now let Ve L! (G/H, ). Then, using Weil’s formula, Corol-
lary ,(5.3), and ( ), we get

/ <p(xH)1/f(xH)du(xH)‘= / w(xH)TH(wq)(xH)du(xH)'

G/H G/H

_ / TH(@-wq)(xH)du(xH)‘
G/H

- / Th (0q - V) () du«(xH)‘
G/H

= [ oat0)- Fyax
G

leq ) 1P e

=1l 1l o g7y = 1910 19l e G777

which implies ( ). Conversely, assume that there exists a constant B > 0 such
that ( ) holds for all ¥ € L'(G/H, j). Now we claim that ¢4 € R(G). To this
end, let g € L! (G). Then, using Weil’s formula and Proposition , we have

'/ 9q(x)g(x)dx| = / TH(qu-E)(xH)du(xH)‘
G G/H

= / </)(XH)TH(§)(XH)dM(XH)'
G/H

= /G/ w(xH)TH(g)(xH)du(xH)‘

Thus, using Corollary 34.31 of [16], we get ¢, € R(G) with [l ||(1) < B. There-
fore, Theorem implies that ¢ = T (¢,) € R(G/H) with

lollay = llegllay < B. O

Next we study analytic aspects of general Fourier series over the homogeneous
space G/H.

THEOREM 5.10. Let G be a compact group, H be a closed subgroup of G, and 1
be the normalized G-invariant measure over the homogeneous space G/H and

= (Tr), 577 € €' (G/H).
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1. The nonnegative real-valued series
Y del T ()T
x1eG/H

converges uniformly on the homogeneous space G/H.
2. The series

> dpt] Ty ()T
n1eG/H
converges uniformly on the homogeneous spaces G/H to a continuous func-

tion.

Proof. Let T= (Ty) s € €'(G/H) be given.
(1) Let [7] € G/H and x € G. Then we can write
|t T COTHN < N T i llr O T I = 1T 1 I T I < 1T M- (5.12)

Now let €2 be a finite subset of the dual space G//T-I . Using ( ), for x € G, we
get

Y daltlTam (TN < Y delTelh

[rleg [r]eQ
< Y dlTeli = 1Tl g7,
(x1eG/H

Thus, we deduce that the nonnegative real-valued series
Y del T (DT
(x1eG/H

converges uniformly on the homogeneous space G/H, and we have

Y deltulTaxOTHN < Tl g1 g7 (5.13)
(x1eG/H

forall x € g _ R ~ R /\
Q) LetT=(Ty) ;5 € ¢!(G) such that Ty = 0 for [7] € G with [7] ¢ G/H
and 7~}T =T, for all [x] € G/H. Then, using Theorem 34.5 of [16], the nonnega-
tive real-valued series
Y deltlTam()ll= Y deltlTrm ()]l
[71eG x1€G/H
converges uniformly on G, and also the series

Y dptr)]l= Y dyti[Trm(x)]

[71eC n1G/H
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converges uniformly on G to a continuous function, namely f € C(G). Thus, we
have

f@) =) drtfTan(x)]= Y dyt[Tzm(x)] (5.14)
[x1eG n1eG/H

forall x € G.Let ¢ := Ty (f) € C(G/H). Then, for x € G, we have

T (f)(xH) = /H Fehydh

=/< > dntr[Tnn(xh)])dh
H ——

[x1eG/H

/ < Z dﬂtr[T,,rr(x)rr(h)]>dh

H ~
[x1eG/H

>

(x1eG/H

= dy T h)dh
Y ao(u] [ rexomaan]

[x1eG/H
= Z dn(tr[Tnn(x)(/ n(h)dh):|)
(x1eG/H "

= Y dpt[Trm()TF].
(x1eG/H

TN

/ tr[ Tt (x)m (h)] dh)
H

which implies that the series

Z d [Tt (x)TE]
(x1eG/H
converges uniformly on the homogeneous spaces G/H to the continuous func-
tion ¢. U

We then conclude the following corollaries.

COROLLARY 5.11. Let G be a compact group, H be a closed subgroup of G, and
W be the normalized G-invariant measure over the homogeneous space G/H . Let
T=(Tx), 575 € ¢ (G/H) and

o(xH) = Z dp [Tyt (x)TF], VxH e G/H.
(x1eG/H
Then we have ¢ € R(G/H).

Proof. Let f € C(G) be the function given by equation ( ). Then, by The-
orem 34.5 of [16], we have f € R(G). Thus, using Theorem 5.3, we get ¢ =
Tu(f) € R(G/H). O
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COROLLARY 5.12. Let G be a compact group, H be a closed subgroup of G, and
W be the normalized G-invariant measure over the homogeneous space G/H . Let
¢ € R(G/H). Then ¢ is equal j-almost everywhere on G/H to the continuous
function given by

xHe Y dpt[p(m)m(x)].
x1eG/H

Let 931 (G/H) be the linear subspace of ¢! (G//?I ) given by

RY(G/H) :={T = (Ty) e ¢ (G/H)|TE Ty =Ty forall w € G/H).

Te G/H

PROPOSITION 5.13. Let G be a compact group, H be a closed subgroup of G, and
pL be the normalized G-invariant measure over the homogeneous space G/H . Let

=(Ty) xeGH € %I(G/H) Then the nonnegative real-valued series

Y delulTer (]|
(x1eG/H
converges uniformly on the homogeneous space G/H. Hence, the series
> dn Ty (x)]
(x1eG/H
converges uniformly on the homogeneous spaces G/H to a continuous func-
tion.

Then we conclude the following corollary.

COROLLARY 5.14. Let G be a compact group, H be a closed subgroup of G, and
p. be the normalized G-invariant measure over the homogeneous space G/ H . Let

= (Tr),cc7m € RU(G/H) and

o(xH) = Z dy [Ty (x)], VxH e G/H.
(x1eG/H

Then ¢ € R(G/H), and we have

lollsup < l@llry-

Then we can present the following result.

THEOREM 5.15. Let G be a compact group, H be a closed subgroup of G, and j
be the normalized G-invariant measure over the homogeneous space G/H. The
inverse Fourier transform T — T given by ( ) is a linear isometric isomor-

phism of R! (G//T-I) onto R(G/H).
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Proof. LetT=(Tr) 7 € M!(G/H). Since R (G/H) € %*(G/H), we have

T e L2(G/H, 1) with T =T. Since L2(G/H, 1) € L'(G/H, 1), we get T €
L! (G/H, ) as well. Thus, we can write

Yo alT@ii= )Y dellTali =Tl g7m)
(n1eG/H (71eG/H
which implies that T e R(G/H) and also ”THGI(G//ﬁ) = ||’i‘||(1). Let ¢ €
R(G/H). Then we have ¢ € QI(CT/?I). By Proposition we achieve that
@ € R (G/H). Then it is straightforward to see that $= Q. O

COROLLARY 5.16. Let G be a compact group, H be a closed subgroup of G, and
W be the normalized G-invariant measure over the homogeneous space G/H . The
inverse Fourier transform T+ T is a linear isometric isomorphism of R' (G /H)

onto R(G/H).
We finish the paper by presenting the following result.

THEOREM 5.17. Let G be a compact group, H be a closed subgroup of G, and 1
be the normalized G-invariant measure over the homogeneous space G/H . Let

@ € L*(G/H, ) with tr[@¢(w)] > 0 for all [7] € (T/?I Then the series
> dr @]
n1eG/H
converges, and we have

Y da @] < Nl
(x1eG/H

Proof. Letp € L*°(G/H, i) with tr[@(r)] > 0 for all [7] € G//T-I Then we have
¢q € L°°(G) and also

tr{@y (m)] = tr[@(7)] = 0
for all [7] € G//T-I . Thus, using Proposition , we deduce that tr[@ (m)] =

0 for all [7] € G. Then Theorem 34.9 of [16], guarantees that the series
Z[n]ea d, tr[@ (7r)] converges and satisfies

Z dx tr[@g ()] < ll@g L (6)-
[r1eG

Let €2 be a finite subset of the dual space (T/?I . Then € is a finite subset of G as
well. Thus, we can write

D @)= Y dr @)1 < Y dy triy ().

[r]e [r]e [r1€G
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Since €2 was arbitrary, we conclude that the series Z[n]eG//ﬁ d tr[@()] con-
verges. Then we get

Y detd@(m)] = sup Y dp ()]

QCG/H [r]eQ
(x1<G/H finite ")

< Y dp i@y (m)]
[rleG
< llogliLe) = ll@llLoG i, 1)
which completes the proof. (]
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