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CrossMark
Abstract
This paper presents a systematic study for harmonic analysis of metaplectic
wave-packet representations on the Hilbert function space L*(R?). The
abstract notions of symplectic wave-packet groups and metaplectic wave-
packet representations will be introduced. We then present an admissibility
condition on closed subgroups of the real symplectic group Sp(R¢), which
guarantees the square-integrability of the associated metaplectic wave-packet
representation on L2(RY).

Keywords: symplectic group, multivariate metaplectic wave-packet
representations, symplectic wave-packet group, metaplectic wave-packet
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1. Introduction

Many intresting applications of mathematical analysis in theoretical physics (e.g. par-
axial optic, quantum mechanics, etc) prompt particular forms of multivariate metaplectic
(Shale-Weyl) representation [14—16, 25, 41] under various names; quadratic-phase transforms,
linear canonical transforms [10, 36], Fresnel transforms, fractional Fourier transforms [54],
Gaussian integral [51]. In the following article, we shall approache the topic from the classical
theory of coherent state transforms [3].

The abstract theory of covariant/coherent state transforms is the mathematical basis of
modern high frequency approximation techniques and time-frequency (resp. time-scale) anal-
ysis [37, 44, 48, 49]. Over the last decades, abstract and computational aspects of covariant/
coherent state transforms have achieved significant popularity in mathematical and theoretical
physics, see [3, 5, 37, 47] and references therein. Coherent state transforms are classically
obtained by a given coherent function systems. Then admissibility conditions on the coherent
system imply analyzing of functions with respect to the system by the inner product evaluation
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[22, 23, 35]. From harmonic and functional analysis aspects such coherent structures are clas-
sically originated from squar-integrable representations of locally compact groups, see [33, 46,
50, 59] and references therein. Commonly used coherent states transforms in theoretical phys-
ics, computational science and engineering are wavelet transform [49], Gabor transform [37],
wave-packet transform [27-30, 32].

The mathematical theory of Gabor analysis is based on the coherent state generated by
modulations and translations of a given window function [4, 6, 31, 34]. Wavelet analysis is
a time-scale analysis which is based on the continuous affine group as the group of dilations
and translations [9]. Abstract harmonic analysis extensions of wavelet analysis are studied in
[7, 49]. The theory of wave packet transform over the real line has been extended for higher
dimensions by several authors, see [11]. The mathematical theory of classical wave-packet
analysis on the real line is originated from classical dilations, translations, and modulations
of a given window function. The mathematical theory of wave-packet analysis as a coherent
state analysis has been recently abstracted in the setting of locally compact Abelian groups in
[28]. In a nutshell, wave-packet analysis which is also well-known as Gabor-wavelet analysis
is a shrewd extensions of the two most prominent coherent states analysis, namely Gabor and
wavelet analysis.

The following paper consists of abstract aspects of nature of metaplectic wave-packet
transforms over L*(R?). This paper aims to introduce the notion of metaplectic wave-packet
transform over the Hilbert function space L*>(R?). We shall address analytic aspects of meta-
plectic wave-packet transforms over L*(R?) using tools from representation theory of locally
compact groups and abstract harmonic analysis.

This article contains 6 sections. Section 2 is devoted to fix notations and a summary
of classical Fourier analysis on R? and classical harmonic analysis on projective repre-
sentations and square-integrable representations over locally compact groups. In section 3
we present a brief study of harmonic analysis over the real symplectic group Sp(R%). We
introduce the abstract notion of symplectic wave-packet groups associated to closed sub-
groups of Sp(R?). We shall also show that the group structure of symplectic wave-packet
groups canonically determines an irreducible projective (unitary) group representation of
the group, which is called as metaplectic wave-packet representation. We then present an
admissibility criterion on closed subgroups of Sp(RY) to guarantee the square-integrability
of the associated metaplectic wave-packet representation on L*(R?). As an application of
our results we study analytic aspects of metaplectic wave-packet transforms associated to
closed subgroups of the real symplectic goup Sp(R?). It is also shown that, if H is a compact
subgroup of Sp(RY), for all non-zero window functions we can continuously reconstruct any
L’-function from metaplectic wave-packet coefficients. Finally, we will illustrate applica-
tion of these techniques in the case of well-known compact subgroups of the real symplectic
group Sp(RY).

2. Preliminaries and notations

Let G be a locally compact group and H be a Hilbert space. Let U(H) be the multiplicative
group of all unitary operators on ‘H. A projective group representation of G on H is a mapping
I' : G - U(H) which satisfies

I(gg') = z(g, 8" T'(g)T'(g") forallg, g’ € G
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where z(g, g’) are unimodular numbers. The projective group representation I' is called irre-
ducible on H, if {0} and H are the only closed I'-invariant subspaces of H.

A projective group representation (I', H) is called left square integrable if there exists a
non-zero vector ¢ € H such that

fG (6 T(9)C) Pdme(g) < oo,

for some left Haar measure mg of G. Similarly, it is called right square integrable if there exists
a non-zero vector ¢ € H such that

fG (¢ D(@)C) P dng(g) < o,

for some right Haar measure n¢ of G.

Since R? is an LCA (locally compact Abelian) group, according to the Schur’s lemma, all
irreducible representations of RY are one-dimensional. Thus any irreducible unitary repre-
sentation (7, H,) of R? satisfies 7, = C and hence there exists a continuous homomorphism
w of RY into the circle group T, such that for each x = (xj, ..., x;) € R? and z € C we have
7(x)(z) = w(x)z. Such homomorphlsms are called characters of R? and the set of all such

characters of R? is denoted by RY. If R? equipped with the topology of compact convergence
on R? which coincides with the w*-topology that R inherits as a subset of L(R¢), then R
with respect to the product of characters is an LCA group which is called the dual (character)
group of R?. The character group @, that is the multiplicative group of all continuous additive
homomorphisms of R? into the circle group T, can be parametrizes by R? via the following
duality notation R? with R? via

w(x) = (x,w) = >

for eachw € ]1/@. The linear map Fpa : L'RY — C(]l/@) defined by f+— Fpi(f) = f via
Fal @) =F @) = [ 6@ dme(s) @.1)

is called the Fourier transform on R?. It is a norm-decreasing *-homomorphism from L!(R¢)
into Co(R?) with a uniformly dense range in Co(R?). If a Haar measure mps on R is given
and fixed then there is a Haar measure m —~ on R4, which is called the normalized Plancherel

measure associated to mpa, such that the Fourier transform (2.1) is an isometric transform on
L'(R?) N L*(R?) and hence it can be extended uniquely to a unitary isomorphism from L2(R¢)

onto Lz(]l/@), see [24]. Then each fe L\(RY) with f € LI(H/@) satisfies the following Fourier
inversion formula

f(s) = fﬂ@f(w)w(s)dmﬂ@(w) for a.e. s € RY. 2.2)

For x € R? and f€ L*(R?), the translation of f by x is defined by T,s(y) = f(y — x) for y € R?.

The translation T, : L*(R?) — L*(R%) is a unitary operator. For w € R? and fe LX(RY), the mod-
ulation of f by w is defined by M, f(y) = w(»)f(y) for s € R%. The modulation operator
M, : [2(R%) — L*(R%) is unitary as well. The modulation and translation operators are con-
nected via the Fourier transform by
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Mf=T.f.  Tif =MJ, (2.3)

for all fe LR, we RY, and k € R, see [24, 38, 52].
From now on and in this article, for a fixed Haar (Lebesgue) measure mps on
RY, by pge or fips, 72 We mean the induced product measure on R% = R4 x R4, that is

dprgaa(x, w) = dmpa(x)dm H@(w), where m = is the normalized Plancherel measure associated
to Mmpa.

For A = (x,w) € R4 = R? x @, the time-frequency shift operator w(\) : L2(R%) — L*(R%)
is defined by m(\) = M, T,. Then, it is well-known as the Moyal’s formula, that

Lo I T8z Pt 2O = TR 8 ey 2.4)

forall f,g € L*(R?), see [37] and classical references therein.

3. Harmonic analysis over symplectic groups

Throughout this section, we briefly present basics of classical harmonic analysis over the real
symplectic group Sp(R?), for a complete picture of this matrix group we referee the readers to
[18-20, 44-46] and the comprehensive list of classical references therein.

Ford> 1, let Q0 : My 4(C) > Mayx24(R) be the linear map given by

QA +iB) = (;} *AB),

for all A, B € My, 4(R).

A matrix S € Msy,24(R) is called symplectic if and only if STJS = SJST = J, with J =
( 0 lixa
g O
matrices is called the (real) symplectic group which is denoted by Sp(R?). It is a simple non-
compact finite-dimensional real Lie group. In block-matrix notation, the symplectic group
Sp(RY) consists of all real 2d x 2d matrices in block form

), where ;.4 is d X d identity matrix.. The group consists of all symplectic

S = (é g)’ A’B’ C’DeMdXd(R)’

such that ATC = C"A, B'TD = DB, and A”D — C'B = I,.,.
The real symplectic group Sp(R?) satisfies the following decomposition, namely Iwasawa
(Gram-Schmidt) decomposition, Sp(R?) = ICAN where [55, 56]

Kqi= {Q<A+iB):(;} AB):A+iBeU<d,C>}, 3.1)
A = {diag(hy, ... ha, by 'y oo b7V By, oo hg > 0}, (3.2)
and
A B . . . T T
N:= 0 @Yy : A is unit upper triangular, AB" = BA" ¢, (3.3)
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If we regard elements of Sp(RY) as linear transformations over the vector space (time-
frequency phase space) R?? = R? x R¢, then the symplectic group Sp(R?) is precisely the
group of all linear automorphisms of R? x R? which preserve the canonical (symplectic)

form. Also, it is easy to check that, if Poga is the Lebesgue measure on R? x R?, then

e, @S- V) =dpg, @, (3.4)
forall S € Sp(Rd).

A metaplectic operator on L2(R?) is a unitary operator U : L*(R%) — L*(R?) which satisfies
the following intertwining identity

Ur()U ' = a)r(S- ),  (\eRex R 3.5)

for some S € Sp(RY) and a second degree character o : R? x R T.
Incoordinate terms, ametaplectic operatoron L*(R¢)is aunitary operatorU : L2(RY) — L*(R¢)
which satisfies the following intertwining identity

UMTU " = a(e, MerrpTaniso  ((w)€RYx RY)

for some S € Sp(R?) and a second degree character o : R? x H/@ — T. In this case, the operator
U is called as the metaplectic operator on L*(R?) associated to the symplectic matrix S.
For H € GL(d, R), the dilation operator Dy : L*(RY) — L*(RY) is given by
Dyf (1) := |det H["2f (H ' 1),
for all f€ L*(RY) and t € R?.
For C € My, 4(R) with C = C7, the chrip multiplication operator E¢ : L*(R?) — L*>(R?) is
defined by
Ecf(t) := exp(mi - tTC)f (1),

for all f€ L2(R%) and t € RY.
The following proposition [43] shows that the Fourier transform, dilations, and chrip mul-
tiplications can be considered as metaplectic operators.

Proposition 3.1. Let H<c GL(d,R) and C € My, 4(R) with C" = C. Then
(1) The Fourier transform Fpa: LXRY - [2(RY) is a metaplectic operator on L*(RY)
associated to the symplectic matrix( 0 | (1)
Fram(x, w)F ?R} = eZWi“’T'XW(w, —x)

) and satisfies the following intertwining identity

(2) The dilation operator Dy : L*(R?) — L*(R?) is a metaplectic operator on L*(R%)

associated to the symplectic matrix( and satisfies the following intertwining

0
0 (HT)—I
identity
Dym(x,w)Dy' = w(H - x, H'Y ! - w)
(3) The chrip multiplication operator E¢ : L*(RY) — L*(RY) is a metaplectic operator on

LX(RY) associated to the symplectic matrix (é (1)) and satisfies the following intertwining

identity
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Ecm(x,w)Eg' = e ™ Cop(x, C - x + w)

Then the following [43] result gives us a unified and also explicit construction of meta-
plectic operators on L2(R?) by splitting them into simple operators given in proposition 3.1.

Theorem 3.2. LetS = (é g) € Sp(RY) be given. Let Ty C N, be such that the columns

of A indexed by 1 form a basis for R(A) and A € My 4(Z) be the diagonal matrix whose

diagonal is 0 at 14 and I at the complementary set Ng\ 1. Let H := A + BAand Q := C + DA.
Then H € GL(d, R) and the unitary operator

US = EQH*IDHfTR}E—H’IBfRdE*A (36)

is the metaplectic operator associated to the symplectic matrix S.

4. Multivariate metaplectic wave packet representations

In this section we present the abstract structure of multivariate symplectic wave-packet groups
associated to closed subgroups of the real symplectice group Sp(R¢). Then we introduce the
associated multivariate metaplectic wave-packet representation. We shall also study classical
properties of these representations.

For a closed subgroup H of the real symplectic group Sp(R?), the underlying manifold

G(d,H) := H x R? x R? = H x RY x RY,
equipped with operations given by

(S, ) X (S, N) = (S5, 81N+ N), 4.1

SN =" =8N, (42)
is a group with the identity element (1, 0, 0).
We call this group as symplectic wave-packet group associated to the subgroup H over R?.
For simplicity, we may use G(H) instead of G(d, H), at times. The groups H and RY x R? can
be considered as closed subgroups of G(H).

Then we present the following theorem concerning basic properties of the symplectic
wave-packet group G(H) in the framework of harmonic analysis.

Theorem 4.1. Let H be a closed subgroup of the symplectic group Sp(RY) with the modu-
lar function Ay and my (resp. ny) be a left (resp. right) Haar measure of H. Then, G(H) is a
locally compact group with a left Haar measure given by dmgaq(S, ) 1= de(S)du]RdX @(/\),
and a right Haar measure given by dngmy(S, \) 1= dnu(S )du]R ™ 11/@()‘)'

Proof. It can readily be checked that the mapping 7 : H x RY x RY - R? x R? given by

(S, A) = § - Ais continuous. This automatically implies that the symplectic wave-packet group
G(H) is a locally compact group. Let F € C(G(H)) and g = (S, A) € G(H). Since the Lebesgue
mMeasure fi, - is translation invariant and also my is a left Haar measure on H, we have
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o P& ghamean@) = [L [ S0 5 (8 NS, V)
- f f _ (S8 Ak X)dm(S)dpr, —(N)

- f ( f _F(SS.S A+ Xd, D@(/\’))de(S’)
H RYx RY x

:f (j];@d ﬁF(SS/’ )\/)duRdX@()\/))de(S/)

— [ o ([, 5 Xm0
Rd RYx
- [ 7( I Fes. X)de(S’))duRd SO0
R*x R

= [ o FSX0dms($)dp, (00 = f F(g)dma (@),

which implies that dmg(S, A) := dmp(S )d,uRdX n@()‘) is a left Haar measure for G(IH). Simi-
larly, using (3.4), Fubini’s theorem and also since the Lebesgue measure Poga 7 is translation
invariant, we get

[ P& ncon(@) = [ [ PN (8, 00 (X

- f f CF(S'S, S N 4+ Ndng(S)dp, (V)
H JRYx RY

RYx RY

= ! -1\ (N

- fH ( fm@ F(S'S, 871 N 4 Ndp, (X ))dnH(S,)
-/, ( oo PSS X+ N (5 N))dnH(S’)
-/, ( Joo g PN+ A>dﬂwxﬂ@(k’))dnms')

i !/ !/ I !
_j;ﬂ(j;{dX@F(SS,/\)duRdxﬂ@()\ ))dnH(S)

[ ( fH F(S'S, /\’)dnH(S/))du

RYx RY

()

RYx R

_ A( f F(s, X)dnH(S’))du SO0

R x R RYx

= [ fs o P XS, V) = f F(g))dncen(g),

implying that dng)(S, A) := dng(S)dpge(N) is a right Haar measure for G(H). O
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Next we deduce the following consequences.

Corollary 4.2. LetH be a closed subgroup of the symplectic group Sp(R?) with the modular
Sfunction Ay and my (resp. ny) be a left (resp. right) Haar measure of H. Then

(1) The modular function Agary : G(H) — (0, 00) is given by Aga (S, A) := Awu(S). In par-
ticular, the symplectic wave-packet group G(H) is unimodular if and only if H is uni-
modular.

(2) The closed subgroup H is normal in GMH) if and only if H = {I}.
(3) The closed subgroup RY x R is a normal Abelian subgroup of G(H).
Proof.

(1) Let F € C{G(H)) be a non-zero and positive function. Also, let (S, A) € G(H). Then we
can write

A (S, A f@ o FS X0dmo (' ) = fG o FUS X0 (5 M), V)

— ! !/ ! li
= [ L o FN (S NdmaS i, ()

= [ [, L FES.S X+ N, ()
HJRIx R? R

— ! ! /A

_ fH fR o PSS+ NdmeSd,

— ! ! /A

_ foRdX@ F(S'S, X+ N)dmu(S)dp_, —

_ o , /
_foRdX@F(ss,A)de(S)duRdX@(A)

—~
< R4

(-X)

—~
x R4

(\)

_ RM@( J;I F(S'S. X)de(S’))duRdX@(X)

= 2u " A( | Fes. X)de(S’))duRdX@(X)

RYx R4

= Ay(S) ! f@ oy FS Xm0,

implying that Ag(S, A) = Ar(S) for all (S, A) € G(H).
(2) and (3) are straightforward from structure of the symplectic wave-packet group G(IH).
O

Remark 4.3. From now on, once the left (resp. right) Haar measure my (resp. ny) over H
is fixed, we call the associated left (resp. right) Haar measure on the symplectic wave-packet
group G(H), which is constructed via theorem 4.1, as left (resp. right) Haar measure induced
by my (resp. ny).

Forg = (5, \) = (A, x,w) € G(H), define the linear operator [}(g) : L2(RY) = L*(R%) by

Iu(g) := Usm(A) = UsTM,.. (4.3)
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The following theorem shows that g — I31(g) given by (4.3), defines an irreducible projec-
tive group representation of the symplectic wave-packet group G(H) on the Hilbert function
space L*(R%).

Theorem 4.4. Let H be a closed subgroup of the symplectic group Sp(R?) and G(H) be the
associated symplectic wave-packet group. Then Ty : G(H) — UIL*R?)) given by g — T(g)
is an irreducible projective group representation of the locally compact group G(H) on the
Hilbert function space L*(RY).

Proof. Plainly, we have I}(1,0,0) = I;2ga, where I : LXR?) - LAR?) is the identity op-
erator. Let (S, M), (5, V') € G(H). Invoking definition of Tjy(S, A), it is evident to check that
Iw(S, A\) is a unitary operator, because it is the composition of two unitary operators, namely

Us and w(X). Let 5: R x I@’ — T be a second degree character such that the intertwining
identity (3.5) holds for §’. Hence, we get

Ugn(S~1-\) = B~ (S’ - (81 \)Us
=B M\ Us.

Also, the operator UsUg is a metaplectic operator associated to SS’. Thus, there exists a com-
plex number z(S, S") € T such that Usg = z(S, S')UsUy. Then we can write

Uss(S™ 1 A+ X)) = 2(S, SHUsUgm (S - A+ X))
= 2(S, SHUsUgr (5"~ - Mw(\) = z(S, SNBSS - NUst (M) Ugm(N).

Therefore, we get

Ta((S, A) < (8, X)) = Tu(SS, 8- A+ )
= Usgm(S™ - A4+ X)
= 2(8,8NB(S" " N Ust (M Ugm(N) = z(S, 585"~ \)
Ti(S, MIu(s', V),

which implies that Iy : G(H) — UL*(R?)) is a projective group representation of the locally
compact group G(H) on the Hilbert function space L*(R?). Since restriction of Ij to the closed
subgroup R? x R? is equivalent with the projective Shrodinger representation of the subgroup
R? x R? on LA(R%), we deduce that Ty is irreducible on L2(R%) as well. O

Remark 4.5.

(i) The restriction of the metaplectic wave-packet representation to the closed subgroup
R? x R? is unitarily equivalent to the projective Schrodinger representation of RY x R
on L2(R%), see [37] and references therein.

(i) Let H be a closed subgroup of the symplectic group Sp(R¢) which contains GL(d, R).
Then the restriction of the metaplectic wave-packet representation to the closed subgroup
GL(d,R) x R? x RY s unitarily equivalent to the classic wave-packet representation
associated to the action of the multiplicative matrix group GL(d, R) on the time-frequency
plan RY x ]1/@, see [28, 42, 57, 58] and the comprehensive list of references therein.
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5. Square-integrability of multivariate metaplectic wave-packet
representations

Throughout this section, we study the square-integrability of multivariate metaplectic wave-
packet representations. We still assume that H is a closed subgroup of the symplectic group
Sp(RY).

It should be mentioned that in the framework of classical voice/coherent state transforms
[59], the problem of admissibility conditions for subgroups of the symplectic group studied
from an algebraic perspective in [1, 2, 12, 13, 17, 21].

Let ¢ € L*(R%) be a window function. The metaplectic wave-packet transform of f€ L2(R¢)
with respect to the window function # is given by the voice transform associated to the meta-
plectic wave-packet representation, that is

Vof (S, x,w) = (f, Tu(S, x, )} 2 ey = (f s UsTMoAb) 12ays 6D
for (S, x,w) € H x R x RY.
Remark 5.1.

(i) The restriction of the metaplectic wave-packet transform to the closed subgroup R x R
is the continuous Gabor (short-time Fourier) transform over L*(R?), see [37] and refer-
ences therein.

(ii) Let H be a closed subgroup of Sp(Rd) which contains GL(d, R). Then the restriction of
the metaplectic wave-packet transform to the closed subgroup GL(d, R) x R? x R? is the
classic wave-packet transform induced by the action of the multiplicative matrix group
GL(d,R) on the time-frequency plan R x ]T@, see [28] and the comprehensive list of
references therein.

The following theorem can be considered as a constructive topological criterion on the
closed subgroup Hl, which guarantees the square-integrability of the associated metaplectic
wave-packet representation I3y on the Hilbert function space LA(RY).

Theorem 5.2. Let H be a closed subgroup of the real symplectic group Sp(RY) and
G(H) be the associated symplectic wave-packet group. Then, the metaplectic wave-packet
representation Iy : G(H) — UL*(RY)) is left (resp. right) square-integrable over the symplec-
tic wave-packet group G(H) if and only if H is compact. In this case, all non-zero functions in
the Hilbert function space L*(R?) are square-integrable over G(H) with respect to Ty

Proof. Letmy be aleft Haar measure for H. Then by theorem 4.1, the positive Radon meas-
ure mga given by dmg (S, A) = de(S)dMRdX @(A) is a left Haar measure for the symplec-
tic wave-packet group G(H). Now, suppose that the metaplectic wave-packet representation

I} be left square-integrable over G(H). Then, there exists a non-zero function ¢» € L2(R¢) such
that

[ 16 @) e P dmen(@) < o
G(H)

Then, using Fubini’s theorem and also the Moyal’s formula (2.4), we get

10
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S T Pament@) = [ [, 1400 TS, M P, 5N

- fH ( fﬂyx@ (0, Tia(S, M) ey P dpt gy o A))
drsy(S)

= J];H ( j;m = (U sth, TO) e Py @(A))de(S)

= || VUSRI s (S)

0, N0 ) )

Since metaplectice operators are unitary on L>(R%), we deduce that

10, ) = 100, 000 )
= 10 i 1501 )

= Joa (¥ Ta@¥) 12w * dm(g) < co.

Thus my(H) < co and hence H is compact. Conversely, let H be a compact subgroup of
Sp(R?) with the probability Haar measure oy, that is the unique positive Radon measure oy
which is both left and right Haar measure of H with oy (H) = 1. Then, each non-zero function
1 € L2(RY) satisfies

fG o) (O TG Ve

2dou($)dp, =) = 19l (52)

which implies the square-integrability of the metaplectic wave-packet representation I3y over
the symplectic wave-packet group G(IH). [

As a consequence of theorem 5.2, we deduce the following orthogonality relation concern-
ing the metaplectic wave-packet transforms.

Corollary 5.3. Let H be a compact subgroup of the real symplectic group Sp(RY) with the
probability Haar measure oy and G(H) be the associated metaplectic wave-packet group with

the induced Haar measure mga by ow. Also, let 1, p € L*(RY) be non-zero window functions
and f,g € L*(RY). Then, we have

Wt V¢g>L2(G(H),m@(H)) = (¢, w)LZ(Rd)<f> g>L2(Rd)~ (5.3)

Proof. The same argument used in theorem 5.2 implies that

£ _ 2 2
IV I mme = 11 1o (5.4)

1
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Then (5.4) and also twice applying the Polarization identity guarantees (5.3). O

Next result is an inversion (reconstruction) formula for the metaplectic wave-packet trans-
form defined by (5.1).

Theorem 5.4. Let H be a compact subgroup of the real symplectic group Sp(R?) with the
probability Haar measure oy and G(H) be the associated symplectic wave-packet group with
the induced Haar measure mgay by om. Also, let 1 € L2(RY) be a non-zero window function.
Then, each function f€ L*(RY) can be recovered continuously in the weak sense of the Hil-
bert function space L*(R?), from metaplectic wave-packet coefficients generated by 1, via the
following resolution of the identity formula;

F= 1l [ [, VS VIS doS)dpyy V). (5.5)
Proof. Let € L*(RY) be a non-zero window function. For f& L*(R%), define

for = [ [, Jo VeF(S 0TS, M dow(S)dp, OV,

in the weak sense of the Hilbert function space L*(R?). Using (5.3), for all g € L*(R¢), we have
(fiu & 2 = fH fR . Vil (S V(TS A ) e o)A (V)
= [ VSN TR s, dow(S)dug, (M)

= [ VS VRS s, )

= WV vag)LZ(G(H),mG(H)) = “w”iz(Rd)(f, 8>L2(]Rd)-

Then f, € L*(R%) and Jy = ||1/)||iz(Rd)f in L*(R¢), which equivalently implies the reconstruc-

tion formula (5.5) in the weak sens of the Hilbert function space L*(R?). O

Then we can present the following reproducing property for the metaplectic wave-packet
representations.

Corollary 5.5. Let H be a compact subgroup of the real symplectic group Sp(RY) with the
probability Haar measure oy and G(H) be the associated symplectic wave-packet group with
the induced Haar measure mggy by om. Let ¢ € LXRY) be a non-zero window function and

‘Hy be range of the metaplectic wave-packet transform V), : LA(RY) - [XG(H), mg ). Then
(1) Hy is a closed subspace of LA(G(H), meq)-
(2) Hy is the unique reproducing kernel Hilbert space (RKHS) over G(H) associated to the
positive definite kernel Ky, : G(H) x G(H) — C given by
Ky[(S, N), (8", )] := (Usm (M, Usm(N)Y) 12 ey
for all (S, N), (S, \) € G(H).
Next corollary summarizes our recent results in terms of continuous frame theory [8, 53].

Corollary 5.6. Let H be a compact subgroup of the real symplectic group Sp(RY) and
1 € LA(RY) be a non-zero window function. Then the multivariate wave-packet system

12
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A, ) == {Lu(S, My : (5, A) € G},

is a continuous tight frame for the Hilbert space L*(R?).

6. Analysis of multivariate metaplectic wave-packet representations over
compact subgroups of the real symplectic group Sp(R?)

Throughout this section, we study analytic aspects of compact subgroups of the real symplec-
tic group Sp(R?) in the framework of coherent state metaplectic wave-packet analysis.

As it is proved in theorem 5.2, just compact subgroups of the real symplectic group Sp(R¢)
are interesting from the L?-theory and reproducing property of metaplectic wave-packet rep-
resentations. Roughly speaking, only compact subgroups of Sp(R¢) are highly important in
the framework of coherent state metaplectic wave-packet analysis over the Hilbert function
space L*(R?), since they guarantee that the associated metaplectic wave-packet transforms
over L2(RY) satisfy resolution of the identity formulas which are valid in the weak sense of the
Hilbert function space L2(R9).

6.1. The case d = 1

In this case [26], the real symplectic group Sp(R) is precisely the special linear group SL(2, R),
that is the the multiplicative matrix group, consists of all real 2 x 2 matrices with determinant
one. That is,

SL(z,R);:{s:(‘C’ Z):a,b,c,deR and ad—bc:l}.

It is a simple real 3-dimensional Lie group. The special linear group SL(2, R) satisfies the fol-
lowing decomposition, namely Iwasawa (Gram-Schmidt) decomposition, SL(2, R) = K AN
where /C = SO(2) is the special orthogonal group consists of all 2 x 2-orthogonal matrices
with real entries and the subgroups A, A are given by

xeR } .

A:{D(h) - (g h‘fl)‘/wo}, N= {N(x) = ((1) ’1“)

The group SL(2, R) is non-compact but unimodular. A Haar measure of SL(2, R) is given by

ST ([ C-Op e

for all ¢ € C.(SL(2, R)).

6.1.1. Continuous compact subgroups of SL(2,R). The subgroup H = SO(2) is the most
significant compact subgroup of SL(2,R). The compact subgroup SO(2) is the multiplica-
tive matrix group consists of all 2 x 2-orthogonal matrices with unit determinant. That is,
SO2) = {H() : 0 < 0< 27}, where

Ho) -— [ cos? sine).
© (—sin0 cos f

13
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The subgroup SO(2) is isomorphic, as a real Lie group, to the circle group, also known as
T = U(1), via the canonical Lie group isomorphism which sends the complex number e of
absolute value 1, to the special orthogonal matrix H(#). From now on, we may call SO(2) as
the circle group, at times. It can be readily checked that, any closed subgroup of SL(2, R) con-
jugated to SO(2) is also compact in SL(2, R). In addition, the circle group SO(2) is a maximal
compact subgroup of the multiplicative matrix Lie group SL(2, R), which means that SO(2) is
a compact subgroup and it is maximal among such subgroups as well. Thus, any continuous
(non-discrete) and compact subgroup is one-dimensional. Then by proposition 3.2 of [45], it
is conjugated to the compact subgroup SO(2).

(i) The circle group. By the above argument and theoretical motivation, first we shall
focus on analytic and constructive analysis of metaplectic wave-packet representations over
the compact subgroup SO(2).

The normalized Haar measure oso(2) of the circle group SO(2) is given by

27
[ o)amson(s) = @myt [ om@na, (6.1)
SO(2) 0

for all ¢ € C(SO(2)).
The following theorem characterizes analytic aspects of the metaplectic wave-packet rep-
resentation associated to the compact subgroup SO(2).

Theorem 6.1. Let 0 <0< 27w and Uy := Uy be the associated metaplectic operator to
H().

(1) For 0= 7/2,37/2, we have Uy = E_ an¢Deos 9 F & Etan 0 Fre
(2) For 6 = 7/2, we have Uy, = E,lfﬁlE,lfRE,l.

(3) For 8 = 3n/2, we have Uz, jp = E_lD_lfﬁlE_lfRE_ I
Proof.

(1) Let 0 < 8 <27 with 0 = 7/2,3m/2. Then a := cos 6 = 0. Hence, using theorem 3.2 with
a=dand b :=sinf = —c, we get

Uy = E,. D, FRE_ 41, Fr = E—tan6Deos o F 2 Evan 0 Fi-
(2) and (3) are straightforward from theorem 3.2. O
Also, we can deduce the following result.
Proposition 6.2. G(SO(2)) is a non-Abelian, non-compact, and unimodular group with a

Haar measure given by

2w
F(S, \)d S, \) = Qn)! FH(@), \)dod (M),
f@ oy P8 Mdmas0y(8, %) = 2m) fo fR . FOHO), Md0dpy, (V)

for all F € C(G(SO(2))).
Let 1) € L*(R) be a non-zero window function. The metaplectic wave-packet transform can
be regarded as V), : L2(R) = LX((0,27] x R x @) given by f Vf, where

Vif 0, x,w) == (f, UMLT) () (6.2)

for all (6, x,w) € (0,27] x R x R.
The Plancherel formula for (6.2) reads as follows;

14
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27
S5 L UML), P8 5. 0) = @) -y 1 (63)
Then (6.3) guarantees the following reconstruction formula;

2T
f=Qry ' ellAe j; fR Vil O ) U MTb 0, 5 (x.0) 6.4)

6.1.2. Finite subgroups of SL(2,R). Since every subgroup of the circle group is either dense
or finite, we deduce that any closed proper subgroup of the circle group is finite.

Let N € N be a positive integer and Ty := {z € T : z"¥ = 1}. Then Ty is a finite subgroup of
T of order N. One can also check that, SOy(2) := {HQ2#k/N) : k=0,...,N — 1}, is a finite
subgroup of SO(2) of order N. Also, it is easy to check that any finite subgroup of SL(2, R) of
order N, is conjugated to SOn(2).

(i) Finite circle groups Let N € N be a positive integer. The normalized Haar measure of
SOp(2) is given by

N

-1
Z o(HQ7k/N)),

1
[ 6S)oso,(S) =
SON(2) N =

for all ¢ : SOy(2) — C.

Proposition 6.3. Let NeN be a positive integer. Then G(SOy(2)) is a non-Abelian,
non-compact, and unimodular group with a Haar measure given by

1N—l
F(S, \)d S, \) = — FHQnk/N), \)d ~(N),
f@(SON@» (8. Ndmgsoy(S. \) N};Jj;m (HQrk/N), Ny, (V)

for all F € C.(G(SOy(2))).
Let ¢ € L*(R) be a non-zero window function. The metaplectic wave-packet transform can

be regarded as V), : L*(R) — LX(Zy x R x R) given by f— V. f, where
wa(k, X,w) = <f, U27rk/NMw7}7/J>L2(]R)’ (6.5)

for all (k,x,w) € Zy x R x R.
The Plancherel formula for (6.5) reads as follows;

N-1
S [ Ut MLT) 2, P e, 0) = N -y 16 (6.6)
k=0

Then (6.6) guarantees the following reconstruction formula;

N—1
F= N R X [ Ve o) UaanMLTiab dpg ). (6.7)
k=0 x

6.2. The case d > 1

It is well-known that K, is the maximal compact subgroup of the real symplectic group Sp(R?),
see [18-20, 45] and the classical list of references therein. Also, it can readily be check that

15
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K4 = SpRY) N 0OQd, R).

The following theorem presents an explicit construction for metaplectic operators associ-
ated to the maximal compact subgroup /C,.

A —B
B A
indexed by 4 form a basis for R(A) and A € My, 4(Z) be the diagonal matrix whose diagonal
is 0 at I4 and 1 at the complementary set Ng\ls. Let H:= A — BA and Q := B + AA. Then
H € GL(d, R) and the unitary operator

US = EQHleHfTR}E_H—IBfRdEfA (68)

Theorem 6.4. LetS = ( ) € Ky be given. Let 1y C Ny be such that the columns of A

is the metaplectic operator associated to the symplectic matrix S.

Next we can also present the following characterizations.

Corollary 6.5. Letd > 1 and S = (;} _AB ) c K.

(1) If A € GL(d, R) we have Us = EBA*‘DAfﬂ_@l}EA”BfRd-
(2) IfA = 0, then B € O(d, R) and we have Us = E;DgF ﬁ,}Ef[j:]RdEfl.
B) IfB=0, then A € O(d, R) and we have Us = Dj.

(A —-B
Proof. Letd>1and57(B A)elcd.

(1) Let A € GL(d, R). Then, A = 0 and hence H = A and Q = B. Thus, using theorem 6.4, we
deduce that

Us = Egy Dy F JE_ g 1pFeaE s = Egy DAF IE 1 F .

(2) Let A=0. Then A =1. Also, since AAT +BB" =1 and ATA+B"B =1, we get
BTB = BBT = 1. Hence, B€ O(d,R) and —H = Q = B. Thus, using theorem 6.4, we
deduce that

Us = EQH*LDH]:kdIE_H*IBJ:R"E—A = E,ID,B]:&}E[]:RJE,I.

(3) Let B = 0. Since AA” + BBT = Iand ATA + B"B = I, we get ATA = AAT = I. Therefore,
A €0(d,R) and hence A = 0. Then, H=A and Q = 0. Thus, using theorem 6.4, we
deduce that

Us = EQH*IDH‘F&{}ELH*]B‘F]MEfA = Dy. X

6.2.1. The maximal compact subgroup Kq. LetH = KC; be the maximal compact subgroup of
the real symplectic group Sp(R¢) and o, be the probability measure over the compact group
K4 In this case, the associated multivariate symplectic wave-packet group G(H) is the under-

lying manifold Cy x RY x f@, equipped with the following group law
(S, ) x (S, N) = (S8, 8N+ ),

for all (S, A), (8', X') € G(H). Then dmg (S, A) = dao(d)(S)duRdX n@()‘) is a Haar measure for
the symplectice wave-packet group G(IH). The multivariate symplectic wave-packet represen-
tation I : G(H) — UL (RY)) is given by Ii(S, ) = Usm(\) for all (S, \) € G(H).

16
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The multivariate metaplectic wave-packet transform of f€ L*(R?) with respect to the win-
dow function ¢, is given by

wa(S, A) = <f7 Tu(S, /\)'w)LZ(]R") = <f7 US7T(/\)'(/)>L2(RJ)’
for all (S, A) € G(H). Then, corollary 5.3 guarantees the following Plancherel formula

S o 10 00 2 P () ) = 1Ry 1 By
d

which is equivalent to the following reconstruction formula in the sense of the Hilbert space
L(R;

PG [ [l Jo Ve 5. VT, Mt done () OV

6.2.2. Compact subgroups of K4 generated by compact subgroups of GL(d,R). Let K be a
compact subgroup of the general linear group GL(d, R). Then

~ (H 0
H:= {H = (0 (HT)I) ‘He K},

is a compact subgroup of the real symplectic group Sp(R%). Also, it is easy to check that
Ugy = Dy for all H €K, see [27].

The subgroup K = O(d, R) is the most significant compact subgroup of GL(d, R). The
compact subgroup O(d, R), or simply just O(d), is the multiplicative matrix group consists of
all d x d-orthogonal matrices. That is,

O(d,R) := {A € Myxa(R) : ATA = Igxa}.

The compact group O(d) is a @-dimensional real Lie group and it is non-connected.
The probability (normalized Haar) measure over O(d) is given by

[ stndoowd) = [ 6 (ndu-i(y),
O(d) S

where 1;_1 is the normalized surface measure on S¢~L, that is the standard unit sphere in R4,
and the function ¢ : S¢~!— C is given by @ (Hx) := ¢(H) for all A € O(d) and a fixed point
xeS,

Let K be a compact subgroup of GL(d, R) with the probability Haar measure ox. Then
(., ) : RY x RY - R given by

(0 y) o () = fK (Hx, Hy)dow(H),

for all x, y € RY, is a positive and symmetric bilinear from on R¥. Also, it is a K-invariant form,
that is

<HX, Hy)]K = <x’ y)]K’
for all x,y € R? and H € K. Thus, there exists a positive definite matrix D € M 4(R) such that
(x,¥)g = (x,Dy), Vx,y e RY.

17
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Let D = BTB be the Cholesky factorization of D with B invertible. Then we deduce that
BKB~' C O(d), or equivalently K C B~'O(d)B. This implies that, up to conjugation, O(d) is
the maximal compact subgroup of GL(d, R).

(i) The orthogonal group. By the above argument and theoretical motivation, first we shall
focus on analytic and constructive analysis of multivariate metaplectic wave-packet represen-

tations over the block diagonal compact subgroups of Ky generated by K = O(d).
In this case, the associated multivariate symplectic wave-packet group G(H) is isomorphic

with the underlying manifold O(d) x R? x R? = O(d) x RY x RY, equipped with the follow-
ing group law

(H,x,w) x (H,x",w") = (HH ,H 'x + x',Hw + "),
for all (H,x,w), (H',x',w") € O(d) x (R? x RY). Then de(H)(ﬁ, A) = dUO(d)(H)dMWXﬂ@()\)
is a Haar measure for the symplectice wave-packet group G(H). The multivariate symplectic
wave-packet representation Iy : G(H) — ULA(RY)) is given by Tiu(H , x, w) = DyT.M,, for all
(H,x,w) € G(H).

The multivariate metaplectic wave-packet transform of f€ L*(R?) with respect to the win-
dow function ), is given by

Vl/‘f(ﬁ’ X, UJ) = (fs PH(ﬁ’ X, w)w>L2(Rd) = <f’ DHEMw/lZ}>L2(Rd),

for all (ﬁ,x, w) € G(H).
Then, corollary 5.3 guarantees the following Plancherel formula

L(d) j];{d fﬂ/@ |<f, FIHI(E'\IJ, /\)'(ML?(R")

which is equivalent to the following reconstruction formula in the sense of the Hilbert space
LR

2doo@(H) Ak, () = 191 g 1L/ 1R g

=00 [ [ [ PN X0 oo H ), 0,

(ii) The special orthogonal group. For d > 2, the special orthogonal K := SO(d, R) or
just SO(d) is given by
SO(d) := {A€0(d) : detA = 1}.
It is a connected and compact real Lie group.
In this case, the associated multivariate symplectic wave-packet group G(H) is isomorphic
with the underlying manifold SO(d) x R? x RY = SO(d) x R? x R?, which is equipped with
the following group law

(H,x,w) X (H,x",w") = (HH,H 'x + x',Hw + "),

forall(H, x,w), (H,x',w") € SOd) x (R x Rd).Thendm@(H)(ﬁ, A) = dUSO(d)(H)dMRdXﬂ’@()\)
is a Haar measure for the multivariate symplectic wave-packet group G(H). The metaplectic
wave-packet representation Iy : G(H) — ULA(R?)) is given by [u(H , x, w) = DyT.M,, for all
(H,x,w) € G(H).

The multivariate metaplectic wave-packet transform of f€ L*(R?) with respect to the win-
dow function ¢, is given by

18
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Vof(H x,w) = (f TaH , x, 0)0) ey = (f DuTMb) e

for all (ﬁ,x, w) € G(H).
Then, corollary 5.3 guarantees the following Plancherel formula

LO(d) j];%" f@ [/, Fﬂ(ﬁ» M) g

which is equivalent to the following reconstruction formula in the sense of the Hilbert space
LX(RY;

> doso@y(H)dptg, =) = 1Y ga | 172 g

_ 72 ‘ ~ Y N
P =W, [ [ fo P M. )0 dosoaH)di, 0.

(iii) The maximal tori. A circle group is a linear (matrix) group isomorphic to S!. A torus
(tori) is a direct sum of circle groups. Thus any torus is a compact connected Abelian Lie
group. A maximal torus (tori) is a torus in a linear (matrix) group which is not contained in any

other torus. The rank of a maximal tori T is the number » such that T = 69;:18'.
The following proposition [39, 40] characterizes structure of a maximal tori of the special
orthogonal group SO(d).

Proposition 6.6. Lerd > 2 and T be a maximal tori of SO(d). Then,

(D) ifd=2rwithreN, then T = @;:180(2).
) ifd=2r+ 1withreN, then T = (EB;-:ISO(Z)) ¢ {1}
In this case, the associated multivariate symplectic wave-packet group G(T) is isomorphic

with the underlying manifold T x R? x R? = T x R? x R, which is equipped with the fol-
lowing group law

(H,x,w) x (H,x",w") = (HH ,H 'x + x',Hw + "),

for all (H,x,w),(H',x",w") €T x (R? x RY). Then dmg(H,\) = dor(H)dpy, =(N)is a
Haar measure for the multivariate symplectic wave-packet group G(H). The multivariate meta-
plectic wave-packet representation Iy : G(H) — ULA(RY)) is given by FH(ﬁ ,X,w) = DyTM,
for all (ﬁ,x, w) € G(T).

The multivariate metaplectic wave-packet transform of f€ L*(R?) with respect to the win-
dow function ¢, is given by

va(?i’ X, w) = (f’ FT(ﬁs X, W)’I/J>L2(]Rd) = (f’DHY}qup)LZ(Rd)’

for all (ﬁ,x, w) € G(T).
Then, corollary 5.3 guarantees the following Plancherel formula

j;jﬂ;d fﬂ@ [f Ta(H , M) g,

which is equivalent to the following reconstruction formula in the sense of the Hilbert space
LR

2dor(H) i, ) = 191 |1

F= W, [ [ [ Vel G 0w dontape, o0
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Concluding Remarks. The main purpose of this article was dedicated to presenting a
constructive admissibility criterion on closed subgroups of the real symplectic group Sp(R¢)
which guarantees square integrability of the associated multivariate metaplectic wave-packet
representations and hence a valid resolution of the identity operator in the sense of the Hilbert
function space L*(RY).

Invoking topological and geometric structure of the real Lie group Sp(RY), there is a high
degree of freedom in selecting an admissible subgroup H of Sp(R¢). Among all closed sub-
groups of Sp(RY), just compact ones are admissible and hence they guarantee a square-
integrable multivariate metaplectic wave-packet representation and valid reconstruction formula.
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