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Summary

This thesis consists of two parts:

In Part A we study the category of finitely presented functors
and use it to determine the representation type of the Auslander Algebra
of Ag = K-algebra <z:zq = 0> , denoted (K is a field). This is
possible because the category of finitely generated modules over ,
mod Rq , 1is equivalent to the category of finitely presented functors
from (mod Aq)op to Mod k. Part A Tfinishes with the construction of
the Auslander-Reiten quiver of Rg in case g = 3.

Part B deals with the construction of almost split sequences in
the category mod°A of lattices over an R-order A , where R 1is a

complete discrete rank 1 valuation ring.

In the first chapter of part B we give a description of some
unpublished work by J.A. Green who permitted me to include it in this
thesis. This work contains a method to construct a short exact sequence

—*-N-*-E-*-S-*- in a way which gives an explicit expression for the
subfunctor Im(C ,9) of ( ,S) , and shows that the construction of
almost split sequences can be viewed as a particular case of this

problem.

In the second chapter of part B we continue this work by
deducing a "trace formula"™ which provides a practical way of dealing
with a certain step of the construction of almost split sequences in
mod°A . Then we consider the particular case where A is the group

ring.



PART A.

Chapter 0 : Introduction
Let k be a field and A a finite dimensional k-algebra.

The purpose of this first part is to study the category of the
finitely presented functors from (mod A)op to Mod k , denoted
mmod A , and apply this to the particular case where A is the
finite cyclic k-algebra of order q , i.e., A = A" = k-alg<z:zq = 0>
in order to determine the representation type of its Auslander Algebra,

which we shall denote R(].

In fact the category of finitely generated modules over RM is
equivalent to mmod A® ; and this category can be approached by

considering the elements of D(Hom. (W,U)) , where W,U e mod A
q q

This work will be organized as follows:
In Chapter 1 we shall develop a matricial technique to find

certain elements in D(Hom. (W,U)) (W,U e mod A ) , that, later, will

q q
be called "indecomposable™.

In Chapter Il we consider an arbitrary finite dimensional
k-algebra, A , and study the relation between finitely presented
functors F e mmod A and elements of D(W,U) , W,U e mod A , using
an important result of Auslénder and Reiten ([AR], pg- 318, 319) and

some ideas given by J.A. Green.



In Chapter 111 we use the results of the previous chapter to
deduce the representation type of and we construct its Auslander-
Reiten quiver in case g =3 , using a method by J.A. Green (see

Cor 23).

But we must start by defining some of the concepts that occur,
giving the required notation and stating some of the basic results we

need.

§1. About categories

We begin with a few generalities about categories taken from [Al3

pgs. 179 to 183:

(0.1) Let C,V be categories and F:C 2V be a functor. F 1is
said to be dense if given D e V , there exists C e C such that

F(C) =D

Let C* be a subcategory of C . C1l 1is dense in C if the
inclusion functor is dense, 1.e., 1if for each C e C , there exists

a C" eC" such that Cl1=C

A category C 1is skeletally small if it has a small dense sub-
category C* , 1i.e., a dense subcategory C1 such that its collection

of objects is a set.

Remark: All the categories that we shall consider are skeletally

small.



0.2 If C and V are categories and F is a (covariant)
functor F:C vV , then F is said to be an equivalence of categories
if:

o F is dense

@ F:(C",C2) (F(CC.)),F(C2))p 1is an isomorphism, V Gj,C2 e C

(0.3) A category C is pre-additive if for each A,B e Obj C
the set of morphisms from A to B , (A,B)C 1is an abelian group and

the multiplication of morphisms is bilinear.

In fact most of the categories that we shall mention are Kk-categories

(for some field K)

(0.4) A category C a k-category if it is pre-additive and

for each pair A,BeC , (A,B)C 1is a k-space. (See [AR], pg. 309.)

(0.5) A pre-additive category where every finite family of objects

has a direct sum is an additive category.
In any pre-additive category C , we have the following

(0.6) Let AA. £C,i =1,...,n . Then A = A™ii. A2ii...jiAn

iff there are morphisms Al , 1 > A@d@=1..._n) such that
M
. n
. N Q)= nad  z =1
J Hi 1=1 11

(0.7) An object B e C is said to be indecomposable if:



O) B is not the zero object (i.e. End B ™ 0)

(ii) If B =DBYj-B, , with Bi»62 e B then either B or

B2 is the zero object in C
(0.8) An endomorphism e of A e C is idempotent if e

Notice that if A =Ajll A, (with AMA2 £0) , then if we take

e =yjhi o M2 =122 e N (see 06), then these are idempotents

and e” ="e-j =0, e +e2-= . Moreover ej,e2t 0 (if

el =° 0=V IV I =1A] = 1Al and this is a contradiction). Thus:
0.9 In any pre-additive category C , if A =AM j1 A2 with

Aj,A2 + 0 , there exists an idempotent endomorphism e + 0,1 in End A

(0.10) An idempotent endomorphism e £0 of A e C 1is said to

split if it has a kernel in C

(0.11) If C 1is a category in which idempotents split then if
e / 0,1 is an idempotent of A , then A = ker elLker (1-e) and ker e

ker (1-e) + 0 , so A is decomposable ([Al] pg- 188).
We also need the following concepts (see [AR] 81):
(0.12) Suppose C is a k-category. An ideal J of C s

defined by giving, for each pair A,B e Obj C , a k-subspace J(A,B)
of (A,B)C such that:

If fe JA,B) , then for each CeObj C , ge (B,O)C , one



has gf e J(A,C) , and for each D e Obj C , h e (D,A)C , one has
th e J(D,B)

(0.13) If J 1is an ideal of the category C , then one can
define the quotient category C/J such that:

@ The objects of C/J and C are the same.

(ii) (A,B)C/I = (A,B)C/I(A,B)

By (0.12) multiplication of morphisms f =f + J(A,B) , g =9 + J(B,C)

is well defined by the rule

gf = gf +J(A,C) G 9?)

8. Some categories

If k 1is a field and A a finite dimensional k-algebra, denote by

Mod A (Modl A) the category of the left (right) A-modules.

If M,N e Mod A , then Hom"(M,N) will be denoted simply by (M,N)A
or (M,N)

mod A (mod® A) is the full subcategory of Mod A (ModlA) whose

objects are the A-modules which are finitely generated as k-modules.

Mmod A is the category whose objects are the k-linear contravariant
functors F:mod A »»Mod k and whose morphisms are the natural transformations.

(In [Al] this category is denoted Mod (mod A)).



M*mod A is the category of the k-1inear covariant functors

F:mod A Mod k and the natural transformations.

Most concepts that exist in Mod A have an analogous in  Mmod A
(and in  M"mod A) , such as subfunctor, quotient functor, sums and
intersections of subfunctors, direct sums, kernel and image of a morphism,
exact sequences, projective and injective functors, indecomposable functors,

radical of a functor. (See CF], CAIO 8 and also [Gr 1] 81.)

We state without proof some of the results we will use later (we

refer to the books and papers already mentioned and also [M]).

(0.1% Proposition: If O ~F £ Mmod A , then F is indecomposable

if and only if End F = (F>F)Mmoc|]A has no idempotents except Ip, Op. ad

(0.15) Yoneda® Lemma: If Uemod A and F e Mmod A , then

the map:

P - (C *U>"F)Mmod A - FU>
given by

p@ = a(U)(ly)
is a k-linear isomorphism. O

Notation: If U 1is any set, 1y denotes the identity map on U

(0.16) Remark: This result is also true if Wemod A , F e M"mod A
and p:((W1 )1F) - FON)



(0.17) Corollary: If UW e mod A and a:( ,U) » ( ,W) 1is
a morphism in Mmod A , then there exists a unique A-map h:U aW

such that a = ( ,h) . a

(0.18) Proposition: For every U& mod A , the functor ( ,U)
is a projective object in Mmod A and the functor D(U, ) 1is an

injective object in Mmod A . a
We also need the next definition ([Al], pg-204):

(0.19) Definition: F e Mmod A 1is finitely presented if there

exists an exact sequence

(.B)-£>» (,V)-2->F-0

with E,V « mod A
This exact sequence is called a projective presentation for F

If ker asrad ( ,V) and ker e £ rad ( ,E) , this presentation

is called minimal.

(0.20) It can be shown that a minimal projective presentation is

unique up to isomoprhism (see [All, 8§4).

The full subcategory of Mmod A , whose objects are the finitely

presented functors is denoted mmod A

(0.21) Remark: One could give a definition similar to (0.19)



for F e M™mod A . Then the full subcategory of M®mod A with

these objects is denoted m"mod A

83. Some functors

Besides those functors already mentioned we need to consider

a few more:

The usual duality D = Homk( ,K) , may be considered a functor

mod A % mod*A (or mod*A mod A) , with the rule:

If X e mod A (mod*A) then DX e mod*A (mod A) as follows:

(0.22) Definition (CCR] pg-410) : a)® = #(ax) , (E>)0 = ()

V ¢ £DX ,aeA ,XeX

d = Hom(C ,”A) :-mod A mod"A 1is a k-linear contravariant

functor as follows:

If Xemod A , dX is a right A-module with:

(0.23) Definition ([CR], pg-399) (fa)(x) = f(x)a ,V fe dX ,
aeA ,xeX .
We may similarly define the functor Hom™( ,A") : mod"A “mamod A ,

which is also denoted d

d 1is left exact, turns projectives into projectives and

d(Ae) =eA , d(eA) = Ae , where e is an idempotent of A



(0.24) Definition ([Ga] pg-10) N = Dd:mod A “amod A
mod*A =mmod"A

is the Nakayama functor.

(0.25) Definition: M = dD : mod A “mmod A
mod*A mod*A

84. Some topics of Auslander-Reiten theory

In this section we look into some aspects of the Auslander-Reiten
theory that will be used mainly in Chapter I11l1. We refer to CAR 111 ]

and [AR IV ].

(0.26) Definition (CAR IV] pg-456) Let U,W e mod A ; then
f £ (U,W) is irreducible if:

O) f is neither a split monomorphism nor a split epimorphism.

(i) If f=hg where ge (U,X) , he (X,W) Ffor some X e mod A ,

then g 1is a split monomorphism or h 1is a split epimorphism.

Given a finite dimensional algebra A one can construct a

directed graph, called Auslander-Reiten quiver, defined as follows:

(0.27) Definition: The Auslander-Reiten quiver of A 1is the

directed graph whose vertices are the isomorphism classes CV] of
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indecomposable A-modules and such that there is an arrow EV] “mEVT]

if and only if there exists an irreducible map V @mV1 .

We also need the

(0.28) Definition (EAR 1V] pg.443): Let E : 0 UxXE3V 0

be a short exact sequence in mod A . Then E 1is almost split if

(¢H) E is not split
@ U,V are indecomposable modules.

(©) If Xemod A , he (X,V) 1is not split epimorphism then there

exists h* e (X,E) such that h = gh" .
0 >U-->E - 9>v -—->0

AN
X

(0.29) Remark: It can be proved that (3) can be replaced by:

@) If Yemod A , te (U,Y) is not split monomorphism, then

there exists t° e (E,Y) such that t = t°f

0 >U-=-=>E-9>V -———->0

The next theorem tells us that almost split sequences exist:



(0.30) Theorem (Ausléander-Reiten) ([AR I11] pg-263) Given
any non-projective indecomposable V e mod A , there exists an
almost split sequence E ending with V . E is determined by V

uniquely up to isomorphism of short exact sequences.

The following fact gives the connection between irreducible maps

and almost split sequences:

(0.31) Proposition: Let E be an almost split sequence. Let

X,Yemod A , he (X,V) , te (U,Y) ; then

O) h is irreducible iff there is a split monomorphism h* e (X,E)

such that h =gh® , 1i.e. X]JE (X is a direct summand of E)

(11) t s irreducible iff there is a split epimorphism t

such that t = t"f , 1i.e. Y]|E

E:0-—->U-->E-3>V-— >0
IN e WY
Y X

Thus, if {X ,...,X } is a full set of non isomorphic indecomposable

direct summands of E ,
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is a subquiver of the Auslander-Reiten quiver of A . This subquiver

is called a mesh.

55. Method to construct almost split sequences

In this section we look at P. Gabriel"s version of Auslander-

Reiten®s construction of almost split sequences CGal.

One can describe this method in successive steps. For details we

refer to Green"s paper ([Gr 21).
We will consider right A-modules, for convenience.

Given V e mod"A such that V 1is indecomposable and non-projective,

to construct the almost split sequence that ends in this module we proceed

as fTollows:

(€D) Construct a 2-step minimal projective resolution of V

i.e. an exact sequence

P * Pg V » 0

such that Pi«Pq are projective modules and ker p* s rad P.,i =0,1

(@) Apply the functor d = ( , A%) which is left exact contra-

variant mod’A mmod A (see §3)

dp
dP, = dv < 0)
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Let Tr V := coker dj = dP-|/Im doj (see [AR 111].82)

Then

- dp-
0 <—— Tr V <———dP1 < - dPQ

is exact Iin mod A

3 Apply D :mod A #mod*"A which is exact

Dnat Wp
@ 0 --—->DTr V - NP = NP,

where W = Dd (1.24).

PB = 11 euA

@ Since Pq 1is projective it can be written as
v=l

where ev are idempotents of A . Thus dPg = J | Azw where

v=l

zy e (Pqg .A) is such that zw( £ e.a..) = eya,,
VvV j=l J
If 6 e (V.DdPg) let ty e DV be defined by

tv(s) = e(s)(zy) , VseV

Let T0 e D(V,V) be the element defined as follows:

Vh€ V) ,Tethh = S tv(hpo(ev)) = ! e(hpO(ev))(zv)
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Choose 0 such that

0.32)
TO(JI(End V)) = 0

@) Make sequence (b) by "pull-back™ ([Rol pg.51)

Np
(@ 0 --->DTrVv - Dnat > WP] -———TF— > NPQ
T T E
®® 0 -—-——>DTrV -—-———p— > E(e) ————— > V-— 0

i.e.
E(6) = {(Xy) e NPlu.V : W pl®X® =e(y)}
f(u) = (u,0), Vue DTr V
O(y) =y V(xy) e E(®)-
Then
.33 0 DIr V-- E(e) -3-> Vw0 is almost split sequence

i n modA

One can change slightly this method in order to get one almost

split sequence that starts with a given non-injective indecomposable



15 -

module. Now we consider left A-modules:

Let U emod A be non-injective indecomposable. Take

its

dual DU =V e mod"A which is indecomposable and non-projective.

(11) Construct a 2-step minimal projective resolution of V ,

in mod"A

Pi Pn
Pl- ->PQ-- >V a0

2*) Apply d (left exact) and finish sequence with coker

d] =Tr Vv
Thus
. dPi
(@) 0 <«Trv dP] <-——-dPQ (« dv 0)
is exact in mod A
n n
(3°) Let Pn =1lie A, then dPn =J L Azw where
v=Il o ~1 -

eyav . Choose y : dPQ mDV such that
™ e D(V,V) defined by
Vo= @) (h(%))
satisfy conditions:

(0.34) T +0 TAQ(ENd V)) =0
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(0.35) Remark: Using previous method at this stage we should

apply D and then choose 6:V -mDdPp subject to certain conditions.

0:V 2a DdPQ defines and is defined by a bilinear form

e :V xdPQ k

*. eCI(x.)
But we may also use this form to define a map:

ij : d.g -=a DV

a m p(i) @ I/ = 6(x,t) = e(X)(L)
Vie dPQ ,x eV
n n
So T(M) = E6( AR Nz)= z*2 )Pde =T ()
v=1 V=1 v

So conditions in (3¢) are equivalent to conditions in (4).

(41) Make sequence (bl) by "push-out™ (see CRol pg.41)

dp
(al) OATrV < nat dPn =
]

(bl) 0 «TrV <« F(*)

UuU dp
i.e. F@k =
{9, -dp1()):x e dPQ}
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Denoting the elements of this module by Eu,y] : ueU,

y e dP] ,
@) = C0yl
g'(w) = [u,]
f*Cu.y] = nat(y)
Then
(0.36) O0eTrV<—F") <—-— U 0

f* 9'

is an almost split sequence in mod A

(0.37) Remark: It is clear that this is dual of (0.33) (f

we suppose that the module V 1is the same).
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Chapter 1 : Matricial Techniques

81. Auslander algebra of A = k-alg <z:zq = 0>

Let k be a field and A = Aq = k-alg <z:z™ = 0> , the
k-algebra generated by a single element 2z , subject to the relation

2z =0 for some qezZ , g >1.

A is commutative and every element a e A has a unique form

a = xol + Xlz +,,+ n with Xq,A-],--- A ek .

It is well known that

is a full set of indecomposable objects in mod A

Let C =V]J and R = = End"C , the endomorphism

algebra of C . R is the Auslénder Algebra of A ([Rt 2], pg-450).

Each f e R can be given by a matrix (f..). ., where

fij =*L fpje<j*V > the =i and yj being the projections and

injections associated with C

=

vy C

fij 1 i
V, <
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In particular, the elements ei

i =1_.__¢q are a set of primitive orthogonal idempotents of R

Conversely every matrix (f. ). . with coefficients
177%93 f9e--oH

f..€ (V.,V.) is the matrix of a unique element F = E u f. .iIr eR
N J 1 i,jg=I 1 ~ J

Thus the map F = (f.”.),.gj. f is a k-algebra isomorphism.

§2. The A-module \gvj,v.)

Given any two indecomposable modules V.V.. emod A , we can

regard (VJ.,V.l) = HomJl(VJ.,V.l) as a (left) A-module with the rule:

(@ae)(u) =e(au) VaeA ,9e (Vj,V.i)

ueV.
J
because A is commutative.

(1.1 Notation: Let 1i.j e Then i~ j is the element

of Iy , given by

i-j if j <1

Remark: Observe that min(i,j) = i-(i"vj)
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(1-2) Proposi tion:
@ (V,V )=2zH J V.
J i A 1
() Let cH i j . Then

V co(fij » <YV :V V A/

is the A-submodule of (VO.,V;) generated by the element

unj() e (Vj,Vi) such that:
- V.J [ ——— >zc( + Azl) .
© Each A-submodule of (.V..) is a member of the chain:
Vi-V) = MijAv)) > MLC@A~I)+HD) >eee> M (i) =0
Also M..j(c) =0,Vc>1i
Proof: (&) Consider the map
» U (Vj.V,) * vV,

such that 6 -m 6(1 + AzJ) .

Clearly it is an A-map, and if 9(1 + AzJ) =0 , then e(atAzd) =
= ae(I+AzJ) =0 , so A is injective.
Al so,

zJA(e) = zJe(1+Az™) = 0@0) =0 and z"A(9) =0 , because A(e) e V.



Therefore,

zmin(i,j) A’0j _g N ax)> sgce min(i,j) = i-(i~j) , this
means that A(e) e zI%JVi . Hence Im A szI1MJVi

Conversely if re z*v.. , then zJre zj+(*™)P y.. =

zlVi =0 if J < i
Thus ZJr =0 and so AzJ s ker ¥
ZV. £zV =01if j > i

where $ 1is the A-map A such that 1 m r .

Therefore 4 induces a map e:A/AzJ =V, V.  such that

J

Oon = $ where n is the natural epimorphism A %\

Thus (@on)(1) =6(1 + AzJ) =»@ =r and so re ImA

Hence z”~V.j c im A

® If ¢c>ik , zc(l1+Azi) e z~V. , and so by (a), there

is some 0 e (V.,V..) such that O(+Az"-") = zc(I+Azi) .
Call this map wu_j(c) =

Thus u..J.(c) e M.“.(c) , and so AuT_J_(c) < M_lj(c) because Nh .©

is an A-submodule of (Vj,VR) -

Conversely if e e M.J.(c) , then e(I+AzJ)ech.I and so

e(1+AzJ) = zc a(l+Az”) for some a e A



Then e = a UU"(C)' e A uij(c)_

So M~c) = A u.jjCc)

© The isomorphism A:(Vj,V..) -=m z1™MVi of (@) is such

that A(MIJ(C)) = zc \/1

Since zi JV . is uniserial, with composition series:
zN . >ziVHIVE >...> ziVi = 0
also (Vj.V..) is uniserial with composition series:
ViV = Mij@a~j) > Mjiitvj+l) >.. > Mid(i) = 0 O

(1.3) Corollary: u-A.J(i'v)) generates (Vj.V.) as an A-module
(1.4) Notation: We shall denote this element by u;j . Then
uij(c) = ZC-(Kj)ui ., C "]

(1.5) Corollary: The elements u’\l,j, zu;J ..... ,zn_lu.l.,J where

n =min(i.j) , form a k-basis of (.V..) . Hence every element
fe (VJ,V._) has a unique expression

@6) f=*=(Fuid

where a(f) 1is a polynomial in kHz] with degree < n



Proof: A : (Vj.V..) az1%J
such that
u. > u..(1+AzJ) = zir+Azi
] "
ZU._. - zI» 1+ Azl
1
727y o> 21M1 + Azl

Since z1™0 + Azl , zibl#l + Azl

- 1 N
basis for z’~V., , then u1J ’Zul'J"'

is a k-basis of SVJ"VI)- . O

(1.7) Proposition: Let Vj.VAV,. ,

modules in mod A , and uhj., u.., u. .

@8) u,h.uhj - .Ul

Proof: wu,h.uhj @ *Szj) m

- -,zn_1lu

maps as in (1.4).

is an isomorphism of k-spaces

, 211 + Azl form a k-

with n =min(i,j)

17

be some of the indecomposable

Then

J) , Ail

One can easily check that (@(-vh) + (~j) 2 in j

Thus

G + (i) =

Therefore

+ w(i,h,j) where w(i,h,j) >0
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u.huhj (W) =zj)+w(i,h,j) + Azl =

= 2w(i,h,j)-zieg +Azi =zw(i,h,j)u @ +Azj} and
~J

w(i,h,j) = (~h) + (i) - (-~j) - m
(1.9) Corollary: Let fe (Vh,V.) ,ge (Vj,vh) . Then
a(fg) =zC) + (hap) )-a(@) (mod AzID)
with n = minCi.j) -

Proof: Clear by (1.8), (1.6). a
(1.10) Remarks:

O) If fe EndAV. , g € (Vj.V.) , h e End™. , then
a(fgh) = a(f) a(g) a(h) (mod Azn)
D) Since Iv = u... ,*(ly )s 1« A . Thus by (1.9), fe Aut
ie. a(f) =Xqg + xMz+...+ x."z1

if and only if a(f) 1is a unit in A ,

with Xgqg 0O

(i) If f e (Vj’v‘i) is such that a(f) = sz/\ +o..t Xn_l,zn"
with k> 0 , X" 0, n=min(i.j) , then there exists ¢ eAut Vi ,

such that o(gf)= zk, by (1.9) and (1-10)(ii).-



83. The A-module D(Vj,V..)

Now we shall consider D(VJ,V,‘) = HInK((VJ.,Vl.),k) which is

a (right) A-module with the rule:

If T «D(Vj,V.j) ,a eA then Ta is such that

A.11) (Ta)( =T@f) . V fe (Vj.Vi) .

Remark: Since A is commutative we may write aT instead of

Ta , when convenient.

It is well known that dimKD(VJ.,Vl) = dim.K(VJ.,Vl) , and, since
xnrq )
Uu. .,zU._.. _, o with
( z uI’J}.

the Kk-sapce “(Vj-V has a

/A A\
(-12)  \ @ uij) " ek*

(1.13) Lemma: %-1 is

Proof: Let f = a(f)uij

c(f)->o+ Z+...+ X

Then

(Vizth>:Vi U«
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=V I (V huij + Xlzh+luij +" "+ xn-lzh+n_luij) = \  such that

n-1 = h+tk , so k = n-h-1
Thus @ z )(F) = n_h{ » and so

M- = Thona

for h=0....n-1

(1.1%) Notation: We shall denote this element q eDiV._IV,I

Thus (1.12) becomes:
(1.15) WJizr) (zn"'s_1.wu...) =6rs , r,s =0,1....n-1; n =min(i-j)
and the k-basis {ttq.-.."n-I" ~(Vj»™ 1) » becomes
R N ( = min(i,j))
Therefore, every element T e D(VJ.,V:) has a unique expression
(1.16) T =731 b(D)

where e(T) 1is a polynomial in k[z] with degree < n =min(i.j)

Now we consider the following:
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(1.17) Definition: Let e,p be A-maps such that
V-5->w- >U
where V,W,U emod A and T e D(V,U)

Then T*0 e D(V,W) is defined by

(T*e)(F) =T(ef) , VI e (V,B)

P*T e D(W,U) is defined by

®ND@ =T@ , Vge WY

The following are some of the properties of * :

(1.18) Proposition: (1) Let 0, e", p,p” be A-maps such that

V -£-> V" -£/-> W >U" - >U
and T e D(V,U) . Then:

@ (T*0)*el

T*091 e D(V,W)

(i) pr(p*T) =plp*T e D(W,U)

(@) Let e,p be A-maps such that V -8&>W -5->u and a e A
Then

(O] Ta*0 = (T*0)a = T*a0 e D(V,W)
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(i1) p*Ta = (p*T)a = ap*T e D(W,U)
(iii) (P*T)*0 = p*(T*0) e DW,W) .
Proof: (@ (i)(i) trivial.

@ @ (Tare)() = Ta(ef) = T(a(of)) = (THae)(f) .
Also T(aef) = T(e(af)) = [(T*e)a](F) .

(ii) similar (iii) trivial. a

(1.19) Proposi tion:

Let 1i,j,h e {1,2,... q¥ and Uhj e “th e <V YV
and i’JI e D(\/J.,V..) be defined as in (1.4), (1.14). Then:
(€Y < D(Vj.*h)
> “Chil*"11°<VV -

Proof: (i) It is enough to prove that

TR T Y A A S T
We have:

- _ _ i~h )+(h~j )-(i*Vi
i Vinh Yy = i @in YHjy = 17 () - uij) =

1 if (@) + () - @) = mini.j) - 1

0 otherwise
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and

i > i it hi = minch,j)-I

*ihz  (Unj)=irjh uhj>={ .

So we must prove that:

G + (v - @V = min(,j)-1 iff i = min(h,j)-I
Writing min(i.j) = i-(i—~vj) and min¢h,j) = j-gm™mi) , this is
equivalent to proving that

G + @) = i-1 ifF @) + GCh) = -l

and this can easily be checked considering all possible cases.

(i) Similar. O

(1.20) Corollary: Let a,b e A and uhj. ,u™h , it be as in

(1.19).

Then

(M w”™a * bu.h = Th zhMab

(i) auvh.*w.b=*h_z"ab

Proof: This is clear by (1.19) and (1.18)(2)i,ii, using the

commutativity of A . O
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Now we have the following:

(1.21) Definition: Let U,W emod A and T,T" e D(W,U)

Then we say that T 1is equivalent to T° and write TAT" if

there iIsa p e Aut W and a a e Aut U such that
T = p*T*a
This is clearly an equivalence relation in DW,U)

We have the following:

(1.22) Corollary: If T e D(Vj,V..) , p e End , a e End

then

8(p*T*c) s a(p)B(Ma(a) (@mod znA) t n = min(i,j)
where a,e are defined in (1.6), (1.-16).

Proof: iﬁT 8(p*T*a) = p*T*a = §((p)JJ.J.*it..B(T) * a(u,,, =
= wa(p)B(T)o(a) by (1.20).

Thus

8(p*T*a) = a(p)B(Ma(a) (mod(znA)). O
Therefore, if T,T" e D(V.,V.)

TVI" iff there exists p € Aut VJ., a £ Aut V.*, such that



B(T") =a(p)o(Ma(a) (mod znA)

and using (1.10)(ii) and (iii) one sees that

™T" iff B(T) = Xkzk +...+ and

6(T") =vrz1+..+V I znil

with t0 and k=t .

Thus every class of equivalence of D/ -»i) has one and only

k
one representative with the form -z fk =0,...,n-1

D(Vj,v)/™ has n elements.

8. The A-modules (W,U) and D(W,U)

Suppose

(1.23) W=JLW , U=_LLu with W.,U. e {v.
iZj 1 J 1

jJ “iel

iel and J,lI are some finite sets.

and so

-V 3. ) e d,
9

By (0.6) these decompositions are associated with morphisms

m. e U ,U) n.e®W.,W

(1.2%9) iel ,jeld

p- £ (U,U.) q. e (W.Wp)

such that



B(T") = a(p)g(Ma(a) (mod znA)
and using (1.10)(ii) and (iii) one sees that

VT iff B(T) = Xkzk +...+ Vi 2""1 and

B(T™) = b ynzl

with xk,utt0 and k =t .

Thus every class of equivalence of D(V-»V") has one and only

k
one representative with the form w.z k =0,...,n~r-1 and so

D(Vj,VN)/-v has n elements.

8. The A-modules (W,U) and D(W,U)

Suppose

(1.23) wW=JJ3_Ww. , U=_LLU. with W.,U. e {V..... V>Jel
jej J el 1 | 1

iel and J,lI are some finite sets.

By (0.6) these decompositions are associated with morphisms
m. € (U.,U) n. e (Wj-w)

(1.24) iel ,jeld
Pi e (U,U) ar e (W.Wi)

such that
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i,t£1, j,i 6J

yil—=>(1...q}

i ——->y(i) such that U. =V _.
i y (i)

1.25) 6:3 ———> (1....q}

j ——— 6(@) such that Wj =

Let 1IJj=@Gel -y =1t , ={ed :6Q0g)-= . Then

q
= u 1™, and = |It] is the multiplicity of in the

- q _ _
decomposition of U ; also J= 0J and n. = |J.] is the multi-
4=1 * I X .

plicity of in the decomposition of W

One has

w,vy) = QIw ,1LU ) =
jed Jiel 1 e
jed jed

w.,u) = -ILvim vm ) .
1 1T el

Let fe (W,U) . Considering the maps associated with decompositions

(1.23), we have the diagram:



Y%7 Wy <
if
g.
“G @) ==
i

Then F can be given by a matrix

~Fn F12 = FIq\

F=<V iei-= F21 F22 “w F2q
J£I
IFgi Fg2 = Fqq/
where .f.nj , and each Ftll 1is an mt x matrix,
n m
gives a map Wt e

We also can write

Q.27 F = <Ij<fuy(i)«(@@)>iel with “ij(f) £ A -
jed

We can assume that a.*J.(f) is a polynomial in 2z with

degree < min (r(i).«(Q)) i.e. «.(F) = a(fij) = (See (1.6).)

(1.28) Definition: Let T e D(W,U) . Define T,. e D(WJ,UA)

J
as follows:

Tji =V T*mi

(where q jJ ar e as in (1.24)).



We have DW,U) = JJ_ D(W.U.)
iel J 1
jed

, thus T e DW,U) can be

given by a matrix:

Jed
iel

@-29 T = Ty =@y & Myeyr
jed

with 2j-j(T) e A ,

and we can always assume that 67(1") 1is a

polynomial in z with degree < min (y(i),6(J)) i.e. ~({)=6] )
(see (1.16)).

(1.30) Remark: If |I] =

=n P =m we see that the matrix of
fe (WU is
W,
J
ij U.I with f,j < (W.,u,)
re<m
and the matrix of T e DW,U) is / \
j With J.. e DQWj ,un
_—_ Qi U™

\ oo

, then f= E m.p. fng.
iel 11 JJ
jed

Given f e (W,U) (by 1.24)),



Thus

T(f) E T(m p fn.q )= E (@ *T*m.)(p fn.) = e T,,(Ff..)
iel 11 JJ iel J 1 1 J iel J1 U
Jed jed

Therefore:

(1.3D) If Te D(W,U) , 1is given by the matrix T =

= (Tji)jej = T e (w>) is given by the matrix F = (f*j)iel . then

iel jed

T(f) = 2~ T (M) o

(f) i3 1 (M)
iel

Now we want to describe the equivalence classes for <« in

D(W,U) (see 1.21). We need the following:

(1.32) Proposition: If T e D(W,U) has matrix T = (OT™)jej
iel
with le e D(Wj,U.) , and ge End W , he End U have matrices

A = (9Jk>j,ked * B = <h*A,iel respectively (with gJk * (WKHj) -

hjit e <V V> » then g*T*h e D(W,U) has matrix

A*T*B A*T, - *h, 3)
ke J %11{ . x1 0]
lei el



Proof: (g*T*h)(F) = T(hfg) = kz_ TAhfg)~  (by (1.31))

€J
lei
kej ~jej h~ fI5j9jK)
«el iel
kj eJ Tk <h*i fij \Y% = k,Eej Ik k* AiIM iJ°
t,iel «,lel
.jé’j <kgj— < V Tk *h*i» <V
iel lei
Then by (1.31)
iS5 (& G TR Ly =z @T ) Ve (L)
I"el

el lei iel

In particular, if f 1is such that its matrix is of the form

@*T*h)ji  (fid) = (k;JI(gjk*Tk**h*1))(f1))
tel

and the proposition is proved. O
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(1.33) Corollary: With the conditions of (1.32),

A*T * B = ( z 1GAk)+(iAt)

ked -
ul jed

Proof: Clear by (1.32) and (1.19).

O

85. Automorphi sms

Let W= _1Lw. (1.23). Let fe End W be given by the matrix
jcJ J

F11 F12 <" F19

1.34) F = F22 7 - F2q (as in (1.26))

Fg2 ** ~og

Using Fitting"s theorem ([CRM], pg. 462) we have:
f is automorphism iff F~, F~ are non-singular.

In particular we may consider the automorphisms whose matrices

belong to the following types:
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(1.35)

6(k) =s =5(0 (@ 1is a unit in A)
(see 1.23, 1.25)

E-],E2,E3 will be called

elementary matrices.

If we multiply any matrix F
(1.34) on the left by these matrices

we get the following results:

G € A)

(1) Multiplication by P* corresponds to interchanging rows

k and 1

(ii) Multiplication by E2 corresponds to substituting row k

by its product by the unit a e A

(iii) Multiplication by E3 corresponds to substituting row k
by its sum with the product of row r by bugt (this product is calculated

using rule (1.8)).
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We will call these operations on F , elementary operations

of types E.|, E®, E3 respectively.

Observe that using PE* we can only interchange the rows Kk,
such that 6(k) = 6() . (Strictly speaking E* should not be
considered an elementary operation since it can be obtained by a

number of operations E,,, E3 in rows Kk,i. such that 6(kK) = 6(t)).

However we can interchange any two rows, provided that we realize

that this means a reordering of the decomposition of W when con-

sidered as the range of T . For example
un 0 gives the identity map Iw of W = VAJIVA
°\
0 0 U22 but it is considered as a map
0 un 0/
VAJI V2 - V1JLV2iiVvl

The multiplication of a matrix F (1.34) on the right by matrices

of types E.|, E2> E3 gives similar results for columns.

And interchanging any two columns, means the reordering of the

decomposition of W , when considered as the domain of f

It is clear that the inverses of the automorphisms of types E., E2,

E3 are given by matrices of the same type.
Let f e Aut W be given by (1.34).

Since FJ]i is non-singular it is possible to find matrices



Aj . *as|A* 9 BJ, ...

At "7

Then using matrices

can get

AP™

(because uj-u]i =uH (.8), and

more generally

Repeating the process we obtain

and finally:

/ lull

At+l-At* "

or

F12
F22

Ap--,At+ ,Ba+l 9°°°

"B*B*+1eeBk

ad

of type g3 e

Tull 0
=
0 F22 r23

° % rs

o ¢ 00
0 pyp 0---0
F"*

° 0 Iz
0 0
Fag

aq
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Thus there are matrices A"M.._As> B~,.._.Br of types , BN, BN
such that:
S 1 1 r
and so
—_ - N _ -
f = all aS brl bll
Therefore:

(1.36) If f £ Aut W , the matrix F of f 1is a product of

elementary matrices.

8 . Elementary operations on the matrix of T e D(W,U)

Let T e D(W,U) be given by a matrix

O'-37" T - (V ,,, - (FI(J)Y(F)»IF(T))j.J
jed iel
as in (1.29).
We know that EndA w and EndA ~ act on D(W,U) on and

right respectively as follows (see 1.17):

T(fp) V p € EndAW

Ce*TH()
vV fe (WU)

(T*e)(f) = T(ef) V 0 e EndAU

Proposition (1.32) tells us that this action can be given by matrices.
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In particular we are interested now on the action * of matrices
of types E-j, E®, EA (1.35) on the matrix T (1.37) on left and

right. These actions will be called elementary operations on T

Using (1.19)(ii) one sees that:

(1.38) (1) EJ*T is the matrix obtained from T by interchanging

rowss k,E (@with 6®&) = 6(i))

(ii) E2*T is the matrix obtained from T by multiplying

row k by a€A (@ 1is a unit).

(iii) EM™*N  is the matrix obtained from T by adding to

row k the row r multiplied by tust (here, by "multiplication™ we mean the
action *).

Now we look with more detail, into case (iii).

Let 6(r) =t , 6K =s . Suppose 6(r) < S(k)

r- ue(ned) - IB(r)y(r)~rr(T) “ e *6(NYy(k)a&rk@>“

K ks ()B(r)" * uB(K)6(* * eeeTB(K)Y (r)ekr(T) 6 (K)Y (K)ekk (T)-""

eee"S(K)Y (r) 16kr<"t)*bz61k) "S<r)err<T»----s (k)T (k) (>kkn ) ~ 5%k>-i "r lerk(D).
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If Sk s 6(r)

UB(K)B(K) === bub(k)6(r)"- "eeii6 (K) Y (k) ekk (T)" -=iti(k) y (r)BKr (T)

U (N6 (r) ee- <16 (Ny(r )6rr 7/

Thus

(1.39) If 6(r) < 6K , E3*T is the matrix obtained from T

by adding to row k , the row r multiplied by 26(k)_6(r)>b

If 6(r) 26() , E3*T is the matrix obtained from T by adding

to row k , the row r multiplied by b .

Remark: If S(r) 2 6(k) and Brr(T) is a unit we may use an

elementary operation of type E3 to "annihilate” ~(kjytr) ekr” e
However, in case 6(r) < 6(k) , this may not be possible...

The action * of matrices of types E1, EA, EA on the right is
similar to what has just been described except for the fact that it

affects columns and not rows.



Because of (1.-32), (1.36), this can be used

D(W,U)/”~ where ™"y" is given by (1.21).

§7. Some particular cases

In the following we will use a simplified notation:

We will write

Y@
T = ( Bdi (T) ...J 6Q)
instead of
@)r@) eji(M
and often instead of 3ji(T) = We shall also call
to the action * .
Now we consider some special cases:
Let T e D(v],vJ) l1st, m,s eM
k k k
T = "
su B12 - Blm
B21 B22 62m
Bsl Bs?2 Bsm

to calculate

"multiplication
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that is a unit we may use operations

of types Ej and E~ to place 1 in entrie (1,1). Then multi-
plying*the first row by -e2lutt anc*aklir® to the seconc* row we
annihilate entrie (2,1). Using right multiplication * we also
annihilate e Observe that in this case 6(J) is always
t , so this is possible.

After a number of steps we obtain:

1

rr 8rm where all g}i are
divisible by =z
64y €sm

If no 63. is a unit we may consider that T is this matrix
with r =1

IT there is 33A = z_.unit, then using operations of type E. and
Et we may assume that O;r = z and then annihilate all entries (i,r)
and (r,J) (because these are "divisible" by z).

Thus

k ... k
1, t
with all 0~ divisible
by z2
oeoe 6‘r'n
t

6s*"
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If no 8§. has the form z.unit then consider 1 =r , etc.

After a finite number of steps, we have:

zl

z21
(1.40)

zn_11

Thus T can be transformed into a direct sum of (1), (2),---

with n =min (t,k).

Remark: The reason why this may be called direct sum will be
explained later (see (2.30)).

m. m. n. n.
() Let T e DV MLVJ J , VAIL VjJ) with i =j+1 . Using

(@ it is clear that:

zI
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We may also assume that Bg, Cq = 0 and B" Ck have entries
which are polynomials of degree < k,j, Vk=1,... i . This is so,
since otherwise it was always possible to use z in the same row

(column) to annihilate the terms of degree > k .
We can go further: if 0 + S;r e Bk then = |[I.-.z’\b

S I

3
85r
where b e A is aunit and 1< k . Thus it-. zo.b N o=
= a0 zk ; so it is possible to annihilate tt’\zk in the same row.
This may affect a column in Ck . Repeating this whenever necessary

and interchanging columns and rows we have

where the columns

-/ 1 | :i affected by above
z
! operation are now
1-1 A
71— in o\
© 8

\dsp'l d->id] Al low

Now we may proceed similarly for the k =0,...,1 . After

a certain number of steps we have the following matrix.

L
PN
1

Zi

z2i

z1' 1! j



m,, ml n_ n.
(c) Suppose in particular that T e D(V2 L\ ,V2 LLWH ) -

Then using (b),

-
Then,
2 1
Consider 0 B 2 . If there was a unit in B* ,
then the 1 in the same
\ C* 1

column could be annihilated.

using (&) and inter-
changing rows and

interchanging columns.
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Substituting above we have:

(1.41)

zI

(d T e D(V3jiL , V3 _LLVZl') e Using the same method we

see that:
332 2 33 2 2 3

/

zl
zI

V4 |
zI
z21

0/
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m, S s,
e TeD(V31 v , V3 IL V] ) . In this case we use the

followi ng:

Notation: Denote by I* (I1*) a matrix such that when the
null columns (rows) are removed, it becomes 1M .

3 1

because if C2 had an entry 4 0 it would be possible to annihilate

2
u33 2 in the same row ...

Now consider

. FLCA zio o  jzMl0 O\
S ST RS



The last step is valid because the use of E3 on rows will

not affect 1. ol , since given 1ir*z a e zA
0o o/

, then VbeA,

bur.ir™za = ir*zab = 0 ; and the same holds for columns.

Then
o
/ it .
- 10 o 1 zlk j C 0 \
0 B |0 O
oo o o
é g/l ¢ 8/

Substituting on (1.42) we have:

(1.43)

Observe that B and C are matrices of elements on \ , with

rank 1§ and t respectively.
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Let B = (b . . If b., £ 0 , for some i,then by
j=l,... k

interchanging rows and multiplying by bT|] we can assume that b” =1

Then using operations on rows only, we can annihilate all b~ ~ 0 ( >0).

If there is no b~ t 0, the first column is null and we consider the second.

Suppose B 1 bi2 eee \

b22 "
N0 biz et )
If some b”2 is 0, then:

O) If t k1 we may suppose that b~ = 1 and using only

operations on rows, we can annihilate all b;2 1 4 2

(i) Ifonly b~ =b + 0 then

2 1 z -bz 1 1z 1
z 1 z z !
1 c
! c i c1
Z1
10 -1
00 ! 00 ! e °
: ! 0 v 1 0 :r i O
1°0 1 1°0 i 0O o !

If all bj.2 =0 , the matrix has already this form.
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Proceeding this way we see that

Then we use a similar method on C . One can see that

does not change, as follows:

Suppose we have the following case (which is the only

that could affect I* ):

where c¢ is the only element f O

in its row.

\

Then we have one of the following cases:

L \ LI -1 N\ 1
) 2 o s i -CZ ...Z~j ...0
i
Q) H X
1.
1\ o 1
z T-i o\
zw- 1 o
1
i ° 1
amn
( L \ I f-..- 1"\ 1K
zZ - i-c > -cz -z - -6 z
1 1

*
IS

e

-)
[N

je==6

- o
o



1 11 ) i-c'.'z o A «
.z I'c
- e > i -»
o . . 1 o °
Finally we have:
X I ir
1i* 1 0

Substituting in (1.43)

columns, we get:

1.44)

12Jj

LIL

I
LU



The blocks with * are not necessarily zero; those without

any symbol inside, are null.

Considering the matrix formed by the shaded blocks and applying

the methods of previous examples, we obtain:
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Now we consider the matrix / z1 0 I’rfn* W s
(1.45) 0 0 't 2
A I3* o 1.
\ n k /
If | has order 2. this is a decomposable matrix because in
each row and each column of the I}'** ri G o= mk, i = n,t) , there
is at most one and the blocks (.,s) and (s,.) are o
f O B —O"® 0 z 0 1 i 3
0 z1 ....Q . _(% 3 0 n , : n
Example: “ P B - 0 i o 1
s 0! u lb & ° tz 0 0 3
f-l—l.. a0 -4 6 6 1 0 '0 0 1 2
10 H'O' ®-1-4 -0-....0 'I I 0 1

The method used can be generalized to any matrix of the type (:.:s).

And the matrices into which it decomposes still belong to this type.

Thus we must consider all possible :xs matrices with the form

(1.45). Using (:.:9) we can transform them as follows:

3 2 1 3 2 1
/ z 0 0o N3 Z 0 i o'l 3 T . o
- o L, i - 01 A is similar
\: 1 o ]1 fo 0'] VvV 2
(2) A2 z -z N\ Z o 1\ 5 H Z 1 |0) 3
0 0 02 0 0 0 2 1 o %o 1
10 o0/1 Lo o, ' o1l 2

A is similar.
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Q)

®

(7)
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3 2 1 3 2 1
z 0 °\ 3 z 0O 1o\ 3
A3 - 0 0 0 2 - 1 1 1o 1
1 1 0 1 \o 0 y o3 2
Al issimilar
3 2 1 3 1 2
i2 0 -]3 fz lio\3
N om0 0 0 _ 0 010 2
1 L .
1 0 M io 0711
is similar.
1 2
o ! 3
11 0 2 Ag
01 1
3 1 2
=z o
0 O 0 L 0O 0 3joO
© o ~0 o ;o0/

20 1 /z-zl\iz_
0011_00 r—Z z 0
\l 1 0j 1 00 k1 00O

A7 =

is similar

is similar.
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3 1 2 1
® z<0 013
030 0 2
3 1 2
©)) ]
lio 3
1 0 i_o 1
0~>0-0 2
3 1 2
(10) )
z 0 0y Z t
?2.L°3
0o o 1 >0«
. L i.0]
Lo 1 0 i A
3 1 2
Considering 71 j:* 2 one can easily see that
\
0 0 ZP 3 it decomposes into the
0 I~ 1 direct sum of the
0 *
3 1 2 3 2 2 1
following matrices: z 12 |z13 , @)2 , )3, (OD1 , (D2

Collecting all these matrices, we can say that:

(1.46) T can be transformed into a matrix that is the direct

sum of matrices taken from the set of 21 matrices (1.47).
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It will be shown later (see Chapter Il, 85) that these matrices

are indecomposable i.e. that they cannot be written as the direct

sum of two matrices different from zero.

It will also be shown that no two of these matrices correspond to

equivalent elements (as defined in (1.21)).

*13 x12 %13 21 0 1(*31 *33z )
x31  *332/ 0 *337 L*31 *337

13 ( *21  *23z] - *12 ( A 1 (33%
*33z i 732z

(* 32D (m3zn (TR2z A (*337 (u23) (r32) (irl3) (ir31)

(n22~ (*12) (®2i) () .
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Chapter 1l : Finitely presented functors

81. A characterization of finitely presented functors
Let k be a field and A any finitely dimensional k-algebra.

In this chapter we make use of the following important

characterization of finitely presented functors (TAR] pg-318, 319):

(2.1) Theorem (Auslander-Reiten): A functor F e Mmod A is
finitely presented if and only if there exist U,W e mod A and
a:( ,U) =DW, ) such that Ima=F . a

(2.2) Remark: In CAR] prop. 3.1. pg- 318, it is proved that
Femmod A , iff F and DF are finitely generated 1i.e. there are
V,Wemod A = ( ,V) F O, (W, )*mDF 0 are exact. This

is obviously equivalent to (2.1) above.

Before we go further we give a more constructive proof of (2.1)
than the one given in CARD. In fact this is equivalent to answering

the questions:

o If Fi Ima with a:(,vY) D(W, ), V,Wemod A

describe \y emod A so that ( ,v) = ( ,V) &aF %0 is exact.

@ Conversely given F e mmod A and an exact sequence

( V&) - (. WQ) =F a0

describe W and a:( ,Vq) aDW, ) so that F = Imo
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Green answers the first question in CGr 2] 82, by constructing

what he calls the Auslander-Reiten-Gabriel (A-R-G) diagram.

For convenience we write here the main steps of this construction

Let
P1 p0 . - -
(2.3) B --=>Pq *=-> W ‘a0 be a projective resolution of W .
Then D(P1l, ) ————-— > D(CPn, ) ——————- > D(W, ) -0 is exact.
D(pr ) u DO, )

Applying d (see Chapter O; 8§3), to (2.3), and considering

C = Coker dp™ , the sequence

dp,
dPQ ———— > dP1 ————- *C+o

is exact.

So

is exact, where N is the Nakayama  functor (0.24).

There exists a k-map
2.4 ay : D(Y, ) - (.NY)

which 1is isomorphism if Y 1is projective (see [Gr 2] pg. 17).

With b = D(pn, ) a”l , the following diagram commutes:
u Pq
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D(Pr D(pn, )
D(P1, ) ~——>—>D(PO, ) ~—-——- b(w, -0
ah aPo 16QW, )
y
( -Vpi)
0- ( ,00) ———> ( W) ————- -> ( ,WP0) »DW, ) O

Since b is epimorphism, there is 6 e (V.NPg) such that

bv)(e) = c(V)(1v)

Let
E(e) = {u,v)eWwj ULV : N (u) =e(v)} , the
pull-back over Wp® and e
Then
0-DC- >E(E) -2->V
with f(w) = (@,0) , g(u,v) =v , is exact

Let t:E(e) “aW-j be such that (u,v) u

Then one can complete the commutative A-R-G diagram, where

the rows are exact:
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D(Pr ) - D(PO, ) > DW, ) voO0
“Pr DOV, )
» Pi k
(2.5 0 - (.DO = ( .np” —(————B ( ,WP0) - ---> DWW, ) =0
0 .0 .9 ow, )

0+ (.D0) ——-—-> ( LE(®) ———- ) DQW, )

It commutes because a(ly) = b(V) (V,e)(lv) => a =b( ,e)

by Yoneda®s Lemma (0.15).

So
0O>(.,C)=a( ,E(O)-i-"1 (V) #®F=Ima+0
is a projective resolution of F and one can take = EQ9)
An answer to the second question is given by:
(2.6) Proposi tion: Let
.V - >(C.V)-F-0

be exact.

Let Ig,li be injective modules, and A,e, i?, maps such that

there exists an exact sequence

Q.7) 0+, > A JLV > 1,
(i @®T .-9)



Let
W = Coker Mi* (with M = dD (see (0.25))
and
a=0(n ,)ay{ (.6) : .V - DW, )
where
n is the natural map : Mlg # Coker Mi* and is

given by (2.4).

Then F = Ima

(2.8) Remark: Condition that there is an exact sequence (2.7)

is clearly equivalent to:

Ilg, Ij are injective modules such that:

() There is a map X:V-j @ 1lj such that xjker g 1is injective.

(@ Ilg contains a module X , such that (X,i%,e) 1is a push-

-out of Xx,g

Such g, I,, x, e, i1l always exist.

Proof: Let MIj =R| , MIQ = PQ ; these are projective modules

(see Chapter 0, §3).

Since i, : ™ - Ilg , then Mi™ : Rj mPg
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Taking W = Pg/Im Mi® = coker Mi® , clearly

Min
Pl- —>PQ-->W O

is a projective resolution of W .

So we can construct the A-R-G diagram as described above:

D(Mir ) D(n, )
D(Pr ) - D(PO, ) ->DbWw, )-0
2.9
0 Q)]
( ,inc) ( ,iD)
0-(C.A > L10) ( »ifP - D(W, ) =0
C A -0 € .0) 1o, )
0-C.A > (.V,)—————- > (V) > D, )
c.D (.9
wi th
A=ker i, . b =D, )api> . a=b( .e)

Exactness of (2.7) implies that (*) 1is a monomorphism so

V1i=1Im (@ = {(Xtv®, g(vl)) - vle

Also

Im(@) = ker(i*-e) = {(u,v) e JIV : 1j(u) = O(v)>

\j is isomorphic to the pullback over 1i-|, e
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Note that if ue A =Ker  , then H@W) =0 =000) so
(u.0) e Im@ =V]
Thus we can describe T as the map u (u,0)

Also, g can be identified with the map

i(*(v]).g9(v1)) :v]e V} Ay
such that (x(v]),g(v1)) =ag”) , vl « V]
It is clear that

0-»A A \
f 1g

is exact.
Therefore to prove that the last row of diagram (2.9) is exact
one must show that Im( ,g) = ker a
If pe In(X,g) i.e. p= (X,0)@ fFfor ae (X.VA then
X,i1) (X.X)(@) = (X,e)(X,9)(0) £ ImiX,~) = Ker b(X)
Thus 0 = b(X)(X,e)(X,9)(0) = o(X)(X,9)(0) = o(X)(p)
i,e. pe Ker a(X)
Conversely, let p e ker a(X) i.e. 0=a(X)(p) = b(X)(X,e)(p)
Thus  (X,e)(P) e ker b(X) = Im(X.i")
Therefore there exists 6 £ (X,”) such that i1(s5()) = e(p(x)) Vx £ X.

So (6(X),p(X)) £ ker (il.-0) = V]
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Considering (6,p) : X =>\4
X » (5x),p )

then
K. (6.P) =9@6.p) = x  gGxX),p(x)) = pG)

So  (X,9(6,p) =p i.e. pe InX,9)

Therefore

Ima = ( ,V)/ker a = ( ,V)/Im( ,9) = F . O

8. mrood A and D(W,U) W,U £ mod A)

Yoneda®"s lemma (0.15) tells us that the map a 1in (2.1) is
completely determined by the element T = a(l) () c b(W,U) , and
conversely,given an element in D(W,U) , it determines a map

a:( ,Uu) =mDW, ) and therefore a finitely presented functor.

So an element F e mmod A 1is completely determined by a
triple T, W, U with W,Uu emod A and T e D(W,U)
(2.10) Notation: In this case, write F = H(T;W,U)

Before we can go further we must make some considerations about

the map a of (2.1):

Naturality of a gives the commutative diagram:



(2.11)
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v D(W,U)
>T
(f,0) |  ow.H
->«(X)(f)
0 D(W,X)
a(x)

f: XU , T=a)y)
Then:
a(X)(f) = bW, F)@W) )(@i)) = DW,FH(T) € DW,X)
If $e (W,X) , then:
DOW.FY(T)(*) = T(FT) = (T*F(*) using (1.17)
Thus
(2.12) a(X)(fF) = T*F

Considering the covariant case, the map:

w, )>.0C ,v) D(W,U)

B BAW)(1w)

is a k-linear isomorphism. (See (0.16)).

Then naturality gives the commutative diagram:
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B(W)
(2.13) w,w D(W.U)
T
Qw.hy D(h,U)
BCO ()
Qw,x) D(X,U)
BCO

where h:W >X , T = e(W(lw)

6(0(h) = D(h,U)(6(W)(Iw)) = D(h,U)(T1) e D(X,U)
If $e (X,U) then:

DCh.U)(T*)(#) = T(#) = (W*T* }<®) using (1.17)
Thus

2.14) BC)(h) = h*r

The next theorem, due to J.A. Green, tells us how to "describe"

a morphism between functors when these are given in the form (2.10):

(2.15) Theorem (Green) : Let F,F* emmod A , be such that
F = H(T;W,U) , F* = HiT"jw".u")
Then

i Given a morphism $:F + F* , there exist A-maps f:U =aU"
p p

h:W s W* such that:
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(2.16)  T°*F = h*T

(ii) Given maps f:U “mU" , h:W %W such that (2.16) holds,

there is a unique morphism :F aF* such that the following diagram
commutes:
a inc
C .0 = bW, )
2.17) « D D(h, )
a F* c- = D(W1, )

Proof: (i) Given <« ,then,since ( ,U) 1is projective, there
exists f:( ,U) =« ( ,U") such that <ta=a"f* . And = ( ,P)
for some TF:U-*U" (0.17). Thus <f>a=a"( ,T)

Also, since D(W", ) is injective, there exists h* = D(h, )
with h:W “aW  such that

D(h, ) inc = inc" ¢

Thus

D(h, J)a=a=a“( ,f)
and

D(h,Da()(lu) = «"(U) U.fJily) = D(h,U)(T) = a"U)(F) =
= h*T = T"*f by (2.12), (2.14).
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(it) If f,h are such that (2.16) holds, then, since
Dih.UMUMIY) =h*T and o“(V)U,F)QAQE = T"*fF , by Yoneda"s

Lemma (1.15), we have
DCh, da = a"( ,f)
Now define 4>:F “aF" as follows:
€= D(h, )|Ip (restriction of D(, ) to F)

We must show that Im 4&(X) £ F1(X) , for all X € mod A

Let SeFX) ; then D(h,X)(S) =S (h,X) = h*S (because

(S.(h,X))(D) = S(th) = (*S)(Y) , V te (W.X)) .

Since S e FX) = Ima(X) , then S

so S = T*v

Thus D(h,X)(S) = h*S = h*(T*v)
za"(xX)(Ev) e Ima*(xX) = F* X

Clearly #4a=a"( ,f) and D¢, ) inc = inc“® and $

uniquely determined by these expressions.
Now one has to prove that 4>(X) is natural in X :

Let g:X “aY . We must prove that the diagram

F(X) - 1120——  F*(X)
F(@) f | F7@©@) commutes.
10 J— > F*(Y)

a(X)(v) for some v e (X,U)

(*TY*v = (T™H)*v = T fv =
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Consider the diagram:

x,0) FOX) —" —>F IncM —> DW",X)
(g.u) @ F(® ® FO@ © D(W*.,9)
1Y) FCY) F () D(W*,Y)
a(Y) (V) inc*(Y)

(@ and (c¢) commute because a and inc® are natural.

Let R e F() . Then R =a(Y)(v) = T*v with v e (Y,U)
*QOF@R) = ¢OF@«(M(V) = +D)«(X)(g.V(V) = *haX)(vg)
= <©O™) = h*Trvg = h*(T*v)*g = h*R*g = DOW", @) ("R) =
= DW* ,0)2(MHM® = F1(@&P()(R) , using commutativity of (c).

Thus ¢(X)F(@) = F@)*(Y) . o

(2.18) Remark: An equivalent definition for ¢ Iis:

If SeFX) , X emod A

*+(O(S) = T"*fv

where v e (X,U) 1is such that a(X)(v) = T*v =S . (v exists
because a:( ,U) #F is epimorphism, and 4 is well-defined since
if vl 1is such that T*v® = T*v then T*(v-v) =0 ; so T"*f(v-v")

= h*T*(v-v") = h*(T*(v-v*)) = 0 , i.e. T "*fv = T"*fv" )

(2.19) Corollary: If there exists isomorphisms f:U “aU*

h:Wh.w" such that T**f = h*T , then F = H(T;W,U) = F* = H(T";W,U"



Proof: T"*f = h*T => h-1*T“ = T*f_1 . Thus by (2.15)(ii)
37":F » F1 such that ( ,U) ® F bW, ) commutes.

( . 1) t Jo(h*\ )

CUD)FF DAL )

Considering this diagram and (2.17) we have: ( X)X = ") =
=<bka’( ,F) =aC ,FNC ,H *a = 1Ipa . Since a is epimorphism,

pt = Ip . Similarly 4= Ip, . Hence &iji are isomorphisms. 0O
In particular, using the equivalence relation (1.21)

(2.20) Corollary: Let U,W emod A and T,T" e D(W,U) be

such that T <« T" . Then

F = H(T;W,U) = F* = H(T":W,U) . O

83. The category T

Let A be any finite dimensional k-algebra.

(2.21) Definition: Denote by T the following category:

Obj T = {(;W.U) -:W,uemod A , TeDW,U}

(TW,0,(T,;W,,uNf = i(f.n) - F€ (U,UDA . h« (W,W)HA
and T"*f = h*T}
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The "composition law" is

CCT3W,U), (T30, U, 00X CCT, 50,80, MT 50, U)) = (CT3W,U), (7,0 ,U7))

. , (F,h*)) - > (F*f.h"h)

and 1(T;W,U) = Ou. V =

T 1is a k-category (see (0.4)).

Theorems (2.1) and (2.15) give a k-linear covariant functor

s > mmod A
such that
(T;W,U) ——mmmmmmm o > F = H(T;wW,U) 1.e F=1Ima
where a: ( ,U) -mD(W, )
(2.22)

1
—

is such that ot(U)(ly>
() T ——— > € given by (2.15)(ii)

(2.23) Remark: Since H 1is k-linear, it commutes with direct
sums i.e. if (T;W,U) = (T1;wi,Ul)_ 1L (T2;W2>U2) in T  then

H(T;W,U) = ;W] LU]D)_ILH(T2 ;W2 ,U2) in mmod A

Let J be such that,for given objects (T;W,U),(T*;W,U") in T ,

one has:

2.24) JT;:W,0), (T ;W ,U*) = {(Ff,h):F e (U,UDA , h e (W,WA
and T1*f = 0 = h*T}
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This is clearly an ideal in the category T (see (0.12)).

For simplicity denote by (f,h) the element (f,h) + J((T;W,U) ,
(T1:w ,U")) e ((T;W,U0) , (T1;W",UD))T/J.

Then

(2.25) Lemma: The following is an equivalence of categories:

H :T/) oo — > mmod A
such that
(TW,U) ——mmmmmmmmmmm e > H(T;W,U)
f.h) > H(F,h)

where H is the functor given in (2.22).

Proof: We use definition (0.2) of equivalence of categories:
H is dense by (2.1);
And  Hz((T;W,U), (T,:Wi,U)Dt/i - (H(T;,W,U),H(T"jw.u1d ) ~ A
(f.h) - > H(F,h)
is an isomorphism:

In fact (f,h) = (f1,hl) = T"*(Ff-f") = 0 = (h-h")*T => T"*F = T"*f
=T *fv = T*"*f*v, Vve (X,U) , VXcmod A . Then by (2.18),
H(F,h) = H(F1,h")



76

Also H(F,h) =0 => H(F,h)(U)(T ) =0 => T**f = 0 = h*T

Thus H is a monomorphism.
And given 4 e(H(T;W,U),H(T" ;W ,U" Dninod A , by (2.15)(i)-there
ar® f:U U ,h -w-=aw such that T"*f = h*T

These are maps such that
D(h, )a = ga=al( ,f)
where a,a' are as in (2.17).
But this means that D(h.) H(T;W>U) = *H(;W,U) “ *

i.e. H(F,h) =4 _ Thus H is epimorphic. a

Given (T;W,U) e T , define:

(2.26) 1 = J((T;W,0),(T;W,U)) =

= ,N)-T € EN . n an = =
{(F,h):f Endfty h £ EndftV d T*F 0 h*T}

I is an ideal of the k-algebra End7-(T;W,U)
And using lemma (2.25) we see that

End_(T;W,U)
Q.2 —-———— = End F where F = H(T;W,U) e mmod A



84. Decomposability in T and mmod A

We start this section by generalizing some of the facts referred to
in Chapter 1, 8 ,to a category mod A where A is any finite-dimensional

k-algebra.

Namely we have the following:

By (0.6) ,
m n

W= _LWw. , U= 4L U. in mod A iff there are morphisms
j=1 J =l 1

mi € U..,U) ,Pie UUD) ,nfe@™wW , g~e (WW) , such that:

if TeDW,U) , the matrix of T with respect to the

above decompositions of W,U is:

(2-28> N = <Tjii=lo...n
j=l....m
where is defined by the expression:
- *T*
2.29) Tji =q.*T my € D(Wj’Ui)'
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Remark: IT the decompositions of W,U are assumed to be
known, we sometimes use (abusively) the same symbol for the element
T e D(W,U) and its matrix with respect to the given decompositions,

)

. D(W,U
Dy © DU

writing, for example, expressions such as T = (T 155

(2.30) Proposition: (T;W,U) e T 1is decomposable iff:

©O) There are W-pW2,U1,U2 $ 0 1in mod A such that:
W=wJaLw2 , U=~» JL U2

(ii) There are elements T1 e D(WM,UN) , T? e D(W2,U2) such
that the matrix T of T with respect to the decompositions of W,U

given in (i), 1is

Proof: Using (0.6) and the definition of morphism in T we have

(TswW.U) = (™ ;Wi,Ul)iL (T2;W2,U2) <=> there are

morphisms y. = (m.,n.) , ir = (p-,q.) , with:

m. e (U.,U) n. e (W.,W) T.*p. = q.*T
(2.31) and
Pi e (U,U) g- e (W,w.) T*m. = n.*T.



such that

Vi o= 6ij 1(T-Wi,Uu) (i=1.2) = 1(T:W,U) <=> there
exist morphisms mi, n., p®, in mod A such that (2.31) holds and

m, = 6..__. 1. nN= = -

P ij U 4§ 61] lWI
(2.32)

£mp. = 1 v i =

11 11 1 ¢V o=\

If there are morphisms m.,n. p. 0. (@@ = 1,2) such that (2.31)
and (2.32) are verified then by (0.6):

W =WJILW2 » U=Ui4dLU2 and with respect to these decompositions
(see (2.28), (2.29)):

/. PTm ] gM*T*m2 /TI*pImi  TI1*PIm2\ 0\

yqZrT*ml q2*T*m2 \T2*P2ml  A2*P2m2 0 Ty

Conversley assume that (i), (ii) are verified. Then there are
Pm qm
morphisms U< J—-,, U , WX 1 W in mod A such that (2.32)
ni

holds.
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Then

ql*T*ml ql*T7i2\
T where qj*T™™m.. e DQW™,U.)

& *T* N
q2*T*m-] q2*T*m2 G.j = 1,2)

By (i), Gj*Tm] = T1 => q1*T*mipl = T1*pl
gql*T*m2 = 0 => q1*T*m2p2 =0

q2*T*m-| 0 => g2*T*mlpl =0

q2*T*m2 = T2 => q2*T*m2P2 - T2*p2 *

Thus by (2.32)

Similarly T*mi = n™T. Ga =1,2).

Thus the maps m.,n. p..,q-. (@ = 1,2) verify (2.31), (2.32), so

by above equivalences

(T;W,U) = (T1;WL,U1)IL(T2;W2,U2) . O

We also observe the following:

(2.33) The category T has kernels. Therefore in this category

idempotents split (see (0.10)).

In fact we have:
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(2.34) Let (f,h) : (T;W,U) (T";W",U") be a morphism in
T ; then (((T*i,W,ker ) , (@@, 1) (where i:ker f@mU is the

inclusion map) is a kernel of (f,h)

Proof: Consider the diagram

€ .Kerf) SO, ) T1 = T
(
t2 C . unHt- > DQW",J D(IW , )
D(U, ) T
C.D bch- )
C U9 ADW, ) T"

(, lw):dj;:wW,ker ) (T;W,U) is a morphism in T because

Let (T2;W",U) e T and (F",h*): (Tgjw.u") (T;W,U) besuch
that (F,h)(f1,h") = (Ff",hh") = (0,0)

Then clearly there is ' : U “mker f such that ¥ = if"’

And, of course, 1wh1l=h1l .

And TP = T*i*f" = T*if" = T*f* = h**T2 . Thus (f"',h*) s
a morphism in T

So (T*i,W,ker ) 1is a kernel of (f,h) . O
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(2.35) Remark: By (2.33) and using (0.9), (0.11) we have:

(T;W,U) 1is indecomposable in T iff the set of idempotents

in Endr (T;W,U) is {(Oy.Oy). (ly.1y)}

Now let us recall the following theorem (see [CRM], pgs-111 and
119):

(2.36) Theorem: Let B 4 0 be a finite-dimensional k-algebra.
Then the following are equivalent:

1. 1d(B) = {0,1} where 1d(@B) is the set of idempotents in B

1. Each element b e B 1is either invertible or nilpotent.

I11. B/J(B) is a division algebra (J(B) is the Jacobson

radical of B).

V. J(B) is the unique maximal ideal of B . a

Such an algebra B 1is called a local algebra.

It is clear that:

(2.37) If B is alocal algebra, and 1 1is an ideal of B

such that 1 9B , then B/l is a local algebra. a

Recall also that to prove that an algebra B is local, is

equivalent to prove that B/N is local, where N is some nilpotent
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ideal of B (see for example [Lrl, pg.3, using the fact that an

idempotent ¥ 0 1is not nil potent).

The following fact will be useful later:

(2.38) If Bg 1is a subalgebra of B such that BQ + N =B ,
where N 1is a nilpotent ideal of B , then if Bg 1is local, B

is local.
BO ~B + N

(This 1is so because if Bn 1is local, then u-— n- = ——— ,
0 Bo n N N

is local, 1i.e. B/N is local, therefore B is local.)

Now returning to our discussion about T and mmod A:

(2.39) Lemma: If (T; W,U) is a non-zero object in T ,
then it is non-zero in T/J , 1i.e. the ideal I = J3((T;W,0),(T;w,U))
is not equal to End-j-(T;W,U)
Proof: I = {(f,h) ¢ End UJLEnd W : T*F = 0 = h*T} (see (2.-26)).
If (g, Ww)e 1 , then T =T*ly =0 , and this is a contradiction.
Thus
(2.40) Proposition: (T;W,U) 1is decomposable in T iff

H(T;W,U) is decomposable in mmod A

Proof: By (2.23) if (T;W,U) is decomposable in T then

H(T;,W,U) is decomposable in mmod A
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Now suppose that (T;W,U) 1is indecomposable in T . By

(2.35) and (2.36).1, Endj-(T;W,U) is a local algebra.

Lemma (2.39) shows that |1 ~ End.j-(T;W,U)

Endr (T;W,U)
Then by (2.37), -——————- is local. But
I
Endr (T;W,U)
- N = Endmmod AH<T "W’U> 227>

Thus Endrmoc] aH(T;W,U) is local and this implies that H(T;W,U)

is indecomposable in mmod A (0.14). O

8§5. Examples of indecomposable finitely presented functors

Let k be a field and A the k-algebra considered in Chapter 1,

81, 1i.e. A= Aq = k-alg <z:zq = 0>

In this section we consider some examples of indecomposable

elements in mmod AN

@ Let g =3 and let ,V2,V3 be the indecomposable A"

Suppose T = "2 13 \e D(W,U) where W =\ ILV-j ,
° *332/

V2JLV3 . Consider (T;W,U) eT (see 83)

Let B = EndT(T;W,U) = i(f,h) ¢ End Uil.End W:T*f = h*T)
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Let N =rad (End UIL End W) and
BO {(f,h) e End UIiLEnd W : f = h

:a,b,c,d e k and T*f = h*T}

Then Bg + (N nB) =B and N n B is nilpotent.

In order to prove that B 1is local it is enough to prove that Bq

is local (by 2.38).

By (2.36) we can prove that Bq is local by showing that the only

idempotents of BQ are Cur W and (lq, w) :

> 0
T*F = h*T = | 12 13 \ * (au22

0

1° n33Z) bu33

/airl2  biIrl3 \ _ /Cd2 Cirl3
\O bir33z/ \ O dir33z

Now clearly the only idempotents in BQ are the trivial ones.

Using this method it is easy to prove that all matrices in (1.47)
give indecomposable elements in T , and so correspond to indecomposable

elements in mmod A (see 2.40).
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Remark: It can be shown now that no two of the functors given
by the matrices (1.47) are isomorphic, by considering for each

T e D(W,U) in (1.47), the map

aT = ( ,U) bW, )

such that ot*.U)(ly) = T (by Yoneda®s Lemma (0.15)) and then

constructing the modules Fy(C) = Im ay(C) = (C,U)/{f e (C,U):T*f = 0}
t= Mt) where C = VW Ji.V211V3 and FT = H(T;W,U).

It can be shown that no two of the 21 modules My are isomorphic.

Some examples of these modules are given in Chapter IIl and a
complete list of them (given by considering their radical series and

socle series) appears in the graph (3.27).

Now, if for some T,T" in (1.47), Fy =Fy, , then My =My, ,
a contradiction. It is also clear that no two matrices of (1.47) are
equivalent (by 2.20).

(2) Now consider the following example:

let g>4 and U =W =V"ILVY for some nelN

Let

P
22K "24z1 *
Ty = e D(W,U) where

N*4271 w21
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/° 0
the matrix 11 o
0 1 0 0

1° o ... 10

n*n

Consider the element (T ;W,U) eT and let

B =End (T;W,U) = i(f,h) e End UJLEnd W : T*F = h*T)

1F22u22

F24u24
We may write Ff in the form and
\ F42U42 F44u44
H22u22 H24u24
h in the form where FU' , Hir are n»n
\ Hd2u42 Ha4u44 matrices of elements In A
Let
B* = {(F,h) £ End U_LLEnd W : F24 =0 = F42 = = H42
(i F(i H(1 H(i) = (1)
VRS DU Y ki

we denote the matrix whose elements are the coefficients of the terms

of degree i of the entries of F~.
Let BQ =B* n B . This is clearly a subalgebra of B
Let N =rad (End UILEnd W) n B

Then

BQ + N = B

as follows:



Clearly BQ + Nc B
Conversely let (f,h) e B ; then f = fg+tn h = hg+m where

TF (0) 0 0\
is given by 22 , h@ is given by

R 4 O o <Vl

and ne J(End U) , me J(End W)

So (f,h) = + (n,m) where (n,m) e rad(End UaiEnd W)
Now
I227PF22+2zF 427 *24 worr24 L 44
T*f = h*T =
1142 (zF22+2 Fa2r 44 312X T44)
*22AH22P+z H247 ¥24N7 P22+ 7 N24N 5':((2))2) i I;Z((Z)))p
"44 44
N42(z MAPHZNAAN  whANz NA2+z MAN HO) _ FO)
22 r44
HO _FQO
"44 22
i.22pF<»> *247F44) A Y AQDAP 124iH 22)
N422F22) W 2O fa2 ohasr w2« /

<=> T*fg = hg*T => (fg.hg) e Bg

Since (f,h) , (fg.-hg) e B then ('m) 6 B « thus () e N *
Therefore (f,h) e BQ + N

By (2.38), we must prove that BQ is local.
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Using the calculations just done it is easy to see that

/<> 22 0 "H<®> u. 0 \\ PF22 =179 P
o h (® ‘u(® - FQO) _ H@O) . FO)
iz Yaa 0D Bay  maa rad ~ n22” "2
[
/Fyp5 Uy O b2 w2 O

P = FRP

r2  aay |\ ° F52) Yaa

Simple calculations give that:

PFan = fég)P:> 22 = 0
0
0
V1 an-2 o 0
(for some a-],...an e k.) n n-1 a2 al
n-1
= arll +2a0P + a3P + ...+ anP

Since P is nilpotent, it is clear that every element of BQ
is invertible or nilpotent. Thus by (2.36), Bq 1is a local algebra.

Then by (2.38) , B is local.
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Thus

n2z™  t24z7" )
(2.4 Fn = H Tn = ; vi'ILVy , VALV
i 1*42z1 2n*2n
€ mmod A , is indecomposable, V ne N

Let

n:<™> Vva) > D(v'_u_v" , )
be the map such that
“n<v2 J3-*4>("vnu VvV n> * Tn
(use Yoneda®"s Lemma (0.15)),
Thus
Ker an £ rad( .VMILVjjD i.e. cn 1is a projective
cover of Fn (see [All pg.208).
To prove this it is enough to show that
Ker «(vJjivd) s rad(End vg jiv'™)

(by Fitting"s theorem ([CRM], pg-462)).

But

Ker a(v" LIV = if é End(v" jiv'™) : Tn*f = 0}
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/F22 u22 F24 U24\
Writing f in the form c Eow we
\F42 u42 '

T xf = 0 = 1M22(PF22 + zFA4)  "24(z PF24 + zP44)

\M2(zF22 + z2p42) V (z3p24 + 22p44)

= f e rad (End V~ILVJI)

Since a projective cover is unique up to isomorphism (see [AID
pg- 209), and (,V) = ( ,U) in mmod A iff V =U 1inmod A ,

it is clear that if n”~ m , then Fp ? Fn
Thus
(2.42) (Fn = H(Mn;V"iiVvV" , vJjjIvd) Z ne e N}

given in (2.41) is an infinite family of non-isomorphic indecomposable

functors in mmod A

8 . More about the category mmod A

The category of finitely presented functors is well known (see
for example [A]), but the interpretation given by Lemma (2.25) which
derives from the important results (2.1) of Auslander-Reiten and (2.15)
of Green, provides a different way of viewing mmod A , which may bring

a better understanding of this category.
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We finish this chapter with some facts about mmod A (where
A is any finite-dimensional k-algebra), in which we use the

characterization of this category given by lemma (2.25).

The facts contained in this section are not necessary for the

continuation of this work.
One may ask the question:

Since it is clear that different elements of T may correspond
to isomorphic functors in mmod A (see e.g. (2.20)), find a necessary

and sufficient condition for this to happen.

The answer to this question is a corollary of the following

proposition:

(2.43) Proposition: Let F = H(T;W,U) , F1=H(T";W",Ul) e mmod A
Let <GF*F1 be such that <= H(f,g) where fe (U,U") ,ge (W,W9)

Then:
O) $ is an epimorphism iff there exists h:U” “aU such that T"*fh = T

(if) Q 1is a monomorphism iff there exists h:W* W such that hg*T = T.

Proof: The diagram

.0 ——-—- >F=1Ima “—-— > DW, )
sy 1 I~ i ,)
.Uy —- >F = Ima" «-—-—— > DW<, )
al i

is commutative.
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T =

So

DY,
'l

F—
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O) Suppose that there exists h:Ul1l U such that T"*fh = T".

Let Ze F*(X) . Then Z =o"(X)(t) for some t e (X.ULl) .

Thus
Z=a"(xX)(t) =T"*t = T"*fh*t = T"*f*ht =

g*(T*ht)

+0OtCO(ht)

Therefore < 1is epimorphism.

Conversely, suppose < 1is an epimorphism, so T" e F*(U") is
that T1 = (&U)aU" )(h) for some h e (U",U) . Thus
a"(UmHHEr,H) = a“U1)(fh) =T"*fh

(ii) Suppose that there exists h:W* -mW : hg*T = T.
Let Ze F(X) be such that <)@ = 0e F*(X)

Thus D(g,X)(Z) = 0 and also Z =a(X)(s.) for some ie (X,U) ,

Z=T*E

Therefore

0 = D(g,X)a(X)(A) = o" (X)X, HM) =a" XYM = T*ft = g*T*t ;

0

hg*T*i. = T*t = Z .
Thus < §s monomorphism.
Conversely suppose $ is monomorphism. Consider the diagram:

Since DWW, ) s injective, there

exists e:D(W*, ) DWW, ) such
= F'L D(W, )
that this diagram commutes.



Thus De:(W, ) (W, ) i.e. Da = (h, ) for some h:w* w o
Therefore 0 = D(h, ) .

But Oi m = i = D(h, )iMd = ia = D(h,U)i L(UMUMUKIyY) =

= i fUMUKIy) = D(h,V)ilU<BU) () = T => D(h,U)D(g,U)iU)(T)
=T = D(hg,U)(T) =T => hg*T = T . 0

(2.44) Corollary: Let FF.,cj> be as in (2.43). Then < is isomorphism
iff there exist t:I)°@wU, h:W* W such that hg*T = T,T*"*ft = T

Also ™ = H(t,h)

Proof: The first part is obvious.

Now hg*T =T => h*T*f = T = h*T"*ft = T*t => h*T" = T*t
Thus (t,h):(T1;w",Uu") w (T;W,U) 1is a morphism in T , so H(t,h)
is a morphism in mmod A .

Clearly T*tf = T and gh*T" =T . Thus, by (2.43), H(t,h) is
an isomorphism.

Since hg*T =T and T*tf =T , then y.ly) = (tf»h9) (see
(2.26)); so Ay, lw) = (t,h)(f,g) in T/ . Also, since gh*T" =T
and T"*ft = T*, (INTTTA,) = (ft.gh) = (FI)(t7h)

Thus Ip = H(t,h)H(F,g) = H(t,h)$ and 1Ip, = $ H(t,h) , so
H(t,h) = i1-1 . O
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Remark:  Since conditions hg*T =T and T"*ft =T can be
written in the form h*T**f = T and g*T*t = T1 , respectively,

it is clear that (2.20) is a particular case of (2.44).

Now we consider some examples of monomorphisms and epimorphisms:

(2.45) Let U,Ur We mod A and fe (Ur U) . Then

* = H(F, Iw) : H(T*F,W,Ul) % H(TW,U)

is a monomorphism.

Moreover the family of subfunctors of H(T;W,U) 1in mmod A Iis:

{HCT*FWU-]) : U]« mod A , Fe (IM.U)}

and Kk is the inclusion map.

Proof: The first part is obvious.

Let F1 = H(T*f,W,Ul) , F =H(T;W,U) where U~U.W, f satisfy

the given conditions.

Then & = H(f, Iw) 1is such that

D(lw» ) AQH, ) (see proof of 2.15(ii)).

Thus H) =X X)) £ F(X) , and ip(X) 1is natural in X
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This means that K is a subfunctor of F and #®§ is the inclusion

map -

Conversely let F| < F = H(T;W,U) in mmod A . Then

F<DW, ), so F] <DW, ) . Then we can construct the diagram:

wq

( iV F1 - D(W’ )
Y=(.D i - Ddw®

Vv

> - F - DWW, )

where U], aj are such that H = ( ,)/ker & (we know that
such module and map exist). Since ( ,U") 1is a projective functor

and a is a epimorphism, there exists a map y such that this diagram
commutes, and y has the form ( ,f) with Ff e (,U) . Then

W 0O u )=i1U)AWi)(Ui) = «(UrIF.UMNTTN) = T*F .
Thus F1 = H(T*f,W,U1) . O
We have by (2.43)(i) :

(2.46) Let W.WAU emod A and g e (W.WA ; then

* = H(ij,9) : H(T;W,U) - Hfgn~_U)

is an epimorphism.
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Moreover the family of quotient functors of H(T;W,U) in

mmod A is:
{H(@*T;Wr U) - W] mod A , g e (WW-,)}
and 8 is the natural epimorphism.

Proof: Since ¢ is an epimorphism the elements of mmod A with the

form H(g*T;Wi,U) are quotient functors of H(T;W,U)

Conversely if G = H(T*F;W,U.,) < H(T;W,U) = F then F/G is
finitely presented and there is an epimorphism ( ,U) i>F/G
Then there exists W e mod A such that F/G § D(, ) . Consider

the diagram:

=>DQW, )

C LU a » F/G ———>DW, , )

Since DWW-], ) 1is injective there exists 6 = D(g, ) such that this

diagram commutes. So F/G = H(g*T;W,,U) . m

We can also observe the following:

Let 4 be given by
(.47) $ = H(F,g):F = H(T;W,U) - P = H(T,;W",Uu")

The following diagram commutes:
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»F < DWW, )
D(g. )
ar < Im$ <D(W, )
» F
a

<U)a) (1y) = 4U)(T) - D@, XM

where a* = 4a . And a*(U)(ly)
= g*T = T"*f
Thus
(2.48)  Im €= H(g*T;W",U) = H(T"*F;W,U)
And

H(ly.9) > H(g*T:W ,U) < H(T™:WL,0)

(2.49)  H(;W,U)
is the "canonical decomposition” of < = H(f,q9)

To obtain a description of the injective and projective objects

in mmod A we can proceed as follows:

Recall that given W mod A , if P ® P, W >»0 is

a projective resolution of W  then
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is a projective presentation of DWW, ) , where b = D(Pq, )a.ﬁ1
(see (2-9)).

Then

(2.51) The injective objects of mmod A are

DQW, ) = HC b(NPO) (INp ) , W,WPQ)

where W emod A , PQ 1is a projective module such that there exists

an epimorphism pgiPg ~w and b = D(Pg» ) “p* (where dp is giver

by (2.4)).-

We can give a similar description for the projective objects in

mmod A

Since these are of the form ( ,U) we must find U,W e mod A

and a:( ,U) *D(W, ) such that a is monomorphism.

Let U be any A-module and
@5) 0->U-0 -,

an injective resolution for U

Apply (X, ) to (2.51)



100 -

Apply M = dD , which is left exact,to (2.51) and let

B = Coker Mi»
Then
Mi . Mi..
0 MU -——--> MIg = — > MIj B -m0
is exact.

Apply ( ,X) (left exact, contravariant)

(MU, X) <-—— (MI0,X) - (MIr X) - (B.X) - O

Now

D(MIO ,X) v DFM~A ,X) - D(B,X) - O

is exact.

Recall that ap:DE, ) ( ,bdP) (2.4) is isomorphism, (see

[Gr 21 pg.17) when P is in projective module.

If P=MI where |1 is injective, then NP = 1 . Thus

My - bMmi, ) ( ,1) is an isomorphism.

Let

61 = °Ml -
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Then we have the commutative diagram with exact rows:

(X,in) (X,i,)
0 —> (X,U) B QL[] J— > (X, b
(x.y 6t (0 6, O
x.U) D(MIg ,X) ——————— >DMIJ,X) D(B.X) O
0T OO(X,i0)
10 u

Let

¢ = blgo( ,i0) = aM*( .i0)

This is a monomorphism and we have:

(2.52) The projective objects in mmod A are

¢,V = HCeW)Au) , MI0,U)

where U e mod A , Ig 1is an injective module such that there exists

a monomorphism iq U IQ and c=-Ml <*V -~
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Chapter Ill : Representation type of Rgq and the Auslander-Reiten

quiver of RN .

81. Representation type of Rq

In this chapter we consider again the Auslander Algebra

RH = Endft (VML ... jIVH) , Where AH is the k-algebra <z:zq = 0>
q

and (V-l....vg} 1is a full set of indecomposable objects in mod Aq
(see Chapter 1, 81).

Using some of the facts established in Chapter Il we can prove

now the following theorem:

(3.1) Theorem: The Auslédnder algebra Rq of Aq =
= k-alg<z:z(q = 0> is of finite representation type if g s 3 and

of infinite representation type if g M

For this we must consider the following equivalence of categories

(see [All, pg. 191 to 193):

3.2 : d A - mod"R
G2 eg : mmo q mo

where C = W11 ... J1Vqg
F(C) is considered a right R~-module with the rule:

If 5« F(C) ,heRg then eh = F(t)() -
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We want to decide when the number of isomorphism classes of
indecomposable modules in mod Rq (or equivalently in mod"R™ ,

since the number is the same ...) is finite or infinite.

By (3.2), we see that this number is the number of isomorphism

classes of indecomposable functors in mmod A
But this number has already been calculated in the case q = 3:

In 8, Chapter Il we saw that the functors F = H(T;W,U) , given
by the matrices (1.47) of Chapter | are indecomposable and non-isomorphic,
and from 87, Chapter 1, (using (2.40), (2.30)) we deduce that they are

the only indecomposable functors.
Thus:

If g=3, there are 21 1isomorphism classes of indecomposable
functors, and therefore there are 21 isomorphism classes of indecom-
posable modules in mod R* . Therefore R" is of finite representation

type.

If g >4 there is an infinite number of non-isomorphic indecom-
posable functors in mmod Ag , since (2.41) is an infinite family of

such functors.
Thus if g >4 , Rq is of infinite representation type.

If gs 2, Rq is a serial algebra, so it is of finite representation

type (see [Ft] prop. 16.11 and 16.14 pg.58, 61). a
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In the following sections of this Chapter we construct the
Auslander-Reiten quiver of the Auslénder Algebra of finite

representation type, Rg

8. mod R3 and mod"R3F

/0= / ) \
As we saw in 81, Chapter 1, ei = 01/ o o o

OId\ Q

i=1,2,...,q9 , are the primitive orthogonal idempotents in R = R?

AN

so the principal indecomposable modules in mod R are Re® and in

mod*R are e , 1 =1,.._,q

(3.3) Definition: Let a = (a{\”),.ljji€ .Y be a qgxq matrix
of integers a” , such that ¥ £ a%j s i

Then define the A-submodule S(aJ of R as follows:

S@ = ® M .(@a. )= ® Az .
i J J i.]
(using the notation of (1.2)(b) and (1.4)).

As examples we may consider the following:

G4 (@ R=S() with a= (iijh
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(2 By Fitting"s theorem

feJdR) <= f.j :Vj V.. is non-isomorphism V i,j

<= fﬁ. € rad(VI_,\!L.)Viofn.. e Azu.. = Mh LD .

Thus

(3.5) J(R) = S(b) with

0 o0
In particular if g=3 : b =
\ 2
0
il fi2
0
fkj m0 * Hkj 1f ki1l
1) * “vd*vl> - M1j <*"»>
Thus if gq =3 :
0 0 0
elR = S(c.i) with ci¥ 2 2 2
\3 3 3
h 1 1
(3.6) e?R = S(c,) 1 0 0
£2
\3 3 3
h 1 1
e3R = S(c3) _3 22
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Example (3) can be generalized as follows:

(3.7) Proposi tion:

[O) Every right R-submodule M of is such that
M =S(@) with L = ; 1
I i-1 .. i-1
(3-8) ail aiq
i+l i+l
u q

(ii) Every left R-submodule N of Re® is such that

N=Sb) with b = 1 eee 1hli 1 eee 1
2 b2i 2

G-9

q --- qbgi q

Proof: (i) One has e”e” = (JO0... T~ 0..J:FY e (Vj-VV)}

" (Vj-v1) “ MLI(1-d) (1-20).

Let M ~e.R ; then Me. s M and Me. £ e.Re.
p i J J 173

Conversely if me M e™Re™ , then

m=e. re , some r

SO me. =m
J

e

R
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Thus Me} =Mn e..Rej , So it is a submodule of (Vj’vi)

and therefore Meg = Mj. GEJJ , 12 aﬂ.

Then

(i)

(3.10)

of e™R

M= M1 =
3=l

Similar. O

Remark:

can be given by the

_8 Me.
J

> i (by 1.2(c))-

= _%_M- .(a..) =S(@ with a as in (3.8).
J=1 "J "J

According to (3.7) every right

ith row of the matrix & .

Thus we may write M = (a/\g...i\/

Also in (ii) we can write ~ ™=

W

So example (3) says that

e]JR=(0 0 0)

One can also see that:

(3.11)

that

Lemma:

ij s an, b;3 s

IfF 1"

S(@) -S(b) = S(E©)

R-submodule

0) .

e2R=(@ 0 0) e3R= 1
/0\ 01
Re, =101 Re, = 0 .
\1/ 3 \o/
.. . b=@M®..). . Xxq matrices
(@ij>i.j S IJ)I.J are  9q
i, then

M



where c¢ = (c; -
iJ

)

ijo is given by

cij = min(@it + btj’i}

te {1,..0}
aik-(in)
Proof: S(a).S(b) = (® Az U e Az u )
1, e,j
a,t-(iM:)+b .-(fg)
= 0 ® Az tJ “Up e Ug-p) =
i,Jt ITg
ait~-G"vt)+btj-(t"Vj )+ @"VO+ EVP-G"Vj)
= 0 (OAz U
i,j t
(by 1.8)
a!t+b iV min(ait+btj ,i)-(i"vj)

because these modules form a chain and if a”t+ b*. ~ i , they are

Zero.

So S(aj-S(b} = S(E) with c= min(a™+btj,i) . O

(3.12) Example

Since e-lJ(R) z e-|R.J and _, _ s given by (3.6),

by (3.5) then using, this lemma we see that

1 0 o\
ejJ 1is given by S(£) with £ = 2 2 5
13 3 3/

thus e~ = (100) using notation (3.10) .
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i\
Also Je, = 1

u/s

The following consequence of Lemma (3.11) gives a description

of the S(alJ which are left or right ideals of R

(3.13) Proposi tion: (@ S(a) 3 R with ij
1
i: a.ij. or 1+a|'J' -
® S) 3 R with
r

= b. . - .
i 7 or 1+bU

Proof:

G 1=S5@ <R iff RI =1, This is
S(a).s(al = S(a) with a = (i-vj)*. by (3.4
By (3.11),

Rl = S(b) with b.lJ.rminii—vt+aAJ.,i)

ieil . ,g}
In particular:
bitlj = »ind+a”~.i-l+ay.._.. l+aij.aitlj, e=*,i+l)
bij = min(i-l+aij.1-2+a2j.... l+ai-ij*aijrai+lj.... i)

But Rl =S(@), so a=1Db" .



_ne_

Therefore

bi+lj = ai+lj and 50 ai+lj s 1 + aij
bij = aij and 50 aij S ai+lj *

Thus a or 1+ an .

arsj 7

Conversely suppose a™. s ai+lj s 1+ ar. fV i,j

Then
aij S ai+lj * ai+2j s e== s agj by first inequality
aN] < l+aij < 2+a™j s ... < i-1+an by second inequality.
Thus
aij = minii-1l+alj*i-2+a2j " ” *1l+ai-1j»aij’ai+lj*ai+2j*-**aqj*i}
min t™wvi. + a..,i} = b..
*«{V,..,q} 1J

Therefore S(a).S(aJ = S(@J and so S(a) dR
i
(b) Similar. a

This proposition gives a method to calculate all R-submodules

of Rj and e”

For example:

2
In mod"R3> e£J 1is given by (1 0) and e2J by (2 11) (using
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notation (3.10)). But clearly there are R-submodules M. such
2
that e2J > M. >erJ . Using (3.13) we see that there are two

such submodules, namely Mj = (210) M2 = (111) .

Notation: Denote the simple modules in mod R , by T.

i=1,...,9 , and in mod‘R , by
Then e”R/eNJ = = e2J/(210) , e2J/(11l) = and we can draw

the lattice

(211)

Now we have all the tools to calculate the series of R-submodules
of e™ and Re.. , which,in case q = 3, are given by (3.14). These
contain, among others, the modules in the radical series and socle

series, which are the same, in this particular example.

Since D(M)/D(M/N) = DN , where N is a submodule of M
and D2M ;/M one can easily calculate the series of submodules for
the injective indecomposable modules of R* . These are given by

(3.15).
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(3.14) Series of submodules of the projective indecomposable

modules in mod

ejR . (000)

eld (100)

er  (110)

=e,J (111)

and in mod"R-

Rel 1
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(3.15) Series of submodules for the injective indecomposable

modules in mod"RA :

D(elR)

D(e-| Re3 %)

DAR/en)

and in mod

D(Re-,) D(Re2) D(Re3)
D(Re3/J4e3)
D(Rel/J e-]) D(Re3/J3e3)
Si s3
D(Re3/J2e3)

D(Re™/Je-j)

D(Re3/Je3)
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8§83. The Auslander-Reiten quiver for R,

In this section we apply the method described in 85. Chapter 0, to

construct the Auslander-Reiten quiver of R

Since we must start with an indecomposable non-injective R-module,

we can take a simple module, for example ™

Its dual is S| = e”R/enJ

A projective resolution of S§ is:

where the maps are as follows:

is the natural epimorphism

Po
Pi is such that pj(e2) = ae e Re
O 12 ey
a= o0 0 . .since then p* (e2R) =
u 0 0/
/fnun Fl2ul2 f13u13” 22Ul 2 £23U13 w
lar - " ° F21U21 F22022 23023 0 0

\ £31U31 32032 33033/ 0 0

= (100) = e™NJ ker Po -
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10 O o\
P2 is such that P2%l) = U2t 00
o 9 e

(in fact we do not need to know P2)-

Now we apply d which is left exact:

% dp- % dp-
*~ d(e2R) = Re2 <————- d(e-]R) = Rj <———- &j <————- 0

Then

0 <—-M = Re2/Im dp1 — 0 Re2 «9P__ Rep <P 451 «—_

where n is the natural epimorphism, is exact.

¢pj 1is such that dp~(r) =ra ,V r e Re, and

We will write M = T2 where this diagram is the minimal lattice

T,

of submodules of M , that contains the module on both Loewy series

of M . (In this case the radical series and the socle series coincide.)
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We often will use the simplified notation M = i2
I3

Now we consider the 'push-out" diagram:

dp
0 < M < Re2 <- Re
1M 1I
0 < M < F(») « 5] = Re]/Jel = T] <

The only possibilities for v are 0 and x.nat (Xek) and
0 1is not in the required conditions. Thus we can take as the

natural epimorphism.

F(™) is the pushout over Y and dp" ie.

DS, 1L Re,
{&I"(),-dp1 (X)) :x e Re]}
i is such that 1i:y <«CO.y] e FGp) - Since Y 1is epimorphism,
£ is also epimorphism.
And ker J = ly e Re2 : t(y) = [0,y] = O}
But [0,y] =0 <=> (ip(),-dpi (X)) = (0,y) TFor some

XxXeR|] <= X =0, -dp- ] =y <=y e dpr(ker ) = dp” Qe-j) =
=Jkja=Jda=1
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So ker i =111 and F(™) = Re™M

This module is clearly indecomposable.

Thus
/N\

0 RV
2) "-——— Re2/J ®2 ‘——— TI " °

or iIn another notation

(3.16) 0 1<

is an almost split sequence.

The next step consists in taking the middle term of this

sequence, N = & i and construct the almost split sequence

that begins with N

We shall look into this example with some detail, also, because
it gives an almost split sequence whose middle term is decomposable
and it involves some techniques that have not been used in the first

rather simple example.
i 2
If N = then DN =
I\/3

A projective resolution for DN may start as follows:
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@G.17) ... - e{R ILejR - DN -0
e]P-D e”R
And DN = Im Pq =
ker
Po

The existence of a map p~ , 1is equivalent to the existence of

an R-invariant blinear form:
(3-18) n : (e”RILe”R) x Reg --—-——- > Kk

such that the left kernel of n , L(n) = {r e e”RILe”R

n(r,g) -o , Vg£ Reg) 1is ker Pg and the right kernel of n >
R(n) = {r e Reg : n(g,r) =0,V g c eRiiegR}

fO r,?u,? 0>
is jl {r=(0 r22Ugg OJ]:r* eA and rjg® =r”~ =r”" =0}
\2

0 r32U32 0

where r|(f) is the coefficient of the term of degree t of r~ ,

when this element of A 1is considered as a polynomial in 2z .

To give an R-invariant bilinear form (3.18) is equivalent to

give a matrix

(3.19) W — (7RIw2l w23W23~
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where it... 1is an A-generator of the module D(Au”™) = DE.. R eM).

(since this is = D(VJ.,V;) we use the same notation as in (1.14))

and WEi» W22 € A

This equivalence is given by the formula:

n((elr,e3s) , r e2) = 2] w2] )(e]rr-e2) +

+ (""23 w23)(e3sre2) .

We need to know Kker pQ , so that we can find the second term

of the projective resolution (3.17). This will be done by finding

1
the matrix W (3.19);by imposing that R(n) 1 Then using W
12/
we can easily determine L(n)
Wri te W1 = \’Xﬁ?
w23 = w23 + W23~Z W21),w23),w23) e k
We want to find elements w2", w23”™> w23® k such that the

following is true:

n(g,r) =0 V 9, k-generator of e jJRJU.e3R <=> r e R(n)

This can be done as follows:



(k-generator of

eiR _iLe3R)

If we take

equations is
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10
n (> O

\0

ri2 U12
r2u2 0 )=0
r32 U2 °j

WS s =0

(20V01) (r22U2) " wotr 1220 * 0

(U21W21 ~ zr32 ul2™ ~ 0

W23w23)(zrl2 u32»

W23w23)(r22 u32n = w23 r22n + W23~ r22n

(@23023) (Zr22 u32”

w23 ri2n " 0

1
o

w23 r22n =0

(TR3023)(r32 U32™ _ w23 r327 + w23 32~ = °

(23W23) (zr32 u32~

w23 r32nr 0

(723023) (Z r32 u32™ " 0

21 723
Y =9
_ and
rP22 =0
(0) n
r32 =0

= 1 then this system of

N
R(n) = 1
\2/
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Thus W = (@21 7R3z™

Now L(o) = is e e*lLe”R : n(s,h) =0, V h e k- generators

of Re2> .

o /SHull s12ul2  s13ul3\
Writing s = 0 0 0 and using a method
\S31U31 S32U32 S33u33]

similar to the one just used we can see that the conditions n(s,h)

where h 1is a k-generator of Re2 > are:

) =P
s@)+ Q1L =0<= (O)= ()
s12” s U s12 s
0 _s32ul2  S13U13\
Thus L(n) =J O 0 0

S31U31 S32u32 ZS33U33/
And

0 g13U13
L(n)J 0 0 0

31U31 7932U32 "'Zg13U33

Thus: L(n)/L(n)J = S2JLS3 .
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So we can complete the projective resolution (3.17) as follows:

(3.20) 0 Me,R ——> e2R_LLe3R — = > e”R_LLe3R — - > DN

This is so because we
1° vz s
by b= o ) 0 and so ker p* = e3J = e2R
\o Toge ©
Now we apply d:
Re2—U—Re3'¢nyL Rel LLRe3 <—999 d(DN) + 0O
Re,, JL Re,
If M= ———- then:
Im do-|
nat dp, dpn
0 M <——- Re2 iLRe3 <— - Re”~Re-j«---— dDN
is exact.

To get a better description of M we calculate its radical

0

f12012  f13UI3 \
Im dp. zf22022  zf23u23
O fau32  2~F33u)

fJ2 = F

€A

Tij

0

series

< Je2Jj_Je3
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Re,,ILRe,
Thus M/OM = ——oer- = T0 J1T.
denlL Je3
0 912012 glI3U13\
0 922022 Zzg23U23  : 9ij e
0 g32u32  2zg33U3¥/
Jea Hl-Je3
? Im dp, N Jez L Je3
Then dW/d M = ———— S = —
%2 1L 3%z + I Hps J e2Hdes+ hdp,

Im g

Using similar calculations , dZM/dSM ¥ ™ _LLT3

Thus the lattice of the radical series of M

Now we want to find the socle series; this can be done as
follows:
With the method used after (3.19) we can show that:
The bilinear form nl:(e-jJR_ILe3R) * (Re2-U-Re3) k given by
W 21 0
;"3 33
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is such that

. veR-U-e3R
R(n") = Im dp,1 . Then DM = - 1_(___)_
ne

ITf we consider the non-singular, R-invariant bilinear form

) e.IR it e, R ) ReRIL Re, ¥

L(n*) Im dp

induced by n* ,

then wemay calculate the socle of M as follows:

Soc M ={meM - Jdm =0} . But Jm =0 <=>

<=> n*(n,Jm) =0,V n e DM <=> n*(n0O,m)=0,V n e DM
<=> n*(n",m) =0,V n* e (DM)J

The conditions n(n*,m) =0 , where n" 1is a k-generator of

o , and are m”~ =0 m” =0

m~A®" =0 . Let Q be the set of these elements.

Thus soc M = - —
Im dp

2 ; .2
Then soc M = {m e M : J')m =0} = {me M:n*(n",m) =0,V n" e N }

etc.
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Proceeding analogously we conclude that the socle series is

given by 3

Thus the minimal lattice of submodules that contains both Loewy

Now we must construct the "push-out" diagram:

6 - dp,
0 M <e—mmmmm - Re2-LLRe3 <-———————— Re-|J-LRe2
*
(3.22) \l \ |
1M Re, N ~ Re,
0 M<—— F@4) = - — —— < N = <— 0

{(6X),-"(X)):x Re-jliRe3} J e2

The only possible endomorphisms of DN are 0 and automorphisms.

Thus rad End(DN) =0

So we can take any non-zero map to be P
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Let Y be given by:

/0 vz °\
K(xel + ye3) = (xe] +ye3) 0 O 0

\O 0 o/

It is easily seen that ker 4§ = Jj _1lIRe3 and so

inb® 1'-Fs oy
Jel-U.Re3
For simplicity instead of diagram (3.22) we may consider
Re3 Ji-Re3
0 <M< S(ker ) Rei IL Re3
(3-23) | 1, |
0 <M <———- Fap) < N = Re2/J2e2 < 0
where 6 1is induced by 6 , and
Re2 4l Re3
- S——11ILN
6 (ker ilp
FC) = @
{(6(),-ili(x)) : x e Rj 1L Re3>
Since R = F(@p) , this is the same almost split sequence

as in (3.22) (up to isomorphism).

Now we want to study the decomposabil ity of FGM



We have the

(3.24) Lemma: Let F be the pushout of 6 , ™ :

Y/5(ker ) <— --—-— X

I
-
i

[

[

[

[

1

[

[

[

[

1

[

[

1

|
=

1(6(X),-"(X)):xeX}

IT there exists a map w:N aM* such that wji = 6 , then

F=MJL NIm V

Proof: If such an w exists M* o — X
let n:F =N/Im be such that: 1
N
1
nty,n] = n+lm Yy 1
where: N/Im
Ly,n] = {(y+6(X),n-*(X)):Xx e X} e F
Let £:N/Im ~ F be such that S(n+Im ) = [-w(n),n]
£ is well-defined since: if ne Im* , 1i.e. n =i for

some X e X , then -w(n) = -wpPXx) -6(X) . Thus C-w(n),n] =

= C-6() ,ip()p =0

And nE(n + Im B = nC-w(n),n] = n+ Im¢p, thus nC = "N/Im > .
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So F = Im57i-ker n and Im5 = N/ImY since £ 1is a monomorphism

_ — X
also ker n = {[y,nl e F : n =<ikX), x e X} = M as follows:

Then vy =0 =y e 6(ker i) =>y =6 , Ji® =0 =>y = 5X) ,
SK() =0 = ty,01 =C5(),-1]<CGI3 =0 => (y.0) = (6(X),-ik(x)) =>
=y =6(X), xe ker Y=y =0 ; so a 1is monomorphism.

And [y,nl e ker n=> n = I/ , x e X =>[y,nl = [y+6 (),n-ij;X)] =

= Cy+6(x),0] = [y",03 with yl=y + 5(x) . Thus y1l > Cy,n]

N/Im Bul M . O

w

o

n
1

=
=
I

Re”/L then to define a map w:N-»M1 , it is necessary
the existence of an element m e M* such that e™m = m and
tin=0,VielL . Ifsuch an element m exists then we may define w
such that wej + L) =m . If wji = 6 then this map satisfies the con-

ditions of Lemma (3.24) and F is decomposable.

n

Returning to our example: N = Re2/

()
1

m<=> (1-e2)m = 0 <=> (1-e2)m € 6(ker
\ JAN

M m© ¥ 2gl<=>tnebkerw , Vie 1 and m e Re2 iL Re®

>2, 2
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But
0 0
6 (k = A \
(ker *) = ,g22u22 223023
\° g32u32 z2933U33/
/° Cl2u12 Ca3ui3~n
Writing m = O c22u22 C23U23 then:
\° c32u32 c¢33u331
1° ciavi2 c13u13\
(1-e2)m _p 0 0 e 6(ker P <=> c2,c"2 e
\° (C32U32 C(C33U33/ c33 ezA
0
10 o N n
Then m = O If 1el then one can
d22u22 d23U23 >/
10 d32u32 z2d33U33"
easily see that tm e <Sker )
Thus
10 0 .
m=m+6(ker V) = g gy dzsuzz  * OCer B
\O 0 0
Defining w by w(e2 + )=m then
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CFlIull

A £31031
1/°
FIIUL2 N\
0 2fquze O *+J7e2
\°  zf31U32 1
0 FlId22U12 £11d23U13
0
0

We want that this equals

o

f13Ul3n

0 f23u23
0 f33U33 1

1o FTnui2 o\
= 0 2F21U22 m + <5(ker 45 =

1° zf31U31 0/
+ 6(ker )

fllu1z2 fliui12
60e] + yel) = 0 0 + 5(ker ).

0 0

If d22 = d23 =1 then clearly wp =1

Re~ It Re
Thus F(™) = N/Im -
n Ir
= N/Im 4itRe2/ 1 iLRe,/ 1
1 12/
Thus
(3.25)

is a part of the
Auslander-Reiten quiver of R.
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Now we construct the almost split sequences that start with

the direct surmnands of F(*)

After a certain number of calculations similar to those described
above we obtain the graph shown in (3.27). Since we already know that
there are no more than 21 isomorphism classes of indecomposable
modules (81, Chapter I11), this graph is the Auslander-Reiten quiver
of R3

Remark: Since R~ 1is a connected Algebra (because if 1 j ,
HomR(Rei,Rej.)zei. Rej ~ 0) , the fact that its Auslander-Reiten quiver
has a connected component (3.27) implies that the Auslander-Reiten

quiver of RM , is this connected component (see [Gal pg-43,44).

The matrices T that occur next to each indecomposable modules M
are the elements of D(W,U) (for some W,U e mod A) , that correspond

to M by the rule:

@ * (v, JLV2ILV V)

(= T*(V]UL V2 U.V3,U))
{f e (VIJ1V2JLV3,U) : T*f = O}

Indeed a module M is such that M =e”~F) = F(C) (see (3.2))
for some Fe mmod A . But F = Inn where a:( ,U) b(w, ) for
some U,W £ mod A (see (2.1)) and by Yoneda®s Lemma (0.15), a is

completely determined by T = a(U)(ly) £ D(W,U) (see 82, Chapter 11).

Thus F=Ima=M=Ima(C) with C = V1L V2 nVvV3 and
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Im c(C) = T*(C,U) = (C,U)/ker a(C) , so we have (3.26).

Removing the projective and injective modules (see (3.14), (3.15))
we have the 'stable quiver”. Its "tree class” (see CRt 11, pg.208) is

given by the graph
We end this chapter with a brief explanation of the symmetry of
(3.27) about the two axes formed by the auto-dual modules:

If R 1is any k-algebra amap a:R R such that <*(rs) = a(s) a(r) ,

a =1~ 1is an involution. Then,if Ue mod R , U,k) e mod R with the

MW =r@ru) , vee Uk ,reR ,ue U

The functor

F = Hom*( ,k) - mod R “mmod R

is k-linear, contravariant, exact, and F2 ¥ Id , transforms projective

modules into injective modules and vice-versa (as the duality functor

Homk( ,k) : mod Rmod"R (83. Chapter 0)).

It is also trivial to see that F transforms irreducible maps (0.26)
into irreducible maps and if

O WL —i-> M -3-> N %0 is an almost split sequence

then O  FL <~—— FM = FN <0 is also an almost split sequence.

Ff Fg
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Now let R=R = Z Au and let a:R @R be such that
M i.J U
«Uij) = Vij=1....¢q
(T up)+ G un)-J1ui)
(by 1.8)

U’ij"UJT = aguJ. ).a\gu. )

This can be extended to any element of R , so a 1is an

involution.
Thus reversing all arrows and '"turning the modules upside-down"

we must get exactly the same quiver. This of course can only happen

if the graph has the symmetry mentioned above.
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PART B

Chapter IV : Notes on almost split sequences Il

8l. Introduction

In this chapter we introduce the notation used in this second part,
and outline the results contained in some manuscript notes, by J.A. Green,
written under the title "Notes on almost split sequences IlI", since
these have not been published. This prepares the deduction of a '"trace
formula™ (this name derives from the parallel with the trace formula

described in [Gr 2] §3) which will be the object of Chapter V.

Let R be a complete discrete rank 1 valuation ring, with maximal
ideal M =Rt . It is well known that R 1is a principal ideal domain,

whose ideals are Ru0 (n €Hgq) -

Let K be the quotient field of R , and A a finite dimensional
separable K-algebra, 1i.e. a K-algebra such that for every extension
field E over K , AE =E 8 A is a semisimple E-algebra (see [CRM]

K
pg. 142)_. OFf course, A itself is semi-simple.

Let A be an R-order in A , 1i.e. A 1is a subring of A which

(as an R-module) is such that A =Rx| 9 ... O Ran where (ap-..-,a }
is some K-basis of A (see [CRM] pgs. 523, 524).

A typical example, that we shall consider later in Chapter V
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is A =KG , the group algebra, and A = RG , the group ring, where
R is the complete ring of p-adic integers (see [D], pg-317), K the

quotient field of R , and G a finite group.

As in the first part we use the notation Mod A for the category
of left A-modules, mod A for the category of finitely generated left

A-modules.
Denote by mod°A the category of left A-lattices.

Recall that a A-module X 1is a A-lattice if X 1is free and
finitely generated as an R-module (see CCRM] pg. 524, having in mind
that over a PID a module is projective iff it is free) and that

rank X :=n iIf X has a free R-basis of n elements.

Recall also that if X 1is a A-lattice, then K 8 X can be
R

regarded as an A-module and dim.,(K 8 X) = rank X (because if
K R
{*-],--- xp} 1is an R-basis of X then {1K 8 x*,..., 1K 8 xn> 1is a

k-basis of K 8 X)
R

Denote by mod™A the category of the A-modules Y , which are
finitely generated and torsion as R-modules 1i.e. Vy eY , there exists
ann(y) eIN : m~y =0 . Since Y is a finitely generated R-module

this is equivalent to say that there exists N eN : nNY = 0.

Observe that the quotient X/XQ of a A-lattice X may be a

torsion A-module. This happens when rank X = rank Xq
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Taking the special case A =K , A =R we have the categories

mod R , mod°R , and modtR of the finitely generated left R-modules,

finitely generated free left R-modules, and finitely generated torsion

left R-modules respectively.
We have the following:

If X 1is R-submodule of Y t mod°R then X e mod°R (because
X is finitely generated and torsion-free, so free as an R-module,

since R is a P.1.D.).

One can define almost split sequences in mod°A as in (0.28),

taking all modules and maps in this category.

Then one has the following theorem ( [RS] pg-894).

(4.1) Theorem: (Auslander, Roggenkamp, Schmidt)

If S e mod°A 1is non-projective and indecomposable then there

exists an almost split sequence
E:O0O=AaAN- >E-2->5S 0

in mod®°A . Moreover E 1is unique up to isomorphism. O

Then using the same reasoning as in [Gr 2] pgs. 3,4, we have:

(4.2) Proposition: Let S e nod°A be indecomposable and non-
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projective. Let

E:0=®&aN- >E-9->8S 0

be a short exact sequence in mod°A

Then E is almost split iff N 1is indecomposable and

Im(X,9) R(X,S) , V X £ mod°A

where

R(X,S)

{fhe X,S) :ht £rad End S , VtE£ (5,X) . D

§2. Dualities and the Nakayama functor

One requires three contravariant R-linear functors:

(4.3) Definitions:

(€@)) D* : Mod R= Mod R , such that D* = HomR( ,1) where

I is theinjective cover of the residue field R/Ru
(&) D:Mod A-a Mod A0p is the functor HomR( ,R) , and given
X £ Mod A, DX 1is regarded as a right A-module with rule
X =f(ax) , VFEDX ,XE£A,Xe X .

(©) d:Mod A 2% Mod AOp is the functor HomA ( ,"A)with:

if X e Mod A, then dX is regarded as a right A-module with the rule
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) =FfO)x VFfedX.XeA.XeX.

One needs some facts:

The injective cover 1 of R/Rw can be considered as the direct
limit
I = lim R/Ru”
>

whose elements are classes with the form:

[2 + Re‘"] = U S + Rin+s : s 6 Nq}

Sowe can say that a typical element is a + Rullsuch that a+ Rull

is identified with a-s+Rin+s ,V s e IN

I is not finitely generated. Clearly D*R = 1 and so D* does

not map mod R into mod R.

But D* maps mod”R into modtR , since D*X = X,V X emod™R
Thisis because D*(R/RTrn) = R/Ru0 (nelN) and RZRéLl , ne N ,are

the indecomposable modules in mod”R

D clearly maps mod°A into mod°AOp

It also maps any M e modtA into 0 . In fact if Me mod™A , there is
anNeIlN .M =0 . If $eDM , then <@ =reR,VueM. But
uNQGU) = &H(uNu) = 0, thus ®Nr = 0 . Since R 1is an integral domain,

r=0 . Therefore $(u) =0,VueM , so $=0.
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D is left exact but it maps a short exact sequence in mod°A

into a short exact sequence in mod°AOpbecause the elements of this

category are free as R-modules. Thus we may say that D:mod°A  mod°Aop

is contravariant, exact and D2 Y id

Also D sends projectives (resp. injectives) in mod°A to

injectives (resp. projectives) in mod°Aop

d is left-exact and maps mod°A into mod°AOp
(If X £ mod°A , then dX = HomA(X,A) ¢ HomR(X,A) which is free
and finitely generated, hence dX 1is a free and finitely generated

R-module).

Since d(Ae) = eA for any idempotent e £ A , d maps projective
modules into projective modules.
W =Dd : Mod a Mod a 1is the Nakayama functor.

It clearly maps mod°A into mod°A.

83. Some maps

Let X,Y e mod°A and let

“4.9 eY(X) - dY 8 X ————- > (Y.X)
A

be such that
fax --——- >8f x 1y ®»f(y).x
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(4.5) Notation: Denote by P(Y,X) the space of all maps of
(Y,X) which factor through some projective object in mod°A (i.e.

the space of all projective maps from Y to X in modOa) .

Then

(4.6) Imby(X = P(,X) (see CRD] pg- V7).

Also,one has:

(4.7) Proposition: (1) If P emod A is projective then

Sp :dP 8 - & (P, )
A

is an isomorphism.

(i) If P emod A 1is projective then

BY(P) :dY 8 P = (Y,P) is an isomorphism.
A

Pf: see CAR I111] pg. 249. a
One has,
(4.8) Doy X) : D(Y,X) —— » DY a X)
A
I >hogy(X)

Consider also the "adjoint isomorphism " (see [Ro] pg-37):
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4.9) a,X) :D@Y 8 X) ————> (X.WY)
A
g -———— > X»>(F v g(f8 %))
edY
then
(4.10) aY(X).1 :(X,NY) ————— > DY 8 X)
A
h = > (F 8 x ———=» h(xX)(N))
edY eX
Now/ define

(4.11) ay () =aY(X)oDSY(X) = D(Y,X) - (X-NY)

(4.12) Remark: aY(X) maps h e D(Y,X) to c e (X.DdY)

defined as follows:

COO(P) = h(y ()

VxeX , fedy .

In fact v (X) 1is the composition

h - hoBY(X) % (x - (f % hoOy (X)(f 8 x))

but

hoBY(X) (F 8 X) = h(6f>x) (see (4.4))
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with 8f,x e (Y») such that 6f,x*y" = f(y)-x.vy eY

So aYy(X) is such that

h -————>¢ : X »NY such that

?2(x)(f) =h(sfiX) =h(y >1(y)-x)

The next proposition is of crucial importance, but,since its

proof is not necessary for the purposes of this chapter we omit it.

(4.13) Proposition: Let Uemod R, Ve mod°R and 8 e Homn(U,V),

be such that

8, *L T6 :k8U k8V isa k-isomorphism.
K R R

Then
O) ker e , Coker 8 are torsion modules.

(ii) If T = Coker 6 > then there is a short exact sequence

(4.14) 0 »DV ——»DU — >D*T » 0

in mod R , with the map 5 defined as follows:

If ueDU, veV , then:

(4.15) 5@W)(v+Im 6) = Cu(u) + tNR] where ueU ,NelN
such that uNv = B(u) . a

are



144 -

Remark: Observe that given v eV , there exists N €N such that

aNv € Imp , because Coker B = V/Im s 1is a torsion module.

Now, returning to the maps we were considering...

Using (4.6) we see that:

(4-16) dy 0 X -#b=byw - m» (Y.X) nat = (Y.X)/P(Y.X) -0

is exact.

The map B = 8y(X) satisfies the conditions of proposition (4.13)

In fact K8 (d¥ 0 X) = (KO dY) 8 (KO X (see [Ro]pg-103)
R A R A R

d(K 0Y) 8 (KB8X (because K 8 dY = Ka (Y, A =
R A R R R A

Hm.(KOY . KO A) =HomA(K 8 Y , AA) = d(K 0 Y))
M R R A R R

and

Ka (Y.x) =Hom.KOY ,KO0X (see CCRH]
R M R R

But

d(K8Y) 8(KOX) = Hom.(KOY ,KOX
R A R B(K8X) h R R
K8Y

because K 8 X (and K 0 Y) is projective, since A is semisimple.
R
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Thus

Ko(dy 8 X) = K 0 (Y,%
R A R

Then, proposition (4.13) tells us that (Y,X)/P(Y,X) 1is a

torsion module, and there is an exact sequence:

Dgv (X) 6 = 6V(X)
@.17)  D(Y,X) -= -—> DY B X)—————= -——— > D*((Y,X)/P(Y,X)) - 0O
A

Let:

(4.18)  yYQO = 6y (0 aY ()1

Considering (4.11) and (4.18) we conclude that:

(4.19) D(Y,X)—aY ----- > (X,NY)—YY———--> D*( (Y,X)/P(Y,X) ) -»0

is exact.

Therefore :

(4.20) Coker ay() = D*((Y,X)/P(Y,X))
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84. The Roggenkamp diagram

In this section we describe a method given in "Notes on almost

split sequences 11", to construct almost split sequences.
This is a particular case of the following problem:

Given S e mod°A , construct a short exact sequence

0O-N- >E-2->S a0

in modOA , 1in such a way that one has an explicit expression for

the subfunctor Im( ,g9) of ( ,S)

Green solves this problem by constructing what he calls the
"Roggenkamp diagram™ (because this construction is based in some

results by K. Roggenkamp).

This is done by using a method similar to the one used in the
construction of the Auslander-Reiten-Gabriel diagram (see CGr 21; see

also (2.5), Chapter 11).

Let M e mod°A and let

(4.21) P—-PQ- >M->0
be a projective resolution of M . Then
“4.22) 0o ftM P <M-0

Po
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is a short exact sequence, with P projective and fiM = ker Pg

Apply d to (4.22). Then

0 aM — ——-->dP dnM
dPO

is exact in mod°AOp
Let C = Coker dpQ

Then

“4.23) O0+dH - >dP nat >C O

is exact, and CsdnM , thus C e mod°AOp
Therefore (4.23) is an exact sequence in mod°AOp

Apply D and write DC = BM . Thus

(4.24) 0  BM —---————- > NP ——mmmm > WM =0

is a short exact sequence.

This is such that if M is indecomposable non-projective and
(4.21) is minimal (i.e. Ker Pg s rad P) , then BM is indecomposable

(see CR] prop- 2, pg-1369).
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Applying D( ,X) to (4.21) we get the exact sequence:

Applying (X, ) to (4.24) we obtain the exact sequence:

0 * (X, BM) ————-=—=> (X,NP) ——--—---—- > (X.NW)

D(PO,
D(P,X) ——-—— > D(M,X) --—-———- >0
cp i i ame
0 vV (CBM) —————mmmmmm > X NP) ———————- > (X NM) - > D*(C (M, X)/P(M, X))
1) X°WPO) Vo ox>

It is commutative because aY(X) 1is natural in Y ;and the sequences

are exact. Namely the exactness at (X, NM) is for the following reason:

Since oip(X) 1is an isomorphism and D(pg,X) 1is an epimorphism, the
commutativity of the diagram gives Im(X,Npg) = Im aM(X) . By (4.19),
Im aM(X) = ker yMQ)

Now consider any module S e mod°A and any map e e (S, N\M) and

construct the pull-back diagram
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BM — ' wnp -MPO__

(4.25) lid IE

E(e) 0 —> BM E(0)

Let a0 = YM(X)(X,e) . Then one can construct the '"Roggenkamp

diagram™, which is commutative ,and where all rows are exact, as follows:

D(P,X) -—-----—- > D(M,X) >0
ao(X)
(o)) (X,Np0) ym O
(4.26) 0  (X,BM) ——-== > (X.M3) ————- - > (W) — — > D*((M,X)/P(M,X) ) + O
id (X-i) (X,0) id
0 - (X.,BM) ———=> (X,E(0))-——- x.S) D*((M,X)/P(M, X))
*x. N *,9) ae(X)

In particular

“4.27) Im(C ,9) = ker a0

By Yoneda®s lemma (0.15), ay is completely determined by the

element
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(4.28) TO = a0(S) (Is) = yn (S)(S.6) (1$) = YM(S)(e)

e D*((M,S)/P(M,S))

Next one can see how an almost split sequence is a particular

case of E(e) in (4.25).

One can identify D*((M,S)/P(M,S)) with the R-module consisting

of those elements T e D*(M,S) , which vanish on P(M,S)

Thus each T e D*((M,S)/P(M,S)) defines a map
aT : ( ,S) = D*(M, )

(by Yoneda®"s Lemma (0-15)). In particular Tg (4.28) defines

V » o

Using the commutativity of the diagram:

® D*(M,S)

> D*(M,X)

one sees that:

CaT (X)(F3(@) = CO*M, H(MI@ =T(fg) , Vg€ WX
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Thus

Ker aT(X) = {f e (X.S) :T(fg) =0, Vge (IMX}

Since T vanishes on P(WM,S) it is clear that P(X,S) s

Ker ay(X) or;in functorial terms, P( ,S) s Ker ap .

Now take T =T. (4.28) , M =S ; then:

Ker a0(X) = {f e (X.S) :TO(fg) =0,V g e (5, X)> =

={fe (XS) :fg € Ker TQ, V g £ (5-X)} = {f e (X,9):f(S,X) < Ker TO}

But f.(5,X) is a right ideal of End(S) . Thus

(4.29) Ker ag(X) = (fFe (X,S) : fg e maximal right ideal of

End(S) contained in Ker T , Vge (5X}

Now suppose S 1is indecomposable, take e e (S, NS) , and

construct E(e) as in (4.25).

Proposition (4.2) tells us that E(9) is almost split sequence

if and only if BM (= BS) is indecomposable and Ker aQ = R( ,S) , where:

(4.30) V X e modOA, R(X,S) = (f e (X,5):fg e rad End(S), V g e (5-X)}

From (4.29), (4.30) we have:
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Ker aQ = R( ,S)<=> (maximal right ideal of End S contained

in Ker Tﬂ) = rad End S

Since rad End S is the unique maximal right ideal of End S

(because S is indecomposable), this is equivalent to
TO+0 , TO(rad End S) =0

And BS is indecomposable if S is indecomposable non-projective

and the presentation (4.21) is minimal as we saw before.

Thus:

(4.31) Proposition: Let S e mod°A be indecomposable non-projective.
Take M =S , assume that (4.21) is minimal and let e e (S,NS) . Then
construct E(e) as in (4.25).

Then E(e) 1is almost split iff TQ = ys(S)(e) e D*((S,S)/P(S,S))

(see (4.28)) satisfies the conditions
(4.32) TafO0, T (rad End S) =0 . O

Remark: Since S 1is not projective, P(S,S) | End S . Thus
P(S,S) s rad End S < End S , so there exist an element T e D*(S,S) which
satisfy (4.32) and T(P(S,S)) =0 , so T e D*((S,S)/P(S,S)) . Since the
map YJ(S) (see 4.26) is surjective, there exists 9 e (S5,NS) such that

Te = (s)(9) -
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Chapter V : A "trace formula™ for TQ

81l. Introduction

As in 83 of [Gr 2], it is possible to present an explicit formula
for T. (4.28). But the method used to deduce this formula is very

different from that used in that paper.

We need to have in mind a few facts relative to separable algebras.

These are a particular case of Frobenius algebras:
Let K be a field.

A Frobenius algebra A is a finite dimensional K-algebra such

that fiA = D(Aa) (see CCR] pg-413).

It can be proved that this is equivalent to the existence of a non-

degenerate bilinear form:

(GAD) f:AXA-——— > K

such that f(ab,c) = f(a,bc) (CCR] pg-414, 415).

The following facts are taken from CCRD pg. 481 , 482:

Given a basis } of A let {bj,... bn) be a dual
basis with respect to f , 1i.e. such that f(a",bj) = vV 1,j=1,..,n
n
For each a e A we can consider the element c(a) = Tb. aa ,
11 1

which is in the center of A , C(A)
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Then we may consider the ideal of C(A)
5.2 r(Ad) = (c(a) : a e A} c C(h)

which is independent of f , and of the chosen basis {a.}, {b"} .

And one has the following characterization of separable algebras:

(5.3) Proposition (D.G. Higman): The K-algebra A is separable

iff A is a Frobenius algebra and r(A) = C(A) . a

Now we want an explicit formula for:

Te = (see (4.28))

where ym = «M o0 c*1 (see (4.18)).

Thus TO is the result of the following sequence of maps:

1
S,
(5.4 (5,3)( e?» (S.DdM) » D(dM /? S) < D*((M,S)/1m b (S))

=0 > ((p8s) ——>e(s)(p)) > 6(p) =T0O
6() 1is such that, for given h e (M)S) ,

6(y)(h+Im eM(S)) = F(y,h)

and f is given by:



- 155 -

f :D(M 8 S) x (M,S) ————- > | (injective cover of R/Rir)
A
@,h) - efy(EPi 8 Si)+A] =
=iz e(s)(p-) +A]

where s eS , p. :M=>»A , N eIN are such that:

(G5 eM® (1 p-as)=A

(see proposition (4.13)).

Therefore,
given h:M %S we must find N e N such that ttNh e Im B,(S)

and Pi edM , s. eS such that (5.5) is verified.

8§2. A projective endomorphism of M
The first question we have to answer 1is:

Given he (M,S) , find NeIN such that A e Im3M(©) ,

i.e. such that it h 1is a projective map (see (4.6)).

Observe that, since the set of projective maps P(M,S) forms an
ideal in the category mod°A (see (0.12)) it is enough to answer the

guestion:
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(5.6) Find N eIN such thgt r .1 is a projective endomorphism
of M

Recall that we are assuming that R, K, A A, satisfy the conditions

given in Chapter 1V, si. In particular A=Ra | ... IRa™ , where

{ai,...,a } is a K-basis of A , and A 1is a separable K-algebra,

with a non-degenerate associative bilinear form f:A x A K (see 5.1)).
Let (b.]----bn> be a dual basis of {a-],---,a } with respect to f .

Since A is separable, and 1 e C(A) , the center of A , proposition

(5.3) tells us that 1 e r(A) (5.2), thus

for some a e A

If ai =b” , then

Consider the element:

n
(.7 b= Z a 8a. eAB8A
-1 1 1 K
Since A OA =K(a 8 A) , there exists rn « R such that
K R u

(5-8)
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(Observe that it is enough to find

Now consider the map:

rQ:ro of. e A ,i

m A8A ————-— » A
K
such that X8y —-——- » X.Y
Denote also by m its restriction to A8 A :
R
6.9 m:A8 A-———- » A
R
Let
f A -—- »A 8 A
K
be such that 1 ——————- * b
n
Then mf(l) =m(z a. 8a.) =1, e. mf = 1A
1
Let fQ be the restriction of rQf to A :
(G.10) fQ = rQf : A—— *A8 A
R

Then
G.11) mfQ = rQ 1A

Now apply the functor

mFOQO) = m(rQf(x)) = rQ mf(x) = rQ x,

v Xe A,

-8M to (5.9):
A

1.e.
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5.12) p=m8L :-AS8
A7 R

p is clearly an epimorphism and A O M is projective. So this is a
R
projective presentation for M

Now applying the same functor - 8 M to (5.10) we get:

A
(5-13) w=fQ0IM M=AOM >AOAOH=AO0H
A A R A R
n
m(= 10m) > Z rfa. 0 a.m =
1 U1R 1
=r“bO0Om
A
and
pow= (m B IM) (FO E ~ = mfo % =r0 "™A8 =r0 M "

Thus rQ-IM = Pow , and so rQ IM factors through the projective

module A O M i.,e. r~ 1M is a projective endomorphism.
R u m

Then:

(5.14) Proposition: Let A be a finite dimensional separable

K-algebra, A an R-order in A such that A =R & 9...9 Ran for

some K-basis {&»... of A, a. ;ﬁ elements of A such that
n e
- v A
1= £ aiéi , and rg t R such that ro ai £ A, ViIi=1,...,n e
Then

V M e modOA , rQ «Im is a projective endomorphism of M . O
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(5.15) Remark: In the particular case we are considering we

N

can take rg = .u , where u 1is aunit in R, and NelINg .

83. The map SMQ)

The next proposition gives a way of finding an element t edv a M

A
such that Ban (M)(t) is a given element of P(M,M).
(5.16) Proposition: Let M e mod°A be such that
S PO
G.17) 0+H" + ®Ay. =P—- — >M O
i=l 1
is a projective presentation of M . Let g e P(M,M) , so g factors

through P , 1i.e. there exists w:M P o pQw = g.

Consider the following element t e dM 8 M

A
S
(5.18) t= 1 y. 8m
i-1 1 1
such that
(1) m = PO(yi) . i =1.-.-.s

@ y* edv is defined by

G199 w) = 'IS' ys(m).y. , VmeM
=l 1 1

Then

(G-20) Ba(W() = ¢
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Proof: Since P = ® Ay. 1is a direct sum, the expression

(5.19) makes sense and gives a definition for the maps u. f du = (M,AA)

s
Let me M . Then C8MQ) () I(M) = z umj.m” =

S S
= z ui(m).po(yi) = pQ( = pQ w(m) = g(m)

(See (4.4).) O

In particular we may consider the conditions of proposition (5.14),

that g = rQ.IM , and that we have a projective presentation as in (5.12)

S S
Suppose M = @® Rm. ; then =A8M=0a® 8m)
i=1 1 R 1 R 1
and P=A8M - >M —+0 is a projective presentation
R pO

of M with Pg@8m)=m. , 1 =1_._._S

Also
s
w(m) = z gp(m( 8 m.)
j=1 J J
But
w(m) = (fQ 8 IM)(m) = z rQ a. 8 a” (see (5.13)).
1=1 R

s
Let a™m =z r..(m).m. with r~im) eR
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Then w(m) = Ern (Eg. r..(m)) 8 m. =
Jj=l v 1=l 1 13 R J

= E r,( Ea r. .(mMHa 8m)
Jj=1 uvi=l 1 1 R J

Comparing these two expressions of w(m) we get

pm =ro ™ i rij(m) e
Thus :

(5.21) Proposition: Suppose conditions of proposition (5.14) are

verified. Let M =08 Rn. e mod®°A and suppose that a..m e M is given
j=1 3 1

by the expression
s

ag.m = jEIrJ'(m)'mJ with r,J,(m) eR .

S
Consider the element x= Ep.8m. edMBM, where u- is such that
j=1 J J A J

Wjtm) = rQ .~ 2. r.d(m
Then

gm(M)(t) - rQ 1m .
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Proof: 6M(M)QO(m) = z pH@m).m. =
i=

n LY S
[ERLNE RS AN 370 ek AIGE TTp =

=rQ fa-.a.-m =rQ 1.m=1rQm = rQ IM(M)

Using naturality of BM(X) in X , and given any S emod A ,

h € @S ,
b
dM 0 M @) = (M,M)
A's
z p.0m.
=1 J ro ~
dmsh M,h)
Zp» .0h(m))
=1 J 3 roh
dM 8 S M,S)
A bm (s)

we obtain BM(S)( z pj h(nij)) = rQh

Now we can return to the expression of TO (5.4) and take the

following conclusion:

(5.22) Theorem: Let R be a complete discrete rank 1 valuation

ring, with maximal ideal Re ; let K be the quotient field of R and
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A a separable f.d. K-algebra. Let A be an R-order such that

A=FRj ® ... ® Ran for some K-basis {a|,---», ¢ A, and

ay,---,8p elements of A such that 1
Let N eIN be such that r eA ,V 1=1,...,n

Let M e mod°A and suppose that M = © R m.
1 1

Let pJ. £ dH be given by

Ba. r . i=1,..,
a1 rlJ(m) j S

N
pj(m) T

where the r.jj(m) £ R are such that

s
a.m = Er..(m).m.
1 J=l 1 J

Let S e mod°A . Then:

Identifying D*((M,S)/P(M,S)) with the R-module consisting of those

T € D*(M,S) which vanish in P(M,S) , we have:

For each 6 £ (S,N\M), TQ = ym(S5)(6) £ D*(M,S) 1is given by:

(5.23) T () =C2? (ehmI)P.) +wr] , Vhe (MS . O
0 j=1 J J

Remark: (5.23) may be called a "Trace formula™ for T,U in parallel

with formula (3.11), pg. 18 of CGr.2].
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8. Case where A is symmetric

Now we assume that A 1is symmetric, 1i.e. the non-degenerate

associative, bilinear form f (see (5.1)) satisfies the condition:

f(a,b) = f(b,a) V a,b e A

(see CCRH pg-440).

Suppose also that T induces a non-degenerate R-integral form

in A .

Let A : A @K be such that

A(a) = f(a,l) =f(L,a)) , VacA

Then

A(ab) = f(ab,l) = f(a,b) V a,b e A

Since T induces a non-degenerate R-integral form in A

then AG.)c R, Vi6A . Sowe may consider

A - AR .
As in CGr. 21 pg.-22, for each X e mod°A consider the map

UX) - dX ---->DX

> Ag

«
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This is an isomorphism in mod°AQL3 :

In fact (Xg)(x) = 0,1/ xe X = f@ ,g(x)) =0,V x e X
= fL,g()) = f(l,ig(x)) = f(1,g(tx)) = o ,V i € Q
X e

= gxX) =0,YxeX=>g=0, so UOO is injective and

if hcDX |, let g : X + be such that x > h() . 10

Then

X@X)) = X(h@G)-1 ) = h(x)-X(IA) = h(xX) , thus U(X) 1is surjective.

Since, given t : X @Y X,Y e mod®°A the diagram

dX <--d- - dY
uix)l Ju(Y) commutes, U is a natural isomorphism
DX <----—- DY
Dt

between the functors d and D .
Then

W = DU gives a natural isomorphism between DN = Id and Dd =W
Remark: We see that BM (c.f. (4.24)) is rM , in this particular case.
Thus

(5.24) We) X —> NX

X -» @ &) Vged
is an isomorphism.

Then for every S e mod°A, one has the isomorphism (since S is



projective as R-module)

(S-WCH)

o > W) o* Vike (5,0

Now consider formula (5.23):
Let 9 e (S.NM) . Then 0 = WMpoi)> for some pe (S,M) .

Then , for all he (M,S)

etmidNCPI) = (WM o )Ch(mi)CPI) =
= WAD MmN CI) = EPPEED( hk)) by (5.24) .

Let

a.=Xp-e DM .
J pJ

Thus formula (5.23) gives the following,where we write W

instead of Tw(m)g+ :

1Uh) =[e 5i(@®h)@M.) + wNr] , Vhe (US)
* j=1 J J

Observe that 05 is such that

a,m = i B ry-mx@p



where r.J.e DM is such that

And
X(cL) = xib™a) = f(.. ,a) where {b..} 1is the basis dual

of 1iaj} with respect to f

Let a=a,|a,.+ ... taa ,
nn

Then

f(bi>a) f(bi,?,i\, oo+ cl;_ell + .. anan) =
“i f<ai’ai> = ai

Thus

X(af!j) is the coefficient of & , when a is written in terms

of the basis {a-|,--,a }
Therefore we have:

(5.25) Proposition: Let R, K, A, A =Rgj 0...® Ran verify

Suppose, further, that A 1is symmetric and

the conditions in (5.22).

fA xA K is a non-degenerate associative symmetric bilinear form

which induces a non-degenerate R-integral form in A
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Let {b;}

i=ipewn be the basis dual to {a-i}_i s wi th

respect to f . Let a e A be such that

1= 1 b aa

=l 1 1
and suppose that a = a™a® +...+ a™a" +...+ “nan « K, 1 =1,...n
Let NeIN be such that irv*.ae A Vi=1,..,n
S
Suppose M,S e modOA , where M =® Rm.
1 1

Let r.{é e DM be such that

a, m= _z r.,(m)m,
=1 U ™ J

1 J

and a‘.J e DM be such that
_ N -
a.(M =« . r..(ma. , VmeM ,j=1...,S.
J i=i U i

Then

Vac G,W , = Tw(m)o” ¢ D*((M,S)/P(M,S)) is given by

(5.26) U (D) = [j:zI 0, ((ah)(m)) + K]

Vhe (MS)
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85. Case where A is the group ring

Let G = ilg = xn> be a finite group of order n > 1 .

Suppose that R 1is a complete discrete rank 1 valuation ring
with maximal ideal P = (n) , such that the characteristic of its
field of fractions K does not divide n . Let n = LL-rrN where

u isaunit in R and Ne N .

IT the characteristic of the field of fractions K of R does

not divide n , by Maschke®s Theorem (see [CRM] pg.42), Kg is

semisimple, i.e. rad KG =0

Then KG 1is separable (see CCRM] Theorem 7.10, pg- 147).

(5.27) Example: If -+ 1is a fixed prime, consider the ring of
ir-adic integers 1i.e. the subring of Q consisting on all rational
numbers a/b such that f b . Let R be the "complete ring of

n-adic integers” (see CD] pg. 316, 317). Then K is an extension of

Q so has characteristic zero.
It is well-known that KG 1is a symmetric algebra, with

f - KG X KG - K

(Tax .1 bx) E a .b
XcG X XeG X Xy=i X y

Clearly f induces a non-degenerate R-integral form in A = RG
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Thus conditions of (5.25) are verified.

We can take (@ = xj.x",...xn> = {a"p n and then

{16 = X1 ,x2 *** xn } {Vi=l_...n *
Since 1 = - £ x.x N then a =-- 1,
IG I XeG [¢]]
Thus
a, =— , a, =0 =0
1 1G] 2 n

Since n=u.t® , N£ N iIs such that irvth.a e RG i

Then if M= 8 Rm. , let a. e DM be such that
i=l 1 3

o.(m) = TNr, -(m)
3 13 G1

where the r”~ are such that

Im= £ r, .(mM).m.
j=1 13 3
i.e. {r’lj'}Jzi____ s is a basis of DM dual to {mJ}
Thus
* ”N *

. . m.
1J 3 3 lgd 3
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Thus

Vhe S). U () =cE "N mx¢crhy(miy + imRr] =
* j=1 B J J

N s N
_L_TE (@hH(m.)) +* Rl =
Il =1 J J

N M
= — CTr(&h) + wiR] where Tr(4h) is the
[l

trace of the endomorphism <$h of M

Thus:

(5-28) Theorem: Let G be a finite group, R a complete
discrete rank 1 valuation ring with maximal ideal P = (n) , such
that the characteristic of its field of fractions K does not divide

IGl - Let NeN be such that |6] = iN.u (U 1is a unit in R). Let

S
M=®Rm. , Semod RG .
1

3
Then for each 4 e (S,M) , = Twma(]) e D*( (M,S)/P(M,S)) is given by
N N
(5.29) U(t) =- _ Cirxth) + *R] Vhe€ WS . O
* Ini

8 . Examples

We end this chapter by considering some examples of application of

theorem (5.28) to the construction of almost split sequences.
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O) Let p be a fixed prime.
Let R be a complete discrete valuation ring with maximal
ideal dR , such that p £ =R

Let G be a p-group with |G]= n = 11N.U> 1 where u 1is a

unit in R, and N elN .

Let rg - R , be the trivial RG-module i.e. R with the

action: if geG ., XE£R then gX = X .
R is an indecomposable non-projective RG-module (because n > 1)

Consider the following projective presentation of R

(5.30) 0 ~———>MR = -———> A = RG — ———=> R %0

where

e Lr x)= £ r 1is the augmentation map ([CRM], pg-189),
xeG X XeG X

i is the inclusion map and

nR =Kere={£ rx :t£r =0}= ® R(x-1)
xeG X X xeG-{I1}

Since G 1is a p-group, nR ¢ rad RG =nG + ( ® RX-1))
XeG-{1}

(CCRMI' pg-115), thus (5.30) is minimal.

Now we must find < c End™R such that:

w (EndRGR) * 0
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@ (rad EndRGR) * O

where is given by (5.29), i.e.

u® =- [Tr<Fh) + uNR] = u"1.CTr (¢h) + uNR]
’ Gl

V h e EndRGR =

Since EndR(R = {X.1R : X e R} , condition (1) is equivalent to
y 1r>+0

But lyip) = u_1CTr * + uNRD = u-1G&(1) + uNR] so U~({Ir) + O
iff <C@® i thR .

One has oR £ J(R) and R/uR is a division ring, so nR = J(R)

since EndRGR = R , rad EndR(R = R so condition (2) is equivalent to
y -y =0
But ("*1R) = U-1[IKG@) + iNR] = 0 iff *(1) e uN_1R .
N-1

Thus we may take $ = 1r

Now consider the pull-back diagram:

0 8 R(x-1) - + >RG e >R
xeG-U } .
1 1 s
I 1
(G.31) o~ 8 R(xx-1) ————- > > R

XeG-il> f 9
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with F={(r, 1 rXx) eRORG ]|V
xeG X

={1 rx |1l r emN"R} (since R 1is an integral domain)
XeG X X

=(C © R(x-1)) © ReN 1 .1
xeG-il}

Then (5.31) is an almost split sequence.

The middle term, F , 1is indecomposable. To show this we start

by proving the

(5.32) Lemma: Let a e KG and let pg:KG m KG denote the

"right multiplication by a" . Then

where

C=RuE, © ( z Rx) , with E
1 xeG-{I1}

Proof: The R-basis " ,x1 | xeG{1}} of F is a

K-basis for KG (where K 1is the field of fractions of R) , so

K8 F=Kc 0 F =KG
R RG

Therefore any RG-endomorphism of F can be extended to a KG-endomorph ism
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of KG . In other words:

EndRGF = {f|F:F-F f e EndKGKG and f(F) £ F}

It is well known that End,I KG = {p, - a t KG) = (KG)Op

a

(From now on, pdp will be written Py - if Fa £F) . Then:

EndR,,F = {pa : a e K6 and Fa £ F}

But

Fa £ F<=>baeF ,VbeF<=>baeR: and e(ba) e uN

(see definition of F) , VbeF .

Since e(ba) = e(b).e(a) and c(b) e N "R , then e(ba) £ ir"R

VbeF , iff e(@ eR

It is enough to consider the condition ba e RG whenever

an element of the basis of F .

Thus if a= ta .x, a e K , we must have:
xeG x X

= £uM™a xeRG<=ir"a eR, VxecG

xeG X X
and
VgeoG, (g-Da= £a (gxx) = £a , (y-9g') =
XSG yeG g .y
= f£fa_ly- £a .y= £ (a -a )y e RG <=> a -a eR ,Vg,yeoG

yeG g .y yeG y yeG g.y vy gey Yy
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Then: EndRQF = {pa : a e C} , where

. -1
xeGlx.xeKG i'l'lN ax 6 R and ax®ay e R >V x»y e 6>

@(.X eC . Then a = Ea.x+ E (@ -a,)x
xeG XeG * XeG-{L} X -~

Jof C , ax-ai cR and o &] = r* eR ,
U , 1

w.l (urj) = T rj with r =ur™ ,
xeG iJo X) m
X
_ XeG _
Let E, = n—, ry =28 _ a1 Then
=r, uEl + X .

Z ry's
XeG-{1} X

Conversely, given an element a with an expression of the form

(5.33), it is trivial to see that it belongs to C

Since the expression (5.33) of an element of C 1is unique, we

can wri te:
(5.3%) C=Ra«E ® (E Rx) . O
1 xeG-{1}
We also have:
(5.35) C 1is an R-order in KG with ¢« EMNx |x « G-{1}>

an R-basis.
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Observe that 1 e C has the following expression in terms of

this R-basis:

1=— (@rE)- £ X
* 1 xeG-{I1}

Since EndRgF 1is anti-isomorphic to C , to prove that F is
indecomposable it is enough to prove that C is local.

Let k be the residue field R/nR
(rg)C + o€ of C .

, and let J be the ideal

Then C/J is a k-algebra with basis
ix + JIx e G-{1}}

and multiplication given by

DY) =xy + I if x,y,xy e G-il>

D 1)) = - £ y+d), V x e G-il>
yeG-ill

Consider the k-algebra KkG/T where T = k( £ X)
xeG

It has the basis (x+T : x e G-{1}} and multiplication

DY) =xy + T if x.y.xy e G-{1>

CHD)X-14+T) = 14T = - £ y+D)
yeG-il)

Thus clearly

C/J = KG/T
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and this is a local algebra because kG 1is local and T s rad kG

(since zx = Z x-1) +

, and N f 0)
xeG xeG-{1>

?
Also Js rad C (since J ¢ iC £ rad C) so C/J local implies

C local.

Thus F is indecomposable.

(ii) Suppose R,G verify the conditions of (i) with G = <x>

a cyclic p-group of order n = tI:NU with Na 2 .

Then
F=(Vr~-1)) ®RaN_1.1 = RG(x-1) + RG uN 1
i-1

is indecomposable by (i) and non-projective (because N s 2)

Let y:(RG)2 —————- >F = R6(x-1') + RG uN 1 be such that
(1,0) » x-1
N-1
(0’1) =
Then
n-1 . n-l . n-1 . n-l N, s
y(za..x, zb.xJ)= zax (x-1)+ z w« b.xJ =
i=01 j=0 3 i=0 1 j=0 J
n-1 m_i r-1 M1 4
=z it b.+ z (@ ,a +uw b))X-1)
j=0 J i=l -1 1 1
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and

Now consider formula (5.29)

U (h) =CTr(4h) + iR ], V h e EndRAF

We know that

EndorF = {p jaeRuE, ® ( £ Rx)}
Kb a 1 ueG-{1}
n-1
where E, = —jr (t x1) (see (5.32))
1 w i=0

With respect to the basis {x’-1, uN 1 : i =1,... ,n-1} of

pr has matrix Y =/

*E1 AN

D/xn
and
px has matrix X -1 -1 -1 R A
1 0 O 0 0
0 1 0 0 o0
0 0 O 10
0 0 O 0 0

F
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Thus the elements of EndR(F are such that its matrix with

respect to the given basis of F is

(5-36) $=rN +r"2+...+r"X0-1 + sy (r*s e R)

Then
Tr i = Tr(r-|X) +...+ Tr(rn_-pn + Tr(sY) = sir
Thus
(5.37) « | Tr » . V 4 e EndRgF
Al so
n-1 . n-1 -«
rad(EndDrF) = rad C = (® R(x-1) 8 R)(RuE, 8 ( r Rx1))
Kb (ANTI) i=l i1

is R-generated by:

(1-1)4E1 = 0 , (xM)xJ , w2E1l , ¥ (i,j = 1,...,n-1) .

Then with respect to the same basis of F we can show that:
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p - . has matrix A. .=
(x-D)xJ 1J
and S R R |
o 1 0 O
(A, ) =0 Vij=1...nl .

has matrix

and Tr(Y)

p - has matrix

and Tr(;f) =0VvVj=1,...,n-1
Thus

(5-38) | Tr h V h e rad EndR(F .

1



Now suppose that with respect to the same basis of F

given by the matrix

N-2\
(5.39) $ = N-2

N-2

Vi
Then

[Tr(4 1F) + uNR] = O
Let h e rad EndRCF be given by

Then

<th has matrix 1

and

Tr(<th) = AN"2(hnl + hn2 +

Now observe that/

n/

e rad EndRGF , thus « I (hn§ + hn2 +

T

[hij]n*n

nN-2hnn
N-2.
- T nn

nN—Z.
net
N-L.

* 7 hnn
n»n

+ hnn-1 * 'mnnb

-f hnl -
nl nn
vh nl wh nn

...+ nhnn) by (5.38)
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Thus Tr@i>) e IrR

i.e. [Tr<fh) + tNR] =0 , V h e rad EndRgF

Now consider the pull-back diagram where p is given by (5.39):

n-1

0 ——=> ker y ————»RGJA— L-*F=i] R(x1-1) 9 rir™™ ————> 0
1o N1
(G.40) 0 ———>ker y L ————»F= 0 R(x -1) 9 Rir >0
i—1

Then (5.40) 1is an almost split sequence.
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