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Abstract Actuator Disks (AD) can provide characterizations of rotor wakes while reducing com-

putational expense associated with modeling the fully resolved blades. This work presents an

unsteady actuator disk method based on surface circulation distribution combined with empirical

data, blade element theory and rotor momentum theory. The nonuniform circulation distribution

accounts for 3D blade load effects, and in particular, tip loses. Numerical simulations were con-

ducted for the isolated pressure sensitive paint model rotor blade in hover and forward flight using

the HMB3 CFD solver of Glasgow University. Validation of CFD results in comparison with pub-

lished numerical data was performed in hover, for a range of blade pitch angles using fully turbulent

flow and the k-x SST model. In forward flight, the vortex structures predicted using the unsteady

actuator disk model showed configurations similar to the ones obtained using fully resolved rotor

blades. Despite the reduced grid cells number, the CFD results for AD models captured well the

main vortical structures around the rotor disk in comparison to the fully resolved cases.
� 2020 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is

an open access article under the CCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

CFD analyses for rotary wings with fully-resolved rotor blades
are still expensive and may not be necessary for certain studies,
like investigations of far-wakes of rotors, or rotor wake inter-
actions and wake encounters. In Ref. 1, it is noted, that despite

of significant progress CFD methods for fully resolved blades
simulation in wind turbine aerodynamics simple, inexpensive
methods are still actual in design and aeroelasticity applica-
tions. For example, Blade Element Momentum (BEM) theory
methods provide comprehensive tool for wind turbines, but

only under the simplest conditions: constant wind speed with
zero yaw error.2

More advanced approach occupying a fidelity space

between CFD methods for fully resolved blades simulation
and comprehensive methods are source-based methods, includ-
ing actuator lines and actuator disks, can provide characteriza-

tions of rotor wakes while reducing computational expense
associated with modeling the fully resolved blades.

For this reason, actuator models of rotors and pro-
pellers have their place in the tool-chain of engineering

http://crossmark.crossref.org/dialog/?doi=10.1016/j.cja.2020.03.021&domain=pdf
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Nomenclature

a free stream speed of sound

a1 lift curve slope
F rotor disk area
Cp pressure coefficient
CT rotor thrust coefficient

c blade section chord
Mx rolling moment
Mz pitching moment

Matip blade-tip Mach number
CnMa2tip normal force coefficient
N number of rotor blades

Dp disk loading (jump across the rotor disk surface)
Dpa average pressure disk loading
r blade radial position
R rotor radius

T rotor thrust
x; y; z axes of Cartesian coordinate system
x1; y1; z1 axes of skewed coordinate system

U tangential component of resultant rotor velocity
V forward rotor velocity
Vtip the blade tip speed

a incidence angle

ar rotor disk plane tilt angle, with respect to the flight

path
C rotor circulation
CB circulation corresponding to a single blade
C0 average circulation distribution

c circulation per length
d angle of vortex cylinder slope
h blade pitch angle

/ angle of resultant velocity at blade to reference
plane

l rotor advance ratio

k non-dimensional induced velocity
q density of air
r rotor solidity
w azimuth angle

X blade rotational speed, radians per second
AD Actuator Disk
CFD Computational Fluid Dynamics

HMB Helicopter Multi Block CFD solver
BET Blade Element Theory
RMT Rotor Momentum Theory

VBA Virtual Blades Actuator
PSP Pressure Sensitive Paint
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methods available to helicopter designers. An advantage of
the Actuator Disk (AD) models is easy implementation on
any computational mesh and low demand for computer
recourses.

Actuator-lines method3 is a variant of the actuator-blade
method whereby the blades are modeled by forces acting along
filaments sources lines. These body forces are typically derived

from a BEMmethod using tabulated airfoil data. To avoid dis-
continuities, each line’s loading is distributed over grid points
using a ‘‘regularization function” that spreads a sources influ-

ence at a distance away. Churchfield et al.4 presents recent
advances in the actuator-lines method and improved, higher
fidelity, actuator-line implementation.

Classic actuator disk models allow the use of steady-state
CFD, significantly reducing the required computer time and
memory. The actuator disk approximates the rotor using an
infinitely thin source of momentum modeled as a pressure

jump across the disk. Between fully resolved blades with
detailed CFD grids around them, and blade element momen-
tum models of rotors, actuator disks can reproduce rotor/body

interaction or rotor installation effects.
The momentum source is not affected by the presence of

other rotors or a fuselage. For this reason, the effect of the

rotor disk is simplified and the method, although computation-
ally efficient, can only be used for initial estimates of the fuse-
lage loads5–7 or wake interactions with certain parts of the

fuselage. The other restriction of this formulation is that is
valid only for trimmed conditions and only allows for time
averaged estimates of rotor-body interactions.

If needed, an AD can be converted to actuator line method,

and can be used to provide some wake structure in the rotor
near-field, as well as periodic, instead of averaged forcing on
other rotors or on fuselage parts.
In reality, the effect of blades on the fuselage is unsteady.
For this reason, the vortical structure of the flow around a
fuselage in rotor-body interaction is different than what is pre-
dicted by steady-state actuator-disk methods. This problem

can be partly solved using unsteady actuator disk models,8

popular for flows around propellers. The disk surface is
divided in the azimuthal direction, while a time-varied pressure

jump and a tangential velocity are specified.2,9 The flow
parameters are updated with respect to the azimuth angle at
each time step to simulate the unsteady flow effect induced

by the rotating blades. Unlike actuator line methods, the AD
approach does not require averaging of the source data to pre-
vent singularities. The unsteady AD approach was used in

Refs. 9,10 for simulation of rotor/fuselage interactions. In
Ref. 11 the AD method was established in order to calculate
the unsteady aerodynamic characteristics of a tilt-rotor in a
conversion mode.

For current time accurate implementation of the AD
method is a state of art problem requiring description of forces
distribution acting on the disc actuator surface. This requires

to determine the intensity of the AD sources intensity and then
to add the corresponding body forces to the Navier-Stokes
equations. Since no surface is needed in the grid, the position

of the sources can be changed without transformation of the
initial grid.

In addition, appropriate theory must be used to determine

the AD source intensity. In most published references the body
forces are typically derived from a BEM method that uses tab-
ulated airfoil data.2,9,12 This classic BEM method is based on
strip theory and requires corrections particularly near the

blade tip region, where tip loss effects are present. In Ref. 2,
it is noted that such correction can be applied using Prandtl’s
approach.13
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This paper adopts a different approach using AD to
approximate the wake structure of a rotor in hover or forward
flight. The AD implementation is similar to Lynch et al.2 and is

based on momentum sources. The advantage of this approach
is that it does not require significant rearrangement of the
CFD girds used for example for isolated fuselage

computations.
Most AD methods apply time-varied sources distributed on

the disc actuator surface in the form of a pressure jump. The

pressure jump can be localized at an ‘‘active” part of the actu-
ator disk where the blades are present. The extend of this ‘‘ac-
tive” part corresponds to the planform of a fully resolved
blade. In Refs. 10,11, such approach was termed unsteady Vir-

tual Blades Actuator (VBA) model.
For structured hexa-grids the implementation of the AD

disk models both special types of boundary conditions, and

embedding of body force terms in the Navier–Stokes equations
can be used. Using local grid refinement for structured hexa-
grid allows for efficient and accurate identification of the disk

area covered by the rotor blades, followed by the addition of a
momentum source.2

Although several AD models are available in the literature,

some nonuniform models have not been presented in any detail
before, and are given here as an alternative to existing AD
models. In this paper the pressure jump across the AD induced
by the blades is estimated using prescribed circulation distribu-

tions. The nonuniform circulation distribution accounts for
3D blade load effects, and in particular, tip loses.

The AD model is used here for simulations of rotor flow

wakes employing the Pressure Sensitive Paint (PSP) rotor14

and results are compared with computations with fully
resolved rotor blades. Results of the vortex structure visualiza-

tion show the rotor wake configuration similar to the fully
resolved rotor blades simulation in forward flight.

2. CFD flow solver and aerodynamic models

All calculations were performed using the parallel CFD solver
HMB314 (Helicopter Multi Block) solves the dimensionless 3D

Navier-Stokes equations in integral form using the Arbitrary
Lagrangian Eulerian (ALE) formulation for time-dependent
domains with moving boundaries:

S ¼ d

dt

Z
V tð Þ

WdVþ
Z
@V tð Þ

Fi Wð Þ � Fv Wð Þð Þ � ndS

where VðtÞ is the time dependent control volume, @VðtÞ its

boundary, W is the vector of the conservative variables

½q; qu; qv; qw; qE�T; and Fi and Fv are the inviscid and viscous
fluxes.

The viscous stress tensor is approximated in HMB3 using
the Boussinesq hypothesis,15 complemented by different

turbulence models including one equation models of the
Spalart-Allmaras family16,17 and two-equation models of
k-x family.18–20 Algebraic Reynolds stress models are also

available.
The Navier-Stokes equations are discretised on the multi-

block grid, using a cell-centered finite volume approach. A

curvilinear coordinate system is adopted to simplify the formu-
lation of the discretized terms, since body-conforming grids are
adopted. The system of equations to be solved is:
d

dt
Wi;j;kmi;j;k
� �þ Ri;j;k ¼ 0

where Wi;j;k is the vector of conserved variables in each cell,

mi;j;k denotes its volume and Ri;j;k represents the flux residual.

The upwind scheme proposed by Osher and
Chakravarthy21 is used to resolve the convective fluxes for its

robustness, accuracy and stability properties. The Monotone
Upstream-centered Schemes for Conservation Laws (MUSCL)
variable extrapolation method22 is employed in conjunction to

formally provide second-order accuracy. Van Albada et al.23 is
also applied to remove any spurious oscillations across shock
waves. The integration in time is performed with an implicit
dual-time method to achieve fast convergence. The linear sys-

tem is solved using a Krylov subspace algorithm, the gener-
alised conjugate gradient method, with a Block Incomplete
Lower-Upper (BILU) factorization as a pre-conditioner.24

Several low-Mach number schemes have been implemented
in HMB3 to limit the loss of accuracy and round-off errors
caused by the great disparity between convective and acoustic

wave speeds in low-speed flows. In this work, in particular, the
standard Roe scheme modified with the explicit low-Mach
method developed by Rieper25 has been used.

Boundary conditions are set by using ghost cells on the

exterior of the computational domain.

2.1. Actuator disk models based on circulation distribution

The implementation of the Actuator Disk concept requires the

addition of source terms to the momentum and energy equa-
tions to impose the pressure Dp across the rotor disk surface
F, depending on the rotor thrust coefficient CT, and on the

advance ratio l. The flow field around the blades is not
resolved and minimal computational cost is paid. If a uniform
model is considered, the pressure jump can be written as

Dp ¼ T

F
¼ const

or in non-dimensional form as:

Dp ¼ 2Dp

qV2
� CT

l2
ð1Þ

Hereq is the air density, V is the rotor velocity with respect

to the air, T is the rotor thrust, and l is rotor advance ratio

l ¼ Vcosar
Vtip

where Vtip ¼ XR is the blade tip speed,X is the rotor rotational

speed, R is the radius, and ar is the rotor disk plane tilt angle,

positive for forward tilt (for ar � 0
�

it can be accepted
cosar � 1Þ.

In forward flight the rotor load distribution is not uniform,
and an AD model should allow for the radial positionr on the

blade, and the azimuth angle w to be accounted for. A widely
accepted AD model, expresses the loading of a forward flying
rotor with a distribution of the form

Dp ¼ Dp0 þ Dp1ssin r;wð Þ þ Dp2scos r;wð Þ
where the coefficients Dp0, Dp1s and Dp2s depend on rotor
radius and solidity, rotor attitude, advance ratio, thrust coeffi-
cient, lift coefficient slope and free stream velocity.
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The AD models presented here are based on a surface cir-
culation distribution in combination with empirical data or
Blade Element Theory (BET) and Rotor Momentum Theory

(RMT). For a single blade, the lift per unit radial distance
can be written as26,27

dTB

dr
¼ qU r;wð ÞCB r;wð Þ ð2Þ

or for an N-bladed rotor

dT

dr
¼ N

dTB

dr
¼ qU r;wð ÞNCB r;wð Þ ¼ qU r;wð ÞC r;wð Þ ð3Þ

where CB r;wð Þ is the single blade circulation distribution,

C r;wð Þ ¼ NCB r;wð Þ is the total rotor circulation, and
U r;wð Þ ¼ Xrþ XRlsinw. Hence the local loading of the disk
surface can be written as

Dp r;wð Þ ¼ 1

2pr
qU r;wð ÞC r;wð Þ ð4Þ

or

Dp r;wð Þ ¼ 1

2pr
� dT
dr

The total thrust force averaged per a one blade revolution

T ¼ 1

2p

Z 2p

0

dw
Z R

0

dT

dr
dr

and this allows the rotor thrust coefficient to be estimated:

CT ¼ 1

X2R4p2

Z 2p

0

dw
Z R

0

U r;wð ÞC r;wð Þdr

¼ 2

qX2R4p

Z 2p

0

dw
Z R

0

Dp r;wð Þrdr

or

CT ¼ 1

X2R3p2

Z 2p

0

dw
Z 1

0

U r;wð ÞC r;wð Þdr

¼ 2

pqX2R2

Z 2p

0

dw
Z 1

0

Dp r;wð Þrdr ð5Þ

where r ¼ r
R
is the non-dimensional rotor radius. Using Eq. (4)

one can also determine the averaged local disk loading as

Dpa ¼
q

2p2R

Z 2p

0

dw
Z 1

0

U r;wð ÞC r;wð Þdr

¼ 1

p

Z 2p

0

dw
Z 1

0

Dp r;wð Þrdr ð6Þ

or

Dpa ¼
1

p

Z 2p

0

dw
Z 1

0

Dp r;wð Þrdr ¼ CT

l2
ð7Þ
2.2. Simplified disk circulation distribution (Model AD1)

For a main rotor disk, the simplified circulation distribution

can be accepted in the form28:

C wð Þ ¼ C0

1þ 3
2
l sinw

ð8Þ
The average circulation distribution C0 can be determined
by

Dpa ¼
T

pR2
¼ q

2p2R

Z 2p

0

dw
Z 1

0

U r;wð ÞC wð Þdr ð9Þ

Substitution of Eq. (8) into (9) and integration around the
azimuth and along the rotor radius, results for C0:

C0 ¼ 3pCTXR
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 9l2

p
2 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 9l2

p
� 1

� �
2.3. Disk circulation distribution with BET (Model AD2)

Based on the BET, a circulation estimate is given in28:

C r;wð Þ ¼ 1

2
NU r;wð Þa1ca

where a1 is the lift curve slope of the aerofoil section, c is the

blade chord, and a is the blade incidence angle

a ¼ h� /

Here / is the angle between the resultant velocity and the blade
reference plane and h is the blade pitch angle

h ¼ he rð Þ � h1sinw� h2cosw

where the angle he rð Þ is due to the blade twist. For the present
paper the linear blade twist is accepted: he rð Þ ¼ h0 þ htw r

R
: The

blade incidence maybe written as:

a ¼ h�UP

UT

The components UP and UT are

UP ¼ XR kþ blcoswð Þ þ Xr
db
dw

;UT � U

The inflow factor k is determined as

k � lar þ ki

to include the induction via ki as well as the disk tilt. The blade

flap angle (between blade location and the reference plane)
may be expressed as:

b ¼ b0 � b1sinw� b2cosw

Substitution to Eq. (5) allows for determination of the

thrust coefficient of the rotor:

CT ¼ a1r
2

h0 þ htw
2

� �
l2 � ar þ h1ð Þlþ 2h0

3
þ htw

2
� ki

	 

ð10Þ

where r ¼ Nc
pR is the rotor solidity. For a case htw ¼ h1 ¼ 0

�

from Eq. (10) it follows:

CT ¼ a1r
2

h0l
2 þ 2h0

3
� lar�ki

� �

which is similar to the formula, presented in the Ref. 29. For a
first approximation it can be accepted that

ki � 1

2

ffiffiffiffiffiffi
CT

p
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2.4. AD theory, based on a ‘‘typical” circulation distribution and
the vortex disk theory of main rotor (Model AD3)

Shaidakov’s AD model30 expresses the loading of a forward
flying rotor with a non-uniform Dp r;wð Þ distribution based
on the combination of the surface disk circulation with

RMT and BET.
The model accounts for blade tip offload, and for the rotor

reversed flow region, as well as, for the blade root cutout. Its

advantage is its efficiency and its ability to provide results with
no iterative methods. Application examples of Shaidakov’s
model can be found in Ref. 31. The model originates from

the theory of an ideal lifting rotor in incompressible flow
and it has been tuned for realism using flight tests data. A brief
description of the model in its first approximation is given
below.

2.4.1. Vortex disk theory of main rotor with constant disk load

An ideal lifting system is considered as an arbitrary plate Fwith
a constant disk load (Fig. 1).

The lifting system generates a set of closed vortex rings with
an elementary vortex circulationdCk. For a linear approxima-
tion, the vortex rings are an inclined cylinder. Thus, one end

part of cylinder (Section 1-1) is attached to the plane F, and
the second end part (Section 2-2) is located at an infinite dis-
tance. The y axis of the Cartesian coordinate system is directed

normally to the plate F, and the y1 axis (of a skewed coordinate
system) is directed along the cylinder axis. Circulation per
length of the y1 axis is determined as

c ¼ dCk

dy1
¼ const

Projections of the induced velocity vector on the y1 axis at

Sections 1-1 and 2-2 are determined as

v10 ¼ c
2
; v20 ¼ c ð11Þ

and outside of the cylinder the following conditions are set:

v10 ¼ v20 ¼ 0

The vortex velocity V10 at the Section 1-1 in the direction of
the y1 axis can be determined as

V10 ¼ v10signdþ Vcos ar þ dð Þ ð12Þ
Here V is the free stream velocity, and dis the angle of vor-

tex cylinder slope: d > 0 for the vortex set below the plate F.
According to Jukovsky’s theorem32 the normal (to F) ele-
mentary momentum contribution, per timedt, for elementary
circulation dCk, can be determined by:

dM ¼ qFdCk

Hence the thrust force is

T ¼ dM

dt
¼ qF

dCk

dt
ð13Þ

The distance dy1which the vortex ring can pass at the

Section 1-1 (see Fig. 1) can be determined as

dt ¼ dy1
V10

ð14Þ

Substituting Eqs. (10)–(12) and (14) to Eq. (13) yields:

T ¼ qFcV10 ¼ qFv20 v10signdþ Vcos ar þ dð Þ½ � ð15Þ
One can note here that expressions (11) and (15) can be

compared to similar expressions in Glauert’s theory. The con-

ditions (11) are similar to Glauert’s conditions for the disk in-
plane and far-field sections. However, in Shaidakov’s theory
the expressions (11) and (15) are written for the velocity vector

along the y1 axis, unlike Glauert’s theory, where the similar
conditions are formulated for the normal to the rotor disk
v10n and v20n components (see, for example, Padfield33):

v10n ¼ v02n;T ¼ 2qFv10nV10

In a general case, when the load (‘‘pressure jump” across

the disk surface) Dp on the lifting system surface is not con-
stant the plate F can be divided on a set of elementary plates
dF: In this case

Dp ¼ dT

dF

and from (15) it follows that:

Dp ¼ qcV10 ¼ qc
c
2
signdþ Vcos ar þ dð Þ

� �
ð16Þ

Solution the Eq. (16) for c yields the expression

c ¼ signd �Vcos ar þ dð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2cos2 ar þ dð Þ þ signd

2Dp
q

s" #

ð17Þ
while the normalized aerodynamic load can be determined as

Dp ¼ T

pR2
ð18Þ

Substituting Eq. (18) to Eq. (17) gives

c ¼ signd �Vcos ar þ dð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2cos2 ar þ dð Þ þ signd

2T

qpR2

s" #

or

c ¼ Vsignd �cos ar þ dð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 ar þ dð Þ þ signd

2T

qpR2V2

s" #

ð19Þ
One can define the normalized free stream velocityV and

the circulation c as:

V ¼ V

v1r
; c ¼ c

v1r



2318 G.N. BARAKOS et al.
where

v21r ¼
T

2qpR2
¼ CT

l2
� V

2

4
ð20Þ

Here CT ¼ 2T
qpR2X2R2 is the thrust coefficient. One can note

that for a cruise flight ar þ d � 0. In this case Eq. (19) can be
written as:

c
� ¼ V

�
signd �cos ar þ dð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 ar þ dð Þ þ signd

CT

l2

s" #
ð21Þ

For a cruise flight CT

l2 � 1, and hence

c
� ¼ V

�
signd �1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ signd

CT

l2

s" #
� V

� CT

2l2
¼ 2

V
�

The angle of vortex cylinder slope approximately can be

determined by the expression

d ¼ p
2
� tan�1 l

k

wherek is the rotor inflow ratio.

2.4.2. Normalized aerodynamic loads for a typical disk
circulation distribution

Expression (16) can be used for a more general case of a vari-
able c r;wð Þ distribution:

Dp r;wð Þ ¼ qc r;wð Þ c r;wð Þ
2

signdþ Vcos ar þ dð Þ
� �

ð22Þ

The function c r;wð Þ is the distribution of circulation on the
disk surface, and for a first approximation:

c r;wð Þ ¼ cr rð Þ þ cs rð Þsinw
where w is the azimuth angle of a considered point on the disk
surface. The distribution of averaged blade load cr can be writ-
ten as26:

cr rð Þ ¼ VAfr rð Þ ð23Þ
Here A is a constant, fr rð Þ ¼ r2 2� r2 � r4ð Þ. In Shaidakov’s
theory the expression for cr is determined for an admission

thatDp is a function of the disk radius only:

Dp r;wð Þ � Dp rð Þ, (or @Dp
@r

	 @Dp
@w ). Substituting Eq. (23) to Eq.

(22) and non-dimensionalization leads to

Dp rð Þ ¼ 2Dp rð Þ
qV2

¼ A2f
2

r rð Þ þ 2Afr rð Þcos ar þ dð Þ ð24Þ

The expression for constant A can be found from the inte-
gral condition (7):

1

p

Z 2p

0

dw
Z 1

0

Dp rð Þrdr � CT

l2

or

2

Z 1

0

Dp rð Þrdr � CT

l2
ð25Þ

Substituting Eq. (24) to Eq. (25) and after transformations
gives:
A ¼ � 175

88
cos ar þ dð Þ þ 175

88



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 ar þ dð Þ þ 12

5
� 88
175

CT

l2

s
ð26Þ

The expression for the functioncs rð Þ, that determines the

azimuthal load distribution, was taken to be of the form:

cs rð Þ ¼ VABlmfr rð Þ r�1 � 25

13
r

� �
ð27Þ

where B is a constant, lm ¼ lþ vxa= XRð Þ. Taking into account
Eq. (21), the average induced velocity vxa is estimated as
follows:

vxa ¼ V

4
�cos ar þ dð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 ar þ dð Þ þ sign dð ÞCT

l2

s" #
kd

where kd ¼ tan p
4
� dj j

2

� �
: In Shaidakov’s theory a B constant (in

Eq.(27)) is determined using the rotor parameters:

B ¼ 8lm 1þ k2d
� �þ a1rkd

1þ k2d
� �

4lm þ a1rkdð Þ
Here a1 is the lift coefficient slope andr is the rotor solidity.

2.5. AD theory, based on a ‘‘typical” circulation distribution and
disk surface averaged loading (model AD4)

2.5.1. Hover mode

In hover, expression (2) for the lift of a single blade, per the

unit radial distance can be written as

dTB

dr
¼ RqUH rð ÞCB rð Þ

and the lift per unit radial distance for the rotor as:

dT

dr
¼ N

dTB

dr
¼ RqUH rð ÞC rð Þ

where C rð Þ ¼ NCB rð Þ, UH rð Þ ¼ RXr: Hence the local load of a

disk element can be written as

Dp rð Þ ¼ q
UH rð Þ
2pRr

C rð Þ ð28Þ

The distributed disk load Dp rð Þ must satisfy condition (6):

Dpa ¼
1

p

Z 2p

0

dw
Z 1

0

Dp rð Þrdr ð29Þ

or

Dpa ¼ 2

Z 1

0

Dp rð Þrdr ð30Þ

In Heyson and Katzoff26, the circularly symmetric non-
uniform relative pressure distribution (‘‘typical load”) was pre-
sented in the form

cr rð Þ ¼ Dp rð Þ
Dpa

ð31Þ



Fig. 2 Gaussian contribution function for VBA model.
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From expressions (28) and (31) it follows that

Cr rð Þ ¼ Dp rð Þ2pRr
qUH rð Þ ¼ C0cr rð Þ ð32Þ

where

C0 ¼ 2pDpa
qX

Using Eq. (32) expression (30) can be rewritten as

Dpa ¼ 2

Z 1

0

qC0

2pR
UH rð Þcr rð Þdr

Hence the function cr rð Þ must satisfy the condition:

2

Z 1

0

cr rð Þrdr ¼ 1 ð33Þ

The function cr rð Þ can be approximated by a polynomial

cr rð Þ ¼ Cr2 2� r2 � r4
� � ð34Þ

and substituting Eq. (34) to Eq. (33) gives a constant C value:

C ¼ 12

5
ð35Þ
Fig. 3 Geometry of PSP model rotor with 60% taper and 30�
swept tip.36
2.5.2. Forward flight mode

In Heyson and Katzoff26, it is noted that the pressure distribu-
tion p rð Þ can be used for typical flight conditions including

rotors in forward flight. For arbitrary flight conditions the
non-uniform pressure distribution Dp r;wð Þ is determined by
expression (4). In the present work it is assumed that

C r;wð Þ ¼ Cr rð Þ þ Cs rð Þsinw ¼ C0 cr rð Þ þ cs rð Þsinwð Þ ð36Þ
where

Cs rð Þ ¼ C0cs rð Þ
Table 1 Meshing parameters for PSP rotor mesh.

Mode Fully resolved

Hover

Background mesh size (million of cells) 7.2

Blade mesh size (million of cells) 5.2

Overall mesh size (million of cells) 12.4 (1 blade)

Points along span 215

Points around aerofoil 252
Generalization of Eq. (31) yields

Dp r;wð Þ ¼ Dpar
�1 rþ lsinwð Þ cr rð Þ þ cs r; lð Þsinw½ � ð37Þ

It is evident that function cs r; lð Þ should satisfy the

condition

cs r; 0ð Þ ¼ 0 ð38Þ
In the present work, it is accepted that the function cs r; lð Þ

can be of the form:

cs r; lð Þ ¼ K lð Þcr rð Þr�1 1� S lð Þr2
� �

ð39Þ

To determine K lð Þ and S lð Þ two conditions are necessary.
The first condition is similar to expression (29), generalized for
the non-uniform disk load distribution:

Dpa ¼
1

p

Z 2p

0

dw
Z 1

0

Dp r;wð Þrdr ð40Þ

The second is a trimming condition for the rolling moment:

Mx ¼ R3

Z 2p

0

dw
Z 1

0

Dp r;wð Þsinwr2dr ¼ 0 ð41Þ

Expressions (40) and (41) after substituting Eqs. (34) and
(39) yield the system of equations

�S lð Þ
2

þ 7

5

� �
¼ 0;

K lð Þ
2

þ l
2
� 13K lð ÞS lð Þ

50
¼ 0

Solution of this system gives for non-uniform pressure
distribution:

S lð Þ ¼ 14

5
;K lð Þ ¼ 125

57
l ð42Þ

So, cr rð Þ and cs r; lð Þ can be written as:
AD mesh

FF Hover FF

20 13.5 9

11.6 N/A N/A

31.6 (4 blades) 13.5 (4 blades) 9 (4 blades)

145 N/A N/A

270 N/A N/A



Fig. 4 Computational domain and boundary conditions

employed and topology of PSP rotor blocking.

Fig. 5 Computational domain, multi-block topology and a

section of CFD mesh for AD computations.

2320 G.N. BARAKOS et al.
cr rð Þ ¼ 12

5
r2 2� r2 � r4
� �

cs r; lð Þ ¼ 125

57
lcr rð Þr�1 1� 14

5
r2

� �
ð43Þ

Expressions (37), (43) provide the disk load distribution.

Expression (37) can be generalized to take into account a
cosine cyclic component for the disk circulation distribution.
To achieve this, Eq. (37) is rewritten in the following form:

Dp r;wð Þ¼Dpa
r

rþlsinwð Þ cr rð Þþ cs r;lð Þsinwþ cc r;lð Þcos 2wð Þ½ �
ð44Þ

where cr rð Þ and cs r; lð Þ are determined by Eq. (43). For the

function cc r; lð Þ the following structure is assumed:

cc r; lð Þ ¼ K lð Þcr rð Þ 1�W lð Þr2� � ð45Þ
Computations show, that to satisfy condition (41) (Mx ¼ 0)

the function W lð Þ should be:

W lð Þ ¼ 25

13

Then, the condition for the pitching moment

Mz ¼ �R3

Z 2p

0

dw
Z 1

0

Dp r;wð Þcoswr2dr ¼ 0 ð46Þ
and Eq. (41) is satisfied automatically.
So, to determine the actuator disk load from Eq. (44) the

functions cr rð Þ, cs r; lð Þ, and cc r; lð Þ can be written as:

cr rð Þ ¼ Cr2 2� r2 � r4
� �

cs r; lð Þ ¼ K lð Þcr rð Þr�1 1� Sr2
� �

cc r; lð Þ ¼ K lð Þcr rð Þ 1�Wr2
� �

where

C ¼ 12

5
;K lð Þ ¼ 125

57
l;W ¼ 25

13

Experimentation with symbolic algebra suggested that
reducing the value of W to 16/13 and changing the functional
form of K lð Þ to be

K lð Þ ¼ 250l
3 15lþ 38ð Þ ð47Þ

resulted in better load distribution on the rotor disk, and again
the Mx, and Mz moments were maintained to zero. This
slightly better formulation was used for the results in this

paper.

3. VBA model implementation

To introduce the effect of the rotating blades and to describe in
more detail the rotor wake, the VBA model has been imple-
mented in HMB3. For embedding of the AD models the local
refinement of the grid cells using is accomplished using an

additional grid splitting at a place of the disc localization.
The virtual blades loading is distributed on the available grid
cells. This allows for minimization of CPU time for determina-

tion of grid cells participating in a process of disk load distri-



Fig. 6 Visualization of hovering rotor flow using with the Q-

criterion at symmetry plane section and location of vortex cores

compared with the Kocurek & Tangler42 model.

Fig. 7 FoM for PSP model rotor at blade-tip Mach number of

0.585.

Table 2 Computational cases for AD and CFD models.

Parameter Low thrust High thrust

CT 0.008 0.016

Matip 0.585 0.585

Ma1 0.2 0.2

ar (�) 6.0 6.0

h0:75 (�) 6.117 10.560

h1s (�) 4.536 8.956

h1c (�) �2.558 �4.732

b0 (�) 2.206 3.346

b1s (�) �0.501 �1.171

b1c (�) �0.252 �0.917
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bution according to the virtual blade current azimuth. A Gaus-
sian function gis used to shape the rotor load on the computa-
tional cells that belongs to the virtual blade. The source term

f r;wð Þ in the momentum equation in this case is therefore in
the form

f r;wð Þ ¼
XNc

i¼1

AiDp r;wð Þ
jAj ffiffiffipp

r
gi

where Nc is the number of cells belonging to the actuator disk,

Ai the cell area and Dp r;wð Þ is the pressure jump of the actua-
tor disk from AD theory. The solidity r of the virtual rotor is
determined assuming that the planform of the blades is trian-

gular until half of the rotor radius, to avoid root problems, and
rectangular afterwards. The contribution of the Gaussian dis-
tribution g (see Fig. 2 as an example) of each blade to the con-

sidered CFD cell of the AD is defined as

gi ¼ exp � sij j2
�2

 !

where N is the number of blades, � is the blade’s mean aerody-
namic chord and jsij is the arc between the cell center and the
actuator line.
To guarantee that the total thrust is the same of the corre-
sponding steady AD, the factor jAj is used to normalise the

source term at each time step:

Aj j ¼
XNc

i¼1

Ai

Thus, the cell distribution on the grid does not influence the
global load of the rotor disk. Weighting in this way the effect

of each point of the actuator disk, the presence of the blades is
accounted for.

4. Numerical simulation of PSP rotor aerodynamics

To demonstrate the AD models presented in the previous
paragraphs the isolated PSP model rotor blade is used with

the HMB3 CFD solver34 of Glasgow University.

4.1. PSP rotor geometry

The four-bladed PSP rotor has an aspect ratio (R=c) of 12.2
and a nominal twist of �14�. The main characteristics of the
rotor blades are summarized in Table 1. The blade planform

has been generated using three radial stations. First, the RC
(4)-12 aerofoil was used up to 65%R. Then, the RC(4)-10 aero-
foil from 70%R to 80%R. Finally, the RC(6)-08 aerofoil was



Fig. 8 Rotor disk air loads normal force Ma2tip coefficients in forward flight at advance ratio l = 0.35, CT = 0.008 (left column), and

CT = 0.016 (right column) for different AD models and fully resolved blades.
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used from 85%R to the tip. The aerodynamic characteristics of
these aerofoils can be found in Refs. 35,36. The planform of

the PSP model rotor has a 60% tapered and 30� swept tip
and the details on the blade radial twist and the chord distribu-
tions are shown in Fig. 3.
4.2. PSP rotor mesh

For the blades, a C-topology around the leading edge of the
blade was selected, whereas an H-topology was employed at
the trailing edge.37 For hover computations, only a quarter



Fig. 8 (continued)
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of the computational domain was meshed, assuming periodic
conditions for the flow field in the azimuthal direction. This
assumption is valid if the wake generated by the rotor is

assumed periodic and the blades do not experience stall. The
Fig. 9 AD3 and AD4 models compared to fully-resolved blades

for the CnMa2tip coefficients in forward flight at advance ratio

l = 0.35, CT = 0.016.
multi-block structured grid for the PSP rotor in forward flight
has a total of 31.6 million cells with 1968 blocks, with 20 mil-
lion and 11.6 million cells for the background and body-fitted

grids, respectively. A hub is also included in the computational
domain and modeled as a generic ellipsoidal surface. A view of
the computational domain along with the employed boundary

conditions for hover is given in Fig. 4.
The size of the employed computational domain and the

multi-block mesh topology for AD simulations are presented
in Fig. 5. The domain is similar in dimensions to what was

used for the fully resolved rotor. The multi-block structured
grid for the AD model in forward flight had a total of 9 million
cells with 63 blocks and 13.5 million cells in hover. The multi-

block structure in hover mode was adjusted for reproducing of
the rotor tip vortex wake.

The meshing parameters for the PSP mesh rotor blade

along with the grids used for hover and Forward Flight (FF)
cases are shown in Table 1.

4.3. Test conditions and computations

In hover, the PSP blade was simulated at the blade-tip Mach
number of 0.585. As a means to validate the PSP technique
for rotor blades in hover, Wong et al.38 and Watkins et al.39



Fig. 10 Wake-visualisation of PSP rotor in forward flight at

advance ratio l= 0.35 and CT = 0.008 using Q-criterion (value

of 0.002) for different rotor blades models.

Fig. 11 Wake-visualisation of PSP rotor in forward flight at

advance ratio l = 0.35 and CT = 0.016 using Q-criterion (value

of 0.002) for different rotor blades models.
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measured Cp at two radial stations at blade-tip Mach number

of 0.585 on the PSP rotor blades, which were installed on the
modified ROtor BOdy Interaction fuselage (ROBIN Mod7).
Recently Overmeyer and Martin40 extended this hover tests,

measuring integrated blade loads for free and fixed transition
and transition locations using the same conditions in the same
facility (rotor test cell at the NASA Langley Research Center

14 ft 
 22 ft Subsonic Wind Tunnel). This hover condition is
simulated here in Out-of-Ground Effect (OGE) conditions
for six blade pitch angles. Moreover, the effect of turbulence

models on the integrated loads is also evaluated at fixed blade
pitch angle (h75 = 12�). The Reynolds number, based on the
reference blade chord cref of 5.45 inches and on the blade-tip
speed, was 1.05 
 106.
Fig. 6 presents simulation results after 4 revolutions in
hover for the AD3 model at blade-tip Mach number of
0.585, and CT = 0.016. Fig. 6(a) shows visualization of the

flow field using the Q-criterion41 at the symmetry plane. The
location of the tip vortex cores at different flow sections is pre-
sented in Fig. 6(b) in comparison to the Kocurek and Tan-

gler’s42 model. The comparison suggests that the Kocurek
and Tangler’s model agrees with simulation results especially
for the early wake age.

The PSP main rotor was also simulated at forward flight.34

Flight test data for forward flight was acquired by Wong
et al.43 at the 14 ft 
 22 ft subsonic tunnel at the NASA Lan-
gley Research Center on the General Rotor Model System



Fig. 12 Vorticity at 3 planes behind PSP rotor in forward flight at advance ratio l= 0.35 and CT = 0.008 for the resolved (left column)

and AD3 (right column) models.
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(GRMS) test stand.44 The rotor advance ratio was l ¼ 0:35,
and the free stream Mach number was 0.2. To meet the target

thrust coefficient (blade loading coefficients CT of 0:008 and
0:016) while having zero roll and pitch moments, a matrix
trimming method is used in HMB,14 based on the BET for

computing the elements of the sensitivity matrix. The flow
solutions were computed solving the URANS equations, cou-
pled with Menter’s19 k� x SST turbulence model. The

employed time step corresponds to 0.25� in the azimuthal
direction and was based on experience gained with previous
rotor computations in forward flight.45

Fig. 7 shows the variation of Figure of Merit (FoM) vs the

blade loading coefficient, at six blade pitch angles, covering
low, medium, and high thrust. Comparison with experimental
data (opened squares) by Overmeyer and Martin40 for the

fixed-transition, 5%c, upper and lower (Run 156) and
momentum-based estimates of the FoM (dashed lines) are also
included. For the momentum-theory estimation, and induced

power factor ki of 1.15 and overall profile drag coefficient
CD0 of 0.01 were selected. The presented solutions agree very
well with published solutions from several sources including
Wong46 who used the unstructured solver FUN3D and the

Spalart-Allmaras16 turbulence model, Vieira et al.47 who
employed commercial CFD, and Jain48 who used the OVER-
FLOW solver. Note that the experiments reported here do

not correspond to an isolated PSP rotor, and were obtained
with a helicopter fuselage in place. Therefore some degree of
discrepancy on the air loads is expected.
Ref. 49 shows in detail the numerical simulation results for
the PSP and other rotors in hover and forward flight.

4.4. Comparison of simulation results for AD and resolved CFD

models

The parameters of the AD pressure jump simulation for differ-
ent AD models and for fully resolved blades simulation are
presented in Table 2.

For the AD2 model a blade without twist was considered.

Fig. 8 shows the normal force CnMa2tip on the rotor disk of

the PSP for different AD models in comparison to the CFD
simulation result for fully-resolved blades. The Mach scaled

normal force coefficient was estimated according to:

CnMa2tip ¼
2

Nqa2c
� dT
dr

¼ 2rDp r;wð Þ
r

CT Matip
� �2 ð48Þ

Abrupt reductions of these values in Fig. 8(e) (blue area)
are found at the Advancing Blade Side (ABS) region
(90�< w < 180�) due to high speed and low blade incidence.

Fig. 8(d) corresponding to the AD4 model also reveals a small
area of low normal force at the ABS region. However, the ABS
region is still not matching the results with fully resolved

blades.

Detailed comparison of the AD3 and AD4 models CnMa2tip
and CFD with resolved blades is presented in Fig. 9. As shown
the AD4 model is a good approximation of the CFD simula-
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tion results, with only slight under-prediction of the loads near
the tip of the blade.

One can propose that the under-predicted loads near the

blade tip follow from the accepted in the present work expres-
sion (23) for the cr rð Þ distribution.26 To improve the AD
method accuracy one can correct the cr rð Þ polynomial based

on experimental and CFD investigations results.
Visualization of the flow fields of the PSP rotor with fully

resolved and virtual blades using the Q-criterion is presented

in Figs. 10 and 11. Indicative results are shown here for two
VBA models, including the uniform pressure jump distribution
and the AD3 model. In the present research the area of the vir-
tual blades corresponds to the planform area of the resolved

blades.
The CFD results for both AD models capture well the main

flow structures near and far of the rotor disk compared to the

fully resolved blades case. One can note a different near-field
vortex shape for the uniform and non-uniform VBA models.
This is due to the more loaded (virtual) blade tip part and

underloaded middle part. The tip vortex core size for the uni-
form AD load is also predicted slightly smaller than for the
non-uniform AD3 model.

To further show the differences and similarities between the

employed models, the vorticity field is used. Fig. 12 shows (for
low thrust case) comparisons between the resolved blades and
the unsteady AD for 3 planes at 0.5R, 1.0R and 1.5R.
Fig. 13 Vorticity at 3 planes behind PSP rotor in forward flight at ad

and AD3 (right column) models.
Although the results do not fully agree (as expected due to
the differences in the fidelity of the methods) a similar range
of values is seen for vorticity, several of the vortical structures

are at similar locations. The lack of any thickness of the AD,
and the lack of the exact loading and planform of the blade are
the main reasons behind any differences. Nevertheless, at 1.0R

behind the rotor, the wakes are not too dissimilar in overall
structure and magnitude and the results of the AD method
can be seen as a first approximation to a complex flow field.

Much the same way, comparisons for the high thrust case
of the PSP blade can be seen in Fig. 13. Again vorticity is used
and the resolved blades are compared with the unsteady AD
model. The main differences are concentrated on the extend

of the vortical structures. So close to the rotor, the wake is
not yet configured as a disk with two tip vortices. The distribu-
tion of the blade load using the Gaussian law and the assumed

blade shape of the AD method obviously play a key role. Nev-
ertheless, given the efficiency of the method this is something
to be tolerated. The AD even in unsteady mode requires fewer

grid points and for the PSP computations savings in CPU time
approach 100%. For the considered AD mesh taking a revolu-
tion with 360 iterations 72 h are consumed by using 24 proces-

sors compared to 192 h by 72 processors for the fully resolved
blades rotor. Clearly the AD method is an approximation but
it can provide interesting results for first approximations to
flows with rotor wakes.
vance ratio l = 0.35 and CT = 0.016 for the resolved (left column)



CFD simulation of helicopter rotor flow 2327
5. Conclusions

The AD approach was applied to flows around helicopter
main rotors. Several actuator disk formulations were consid-

ered with uniform and non-uniform disk loadings. The non-
uniform ADs were based on prescribed disk circulation distri-
butions (including blade element theory). Simulations with

fully resolved blades were compared to unsteady AD imple-
mentations, to allow resolution of the unsteady rotor wake.
Despite the reduced grid cells number, the CFD results for
AD models captured well the main vortical structures around

the rotor disk in comparison to the fully resolved cases. These
AD models can be used for studies of the flow wake or for sim-
ple studies of rotor installation effects. Efforts to deliver

trimmed ADs suitable for dynamic computations are currently
underway.
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