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Abstract

This paper is concerned with the bifurcation analysis of a pressurized electroelas-
tic spherical shell with compliant electrodes on its inner and outer boundaries. The
theory of small incremental electroelastic deformations superimposed on a radially
finitely deformed electroelastic thick-walled spherical shell is used to determine those
underlying configurations for which the superimposed deformations do not maintain
the perfect spherical shape of the shell. Specifically, axisymmetric bifurcations are
analyzed, and results are obtained for three different electroelastic energy functions,
namely electroelastic counterparts of the neo-Hookean, Gent and Ogden elastic en-
ergy functions. For the neo-Hookean energy function it was reported previously that
for the purely mechanical case axisymmetric bifurcations are possible under exter-
nal pressure only, no bifurcation solutions being possible for internally pressurized
spherical shells. In the case of an electroelastic neo-Hookean model bifurcation un-
der internal pressure becomes possible when the potential difference between the
electrodes exceeds a certain value, which depends on the ratio of inner to outer unde-
formed radii. Results obtained for the three classes of model are significantly different
and are illustrated for a range of fixed values of the potential difference. Although of
less practical significance, results are also shown for fixed charges, and these are both
different between the models and different from the case of fixed potential difference.



1 Introduction

In the purely elastic context the problem of bifurcation of a thick-walled spherical elas-
tic shell under internal pressure was examined in [1] and further results were obtained
more recently in [2] for different elastic models, including details for the case of external
pressure. In this paper we provide a bifurcation analysis for which the spherical shape is
not maintained for an electroelastic thick-walled spherical shell with compliant electrodes
on its spherical boundaries under internal and/or external pressure and with a potential
difference applied across the electrodes. We start by considering a spherically symmetric
underlying configuration of a spherical shell, a basic problem that was considered previ-
ously in [3]; see also [4]. We use some of the results and notation from these latter works
and then we develop a bifurcation analysis along similar lines to that adopted for a thick-
walled electroelastic cylinder in [5] and [6]. We note that for an electro-active thin-walled
polymeric spherical shell the snap-through instability associated with an increase in the
radius of the sphere, with the spherical shape maintained, was examined in [7].

In Sections 2 and 3 the required general equations of electroelasticity and their incre-
mental counterparts are summarized. Next, the equations governing the basic spherically
symmetric deformation of a thick-walled spherical shell subjected to an internal or external
pressure and a radial electric field are provided in Section 4. This is followed by the lengthy
Section 5 in which the equations governing axisymmetric incremental deformations super-
imposed on the spherically symmetric underlying deformation and the associated bound-
ary conditions are derived without restriction on the form of the electroelastic constitutive
model.

Then, in Section 6, the general equations are specialized for a particular class of con-
stitutive models with a view to numerical computations and illustration of the resulting
solutions of the governing equations and boundary conditions. Within the considered class
three specific models are examined — electroelastic extensions of the purely elastic neo-
Hookean, Gent [8] and Ogden 3-term [9] models. For each of these models numerical results
are produced which detail the dependence of the inner radius of the shell (as measured by
the azimuthal stretch on the inner spherical boundary) on the aspect ratio (i.e. the ratio
of inner to outer undeformed radius) of the shell for which bifurcation becomes possible.
Curves for different fixed values of the potential difference between flexible electrodes on
the inner and outer boundaries are shown along with the zero pressure curves, which show
which parts of the bifurcation curves require inner or outer pressure. Also shown, out of
general interest, are corresponding curves for which fixed values of the charge are specified
instead of the potential difference, although it is recognized that applying a fixed charge
on the inner boundary of a spherical shell is not an easy practical proposition.

The paper finishes with a short concluding discussion in Section 7.



2 Basic formulation of nonlinear electroelasticity

We focus on a continuous material body capable of finite deformations and consisting of a
dielectric elastic material. We suppose that it occupies a stress-free reference configuration
B., with boundary 0B, in the absence of mechanical loads and electric fields. When an
electric field and mechanical loads are applied a deformation is induced and the body then
occupies a new configuration, denoted B, with boundary 0B. Material points in B, are
identified by their position vectors X, while their images in the deformed configuration B
are denoted by their position vectors x. The deformation from B, to B is described by the
vector field x, which relates the position of a particle in the reference configuration to the
position of the same particle in the current configuration: x = x(X).

The deformation gradient tensor is given by F = Gradyx, where Grad is the gradient
operator with respect to X. Along with the deformation gradient we shall use the right
and left Cauchy—Green deformation tensors, respectively defined by

C=F'F, b=FF. (1)

Attention will be restricted to incompressible materials, so that, for each X, the con-
straint

detF =1 (2)

must be satisfied.

2.1 Electrostatics, equilibrium and boundary conditions

When restricted to the purely static context, which is the case here, the relevant reduced
forms of Maxwell’s equations for a dielectric material are

curlE =0, divD =0, (3)

where E denotes the electric field vector, D is the electric displacement vector in the
configuration B, and the operators curl and div are defined with respect to x. Outside the
material body an electric field is in general generated, and the electric and displacement
fields there are denoted E* and D*, respectively. They are simply related by D* = g¢qE*,
where gq is the vacuum permittivity, and they also satisfy equations (3).

The related standard boundary conditions are

(E*—E)xn=0, (D*-D)-n=o0¢ on 0B, (4)

where n is the unit outward normal to 0B and oy is the free surface charge per unit area
of 0B.

Let 7 denote the total Cauchy stress tensor, which, by incorporating electric body
forces, is symmetric when there are no intrinsic mechanical couples, as is the assumption
here. Then, in the absence of mechanical body forces the mechanical equilibrium equation
can be written simply as

divr =0, (5)



with 7 depending on the deformation and electric (or electric displacement) field through
a constitutive law, which will be discussed in Section 2.3.
We write the traction boundary condition associated with (5) as

™ =t,+t;, on 0B, (6)

where 0B; is the part of the boundary where the mechanical traction, denoted t,, is pre-
scribed, while there is an additional mechanical traction, denoted t} = 7 n, generated by
the external field, 7} being the so-called Maxwell stress tensor defined by

1
'Tr; = SOE* X E* — §€0<E* . E*)I, (7)

and I is the identity tensor.

2.2 Lagrangian formulation

The Lagrangian forms of the electric field vectors are defined by
E, =F'E, D, =F'D, (8)

the latter being specific for an incompressible material. They satisfy the counterparts of
equations (3) in the reference configuration, i.e.

CurlE;, =0, DivDp =0, 9)

where the operators Curl and Div are defined with respect to X.
The Lagrangian counterpart of the equilibrium equation (5) is expressed in terms of
the total nominal stress tensor T, which, for an incompressible material, is defined by

T=F'r, (10)

analogously to the definition of the nominal stress tensor of nonlinear pure elasticity (see,
for example, [10]). This yields the Lagrangian form of (5), namely

DivT = 0. (11)

To obtain the associated traction boundary condition analogous to that in (6) we use
the connection

nds = TTNdS, (12)

which is based on Nanson’s formula nds = F~'NdS (for an incompressible material),
where ds and dS are infinitesimal area elements on 0B and 0B,, respectively, and n and
N are the corresponding outward unit normals to these areas. Equation (6) is then trans-
formed to

TN =t +t}, on 0By, (13)
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where 0B, is the pre-image of 0B, ty and t}; = Tﬁ/ITN are the mechanical traction and
the Maxwell traction, respectively, per unit area of 9B,, with the definition Ty; = F~17*.
On use of Nanson’s formula and the definitions in (8) the boundary conditions (4)

translate to Lagrangian form as
(F'TE* —E)xN=0, (F'D*-Dy)-N=or on 0B, (14)

where o is the free surface charge per unit area of 9B,.

2.3 Material properties described by constitutive equations

To describe the constitutive properties of the considered material we introduce the total
(electromechanical) energy density function, denoted Q* and defined in [11], depending
on the independent variables F and Dy. From this the total stress tensor T and the
Lagrangian electric field Ey, are obtained as

o0

p ) L aDLa ( )

where p is a Lagrange multiplier necessitated by the constraint (2).

We now restrict attention to isotropic electroelastic materials, so that 2* depends on
F and Dy, through invariants of the right Cauchy-Green deformation tensor C, which, for
an incompressible material, are typically taken to be

1
L =trC, I,= 5[(tr(})2 —tr(C?)], (16)
I, =Dy -Dy, I;=Dy-(CDy), Is=D-(C?Dy). (17)

Now, by regarding €2* as a function of the invariants and expanding the formulas in
(15) in terms of the derivatives of Q* with respect to the invariants, we obtain, on use of
(10) and (8);, the total stress 7 and electric field E as [11]

T = 2Qib + 2Q5(I1b — b?) — pI + 20D ® D + 20;(D ® bD + bD ® D), (18)

E=2(Q%b '+ %I+ Qib)D, (19)

where 2 is shorthand for 0Q*/01;, i = 1,2,4,5,6, and we recall that b is the left Cauchy—
Green tensor defined in (1),.

3 Incremental analysis

We now move on to derive the incremental equations that govern the incremental defor-
mations and electric displacements that are superimposed on a deformed configuration in
which there is a prevailing electric field. For a more detailed account of this general theory
we refer to the formulation presented originally in [13] and summarized in [4].

bt



3.1 Incremental Maxwell and equilibrium equations

An increment in a variable is a small change in that variable, so that resulting equations are
linearized in the independent increments. Increments are here identified by a superimposed
dot on the basic counterpart of the considered variable. For example, x is the increment in
the displacement, F = Gradx is the corresponding increment in the deformation gradient
and DL is the increment in the independent variable Dy,. The increments EL, DL, T satisfy
the incremental governing equations

CurlEp, =0, DivD, =0, DivI =0 (20)

without the need for linearization. The increments D* and E* in the exterior field vectors
are connected by D* = ¢gE* and satisfy the equations

curlE* = 0, divD* = 0. (21)

For ease of subsequent analysis we now introduce the push-forward from B, to B (or up-
dated) versions of the increments in EL, DL and T which, for an incompressible material,
are defined by

Eo=F"E,, D;,=FD;, T,=FT, (22)

the updated quantities being distinguished by a zero subscript. These are the incremental
counterparts of (8) and (10), which convert Lagrangian to Eulerian variables.
The governing equations (20) are then updated to

curlEy = 0, divDyy =0, divT, = 0. (23)
These are coupled with the incremental incompressibility constraint, which has the form
trL = diva = 0, (24)

where L = FF~' = gradu, with u(x) = %(x '(x)) being the Eulerian version of the
displacement x.

With the usual summation convention for repeated indices j and &k from 1 to 3 we now
write (23)3 in the component form

Toji + Tojier - e + Torjei-ejp =0 i=1,2.3, (25)

with respect to a curvilinear coordinate system with orthonormal basis vectors ey, e, es,
where a subscript j following a comma represents the derivative associated with the jth
curvilinear coordinate. In Section 5 these component equations will be made explicit for
the required specialization to spherical polar coordinates.



3.1.1 Incremental boundary conditions
The incremental form of the boundary condition (13) is

TIN=t,+#F 'N-rF'F'F TN on 0B, (26)
where 7% is the incremental Maxwell stress, which, from (7), is expressed as

7 = g[B* @ E* + E* @ B* — (E* - E")I). (27)

m

The corresponding incremental forms of the two boundary conditions in (14) are

(FTE* +FTE* —E)xN=0 on 0B, (28)

and ) ) )
(F'D*-~F 'FF'D*-Dy)-N=6r on JB. (29)

On updating, these incremental boundary conditions become
TIn=ty+7n—7L™n on 0B, (30)
and ) )

(E*+L'E* ~E) xn=0 on 0B, (31)
(D* —LD* —Dyg)-n=dp, on 9B. (32)

3.2 Incremental constitutive equations

On taking the increments of the constitutive equations in (15) we obtain, on linearizing in
the increments F and Dy, of the independent variables,

T=AF+ADy +pF'FF! —pF!, B =A"TF + A'Dy, (33)

where A", A*, A", respectively fourth-, third- and second-oder tensors, denote electroelastic
moduli associated with the total energy 2* whose component forms are written
0?0 0% 0%
0ifi = 3 s it = 3m a0 Pes = 3p A (34)
O0F,,0F;3 0F;,0D1 5 0D1,,0D\ 5

The vertical bar in the component form of A* separates the first two and the third indices,
which are associated, respectively, with a second-order tensor, and a vector.

The component forms of equations (33) are

Toi = Al Fip + AbysDis + pFoyl FegFot — LY, Bra = Al Fis + AlgDig,  (35)
where F;! is defined as (F~!),;. Note that the tensor A* maps a vector into a second-order

tensor, while its transpose maps a second-order tensor into a vector. In components we
* _ T
then have A7, 5 = (A™") /0.



For an isotropic electroelastic material with €2* expressed in terms of the invariants I,,,,
m € {1,2,4,5,6}, the components in (34) expand out as

ol,, 01 01
i3] ZZ mnaEaaijﬁ_'_Z naEaaF]57 (36)
meZL nel ne’l
6 6
ol,, 0I 0%1
wil8 = = ) g (37)
18 %%nez 0Dy OF;, g: OF;,0D1 5
A* QF 38
af ;4 ; mn 8DL GDLB nz ”8DLQ8DL5 (38)

where Z is the index set {1,2,5,6}, Qf = 9Q*/0I,, and Q, = 0*Q*/0I,,01I,, with m,n €
{1,2,4,5,6}. Expressions for the derivatives of the invariants with respect to F and Dy,
required herein are given in [4], to which we refer for details.

On updating the incremental constitutive equations (33) become

Ty = AL +ADio+pL — pI, Ero = AL + A:Dyy, (39)

where A, Aj, Aj are the updated versions of A”*, A*, A*. In component form the updated
electroelastic moduli tensors are related to the tensors (34) by

* 1
Ek)jilk:FjaFlﬁAziﬁkv AUjiUc_F F Aaz\ﬁ? Ag

0i5 —

=F'F 1A35, (40)
which have the symmetries
szlk AOZk]z? Ek)z]|k = Ek]ji|k7 ASZ] = AS]Z (41)
We note, in addition, for later reference, the connection
Abjiske — Abijse = (Tjs + Pjs)0ir. — (Tis + Pdis)dji, (42)
given in [13].

At this point the energy function Q* in the above formulas is completely general in the
case of isotropy, but will be specialized later in Section 6.

4 The basic spherically symmetric configuration

4.1 Geometry and radial deformation

The reference geometry of a spherical shell can be conveniently described by spherical polar
coordinates R, ©, ¢, with

0<A<R<B, 0<O©<m 0<®<2r, (43)



where A and B are the internal and external radii. Assuming that the spherical symmetry
is maintained during the deformation, the deformed configuration is described in terms of
spherical polar coordinates r, 6, ¢ as

a<r<b 0<60<m 0<o¢<2m, (44)

where a and b are the internal and external radii in the deformed configuration.
Since the material is incompressible the deformation is defined by

r=(R+a*— A3 0=0, ¢=27. (45)

The resulting deformation gradient with respect to the spherical polar coordinate axes is
diagonal, and the associated principal stretches Ay and )\, corresponding to the 6 and ¢
directions are equal and henceforth denoted A, which is given by

A=r1/R. (46)

By incompressibility the principal stretch corresponding to the radial direction is there-
fore A\, = A\72. Using (45); we write

3 A3\ 1/3
A:L:O+a A) | (47)

R3

and by defining the circumferential stretches at the inner boundary as A\, = a/A we obtain
the connection
3 A%
A _1:ﬁ()‘a_1>' (48)
Evaluating the previous relation at R = B and defining A\, = b/ B we obtain the connection
between the stretches at the inner and outer boundaries:

W—mz(gfuﬁﬂy (19)

Since B/A > 1 we conclude that under inflation A\, > A > A, > 1 and under compression
1>M>A> A\,
In terms of A the invariants I; and [y are simply

=24+ L= 42272 (50)

4.2 Electric field and boundary conditions

For the considered spherical geometry the radial electric displacement D, is the only non-
zero component and depends only on r so that equation (3); reduces to

d, , B
5(7“ D,)=0. (51)



Henceforth we write D = D(r) instead of D,. Thus,
72D = a*D(a) = b*D(b) = constant. (52)

We now consider that flexible electrodes are affixed to the inner, R = A, and outer,
R = B, spherical boundaries of the shell. When a potential difference is applied across
the electrodes equal and opposite charges appear on them and by Gauss’s theorem there
is then no field in the (free) space outside the shell, so that D* = 0 and E* = 0. Then,
from the boundary condition (4)s,

D(a) = 0ta, D(b) = —op, (53)

where o¢, and oy, are the free surface charge densities on the deformed boundaries » = a and
r = b. If we denote by @), and @), the total charges on these boundaries then Q, + Q) = 0

e Q Q Q _ Q
a b 2 a b
— = D=—"—=——. 54
ez T e T 47 47 (54)
Since the deformation gradient is diagonal and the only component of D is the radial
component it follows from equation (19) that the only non-zero component of the electric

field E is the radial component E,., which is henceforth denoted E, and from (19) we have

Otq =

E=2(U\ + QF + QA D. (55)

With the connection Dy, = F~'D from (8), reducing to Dy, = A?D the invariants defined
in (17) specialize to

L,=XND?*=D} I;=D>=)\"L, Is=\"*D*=\"%I,. (56)

We also note from (8); that E = \2Fy,.

Because of the spherical symmetry (no dependence on either 6 or ¢) the equation
curlE = 0 is satisfied automatically. This also has the solution E = —grad), where V
is the electrostatic potential. In the present case this reduces to £ = —dV/dr with V
a function of r only. It follows, on reference to (54)s, that the connection between the
potential difference across r = a and r = b, with magnitude V', and @), is embodied in the
formula

b
V=2 / (A + QF + QA YD dr. (57)

4.3 Stress components and equilibrium

From (18) we obtain the non-zero components of the total Cauchy stress, namely
Tor = 205N AN — p + 205 D? + 4N 1D,

Too = Tpp = 29{)\2 + 293()\4 + /\_2) — P. (58)
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Recognizing that the invariants (50) and (56) are functions of two independent variables A
and I, we introduce the reduced energy function w*(\, I) defined by

CU*()\7I4) - Q*(-[l)]27]47[5716)7 (59)

where, on the right-hand side, the invariants are specialized according to (50) and (56).
This allows us to write

o™ *
Tog — Ty = % E—onp (60)

oI,

where w} denotes the derivative dw* /0.
Because of the spherical symmetry the equilibrium equation divr = 0 reduces to

dry

T

in which we have used (60). As there is no field outside the shell then, according to (7), the

Maxwell stress is zero, and we take the mechanical load to consist of an internal pressure

P, applied to the surface at = a and external pressure P, applied to the surface at
r = b. Thus, the traction boundary conditions have the form

= 2(Tpg — Trr) = AWJ, (61)

Top=—Py, on r=a, 7.,=-—PFP, on r=5b. (62)

Integration of (61) and application of the boundary conditions (62) yields
b
d
P =Py~ Py = / At (63)
u T

wherein P is defined as the difference between the internal and external pressures. Noting
that b depends on a since b = (B* + a®> — A3)'/3, this gives P as a function of a and Q,,
since Iy = Q%/167*R".

The formula (57) now simplifies to

0ly

which again provides a connection between V and @),.

b *
V:2/ M par, (64)

5 Bifurcation analysis

In the present setting we use spherical polar coordinates 6, ¢, r with the corresponding
unit basis vectors e;, ey, e3. Note the order of spherical polar coordinates, used here
for consistency with [1] in the purely elastic context. The derivatives in (25) denoted
by subscripts with commas (-) 5 can now be specified as (1/7)0(-)/00, (1/rsin®@)0(-)/0¢,
J(+)/0r for k = 1,2, 3, respectively. For spherical polar coordinates the only non-zero scalar
products e; - ;, in (25) are given by

-1 -1
—€3:€11 = —€3:€290 =€1:€31 =€3-€32 =1 , €1:€290 = —€3-€12 = —T cot 6. (65)
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5.1 Axisymmetric bifurcations

The increment u = X in the position vector x at a point in the spherically symmetric
configuration is now written
u = uie; + uses + uses, (66)

where, for axisymmetric bifurcations, on which we focus here, u; and uz are independent
of ¢ and uy = 0. Therefore, the components of L on the basis e;, e;, e3 can be calculated
as

(us +urg)/r 0 (e
[Lij] = 0 (ug +uycot@)/r 0 |, (67)
(usp —ur)/r 0 U,y

where subscripts 6, r following a comma correspond to partial derivatives.
For an incompressible material, from (24), we then have

L11 + L22 + L33 = 2U3 + Ui.e + uq cot 0 + TU3,r = 0. (68)

The incompressibility condition (68) is satisfied if we define u; and ug in terms of function

(0, 1) such that
1 Oy 1 Oy
_ r - - 69
“ rsind or’ T 12sing 06 (69)
The governing equation (23), has the same structure as divu = 0 and hence, similarly
to (69), we introduce the function (6, r) such that

. 1 o 1 o
Do L 0¥ -1 ® 70
Hot rsing ar’ " r2sin6 o6 (70)
For i = 1 and i = 3 the incremental equilibrium equation (25) gives
T011,1 + T021,2 + T031,3 + 2r Mgy + 7 Mg + 7 eot 9(T011 — T022) =0, (71)

T013,1 + T023,2 + To33,3 + 2r 33 + 77 cot B Tpys — Tﬁl(Tou + T022) =0, (72)

while for ©+ = 2 the equation is satisfied identically because of the axial symmetry.
For the present case the remaining governing equation (23); reduces to

' 0Fuy 0B
Eror+r ar - 50 0. (73)

For the considered underlying deformation the deformation gradient has diagonal com-
ponents with respect to the chosen axes, and with the electric displacement field purely
radial the required values of the electroelastic moduli tensors Ajg, Af, Aj can be obtained
from the general expressions given in [4] or [6]. The underlying spherical symmetry al-
lows us to set Afjj1; = Afpssg, Ajaass = Abigs and Agy 3 = Afyy; while the symmetry

12



Af = Afyy), follows from (41). Using these symmetries, together with (68), the compo-
nents of the constitutive equation (39); are given as

Toi1 = (Agiin — Avriae +p)Lur + (Agriss — Adi122) Las — P+ Agy1j3Dros,

(74)

T022 = (Apr122 — Abi111 — ) Lan + (Ajiizs — -481111 —p)Laz —p+ A2;11|:),DL037 (75)

Toss = (Abasss — Aorizs + ) Lss — P+ Agsg i3 Dros, (76)

Tois = AjizizLar + (Afizs + ) Lis + Agizn Dror, (77)

Tos1 = Agziz1Las + (Agizsr + ) Lar + Agizj Dror, (78)
where the pairwise symmetry Af; ;5 = Afs3; has been used, and from (39), we have

Eror = Ajign (a1 + Lis) + Ay Dror, (79)

Ero3 = (A333|3 - A811\3)L33 + A833DL03~ (80)

On substituting the expressions (74)—(78) into (71) and (72) and using (68) we obtain

P = [1(Agizzr +P') + Agizzr + Agizis + -’4311/22 — Agna) (uzo — wr) )
+ (Abisa + Abriss — A311_11)7“U3,r0 + (TA(>53131 + 2A33131)T“Lr + Apsizi” Urr
+ TASU\SDLOB,(? + TA813\1DL01 + 7’2A3/13|1DL01 + TZASKSHDLOLT + 2rA813|1DL017 (81)

and

2 = [r(Abssss — Aopiss +P') — 3A51351 + Abizis + Adrios )
— 4AG1133 + 2A03333 + Agninlrus, + (A63333. — Abiss1 — A3;133)7’ us,rr
+ Agiz13(Us,00 + us g cot 0 + 2uz) + Agys; (rDroie + 7 cot 6 Dpor)
+ 72A3g3|3DL03 + A333\3(7"2DL03,7* +2rDros) — 2rAgyy 3 Dvos, (82)

where a prime denotes differentiation with respect to r.
Also, equation (73) gives

( 813|1 + AE<)11|3 - A833\3)U3,r9 + ASBHTULW + AEk)/13u<u3,9 — Uy + U )
+A511(Dror + rDror,r) + 7AG Dror — Agss Dros,e = 0. (83)

It is now convenient to introduce the simplified notations

. * _ * * * * _ *
a=Agz3 20 = A5 + Avszzs — 2401133 — 2A01331, ¢ = Agzisns
o * _ * _ * * *
d= A013|1 = Ao31|1: € = Rozziz — Ao13)1 — Lo11)3s
_ * _ * _ * * * *
f=Ao1 9=~Au3 h=Agss + Agziz + Aoiize — Ao (84)

and to note from (42) that A 55, + 0 = Afg131 — T33-
Then, by differentiating py from (81) with respect to r and p, from (82) with respect
to 6, then eliminating the terms in p and using (69) and (70), we obtain the governing

13



equation

0 rrr 4 20020 1009 + @0 900 + 217 1 — 2a cOt 00 ggg — 2b cOt 1 11

+2(16" — 2b)70 g9 + [+ 4b — rh — 4rb + P75, — r2c” + (4 + 3cot® 0)a)p.e

+(4b — 2rb) cot Orp .o + (12" — 2rd + r1jy — h)rip,,

+[4rb + rh' — 4b — h + r*c" — P75 — a(3 cot® 6 + 5)] cot Oy 4

— (212" — 2rd — 1?7y 4 rThy + TR — 2R,

+er?y g0 — € cot 0r°1 g + driih ppy + 2(rd + d)r* ) + 1€+ d)1ib g

+(r?d" + 2rd — 2d)r*y, — r*( +d')cot Opy =0 (85)

in terms of functions ¢ and . Note the connections

7oy = 2(a — ), 171y =2(ra' —rd —a+c), (86)

which can be obtained from (42) and (61).
Similarly, from (83) we obtain the second governing equation

d7“3%0,rrr + erY o0 + (Td/ - Zd)TZ@,rr —ecotOrp g — (Td/ + 2€)p,09 — 2(7”d/ —d)rp,
+(rd 4 2€) cot 0 g + [T, + gribgg + 7 f'1%), — gcotOrpy =0 (87)

relating ¢ and .

5.1.1 Boundary conditions

We now specialize the boundary condition (30) for the present case in which the electric
field is generated by a potential difference across the electrodes and there is no field outside
the material. We have

) ) P.L™ — P.n onr=a
Tin=t4=< " N 88
0 A0 {PoutLTn — Pyn onr=>o, (88)

where Py, and P, are prescribed constants.
Using (78), the connection Ags131 — Ao1331 = 733 + p obtained from (42), and the values
of the stress at the boundaries given in (62), we obtain

c(ruy, +ugg —up) + drDigy =0 on r=a,b. (89)

Using (76), (42), (68) and (62) we obtain

. . , . —P, onr=a
(Absazs — Abiiss + Aozizr — Aoissi)uz,r — P+ A033\3DL03 = : (90)
—P, onr=nb.
The remaining component of (88) is satisfied automatically.
In terms of ¢ and ¢ the boundary condition (89) becomes
c(r*0 e — Qoo +cotpg —2rp,) +dr*p, =0 on r=a,b. (91)
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In (90) we differentiate with respect to 6 and use (81) to eliminate py, and then in terms
of ¢ and ¥ we obtain the boundary condition

cr?’go,rrr + (2b+ )rp o9 — (1 —r7hs +4b+ h +2¢)p g9 — (2b+ ¢) cot O rp 0 + rc’rzgoM
+ (rd — 743 +4b+ h + 2¢) cotOp g — (2rd — r755 + h)ro,
+ dr*y . + (e + d)ripgg + (rd + 2d)r*, — (e +d) cotOripg =0 on 7 =a,b. (92)

The electric boundary condition (31) reduces to
Eipn=0 on r=a,b, (93)
which can be rewritten as
d(1*¢ o — g0 + cot O g — 2r,) + fre, =0 on r=a,b. (94)

The combination of (91) and (94) allows these two boundary conditions to be simplified
to
720 — 009 +cOt0pg —2rp, =0, ,=0 on r=a,b (95)

provided cf — d? # 0, which is certainly the case for the particular models used later and
it is therefore reasonable to impose this condition.
The boundary condition (32), which reduces to

. y —b
Droz = { orop OB T ’ (96)

OF0a onr =a,

where opq, and g, are the increments of the free surface charges op4 and opp, respectively,
measured per unit deformed area. This condition merely determines the values of Dyos
on the two boundaries when the incremental potential difference is specified, so the only
incremental electric boundary condition needed in this case is (93).

5.1.2 Form of solution

To arrange for the equations to be consistent with those in [1] in the purely elastic situation
we write

1, . d 1 . d
p=— fulr) SmQEPn(cos 0), o= —Egn(r)st@Pn(cos 9), (97)

where P, (cos#) is the Legendre polynomial of degree n and m = n(n + 1).
Using the standard identity

2

d d
@Pn(cos 6) + cot G@Pn(cos 0) +n(n+1)P,(cosf) =0 (98)

15



and (97) the governing equations (85) and (87) reduce to

er* {7 4 2(de + v ) 1 4 [10rd + 72 + 12¢ + 174y — (2mb + h)|r? £

+ [6r¢ + 3r7hy 4 2r°" 4+ rP7fy — 2(2mb + h) — r(2mb + W)|rf!

+ (m —2)(r*c" — r*1f + rh — h +ma) f, + dr*g +2(d +rd)rg!

+ (—me + r*d" + 2rd — 2d)gl, — m(e’ + d')g, = 0, (99)

dr* f)' + (rd +Ad)r fi] + (2rd' —me) [, + (m = 2)d o + fgp + ['g, — mggn/r® = 0, (100)

respectively.
The boundary conditions (95) and (92) become

T2f7’l’—|—2rf7ll—|—(m—2)fn:(), g;:() on r=a,b, (101)
and

cr® fI + (rd + 6e)r® f!! + [2rd +r7hy — h —m(2b+ ¢) + 6 £,
+(m —=2)(rd —r75s + h) fr +drg + (2d +rd)g, — m(e + d)g,/r =0 on r=a,b.
(102)

Equation (100) provides an expression for g/, which is substituted into the boundary
condition (102), and by differentiating (100) with respect to r we obtain an expression for
gr' which is used in (99) along with the expression for g//. Then, following the procedure

used in [6], the equations are arranged as a first-order system in the form
y = My, (103)

where y = (y1, Y2, Y3, Y1, Y5, Y6), With y1 = fu,¥2 = Y1, Y3 = Y2, Y1 = Y3, Y5 = Gn, Yo = Y5, a
prime indicates differentiation with respect to r, and M is the 6 x 6 matrix

0 1 0 0 0 0 ]
o 0 1 0 0 O
O o0 o 1 0 0
M = , 104
My Myg Myz Myy Mys Myg (104)

0O 0 O 0 0 1
| Mgy Moo Moz Mes Mes Mg |

whose non-zero elements My;, i € {1,...,6}, are quite lengthy and therefore listed in
Appendix A, while Mg;, i € {1,...,6}, are given by

Mg = —(m —=2)d'/f, Mgy = (me—2rd)/f, Mg = —(rd +4d)r/f,
M64 = —dTQ/f, M65 - mg/(rzf), M66 == —f//f (].05)

The corresponding boundary conditions (101); 2 and (102) become, respectively,
6
(m—2)y1 +2ry2 +1%3 =0, ys=0, » biyi=0 on r=a,b, (106)
i=1
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where the coefficients b;, i € {1,...,6}, are given by

by = (m —2)(rd — rrhg +h —rdd /),

by = r[2rc + r7iy — h — 2mb — mc + 6¢ + d(me — 2rd')/ f],

by = r’[rc +6c — d(rd +4d)/f], bs=r’(cf—d*)/f,

bs = —m(e+d—gd/f)/r, bs=rd +2d~rdf'/]. (107)

6 Application to specific energy functions

The equations derived thus far are valid for any form of isotropic electroelastic model, but
to illustrate the theory it is necessary to consider specific forms of energy function. For this
purpose we now restrict attention to standard models that depend only on the invariants
I; and I5 in the form

1
O (1, Is) = W(I) + 55—115, (108)

where W (1) is the strain energy of a purely elastic material in the absence of an electric
field and the constant ¢ is the electric permittivity of the electroelastic material.

The particular forms of W (I;) that we consider here are the neo-Hookean and the Gent
[8] models given by

1 uG
W(l) = 5#(]1 —3), W(h)= —710g[1 — (I = 3)/G], (109)

respectively, where the constant p is the shear modulus in the reference configuration and
(G is a non-dimensional material constant, known as the Gent constant.

Since, for equibiaxial deformations, I; = 2A? + A\™* we may also consider W (I;) as
a function of A, which we denote by W()), so that W(\) = W([) = W(2A2 + A ™9),
O JON = 4(A — 2\ 79),

N A2 AW
Wil SR 6Wi A TEE (A +5)(A6 T (110)
)\SW/// )\QW// )\W/
64W A2 = —— — 3(\° +5) + 3(A'2 + 20\ + 15) (111)

o1y ooy

provide the connections between the derivatives of W (I;) and W ()) that are needed sub-
sequently.

An example of W()) comes from the model introduced in [9] and known as the Ogden
model, which, for equibiaxial deformations, has the form

N
W) =D (X% + A7 = 3) /ay, (112)
n=1
where N =1,2,..., and u, and «,, are material constants.
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By specializing the general results given in [4] to models of the type (108) the compo-
nents of A, Aj, A take on the simple forms

Abpiqi = AWi1bipbjq + 2W10;50pq + e '6;;D,D,,
bpilg = € (OpgDi +0igDp), AGy; =710y, (113)
and for the considered equibiaxial deformations the formulas (84) simplify to
a=2WiN 20 =4W; (A = X2 420 (A2 + A1) + 71D
c=2WAxt4+e'D? d=e=¢'D, f=g=¢' h=0, (114)
where D = D3. For the neo-Hookean model a, b, ¢ specialize to
a=p\, 2b=a+c, c=p\t+e1D? (115)

while d, e, f, g, h are unchanged. For the Gent model W; and W7, are given in Appendix
A, and for the model (112) are obtained on use of (110).

We also note that when the formula (57) for the potential difference is specialized for
the model (108) it yields

(b-a) __,Qub-a)

V =¢taD
ga(a)b 847? ab

(116)

6.1 Non-dimensionalization and numerical results

For numerical purposes we now rewrite the governing equations and the boundary condi-
tions in non-dimensional form. The dimensions of the expressions (69) and (97),, (70) and
(97)2 suggest the non-dimensionalizations functions f,(7) and §,(7) defined by

i = 220 ) = 20 (117)

where 7 = r /A, and we also adopt the non-dimensional parameters

610 = 01/ VEE. Q= Qu/UrA2E), V= V/(AVif), (118)

with the connections

Niota=Q, V =[1/A — A/(BM))Q, (119)
the latter obtained from (116) and the definitions A\, = a/A, A\, = b/ B.
The dimensionless forms of the variables ¥y, ..., ys are taken to be
D7) = Fu(P), 9a(F) = fo(7), s(F) = f(F),
9a(F) = £ (), 5(7) = Gn(P),  G6(7) = Gp(7), (120)

where the prime represents differentiation with respect to the argument 7. The total
Cauchy stress 7 and the updated electroelastic moduli tensors are non-dimensionalized
according to

F=1/p, Ay = A/ Aj=Aje/on, A=A (121)
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6.1.1 Results for the neo-Hookean model

First we note that for the neo-Hookean electroelastic material the pressure P (in dimen-
sionless form P/pu) is given by

Aa — N

C1Q7 [\ - A(A/B)]
2NN '

2 AL

Pl = AN + (A + A2+ A2)] (122)

This formula was given in [4] in a slightly different form and can be obtained from (63)
with (59) and (108).

For the initial calculations we used the numerical scheme described in [5] and obtained
values of A\, and ), for which bifurcation first becomes possible and the associated mode
numbers and values of the dimensionless pressure. The results of the calculations for the
purely elastic case (Q = 0) are given in Table 1. The final column in Table 1 provides the
corresponding results for A, given in [1]. Clearly, our calculations are very close to those in
[1], and we note that a different numerical scheme was used in [1], where it was reported
that for thin shells their method became increasingly sensitive. In [1] it was found that
for the neo-Hookean model no bifurcation solutions were possible for internally pressurized

spherical shells (P > 0), only for an external pressure, as we have also found.

Table 1: Bifurcation values A\, A, and non-dimensional pressure P/u for the purely elastic
neo-Hookean model (108) of a spherical shell for different values A/B, with the mode
number n for which bifurcation first becomes possible. The final column gives the results
for A, from [1] for comparison.

A/B | n Present results Results from [1]
)\a )\b P//J )\b
0.95 | 7| 0.9817 | 0.9844 | —0.0115 0.985
0.9 | 51]0.9600 | 0.9712 | —0.0507 0.971
0.85 | 4| 0.9345 | 0.9608 | —0.1275 0.961
0.8 | 3]0.9063 | 0.9543 | —0.2492 0.955
0.7 | 2]0.8356 | 0.9499 | —0.6995 0.950
0.6 | 2 ]0.7744 | 0.9598 | —1.3000 0.960

For the remaining calculations we have used NDSolve in Mathematica [14]. Consistently
with the values of A, and some of the mode numbers in Table 1, in Fig. 1(a) are plotted
the values of A, versus A/B for which bifurcation becomes possible along with the curve
for P = 0 from (122). The bifurcation curves lie entirely in the region where P < 0 and
there is no solution for the n =1 mode.

The purely mechanical case of axisymmetric bifurcations of inflated and compressed
spherical shells was considered in a more recent work of deBotton et al. [2]. They used
the same theory as in [1] with different strain-energy functions. They also reported that
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Figure 1: The critical stretch A\, versus 4/ B for bifurcation modes n = 1,2,4,6 for an

electroelastic neo-Hookean model with (a) @ = 0, (b) @ = 3. The dashed curve corresponds
to the values of A\, for which P = 0.

additional solutions were found which had not previously been reported in the literature
for a one-term Ogden model. They used a different numerical scheme from that in [1], the
compound matrix method, details of which can be found in their paper and in references
cited therein.

As the electric field is applied the situation changes and bifurcation can occur for P > 0.
This is illustrated for Q = 3 in Fig. 1(b) for mode numbers 1,2, 4,6, where, for the thinner
walled spheres (A/B nearer to 1), bifurcation is possible both for P > 0 and P < 0, while
for thicker walled shells the upper curve (where P < 0) for each value of n has priority for
bifurcation as A, decreases and the lower curve is not relevant. The curve for P = 0 is
obtained from (122). When P > 0 there is only a small range of values of A/B for which
bifurcation is possible in the n = 1 mode, while for P < 0 the other mode numbers have
priority.

Note that for a fixed value of either Q or V' it follows from the connections (119) that
01, depends on the deformation. It is not a practical proposition to impose a fixed value
of ¢4, nor is it easy to fix a constant value of Q for the present geometry, and this leaves
the only real practical option to prescribe the potential difference. For these reasons we
now focus on results for fixed V, but it is also of theoretical interest to compare these with
results for fixed Q, which are quite different.

In Fig. 2 results for the fixed value V = 0.2 are shown for illustration, for each of the
mode numbers n = 1,2,4,6. Above and to the left of the dashed curve, which corresponds
to P = 0, the pressure is positive, and in this region the n = 1 mode has priority over
the other modes, while below curve P = 0 one or another of the other modes has priority.
The curves above the n = 1 curve to the right of the dashed curve are in the region
where P < 0 and here the value V = 0.2 causes significant inflation in the presence of an
external pressure, which is quite small since the curves are close to the P = 0 curve. For
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Figure 2: The critical stretch A\, versus AA/ B for bifurcation modes n = 1,2,4,6 for an
electroelastic neo-Hookean model with V' = 0.2. The dashed curve corresponds to the
values of A\, for which P = 0.

thin-walled shells the different mode number curves merge where A\, < 1, i.e. the external
pressure reduces the shell radius in the presence of the potential difference. For V =0 the
bifurcation curves are identical to those in Fig. 1(a).

Henceforth, since from Fig. 2 the n = 1 mode has priority when P > 0, we confine
attention to the n = 1 mode. Staying with the neo-Hookean model, in Fig. 3 the values
of A\, corresponding to bifurcation in the n = 1 mode are shown as functions of the radii
ratio A/ B for several fixed values of Q and V. Also shown are the curves corresponding
to P = 0 as dashed curves. In Fig. 3(a) bifurcation is possible for P > 0 above the dashed
curves for the appropriate value of Q in each case, i.e. under internal pressure, while below
the dashed curves bifurcation is possible under external pressure. In Fig. 3(b), for fixed
values of V, the pressure is positive to the left and above the dashed curves and negative
to the right and below, so bifurcation is possible under either internal or external pressure
depending on the value of A/B. As already noted no bifurcation is possible under internal
pressure for Q =V = 0, while for external pressure results have been presented in Table
1 as well as Fig. 1(a). Depending on the value of A/B, bifurcation is possible for zero
pressure where a P = 0 curve intersects the corresponding bifurcation curve for the same
value of Q or V, as appropriate.

The neo-Hookean model for elastomeric materials has limited applicability for large
deformations, as is well known, so the results shown in the above figures may not be
very realistic for values of A\, much beyond 2 or much below 0.7. We note that for the
neo-Hookean model no snap-through is possible since the pressure decays to zero with
increasing \,, and there is a maximum value of the voltage that the material can support,
as exemplified in [7]. The values of V used here are below this maximum. We now consider
two models which are more realistic for very large deformations.
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Figure 3: The critical stretch A, versus A/B for bifurcation mode n = 1 for a neo-Hookean

model: (a) @ = 2,3,4,5; (b) V = 0.05,0.1,0.15,0.2,0.3. The dashed curves identify the
values of )\, for which P = 0 for the specified values of ) and V.

6.1.2 Results for the Gent model

For P < 0 the results for the Gent model are very similar to those for the neo-Hookean
model shown in Fig. 1(a) and are not therefore displayed separately, and this is also the
case for Q = 3 in Fig. 1(b). There are some differences with respect to Fig. 2 for vV =0.2,
as shown in Fig. 4, the counterpart of Fig. 2, which provides the bifurcation curves for
V = 0.2 in respect of the Gent model with the Gent constant G = 97.2. A feature that is
similar to that shown in Fig. 2 is that for P > 0 the n = 1 mode is dominant, so again
we focus on this mode. Figure 5 shows the n = 1 results for Q = 2, 3,4, 5 in Fig. 5(a) and
for V = 0.05,0.1,0.15.0.2,0.3 in Fig. 5(b). The bifurcation curves are quite different from
those in Fig. 3, while the zero pressure curves have some similarities. The interpretation
in terms of internal or external pressure follows the same pattern as for Fig. 3. Note that
there are no bifurcation curves for the purely elastic case (Q =V = 0), as was also found
for the Gent model with the same value of G in [2].

For either fixed Q or fixed V an increase in the value moves the bifurcation curves to
the left so that bifurcation becomes possible for thicker-walled shells, but is confined to

thinner-walled shells for the smaller values.

22



0.2 0.4 0.6 0.8 1.0
A/B

Figure 4: The critical stretch A, versus A/B for bifurcation modes n = 1,2,4,6 for an
electroelastic Gent model with G = 97.2 and V = 0.2. The dashed curve corresponds to
the values of A\, for which P = 0.

Figure 5: The critical stretch A, versus A/B for bifurcation mode n =1 for a Gent model

with G = 97.2: (a) Q = 2,3,4,5; (b) V' = 0.05,0.1,0.15,0.2,0.3. The dashed curves
identify the values of A\, for which P = 0 for the specified values of ) and V.

6.1.3 Results for the 3-term Ogden model

The final illustration is for the three-term Ogden model (112) with the values of the ma-
terial parameters as in [9], for which a1 = 1.3,a0 = 5,3 = =2, 1 /p = 1.491, po/pp =
0.003, 3/ = —0.023 in dimensionless form. The results for the bifurcation curves have
some differences from and similarities to those for the neo-Hookean and Gent models but
the zero pressure curves are very similar. In Fig. 6 the bifurcation results are shown for
the specific value V = 0.2 and mode numbers n = 1,2,4,6, along with the zero pressure
curve. In the region P < ( the results are very similar to those for the other two models,
including for the case of fixed Q Once again the n = 1 mode has priority in the region
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P > 0 and hence in Fig. 7 attention is restricted to n =1 modes for fixed Q in Fig. 7(a)
and fixed V in Fig. 7(b). The curve corresponding to Q = 0 is for the purely elastic
case and coincides with that obtained in [1] except that the horizontal scale used therein
was the reverse of that used here. The purely elastic result is entirely in the region where
P > 0. Referring to Fig. 7, it is clear that, as for the neo-Hookean and Gent models, the
range of values of A/B for which bifurcation is possible increases with the magnitude of
the applied Q and V.

1 246 642
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Figure 6: The critical stretch A\, versus zfl/ B for bifurcation modes n = 1,2,4,6 for an
electroelastic 3-term Ogden model with V' = 0.2. The dashed curve corresponds to the
values of A\, for which P = 0.

7 Concluding remarks

In this paper we have analyzed possible axisymmetric bifurcation modes for an electroelas-
tic spherical shell subject to internal or external pressure and a radial electric field that is
generated by compliant electrodes on its inner and outer boundaries. The theory of small
incremental electroelastic deformations superimposed on a finitely deformed electroelastic
thick-walled spherical shell has been used to determine the underlying configurations and
ratios of inner to outer undeformed radii for which the superimposed deformations do not
maintain the perfect spherical shape. Illustrative results have been obtained numerically
for three different electroelastic energy functions based on the purely elastic neo-Hookean,
Gent and Ogden models.

The results in the presence of the electric field are quite different from those in the
purely elastic case. For the neo-Hookean model, in particular, depending on the geometrical
parameters of the shell, bifurcations become possible in the presence of an electric field
under internal pressure, which is not the case without the field. For the Gent and Ogden
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Figure 7: The critical stretch A, versus A/B for bifurcation mode n = 1 for a 3-term
Ogden model with a; = 1.3, 0 = 5, a3 = =2, py /g = 1.491, po /. = 0.003, p3/p = —0.023:

(a) @ =2,3,4,5; (b) V =0.05,0.1,0.15,0.2. The dashed curves identify the values of A,
for which P = 0 for the specified values of ) and V.

models there are significant differences from the results for the neo-Hookean model and
between the Gent and Ogden models themselves.

Problems of the kind considered here, and similar problems for tubes considered else-
where (for example, in [5] and [6]), provide a theoretical underpinning for practical applica-
tions to, for example, dielectric elastomer actuators and micropumps for which significant
deformations are possible.

As far as the voltage is concerned, we note that the qualitative nature of the results is
independent of the voltage and sphere wall thickness, as can be seen in Figs. 3(b), 5(b)
and 7(b) for the different energy functions, so that a wide range of voltages and thickness
ratios is accommodated by the analysis. For large voltages dielectric or material failure
could occur prior to bifurcation, but such instabilities are outside the scope of the present
work.
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A Expressions for the components M,;, My and b;

Without specializing the isotropic electroelastic energy function the components My;, i =
1,...,6, are given by

My = —(m —2)[(r2" — 27y + B — h +ma) f? — (rdd" + 2rd” + 2dd)r f
+2r%dd f']/[r* f(cf — &),
Myy = —[(2r2¢" + 12745 4+ 6rc’ + 3r7hy — 4mb — 2h — 2mrl) — rh/) f*
— (2r%dd" + mrdd' — mrde + 4r*d* + 4rdd — 2mred — 2med) f
+ 4r*dd ' — 2mrdef’)/[r* f(cf — d*)],
Myz = —[(r*c" 4+ 10rc + 12¢ + 174y — 2mb — h) f*
— (r?dd" 4+ 18rdd’ + 12d*> — mde + 2r*d”) f + 2rd(rd + 4d) f']/[F* f (cf — d?)),
My = —[2(rd + 4¢) f> — 4d(rd' + 2d) f + 2d*r f']/[r f(cf — d°)],
Mys = —m[—(e' +d') f* + (dg' + 29d') f — 29df"]/[r" f(cf — d?)],
My = —{(r*d" + 2rd — 2d — me) f* — [dr* " — mgd + 2r f'(rd' + d)f
+ 24 )/ f(cf — d)]

For the model (108) the above formulas require the expressions

rd = —8WpA 8 (A —1)2(\° + 1) + WA (N — 1) — 47 ' D?,
T4y = AWIATH (NS — 1) — 2271 D2,
1y = —16Wn A3 (A = 1)° (A% + 1) — 4 A (X’ — 1)(20° + A + 5) + 1071 D?,
r?cd" = 32Win AT (% = DIV 4+ 1)% + 8 AT (N’ — 1)2(=3A° +41° + 13)
+ 8WIATH (N — 1)(A* = 5) +20e ' D?,
rb = —8Win A (AN — DA 4 1) — AW A3\ — 1)2(X3 + 1)(30° 4 5)
—2WIAH (N = 1)(\° = 2) — 271 D?

and then become

My = —(m — 2)[16Wi A3 (A% — 1) + 1)2 + AW A4 (0 — 1)2(207 — A0+ 20% 4 11)
+ 21 (A — 1220 + 5) + mW A8/ (W),
My = —[32W1 A3\ — DA + 1)2 + 8mWip A3 (A% — 1)4(\3 +1)?
— SWATHNY — 12N 4+ 40% — 207 — 11) + 4mW A4 — 1)2(0% + 1) (3A% — A% + 4)
— AW (N3 = 1)(A® = 3X3 £ 5) + 2mWW (A2 + 1)(A® — 33 + 1)]/(r* W),
Myz = —[16Wi A 30 — DA 4+ 1) — 122 A4 (0% — 1)2 (A8 4+ 2)0° — 1)
—2mWp AT O = 12N 4+ 1) + 21 (B + 8X% — 5) — mW, (A° + 1)]/(r* W),
My = 8Wp A4 (N — 12\ + 1) — WA/ (r W),

with M45 = M46 =0.
The corresponding expressions for Mg;, i = 1,...,6, in (105) are

Mg =2(m —2)D/r, Mg = (m+4)D, Mg = —2Dr, Mgy =—Dr* Mg =m/r?
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with Mgs = 0, and the coefficients b, ..., bs in (107) become

are

by = —4(m — )N — D22 A (A3 + 1) + W,

by = —r{16W A 3\ — 1)2(\° + 1) — 4 A H(AC +40° — 2)
m[AW A3\ — 1)2 4+ 2 A4 (A8 4+ 2) + 71D},

—Ar AT R AT = 12 (N + W1(2\3 + 1)),

20 WA, by = —md/r, bg =

=+

bs
bs

1) -
0.
For the Gent model the first three derivatives of W (I;), given by

1 uG 1 uG
Wy=-—r-—"" W=
YT 23+G-0) M 2B+G-10)?

required in the formulas above.
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