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Abstract: In today’s world, with increased competition, the service quality of Chinese commercial
banks is recognized as a major factor that is responsible for enhancing competitiveness. Therefore, it is
necessary to evaluate and analyse the service quality of Chinese commercial banks to realize their
stable development. The service quality evaluation could be recognized as a multi-attribute
decision-making (MADM) problem with multiple assessment attributes, both being of a qualitative and
quantitative nature. Owing to the growing complexity and high uncertainty of the financial
environment, the assessments of attributes cannot always possibly express using a real and/or type-1
fuzzy number. Additionally, a heterogeneous relationship often exists among the attributes under many
real decision cases. In this study, we create two MADM approaches to handle decision-making
problems with interval type-2 fuzzy numbers (IT2FNs) and offer their application to service quality
evaluations of commercial banks problems. Specifically, we first define some operations on IT2FNs
based on Archimedean T-norms (ATs) and develop a bi-directional projection measure of IT2FNs. Next,
by combining the generalized Banzhaf index, the Choquet integral and IT2FNs, we propose the interval
type-2 fuzzy Archimedean Choquet (IT2FAC) operator, the Banzhaf IT2FAC (BIT2FAC) operator and
the 2-additive BIT2FAC (2ABIT2FAC) operator. Then, we establish two optimal models for deriving
the weights of attributes based on a bi-directional projection measure of IT2FNs and Banzhaf function.
Finally, we create two novel MADM methods under interval type-2 fuzzy contexts, where an
illustrative case concerning the service quality evaluation of Chinese commercial banks is used to
explain the created MADM approaches.

Keywords: multiple attributes analysis; service quality evaluation; Choquet integral; interval type-2

fuzzy numbers; Archimedean T-norms
1. Introduction

A commercial bank is a financial institution that provides financial service products. Similar to
general industrial and commercial enterprises, such a bank pursues the maximization of enterprise
profit on the premise of satisfying customer demands. Commercial banks have played a crucial role in
China's development and competitiveness and have received widespread attention in recent years [1] [7]
[50], with the sector having experienced a significant increase. According to the statistics of the China
Banking Regulatory Commission, as of the end of 2018, the total assets of the commercial bank sector
increased by 55.5% compared to that in 2014, reaching RMB 203.4 trillion. During the same period,
the total liabilities of the commercial bank sector also increased by 54.4% compared to that in 2014,
reaching RMB 187.1 trillion. Although Chinese commercial banks develop rapidly, they are facing

fierce competition and challenges from advanced foreign banks and internet finance due to the
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incredible growth of globalization and the quick advancement of internet technology. Consequently, it
is becoming more important to enhance the competitiveness of Chinese commercial banks to maintain
stable development. Karatepe et al. [20] pointed out that the delivery of high service quality to
customers provides enterprises with an opportunity to differentiate themselves in competitive markets.
Moreover, Duncan and Elliot [8] argued that providing high quality service to customers can lead to
customer satisfaction and customer loyalty, which are key to a bank’s long-term success and
competitiveness. Based on these arguments, it can be seen that commercial banks should put more
emphasis on service quality to enhance their competitiveness. Therefore, it is necessary to establish an
effective service quality evaluation model of Chinese commercial banks with the goal of enhancing
their competitiveness.

The service quality evaluation of commercial banks could be recognized as a multi-attribute
decision-making (MADM) problem with multiple assessment attributes [36] [46] [48], including
technology level, service attitude, consultation service, waiting area environment, window opening
situation, operational capacity, security and financial product. In real-world service quality evaluation
problems, most of the assessment detailed information is unknown, and many factors are influenced by
uncertainty. Consequently, classical type-1 fuzzy numbers (T1FNs) may be inappropriate to handle
actual cases in which it is unreasonable to utilize an accurate membership degree (MD) for an uncertain
item [18]. In this situation, type-2 fuzzy numbers (T2FNs) [47], which consist of primary MD and
secondary MD, can be regarded as a feasible tool to cope with higher uncertainty [28]. Interval T2FNs
(IT2FNs) are the most extensively utilized; MDs of IT2FNs take the form of crisp intervals, which
make the calculations related to IT2FNs manageable. Therefore, the theory of IT2FNs is easy to utilize
in practical management application domains [40] [41] [43].

There are usually two different ways to cope with interval type-2 fuzzy (IT2F) MADM problems:
developing extended traditional decision-making approaches [17] [35] and/or developing aggregation
operators’ methods [24] [25]. Aggregation operators’ methods are superior to extended traditional
decision-making approaches because the aggregation operators’ methods provide comprehensive
values of alternatives along with a ranking of alternatives, whereas extended traditional
decision-making approaches only rank alternatives. Thus, aggregation operators’ methods are now
receiving increased attention in the domain of decision-making [10] [21] [23]. For the aggregation
operators’ methods, generally speaking, the following two aspects need to be considered:

1) The operational laws. At first, most aggregation operators of IT2FNs utilized the arithmetic
operational laws of IT2FNs to carry out the combination process [4]. Later, Gong et al. [13]
studied some novel operational laws of IT2FNs based on Einstein operations. However, both
operation approaches have two weaknesses. First, for the multiplication operation, the effect
of a larger membership function on the decision result is omitted. Second, for the power
multiplication operation, the influence of real value on the membership function of the
element is neglected. To overcome these weaknesses, some improved operational laws of
IT2FNs were explored based on special cases of Archimedean t-norm and t-conorm (ATT).
For instance, Hu et al. [18] explored some algebraic operations of trapezoidal IT2FNs, Qin

[32] designed some novel operations of symmetric triangular 1IT2FNs based on algebraic
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operations, while Qin and Liu [33] investigated some Frank operational laws of IT2FNs.
Clearly, ATT can generate general and versatile operations, such as algebraic operations,
Einstein operations, and Frank operations. Therefore, it is key to offer the operations of
IT2FNs based on the ATT.

Functional operators. Regarding the extended power averaging operator [26], extended
Bonferroni mean [14], extended Heronian mean [43], extended Hamy mean [32] and
extended Maclaurin symmetric mean [42], although some of the aforementioned operators
capture the interrelationship of the attributes, they assume that each attribute is associated
with the remaining attributes, i.e., they can only consider the homogeneous relationship of
the attributes [9]. However, in real cases, the attributes do not always have a homogeneous
relationship. There may be cases where a heterogeneous relationship exists among the
attributes [38]. For instance, when evaluating the service quality of a commercial bank, we
may consider the following attributes: service attitude, consultation service, operational
capacity and security. Here, service attitude and consultation service can be regarded as
negatively related attributes, consultation service and security can be regarded as independent,
while service attitude and operational capacity can be regarded as positively related attributes.
Consequently, the existing aggregation operators of IT2FNs may not be able to handle this
type of MADM problem. Nevertheless, the Choquet integral [15] can capture the
heterogeneous relationship of the attributes because it is based on the fuzzy measure (FM)
[37], which is an effective tool to model the positive interaction, negative interaction or
independence of the attributes [2]. It is worth mentioning that the Choquet integral only
considers the heterogeneous relationship between adjacent combinations of attributes. To
globally capture the relationship of the attributes, Meng et al. [31] combined the generalized
Banzhaf index and the Choquet integral and presented some novel Choquet operators of
intuitionistic fuzzy sets. Recently, many researchers have extended the Choquet integral to
different kinds of fuzzy environments [22] [24] [39]. To the best of our knowledge, no
attempt has been made to extend the Choquet integral with the generalized Banzhaf index for

handling IT2FSs; this extension is the focus of the present article.

As described above, the service quality evaluation procedure includes both uncertainty

information aggregation and the interactive characteristics of the attributes. Consequently, the T1FNs
may be inappropriate to handle real-world cases due to the growing uncertainty of the service quality
evaluation problem, and the IT2FNs can be utilized instead. In addition, the ATT can provide general
and versatile operations. Simultaneously, the Choquet integral with the generalized Banzhaf index
can consider the heterogeneous relationship of the attributes. Therefore, it is justifiable to combine
the ATT, the Choquet integral and the generalized Banzhaf index for handling service quality
evaluation problems under the IT2FN environment. Additionally, a lack of knowledge and the
experts’ limited expertise about service quality evaluation problems mean that the information on
attributes may not be always completely known. In this case, we need to obtain the attributes’ weights
first. Thus, we establish optimal models, based on the developed bi-directional projection measure of

IT2FNs and the Banzhaf function for optimal FMs on the attributes set to derive the attributes’



weights. Moativated by these ideas, we propose two IT2F MADM approaches based on the ATT, the
Choquet integral, and the generalized Banzhaf index for handling real-life service quality evaluation
problems with incomplete weights information. As a conclusion of the above statements, this article
has four sub-objectives:

1) To define novel operations of IT2FNs to address the weaknesses of the existing operations
of IT2FNs [4] [13] and to generate general and versatile operations.

2) To propose the interval type-2 fuzzy Archimedean Choquet (IT2FAC) operator, the Banzhaf
IT2FAC (BIT2FAC) operator and the 2-additive BIT2FAC (2ABIT2FAC) operator to
reflect the positively related, negatively related or independent characteristics of the
attributes and to effectively fuse IT2F information.

3) To construct linear programming models for optimal FMs on the attributes set, based on the
developed bi-directional projection measure of IT2FNs and the Banzhaf function, to
objectively determine the attributes’ weights.

4) To create novel MADM approaches based on the IT2F Choquet integral operators and the
constructed optimal models to overcome the drawbacks of the existing methods [13] [14]
[18] and to handle service quality evaluation problems.

To achieve the above research goals, the rest of this manuscript is organized as follows: Section 2
introduces some basic knowledge of IT2FNs and Choquet integral. Section 3 proposes the IT2FAC
operator, the BIT2FAC operator and the 2ABIT2FAC operator for IT2FNs, and analyses their
corresponding properties. Section 4 defines a novel bi-directional projection measure of IT2FNs and
constructs optimal models to derive the attributes’ weights. Section 5 creates two algorithms to cope
with MADM problems under IT2FNs environment. In Section 6, a practical case is given to delineate

the applicability and usefulness of the created approaches. Section 7 concludes this study.

2. Preliminaries

In this section, we shall introduce some basic knowledge related to IT2FNs, the ATT and the
Choquet integral that will be utilized later in the article.
2.1 IT2FNs

Definition 1 [34]. An IT2FN is called trapezoidal IT2FN (See Fig. 1) when the upper membership

function (MF) and the lower MF are both trapezoidal fuzzy values, i.e.,

A=A A)=((a a5,35, a5 0y (A"), by (AY)), (a1, &y, g, a5 hy (A'),hy (AY))), 1)
where a,a),a},a;,a’,a;,a; and a, represent the reference points of the trapezoidal IT2FN A,
subject to O<a <a;<a;<a, <1, 0<a'<a <a <a; <L h(A) and h(A) (j=12)

indicate the MFs of the elements a|, and a!, , respectively, verifying 0<h, (A"),h;(A") <1.
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Fig. 1. Atrapezoidal IT2FN A.
To rank trapezoidal IT2FNs, the following ranking functions were defined by Qin and Liu [34].
Definition 2 [34]. It is assumed that A=(A“,A') is a trapezoidal IT2FN. Then, the arithmetic

average ranking function R (A), the geometric average ranking function R,(A) and the harmonic

average ranking function R,(A) of A:(A“,A') are:
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To improve the reliability of the decision-making process, Qin and Liu [34] further defined the

following combined ranking function of trapezoidal IT2FN.

Definition 3 [34]. It is assumed that A:(A“,A') is a trapezoidal IT2FN. Then, the combined
ranking function of A:(A“,A') is:

R(A) =g1R1(A)+g2R2(A)+g3R3(A). 5)

3
> (25-j+1g*’ =0, and

j=2

2
where £ =g’/ > " (j=12,3), multiplier g is the solution of 2697 +
k=0

In2+R (A)INR,(A)

ZIn2+ R(A)INR (A)

33—
27

i=1

. For simplicity, it is assumed o6 =0.5 in this paper.

Qin and Liu [34] gave the following ranking technique to compare two trapezoidal IT2FNs.

Definition 4 [34]. It is assumed that A =(A1“,A1') and A, =(A§‘A;) are two trapezoidal IT2FNs.

(1) If R(A)>R(A), then A>A,;



(2) If R(A)=R(A), then A=A,

(3) If R(A)<R(A), then A <A,.
2.2 The operations of IT2FNs based on T-norm

Intersection (meet) and union (join) of IT2FNs are defined based on ATT, respectively. Given a
monotonic  decreasing function g(t): (0,11 - R* such that g'(t):R" —(0,1] verifies:
limg™(t)=0 and g(0)=1 then, T(x,y)=g(g(x)+g(y)) is a T-norm with g(t) as its

t—>w

additive generator [6]. Table 1 shows four of the most used families of ATs and their additive

generators.
Table 1. ATs and their additive generators
Name Formulas of the t-norms Additive generators
Algebraic T, T (% Y) =xy g(t)=-Int
. . Xy 2-t
Einstein T, T(XY)=——77—— t)=In——
E e(xy) 1+ (1-){-y) g(t) n
—Int, y =1
-1)(r -y ’
Frank T_ (X, = (77 = _
F,(XY) Te, (%) I097[1+ ) g “inZ 1,7;:1
y -1
-  +(—In "V
Aczel-Alsina Ty, (X,Y) T, (% y):e’((flnx) -y >0 g(t)=(-Int)",y>0

Given a T-normT (X, y) , the following operations of trapezoidal IT2FNs are defined.
Definition 5. It is assumed that A =(Af,Al') and A, =(A2”A£) are any two trapezoidal 1T2FNs.

Givena T-normT (x,y) with additive generator function:
A®A, =((T(a}a5).T(ap,a5),T (a4 a5),T (&, a5 )i T (0 (A), h (A)), T(h, (A').h, (A))),
(T (2, 23,), T (@, @5,), T (@l 855), T (81433 T (M (A, B (A)), T (h, (A, B, (A)))))
=((97™(g(a)+ (@), 07 (9(ah) + 9(a%)), 07 (9(a) + 9 (@), 0 (g (alh) +9(a)); (6)
g7 (a(h (A))+9(h (A)). 97 (g (h, (A)) + 9 (h, (A)))). (97 (9 (ar,) +9(a3)). (9 (a,) + 9 (a3,)),
97 (9(al,) +9(ak)), 0 (9(aL) + 9(a3))i 0 (9 (h (A)) + 9 (h (A))), g (g (h, (A)) + g (h, (A))))),

(A) =((97(20(a), g " (20(a%)), 9 (A9 (@), g (A9(a)); 0 (Ag(h, (A"), g (Ag (h, (),
(97 (2g(@l)), 07 (20(a,)), 07 (A9 (@), 0 (A0(a,)); ™ (Ag(h (A)), g (Ag (b, (A))) ).
Note that Egs. (6)—(7) are the general formulations with additive generator function g(t) . In what
follows, we provide some special cases using the additive generators of Table 1.
(1) For the algebraic T-normT,(X,Y), Eqs. (6)—(7) become the operations defined by Hu et al. [18]
(A>0):
A ®A, =((aliay,, ajas,, auak, alak,;h (AR (A)),h, (A, (A)),

(8)
(aliag,, &2, &l &lgas; (AN (A, by (A, (A))),



(A =(((@)" (@) (@5)" (al) s (h () (h (A)),

1 \A I \A I \A I \A 1\\4 I\\ 4 (9)
(@) (@n)" (@) (ale) s (hy (A (hy (R)) )
(2) For Einstein T-norm T (X, Y) , Egs. (6)—(7) become (1 >0):
A®A - anay, s, A3y, VN
1+(1- alul)(l_a;l) 1+ (1- afz)(l_a;z) 1+ (- aius)(l_ a;3) 1+ (1_354)(1_ a;4) '
h(AOh(A) h, (A)h, (A) j
1+(@-h (A")A-h(A)) "1+ L-h,(A))L-h,(A)) ) (10)
aj,ay aj,a,, al;ay, al,ay,
1+(1-a)(1-ay) 1+ (@1-a,)1-ay,) 1+ (1-ay)(l-ay) 1+ (1-a,)d-a;)
h(A)h(A) h, (A)h, (A}) n
1+(1-h (A))A-h(A)) '1+@-h,(A)A-h,(A)) )’
(A) [[ 2(at)’ 2(at)’ 2(at)’ 2(at)’
(2_aiul)/1 + (afl)/JL , (z_a{jz)l "'(afz)/1 , (2_":1113)/JL +(a1u3)/1 , (2_":1114)/1 + (aiuzt)/1 '
2(h (A))* 2(h,(A))* ]
2-h (A +(h(A)) " (2-h,(A) +(,(A) )’ w
( 2(a),)" 2(al,)’ 2(a,)’" 2(a),)’"
(2_6'1|z)i 4‘(6‘11)/1 , (2—a1'2)’" + (ailz)i ' (2_31I3)/1 +(a1|3)/1 ' (2_314)1 + (611'4)/1 ,
2(h ()’ 2(h,(A))* D
- (AN +(h(A) 2-h(A))" +(h,(A))

(3) For the Frank T-norm T (X, Y), Egs. (6)—(7) become (4>0, » >0 and y#1):

A®A, {[logy[uﬂm(ﬁl ‘_l)J,Iog,[u—H“(W _1)}!09{ = l(y ]
y-1 y-1
z Al _ 2 mA) 2 G
log [1+—H"‘1(}/ 1)];Iog [l+—HK‘1(7/ DJ log, [ DD
Y }/—1 7 7/_1
[mgy (1+_Hm(f“ ‘_1)J,|og, {1+—H“(7 _l)}logy[ = 1(7“ 1)]
y-1 y-1

P (e - 2 oA _ 2 )
|Ogy [1-}- M]-DJ' |ogy {1+M]' |Ogy (14_ MJ] ,

y—-1
; (r* 1) ™ -1° () -0
=({ 1og, | 1 log, | 1 Jlog, |1+ log, | 1+ ,
(A) [( og, ( + oo 1)1_1j 09,{ + (7_1)1_1J Og,( (7—1)"1J ogy( e
"™ - "M -1 (™ -1) (% -
log, | 1+L——= | log, | 1+L——2 || | log, | 1+L—>1_| log, | 1+ (13
Og’[ ot ] Ogy[ e M o ( = 1)“} Og’( T

log, (1+ (7313 _2: J,Iogy (l+ (7/3{4 _ﬁf J;Iogy [1+(7’WI#J, log, [1+M] .
(r-1 (r-1 (r-1 (r-1
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h(A)=h,(A)=h(A)=h(A)=1 Egs. (12)-(13) become the operations defined by Qin and Liu
[33].
(4) For the Aczel-Alsina T-normT,, (X, Y), Egs. (6)—(7) become (4 >0 and y>0):

A1 ® A2 — ((e((lﬂ ayy)” +(=In aél)’)% ’e—((—lnafz)’+(—lna52)f“)% ’e,((,ma;a)u(,m 853)7)% ,e*((*lﬂ agy)” +(=In 354)'V)% :

g(=In P (A")) +(=Inby (A7) )% g (in ho (A1) +(=In hz(/-\é’))’)% j,(e((|nah)'”+(|n(a'21))'v)/v’ ,e*((*lﬂ ap ) +(-Inay,)” )/V’ , (14)

e—((—lnaia>’+<—lna'23)’)% ’e—((—lnaia)w(—lna;a)’)% .e—((—lnm(AJ))H(—Inm(A'g))’)% e ra (A +(-Inhy (&))" D

(A) = ((eu(lnaﬁ)" v’ ,e—w—lnafz)f)% 'e—w—lnafa)’)% Jg-(a-naty’ v’ ;e—(ﬁ(—lnhl(/\“))’)% oGm0 j

(ewlna{l)f“)% ’e—u(—lna@’)% ,e—w—lna{sv )% ,e—(z<—lna{4)?“)% ;e—u(—lnw{))y)% ’e—w—lnm(A{))V)% D (15)

2.3 Fuzzy measure and Choquet integral operator
A FM [37] on the set Z ={z,,2,,...,Z,} is a function ux:P(Z)—[0,1], where P(Z) denotes

the power set of Zz , which satisfies the following two restrictions:
(1) Boundedness: u(¢) =0, u(Z)=1;

(2) Monotonicity: If B,DeP(Z) and D<B,then u(D)< u(B).

The value (D) can be considered as the grade of importance of the set D, where D e P(Z). Thus,
in addition to the traditional weight on a single element z, € Z , weights on any coalition of elements
Z, € Z are also defined with an FM 4.

FMs can be utilized for fusion purposes in conjunction with the Choquet integral.

Definition 6 [37]. Let u be an FM on the set z and f a function on the set zZ. The Choquet

integral of f is:

C,,(f (2(1))1 f (Z(z)),---: f (Z(n) ) = i f (Z(i))(,u(z(i)) _,U(Z(nl))) )

where the subscript (, represents the permutation of the elements in the set Z such that

f(zy) < f(zp) < . 1(z) and Z; ={z4), 24,0y, 2y} With Z . =¢ (i=1,2,...,n).

3. The Choquet integral of IT2FNs based on Archimedean T-norms

In this section, we propose the IT2FAC operator, the BIT2FAC operator and the 2ABIT2FAC
operator for aggregating IT2FNs. Then, several features and special cases of these novel operators are
studied.

3.1 The IT2FAC operator

Definition 7. It is assumed that Z ={z,,7,,..,2,} is a collection of attributes and A={A,A,,..,A}

is a set of trapezoidal IT2FNson Zz . The IT2FAC operator is expressed as follows:



IT2FAC(A, A,,... A) = ®A(k Hewlran) (16)
where A, denotes the k-th smallest element in the set A={A,A,..,A}, z,, is the attribute

corresponding to Ay, Z, ={Z4ys Zpsyy s Zwd With Z.,» =4, and u representsan FMon 7.

Based on the operations of IT2FNs listed in Eqgs. (6)-(7), from Eq. (16), we can derive the
following result.

Theorem 1. The aggregation output of the set A={A,A,,..,A} of trapezoidal IT2FNs by the
IT2FAC operator is the following trapezoidal IT2FN:

IT2FAC(ALA,,..., A)
= ([gl (i(ﬂ(z(k)) - ﬂ(z(ku)))g(a(uk)l)jv 971 (Zri:(,u(z(k)) - ,U(Z(kﬂ) ))g(azjk)z)j,

g_l (Zn:(,u(z(k)) - ﬂ(z(ku)))g(a(uk)cs)j’ g_l [Zn:(ﬂ(z(k)) - ,U(Z(ku) ))g(a(le)A)j;

971 (Zn:(,u(z(k))_ﬂ(z(kafl)))g(hl(A(uk)))j Z(ﬂ(z(k)) ﬂ(z(k+1)))g(h (A(k)))jj a7

[1[2(,”(2(@) ﬂ(z(kﬂ)))g(a(k)l)] l[Z(ﬂ(Z(k))_lu(z(k+1)))g(a(|k)2)]1
(Z(ﬂ(z(k)) ;U(Z(k+1)))g(a(k)3)j (i(ﬂ(z(k))_ﬂ(z(k+1)))g(a(lk)4)j;

9" [; (u(Z ) —u(Z(kﬂ)))g(l”a(Px'k)))), g (;(ﬂ(z(k)) - ﬂ(Z(k+1)))9(h2(A('k>))jD-
The proof of Theorem 1 is provided in the supplementary material Appendix 1.
Corollary 1. When all elements z,(k=12,...,n) in the set z are independent, the FM u is an
additive measure, i.e., (D)= széDy({zk}) for any D = 7, and the IT2FAC operator becomes the
following IT2F Archimedean weighted average (IT2FAWA) operator:

IT2FAWA(A, A, ... A)
=[(gl[iu({zk})g(aﬁl)j,gl[iu({zk})maﬁz)}gl(iu({zk})g(atg)}

o[ Suttenaes o Suchataan o3 u({zk})g(hz(A:»D,
(g{iu({zk})g@mj gl(iu({zk})makz)j ( ”

o Sutepoeo o Sucenona) o Sutanonay] ||

k

ﬂ({zk})g(am))

1

[D|
Corollary 2. If ,u(D):ZWk for anyD <z, where |D| represents the cardinality of DcZ,

k=1
then the IT2FAC operator becomes the following IT2F Archimedean ordered weighted average
(IT2FAOWA) operator:



IT2FAOWA(A, A,,... A)

= ([g{anwkg(a(“k,l)}g1(anwkg(a(“k)z)j, gl(Zn)Wkg(a(”k)g)j, gl(Zn)Wkg(aFk)A)j;
" S matay) | gl[iwkgmz(a“k)»j}[g1(iwkg<azku>j, " Smatela) |
g (anwkg(a('k)s)j, gl(Zn]Wkg(aékM)j; gl(Zn)Wkg(m(ﬁ\'k)))j, gl(Zn]Wkg(hz(#\'k)))m-

In what follows, some fundamental features of the proposed IT2FAC operator are investigated.
Theorem 2. Let A={A,A,,..,A} and A'={A,A,...,A'} be two sets of trapezoidal IT2FNsonz,

B atrapezoidal IT2FN and & > 0. The IT2FAC operator verifies the following properties:

(1) Idempotency: IT2FAC(AA,...,A)=A,where A=A (k=12,..,n).

(2) Commutativity: IT2FAC(A,A,... A))=IT2FAC(A,A,,....A), where {A A, A} is
any permutation of {A,A,..., A }.

(3) Monotonicity: When &gy, < a1, 84y, <842 s < Aosr s < 8y M (Aly) <h'(Ay)

h; (Ak’k)) = h; (Ak))1 a(’||<)1 = a(lk)l’ a(’ll<)2 = a(lk)zi a(’||<)3 = a(lk)s- a('ll<)4 = azk)4’ hll (Nk)) < hll (Ak))v
h(Ao) <R (Ag) it is IT2FAC(A,A.,..,A)<IT2FAC(A, A,,...A), where A, is the k-th

smallest value of the set A’

(4) Boundedness: A” <IT2FAC(A,A,,...,A)) < A", where

A" = (min(a,), mina;,), min(a;), min(af, ; min(h, (")), min(h, (")

(minaly), min(aL ), min(al,). min(al, ); min(h, (), min(h, (A1) )

~—

and
A = ((m@x(aﬁl), max (ay,), max(ay; ), max(ay, ); max(h, (A!)), mgx(hz(Ak“))),
(el max(al ) max(al), max(l, ) max(hy (A1), max(t (A1) .

(5) IT2FAC(A° ®B,A° ®B,..,A° ®B) :(IT 2FAC(A1,A2,...,AH))§ ®B.

(6) IT2FAC(A®A,ARA,...A®A)=IT2FAC(A,A,...A)®IT2FAC(A,A,... A).
The proof of Theorem 2 is provided in the supplementary material Appendix 2.

In what follows, we derive the special cases of the proposed IT2FAC operator when using the
different additive generator functions of Table 1.

(1) When we utilize the algebraic operations, the IT2FAC operator becomes the 1T2F Choquet
(IT2FC) operator, i.e.:



IT2FC(A,A,,... A)
n n n n
— ((H (aEJk)l)/l(Z(k) )=1(Z 1)) ’H (a(le)2 )ﬂ(z(k) )=1(Z k1)) ’H (a(le)3 )#(Z(k) )=1(Z (1)) , H (a(uk)4 )#(Z(k) )=1(Z 1)) :
k=1 k=1 k=1 k=1

n n
(Z))=1(Zkapy) (Zy)=1(Zkany)
B RRE § (XCD R S
k=1 k=1
n n n n
I (Z))=#(Zany) | (Z))=#(Zny) | (Zy)=1(Z(k1y) | (Zy) =1 (Z(ny)
(H(a(k)l)# (k) ) ~H (L) ’H(a(k)z)# (k) ) ~H (L (k) ']k:!:(a(k)?,)ﬂ (k))~H(Z 1) lll:!(a(k)zt)ﬂ (k))~H(Z (1) :

H(hl(/x'k)))““W"“ZW,H(hz(Nk)>>*‘“<k>*ﬂ‘zwD.
k=1 k=1

(2) When we utilize the Einstein operations, the IT2FAC operator becomes the Einstein 1T2FC
(EIT2FC) operator, i.e.:

EIT2FC(A,A,,... A) =
2111 (a(uk)l )/‘(Z(k))’ﬂ(z(kﬁ)) 21—[( )/I(Z m))

n n ' n n !
u #(Z(k))*#(z(m)) u ﬂ(z(k))*ll(z(m)) u u(z (k))’”(z(kﬂ)) u ﬂ(z(k))’/‘(z(kﬂ))
(2-a) +[ (@) (2-ag.) +[1(ak)
k=1 k=1 k=1 k=1
n n
o \HEw)-#(Zgay) o \H#(Zao)-1(Zkay)
2[ ] (@) 2 (a.)
k=1 k=1 .
n n 'n n !
u F(Z(k))—ll(z(m)) u /l(z(k))—#(z(m)) u H(Z(k))—#(z(m)) u F(Z(k))—ﬂ(z(m))
(2-235) +[(ahs) (2-25) +]1(a)
k=1 k=1 k=1 k=1
k)) u(Z, k+1)) u(Z k)) u( k+1)
2] (45)) 2] ()
n 'n
#(Zy)=#(Z (1)) #(Zwy)-(Z k) #(Zy)=1(Zs1y) oy \EZw)-#(Z )
[1(2-nA) Tihe) [1(2-1(4)) T4

21—[ (a(lk)l )#(Z(k))*ﬁ(Z(m) 21—[< )y(Z(k) #(Zgery)
k=1

n _ n B ' n B n B !
H(z_a:k)l)/l(z(k)) H(Zki)) +1—[(a(|k)1);1(2(k)) #(Z k) (Z—a(lk)z );L(Z(k)) 1#(Z k) +H(a£k)2 )u(z(k)) 1(Zgey)
k= k=1 k=1 k=1

le[ (a| )ﬂ(z(k))_ﬂ(z(k~1)) le[ (a| )/‘(Z(k))—ﬂ(z(m))
(k)3 (k)4
— k=1 .
n | #(Z(k))’#(z(kﬂ)) n | #(Z(k))’ﬂ(z(kq)) L | /l(z(k))’ﬂ(z(kq)) n | #(Z(k))’#(z(kﬁ)) ,
(2-ajs) +T1(akys) (2-aj) +T1(aks)
k=1 k=1 k=1 k=1
Ziky)~1(Zay) #(Zy)=1(Z 1))
2] ((4) 2] ()
n !l(z(k)) H Z(m) | /J(Z(k) Z(m)) L Z(k) ﬂ(z(m)) o | /J(Z(k))’/l(z(wl))
1(2 h,(A)) H( o)) 1(2 h,(Ay))’ +H(h2( 0))

(19)
(3) When we utilize the Frank operations, the IT2FAC operator becomes the Frank IT2FC (FIT2FC)
operator, i.e.:



FIT2FC(A,A,,... A)

n 0 Hew)ian) 1 u 1(Zy)=1(Z (1))
= ((mgy (1+H(7a(k)1 —]_) () (k1) jl Iogy (1+ (}/amZ _1) (k) (ks1) J’
i k

=1

H(Zy)=1(Za)) n u /l(z(k)) H(Zka1y)
o (™ i)
k

=1

n 1(Z )= 1(Z (k1)) n u #(Z )= #(Z(ki1))
Iogy [1+H( h(Ay) _1) 0] (k) jJOQy (1+ (yhz(A(k ) 0] (ks )) 20)
k=1 =1

(I [1 n ( o l)#(Z(k>);z(Z(k+1))] ( amz u(2<k ) ﬂ(Z(m))\J
0g + y = —
7
k=1
log (1 n ( e 1)H(Z(k))/‘(z(k-1))J [ a(m ﬂ(z(k)) H(Z s 1))J
1+TT 7 - _
7

k=1

n | H1(Z))=1(Z (ki) | H1(Z )= 1(Z (ki)
Iogy(l+H(7w‘k’)—1) R )J,I097(1+H(7h2““’)—1) e )DJ
k=1 k=1

(4) When we utilize the Aczel-Alsina operations, the IT2FAC operator becomes the Aczel-Alsina
IT2FC (AAIT2FC) operator, i.e.:

AAIT2FC(A,A,,... A)

1 1

{ £ 2z W-nafe | —(%(p(zm)—y(zw,))(—Ina(“k)z)fy —(i(y(z(k))—y(z(m,))(—Ina(”k)a)yj;
e k=1 e k=1 e k=1

1

1
;e—(ém(zw,)—ﬂ(zw))(—lnh(/\“k)))’]’ ,e—[é(mz(k))—u(zm»(—lnhz(/\“k)))’]’ e

e*(él(/l(z(k) )= 1(Z i1y ))(* In azjk)A)y )y

1 1 1
—[i (u(z(m—y(z(m))(—lnaém)"/j’ —[i (y(z(k))—u(z(hn))(—lna('k)z)’]y —(i (1(Zy)~1(Zny ))(—Ina:k)a)’]y
e k=1 e k=1 e k=1

1 1 i
e*[él(#(z(k))*#(z(kq)))(*'n azk”)yjr . e’[kzzl(ﬂ(z(k))’/‘(Z(k-l)))(’lnhi(A(Ik)))y)y e*(kzzll(/l(z(k))*H(Z(kq)))(*ln hz(A(Ik)))l ]’V

To illustrate how to use the developed operators, the following case is given.

Example 1. It is assumed that an expert assesses the alternative p; concerning the criteria z;, z, and z,.
The FMs of the criteria set {z, z,, z3} are: u(¢)=0, u({z})=04, u({z,})=02, wu{{z,})=03
u{z,,2,}) =05 u({z,2,})=0.7, u({z,,2,})=0.6 and u({z,,2,,2,})=1. The criteria values are:

A =((0,0,0,0.1;1,1),(0,0,0,0.05;0.9,0.9)), A, =((0.15,0.3,0.35,0.5;11),(0.2,0.25,0.3,0.4;0.9,0.9)),
and A, =((0,0.1,0.15,0.3;1,1),(0.05,0.1,0.1,0.2;0.9,0.9)) . If The IT2FC operator is applied, we can get

a collective value A=((af,a“,a;,aﬁf;hl(A”),hz(A“)),(al',a;,ag',ai;hl(A'),hz(A'))). The detailed steps

are depicted as follows:

By Definition 4, we get A <A, < A,. Then, we get 1(Z,)) - i(Z ) = u{2,,2,, 2,}) — u({2,,2,}) = 0.4,

M(Z )~ 1(Zg)) = 1{2,,2,3) - ({2,}) = 0.4 and u(Z5)) - 1(9) = u({z,}) — u(¢) = 0.2. Besides, by



the operations of IT2FNs, we get a1u — (afl)u(z(m)—#(z(z)) X(aitj3)#(2(2))—#(z(3)) X(aluz)ﬂ(z(s))—/l(@ =0.
Similarly, it is obtained: a, =0, a; =0, a, =0.2141 h(A")=1 h(A")=1 & =0,

a,=0, a,=0, a,=0132 h(A)=09 and h,(A')=09.

Therefore, we have:
A=IT2FC(AL AL A)
3 3 3 3
— [(H (aEJk)l),U(Z(k) )_/J(Z(kﬁ)) 1 H (a(uk)z )ll(z(k) )_/—/(Z(kﬁ)) 1 H (a(le)3 )/—/(Z(k) )‘ll(z(kq) ) , H (a(uk)4 )#(Z(k) )_/I(Z(kﬂ) ) ,
k=1 k=1 k=1 k=1

3 3
(Zky)=1(Z (k) (Zky)=1(Z (k1))
H (hl(AXuk)))” (k) )= H (L k1) ’H(hz (AYuk)))ﬂ ())~H(Z k1) J’
k=1 k=1
3 3 3 3
(H (a(lk)l)ﬂ(z(k))*#(z(km) , H (aék)z)ﬂ(z(k))*ﬂ(z(ku)) ; H (agk)?’)#(z(k))*H(Z(kn)) ,H (a(lk)d)ll(z(k))*H(Z(kn)) :

3 3
Ik71| (hl(Nk)))ll(z(k))*ﬂ(z(km), |k71| (hz (Nk)))#(z(k))*ﬂ(z(kq)) j]
- ((0,0,0,0.2141:1,1),(0,0,0,0.132:0.9,0.9)).

3.2 The BIT2FAC operator

Note that the proposed IT2FAC operator only captures the interaction between adjacent coalitions

of attributes, Z,, and Z,,,(k=12,..,n). For instance, suppose that Z={z,z,,z,} and

A <A <A; then,itis:
IT2FAC(ALALA)
= ((@J'1 (2,2, 2 - 1z, )9 @) + (12, 2.1) - {2, )9 (85) + u{Z 19 (83)),
07 (2.2, ) - 12, 2,19 (@) + ({2, 21 - (D)9 (@5) + ({2, D9 (35,)),
07 (12 2, 2.0 - 1z, 2.1)9(@3) + ({2, 21 - ({2, 1)) 9 (85) + ({2, D9 (a5) )
07 (2,2, D) - 1z, 2,19 (@) + ({2, 21 - 1({Z D)9 (@50) + ({2, D9 (5));
07 (2 2,, ) - 1z, 2 (0 (A) + (12, ) - 1{Z D)9 (0 (A)) + {2 DI (M (A))),
07 (e 2,21 - 1z, D)9 (0, (A) + ({2, D) - {2z 1) 9, (A) + iz} 9 (h, (A; )))),
(9’1 ((«lz, 2,21 - 1z, 1) 9 (al) + (12, 2.1 - 1z D) 9 (a5,) + @z D 9 (as,) )
07 (122,21 - 1z, ) 9(8,) + (12, 1) - {2z )9 (3,) + (2.1 9 (),
07 (122,21 - 1z, 2D 9(8) + (12, 1) - {zD) 9 (@) + 1@z 1) 9 (83,)),
07 (122,21 - 1z, 2,1)9(8,) + (12, 2,3) - {2 1) 9 (330) + 1z D9 (a4,) )
07 (122,21 - 1z, D)9 (0 (A)) + (1, 22) - @z D) 9 (N (A) + 1z D 9 (h () ),
0" (1l 20, 2.1) - 12, D)9 (0, (AD) + (12, 2:) - Gz 1) 9y (A)) + Gz (h, (A)) )
Obviously, the proposed IT2FAC operator only captures the coalitions of attributes Z,, ={z,,2,,2,},
Z, =1{2,,2,} andZ, ={z,}. Actually, we also need to consider the coalitions of attributes {2},

{z,}, {z,2,} and{z,,z,}. Thus, the proposed IT2FAC operator may not always be appropriate



because some coalitions of attributes of interest might not be considered. In what follows, to globally
capture the various coalitions of attributes, we extend the generalized Banzhaf index to IT2FAC
operator, and then propose the BIT2FAC operator.

The generalized Banzhaf index below is an interaction index presented by Marichal [27]:

v(®)= Y o (u(BUD)-u(D)) 22)

DcZ\B
where x denotes an FM on the set Z, B denotes any subsetof Z, Z\B denotes the difference set

between z and B, |B| and n are the cardinalities of the set B and Z, respectively, and D
denotes any subset of Z \ B . Through Eq. (22), we find that when there is only one element z;, in the

set B, ie, B={z}, Eqg.(22) becomes the Banzhaf function [27]:

(42} D) - u(D)). (23)

F

vz =

Dcz\z}

Eqg. (22) represents an expected value of the overall interaction between the coalition B and any
coalitions in Z\B, which in a MADM would be considered as the weight (importance) of the
attribute set B. Additionally, Meng et al. [31] pointed out that the generalized Banzhaf index is also a

special type of FM. Thus, we extend the Choquet integral with generalized Banzhaf index to handle
IT2FNs and propose the BIT2FAC operator to globally capture the interactions of the attributes.

Definition 8. It is assumed that Z ={z,,z,,...,2,} is a collection of attributes and A={A A,,...,A}

is a set of trapezoidal IT2FNs on z . The BIT2FAC operator is:
B|T2FAC(A1’ AZ""’ A1) = SA(k)W(Z(k))_W(Z(M)) , (24)

where A, = (A, Ay,) denotes the k-th smallest element in the set A={A,A,..,A}, z,, isthe
attribute corresponding to A, Zyy ={Z4ys Zyys-s ZwtWIth Z oy =6, and w(Z,))(k=12,...,n+1)
represents the generalized Banzhaf index on the criteria set Z .

Based on the operations of IT2FNs listed in Egs. (6)—(7), from Eq. (24), we derive the following

result.
Theorem 3. The aggregation output of the set A={A,A,,..,A} of trapezoidal IT2FNs by the
BIT2FAC operator is the following trapezoidal IT2FN:



BIT2FAC(A,A,,...,A)
_ ([gl (Zn“ w(Zy) - (//(Z(M)))g(a(“k)l)} g (Zn:(‘ﬂ(z(k)) _‘//(Z(ku)))g(a(uk)z)j,

g1(Zn:(l//(z(k))_V/(Z(k-v-l)))g(azjkm)] 1(2(‘/’(2(10) V/(Z(k+1)))g(a(k)4)

971 (Zri:(l//(z(k))_‘/’(Z(kﬂ)))g(hl(A(uk)))j (Z(V/(Z(k)) l//(z(kﬂ)))g(h (A(k)))\n (25)

(g_l(zn_:(‘//(z(k))_‘//(Z(ku)))g(a(lk)l)] _1(2(1//(2(@) ‘/’(Z(ku)))g(a(k)z)j’
g1[Zn:(W(Z(k))_‘//(Z(ku)))g(a;k)s)J 1(Z(W(Z(k)) ‘//(Z(k+1)))g(a(k)4),

gil (Zn: (W(Z(k)) _‘//(Z(k+1) )9 (E(Nk)))j: gil [Zn:(‘//(z(k)) _W(Z(k-#l)))g(hZ(Nk))) j}

The proof of Theorem 3 is similar to the proof of Theorem 1; thus, it is omitted here.
Corollary 3. When all elements z (k=12,..,n) in the set z are independent, the generalized
Banzhaf index (D) is an additive measure, i.e., (D) :szeoﬂ({zk}) forany D=2z, and the

BIT2FAC operator becomes the IT2FAWA operator.

ID|
Corollary 4. If w(D)= Zwk for any D<=z, where |D| represents the cardinality of D, then

=1

the BIT2FAC operator becomes the IT2FAOWA operator.

Similar properties to those proved for the IT2FAC operator, can also be proved for the BIT2FAC
operator. Their proofs are therefore omitted here. In addition, for the additive generators of Table 1, the
following BIT2FAC operators are derived: the Banzhaf IT2FC operator (algebraic); the Banzhaf
EIT2FC operator (Einstein); the Banzhaf FIT2FC (Frank); and the Banzhaf AAIT2FC operator
(Aczel-Alsina). The expressions of these four operators can be derived by replacing

“(Zyy) = m(Zy.py) InEgs. (18)~(21) with w(Z,)—w(Z.y,)) , and therefore they are omitted here.

3.3 The 2ABIT2FAC operator

FMs have an effect on the computational complexity of problems where it becomes exponential
because of the involvement of the cardinality of the power set of a set. As a result, when the cardinality
of the set z is high, it is not easy to derive the FMs of all its coalitions. The proposed BIT2FAC
operator is based on FMs, and therefore its computational complexity is also exponential. To improve
the practicability of the proposed BIT2FAC operator, we shall propose the 2ABIT2FAC operator using
2-additive fuzzy measures (2AFMs) [16].

For 2AFM, givenany ScZ with |S|>2:

n
u(S):Ze{ZJ}§j+ > e{z,,z.}gjgi:Ze{z,}Jr > €,
=

{zj.z}cz {zj.2i}=S (26)

= ¥ uz.zh)-(s| Z)Zy({z})

{zj.7}=S 7S

where e,, and e, indicate the Mobius transform coefficients [16], n({z;})=¢,, .



1({z2;,23) =€y +E4uy T4z, 2y &5 TEPTESENLS A Boolean variable (¢; =1« ¢;€S), and |S|
is the cardinality of the set s . Obviously, to derive 2AFM, only n (n+1)/2 coefficients w({z;}) and

u({z;,z}) are needed.

The following theorem was proved by Grabisch [16] to derive a 2AFM.
Theorem 4 [16]. Given the set Z, uisa 2AFMon z if forall z;,z € Z, the following conditions

are verified:

D #{z;}20,vz;eZ;

@ 2 wdz;zh-0-2) Y ud{z})=1;

{zj.z}cZ {z;}cz
@ > (udz.zh-4@zD)=(S|1-2udz}), vs=z with 7 €S and |S]2.
{zj}c=s\y

Menget al. [31] presented the explicit expression of the generalized Banzhaf index with 2AFM
below:
Theorem 5 [31]. It is assumed that x denotes a 2AFM on the set z . The generalized Banzhaf index

with 2- additive measure u is:

VB = ¥ b+ Y Stz ap-eu@y) - Y vy e

{zj.5}cB 2;€B,z;€Z\B 2 zjeB
where B denotes any subset of Z, Z\B denotes the difference set between z and B,and |B|
is the cardinality of the coalitions B.When there is only one element z, intheset B,ie., B={z},

then, Eq. (27) becomes the Banzhaf function with 2AFM:

vz )=tz p+ > (2, 2D - 1z d) (28)
Theorem 6 [31]. It is assumed that x denotes a 2AFM on the set Z, and y is the generalized
Banzhaf index with 2AFM u. Then,

(S W{z;})-v{z;}) =v(S), (29)
forany z; €eZ andany ScZ with z;¢S.
By Theorem 6, the 2ABIT2FAC operator can be defined as below:

Definition 9. It is assumed that Z ={z,,7,,...,2,} is a collection of attributes and A ={A,A,,...A}

is a set of trapezoidal IT2FNs onZ . The 2ABIT2FAC operator expression is:
2ABIT2FAC(A&,A2,...,A1)=8A(W({Zk}), (30)

where z, is the attribute corresponding to A, and w({z, P(k=12,..,n) represents the Banzhaf

function with 2AFM on the criterion z, .

Based on the operations of IT2FNs listed in Egs. (6)—(7), from Eq. (30), we derive the following

result.
Theorem 7. The aggregation output of the set A={A,A,,..,A} of trapezoidal IT2FNs by the
2ABIT2FAC operator is the trapezoidal IT2FN:



2ABIT2FAC(A,A,,...., A)

=([g{iw({zk})g(a‘mj,g1[i_w({zk})g(ak“z)j,g1(i_w({zk})g(asg>j,
o' (Ertenaeo o (Svenanen o (Svwpenmn]| e
[gl(iw({zk})g(am], oSttt | gl{iw({zk}x%)}

o[ Svenao o Svtananan) g (iw({zk})g(hz(Ak'»m.

The proof of Theorem 7 is similar to the proof of Theorem 1; thus, it is omitted here.

Similar properties to those proved for the IT2FAC operator, can also be proved for the
2ABIT2FAC operator and therefore their proofs are also omitted here. In addition, for the additive
generators of Table 1, the following BIT2FAC operators are derived: the 2-additive Banzhaf IT2FC
operator (algebraic); the 2-additive Banzhaf EIT2FC operator (Einstein); the 2-additive Banzhaf
FIT2FC operator (Frank); and the 2-additive Banzhaf AAIT2FC operator (Aczel-Alsina). The
expressions of these four operators can be derived by replacing u(Z,) —#(Z.,,)) in Egs. (18)—(21)

with y({z,,}) , and therefore they are omitted here.

4. Bi-directional projection-based models for the optimal fuzzy measures

The projection method is a powerful tool for obtaining attributes’ weights [19]. In what follows,
we shall utilize the bi-directional projection measure within the context of IT2FNs for determining the

optimal FMs on the attributes set.
4.1 A novel bi-directional projection measure of IT2FNs

To develop the bi-directional projection measure of IT2FNs, based on the cosine measure and
projection measure of picture fuzzy sets defined by Wang et al. [44], we first develop the cosine

measure and general projection measure of IT2FNs.

Definition 10. It is assumed that A= (A“,A') is a trapezoidal IT2FN. The module of A is:

= =1

| Al= \/(Z(aﬁ)z +Z(a'k)2j'(2(hk (A"))? +Z(hk (A ))zj- (32)
Definition 11. It is assumed that A :(A{J,Al') and A, =(A§’,A;) are two trapezoidal IT2FNs. The

inner product of A and A, is:
AA {ia;ka;k +ia;ka;kj-[2hkw>hk(A;>+th<A1)hk(A;)j. (33)

Definition 12. It is assumed that A = (AfAil) and A =(A2”A£) are two trapezoidal IT2FNs. The

cosine of the angle between A and A, is:



AA (iafa +ia1'a'zkj-[ihk(Af)hk(A:Hihk(A{)hk(A;)j

ATAL [i(%) ) J[i(hk(AU))eri(hk(A'))zj

Cos (A, A,) = (34)

t=1 k
Definition 13. It is assumed that A =(A1“,A1') and A, =(A§‘,A;) are two trapezoidal IT2FNs. The

projectionof A on A, is:
[Sasan s Talal [ Sn@n @) Than |
J(z(a:k)z DICRRTD Y NEDES AN

The projection measure Poj, (A) reflects both the distance and the angle between A and A,.

(35)

Poj,, (A) = A [Cos(A, A) =

Generally, the larger the value of Poj, (A) is, thecloser A and A, are.

On the basis of the developed projection measure between IT2FNs, a bi-directional projection

measure of IT2FNs is defined below:

Definition 14. It is assumed that A =(A1”,Al') and A, =(A2”A£) are two trapezoidal IT2FNs. The

bi-directional projection between A and A, is:
SRS +ia4ka;k)[ihkw)hk<A;>+ihk<a')hk<A;>]
ATHA] i((z(am) DYCE j[i(hk(A“>)2+i<hk(N))2D

t=1

Bpoj(A, A,) =

, (36)

The bi-directional projection measure of IT2FNs reflects not only the distance and the angle

between A and A, but also the bi-directional projection magnitudes between A and A, . Clearly, the
greater the value of Bpoj(A,A,) is, the closer A and A, are. The bi-directional projection measure
is a normalized measure, i.e., 0<Bpoj(A,A)<1.

To explain the difference between the developed projection measure of IT2FNs and the developed

bi-directional projection measure of IT2FNs, we provide the following example.

Example 2. Consider the following IT2FNs: A =((0.4,0.5,0.5,0.8;0.9,0.9),(0.5,0.7,0.7,0.8;1,1)) and
A, =A =((0.3,05,05,0.7;0.9,0.9),(0.4,0.6,0.6,0.7;1,1)).

By Eqg. (35), we obtain that Poj, (A)=33792 and Poj, (A)=2.9781. In this situation,
because Poj, (A) > Poj, (A,), we conclude that A is closer to A, than A,, which contradicts
that A=A, =A. From Eq. (36), we obtain that Bpoj(A,A)=0.9893 and Bpoj(A,, A)=1,
agreeing with A # A, = A,. This example illustrates that the projection measure of IT2FNs is not

always viable in some situations, whereas the bi-directional projection measure of IT2FNs is viable and
useful. Thus, the developed bi-directional projection measure of IT2FNs is better than the projection

measure of IT2FNs to handle decision-making problems.



4.2 The models for deriving the optimal fuzzy measures

Without loss of generality, in a MADM problem, it can be assumed that P ={p,, p,,..., P,,} isa
collection of m alternatives, Z ={z,,z,,...,z,} is a collection of n attributes, and A =[ Aj T 18
the decision matrix, where A; = ((a;, a5, 855, 41 (AL, D, (AS)), (B, g 8455, 4 1 (A D, (AY)) )
(k=12,..,m;j=12,.,n)is an IT2FN that represents how attribute z; is verified by alternative p, .

To handle the cases where the attributes’ weights are partly known, this section constructs two models
for deriving the optimal FMs and 2AFMs on the attributes set based on the developed bi-directional
projection measure of IT2FNSs, respectively.

It is assumed that A" =(A",A,...,A) and A" =(A ,A,,..., A ) represent the positive and

negative ideal alternatives, respectively, i.e.:
s = () asy,a%,alh (A7), hy (A7), (a);, @)y, &, als: by (A]),h, (A1)
=((mgx(a:,-l),mgx(a:jz),mkax(ak“,-s),mgx(a;;o:mgx(hl(ﬁg)),mgx(hz(ﬁg»), (37)
(max(ay,) mgx(aL,-2>, max(al;;), max(ay,); mgx(hl(A:j Do max(hy (A (i =1.2,....),
;=((a5ay,al,ay s h (A7), (A)), (@), &y, al, al,: b (A)),h, (A))
=((mkin(at,-1),mkin(a:,-2),mkin(asjs),mgn(a;4);mkin(ra(Ak“,-»,mkin(hz(Ak“,-))), (38)
(min(al, ), min(al,,), min(aj,), min(ay); min(y (A)), min(h, (A ) ( =1.2,...,n).

Then, according to the subtraction operation of trapezoidal IT2FNs [5], we compute the difference
between A7 and Aj, the difference between A; and A;, and the difference between A, and
A

ATOA [=((a) —aj;,aj; —al;,aly —al,,al, —al smin(h (A), h (A7), min(h, (A7), h, (A1),

(a); —aj,.a), —aj;,a); —aj,,a}; —a;,;min(h (A7), h, (A7), min(h, (A;"), h, (A ))))

A OA :(( — 44, 8], — 3, A} — &y, a], —ay,;min(h (A7), h (A)), min(h, (A7), h, (A))),

(@ —ay,. a5, —ay;,a}; —ay,,al; —ag; min(h (A7), h (Ay)), min(h, (A7), h (Akj))))

AOA = ((ay, —al, &y, —al; , ay, —al; , ag, —aj smin(h, (Ag), h (A7), min(h, (A}), h, (A))),

(Bl 5. B, — 5, A5 — ), Ay, —a; imin(hy (A, hy (A7), min(h, (Ay). h, (A))))).

In addition, by Eq. (36), we obtain the bi-directional projection between A;@A] and A; ©A;

and the bi-directional projection between A}@A] and AJ.*G)Aij :

2(ATOA7)-(A;0A))
IAT®A [ +AOA

Bpoj (A/®A], A;OA ) =

2(AOA))-(A/OA,)

Bpoj( A/®A;,A/O
pj( %) | A'®A +|A+G)Akj|

IR

Next, based on the TOPSIS methodology [17], the closeness degree between



Bpoj(A;@A},/-\(j@A‘j) and BPOJ'(Af(aA],A;@/-\J—) is obtained:

Bpoj(A/BA;, A;OA))
Bpoj(Aj®A;, A;0A) +Bpoj(AjOA;, A;GA))

1777

(39)

To achieve the optimal FMs on the attributes set Z , the following model is solved:

o Zmzzn: __ 7Bpoj(A].i®Aj’, A‘(J..GA]T) _
\o1 12 BPOj(A/®A, A;OA;) + Bpoj(A;OA;, A;OA,)
u{zHeH,  j=12..,n (40)
st. y u(9)=0,u(Z) =1,
uB)< u(M),vS,TcZ,BcT.

v({z;})

where H, is the range of known weights information of attribute z;(j =1,2,...,n). Once model (40)

is solved, using Eq. (22), the generalized Banzhaf values of the attributes are derived and regarded as
the attributes’ weights.

Using Eq. (28) and Theorem 4, model (40) can be equivalently converted into:

_naLa Bpoj (A GA ", A . GA-
max 3 nZZ _ 7IOJ( 3 ,Ak,_ +,) _
2 =72 Bpoj(A;OA;, A 0A) + Bpoj(A/GA;, AfBA,)

y(z; D+

1@ Bpoj(A; GA;, A;0A,) _
E;,Z; Bpoj (A ®A;, A,OA.) + Bpoj(A A Af@‘\j)[zt;, vianp W({Zt}»]

p{z;PeH,  j=12...n (41)
u{z;})20,j=12,..,n;
st. 4 > u{z.zD-(121-22 u{z;}) =%

{72}z zjez
> (uz.zD-u{2})2(BI-2)u{z}). VB Z,Vz;€B,|Bf>2.
{z3=B{z;}

Once model (41) is solved, using Eqg. (28), the Banzhaf values with 2AFMs of the attributes are derived
and regarded as the attributes’ weights.

5. The created approaches to interval type-2 fuzzy MADM problems

In what follows, based on the proposed operators and constructed linear models, two novel
MADM approaches for handling IT2F decision-making problems with interactive attributes and

incomplete weights information are presented.
1) The first MADM approach based on the BIT2FAC operator
Step 1: Evaluate the alternatives p,(k=1,2,---,m) on the attributes z;(j=12,---,n), and build the

IT2F decision matrix A =[A]

Step 2: If the criteria weighting vector is partly unknown, use model (40) to derive the optimal FMs
£(B) onthe attributes set B < Z ; otherwise, go to step 3.

Step 3: Compute the generalized Banzhaf value w(B) with FM x(B) on the attributes set B
using Eq. (22).

Step 4: Calculate the comprehensive attribute value A, of alternative p,(k=12,..,m) using the



proposed BIT2FAC operator with Eq. (25).

Step 5: Compute the combined ranking values R(A) of the comprehensive attribute values
A (k=12,..,m) using Eq. (5).

Step 6: Apply Definition 4 to derive the ranking of the alternatives p,,p,,....p,, and select the
optimal alternative. The larger the ranking value R(A, ) , the better the alternative p,(k=12,...,m).

2) The second MADM approach based on the 2ABIT2FAC operator

Step 1: Evaluate the alternatives p,(k=1,2,---,m) on the attributes z;(j=12,---,n),and build the

IT2F decision matrix A =[A]

mxn *

Step 2: If the criteria weighting vector is partly unknown, use model (41) to derive the optimal 2AFMs
4(B) on the attributes set B — Z ; otherwise, go to step 3.

Step 3: Compute the Banzhaf value w({z;}) with 2AFM x({z;}) on the attribute z; using Eq.
(28).

Step 4: Calculate the comprehensive attributes value A, of alternative p,(k=12,...,m) using the
proposed 2ABIT2FAC operator with Eq. (31).

Step 5: Compute the combined ranking values R(A/) of the comprehensive attribute values
A (k=12,..,m) using Eq. (5).
Step 6: Apply Definition 4 to derive the ranking of the alternatives p,, p,,..., P, and select the

optimal alternative.

Although the two created MADM approaches can handle IT2F decision-making problems, some

differences exist between them.

1) Regarding computational complexity, the first MADM approach is based on FM, which
requires 2" coefficients; however, the second MADM approach is based on 2AFM, which
only needs nx(n+1)/2 coefficients. Therefore, the computational complexity of the second
MADM approach is lower, and it is more practical than the first one.

2) To reflect the interactions of the attributes, the first MADM approach is based on a
generalized Banzhaf index with Eq. (22), which globally considers the interactions of the
attributes, whereas the second MADM approach is based on the Banzhaf function with
2AFM with Eq. (28), which only reflects the interrelations between any two attributes.
Consequently, the first MADM approach can reflect the interactions of the attributes more
comprehensively than the second one.

In real MADM environments, when decision-makers (DMs) can endure a long computational time

period and expect to globally reflect the interactions of the attributes, the first MADM approach is the

best choice. Otherwise, the second MADM approach is the optimal choice.
6. Application examples

In this section, an illustrative case is offered to present the application of the created approaches to

the service quality evaluation of commercial bank problems. Additionally, a comparative study with



existing methods [13] [14] [18] is carried out to illustrate the superiority of the created approaches.
6.1 Application of the created MADM approaches

Example 3. To better understand the service quality of commercial banks in China, four famous
commercial banks are considered for assessment, anonymously denoted as pi, p», pz and p,. Eight
attributes of service quality are identified by reviewing the relevant literature [36] [46] [48], and they
are:

z,: Technology level, which assesses the hardware equipment for banking business, the application
level of science and technology, the networking level of the bank and the speed of technological
renewal;

Z,. Service attitude, which assesses the warm greetings of customers by staff and the courtesy of
staff to customers;

z3: Consultation service, which assesses the number of staff in the lobby for consulting service, the
level of business proficiency, the status of the job, the scope of the consulting business and the
implementation of consulting services;

z4. Waiting area environment, which assesses the waiting area, the decoration status, the lighting,
the temperature control, the number of seats and their comfort, the wireless network service, the
electronic information display and the voice prompts;

Zs: Window opening situation, which assesses the number of service opening windows and waiting
time of customers;

Ze: Operational capacity, which assesses the skills of business people, the proficiency in business,
the efficiency of work, the error rate and the customer satisfaction;

Z7: Security, which assesses the soundness of security monitoring equipment, the provision of
security personnel, the responsibility of security personnel to perform their duties, the anti-information
leakage, the anti-copy and the anti-theft brush technology;

Zg: Financial product, which assesses the richness and the management of financial management
varieties, the interest rate of property products and the safety of financial products.

The seven IT2FNs linguistic terms below are utilized to assess the service quality of the four

commercial banks on the above eight attributes (Table 2). The decision matrix is shown in Table 3.

Table 2. Linguistic ratings and their corresponding trapezoid IT2FNs

Linguistic Terms Trapezoid IT2FNs

Extremely Poor (EP) ((0,0,0,0.1,1,1),(0,0,0,0.05;0.9,0.9))

Poor (P) ((0,0.1,0.15,0.3,1,1),(0.05,0.1,0.1,0.2,0.9,0.9))
Slightly Poor (SP) ((0.15,0.3,0.35,0.5;1,1),(0.2,0.25,0.3,0.4;0.9,0.9))
Fair (F) ((0.3,0.5,0.55,0.7;1,1),(0.4,0.45,0.5,0.6;0.9,0.9))
Slightly Good (SG) ((0.5,0.7,0.75,0.9;1,1),(0.6,0.65,0.7,0.85;0.9,0.9))
Good (G) ((0.7,0.9,0.95,1;1,1),(0.8,0.85,0.9,0.95;0.9,0.9))

Extremely Good (EG) ((09,11,111),(0.95,1,1,1,0.9,0.9))




Table 3. The decision matrix

z, z, z, z, z z z, z,
P, SG F F G F SP SP SG
p, SP EG SP F EG EG SP F
Ps F G SP SG G G SP F
P, G EG MG F SP EG G SP

Using the first MADM approach, based on the BIT2FAC operator, 2° coefficients are to be
determined, while with the second MADM approach, based on the 2ABIT2FAC operator, (8x9)/2
coefficients are needed. Therefore, we select the second MADM approach to solve Example 3 and its

calculation procedure are given below:
[Step 1] It is assumed that the attributes are independent, and the following importance values of
attributes z;(j =1,2,...,8) are provided by experts:

uz}) = pz,}) = nldz.}) = uz,}) = uz:) = 0.1 u({z:}) = 1z, =0.15, u({z,}) = 0.2.
Because all the attributes are independent, according to the property of additive measure, we obtain
u({z,2,}) = p{z}) + u{z,}) =0.2. Similarly, the other 2AFMs x(B) on the attribute set B<Z

are obtained:

w{z,2.}) = u{z.2,}) = u{z. 2.}) = u{z,. 2.}) = u{z,. 2,}) = u{z,. 2,}) = ({25, 2,}) = 0.2,
{z3,2,}) = u{z, 2} = u{z,, 2,}) = 0.2, u({z,, z.}) = n({z,, 2,}) = u({z,. 2:}) = u({z,, 2,}) = 0.25,
1{z5, 2.} = u{z,2,}) = u{z,,2,}) = ({25, 2.}) = ({27, 2,}) = 0.25, ({7, 2}) = 0.3,
u({z,,2:}) = u{zy, 2. 1=z, 26}) = u{zs, 2, }) u{z5, 253) = 0.3, {25, 25}) = {25, 2,}) = 0.35.

[Step 2] Eq. (28) is used to compute the Banzhaf value w({z;}) with 2AFM u({z;}) on the

attribute z;(j =1,2,...,8) . An example is illustrated below:

VD =S u@z)+ Y (a2 2D - iz )

z,€Z\z;

= —gx 0.1+%>< (0.2-0.1+0.2-0.1+0.2-0.1+0.25-0.15+0.3-0.2+0.25-0.15+0.2-0.1) = 0.1.

Similarly, it is obtained:

v{z.h) =v{z}) =v{z.}) =v{z}) =01y {z}) =v{z,}) =015,y ({z;}) =0.2.
[Step 3] The proposed 2ABIT2FAC operator (algebraic) with Eq. (31) is used to derive the

comprehensive attribute values A, of the alternatives p,(k =1,2,3,4). The detailed computation of

A is shown below:
A =2ABIT2FAC(A,, Ay,en A,) = _(iglA“w(zp
- [[H (a'luil)l//(zj) ! H(alujZ)W(ZJ)iH(afja)W(zj) ’H(a;jA)W(ZJ);H(hl(Aiuj))W(ZJ),H(hz(Aiuj ))W(ZJ) J,
(H%W“H%N“H%NWH@mwﬂmﬁwwﬂmwwwD

=((0.2837,0.4743,0.5276,0.6781;1,1), (0.3648,0.4202,0.4743,0.5844,0.9,0.9) .

Similarly: it is obtained:



A, =((0.3859,0.5712,0.6145,0.7306;1,1), (0.4632,0.5247,0.5712,0.6552;0.9,0.9) ),

A =

((0.3887,0.5929,0.6480,0.7748;1,1), (0.4785,0.5366,0.5929,0.6903;0.9,0.9) ),

A, =((0.4562,0.6490,0.6950,0.8029;1,1), (0.5400,0.6004,0.6490,0.7340;0.9,0.9) ).

[Step 4] Eq. (5) is used to compute the combined ranking value R(A,) of the comprehensive attribute

value A (k=1234):

R(A) =0.6578, R(A,) =0.8342, R(A,) = 0.8792, R(A,) = 0.9952.

[Step 5] By Definition 4, we find that the final ranking of commercial banks is p, > p, > p, > p,,

and p, isthe best commercial bank.

6.2 Discussion about some special cases

Below we analyse the effects of four special cases of ATs on the final ranking values and on the

corresponding ranking alternatives. As we can see from Table 4 (y=2 in the Frank and Aczel-Alsina

operations), the ranking values by different operations are different; however, the preferred ordering of

the commercial banks are identical in the four cases.

Table 4. Ranking results in light of four special cases of AT

Operations Ranking values of p,(k=12,34) Preferred order
Algebraic operations R(A)=0.6578,R(A,) =0.8342, R(A,) =0.8792, R(A,) =0.9952. p,>ps>p,>p
Einstein operations R(A)=0.6786,R(A,) =0.9051, R(A;) =0.9256, R(A,) =1.0653. p,>ps>p,>p
Frank operations R(A)=0.6676,R(A,) =0.8649, R(A,) =0.9002, R(A,) =1.0261. P> P>P,> P
Aczel-Alsina operations R(A)=0.5825,R(A,) =0.6316, R(A,) =0.7057, R(A,) =0.7441. P> P> P, > P

Further, we discuss the effects of the parameter y on the preferred ordering of this example. We

use the Frank and Aczel-Alsina operations to illustrate the effects. The ranking results for different

values of y from Frank and Aczel-Alsina operations are depicted in Figs. 2 and 3. The following

conclusions are drawn:

1)

2)

3)

4)

The ranking values derived by the created approach based on Frank operations are not lower
than those derived by the created approach based on Aczel-Alsina operations for the same
value of the parameter v, and their deviations become larger as the value of parameter y

increases.

The ranking values derived by the created approach based on Frank operations increase as
parameter y increases (for the same alternative). However, the ranking values derived by the
created approach based on Aczel-Alsina operations decrease as parameter y increases (for the

same alternative).

For the Frank and Aczel-Alsina operations, the same preferred ordering of alternatives is
obtained for different values of parameter y. This denotes that the created approach verifies

the isotonicity property.

We could consider the parameter y as the “DMs’ attitude”. For the Frank operations, the
larger the value of parameter y becomes, the more optimistic the DMs are; the smaller the

value of y becomes, the more pessimistic the DMs are. However, for the Aczel-Alsina



operations, the inverse interpretation applies.

¥ Frank operations ¥ Frank operations ® Frank operations ¥ Frank operations
® Aczel-Alsina operations ® Aczel-Alsina operations ® Aczel-Alsina operations ® Aczel-Alsina operations
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Fig. 3. Ranking results of the alternatives with different operations

6.3 Validity test of the created approach

The different MADM approaches might provide different ranking results for the same



decision-making problem. Therefore, the following test criteria provided by Wang and Triantaphyllou
[45] is applied to analyse the reliability and validity of the created MADM approach.

Test criterion 1. An effective MADM approach should not alter the optimal alternative when
substituting a non-optimal alternative for another non-optimal alternative without changing the
attributes’ weights.

Using test criterion 1, the worse alternative p'= {F, SP, F, G, F, SP, SP, F} is substituted for the
non-optimal alternative p; = {SG, F, F, G, F, SP, SP, SG} in the initial decision matrix. Using the
BIT2FAC operator with Frank operations and y = 2, in Step 3 to this adjusted data, the following

comprehensive values of each commercial bank p, (k=12,3,4) are obtained:

((0.2880,0.4799,0.5333,0.6828;1,1), (0.3703,0.4258,0.4799,0.903;0.9,0.9) ),

((0.4033,0.5870,0.6281,0.7386;1,1), (0.4810,0.5427,0.5870,0.6668;0.9,0.9) ),
=((0.3983,0.6039,0.6589,0.7822;1,1), (0.4898,0.5478,0.6039,0.6996;0.9,0.9) ),
A, =((0.4724,0.6638,0.7083,0.8110;1,1), (0.5568,0.6169,0.6638,0.7453;0.9,0.9) ).

A
A,
A,

The combined ranking values of all commercial banks are:
R(A)=0.5680,R(A,) =0.8649, R(A,) =0.9002, R(A,) =1.0261.

Thus, the ranking result is p, > p; > P, > p,, i.e., the best commercial bank is again p,.

Therefore, the created MADM approach is shown to verify test criterion 1.

Test criterion 2. An effective MADM approach needs to verify transitive property.

Test criterion 3. When a MADM problem is decomposed into several sub-problems, and the same
approach is used to handle these sub-problems to provide the ranking of the alternatives, the integrated
ranking of the alternatives needs to be the same as the original MADM problem.

Using test criteria 2 and 3, we decompose the initial MADM problem into two smaller MADM

problems {p,, P, P,} and {p,. Ps, P,}. According to the procedure of the created MADM approach,

we derive preferred orders p, > p, > P, and p, > P, > P, for the two sub-problems, respectively.
If the orderings of the sub-problems are integrated together, we derive the integrated preferred order as
P, > P; > P, > Py, which is the same as the ranking in the initial MADM problem and consistent with
the transitive property. Therefore, the created MADM approach is shown to verify test criteria 2 and 3.
6.4 Comparison with existing methods

To further verify the effectiveness of the two created approaches, experimental results are
compared with results from existing MADM approaches: Hu et al.’s approach [18] based on the
weighted averaging operator of trapezoidal IT2FNs (TIT2-WAA) and maximizing deviation method;
Gong et al.’s approach [13] based on the Einstein weighted geometric operator of trapezoidal IT2FNs
(TIT2FEWG); and Gong et al.’s approach [14] based on the weighted geometric Bonferroni mean of
trapezoidal IT2FNs (TIT2FWGB). It is assumed that p = g = 1 for Gong et al.’s approach [14], and it is
assumed that the operational laws are Frank operations and y = 2 for the created approach. The
preferred orderings of the commercial banks in Example 3 for the different approaches are listed in
Table 5.



Table 5. Ranking results from different approaches for Example 3

Approaches Ranking values (R) Preferred order
Hu et al’s approach [18] R(A)=-0.0071,R(A,) =0.1449,
(Based on the TIT2-WAA operator) R(A;) =0.1369, R(A,) =0.2253. Pz Pz =B
Gong et al’s approach [13] R(A)=0.1333,R(A,) =0.2570,
(Based on the TIT2FEWG operator) R(A;) =0.2707,R(A,) =0.3390. Pz P Po= B
Gong et al’s approach [14] R(A)=0.1447,R(A,) =0.2464,
(Based on the TIT2FWGBM operator) R(A;)=0.2724,R(A,) =0.3365. Pz Pz Pe= B
The created approach R(A)=0.5460,R(A,) =1.5969,
(Based on the Frank operations) R(A;) =1.3971,R(A,) =0.9023. PezPs= PPy

From Table 5, we find that the created MADM approach, Gong et al’s approach [13], and Gong et
al’s approach [14] derive the same preferred ordering of commercial banks, i.e., P, > Py > P, > Py,
which is slightly different to the preferred ordering derived using Hu et al’s approach [18], i.e.,
p, > P, > P; > P,, although the optimal commercial bank is the same for all four approaches. One

reason for these methods to derive different preferred orderings of commercial banks is that the created
MADM approach, and the existing MADM approaches [13] [14] are all based on the geometric
operator, while Hu et al’s approach [18] is based on the averaging operator. Moreover, using the
geometric operator instead of the averaging operator in Hu et al’s approach [18] results in the same
preferred ordering of the commercial banks, i.e., P, > p; > P, > p;, and all four approaches would
derive the same outcome.

In the above section, we have demonstrated the effectiveness of the created approach. However, as
the existing approaches [13] [14] and the created approach derive the same preferred ordering of
commercial banks, it is hard to illustrate the merits of the created approach well. Thus, in what follows,
an application case is provided to conduct a further comparative analysis with the existing approaches
[13] [14] [18] that shows the superiority of the created approach.

Example 4. In the context of real MADM problems, the interactions of the attributes are common,
ranging from complementariness to redundancy. In addition, because of the reasons of time pressure,
lack of knowledge and experts’ limited expertise about decision-making problems, the information
about attributes may not always be completely known. Considering such situations, Example 3 is
modified to presume that the attributes are dependent on the following incomplete attributes’ weights
information:

0.1< u({z,)) <0.2,0.05 < u({z,}) <0.1,0.1< u({z,}) <0.2,0.2 < u({z,}) <0.3,0.05< u({z,}) < 0.1,

0.1< u({z,}) <0.15,0.05 < 1({z,}) <0.1,0.25 < u({z;}) <0.4, u({z,,z,}) <0.35, u({z;,2,}) 2 0.3.
The assessment values remain identical to the Table 3 decision matrix. To illustrate the superiority of
the created approach, we use Hu et al’s approach [18], Gong et al’s approach [13], and Gong et al’s
approach [14] to handle Example 4. It is noteworthy that both Hu et al’s approach [18], and Gong et
al’s approach [13] assume that the attributes’ weights are known, so they cannot directly handle
MADM problems with incomplete weights. To apply these two approaches to handle Example 4, we

first determine the attributes’ weights using the maximum deviation approach [14], which results in the



same values provided in Table 5. The experimental results from the existing approaches [13] [14] [18]

and our created approach are listed in Table 6, where we assume y=2 for the created approach.

Table 6. Ranking results from different approaches for Example 4

Approaches

Ranking values (R)

Preferred order

Hu et al’s approach [18]
(Based on the TIT2-WAA operator)
Gong et al’s approach [13]
(Based on the TIT2FEWG operator)
Gong et al’s approach [14]
(Based on the TIT2FWGBM operator)
The created approach
(Based on the Algebraic operations)
The created approach
(Based on the Einstein operations)
The created approach
(Based on the Frank operations)
The created approach

(Based on the Aczel-Alsina operations)

R(A) =-0.0071 R(A,) = 0.1449,
R(A,) =0.1369, R(A,) = 0.2253.

R(A) =0.1333,R(A,) = 0.2570,
R(A,) =0.2707,R(A,) = 0.3390.

R(A) =0.1447,R(A,) = 0.2464,
R(A,) =0.2724,R(A,) = 0.3365.

R(A) =0.5414,R(A,) =1.5733,
R(A,) =1.3844, R(A,) = 0.8655.

R(A) =0.5507,R(A,) =1.6279,
R(A,) =1.4126,R(A,) = 0.9503.

R(A) =0.5460, R(A,) =1.5969,
R(A,) =1.3971,R(A,) = 0.9023.

R(A) =0.5063, R(A,) =1.1830,
R(A,) =1.1600, R(A,) = 0.6240.

P,>P,>Ps> P

P.>P:>P, >0

P,>P:>P, >0

P,>P:>P, >0

P,>P:>P, >0

P,>P;>P, >0

P,>P;>P, >0

From Table 6, we observe that when the MADM problem with independent attributes are changed
to dependent attributes, Hu et al’s approach [18], and Gong et al’s approach [13] still result in the same
rankings; thus, they cannot handle dependent attributes in Example 4. Here, consultation service and
service attitude are negatively related. In general, a commercial bank with a good consultation service
also has a satisfied service attitude; thus, the comprehensive weight of the two attributes considered
together should be smaller than the sum of the weight of the two attributes when considered alone.
Therefore, the ranking results derived by the approaches [13] [18] are not fit for this purpose because
they ignore the interactions of the attributes. In addition, it is noteworthy that, in the MADM problem
with independent attributes, when they are changed to dependent attributes, Gong et al’s approach [14]
also keeps the same preferred ordering. Although Gong et al’s approach [14] can reflect the

homogeneous relationship by aggregated elements, it cannot model the related relationship by the
attributes’ weights; i.e., it is based on the following equation: u(B) = zzjes #{z;D(VB<=Z), which

is invalid in Example 4. Therefore, the ranking result derived by Gong et al’s approach [14] is also not
fit for this purpose. Furthermore, when the MADM problem with independent attributes are changed to

dependent attributes, the preferred ordering derived by the created approach changes from
P,>P;>Pp,>p to P,>pP;>p,> P, so the optimal commercial bank changes from p, to p,.

Obviously, the ranking result of the banks derived by the created approach is reasonable because it is
based on the following inequalities:

1({2,,2,3) =0.2667 < u({z,}) + 1({z}) = 0.3, 1({2,,2,}) =035 > u({z,}) + u{z,}) = 0.25,
u{z3,2,}) =u{z;h) +u{z;}) = 0.3.
Thus, the created approach can capture the negative relationship of attributes z, and z;, the positive

relationship of the attributes z, and zg, and the independent relationship between the attributes z; and z,.



Therefore, the created approach derives a realistic ranking result, which is not the case with the existing
approaches [13] [14] [18].

7. Conclusions

This article focused on MADM in an IT2FNs context for service quality evaluation of commercial
banks based on the ATs, the Choquet integral and the generalized Banzhaf index. First, novel
operations of IT2FNs based on the ATs were defined and shown to be more versatile and flexible when
fusing fuzzy information rather than the existing operations of IT2FNs. Then, the T2FAC operator was
proposed, and it not only weights the aggregated arguments or their ordered positions but also
considers the related characteristics of the aggregated arguments or their ordered positions. However,
the T2FAC operator results in information loss because not all coalitions of attributes are considered.
For this reason, the BT2FAC operator was proposed to globally capture the interactions of the
attributes. Because the BT2FAC operator is based on the FM, and the FM is defined on the power set,
it makes the problem complexity exponential. To enhance the practicality of the BT2FAC operator, the
2ABT2FAC operator was proposed. Besides, when the weighting information is partly known, two
linear programming models for the optimal FMs were constructed based on the developed
bi-directional projection measure of IT2FNs and the Banzhaf function. As a series of development, two
methods were created for handling IT2F MADM problems with incomplete weight information and
independent attributes. Moreover, we provided a case concerning the service quality evaluation of
commercial banks to illustrate the specific application and the superiority of the created approach.
From the experimental results shown in Example 3 and Example 4, we could see that the proposed
method could overcome the drawbacks of Hu et al.’s approach [18], Gong et al.’s approach [13] and
Gong et al.’s approach [14] for MADM under IT2F environments. The proposed approaches offer us a
helpful way for IT2F MADM. The major contributions of this article are: 1) the defined new operations
of IT2FNs can better aggregate input arguments and ensure the accuracy of final results; 2) the
proposed IT2F Choquet operators can globally reflect the heterogeneous relationship of the criteria; 3)
the constructed models can objectively determine attributes’ weights and avoid subjective randomness;
4) the created MADM approaches can effectively handle service quality evaluation problems. As future
work, we want to explore the created MADM methods in the field of different areas, such as mobile
phone evaluation [30], group recommender systems [3] and investment management [29]. Besides, we
shall propose some MADM methods based on intelligent optimization algorithms [49] and granular
computing techniques [11] [12].
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APPENDIX 1.

Theorem 1. The aggregation outputs of the set A={A,A,,..,A} of trapezoidal IT2FNs by the
IT2FAC operator is the trapezoidal IT2FN:
IT2FAC(A,A,,.., A)

= [(gl (i (ﬂ(z(k)) - #(Z(kﬂ)))g(a;lk)l)J* 971 (Zn:(,u(z(k)) _ﬂ(z(kﬂ)))g(a(uk)z)]y

971 (Zri: (ﬂ(z(k)) - ﬂ(z(kﬂ)))g(a(uk)s)]* 971 (Zn:(,u(z(k)) _ﬂ(z(kﬂ)))g(a(um)j;

g (Zn:(ﬂ(z(k))_ﬂ(z(k+1)))g(h1(A(uk)))j Z(,U(Z(k)) ﬂ(z(k+1)))g(h (A(k)))j] 17)

[ * (z (/u(z(k)) /’l(z(kﬂ)))g(a(k)l)j [Z (,U(Z(k)) _ﬂ(z(k+1) ))g(aék)z)j:

71 [Z (/U(Z(k)) ﬂ(z(k+1)))g(a(k)3) - (Zn:(ﬂ(z(k)) - ﬂ(z(k+1) ))g(a’;k)4)j;

971 [Z(ﬂ(z(k)) - M(Z(k+1)))g(h1(A('k)))j, 971 [Z(ﬂ(z(k)) - /J(Z(k+1)))9 (h, (A(Ik)))JJJ

Proof. We prove that Eq. (17) holds and the result of Eq. (17) is a trapezoidal IT2FN.
(1) We first prove that Eq. (17) holds by mathematical induction onn .

a) Forn=2, since 0<u(Z,)—u(Z.y) <1for any permutation (.) of the elements in the set

Z , by the operations of trapezoidal IT2FNs, the following is derived:
2
_ (Zk)’ (Zk+1)_ (Z1)*I(Zz) (Zz)* (Zs)
ITZFAC(AUAZ)_k@:lHk)” () )7H L (k1) _Al)# w)=H# 4@ @A(z)ﬂ @)~ H 43

= ((07((1(Zey) ~ 1Z )9 (@) 0 ((Z i)~ 1(Z ) @),

07 (1(Zy) ~ (2 ) 9@ 0 (2 )~ (Z ) (@)
07 (1(Zy) ~ 12, DI (A, 8 (1(Z) ~ 102, D (A ),

(07 (u(Zey) - 12 )9 @l )), 87 ((Zy) - 12 )0 @l))

07 (1(Zy) ~ 1(Z )9 @), 0 (2 )~ (Z )0 20
07 (u(Zey) - 1(Z DI ), 07 (e(Zy) - 1(Z DT B (A )
(97 (12 ) ~ 12 )@ 8 (1(Z ) - 1(Zi5) )9 B,

07 (1(Z ) ~ 1y )9 @), 0 (12 )~ (2 ) B2
0 (1(Z2)) ~ (2 Ay (A, 07 (402 )~ 1(Z5) )9 (A ),

(07 (2 ) ~ HZ I @), 87 ((Z )~ (Z ) @),

0 (1(Z )~ 1(Z )9 @), 0 (2 )~ 1(Z ) By

0 (12 )~ (Z NI (A ). § ({2 )~ 1(Zi )9, (A )



=((g1[ngm)—u(z(km»g(a:m)j,g1(i(u(zm)—u(z(km»g(a(“k)z)j,
g-l@(u(zm)—u(z(km»g(a(“k)s)j -1[2<u(z(k)> u(z(m))g(a(k)oj
g1[g(mz(k))—mz(km»g(m(a“k)»j 1[z<u(z(k)> Zyn)ah, (A\k)»jj
(g*(g(y(z(k))—u(z(kﬂ)»g(a;k)l)j -{Z(Mz(k)) u(z(km))g(a(k)z)j
g-l(Z(u(z(k»—y(zM»g(a;k)s)j -1[2(y(z(k)) y(z(k+1)))g(a(k)4)j
)

971 (Zz‘,(ﬂ(z(k)) _ﬂ(z(kﬂ)))g(hl(A(lk)))jv 971 (Z(/’I(Z(k)) _ﬂ(z(k+1)))g(hz (A(Ik))) J

b) It is assumed that Eq. (17) holds for n=m,i.e.:
IT2FAC(ALA,,.... A,)

{[g1(kzm;(u(z(k))—u(z(k+1)))g(a(“m)j,g1[i(u(z(k))—u(z(kﬂ)»g(a(“k,z)}
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g1(?2;1(;:(2(“)—u(z(ku)))g(a(“k)a)j,g1("g(u(z(k))—u(z(k+l)>)g<ark)4>j;

g1(§(u(z(k))—y(z(kﬂ)))g(mwk)»j,g1(2(#(z(k))—u(z(km»g(hz(a“k)»jj,
[gl(fzj(u(z(k>)—u(z(kﬂ)»g(a('k)l)}. g1Czj(u(z(kn—u(z(km»g(a('k)z)j,
g-lczj(u(z(k))—u(z(kﬂ)))g(a('m)j,g*(rzj(y(z(k))—u(z(km))g(a('m)}

gil [%(ﬂ(z(k)) - ,U(Z(k+1) ))g(hl(A(lk)))j: gil [%(ﬂ(z(k)) _ﬂ(z(k+1) )a(h, (A(Ik)))Jj\J

Thus, by a), b) and c), it is proved that Eq. (17) holds.
(2) We prove that Eq. (17) is a trapezoidal IT2FN. It is assumed that:

b} =g (Zn:(,u(z(k)) _/u(z(k+1)))g(azk)j)j (1=1234t=ul),
Vi - g*(i(u(z(k)) - u(Zyah, (A{k)»j (i=12t=u,).

Then, we prove b} and v; satisfy the following conditions:
a) 0<bj<1(j=1234t=ul) and 0<V,<1(j=12t=u,l);
b) b <b, <b;<b,(t=u,l) and v; <V, (t=u,l).
@ We provide the proof of condition a). First, it is proved that0<b <1. Since 0<a,, <1,
g(t) isa monotonic decreasing function, the following is derived:
91) < 9(afy,) < 9(0). 0
Then, since 0< u(Z,)) — #(Z.1)) <1, the following is derived:
(4(Z4) = 1(Z1)) 9O < (1(Z ) = 1(Z4.1)) 9@Ger) < ((Zy) ~ 1(Z11))) 9 O)

n

(ﬂ(z(k))_ﬂ(z(k+1)))g(l) < (,U(Z(k))_ﬂ(z(kﬂ)))g(aﬁql) < Zri:(,u(z(k)) _ﬂ(z(k+1)))g(o)- (i)

n
k=1 k=1

In addition, since  u(Z,)) =1 and u(Z,.;)) =0, the following is derived:



n

(#(Z(k)) = 1(Z gy )) =(Zy)— u(Z ) =1. (iii)

k=1

Further, by Eqgs. (ii)—(iii), the following is derived:
90 <X ((Z )~ #(Z )0 (@) <9(0). (W)
k=1

Finally, since g~*(t) is a monotonic decreasing function, by Eq. (iv), the following is derived:
0=g7(9(0))<g™ (Z(ﬂ(zm)—u(ZM))g(a{‘kn)) <g™(9@)=1 ie, 0<b’'<1.
k=1

Simultaneously, it can be proved that 0<h SLOﬁb} <Yj=2,34t=u,l) and OSV} <1
(j=L2t=u,l).

@ We provide the proof of condition b). First, it is proved that by’ <bj. Since a,, <a,,,, and
g(t) isa monotonic decreasing function, the following is derived:

9(a.) < 9(@y), v)

Then, since 0< u(Z,)) = u(Z,.1)) <1, by Eq. (v), the following is derived:

(,U(Z(k)) _ﬂ(z(k+1))) g(a(uk)z) < (ﬂ(z(k)) - ,U(Z(kﬂ))) g(a(uk)l)

and

S (Z0) - H(Z)) 8@ < ((1Z0) 124 ) 9@ (v

k=1

Further, since g~'(t) is a monotonic decreasing function, by Eq. (vi), the following derived:

g (i(ﬂ(z(k))_/J(Z(ku)))g(aéjkn)j <g™ (i(ﬂ(z(k))_/J(Z(ku)))g(azjk)z)} ie, b <b.

k=1 k=1
Simultaneously, it can be proved that b} <bj},b} <bl <bi(t=u,l) andv; <V (t=u,l). Thus, by

@ and @), the aggregation result of Eq. (17) is a trapezoidal IT2FN and Theorem 1 is proved true.

APPENDIX 2.

Theorem 2. Let A={A,A,,..,A} and A'={A A ,...,A} be two sets of trapezoidal IT2FNson Z ,
B atrapezoidal IT2FN and £ >0. The IT2FAC operator verifies the following properties:

(1) Idempotency: IT2FAC(A A,...,A)=A,where A=A (k=12,..,n).

(2) Commutativity: IT2FAC(A,A,....,A))=IT2FAC(A A,,.... A,), where {AA,... A} is
any permutation of {A, A,,..., A }.

(3) Monotonicity: When agy, <au,, au, <& &z < & os < 8gar M (Ay) <H (A
WA S (Ag) Q<8 Qg 8o s SRsr Aige S M(AY) <H(A),
hy(A) <N (Ay). it is IT2FAC(A,A),...A)<IT2FAC(A,A,,... A), where A, is the k-th



smallest value of the set A’.

(4) Boundedness: A” < IT2FAC(A,A,,...A) <A’ where
A" = (min(at,), minay, . min(af,). min(ag, ); min(h, (A), min(h, (A"))
(min(al,), min(al,), min(ats), min(a,,); min(h, (A)), min(h, (A) )
and
A" = (max(a,), max(ay, ). max(ajs), max(af, ); max(h, (&), max(h, (A")
(max(al,), max(al.), max(al,), max(al, )i max(hy (&) max(h, (A)) .
(5) IT2FAC(A® ®B,Af ®B,..,A° ®B)=(IT2FAC(A,A,,.., A)))’ ®B.
(6) IT2FAC(A QA A QA,...A ®A)=IT2FAC(A,A,,...A)®IT2FAC(A,A,... A).
Proof. (1) Since A =A=((a',a3,a,a)ih (A")h,(A),(a] a5, 8, 8,50 (A) by (A))) for all

k(k=12...n) and Y (u(Zy)-(Zy.))=1 according to Theorem 1, the following is derived:
k=1

IT2FAC(ALA,,...., A)
= [(g_l (Zri: (;U(Z(k)) - ;U(Z(k+1) ))g(a(uk)l)j’ g_l [Zn: (,U(Z(k)) - ;U(Z(k+1) ))g(a(uk)z)]-

gl[i(ﬂ(z(k))_ﬂ(z(kafl)))g(ark)a)j (Z(/’I(Z(k)) /u(z(k+l)))g(a(k)4)j;
gl[Zn:(ﬂ(z(k))_ﬂ(z(kﬁ)))g(hl(ﬁuk)))j l(Z(ﬂ(z(k)) ﬂ(z(k+1)))g(h (A(k)))Jj,
(g_l(i(ﬂ(z(k))_ﬂ(z(ku)))g(a(lkn)j _1(2(,“(2(10) ﬂ(z(kﬂ)))g(a(k)z)jl

g_l (Zn_: (,U(Z(k)) - ,U(Z(k+1) DI (azk)a)j (Z (,U(Z(k) )— ;U(Z(k+l) DI (a(k)4) ;

E

gil (i (/J(Z(k)) - /U(Z(k+1) ))g(hl(A('k)))j, gil Z(ﬂ(z(k)) - ﬂ(z(k+1)))g(h2 (A(lk))) j]

[g(as)Z(xU(z(k)) ,U(Z(kﬂ)))j g (g(a4)2(ﬂ(z(k)) /u(z(kﬂ)))j

= [(gl (g (a )i (/U(Z(k)) - ﬂ(z(kﬂ) ))]

[g(as )Z(ﬂ(z(k)) ﬂ(z(k+1) )AL

g(az)Z(ﬂ(z(k)) ﬂ(z(kﬂ))))
( (ai)Z(ﬂ(Z(k))—/J(Z(M)))J;
g1(g(hl(Au))Z(,u(Z(k))_ﬂ(z(ku)))J g(h (Au))Z(,u(Z(k)) ﬂ(z(kﬂ)))jj,

( [Q(Q)Z(ﬂ(z(k)) ﬂ(z(kﬂ))) 9 [g(az)Z(ﬂ(Z(k)) ﬂ(z(ku)))j



gl[g(hl(Al))i(,u(Z(k))—y(Z(kﬂ)))j,gl(g(hz(Al))Zn:(,u(Z(k))—y(Z(kﬂ)))jJ]

=((ar at ay, a8 h (A), 0y (A")), (&), a5, @4, &) by (A'), by (A)) ) =A

(2) Since {A,A,..., A} isany permutation of {A,A,,..,A} by Definition 7, the following is
derived: IT2FAC(A,A,...A))=IT2FAC(A,A,,.... A).

and IT2FAC(ALA;,... A) =((a", ' 3" &) sh (AY), h (A)), (3] 3) &y ) sy (A'), hy (A))) ).
i) First, it is proved that a* <a,". Since g(t) is a monotonic decreasing function and &), <&y,
itis g(ayy)>9(@y,). Then,since u(Zyy)—(Zy.y)20(k=12,..,n), the following is derived:
(1(Z )~ 2 D) > (1(Z )~ 12 ) DB
and

:Zl:(ﬂ(z(k)) —i(Zy ) 9(agy) = kznll(/u(z(k)) — 1(Z )98,

Additionally, since g~*(t) isa monotonic decreasing function, the following is derived:

u

gl[i(u(z(m —ﬂ(z(kﬂ)))g(agk“n)j < gl@(u(z(k,) —ﬂ(z(kﬂ)»g(a:m)j, e, a'<a.
if) Similar to i), it is proved that:
a' <a,a’ <a (j=2,34t=ul)h (A,))<h (Ay)(i=L2t=u,l).
iii) Further, by Definition 3, the following is derived:
R(IT2FAC(A A,...A))<R(IT2FAC(A.A,.... A)).
Thus, by Definition 4, itis 1T2FAC(A, A,,... A) < IT2FAC(A, A,,... A).
(4) Since
A" = (min(atz), min(at,), min(as), min(a,); min(ty ("), min(h, (A!) ),
(minal,), minal,), min(al.), min(a,,); min(hy (A), min(h, (A) )
el
A" = (max(a), max(ay, ) max(as), max(af, ) max(h, (&), max(h, (A") )
(max(al,), max(a).), max(als), max(aj, ); max (", (A)), mEx(hz(Ak')))),
by the monotonicity property of the proposed IT2FAC operator, the following is derived:
IT2FAC(A",A",..,A) <IT2FAC(A, A,,... A) < IT2FAC(A", A",..., A").
Then, by the idempotency property of the proposed IT2FAC operator, the following is derived:
A" =IT2FAC(A",A",..,A") and A" =IT2FAC(A",A",..,A").
Thus, we conclude that:

A <IT2FAC(A.A,....A)<A".



(5) Since B=(B",B') is a trapezoidal IT2FN and &>0, by Egs. (6)~(7), the following is
derived:

(A) ®B
=((97co@) + 90! g™ (£9(a) +9(0})). g (£9(at) + g (b)),
g7 (9(as) +a(®))): 97 (Ea(h (A) +9(h (B*). g (g (h,(A)) +a(h,(B*)),
(97 (€a(a) + b)), g7 (£9(ay,) +9(b;), 9 (£a(as) + 9 (B3)),
97 (£9(a,) +9(0:)); a7 (€a(h.(A)) +9(h(B')), 97 (£a(h, (A)) + g(hz(B')))))-

forall k(k=12,...,n).
Then, by Theorem 1 and Z(y(z(k)) —y(Z(kﬂ))) =1, the following is derived:
k=1

IT2FAC(A’ ® B, Al ®B, ..., A’ ®B)

=[(g1@(#(%)—u(zM))g(g1(5g(a(“k)1>+g<bf»)j,
g [g(u(zm) ~ 1Zy ) 9(0™ (G @, + g )»J,
gl[g(y(z(k))—u(z(m»g(gl(ég(ayk,3)+g(b;»)j,
g1@(#(2(@—u(z(kﬁ,))g(g1(§g(a(“k)4)+g(b;»)j;
g1(§(u(z(k))—u(z(kﬂ)»g(g1(§g(m(ﬁ\“k))>+g(h1(s“»» ,
g-l(g(u(zm)—u(z(km))g(g-l(fg(hzwk)»+g(hz(B“))»J],
(g1(§<u<z(k))—u(zw»g(g1(§g<a('k)l)+g(bl')»j,
g*(;(ﬂ(z(k))—u(zw»g(g*(ég(azk)z)+g(b;)»j,
j,
j.

g (i (,u(z(k)) - /u(z(k+1) ))g(gil(ég(azkm) +9 (bzlt))) )

971 (Zn‘, (,U(Z(k)) - /U(Z(kﬂ) )g (gil(é’g(azk)s) + g(bsl,)))

g [Z (U(Zy) = #(Z )9 (EG (D (Ay) + 9 (hy (B! ))))j,

k=1

l[Zn:(ﬂ(Z(k)) H(Zy))9(9 7 (E9(h,(A)) + 9 (. (B ))))D]

k=1

[[g z (/U(Z(k)) - ,U(Z(k+1) )& (a(uk)1) +9(b)’ )jv g_l (Zn: (ﬂ(z(k)) - ;U(Z(kﬂ)))cfg(a(uk)z) +9 (b;)jv

g [z(u(z(k» ﬂ(zw»sg(a(k)mg(b“) 1[z<u<z(k)) H(Zg)EQ(@ )+ O )j



971 (i(ﬂ(z(k)) —ﬂ(z(kﬂ)))fg(*’h(ﬁuk))) +g(h (B ))jy

g" (Zn: ((Z ) = 1(Z sy G, (Ayy)) + 9 (h, (B ))jJ,

k=1

(gl [Zn: (/U(Z(k)) - Iu(z(k+1) ))fg(azk)l) + g(b1| )jv 971 (Zn: (,U(Z(k)) — y(Z(k+1)))§g (a(lk)z) + g(b;)]7
gl( Ii (H(Zyy) = (Z g ))Cfg(a;k)s) + g(bsl)), gt (Zn: (u(Z ) = 1(Zy.)))S9 (a(lk)4) +g (b"l)}

gl[ki;w(z(k)) — 1(Z iy DG (AL )+ g(m(B'»j,
g1@(#(2(@)—y(z(kﬂ))):g(hzu\'k)))+g(hz(B'))m
=[[g1[rsg(u(z(k))—u(z(k+1,))g(a(“k)1)j,g1[fg(u(z(k))—u(z(k+1,))g(a(“k)z)j,
g-l[g“g(u(z(kp—u(z(kﬂ»)g(a:k)g)],g‘l[«fgw(z(k))—u(z(kﬂ)))g(a(“m)];
g1[5Z(u(z(k))—ﬂ(z(k+1))>g<h1(auk)))],g1[52(;«2@)—u(z(kﬂ)»g(hz(a“k)»j]
)

(gl (égi_ (;u(z(k)) - ,u(z(kﬂ)))g(a;k)l)]’ 971 (gi (/u(z(k)) - :u(z(k+1) ))g(a(lk)z)

g_1 [52”: (ﬂ(z(k)) - ﬂ(z(km ))g(azk)s)jx g_l (fzn‘, (,U(Z(k)) - /U(Z(k+1) )d (a(lk)4)j;

gl(si(u(z(k))—u(z(w)g(mwm»),g1 (éi(u(z(k,)—u(z<km>)g(h2(A\'k))>m

®((by',b; b5, by h, (BY),h, (B)), (b, b}, b, bl by (B'),h, (B')))
=(IT2FAC(A, A,,...A)) ®B
(6) By Eq. (6), the following is derived:
A®A =((g7(g@)+0(@), 07 (g(as) +9(ai)), 07 (g (@) +9(ai)) g (g (@) + 9 (al));
g (g(h (A))+g(h(A*), g (g(h, (A)) +g(h,(A"))),
(97(g(a)+9(a)). 97 (9(a},) +9(a})). 7 (9(as) + 9(an)). 9 *(9(ai,) + 9(ap));
g‘l(g(hl(Ai'))+g(hl(A{'))),g‘l(g(hz(ﬂﬁ'))+9(h2(A{')))))-
Then, by Theorem 1, the following is derived:

IT2FAC(A ® A, A ®A,,..A ®A)
= ([g_l (i (;U(Z(k)) - ,U(Z(k+1) ))g(g_l(g(a(ukn) + g(a(’ltl)l))))i

971 (i (/u(z(k)) - /J(Z(ku) ))g(gil(g(a(uk)z) + g(a('t)z)))jv
g (Zn: (,U(Z(k)) - ,U(Z(kﬂ) ))g(g_l(g(a(uk)z) + g(a(';f)a)))j,

9" (i(ﬂ(z(k)) - ﬂ(z(kﬂ)))g(gil(g (a(uk)4) + g(a(’lfm)))j;



gl(zn:(ﬂ(z(k)) — 1(Z 41 ))9(9 7 (g (h, (Ag)) + Q(W(A[f)))))j,
gil (Zn: (/U(Z(k)) - ﬂ(z(kﬂ)))g(gil(g(hz (Njk))) +g(h, (A(’;) ))))j )

Egl [Z (1(Z ) = 11(Z ) 9(97 (9 (agey) + g(a{Ln)))J,
gil (i (/J(Z(k)) - ;u(z(ku) ))g(gil(g(a(lk)z) + g(a(’L)z))) )

gil [Zn: (/U(Z(k)) - ,U(Z(k+1) ))g(gil(g(a(lk)e') + g(a('llqg))) )

n

971 (Zn‘, (,U(Z(k)) - ,U(Z(kﬂ) ))g(gil(g(a(lm) + g(a(’li)4)))j;
g_l (z (,U(Z(k)) - ,U(Z(k+1) DI (g_l(g (m(ﬁlk))) + Q(V&(Nb))))],

g( (y(z(k))—y(z(kﬂ)»g(g*(g(hz(A‘k)»+g(hz(a'k')»»j]]
=£(g-{§(u(zm)—u(z(kﬂ)»(g(a(“k)mg(ag;)l»j,
g-l[g(u(z(k))—u(z(kﬂ)))(g(a(“k)»+g(agk“)z))j,
gl(g(u(z(k))—u(z(kﬂ)))(g(a(“k)m g(agk“)s»j, gl(g(mz(m)—u(z(k+1)))(g(a:k)4)+ g(a{tﬂ»j;
g1[g(u(zm)—u(z(kﬂ)»(g(mwk,»+ g(mu\'k“,)))j,
g1[g(u(z(k))—u(z(kﬂ)»(g(hz(a“k))ng(hz(A\'k“)»)D,
[g1@@(@»—u(z(k+l)))(g<a;k)l>+g(agL)l»j,g1@(;:(%)—u(z(kﬂ)»(g(a:k)mg(ag'k)z))j,
g1@(u(z(k))—u(zw)(g(a:k)s)+g(agi)g))j, g1@(;1(2(”)—u(z(km))(g(a;m)+g(ag¢)4))];

gil [Zn: (/U(Z(k)) _/U(Z(k+1) ))(g(h1(A(lk))) + g(hl(AY,li))))Jl 971 (Zn: (ﬂ(z(k)) - /U(Z(k+1) )
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