Scuola Internazionale Superiore di Studi Avanzati - Trieste

Area of Mathematics
Ph.D. in Geometry
and Mathematical Physics

Doctoral Thesis

GEOMETRY AND ANALYTIC
THEORY
OF SEMISIMPLE COALESCENT
FROBENIUS STRUCTURES

AN ISOMONODROMIC APPROACH TO
QUANTUM COHOMOLOGY AND HELIX STRUCTURES
IN DERIVED CATEGORIES

Candidate Supervisors
GIORDANO COTTI PRrROF. DR. BORIS A. DUBROVIN
PROF. DR. DAVIDE GUZZETTI

THESIS SUBMITTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR
THE DEGREE OF PHILOSOPHIZ DOCTOR

AcAaDpEMIC YEAR 2016-2017

SISSA - Via Bonomea 265 - 34136 TRIESTE - ITALY



Il presente lavoro costituisce la tesi presentata da Giordano Cotti, sotto la direzione dei Professori Boris
A. Dubrovin e Davide Guzzetti, al fine di ottenere I'attestato di ricerca post-universitaria Philosophice
Doctor presso la Scuola Internazionale Superiore di Studi Avanzati di Trieste (SISSA), Curriculum
di Geometria e Fisica Matematica. Ai sensi dell’articolo 1, comma 4, dello Statuto della SISSA pub-
blicato sulla G.U. no. 36 del 13.02.2012, il predetto attestato ¢ equipollente al titolo di Dottore di
Ricerca in Matematica.

Trieste, Anno Accademico 2016-2017.



Geometry and Analytic Theory

of Semisimple Coalescent Frobenius Structures

An Isomonodromic approach to
Quantum Cohomology and Helix structures
in Derived Categories

Giordano Cotti



Aristippus philosophus
Socraticus, naufragio cum
etectus ad Rhodiensium litus
animadvertisset geometrica
schemata descripta,
exclamavisse ad comites

ita dicitur:

“Bene speremus! Hominum
enim vestigia video”.

Marcus Vitruvius Pollio,
De Architectura, Liber VI



ABSTRACT

In this Thesis we study geometrical and analytic aspects of semisimple points of Frobenius mani-
folds presenting a phenomenon of coalescence of canonical coordinates. Particular attention is given to
the isomonodromic description of these resonances as well as to their (still conjectural) relationships
with the derived geometry of Fano varieties.

This Thesis contains the work done by the candidate during the doctoral programme at SISSA
under the supervision of Boris A. Dubrovin and Davide Guzzetti. This consists in the following
publications:

e In [Cot16], contained in Part 1 of the Thesis, the occurrence and frequency of a phenomenon
of resonance (namely the coalescence of some Dubrovin canonical coordinates) in the locus
of Small Quantum Cohomology of complex Grassmannians is studied. It is shown that
surprisingly this frequency is strictly subordinate and highly influenced by the distribution of
prime numbers. Two equivalent formulations of the Riemann Hypothesis are given in terms
of numbers of complex Grassmannians without coalescence: the former as a constraint on
the disposition of singularities of the analytic continuation of the Dirichlet series associated
to the sequence counting non-coalescing Grassmannians, the latter as asymptotic estimate
(whose error term cannot be improved) for their distribution function.

e In [CDG17b], contained in Part 2 of the Thesis, we consider an n x n linear system of ODEs
with an irregular singularity of Poincaré rank 1 at z = oo, holomorphically depending on
parameter ¢ within a polydisc in C™ centred at ¢ = 0. The eigenvalues of the leading matrix
at z = oo coalesce along a locus A contained in the polydisc, passing through ¢t = 0. Namely,
z = 00 is a resonant irreqular singularity for t € A. We analyse the case when the leading
matrix remains diagonalisable at A. We discuss the existence of fundamental matrix solutions,
their asymptotics, Stokes phenomenon and monodromy data as ¢ varies in the polydisc, and
their limits for ¢ tending to points of A. When the deformation is isomonodromic away
from A, it is well known that a fundamental matrix solution has singularities at A. When
the system also has a Fuchsian singularity at z = 0, we show under minimal vanishing
conditions on the residue matrix at z = 0 that isomonodromic deformations can be extended
to the whole polydisc, including A, in such a way that the fundamental matrix solutions
and the constant monodromy data are well defined in the whole polydisc. These data can
be computed just by considering the system at fixed ¢t = 0. Conversely, if the t-dependent
system is isomonodromic in a small domain contained in the polydisc not intersecting A, if
the entries of the Stokes matrices with indices corresponding to coalescing eigenvalues vanish,
then we show that A is not a branching locus for the fundamental matrix solutions. The
importance of these results for the analytic theory of Frobenius Manifolds is explained. An
application to Painlevé equations is discussed.

e In [CDG17c|, which is in preparation and it is contained in Part 3 of the Thesis, we extend
the analytic theory of Frobenius manifold at semisimple points with coalescing eigenvalues of
the operator of multiplication by the Euler vector field. We clarify which freedom and mutual
constraints are allowed in the definition of monodromy data, in view of their importance
for conjectural relationships between Frobenius manifolds and derived categories. Detailed
examples and applications are taken from singularity and quantum cohomology theories. We
explicitly compute the monodromy data at points of the Maxwell Stratum of the As-Frobenius
manifold, as well as at the small quantum cohomology of the Grassmannian G(2,4). In this
last case, we analyse in details the action of the braid group on the computed monodromy
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data. This proves that these data can be expressed in terms of characteristic classes of
mutations of Kapranov’s exceptional 5-block collection, as conjectured by B. Dubrovin.

In [CDG17a], which is in preparation and it is contained in the final Part 4 of this Thesis,
we address a conjecture formulated by B. Dubrovin in occasion of the 1998 ICM in Berlin
([Dub98]). This conjecture states the equivalence, for a Fano variety X, of the semisimplicity
condition for the quantum cohomology QH*®(X) with the existence condition of exceptional
collections in the derived category of coherent sheaves D°(X). Furthermore, in its quantitative
formulation, the conjecture also prescribes an explicit relationship between the monodromy
data of QH*®(X) and characteristic classes of X and objects of the exceptional collections. In
[CDG17a] we reformulate a refinement of [Dub98], which corrects the ansatz of [Dub13],
[GGI16, GI15] for what concerns the conjectural expression of the central connection matrix.
Through an explicit computation of the monodromy data, and a detailed analysis of the action
of the braid group on both the monodromy data and the set of exceptional collections, we
prove the validity of our refined conjecture for all complex Grassmannians G(r, k). Finally,
a property of quasi-periodicity of the Stokes matrices of complex Grassmannians, along the
locus of the small quantum cohomology, is described.
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CHAPTER 1

Introduction

1.1. General presentation of the Thesis

This Thesis is devoted to the study of two mutually stimulating problems:

e a foundational problem in the theory of Frobenius manifolds, consisting in the description
of semisimple coalescent Frobenius structures in terms of certain «monodromy local moduli»;

e an explicit and analytical conjectural relationship, in literature known as Dubrovin’s con-
jecture ([Dub98]), between the enumerative geometry of smooth projective varieties, admit-
ting semisimple Quantum Cohomology, and the study of exceptional collections and helices
in their derived category of coherent sheaves.

In itinere, some contributions to the general analytic theory of Isomonodromic deformations have
been given. Furthermore, we exhibit an unexpected and direct connection between the theory of
Frobenius manifolds, more precisely the Gromov-Witten and Quantum Cohomologies theories, and
open problems about the distribution of prime numbers. The results are presented in fifteen Chapters,
divided in four Parts, which we are going to describe in details.

1.2. Background Materials

Before explaining the results of the Thesis in more detail, we briefly recall preliminary basic facts.

Born in the last decades of the XX-th century, in the middle of the creative impetus for a math-
ematically rigorous foundations of Mirror Symmetry, the theory of Frobenius Manifolds ([Dub96],
[Dub98], [Dub99b], [Man99], [Her02], [Sab08]) seems to be characterized by a sort of universality
(see [Dub04]): this theory, in some sense, is able to unify in a unique, rich, geometrical and analytical
description many aspects and features shared by the theory of Integrable Systems, Singularity Theory,
Gromov-Witten Invariants, the theory of Isomondromic Deformations and Riemann-Hilbert Problems,
as well as the theory of special functions like Painlevé Transcendents.

A Frobenius manifold M is a complex manifold, of finite dimension n, endowed with a structure of
associative, commutative algebra with product o, and unit on each tangent space 1), M, analytically
depending on the point p € M; in order to be Frobenius the algebra must also satisfy an invariance
property with respect to a non-degenerate symmetric bilinear form n on T'M, called metric, whose
corresponding Levi-Civita connection V is flat:

n(aopb,c) =n(a,bo,c) forall a,b,ceTyM, pe M.

The unit vector field is assumed to be V-flat. Furthemore, the above structure is required to be
compatible with a C*-action on M (the so-called quasi-homogeneity assumption, see the precise def-
inition in Chapter 2): this translates into the existence of a second distinguished V-flat vector field
E, the Euler vector-field, which is Killing-conformal and whose flow preserves the tensor of structural
constants of the algebras, i.e. it satisfies £g(o) = o.

The geometry of a Frobenius manifold is (almost) equivalent to the flatness condition for an
extended connection V defined on the pull-back tangent vector bundle 7*T'M along the projection

xi



1.2. BACKGROUND MATERIALS xii

map 7: C* x M — M. Consequently, we can look for n holomorphic functions #,...,#*: C* x M — C
such that (z,%!,...,#") are V-flat coordinates. In V-flat coordinates t = (t!,...,t"), the V-flatness
condition Vdt(z,t) = 0 for a single function # reads

oC 1
—=(U(t)+ - 1.1
o= (U +2n)c (1)
;fx:zc‘”‘(t)c’ a=1,...,n. (1.2)
Here the entries of the column vector ((z,t) are the components of the n-gradient of #
- o 0 o o ot o o 0
gradt'_C (Z’t)@7 C (Z’t) =1 wa Nap _n(ﬁt“’ﬁtﬁ> ’ (13)

and C,(t), U(t) and p := diag(p1,...,u,) are n X n matrices described in Section 2.1, satisfying
nU = UTn and nu + pT'n = 0. In particular, U(t) represents the operator of multiplication by the
Euler vector field at a point p € M having V-flat coordinates t = (¢!, ...,#"). A fundamental matrix
solution of (1.1)-(1.2) provides n independent V-flat coordinates (..., ).

For fixed t, the equation (1.1) is an ordinary linear differential system with rational coefficients,
with a Fuchsian singularity at z = 0 and a singularity of the second kind of Poincaré rank 1 at z = oo
(which is irregular).

A point p € M is called semisimple if the Frobenius algebra (T),M, o,) is semisimple, i.e. without
nilpotents. A Frobenius manifold is semisimple if it contains an open dense subset M of semisimple
points. In [Dub96] and [Dub99b], it is shown that if the matrix U is diagonalizable at p with
pairwise distinct eigenvalues, then p € Mgs. This condition is not necessary: there exist semisimple
points p € My, where U has not a simple spectrum. In this case, if we move in Mg, along a curve
terminating at p, then some eigenvalues of U(t) coalesce as t — t(p).

The eigenvalues u := (uy,...,uy,) of the operator U, with chosen labelling, define a local system
of coordinates p — u = u(p), called canonical, in a sufficiently small neighborhood of any semisimple
point p. In canonical coordinates, we set

rad *(u,2) = Y Vi, 2) ), filw) = ot O

)3 Ouily’

— (1.4)

Then, the equations @df"(u, z) =0, « =1,...,n, namely equations (1.1), (1.2), are equivalent to the
following system:

)% V(u)
— = U+ —>|Y 1.5
o= (v ). (15)
oY
— = (2B + Vir(n)Y, 1<k<n, (1.6)
ouy,
where (Ey)ij = 0k, U = diag(ug, ..., uy,), V is skew-symmetric and
L
U:=0Us=, V.=0pbt Vi(u):= L(u)\li(u)_l.
ouy,
Here, ¥(u) is a matrix defined by the change of basis between (%, e a%) and the normalized
canonical vielbein (f1,..., fn)

8 n
Pl ; Wia fi-
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The compatibility conditions of the equations (1.5)-(1.6) are

gv = [Vi., V]. (1.8)
u,

When u; # uj for i # j, equations (1.7) coincide with the Jimbo-Miwa-Ueno isomonodromy defor-
mation equations for system (1.5), with deformation parameters (ui,...,u,) ([JMUS81], [JMS81a],
[JM81b]). This isomonodromic property allows to classify germs of semisimple Frobenius manifolds
by locally constant monodromy data of (1.5). Conversely, such local invariants allow to reconstruct the
Frobenius structure by means of an inverse Riemann-Hilbert problem [Dub96], [Dub99b], [Guz01].
Below, we briefly recall how they are defined in [Dub96], [Dub99b].

In [Dub96], [Dub99b] it was shown that system (1.5) has a fundamental solution near z = 0 in
Levelt normal form

o
Yo(z,u) = U(u)®(z,u) 22, O(z,u):=1+ Z Oy (u) 2", (1.9)
k=1
satisfying the orthogonality condition
O(—z,u)ln ®(z,u)=n forall ze R,uec M. (1.10)
Since z = 0 is a regular singularity, ®(z,u) is convergent.
If u = (ui,...,u,) are pairwise distinct, so that U has distinct eigenvalues, then the system (1.5)
admits a formal solution of the form
[e.9]
1
Yiormal (2, 1) = G(z,u)eY,  G(z,u) =1+ Z Gr(u)—, G(—zu)TG(z,u) = 1. (1.11)
z
k=1

Although Yiomal in general does not converge, it aways defines the asymptotic expansion of a unique

genuine solution on any sectors in the universal covering R := C\{0} of the punctured z-plane, having
central opening angle 7 + ¢, for £ > 0 sufficiently small.

The choice of aray ¢4 (¢) := {z € R: argz = ¢}, with directional angle ¢ € R, induces a decompo-
sition of the Frobenius manifold into disjoint chambers.! An ¢-chamber is defined (see Definition 2.14)
to be any connected component of the open dense subset of points p € M, such that the eigenvalues of
U at p are all distinct (so, in particular, they are points of Ms;), and the ray ¢4 (¢) does not coincide
with any Stokes rays at p, namely R(z(u;(p) —u;(p))) # 0 for i # j and z € £1(¢). Let p belong to an
¢-chamber, and let u = (u1, ..., u,) be the canonical coordinates in a neighbourhood of p, contained in
the chamber. Then, there exist unique solutions Yie /right (2, u) such that

)/left/right(z7 u) ~ vaormal(% ’LL) for z — oo,
respectively in the sectors

Mg (¢) = {2z €R: ¢p—m—e<argz <o +e}, iy(d) ={r€R:p—e<argz<d+m+e}.
(1.12)
The two solutions Yief /rignt (2, u) are connected by the multiplication by two invertible matrices S, S_,
called Stokes matrices, a priori depending on w:

Yieft (2, 1) = Yignt (2, ) S (u), Yleft(e%iz, u) = Yiignt(z,u)S_(u) forall z€ R,
Moreover, there exists a central connection matriz C, a priori depending on u, such that

Yiight (2, u) = Yo(2,u)C(u), forall z € R.

IThis definition does not appear in [Dub96] [Dub99b].
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It can be shown that, because of the antisymmetry of V(u), we have that S_(u) = S(u)T (see
also Section 1.5.1). By applying the classical results of the isomonodromy deformation theory of
[JMUR&81], in [Dub96] and [Dub99b] it is shown that coefficients ®;’s and G}’s are holomorphic at
any point of any ¢-chamber, an that the monodromy data u, R, S,C are constant over a ¢-chamber
(the Isomonodromy Theorem I and II of [Dub99b] , cf. Theorem 2.4 and 2.12 below). They define
local invariants of the semisimple Frobenius manifold M. In this sense, there is a local identification of
a semisimple Frobenius manifold with the space of isomonodromy deformation parameters (u1, ..., uy)
of the equation (1.5).

1.3. Results of Part 1

1.3.1. Ambiguity in associating Monodromy Data with a point of the Manifold.
From the above discussion, we see that with a point p € Mg such that uy(p), ..., u,(p) are pairwise
distinct, we associate the monodromy data (u,R,S,C). These data are constant on the whole /-
chamber containing p. Nevertheless, there is not a unique choice of (u, R, S, C) at p. The understanding
of this issue is crucial in order to undertake a meaningful and well-founded study of the conjectured
relations with derived categories.

The starting point is the observation that a normal form (1.9) is not unique, because of some
freedom in the choice of ® and R (in particular, even for a fixed R, there is freedom in ®). The
description of this freedom was given in [Dub99b], with a minor imprecision, to be corrected below.
Let us identify all tangent spaces T, M, for p € M, using the Levi-Civita connection on M, with a n-
dimensional complex vector space V, so that u € End(V'). Let G(n, u) be the complex (7, u)-parabolic
orthogonal Lie group, consisting of all endomorphisms G: V — V of the form G = 1y + A, with A
a p-nilpotent endomorphism, and such that n(e™Ga, Gb) = n(e™ a,b) for any a,b € V (see Section
2.1.2 and Definition 2.3). We denote by g(n, ) its Lie algebra.

THEOREM 1.1 (cf. Sections 2.1.1, 2.1.2). 2
Given a fundamental matriz solution of system (1.5) in Levelt form (1.9) near z = 0, holo-
morphically depending on (ui,...,u,) and satisfying the orthogonality condition (1.10), with p =
U (u)~tVW(u) constant and diagonal, then the holomorphic function R = R(u) takes values in the Lie
algebra g(n, 1). Moreover,
(1) All other solutions in Levelt form near z = 0 are Yy(z,u)G(u), where G is a holomorphic
function with values in G(n, ); the Levelt normal form of Yo(z,w)G(u) has again the structure
(1.9) with R(u) substituted by R(u) := G(u)R(u)G(u)~! (cf. Theorem 2.3).
(2) Because of the compatibility of (1.5) and (1.6), G(u) can be chosen so that R is independent
of u (Isomonodromy Theorem I in [Dub99b], Theorem 2.4).
(3) For a fized R € g(n, 1), the isotropy subgroup G(n, u)r of transformations G € G(n, i), such
that GRG™' = R, coincides with the group®

Goliu R) G €GL(n,C): Pg(z) := 2*2R8G2"27* is a matriz-valued polynomial
oM such that Pg(0) = 1, and Pg(—2)TnPg(z) =n .
If G € Co(p, R) and Yo(z,u) = U(u)®(z,u)2"2R, then Yo(z, u)G = U(u)®(z, u) P (z)z# 28
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The refinement introduced here is the condition
Pa(—2)"nPa(z) =,

which does not appear in [Dub99b], but is essential to preserve (1.10) and the constraints (1.14)
below.

Let us now summarize the freedom in assigning the monodromy data (u, R,S,C) to a given
semisimple point p of the Frobenius manifold. It has various origins: it can come from a re-ordering of
the canonical coordinates (u1(p),...un(p)), from changing signs of the normalized idempotents, from
changing the Levelt fundamental solution at z = 0 and, last but not least, from changing the slope of
the oriented line 74 (¢). Taking into account all these possibilities we have the following

THEOREM 1.2 (cf. Section 2.3). Let p € My, be such that (u1(p), ..., un(p)) are pairwise distinct. If
(u, R, S, C) is a set of monodromy data computed at p, then with a different labelling of the eigenvalues,
different signs, different choice of Yy(z,u) and different ¢, another set of monodromy data can be
computed at the same p, which lies in the orbit of (u, R, S,C) under the following actions:

e the action of the group of permutations G,
S—pPSP, Cr—CP,

which corresponds to a relabelling (u1, ..., un) = (Ur(1),- - -, Ur(n)), where T € &, and the in-
vertible matriz P has entries Pjj = d;-(;). For a suitable choice of the permutation®, P S P~!
s in upper-triangular form
e the action of the group (Z/27)*"
S+—1T 87T, Cr— C1I,

where L is a diagonal matriz with entries equal to 1 or —1, which corresponds to a change of
signs of the square roots in (1.4);
e the action of the group Co(u, R)

S +—s S, C+—GC, G € Co(i, R),

which corresponds to a change Yo(z,u) — Yo(z,u)G~! as in Theorem 1.1.
e the action of the braid group By, as in formulae (2.40) and (2.41),

S AP(S)-S-(APS)T, C—C-(AP(9)7Y, (1.13)

where (B is a specific braid associated with a translation of ¢, corresponding to a rotation of
l4(¢p). More details are in Section 2.3.

Any representative of u, R, S, C in the orbit of the above actions satisfies the monodromy identity

CSTS_lc_l _ e27rz,u€2mR’

In the description of the monodromy phenomenon of solutions of the system (1.5) near z = 0, the assumption of
semisimplicity is not used. This will be crucial only for the description of solutions near z = co. Theorem 1.1 can be
formulated for system (1.1), having the fundamental solutions Z¢ = U ~'Yj,.

3In [Dub99b] neither the n-orthogonality conditions appeared in the definition of the group Co(u, R), nor this group
was identified with the isotropy subgroup of R w.r.t. the adjoint action of G(n, ) on its Lie algebra g(n, u). These
n-orthogonality conditions are crucial for preserving the constraints of all monodromy data (u, R, S,C) (see below and
Theorem 2.11).
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and the constraints

S = C*lefm'Reffriunfl(C«T)fl7 ST — O 1 mR m,u (CT) (1‘14)

We stress again that the freedoms in Theorem 1.2 must be kept into account when we want to
investigate the relation between monodromy data and similar object in the theory of derived categories

1.3.2. Coalescence Phenomenon of Quantum Cohomology of Grassmannians.
Originally introduced by physicists ([Vaf91]), in the context of N = 2 Supersymmetric Field Theories
and mirror phenomena, the Quantum Cohomology of a complex projective variety X (or more in
general a symplectic manifold [MS12]) is a family of deformations of its classical cohomological
algebra structure defined on H*(X) := @, H*(X;C), and parametrized over an open (nonempty)
domain D C H*(X): the fiber over p € D is identified with the tangent space T,D = H*(X). This
is exactly the prototype of a Frobenius manifolds, the flat metric being the Poincaré pairing. The
structure constants of the quantum deformed algebras are given by (third derivatives of) a generating
function F;X of Gromov-Witten Invariants of genus 0 of X, supposed to be convergent on D: if
(T1,...T,) denotes a C-basis of H*(X), and if (¢!,...,t") denotes the associated (flat) coordinates,

we set
AR At
S Z — / Jevi T, (1.15)

n=0 B€Ef(X) a1,...,an=0 : [(Mo,n (X8 ;24

where My, (X, 3) denotes the Deligne-Mumford stack of stable maps of genus 0, with n-marked points
and degree 8 with target manifold X, and where the evaluations maps ev;’s are tautologically defined
as

€v;: MO,n(Xa ﬁ) — X ((Ca X); f) = f(xz)

The Gromov-Witten invariants of X, namely the rational numbers appearing in (1.15) as integrals
on Mo, (X, 3), morally “count” (modulo parametrizations) algebraic/pseudo-holomorphic curves of
genus 0 on X, with a fixed degree 3, and intersecting some fixed subvarieties of X. The reader can
find in Chapter 3 more details on Gromov-Witten Theory.

In almost all studied cases of quantum cohomology, the Frobenius structure of the manifold is
explicitly known only at the locus of small quantum cohomology, i.e. the locus DN H?(X;C), where
only the deformation contributions due to the three-points genus zero Gromov-Witten invariants are
taken into account. Along this locus, a coalescence phenomenon may occur. By this we mean that the
operator U of multiplication by the Euler vector field®does not have simple spectrum at some points
where nevertheless the Frobenius algebra is semisimple.

DEFINITION 1.1. A point p € M, such that the eigenvalues of U at p are not pairwise distinct is
called a semisimple coalescence point (or semisimple bifurcation point).

The classical isomonodromy deformation results, exposed in Section 1.2 above, apply if U has
distinct eigenvalues. If two or more eigenvalues coalesce, as it happens at semisimple coalescence
points of Definition 1.1, then a priori solutions Yies /rigns /F(z, u) are expected to become singular and
monodromy data must be redefined. Therefore, if we want to compute monodromy data, we can only
rely on the information available at coalescence points. Thus, we need to extend the analytic theory of
Frobenius manifolds, in order to include this case, showing that the monodromy data are well defined
at a semisimple coalescence point, and locally constant. Moreover, from these data we must be able

4Unique choice at a semisimple non-coalescing point, but not unique at a semisimple colescence one.
5Along the small quantum cohomology, the Euler vector field coincide with the first Chern class ¢1(X).
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to reconstruct the data for the whole manifold. We stress that this extension of the theory is essential
in order to study the conjectural links to derived categories.

Before addressing this problem, we focus on the case of complex Grassmannians G(k, n) of k-planes
in C™, and we study the occurrence and frequency of this coalescence phenomenon. For simplicity, we
will call coalescing a Grassmannian for which some canonical coordinates coalesce along the locus of
small quantum cohomology.

The questions, to which we answer in Chapter 4, are the following:

(i) For which k,n the Grassmannian G(k,n) is coalescing?
(ii) How frequent is the phenomenon of coalescence among all Grassmannians?

By looking at Grassmannians as symplectic (or, if You prefer, GIT) quotients, and by applying the

so called abelian-nonabelian correspondence ([Mar00, BCFK08, CFKSO08]), which allows to estab-
lish a relationship between the enumerative geometry of a symplectic quotient V' / G and that of
the “abelianized quotient” V' /T, with T maximal torus of G, we reformulate the above question (i)
in terms of vanishing sums of roots of unity (see Section 4.3.2). We show that the occurrence and
frequency of this coalescence phenomenon is surprisingly related to the distribution of prime num-
bers. This relation is so strict that it leads to (at least) two equivalent formulations of the celebrated
Riemann Hypothesis: the former is given as a constraint on the disposition of the singularities of a
generating function of the numbers of Grassmannians not presenting the resonance, the latter as an
(essentially optimal) asymptotic estimate for a distribution function of the same kind of Grassmanni-
ans. Besides their geometrical-enumerative meaning, three point genus zero Gromov-Witten invariants
of complex Grassmannians implicitly contain information about the distribution of prime numbers.
This mysterious relation deserves further investigations. Let us summarize some of the main results
obtained (cf. Theorems 4.6, 4.7, 4.8, 4.9 and Corollaries 4.7, 4.6 for more details). Here, P;(n) denotes
the smallest prime number which divides n.

THEOREM 1.3 (cf. Theorem 4.6). The complex Grassmannian G(k,n) is coalescing if and only if
Pi(n) <k<n-—Pi(n).

In particular, all Grassmannians of proper subspaces of CP, with p prime, are not coalescing.

In Section 4.3.3, we introduce the sequence (i1, ),>2, where Jji, denotes the number of non-coalescing
Grassmannians of proper subspaces of C", i.e.

i, = card {k: G(k,n) is not coalescing} .

In order to study properties of the sequence (i,),>2, we collect these numbers into a Dirichlet series

generating function
oo

~ A
ﬂ(s) = 712::2 E,

and we study its analytical properties. In particular, we deduce the following result.

THEOREM 1.4 (cf. Theorem 4.7). The function ﬁ(s) is absolutely convergent in the half-plane
Re(s) > 2, where it can be represented by the infinite series

o= > 2 (s -1).

p prime $p— 1)
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FIGURE 1.1. In this figure we represent complex Grassmannians as disposed in a
Tartaglia-Pascal triangle: the k-th element (from the left) in the n-th row (from the
top of the triangle) represents the Grassmannian G(k,n + 1), where n < 102. The
dots colored in black represent non-coalescing Grassmannians, while the dots colored
in gray the coalescing ones. The reader can note that black dots are rare w.r.t. the
gray ones, and that the black lines correspond to Grassmannians of subspaces in CP
with p prime.

involving the Riemann zeta function ((s) and the truncated Euler products

o) = p];[k (1—;5>_1.
p prime

By analytic continuation, JNI(S) can be extended to (the universal cover of) the punctured half-plane

p pole or zero of ((s), }

_ P
C: R ==+1:
{se ofs) > o} \ {S k * k squarefree positive integer

o := lim sup
n—oo 108N

- _ 3
dog | > |, 1<T<s,
k<n
k composite

having logarithmic singularities at the punctures.

In particular, we have the equivalence of the following statements:
e (RH) all non-trivial zeros of the Riemann zeta function ((s) satisfy Re(s) = %;

e the derivative f[,(s) extends, by analytic continuation, to a meromorphic function in the
half-plane % < Re(s) with a single pole of oder one at s = 2.
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At the point s = 2 the following asymptotic estimate holds
= 1
H(S) = ].Og <m> 4 O(l), S — 2, Re(s) > 2.

As a consequence, we have that
JNIk: ~ = )
= 2logn

which means that non-coalescing Grassmannians are rare.

In Section 4.4, we also introduce a cumulative function for the number of vector spaces C",
1
2 < n < z, having more than 2x2 non-coalescing Grassmannians of proper subspaces: more precisely,
for x € R>4 we define

j?(a?) := card {n: 2 <n <z is such that i, > 237%}

Before stating the results, let us introduce the prime Riemann zeta function, together with its trun-
cations

1 1
Cp(s) == > —, Cpil(s):= DY, —.
p prime p p prime p
p<k

THEOREM 1.5 (cf Theorem 4.8, Theorem 4.9). We have the following results:
(a) for any k > 1, the following integral representations® hold

o (s)
2w = 27i /An [(m : 1) - <P,2z%+1(8) + CP,m%Jrl(S)

— 1
2y =5 [ ||~ 1) o 4 (o) (@8 + 1 — (22 1)
2mi Ja. |\ ¢ (s,:ﬁ + 1)
both valid for x € R>2 \ N, and where Ay, := {k + it: t € R} is the line oriented from t = —o0
tot=+oo.
(b) The function F admits the following asymptotic estimate:

%/E(x) _ /Oz % +0 (gg@ logx) ,  where © :=sup {Re(p): {(p) =0} .

—ds,
S

ds

)

S

Hence, it is clear the equivalence of (RH) with the (essentially optimal) estimate with © = 3.

Question (i) has already been addressed in [GGI16] (Remark 6.2.9): it is claimed, but not proved,
that the condition ged(min(k,n — k)!,n) > 1 (which is equivalent to the condition Pj(n) < k <
n— Pi(n)) is a necessary condition for coalescence of some canonical coordinates in the small quantum

locus of G(k,n).

6The integral must be interpreted as a Cauchy Principal Value.
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1.4. Results of Part 2

In Part 2, which is the analytical core of this Thesis, we address to the problem of extending the
Theory of Isomonodromic Deformations in order to include in the treatment also linear differential
systems which violate one of the main assumptions’ of the work of M. Jimbo, T. Miwa and K. Ueno
[JMUS81].

1.4.1. General description of the problem. In Part 2 we study deformations of linear dif-
ferential systems, playing an important role in applications, with a resonant irregular singularity at
z = 0o. The n x n linear (deformed) system depends on parameters t = (t1,...,t,n) € C™, (here
n,m € N\{0}) and has the following form:

- = Az, )Y, Az t) = A(t) + f: Ap(t)z7F, (1.16)
k=1

A(t) := diag(ui(t), ..., un(t)), (1.17)
with singularity of Poincaré rank 1 at z = oo, and where Ay(t), k > 1, and A(t) are holomorphic
matrix valued functions on an open connected domain of C™.

The deformation theory is well understood when A(t) has distinct eigenvalues uy(t), ua(t), ...,
up(t) for t in the domain. On the other hand, there are important cases for applications (see below)
when two or more eigenvalues may coalesce when t reaches a certain locus A in the t-domain, called
the coalescence locus. This means that u,(t) = up(t) for some indices a # b € {1,...,n} whenever ¢
belongs to A, while uy(t), ua(t), ..., un(t) are pairwise distinct otherwise®. Points of A will be called
coalescence points. To the best of our knowledge, this case is missing from the existing literature,
as we will shortly review later. This is the main problem which we address in Part 2 of the present
Thesis, both in the non-isomonodromic and isomonodromic cases. The main results of this part of
the Thesis are contained in:

— Theorem 7.1, Corollaries 7.3 and 7.4, and in Theorem 7.2, for the non-isomonodromic case;
— Theorem 1.6 (Th. 8.2), Corollary 1.1 (Corol. 8.3) and Theorem 1.7, for the isomonodromic
case.

For the sake of the local analysis at coalescence points, we can restrict to the case when the domain
is a polydisk

U, (0) :={t € C™ suchthat [t] <€}, [t| ;== max |t
1<i<m

for suitable ¢y > 0, being ¢ = 0 a point of the coalescence locus. We will again denote by A the
coalescence locus in U, (0).

When A is not empty, the dependence on ¢ of fundamental solutions of (1.16) near z = oo is quite
delicate. If ¢t ¢ A, then the system (1.16) has a unique formal solution (see [HS66]),

Yp(z,t) = (1 + i Fk(t)z_k)zBl(t)eA(t)z, Bi(t) := diag(A,(t)), (1.18)
k=1

where the matrices F(t) are uniquely determined by the equation and are holomorphic on U, (0)\A.
In order to find actual solutions, and their domain of definition in the space of parameters ¢, one
can refer to the local existence results of Sibuya [Sib62] [HS66] (see Theorems 5.1 and 5.3 below),

7 See [JMUR1], page 312, assumption that the eigenvalues of A,_,, are distinct. See also condition (2) at page 133 of
[FIKNO6].

8A is a discrete set for m = 1, otherwise it is a continuous locus for m > 2. For example, for the matrix diag(t1, t2, ..., tn),
the coalescence locus is the union of the diagonals t; = t;, i # 5 € {1,2,...,n}.
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which guarantees that, given to € U, (0)\A, there exists a sector and a fundamental solution Y (z,t)
holomorphic for |z| large and |t — to| < p , where p is sufficiently small, such that Y (z,t) ~ Yr(z,t)
for z — oo in the sector. The condition |t — t¢| is restrictive, since p is expected to be very small. In
the present Thesis, we prove this result for ¢ in a wider domain V C U, (0), extending [t — to| < p.
V is constructed as follows. Let t = 0 and consider the Stokes rays associated with the matrix A(0),
namely rays in the universal covering R of the z-punctured plane C\{0}, defined by the condition
that Re[(uq(0) — up(0))z] = 0, with u,(0) # up(0) (1 < a # b <n). Then, consider an admissible ray,
namely a ray in R, with a certain direction 7, that does not contain any of the Stokes rays above,
namely $e[(uq(0) —up(0))z] # 0 for any uq(0) # up(0) and arg z = 7. Define the locus X (7) to be the
set of points ¢t € U,,(0) such that some Stokes rays {z € R | Re[(uq(t) — up(t))z] = 0} associated with
A(t), t € A, coincide with the admissible ray arg z = 7. Finally, define a 7-cell to be any connected
component of U, (0)\ (AU X(T)) (see Section 7.2 for a thorough study of the cells). Then, we take
an open connected open domain V such that its closure V is contained in a 7-cell.

DEFINITION 1.2. The deformation of the linear system (1.20), such that ¢ varies in an open con-
nected domain V C U, (0), such that V is contained in a 7-cell, is called an admissible deformation®.
For simplicity, we will just say that ¢ is an admissible deformation.

By definition, an admissible deformation means that as long as ¢ varies within V, then no Stokes
rays of A(t) cross the admissible ray of direction 7.

If ¢ belongs to a domain V as above, then we prove in Section 7.5 that there is a family of actual
fundamental solutions Y,.(z,t), labelled by r € Z, uniquely determined by the canonical asymptotic
representation

Y, (z,t) ~ Yr(z,t),

for z — oo in suitable sectors S,.(V) of the universal covering R of C\{0}. Each Y, (z,t) is holomorphic
in {z € R||z] > N} xV, for a suitably large N. The asymptotic series I + > 5 Fj,(t)2z~* is uniform
in V.

The sectors S.(V) are constructed as follows: take for example the “half plane” II; := {z €
R |7T—m <argz < 7}. The open sector containing II; and extending up to the closest Stokes rays of
A(t) outside IT; will be called S;(t). Then, we define §1(V) := (), S1(t). Analogously, we consider the
“half-planes” I, ;= {2z €e R | T+ (r—3)w < arg z < 7+ (r — 1)7} and repeat the same construction for
S.(V). The sectors S.(V) have central opening angle greater than 7 and their successive intersections
do not contain Stokes rays Re[(uq(t) —up(t))z] = 0 associated with the eigenvalues of A(t), t € V. The

sectors S, (V) for r = 1,2, 3 are represented in Figure 1.2. An admissible ray arg z = 7 in §;(V)NS2(V)
is also represented.

If the t-analytic continuation of Y;.(z, t) exists outside V), then the delicate points emerge, as follows.

e The expression Re [(uq(t) — up(t))z], 1 < a # b < n, has constant sign in the 7-cell containing
V, but it vanishes when a Stokes ray Re [(uq(t) — up(t))z] = 0 crosses the admissible direction
7. This corresponds to the fact that ¢ crosses the boundary of the cell. Then, it changes sign
for t outside of the cell. Hence, the asymptotic representation Y;(z,t) ~ Yr(z,t) for z — oo
in S.(V) does no longer hold for ¢ outside the 7-cell containing V.

e The coefficients F(t) are in general divergent at A.

e The locus A is expected to be a locus of singularities for the Y;(z,t)’s (see Example 5.4

below).

9The definition of admissible deformation of a linear system is in accordance with the definition given in [FIKNO6].
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FIGURE 1.2. Stokes phenomenon of formula (1.19). In the left figure is represented
the sheet of the universal covering 7 — 7 < argz < 7 + 7 containing S (V) N S2(V),
and in the right figure the sheet 7 < argz < 7 + 27 containing S2(V) N S3(V). The
rays argz = 7 and 7 + 7 (and then 7 + kx for any k € Z) are admissible rays, such

that %e{(ua(O) - ub(O))z} # 0 along these rays, for any u,(0) # up(0). Moreover,
%e[(ua(t) — ub(t))z} #0forany t € Vand any 1 <a #b<n.

e The Stokes matrices S, (t), defined for ¢ € V by the relations (see Figure 1.2)
Yera(zt) = Yolz,t) S (2), (1.19)
are expected to be singular as ¢t approaches A.

REMARK 1.1. It is well known that, in order to completely describe the Stokes phenomenon, it
suffices to consider only three fundamental solutions, for example Y;.(z,t) for r = 1,2,3, and S;(¢),

Sa(t).

The matrix t) may have other singularities at finite values of z. In the isomonodromic case,
, T

A(zv
we will consider A(z,t) with a simple pole at z = 0, namely

Y _ oy, At = A+ 2O,

dz z

(1.20)

An isomonodromic system of type (1.20) with antisymmetric A (t), is at the core of the analytic
approach to semisimple Frobenius manifolds [Dub96] [Dub98] [Dub99b]| (see also [Sai93] [Sai83)]
[SYS80] [Man99] [Sab08]). Its monodromy data play the role of local moduli. Coalescence of
eigenvalues of A(t) occurs in important cases, such as quantum cohomology (see [Cot16] [CDG17c]
and Section 1.5.4 below). For n = 3, a special case of system (1.20) gives an isomonodromic description
of the general sixth Painlevé equation, according to [Maz02] (see also [Har94]). This description was
given also in [Dub96] [Dub99b] for a sixth Painlevé equation associated with Frobenius manifolds.
Coalescence occurs at the critical points of the Painlevé equation (see Section 10.3).

For given t, a matrix G(O)(t) puts A;(¢) in Jordan form
TOt) = (@O(1) T Au() GO ().

Close to the Fuchsian singularity z = 0, and for a given ¢, the system (1.20) has a fundamental solution
YO (z,t) = GO) (I +3 \I/l(t)zl> LOW)SOOFROW) (1.21)
=1

in standard Birkhoff-Levelt normal form, whose behaviour in z and t is not affected by the coalescence
phenomenon. The matrix coefficients ¥;(¢) of the convergent expansion are constructed by a recursive
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procedure. DO)(t) = diag(d;(t),...,dn(t)) is a diagonal matrix of integers, piecewise constant in ¢,
SO (t) is a Jordan matrix whose eigenvalues py(t), ..., p(t) have real part in [0, 1], and the nilpotent
matrix R(®)(¢) has non-vanishing entries only if some eigenvalues of Ay (t) differ by non-zero integers.
If some eigenvalues differ by non-zero integers, we say that ﬁl(t) is resonant. The sum

JO@) = DO(t) + 5O (1)

is the Jordan form of A, (t) above. Under the assumptions of our Theorem 1.6 below, the solution
(1.21) turns out to be holomorphic in t € U, (0).

Chosen a solution Y9 (z,#) with normal form (1.21), a central connection matriz C©) is defined
by the relation

Yi(z,t) =Y Oz, 0) cO@1), zeSV). (1.22)
Then, the essential monodromy data of the system (1.20) are defined to be
Si(t), (), Bit) =diag(Ai(1), CO@), JO@, ROW). (1.23)

Now, when ¢ tends to a point tpo € A, the limits of the above data may not exist. If the limits exist,
they do not in general give the monodromy data of the system A(z,ta). The latter have in general
different nature, as it is clear from the results of [BJL79c], and from Section 5.3 below.'°

DEFINITION 1.3. If the deformation is admissible in a domain V), as in Definition 1.2, we say that
it is isomonodromic in V if the essential monodromy data (1.23) do not depend on ¢ € V.

When this definition holds, the classical theory of Jimbo-Miwa-Ueno [JMUS81] applies.!! We are
interested in extending the deformation theory to the whole U, (0), including the coalescence locus A.

1.4.2. Main Results. A) The non-isomonodromic case of system 1.16 In Chapter 5,
Chapter 6 and Chapter 7, we study system (1.16) without requiring that the deformation is isomon-
odromic. Referring the reader to the main body of the Thesis for more details, we just mention the
main results obtained:

(1) necessary and sufficient conditions for the holomorphy at A of the formal solutions (1.18) are
given (Proposition 5.3).

(2) In Section 7.5 we prove that the fundamental solutions Y;(z,t), r € Z, of (1.16) can be t-
analytically continued to a whole 7-cell containing the domain V of Definition 1.2, preserving
the asymptotic representation (1.18).

(3) In Theorem 7.1 we give sufficient conditions for the holomorphy at A of fundamental solutions
Y, (z,t), together with their Stokes matrices S,(t), so that the asymptotic representation
Yy (2,t) ~ Yp(z,t) continues to hold in a wider sector S, containing S,(V), to be introduced
below (Section 7.6.2).

(4) eventually, we show that in this case, the limits

lim S,(t), ta € A, exist and are finite, (1.24)
t—ta
and they coincide with the Stokes matrices of system 1.16 with matrix coefficient A(z,ta)
(see Corollary 7.3 and 7.4).

108¢e for example the solution (5.37), where it is evident that the monodromy datum L, defined at ¢t = 0, is not the limit
for t — 0 of By (t) as in (1.18).

11 Notice that in [JMUB81] it is also assumed that A, (t) is diagonalisable with eigenvalues not differing by integers. We
do not make this assumption here.
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In the analysis of the above issues, wall crossing phenomena and cell decompositions of U, (0) will
be studied. Another result on the analytic ocntinuation of fundamental solutions, with vanishing
conditions on the Stokes matrices, is given in Theorem 7.2.

B) Isomonodromic case of system (1.20). Let the deformation be isomonodromic in V, as in
Definition 1.3, so that the classical theory of Jimbo-Miwa-Ueno applies. As a result of [JMUS&1],
the eigenvalues can be chosen as the independent deformation parameters. This means that we can
assume'? linearity in ¢ € U, (0), as follows:

Ug(t) = ug(0) +te, 1<a<n = m=n. (1.25)
Therefore,
A(t) = A(0) + diag(t1, ..., tn)
with
AO)=AM@--- DA, s<mn, N = Ny, (1.26)
where A1, ..., Ag are the s < n distinct eigenvalues of A(0), of respectively multiplicities p1, ..., ps

(p1 + -+ +ps = n). Here, I, is the p; x p; identity matrix. Now, the size ¢y of U, (0) is taken
sufficiently small so that we can write

Aty =M(t) D - ® As(2), (1.27)

with the properties that lim; .o Aj(t) = Ajlp, , and that A;(t) and A;(t) have no common eigenvalues
for ¢ # j. The following result extends the isomonodromy deformation theory from V to the whole
U, (0) in this case.

THEOREM 1.6 (cf. Theorem 8.2). Consider the system (1.20), with eigenvalues of A(t) linear in t
as in (1.25), and with A;(t) holomorphic on a closed polydisc Ue,(0) centred at t = 0, with sufficiently
small radius €y as specified in Section 7.6.1. Let A be the coalescence locus in Ue,(0), passing through
t = 0. Let the dependence on t be isomonodromic in a domain V as in Definition 1.3.

If the matriz entries of Ay (t) satisfy in Ue,(0) the vanishing conditions
(Ai(®)) = O(ua(t) —wy(t), 1<a#b<n, (1.28)

whenever uq(t) and uy(t) coalesce as t tends to a point of A, then the following results hold:

o The formal solution Yr(z,t) of (1.20) as given in (1.18) is holomorphic on the whole Ue,(0).
e The three fundamental matriz solutions Y, (z,t), r = 1,2,3, of the system of (1.20), which are
defined on V, with asymptotic representation Yr(z,t) for z — oo in sectors S,(V) introduced
above, can be t-analytically continued as single-valued holomorphic functions on Ue,(0), with

asymptotic representation

Y, (z,t) ~ Yr(z,t), z— o0 in S,
Jor any t € U, (0), any 0 < €1 < ey, and where S, are wider sectors, containing S,(V), to be
introduced in Section 7.6.2. In particular, they are defined at any ta € A with asymptotic

representation Yp(z,ta). The fundamental matriz solution Y (©)(z,t) is also t-analytically
continued as a single-valued holomorphic function on Ue,(0)

12 This assumption will be used in the Thesis starting from Section 7.6.2.
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e The constant Stokes matrices Sy, Sz, and a central connection matriz C©) | initially defined for
t €V, are actually globally defined on U, (0). They coincide with the Stokes and connection
matrices of the fundamental solutions Yy (z,0) and Y (©)(z,0) of the system

_ - A0

o= A(z,0)Y, A(z,0) = A(0) + L (1.29)

% z
Also the remaining t-independent monodromy data in (1.23) coincide with those of (1.29).
o The entries (a,b) of the Stokes matrices are characterised by the following vanishing property:

(S1)ab = (S1)ba = (S2)ap = (S2)ee =0 whenever u,(0) = up(0), 1<a#b<n. (1.30)

Theorem 1.6 allows to holomorphically define the fundamental solutions and the monodromy data
on the whole U, (0), under the only condition (1.28). This fact is remarkable. Indeed, according to
[Miw81], in general the solutions Y (©(z,t), Y,(2,t) and /T(z,t), t € V, of monodromy preserving
deformation equations can be analytically continued as meromorphic matrix valued functions on the
universal covering of C™\Acn, where Acn = Ug_,{ta(t) = up(t)} is the coalescence locus in C". They
have fixed singularities at the branching locus Acn, and so at A C Acn. Moreover, the t-analytic
continuation on U, (0) of a the solutions Y, (z,t) are expected to lose their asymptotic representation
Y,(2,t) ~ Yp(z,t) in S;(V), when t moves sufficiently far away from ), namely when Stokes rays cross
and admissible ray of direction 7. Under the assumptions of Theorem 1.6 these singular behaviours
do not occur.

Then, under the assumptions of Theorem 1.6, the system (1.29) has a formal solutions (here
we denote objects Y, S and C' referring to the system (1.29) with the symbols Y, S and C) with
behaviour!?

o0
Vi(z) = (I+ Y Bz )P 0eM07 By(0) = diag(41(0)). (1.31)
k=1
The matrix-coefficients Fk are recursively constructed from the equation (1.29), but not uniquely
determined. Actually, there is a family of formal solutions as above, depending on a finite number of
complex parameters. To each element of the family, there correspond unique actual solutions )o/l(z),
Ya(2), Ya(z) such that Y,(z) ~ Yp(z) for z — oo in a sector S, D S,(V), r = 1,2,3, with Stokes
matrices defined by

Voyi1(2) =Y (2)S,, r=12

Only one element of the family of formal solutions (1.31) satisfies the condition £ = Fi(0) for any
k > 1, and by Theorem 1.6 the relations S, = §7, hold. Let us choose a solution 10/(0)(,2) close to z =0
in the Birkhoff-Levelt normal form, and define the corresponding central connection matrix CO® such
that

Vi(z) =Y O(z) CO,

COROLLARY 1.1 (cf. Corollary 8.3). Let the assumptions of Theorem 1.6 hold. If the diagonal
entries of A1(0) do not differ by non-zero integers, then there is a unique formal solution (1.31) of
the system (1.29), whose coefficients necessarily satisfy the condition

E, = Fy(0).

131f the vanishing condition (1.28) fails, formal solutions are more complicated (see Theorem 5.2).
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Hence, (1.29) only has at z = co canonical fundamental solutions Y1(z), Ya(2), Y3(z), which coincide
with the canonical solutions Yi(z,t), Ya(z,t), Ya(z,t) of (1.20) evaluated at t = 0, namely:

Yi(z,0) = Yi(z), Ya(z,0) =Ya(z), Ys(z,0)=Ys(2).

Moreover, for any Y ) (z) there exists YO (z,t) such that Y (z,0) = YO (2). The following equalities
hold:
S1=S1, S2=%,, ©© =70,

Corollary 1.1 has a practical computational importance: the constant monodromy data (1.23) of
the system (1.20) on the whole U, (0) are computable just by considering the system (1.29) at the
coalescence point t = 0. This is useful for applications in the following two cases.

a) When ﬁl(t) is known in a whole neighbourhood of a coalescence point, but the computation
of monodromy data, which is highly transcendental, can be explicitly done (only) at a coalescence
point, where (1.20) simplifies due to (1.28). An example is given in Chapter 10 for the As-Frobenius
manifold, which in Section 10.3 will be recast in terms of the sixth Painlevé equation PVI,.

b) When /Ah (t) is explicitly known only at a coalescence point. This may happen in the case of
Frobenius manifolds, as already explained in Section 1.3.2. Our result is at the basis of the extension
of the theory, as it will be thoroughly exposed in Chapter 9. Theorem 1.6 and Corollary 1.1 allows the
computation of local moduli (monodromy data) of a semisimple Frobenius manifold just by considering
a coalescence point. The link between the notations of Part 2 (and of [CDG17b]) and the usual ones
of the general theory of Frobenius manifolds, used in Part 3 (resp. [CDG17c¢]), will be established in
Section 1.5.1.

In Part 2 of this Thesis, we also prove Theorem 1.7 below, which is the converse of Theorem
1.6. Assume that the system is isomonodromic on a simply connected domain V C U, (0) as in
Definition 1.2. As a result of [Miw81], the fundamental solutions Y,(z,t), r = 1,2,3, and ﬁl(t)
can be analytically continued as meromorphic matrix valued functions on the universal covering of
Ue, (0)\A, with movable poles at the Malgrange divisor [Pal99], [Mal83a], [Mal83b], [Mal83c].
The coalescence locus A is in general a fixed branching locus. Moreover, although for ¢ € V the
fundamental solutions Y,(z,t) have in S,(V) the canonical asymptotic behavior Yz (z,t) as in (1.18),
in general this is no longer true when ¢ moves sufficiently far away from V.

Nevertheless, if the vanishing condition (1.30) on Stokes matrices holds, then we can prove that the
fundamental solutions Y (z,t) and A;(t) have single-valued meromorphic continuation on U, (0)\A,
so that A is not a branching locus. Moreover, the asymptotic behaviour is preserved, according to the
following

THEOREM 1.7 (cf. Section 8.5). Let €y be as small as in Section 7.6.1. Consider the system (1.20).
Let the matriz Ay (t) be holomorphic on an open simply connected domain V C Ue,(0) such that the
deformation is admissible and isomonodromic as in Definitions 1.2 and 1.3. Assume that the entries
of the constant Stokes matrices satisfy the vanishing condition

(S1)ab = (S1)ba = (S2)ap = (S2)pa =0 whenever uq(0) = up(0), 1< a#b< n.

Then, as functions of t, the fundamental solutions Y,(z,t) and A, (t) admit single-valued meromorphic
continuation on Ue,(0)\A. Moreover, for any t € U, (0)\A which is not a pole of Y;(2,t) (i.e. which
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is not a point of the Malgrange divisor), we have
Yi(z,t) ~Yp(z,t) forz— 0o in Sp(t), r=1,2,3,
and
Y;'+1(Z7t) :K“(z7t) ST’, T:172'

The 8,(t)’s are the wide sectors introduced in Section 7.6.2.

REMARK 1.2. In the main body of Part 2, the matrices Y, sectors S, and Stokes matrices S, will
be labelled differently as Y,y ;1) Sy (r—1)p @a0d Sy 4 (r— 1)y, ¥, 4 € Z. This labelling will be explained.

For a detailed comparison of our results with the ones available in literature, the reader can see
Section 7.8 and Section 8.6.

1.5. Results of Part 3

In Part 3 of the Thesis, we apply the results obtained in the previous Part 2 to the isomonodromic
linear differential systems associated with semisimple Frobenius manifolds. The result is an extension
of the Isomonodromy Theorems also at semisimple coalescence points. Furthermore, we apply this
result in two examples, the first one for Frobenius structure related to singularity theory, the second
one for quantum cohomology of Grassmannians.

1.5.1. Notational Dictionary. First of all, let us establish a translation from notations of
Section 1.2 with the ones of Section 1.4. Notice that the system (1.5) is of type (1.20), and if we write
u = u(t) as in (1.25), then the following identification holds

U=A®),  V(u®) = A(t).

It is crucial for our discussion that the matrix ¥(u), which gives a change of basis between flat coor-
dinate vector fields and normalized idempotents, is always holomorphic and invertible at semisimple
points, also when U has coalescing eigenvalues there. The proof of this fact is given in Chapter 2.
Therefore, the matrices Vi (u) of (1.6) are holomorphic at semisimple points. ¥(u) diagonalises V' (u),
with constant eigenvalues p, ..., i, independent of the point of the manifold (see [Dub96],[Dub99b]):

V(w) =W(u) p W(u)~™,  pi=diag(p, o, - tn)-

Therefore, V' (u) is holomorphically similar to p at semisimple points.
The system (1.5) admits a normal form at z = 0 such that the corresponding fundamental matrix,
denoted

Yo(z,u) = (\Il(u) + i @l(u)zl>z“zR, (1.32)
=1

has monodromy exponent R independent of the point of the manifold. Yj(z, ) is holomorphic of u on
the domain where V (u) is holomorphic. In our notations, R = R, and Yy = Y, as in (1.21).
Next, we establish the translation between Stokes and central connection matrices as defined in
Section 1.2 and Section 1.4. As in Section 1.2, we consider an oriented ray ¢4 (¢) := {z € R | argz = ¢}
and (for € > 0 small) the two sectors II} Jri ¢nt (@) of (1.12). As explained before, the choice of such a
line gives a £-chamber decomposition of the Frobenius manifold. Let V be an open connected domain
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such that V is contained in an ¢-chamber. For suitable €, we can identify'*

Mg (6) = S1V), Mig(@) = S0V, Mip(6) = S0V, (1.33)

where e 21 ; (¢) := {2 € R |z = (e~ *™, ( € I, (¢)}, and S, (V) is defined in the previous Section
1.4. Let Yier(z,u), Yiignt(2,u) be the unique fundamental matrix solutions having the canonical
asymptotics Yr(z,u) = (I + O(1/2))e*V in I (¢) and IT5 g0 (@) respectively. The Stokes matrices S
and S_ of [Dub99b] are defined by the relations,

Yieft(za u) = }/}ight(za u)S7 )/left(eQMZv u) = Y}ight(za u)S_, z €R. (134)

The symmetries of the system (9.4) imply that S_ = ST. In our notations as in (1.19), the Stokes
matrices are defined by

Y3(z,u) = Ya(z,u)Sa, Ya(z,u) = Yi(z,u)S;. (1.35)

We identify

Y3(z,u) = Yier (2, u), Yo(z,u) = Yiigns (2, w). (1.36)
Let B; denote the exponent of formal monodromy'® at z = oo, so that the relation Yi(ze 2™, u) =
Y3(z,u)e 2751 holds.!% Since V is skew symmetric and By = diag (V') = 0, the above relation reduces
to

Yi (26_2”, u) = Yiest (2, ).

Therefore (1.35) coincides with (1.34), with
S =s7', S=S8,.

The central connection matrix such that ¥; = Y(©C©) was defined in (1.22) (see also Definition 8.1).
In the theory of Frobenius manifolds, such as in [CDG17c], the central connection matrix is denoted
by C, defined by

}/right(za U) = }/0(27 U)C
Since Yy = YO, Viigne = Yo, Yo = ¥1S;, and S7' = ST then
c =csyt =087

Summarising, monodromy data of a semisimple Frobenius manifold are u, R, S, C, versus the
monodromy data g, ..., iin, R, S1,Ss, C© of Part 2.

1.5.2. Isomonodromy Theorem at semisimple coalescence points. Coalescence points for
U in (1.5) are singular points for the monodromy preserving deformation equations (1.7)-(1.8). Their
study is at the core of the analytic continuation of Frobenius structures. Our Theorem 1.6 allows to
extend the isomonodromic approach to Frobenius manifolds at coalescence points if the manifold is

141y the notation used in the main body of Part 2,
6727rinleft = Sl/ (v)7 Hright = Su+p, (V)7 Hleft = Su+2u(v)7 for T < ; < Ty+1-

151 general, a formal solution is (I + Y orey Fr (u)z7*)2P1e*V but in case of Frobenius manifolds By = 0.
161, the notation qf the main body of the Thesis, YLH Yoitr—1)u, 7= 1,2,3, S1 = Sy, S2 = S,y and Yy(z(y>) =
Yy+2M(Z(D+2H))€727”L7 where 2,4 (r—1)u) € Sut(r—1)u(V) is seen as a point of R and not of C.
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semisimple at these points. Let u(?) = (ugo), ey u%o) ) denote a coalescence point. By a change Y — PY

in (1.5), given by a permutation matrix P, there is no loss of generality in assuming that

o)y _ ... _,0) _.
uy —"'—“;571) =)\

0 _ _ 0 .
Up 41 = 77 = Upyypy = A2

(0) _ _ 0 _.
Up toodps_1+1 = 777 = Upypotpe_q+ps = As,

where p1, ..., ps are integers such that p; +--- 4+ ps = n, and A\; # A\; for j # k. In order to have a
correspondence with [Dub99b], as in formula (1.33) and (1.36), we take the ray ¢4 (¢) with

¢p=7+7m mod 2T, (1.37)

where 7 is the direction of an admissible ray for U at the point (9, i.e. not containing any Stokes
rays. Similarly to what done in Section 1.4.2, we consider a sufficiently small positive number ¢
(specified in Section 9.1), and we introduce the neighbourhood (polydisc) of u(?) defined by

Ue, (u?) := {u eC” ‘ lu —ug| < 60}

and denote by A the coalescence locus passing through (%), namely
A= {u(p) € Uey (uV) | u; = u; for some i # j}.

If u© is a semisimple coalescence point, then the Frobenius Manifold M is semisimple in Ue, (u(o))
for sufficiently small €; (if necessary, we further restrict €y). Given the above assumption of semisim-
plicity, then W(u) is holomorphic at A and this implies that V' (u) is holomorphically similar to pu.
Equation (1.7) for k = i is Vj; = (u; — u;)(V;)s;, which implies that V;j(u) = 0 for ¢ # j and u; = u;.
Therefore, recalling that V (u(®)) corresponds to A;(0), we conclude that the vanishing condition (1.28)
holds true and then our Theorem 1.6 applies. We note that diag (V(u(o))> = 0, then the diagonal en-

tries of Al(()) do not differ by non-zero integers, so that also Corollary 1.1 applies. Then, the following
result holds:

THEOREM 1.8 (cf. Theorem 9.1).

(1) System (1.5) at the fixed value u = u(®) admits a unique formal solution, which we denote with
Y/forma](Z), having the structure (1.11), namely Y/forma](Z) = (]1 +>°5, sz*k> e?V : moreover,
it admits unique fundamental solutions, which we denote with f/left /right (2), having asymptotic
representation Yiormal(z) in sectors erft/right(@, for suitable € > 0 (precisely quantified in the
main body of Cahpter 9). Let S be the Stokes matriz such that

f/left(z) = f/right(z)g-

(2) The coefficients Gy(u), k > 1, in (1.11) are holomorphic over Ue,(u?)), and Gy(u®) = Gy;

moreover Yiprmal (2, u(®) = f/formal(z).
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(3) Yiett(2,u), Yiigns(2,w), computed in a neighbourhood of a point u € Uey(uO)\A, can be u-
analytically continued as single-valued holomorphic functions on the whole U, (u(o)). More-
over

Yieft/right(za U(O)) = Yoieft/right (Z)

(4) For any €1 < €, the asymptotic relations

Yieft /right (2, u)e —2U 14 Z Gi(u for z — o0 in erft/right(@,
k=1
hold uniformly in u € U, (u?). In particular they also hold at u € A.
(5) Denote with Yo(z) a solution of system (1.5) with fixed value u = u(?), in Levelt form Yy(z) =

T(u®) (1 + O(z))z“zR having monodromy data p and R. For any such Yo(z) there exists

a fundamental solution Yy(z,u) in Levelt form (1.9), holomorphic in Ue,(u ©)), such that its
monodromy data p and R are independent of u and

Yo(z,u®) =Yy(2), R=R. (1.38)
Let C' be the central connection matrix for lo/b and }ofright; namely

Yiigns(2) = Yo(2)C.
(6) For any €1 < €, the monodromy data pu, R, S, C of system (1.5) are defined and constant
in the whole I/lel( ©), namely the system is isomonodromic in L[El( ©)). They coincide with
the data p, R, S and C associated to fundamental solutions Yleft/nght( z) and Yy(z) above.

In particular, the entries of S = (S”)m_1 with indices corresponding to coalescing canonical
coordinates vanish, namely:

Sij =85 =0 for alli# j such that W0 = u§0). (1.39)

We recall that the monodromy data for the whole manifold can be computed by an action of the
braid group (see [Dub96], [Dub99b] and [CDG17c]) staring from the data obtained in U, (u(9).
Hence, our result allows to obtain the monodromy data for the whole manifold from the data computed
at a coalescence point. This relevant fact is important in the following two cases:

a) The Frobenius structure (i.e. V(w) in (1.5)) is known everywhere, but the computation of
monodromy data is extremely difficult — or impossible — at generic semisimple points where U =
diag(uy, ..., u,) has distinct eigenvalues. On the other hand, the system (1.5) at a coalescence point

simplifies, so that we may be able to explicitly solve it in terms of special functions and compute S
and C.

b) The Frobenius structure is explicitly known only at points where U has two or more non-distinct
etgenvalues.

In Chapters 10 and 11 we give two explicit and detailed examples of applications of the above
Theorem 1.8 to both these cases. The case a) will be exemplified through a detailed study of the
Maxwell Stratum of the As-Frobenius manifold, whereas the computation of the monodromy data at
points of the small quantum cohomology of G(2,4) will exemplify the case b).

1.5.3. The Maxwell Stratum of As-Frobenius Manifold. The first example, in Chapter
10, is the analysis of the monodromy data at the points of one of the two irreducible components of
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the bifurcation diagram (namely, the Maxwell stratum) of the Frobenius manifold associated to the
Coxeter group As. This is the simplest polynomial Frobenius structure in which semisimple coalescence
points appear. The whole structure is globally and explicitly known, and the system (1.5) at generic
points is solvable in terms of oscillatory integrals. At semisimple coalescence points, however, the
system considerably simplifies, and it reduces to a Bessel equation. Thus, the asymptotic analysis
of its solutions can be easily completed using Hankel functions, and S and C' can be computed. By
Theorem 1.8 above, these are monodromy data of points in a whole neighbourhood of the coalescence
point. We will explicitly show that the fundamental solutions expressed by means of oscillatory
integrals converge to those expressed in terms of Hankel functions at a coalescence point, and that
the computation done away from the coalescence point provides the same S and C', as Theorem 1.8
predicts. In particular, the Stokes matrix S computed invoking Theorem 1.8 is in agreement with
both the well-known results of [Dub96], [Dub99b], stating that S + ST coincides with the Coxeter
matrix of the group W(As) (group of symmetries of the regular tetrahedron), and with the analysis
of [DMO00] for monodromy data of the the algebraic solutions of PVI,, corresponding to Az (see also
[CDG17b] for this last point).

1.5.4. Quantum Cohomology of G(2,4). In Chapter 11, we consider the Frobenius structure
on QH*(G(2,4)). The small quantum ring — or small quantum cohomology — of Grassmannians has
been one of the first cases of quantum cohomology rings to be studied both in physics ([Wit95])
and mathematical literature ([ST97], [Ber97]), so that a quantum extension of the classical Schubert
calculus has been obtained ([Buc03]). However, the ring structure of the big quantum cohomology
is not explicitly known, and the computation of the monodromy data can only be done at the small
quantum cohomology locus. As explained in Theorem 1.3, Theorem 1.4, Theorem 1.5, it happens
that the small quantum locus of almost all Grassmannians G(k,n) is made of semisimple coalescence
points. The case of G(2,4) is the simplest case where this phenomenon occurs. Therefore, in order to
compute the monodromy data, we invoke Theorem 1.8 above. For brevity, we will set G := G(2,4).

In Section 11.2, we carry out the asymptotic analysis of the system (1.5) at the coalescence locus,
corresponding to t = 0 € QH*(G), and we explicitly compute the monodromy data (see (11.3-(11.20))
for p and R; see (11.33) and Appendix B, with v = 6 for S and C). For the computation of S, we take
an admissible!” line £ := {z € C : z= ¢} with the slope 0 < ¢ < 7. The signs in the square roots in
(1.4) and the labelling of (uy, ...., ug) are chosen in Section 11.1.2. As the fundamental solution (1.38) of
(1.5) with fixed ¢ = 0, we choose the restriction of the topological-enumerative fundamental solution'®
Yo(2) := U|,_o ®(2) 242", whose coefficients are the 2-points genus 0 Gromov-Witten invariants with

descendants
2)§ =05 + Z Z Z (T3, Ta)g, 2 u77/\a2n+1
n=0 \ veBfH(G)\{0}
with (7,75, T\)G 2, = Y1 Uevi(Tg) Ueva(Ty), 1 :=c1(L1)

[Mo,2(G,w)]Vi
where £ is the first tautological cotangent bundle on My 2(G,v), and (n**) denotes the inverse of
the Poincaré metric. This solution will be precisely described in Section 3.3 (cf. Proposition 3.2).
Summarizing, let S and C be the data we have concretely computed by means of the asymptotic
analysis of Chapter 11. Then, let us denote by S’ and C’ the data obtained from S and C by a suitable
action

S+ IPS(IP) ' = &

17Name1y, L4 (¢) defined above is an admissible ray.
8This is the solution W(0)Y (z,0) = W(0)H(z,0)z"2z" in Proposition 3.2, where & is called H.
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C+— C(IZP) 'v+— G lo@EpP)™ =,

of the groups of Theorem 1.2, with G = A or G =AB € Co(u1, R) as in (1.40), (1.41) below (P and T
are explicitly given in Theorem 11.2), corresponding to

e an appropriate re-ordering of the canonical coordinates u1, ..., us near 0 € QH*(G), yielding
the Stokes matrix in upper-triangular form.

e another determination of signs in the square roots of (1.4) of the normalized idempotents
vector fields (f;);

e another choice of the fundamental solution of the equation (1.5) in Levelt-normal form (1.9),
obtained from the topological-enumerative solution by the action Yy — YyG of 50(u, R).

Given these explicit data, we prove Theorem 1.9 below, which cast new light for G(2,4) the conjec-
ture, formulated by B. Dubrovin in [Dub98], and then refined in [Dub13], relating the enumerative
geometry of a Fano manifold with its derived category. More details and new more general results
about this conjecture are the contents of the final Part 4 of this Thesis.

THEOREM 1.9 (cf. Theorem 11.2). The Stokes matriz and the central connection matriz at t =
0 € QH*(G) are related to a full exceptional collection (E1, ..., Eg) in the derived category of coherent
sheaves D°(G) in the following way.

The central connection matriz C', obtained in the way explained above, is equal to the matriz (one
for both choices of sign £) associated to the following C-linear morphism

x%: Ko(G) @2 C — H*(G;C)

[E] — -T%(G) UCK(E)
(2m)2c2
computed w.r.t. the basis ([E1],...,[Es]) of Ko(G), obtained by projection of an exceptional collection
from the derived category D (G) of coherent sheaves on the Grassmannian, and the Schubert basis

(T(),Tl,TQ,Tg,T4,T5) = (1,0’1,0’2,0’171,0'271,0'2,2) Of H.(G,(C) normalized so that

/ 022 =CE C*.
G
The exceptional collection (En, ..., Eg) is a 5-block'®, obtained from the Kapranov exceptional 5-block
collection
0 1 S28* 2,1 2,2
(057, s's' gige SIS, §¥2sT),

by mutation’®under the inverse of any one of the following braids*'in B

D

B34812 856823845534 B12856523 545 B128565823845834

Here, S denotes the tautological bundle on G and S* is the Schur functor associated to the Young
diagram X\. (B34 acts just as a permutation of the third and fourth elements of the block.
More precisely:
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o the matriz representing Xg w.r.t. the basis ([E1],...,[Es]) of Ko(G) above is equal to the
central connection matriz C' computed w.r.t. the solution Yo(z) - A~!, where A € Co(u, R) is

1 0 0 0 0 0
2im 1 0 0 0 0
—27? 2im 1 0 0 0
A=1 _op 2% o 1 0 o[ (1.40)
—% (8im?)  —4x? 2im 2im 1 0
st _1(@8ind%) —272 -2 2im 1

e the matrix representing %E is equal to the central connection matriz C' computed w.r.t. the
solution Yo(z) - (A- B)™Y, where B € Co(u, R) is

1 0 O 0 0 0
~ 8y 1 O 0 0 0
B 322 8y 1 0 0 0
o= 3242 8y o 1 0 0 (L41)
62% (¢(3) — 647?) . 642 -8y -8 1 0
(167" —¢(3)) §(C(3) —649%) 329% 329 —8y 1

In both cases (&), (')~ coincides with the Gram matriz (X(Ei,Ej))?jzl.

The Stokes and the central connection matrices
e at all other points of small quantum cohomology,
e and/or computed w.r.t. other possible admissible lines ¢,

satisfy the same properties as above w.r.t other full exceptional 5-block collections, obtained from
(E1, ..., Eg) by alternate mutation under the braids

wy = P12fBs6, wa := B23fa5B3423P45-

In particular, the Kapranov 5-block exceptional collection does not appear neither att = 0 nor anywhere
else along the locus of the small quantum cohomology.

The monodromy data in any other chamber of QH®(G) are obtained from the data S’,C" (or from
PSP~ and CP~!) computed at 0 € QH®*(G), by the action (1.13) of the braid group.

Here, for any smooth projective variety X, the class I‘)i( denotes the multiplicative characteristic
class of the tangent bundle T'X, obtained through Hirzebruch’s construction ([Hir78]) starting with
the formal Taylor series, centered at z = 0, of the function I'(1 £ z), I'(z) being the classical Euler’s

19This means that X(Fs3, Es) = x(E4, E3) = 0 and thus that both (E1, E2, Es, E4, Es5, Eg) and (F1, E2, E4, E3, E5, Eg)
are exceptional collections: we will write
(El, B, B B, E6>

Ey

if we consider the exceptional collection with an unspecified order. Passing from one to the other reflects the passage
from one ¢-cell to the other one, decomposing a sufficiently small neighborhood of 0 € QH*(G).

20The definition of the action of the braid group on the set of exceptional collections will be given in Section 11.3.4,
slightly modifying (by a shift) the classical definitions that the reader can find e.g. in [GKO04]. Our convention for the
composition of action of braids is the following: braids act on an exceptional collection/monodromy datum on the right.
21Curiously, these braids show a mere “mirror symmetry”: notice that they are indeed equal to their specular reflection.
Any contingent geometrical meaning of this fact deserves further investigations.
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[-function, namely

[(1+z2)=exp {’yz+ i C(nn)(;z)"} .

n=2
In other words, if we denote by aj, ..., ag the Chern roots of the tangent bundle T'X, we set
d
Tt
I'y =[] +aqy).
j=1

Moreover, we defined the graded Chern character of an object V* € Ob(D?(X)) as follows:

Ch(V) := Z >, 2,75 are the Chern roots of a vector bundle V,
k

Ch(V*) :=) (~1) Ch(V?) for a bounded complex V.
J

1.6. Results of Part 4

In the fourth and final part of this Thesis, we address the study of the conjecture, formulated by
B. Dubrovin in occasion of the the 1998 ICM in Berlin [Dub98]. The original and genuine aim of the
conjecture is a characterization of smooth projective Fano varieties admitting semisimple quantum
cohomology in terms of derived geometry.

The original version of Dubrovin’s conjecture can be described in two different parts, a qualitative
and a quantitative one. In the first qualitative part, the semisimplicity condition for a smooth projective
Fano variety X is conjectured to be equivalent to the existence of full exceptional collections in the
derived category of coherent sheaves on X. These consist in ordered collections of objects & =
(E1,...,E,) in D’(X) satisfying the semi-orthogonality conditions

Hom'(Ei, Ez) =C
Hom®(E;, E;) =0, if j > 1.
Furthermore, in order to be full, the collection & must generate the category DP(X) as a triangulated
one. For a detailed discussion of geometrical properties of exceptional collections, their mutations
under the action of the braid group, and the interesting non-symmetric orthogonal geometry which
they induce on the Grothendieck group Ko(X), we refer the reader to Chapters 12 and 13.

The second quantitative (and maybe most astonishing) part of the conjecture predicates an analytic
and explicit relationship between the monodromy data of the quantum cohomology QH*®(X) and
algebro-geometric data of the objects of €. Remarkably, the Stokes matrix S, computed at any point
p € QH®*(X) w.r.t. any choice of signs in equation (1.4) defining normalized idempotents, a suitable

order of canonical coordinates (the lexicographical one, see Definition 2.16) and any oriented line ¢(¢)
in the complex plane, was conjectured to be equal to the Gram matrix of the Euler-Poincaré product

X(E,F) =Y (-1)'dim¢ Hom'(E, F), E,F € Ob(D"(X)),
i
associated with some exceptional collection €. For what concerns the central connection matrix C, in
the original formulation of the conjecture, it was not completely identified its geometrical counterpart

in the derived category DY(X). The only observation appearing in [Dub98] is an ansatz for the
general structure of the central connection matrix: it was originally conjectured to be of the form

C:C/'C”,
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where C” is a matrix whose column entries are the components of the graded Chern character Ch(E;)
of the objects of €, and where C’ is a matrix only required to commute with the operator of classical
U-multiplication

a(X)u(—): H*(X;C) - H*(X;C).

1.6.1. Refinement of Dubrovin’s conjecture. In Part 4, strong evidences are given in favor
of the following general conjecture, which refines the last part of Dubrovin’s conjecture.

CONJECTURE 1.1 (cf. Conjecture 14.2). Let X be a smooth Fano variety of Hodge-Tate type.

(1) The quantum cohomology QH®(X) is semisimple if and only if there exists a full exceptional
collection in the derived category of coherent sheaves D°(X).

(2) If QH®*(X) is semisimple, then for any oriented line £ (of slope ¢ € [0;2m[) in the complex
plane there is a correspondence between ¢-chambers and founded helices, i.e. helices with a
marked foundation, in the derived category D?(X).

(3) The monodromy data computed in a £-chamber Qy, in lexicographical order, are related to the
following geometric data of the corresponding exceptional collection €y = (E1,...,Ey,) (the
marked foundation):

(a) the Stokes matriz is equal to the inverse of the Gram matriz of the Grothendieck-
Poincaré-Euler product on Ko(X)c = Ko(X) ®z C, computed w.r.t. the exceptional
basis ([E;])i—y

S5 = x(Ei, By);

(b) the Central Connection matriz C, connecting the solution Yiign: of equations (1.5)-(1.6),
described in Section 1.2, with the topological-enumerative solution Yiop = V - Ziop, coin-
cides with the matriz associated to the C-linear morphism

:d

Hy: Ko(X)c = H*(X;C): E — - f‘;( U exp(—mic1 (X)) U Ch(E),

(27m)>
where d = dime X, and d is the residue class d (mod 2). The matriz is computed w.r.t.

the exceptional basis ([E;])i—, and any pre-fized basis (Tn)a in cohomology (see Section
3.1.1).

Here, by “topological-enumerative solution” Zio,(z,t) we mean the fundamental systems of solu-
tions of (1.1)-(1.2) whose coefficients are given by Gromov-Witten invariants with descendants:

Ztop(Z t) = ®t0p(z t) . Z,uzcl(X)U

Otop(z, 1)} : =01 + Z Z Z Aknﬁa- o g gL

k,n=0 BeEf(X) &1,--,k
k
S5y / n * * *
hJ & : n’7’ | (L))" Uevioy Uevios U | | eviiq0a,,
e Z [Mo (X, B)]vir ]Hl T

L1 being the 1-st tautological cotangent bundle on the Deligne-Mumford stack Mg x12(X, 3) of stable
maps of genus 0, with degree  and (k + 2)-punctures and target space X.

Remarkably, our Theorem 1.8 suggest the validity of a constraint on the kind of exceptional
collections associated with the monodromy data in a neighborhood of a semisimple coalescing point of
the quantum cohomology QH*®(X) of a smooth projective variety X. If the eigenvalues u;’s coalesce, at
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some semisimple point g, to s < n values A1, ..., A\; with multiplicities p1, ..., ps (with p1+---+ps = n,
here n is the sum of the Betti numbers of X), then the corresponding monodromy data can be expressed
in terms of Gram matrices and characteristic classes of objects of a full s-block exceptional collection,
i.e. a collection of the type

E:=(Br,-.., By, Byt Epitps s Bppttpe o1 Epytotp,), B € OB (DP(X)))
B Ba Bs

where for each pair (E;, Ej) in a same block By, the orthogonality conditions hold
Ext(E;, E;) =0, for any .

In particular, any reordering of the objects inside a single block B; preserves the exceptionality of £.
Recently, the interests and feelings of necessity for a deeper understanding and refinement of
Dubrovin’s conjecture increased. In such a direction, two main contributions require to be mentioned.

(1) In [Dub13], Dubrovin suggested that the column entries of the central connection matrix C'
should be equal to the components of the characteristic classes

1 -
——I'y UCh(E;), d=dimcX, (1.42)
(2m)?
E; being objects of an exceptional collection.

(2) Almost contemporarily to Dubrovin, in [GGI16] and [GI15] S. Galkin, V. Golyshev and
H. Iritani proposed a set of conjectures, called I'-conjectures (I and II) describing the expo-
nential asymptotic behaviour of flat sections of the quantum connection (namely, Dubrovin’s
extended deformed connection V defined on QH*®*(X)). It is claimed that I'-conjecture II re-
fines Dubrovin’s conjecture and it prescribes that the column entries of the central connection
matrix, defined as above, are the components of the characteristic classes

1
(2m)2

FE; being objects of an exceptional collection.

't UCh(E;), d=dimcX, (1.43)

Our explicit computations for the simple case of G(2,4), described in Section 1.5.4, suggest that both
proposals of the conjecture formulated in [Dub13] and [GGI16, GI15] require some refinements,
at least as far as the central connection matrix C' is concerned. Indeed, Theorem 1.9 claims that
the connection matrix for G(2,4) can be of both the forms (1.42) and (1.43) (which belong to the
same Cy(j, R)-orbit, with R := ¢;(G) U (=) € End(H*(G(2,4);C))) if computed w.r.t. two different
solutions in Levelt normal form at z = 0, no one of the two coinciding with the topological-enumerative
one. Our Conjecture 1.1 both clarifies what is the precise form of the central connection matrix, and
also explains the geometrical meaning of the matrix A € 50(,u, R) in Theorem 1.9.

In Chapter 14 we also show that the identifications between the monodromy data and the geometry
of the derived category can be further enriched, according to the following result.

THEOREM 1.10 (cf. Theorem 14.1). Let X be a smooth Fano variety of Hodge-Tate type for which
Conjecture 1.1 holds true. Then, all admissible operations on the monodromy data have a geometrical
counterpart in the derived category D°(X), as summarized in Table 1.1 at the end of this Introduction.
In particular, we have the following:

(1) Mutations of the monodromy data (S,C) correspond to mutations of the exceptional basis.
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(2) The monodromy data (S,C*®)) computed w.r.t. the others solutions Kél;t)/right, having the
prescribed asymptotic expansion in rotated sectors
k 2mik
Y gt (2 8) ~ Yoormat(2,), 2 € €™M e (@), |2l > 00, k€Z,

uniformly in t, are associated as in points (3a)-(3b) of Conjecture 1.1, with different foun-
dations of the helix, related to the marked one by an iterated application of the Serre functor
(wx ® —)[dim¢ X]: D°(X) — DP(X).

(3) The group Co(X) := Co(u, R), with R = ¢1(X) U (=), is isomorphic to a subgroup of the
identity component of the isometry group Isomc(Ko(X)c, x): more precisely, the morphism

50(X) — Isome (Ko(X)c, x)o: A — (,ZL;() ! oAoly

defines a monomorphism. In particular, 50(X) is abelian.
(4) The monodromy matriz My := e>™*e?™ 8 has spectrum contained in {—1,1}.

1.6.2. Results for complex Projective Spaces. In Chapter 15, we focus on the case of com-
plex Projective Spaces Pf;l. There we prove the validity of Conjecture 1.1, we explicitly compute
the central connection matrix at points of the small quantum cohomology, and we carry on a detailed
analysis of the braid group on the monodromy data and on the corresponding exceptional collections.
in particular we complete the study initiated by D. Guzzetti in [Guz99]. Let us summarize the main
results obtained.

THEOREM 1.11 (cf. Theorem 15.2, Corollary 15.2). Conjecture 1.1 is true for all complex Projective
Spaces ]P’fé_l, k > 2. More precisely, the central connection matriz computed at 0 € QH'(IP’(]E_l) w.r.t.

an oriented line £ of slope ¢ €]0; T[ coincide with the matriz associated with the morphism

A Ko(Pg ') — H* (Bt} C)

computed w.r.t. the exceptional bases obtained by projecting on the Kg-group suitable shifts of the
following exceptional collections:

CASE k EVEN:
(o (’;) ,/\17(5—1) ,o<§+1> ,/\37(’;—2) ,...,(’)(k—l),/\k_lT);
CASE k£ ODD:

(0(*537) 0 (5) N T(552) .0 (552 AT (552) 0= AT T).
Here, we denote by O and T the structural and the tangent sheaf of IP’(’E_l repsectively, and more in
general by NP T (q) the tensor product

(/\p T) ® O(q).

To the best of our knowledge, the result above is the first explicit description of the exceptional
collections that actually arise from the monodromy data according to Dubrovin’s conjecture. We
remark that the exceptional collections appearing in Theorem 1.11 are in the same Bg-orbit of the
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Beilinson exceptional collection B := (O,...,O(k — 1)). Hence, it is worthy understanding for which
Projective Spaces there exists suitable choices of sings for the W-matrix, and oriented lines ¢ for which
the monodromy data computed along the small quantum locus H? (]P’(IFI; C) are associated with the
Beilinson exceptional collection 8. The following result gives us the answer.

THEOREM 1.12 (cf Theorem 15.3, Corollary 15.3). The Beilinson exceptional collection B arise
from the monodromy data of QH'(IP’fé_l) along the small quantum cohomology if and only if k = 2, 3.

Potentially, this result could give us information about some region of the big quantum cohomology
of complex Projective Spaces: if we were able to reconstruct the solution of the Riemann-Hilbert
problem associated with the monodromy data corresponding to 8, this could lead to an explicit
representation of the analytic continuation of the genus 0 Gromov-Witten potential of IP’(’[“:_I.

In order to prove Theorem 1.12, a careful analysis of the hidden symmetries of the Stokes phe-
nomenon is carried on. By using symmetries of the regular polygons (which represent the spectrum
of the operator U along the small quantum locus), and studying properties of all Stokes factors, we
obtain the following result.

THEOREM 1.13 (cf. Theorem 15.5). The monodromy data computed at any other point of the small
quantum cohomology of P(’E_l with k > 2, w.r.t. any other choice of oriented line ¢, are obtained from
those computed at O € QH’(]P’(Ié_l) w.r.t. a line of slope ¢ €]0; [ by acting with a braid of the form

W1, kW2 kW1 kW2 - - -
where
e if k is even we set

k k—1

wik = [[ Bicre wor = [] Bicvs;
i=2 i=3
i even i odd

e if k is odd we set

k k—1
Wik = H Bi-14, wok = H Bi—1,-
i=3 i=2
i odd i even
The corresponding exceptional collections are obtained (up to shifts) by acting with the above braids
on the collections of Theorem 1.11.
Moreover, if we denote by S(p,¢) the Stokes matriz computed at a point p € HZ(]P’(]E_I;(C), w.r.1.
a line £(¢) of slope ¢ € R, and in {-lexicographical order, then the following facts hold.
(1) If o denotes the generator of H> (]P’(]E_l; C), then the Stokes matriz has the following functional
form
S(to, ) = S(Im(t) + k¢), teC.
(2) The Stokes matriz satisfies the quasi-periodicity condition

5658 (5.8 25,

where A ~ B means that the matrices A, B are in the same (Z/2Z)%-orbit w.r.t. the action
of Theorem 1.2.
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(3) The entries |
)
S, ®)iit1 and S (p, ¢+ E)
iit1

differ for some signs for all p € Hz(IP’féfl; C), » e R and for anyi=1,...k—1. In particular,
the (k — 1)-tuple

(lS(pu ¢)1,2 ) |S(pa (;5)2,3' P |S(pa ¢)k—1,k|)

does not depend on p and ¢, and it is equal to
k k
ol 1))

Finally, we also obtained some results concerning the group C~0(]P’fé_1), refining point (3) of Theorem
1.10.

THEOREM 1.14 (cf. Theorem 15.1, Corollary 15.1). The group 50(]1”?:_1) is an abelian unipotent
algebraic group of dimension [%] In particular, the exponential map defines an isomorphism

CP)=Co---@C.
[g] copies

With respect to the basis (1,0, ...,0% 1) of H*(P;C), the group Co(P) is described as follows

k—1
50(P) = C € GL(k,C)Z C = Z OéiJi, apg = 1, 2a2n = Z (—l)iaiaj = 0, 2 S 2n § k—1
=0 1+j=2n

1<i,j

In particular, the group 50(IP’(]E_1) is isomorphic to the identity component of the isometry group
Isome (Ko(PE e, x)-

1.6.3. Results for complex Grassmannians. As a final application of the abelian-nonabelian
correspondence, described in Chapter 4 for the specific case of complex Grassmannians, in Chapter
16 we explicitly compute the monodromy data of QH®(G(r, k)) at points of the small quantum coho-
mology. Notice that these data are well defined for any r and k by our Theorem 1.8, and that their
exact values is deduced from the corresponding monodromy data for the Projective Space P{é‘l. In
the following statement, we denote by A" A the r-th exterior power of a matrix A € My (C) (also called
r-th compound matriz of A), namely the matrix of all » x r minors of A, ordered in lexicographical

order. Let us summarize the main results.

THEOREM 1.15 (cf. Theorem 16.1, Corollary 16.2, Theorem 16.2). Let ¢ be an oriented line of
slope ¢ €]0; T[, admissible at both points

p=to1 € H*(G(r,k),C) and p:=(t+ (r — Dmi)o € H*(PE';C),
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o and o1 being the Schubert classes generating the second comology groups of P{é_l and G(r, k) re-
spectively. For a suitable choice of signs of the ¥-matrices, the monodromy data of G(r, k) are given
by
_ AT . (AT o mi(r—1)o1U(—)
Sewry (@ 0) = N\ Spe-1(D,9),  Ceprpy =17\ (/\ Cpr1 (P, ¢)) e -
In particular, Conjecture 1.1 holds true for the Grassmannian G(r,k). The exceptional collections

associated with its monodromy data are (modulo shifts) in the same orbit of the twisted Kapranov
exceptional collection

A Qv ,_ 2 ov
(S S ®$)A, .,2”._det(/\ S )
where S* denotes the A-th Schur functor and S the tautological bundle on G(r,k). Furthermore, the
Stokes matrices satisfies the following conditions:

(1) it has the following functional form
Sg(rk) (tor, ¢) = S(Imt + k¢);
(2) 4t is quasi-periodic along the small quantum locus, in the sense that

211
Se(r,k) (0> D) ~ Sg(rk) (1% ¢+ 7) ;

where A ~ B means that the matrices A and B are in the same orbit under the action of
k
(z/22)(");
(3) the upper-diagonal entries

)
Serk) (0> D)isit1,  Serk) (p, ¢+ ?)
4,641

differ for some signs, and we have that

156 (rk) (P @)iit1| € {(lf) e <k f 1) } U {0}.

COROLLARY 1.2 (cf. Corollary 16.3). The Kapranov exceptional collection (S*SV)y, twisted by a
suitable line bundle, is associated with the monodromy data of G(r, k) at points of the small quantum
locus if and only if (r, k) = (1,2),(1,3),(2,3). In this cases, the line bundle is trivial, and the Kapranov
collection coincides with the Beilinson one®?.

22Notice that G(2,3) 2 P((C*)Y) = P2 by duality.
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FIGURE 1.3. Interdependence of the Chapters of the Thesis
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CHAPTER 2

Frobenius Manifolds and their Monodromy Local Moduli

ABSTRACT. In this Chapter we review the analytic theory of Frobenius manifolds, their monodromy
data and the Isomonodromy Theorems, according to [Dub98], [Dub96], [Dub99b]. After recalling
the main definitions and properties of Frobenius Manifolds, we correct minor imprecisions which are
found in loc. cit.: in particular, we characterise the freedom in the choice of systems of deformed flat
coordinates, introducing the group CNO(M7 R). The Spectrum of a Frobenius Manifold is defined and,
under the assumption of semisimplicity, a set of monodromy local invariants, which play the role of
local moduli, is introduced. We define a chamber-decomposition of the manifold, depending on the
choice of an oriented line ¢ in the complex plane. Finally, the ambiguities and freedom, up to which
the monodromy data are defined, are discussed in details. The discontinuous jumps of the monodromy
data from one chamber to another one, encoded in the action of the braid group, are presented as a
wall-crossing phenomenon.

2.1. Introduction to Frobenius Manifolds

We denote with ) the symmetric tensor product of vector bundles, and with (=) the standard
operation of lowering the index of a (1, k)-tensor using a fixed inner product.

DEFINITION 2.1. A Frobenius manifold structure on a complex manifold M of dimension n is
defined by giving
(FM1) a symmetric non-degenerate O(M)-bilinear metric tensor n € T’ (@2 M ), whose corre-
sponding Levi-Civita connection V is flat;
(FM2) a (1,2)-tensor ¢ € T (TM & @? T*M ) such that
e the induced multiplication of vector fields X oY := ¢(—, X,Y), for X,Y € I'(TM), is
assoctative,

e el (@3T*M),
e VP el <®4T*M);
(FM3) a vector field e € I'(T'M), called the unity vector field, such that
e the bundle morphism ¢(—,e,—): TM — TM is the identity morphism,

e Ve =0;
(FM4) a vector field E € I'(T'M), called the Euler vector field, such that
o £rc=c,

e £xn=(2—d)-n, where d € C is called the charge of the Frobenius manifold.

Since the connection V is flat, there exist local flat coordinates, that we denote (¢!, ...,t"), w.r.t.
which the metric 7 is constant and the connection V coincides with partial derivatives 0, = 9/0t%,
a =1,...,n. Because of flatness and the conformal Killing condition, the Euler vector field is affine,
ie.

Go, T € C.

VYE =0, sothat B= Y (1 ga)® +ra) o

a=1
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Following [Dub96, Dub98, Dub99b]|, we choose flat coordinates so that 8%1 =eand ry #0
only if g, = 1 (this can always be done, up to an affine change of coordinates). In flat coordinates,
let Nas = 1(0a, 0p), and ¢z = c(dt?,da, 0p), so that dy 0 Jg = ¢/ 30,. Condition (FM2) means that
CaBy = napcg,y and O,cgys are symmetric in all indices. This implies the local existence of a function
F such that

Capy = 0a030F.
The associativity of the algebra is equivalent to the following conditions for F', called WDV V-equations
00050, F 17°050.0, F = 0,030, F 1° 0500, F,
while axiom (FM4) is equivalent to
Nap = 010008F, LpF = (3 —d)F +Q(t),

with Q(t) a quadratic expression in t,’s. Conversely, given a solution of the WDVV equations,
satisfying the quasi-homogeneity conditions above, a structure of Frobenius manifold is naturally
defined on open subset of the space of parameters t%’s.

Let us consider the canonical projection 7: IP’}C x M — M, and the pull-back of the tangent bundle
TM:

m*TM ——TM

L]

PLxM——M
We will denote by

(1) s the sheaf of sections of T'M,
(2) 7 F the pull-back sheaf, i.e. the sheaf of sections of 7*T'M
(3) 717 the sheaf of sections of 7*T M constant on the fiber of .

Introduce two (1,1)-tensors U, on M defined by

UKX) = EBoX, u(X)i= Q%dx _VxE (2.1)

for all X € I'(T'M). In flat coordinates (t*)7_; chosen as above, the operator y is constant and in
diagonal form

. d
p= diag(u, s ptm),  Ha=da—5€C.

All the tensors n,e,c, E,U, i can be lifted to #*T M, and their lift will be denoted with the same
symbol. So, also the Levi-Civita connection V is lifted on 7#*T'M, and it acts so that

VoY =0 forY € (n ' T )(M).
Let us now twist this connection by using the multiplication of vectors and the operators U, .
DEFINITION 2.2. Let M := C* x M. The deformed connection V on the vector bundle M| —
M is defined by
VxY =VxY +2-XoY,

~ 1
VoY = V.Y +UY) = _p(Y)

for X,Y € (* T ) (M).
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The crucial fact is that the deformed extended connection V is flat.

THEOREM 2.1 ([Dub96],[Dub99b]). The flatness of V is equivalent to the following conditions
on M
V¢ is completely symmetric,
the product on each tangent space of M is associative,
VVE =0,
Lgec=c.

Because of this integrabiilty condition, we can look for deformed flat coordinates (t',...,t"), with
t* = (¢, z). These coordinates are defined by n independent solutions of the equation
Vdi = 0.
Let ¢ denote a column vector of components of the differential df. The above equation becomes the
linear system

dak = 2CL(1)E,

(2.2)
0.6 = (UT(t) — 1uT) ¢,
where C,, is the matrix (Ca)g = cgv. We can rewrite the system in the form
9a( = 2CaG,
(2.3)

0.¢ = (U+1p)¢

where ¢ := n~!£. In order to obtain (2.3), we have also used the invariance of the product, encoded
in the relations

0 'Can = Ca,

Uty =nu, (2.4)
and the n-skew-symmetry of u

pn +np = 0. (2.5)

Geometrically, ¢ is the n-gradient of a deformed flat coordinate as in (1.3). Monodromy data of system
(2.3) define local invariants of the Frobenius manifold, as explained below.

2.1.1. Monodromy at z = 0. Let us fix a point ¢ of the Frobenius manifold M, and let us focus
on the associated equation

1
0. = (Ut + Zu(0) ¢ (26)
REMARK 2.1. If (1, (2 are solution of the equation (2.6), then the two products

(€1, ) = (€™ 2)nca(2)

are independent of z. Indeed we have
0. (' (e 2)nca(2)) = 0. (¢ (€572) ) méa(2) + ¢ (€572)n0.Ca(2)
waﬂ%Pﬂ—U%+i0m+w)@@
=0 by (2.4) and (2.5).
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THEOREM 2.2 (Normal Form,[Dub99b]). There exists a formal gauge transformation

C=GEG G =143 Gk,

k=1
satisfying
G(=2)"nG(z) =, (2.7)
which transforms the system (2.6) into a normal — or canonical — form
_ 1 _
0,¢ = (ZM+R1+2R2~|—Z2R3+...)C (2.8)
such that the matrices Ry satisfy
R = (—=1)* Ryt k=1,2,...., (2.9)
(Re)§ # 0 only if o —ps =k,  1<a,8<n, (2.10)
where po, pg are entries of p = diag(p1, ..., pin). Hence, there is only a finite number of nonzero

matrices Ry,. The equation (2.8) is called normal form of the system (2.6).
A fundamental matriz solution of the normal form (2.8) is

=228 R:= ZRk.
Moreover, the matriz R satisfies the following relation (not explicitly given in [Dub96], [Dub98]):

2R peEimh R = petinu (2.11)

PROOF. The first part is proved in [Dub99b]. Here we prove (2.11). Observe that (2.9) implies

SBT n (le—R2+R3—R4+...) 17—1‘
Moreover, from (2.10) we deduce that
eTTHRpet ™ = (1) Ry,
So, we conclude that
ZRTneiiw,qu _ (ZR17R2+R37R4+...) (eﬂszeyw) o i

_ (ZR1—R2+R3—R4+...) (Z—R1+R2—R3+R4—...) 6:I:Z’7ru

O

Since z = 0 is a Fuchsian singularity, the series of G(z) is convergent (see [CL85]). Hence, the
matrix

D(z)2H 2", B(2):=G2) P =1+ P24 P2+ ..., (2.12)
is a genuine fundamental solution of system (2.6). It follows from (2.7) that it satisfies the constraint
d(—2)Tn &(2) = 1. (2.13)

If po — pg ¢ N*, for any 1 < a, f < n, then Ry, = 0 for any £ = 1,2, .. and the Frobenius manifold
is said to be non-resonant. Otherwise, it is called resonant. The reduction of the system (2.6) to its
normal form is not unique and consequently the matrix R is not uniquely determined; moreover, even



2.1. INTRODUCTION TO FROBENIUS MANIFOLDS 7

for fixed matrix R, there is still a freedom to choose different solutions of the form (2.12), saisfying
(2.13).

THEOREM 2.3 ([Dub99b]). Suppose that the system (2.6) can be reduced to two normal forms of
Theorem 2.2:

1
0.¢ = <;M+R1+zR2+z2R3+...)g (2.14)
_ 1 - - _ -

0,¢ = (;p+R1+zR2+z2R3+...>C. (2.15)

Then, they necessarily are related by a gauge transformation
¢:=G(2)¢ (2.16)

where

G(z) == 1+ 241 + 22A5 + ... (2.17)
G(—2)TnG(z) = 1. (2.18)

Moreover, defining G :== G(1) = 14+ Ay + A9 + ..., we have that
R=GRG™, where R:= ZRk, R = ZRk.
k k

DEFINITION 2.3. The set of matrices
G=1+A1+As+...
such that
(Ap)5 = 0 unless po — pg = n,
(1-aT+A7 - ) n(A+Ar+28+..) =1
is a group under matrix multiplication, called (n, u)-parabolic orthogonal group, denoted G(n, u).

Notice that if the Frobenius manifold is non-resonant, then the parabolic orthogonal group G(n, 1)
is trivial, and R = 0.

REMARK 2.2. In the proof of Theorem 2.3 it is shown that G € G(n, u) satisfies the property
G(z) = 2"2RG By =1+ Ajz+ -+ Aj27 is polynomial

and
G(=2)"nG(z) = n.

The monodromy matrix of the system (2.6) at the singularity z = 0 is expressed in terms of y and
R
MO — 627rz',u€271'iR.
DEFINITION 2.4 ([Dub96][Dub99b]). We call monodromy data of the system (2.6) at z =0 :

e the matrix pu,
e the class of equivalence [R] under the action of the (7, u)-parabolic orthogonal group G(n, u).

So far, we have defined the monodromy data at fixed point of the manifold. Now let us vary the
point ¢ in system (2.6), so that a fundamental solution ®(z,t)z#2%® as in (2.12), depends on t.
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THEOREM 2.4 (Isomonodromy Theorem I, [Dub99b]). The monodromy data p, [R] at the origin
of the system (2.6) do not depend on the point p € M. More precisely, there exists a t-independent
representative in the class [R].

Thanks to the above theorem, the following definition is well given.

DEFINITION 2.5. The monodromy data of the system (2.6) at z = 0 as in Definition 2.4 are called
monodromy data of the Frobenius manifold at z =0 .

REMARK 2.3. In the general case, although not related to Frobenius manifolds, when g is not
diagonalizable and has a non-trivial nilpotent part, analogous results can be proved. However, the
normal form becomes a little more complicated: e.g. it is no more defined by requiring that some
entries of matrices Ry are nonzero, but that some blocks are. For a detailed analysis of such case, we
recommend the book by F.R. Gantmacher [Gan60].

In the following, we will be interested in choosing a specific value of R. This choice does not fix a
fundamental solution. Indeed, if ®)(z,t)z#2%, i = 1,2, are both solutions of (2.3) of the form (2.12)
and (2.13), with the same R, satisfying

o0 (z,t) =1+ Y @ (1)eF, @D (20T 00 (z,1) =1, i=1.2,
k=1

then there exists a constant invertible matrix G, which in general is non-trivial, such that
2 (z, )11 = oW (2, )24 2R @,
so that
M (2, 0) 0P (2, ) = 2GR,
Thus, the r.h.s.
P(z) == zt2GzByH
must be analytic at z = 0, and in fact a matrix-valued polynomial of the form 1+A;z+A52% 4 - -—|—Ajzj .
Moreover, by imposing the orthogonality relation, we must have

P(—=z)"nP(z) = 1. (2.19)

DEFINITION 2.6. We define Co(t, R) to be the group of all invertible matrices G such that P(z) :=
2#2RG27B27# is a polynomial of the form 1+ Ajz + Ag2? + -+ + A;27, satisfying the orthogonality
condition (2.19).

It follows from Remark 2.2 that Co(u, R) is the subgroup of G(n, ) made of those elements such
that GRG:1 = R. Notice that if G € G(n,u) is such that R = GRG™" and C € Co(u, R), then
GCG™ € Cy(u, R).

The freedom in the choice of the normal form ®(z,t)z#z with fixed R is then regulated by the
group Co (u, R). As already anticipated in the Introduction, this freedom was studied in [Dub99b] and
identified with the group of connection matrices G such that P(z) = 2#2%Gz~F27# is a matrix-valued
polynomial. This group, called Co(u, R) in [Dub99b], is too large. It is crucial to restrict it to C~0(,u, R)
by imposing also the orthogonality relation (2.19).

We conclude this section with a result giving sufficient conditions on solutions of the system (2.3)
for resonant Frobenius manifolds in order that they satisfy the n-orthogonality condition (2.13). In
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its essence, this result is stated and proved in [GGI16], in the specific case of quantum cohomologies
of Fano manifolds.

PROPOSITION 2.1. Let M be a resonant Frobenius manifold, and to € M a fized point.
(1) Suppose that there exists a fundamental solution of (2.3) of the form

oo
Z(z,t) = B(z,t)2"2%, @) =1+ Z ®;(t),
j=1
with R satisfying all the properties of the Theorem 2.2, such that
H(z) := z7#®(z,t9)2"
is a holomorphic function at z =0 and H(0) = 1. Then ®(z,t) satisfies the constraint
B(=z,t)Tn (2,) =1

for all points t € M.
(2) If a solution with the properties above exists, then it is unique.

PRrOOF. From Remark 2.1, we already know that the following bracket must be independent of z:
(Z(2,t0), Z(2,t0))+ = (®(—2, to)(e”z)ﬂ(e”z)R)Tn (@(z,t0)22")

((e”z)”H(—z)(e”z)R)T n (Z“H(z)zR>

= ei”RTZRTH(fz)Te”“z“nz“H(z)zR

= emRTzRTH(—z)Tem“nH(z)zR.

By taking the first term of the Taylor expansion in z of the r.h.s., and using (2.11), we get
<Z(Z, to), Z(Z, t0)>+ — eiﬁRTeiﬂ-un.

So, using again the equation z“Tnz“ =mn and (2.11), we can conclude that

(=2, t0) 0D (2, t9) = ((e2) (e 2)") 2 t0), Z(2, o)) (2R = .

Because of (2.3) and the property of n-compatibility of the Frobenius product, we have that

8(3‘1 ((D(-z,t)ﬂ;@(z,t)) =z- @(—z,t)T . (nca _ an) L ®(2,1) = 0.

This concludes the proof of (1). Let us now suppose that there are two solutions
Dy (2, 1) 212, By(z,t)2H 2"
such that
2THDy(2,t0) 2 = 1+ 2Ky + 22 Ko + ..., (2.20)
2THDy(2,t0) 2 = 1+ 2K + 22Kh + ... (2.21)
The two solutions must be related by

Do(z,t) 221 = By (2, 1)2H21 - C
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for some matrix C' € Co(u, R). This implies that ®5(z,t) = ®1(z,t) - P(z), where P(z) is a matrix
valued polynomial of the form

P(z) =14 2A1 + 2°Ag + ...,  with (Ag)g = 0 unless pio — pg =k, and P(1)=C.
We thus have 2z #®] @9zt = 2 #P(2)2H, and
(z_“P(z)z“)g =45+ Z (Ak)g ph—patus — 65 + Z (Ak)g =C.
k k
Then, from formulae (2.20), (2.21) it immediately follows that C' = 1, which proves that &1 = ®5. O
2.1.2. Spectrum of a Frobenius Manifold. We give an intrinsic description of the relation

between G(n, ;1) and Co(p, R), by introducing the concept of spectrum of a Frobenius manifold. Let
(V,n, 1) be the datum of

e an n-dimensional complex vector space V,
e a bilinear symmetric non-degenerate form n on V|
e a diagonalizable endomorphism p: V' — V which is n-antisymmetric

n(ua,b) + n(a, ub) =0 for any a,b e V.
Let spec(p) = (pt1, .-, tn) and let V. be the eigenspace of a po. We say that an endomorphism
AV — V is p-nilpotent if

AV, C @ Viatm for any po € spec(p).
m>1

In particular such an operator is nilpotent in the usual sense. We will also decompose a p-nilpotent
operator A in components Ay, k > 1, such that

ApViuy € Vigyr  for any pg € spec(p),
so that the following identities hold:

HAZTH = Az + Ag2® + A+ [ Ayl = kA, fork=1,2,3,....
The set of all endomorphisms G: V' — V of the form
G=1y + A

with A a p-nilpotent operator and such that
{Ga,Gb} = {a,b} foranya,beV
where
{a,b} :=1n (e”"a, b)

is a Lie group G(n, u) called (n, u)-parabolic orthogonal group. Its Lie algebra g(n, 1) coincides with
the set of all p-nilpotent operators R which are also p-skew-symmetric in the sense that

{Rz,y} + {z, Ry} = 0.

In particular, any such matrix R commutes with the operator ™. Writing all operators by matrices
w.r.t. a basis of eigenvectors of p we find that any p-nilpotent operator A is of the form

(Ag)53 =0 unless o —pg =k fork=1,2,3,...
and moreover an element of the algebra g(n, 1) satisfies also the constraints

R% _ (_1)k+177Rk7771-
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Observe that the parabolic orthogonal group acts canonically on its Lie algebra by the adjoint repre-
sentation.

Starting from a given Frobenius manifold we can canonically associate to it a triple (V,n, u):
indeed, using the Levi-Civita connection all tangent spaces can be identified. In this way, the choice
of a normal form of equation (2.6) corresponds to the choice of an element R € g(7, 1), and moreover
the whole equivalence class of normal forms coincides with the orbit of R w.r.t. the action of G(n, 1)
on g(n, ) given by the adjoint representation

R— GRG™.

However, this action of G(, yt) on g(n, p1) is not free, and the isotropy group of R is nothing else than
the group Cy(u, R) introduced in the previous section. Indeed, if R = GRG~! we have that

2R — HH,GRGT
= GGt
= (14 Az + Ap2? + ... )2H2 G,
where A1, Ao, ... are the components of G. This proves our assertion. As a consequence, the isomor-

phism class of the group Co (i, R) depends only on the orbit [R] w.r.t. the G(n, u)-action, two isotropy
groups of two elements of the same orbit being related by a conjugation.

2.2. Semisimple Frobenius Manifolds

DEFINITION 2.7. A commutative and associative K-algebra A with unit is called semisimple if
there is no nonzero nilpotent element, i.e. an element a € A\ {0} such that a* = 0 for some k € N.

In what follows we will always assume that the ground field is C.

THEOREM 2.5. Let A be a C-Frobenius algebra of dimension n. The following are equivalent:
(1) A is semisimple;
(2) A is isomorphic to C®";
(3) A has a basis of idempotents, i.e. elements my,... 7, such that
T 0 Tj = 0;57i,

n(mi, m5) = Niidigs
(4) there is a vector £ € A such that the multiplication operator Eo: A — A has n pairwise
distinct eigenvalues.

PROOF. The equivalence between (1) and (2) is the well-known Wedderburn-Artin Theorem ap-
plied to commutative algebras (see [ASS06]). An elementary proof can be found in the Lectures
notes [Dub99b]. The fact that (2) and (3) are equivalent is trivial. Let us prove that (3) and (4) are
equivalent. If (3) holds it is sufficient just to take

&= Zkﬂk.
k

So £o has spectrum {1,...,n}. Let us now suppose that (4) holds. Because of the commutativity of
the algebra, all operators ao: A — A are commuting. Consequently, they are all diagonalizable since
they preserve the one dimensional eigenspaces of £o. For a well known theorem, these operators are
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simultaneously diagonalizable. So idempotents are easily constructed by suitable scaling eigevectors

of £o. |

DEFINITION 2.8 (Semisimple Frobenius Manifolds). A point p of a Frobenius manifold M is
semisimple if the corresponding Frobenius algebra T,M is semisimple. If there is an open dense
subset of M of semisimple points, then M is called a semisimple Frobenius manifold.

It is evident from point (4) of the Theorem 2.5 that semisimplicity is an open property: if p is
semisimple, then all points in a neighborhood of p are semisimple.

DEFINITION 2.9 (Caustic and Bifurcation Set). Let M be a semisimple Frobenius manifold. We
call caustic the set

Ky:=M\ Mgs ={p e M: T,M is not a semisimple Frobenius algebra} .
We call bifurcation set of the Frobenius manifold the set
By = {p € M: spec(Eoy,: T,M — T,,M) is not simple} .

By Theorem 2.5, we have Cp; C Bjs. Semisimple points in By \ Ky are called semisimple coalescence
points, or semisimple bifurcation points.

The bifurcation set Bys and the caustic K are either empty or an hypersurface, invariant w.r.t. the
unit vector field e (see [Her02]). For Frobenius manifolds defined on the base space of semiuniversal
unfoldings of a singularity, these sets coincide with the bifurcation diagram and the caustic as defined
in the classical setting of singularity theory (JAGLV93, Arn90]). In this context, the set Bys \ Ky is
called Mazwell stratum. Remarkably, all these subsets typically admit a naturally induced Frobenius
submanifold structure ([Str01, Str04]). In what follows we will assume that the semisimple Frobenius
manifold M admits nonempty bifurcation set B, caustic Kys and set of semisimple coalescence points
B\ K.

At each point p in the open dense semisimple subset My C M, there are n idempotent vectors

771(]9), s ’ﬂ-n(p) € TPM’

unique up to a permutation. By Theorem 2.5 there exists a suitable local vector field £ such that
m1(p), ..., mn(p) are eigenvectors of the multiplication o, with simple spectrum at p and consequently
in a whole neighborhood of p. Using the results exposed in [Kat82, Kat95] about analytic deformation
of operators with simple spectrum w.r.t. one complex parameter, in particular the results stating
analyticity of eigenvectors and eigenprojections, and extending them to the case of more parameters
using Hartogs’ Theorem, we deduce the following

LEMMA 2.1. The idempotent vector fields are holomorphic at a semisimple point p, in the sense
that, chosen and ordering w1 (p),...,mn(p), there exist a neighborhood of p where the resulting local
vector fields are holomorphic.

Notice that, although the idempotents are defined (and unique up to a permutation) at each point
of Mg, it is not true that there exist n globally well-defined holomorphic idempotent vector fields.
Indeed, the caustic Ky is in general a locus of algebraic branch points: if we consider a semisimple
point p and a close loop v: [0,1] — M, with base point p, encircling Ky, along which a coherent
ordering is chosen, then

(m1(3(0)); -, m(7(0)))  and (w1 (¥(1)),- .-, ™ (7(1)))

may differ by a permutation. Thus, the idempotent vector fields are holomorphic and single-valued
on simply connected open subsets not containing points of the caustic.
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REMARK 2.4. More generally, the idempotents vector fields define single-valued and holomorphic
local sections of the tangent bundle TM on any connected open set  C M \ Ky = M, satisfying
the following property: for any z € Q2 the inclusions

B8
QO—2 5 M,, - M

induce morphisms in homotopy

m1 (9, 2) L)ﬂ'l(Mss,Z) i>7T1(M, 2)

such that im(a.)Nker(Bs) = {0}. Moreover, this means that the structure group of the tangent bundle
of Mg is reduced to the symmetric group &, and that the local isomorphism of Oy, -algebras
C?:]\483 g 0@257

existing everywhere, can be replaced by a global one by considering a Frobenius structure prolonged
to an unramified covering of degree at most n! (see [Man99]).

THEOREM 2.6 ([Dub92], [Dub96|, [Dub99b]). Let p € M5 be a semisimple point, and (m;(p))?_,
a basis of idempotents in T,M. Then

[, T(j] =0;
as a consequence there exist local coordinates uy,...,u, such that
0
T, = auz o

DEFINITION 2.10 (Canonical Coordinates [Dub96], [Dub99b]). Let M a Frobenius manifold and
p € M a semisimple point. The coordinates defined in a neighborhood of p of Theorem 2.6 are called
canonical coordinates.

Canonical coordinates are defined only up to permutations and shifts. They are holomorphic local
coordinates in a simply connected neighbourhood of a semisimple point not containing points of the
caustic ICps, or more generally on domains with the property of Remark 2.4. Holomorphy holds also
at semisimple coalescence points.

THEOREM 2.7 ([Dub99b)). If ui,...,u, are canonical coordinates near a semisimple point of a
Frobenius manifold M, then (up to shifts) the following relations hold

0 0 0 "0 L 0
8ui08ui_5ij8ui’ e_izzlaui7 E—lzzluzaul

In this thesis we will fix the shifts of canonical coordinates so that they coincide with the eigenvalues
of the (1,1)-tensor Eo.

DEFINITION 2.11 (Matrix ¥). Let M be a semisimple Frobenius manifold, ¢!, ... " be local flat
coordinates such that % = e and uq,...,u, be canonical coordinates. Introducing the orthonormal
basis . 9

fi=m=—m+ (2.22)

o o % ﬁuz
n ou; ? Ou;
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for arbitrary choices of signs in the square roots, we define a matrix ¥ (depending on the point of the
Frobenius manifold) whose elements W;, (i-th row, a-th column) are defined by the relation

0

n
722\1’1@]2 ozzl,...,n.
o~

LEMMA 2.2. The matriz ¥ is a single-valued holomorphic function on any simply connected open
subset not containing points of the caustic KCps, or more generally on any open domain € as in Remark
2.4. Moreover, it satisfies the following relations:

1
0 0\?2

Ty = Uy = ( )
7, i1 n aul 61/,1 )
- ) WU,
fi= > WaWun™ o=, capy =y ——L.
ot — Uiy
a,f=1 i=1
If U is the operator of multiplication by the Euler vector field, then ¥ diagonalizes it:

WUV = U = diag(us, . . ., uy).

PRrROOF. The first assertion is a direct consequence of the analogous property of the idempotents
vector fields, as in Lemma 2.1. All the other relations follow by computations (see [Dub99b]). O

We stress that ¥ and the coordinates u;’s are holomorphic also at semisimple coalescence points,
due to the same property of the idempotents.

2.2.1. Monodromy Data for a Semisimple Frobenius Manifold. Monodromy data at z =
oo are defined in [Dub98],[Dub96] and [Dub99b] at point of a semisimple Frobenius manifold not
belonging to the bifurcation set. In the present section we review these issues, and we enlarge the
definition to all semisimple points, including the bifurcation ones, namely the semisimple coalescence
points of Definition 1.1.

In this section, we fix an open subset 2 C Mg, satisfying the property of Remark 2.4, so that we
can choose and fix on 2

e an ordering for idempotent vector fields and canonical local coordinates p — u(p), p € Q,
e a determination for the square roots in the definition of normalized idempotent vector fields
fi’s, and hence a determination of the matrix W.

In this way, system (2.3) and system (2.24) below, are determined. In the idempotent frame
y = ¢, (2.23)
system (2.3) becomes
Oy = (2Ei + Vi)y
(2.24)
0,y = (U + %V) Y
where (E;)g = 5?6? and
Vi=0pbl V=900t (2.25)
U := WUV~ =diag(ui, ..., u),
with not necessarily u; # u; when i # j. By Lemma 2.2, ¥(u), V(u) and V;(u)’s are holomorphic on
Q.

LEMMA 2.3. The matriz V = UpV—1 is antisymmetric, i.e. VT +V = 0. Moreover,
if u; = uj, then Vi; = Vj; = 0.
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PROOF. Antisymmetry is an easy consequence of (2.5) and the n-orthogonality of ¥ (see [Dub99b]).
Moreover, compatibility conditions of the system (2.24) imply that

[Ei, V] =[Vi,U].
Reading this equation for entries at place (i,7), we find that
Vij = (uj — ui)(Vi)ij-
Now, (V;);; is holomorphic, by and Lemma 2.2 and (2.25), so that if ¢ # j, but u; = u;, then
Vij = 0. 0

We focus on the second linear system

0y = <U + iV) Y, (2.26)

and study it at a fized point p € €2, namely for u fixed.

THEOREM 2.8. Let Q C Mgy as in Remark 2.4. At a (fized) point p € ), there exists a unique
formal (in general divergent) series

Fl) =143 2
(2) =1+ ;;1 =

with

FT(—2)F(2) = 1,
such that the transformation § = F(z)y reduces the corresponding system (2.26) at p to the one with
constant coefficients

azg = Ug

Hence, system (2.26) has a unique formal solution

onrmal(z) = G(Z)GZU, G(Z) = F(Z)_l =1+ i % (227)
k=1

PROOF. By a direct substitution, one finds the following recursive equations for the coeflicients
Ap:
U, A] =V, U, Ag1] = AV — kA, k=1,2,....
If (4, 7) is such that u; # u;, then we can determine (Akﬂ); by the second equation in terms of entries
of Ay; if u; = u;, then we can determine (Ak_i'_l); from the successive equation:

U, Apyo] = A1V — (K + 1) Ay

the (i,7)-entry of the Lh.s. is 0, and by Lemma 2.3 (Ak+1V)§- is a linear combination of entries
(Ag41)h, with u; # up, already determined. In such a way we can construct F(z). Let us now prove
that FT(—2)F(z) = 1. Let us take any solution Y of the original system, and pose

A=Y (e ™)TY(2).

A is a constant matrix, since it does not depend on z. Thus, for an appropriate constant matrix C' we
have

F(2)Y(z) =Y,
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from which we deduce that
F(z) ' =Y (z)C e, F(—2)T =eVC Ty (e772)T.
So
F(—2) TRzt = e VoTAC Y.
Comparing constant terms of the expansion of the r.h.s and the Lh.s we conclude that C~TAC~! =

1. ]

Notice in the proof above that [U, Ax41] = AV — kA, namley (u; — uj)(AkH);- = (AxV — kAk);'-,
implies that if we let p vary in €, then the G}’s define holomorphic matrix valued functions G (u) at
points u, lying in w(2), such that u; # u; for i # j. Accordingly, the formal matrix solution

Y%ormal(z7 U) = G(Z7 u)er’ G(Z7 U) =1+ Z G (U)
k=1

, (2.28)

2k

is well defined and holomorphic w.r.t u = u(p) away from semisimple coalescence points in 2. In The-
orem 9.1 below, we will show that Yiormal(2, u) extends holomorphically also at semisimple coalescence
points.

REMARK 2.5. The proof of Theorem 2.8 is based on a simple computation, which holds both at
a coalescence and a non-coalescence semisimple point. The statement can also be deduced from the
more general results of [BJL79c] (see also [CDG17b]). A similar computation can be found also in
[Tel12] and [GGI16]. Notice however that this computation does not provide any information about
the analiticity of G(u) in case of coalescence u; — u;, i # j. The analiticity of Yiormai(2,u) — and of
actual fundamental solutions — at a semisimple coalescence point follows from the results proved in
[CDG17b], and will be the content of Theorem 9.1 below.

In order to study actual solutions at p € ), we introduce Stokes rays. In what follows, we denote
with pr : R — C\{0} the covering map. For pairs (u;, u;) such that u; # u;, we take the determination
a;j of arg(u; — u;) in the interval [0; 27[, and we let

3
Tij = 7

DEFINITION 2.12 (Stokes rays). We call Stokes rays of the system (2.26) the rays in the universal

covering R defined by

— aij.

Rij:={2 € R: argz = 1;; + 2km}
for any k € Z. The projections on the C-plane
R;j :=pr(Riji)
will also be called Stokes rays.
Observe that the projected Stokes rays coincide with the ones defined in [Dub99b]|, namely
Rij :={2€C: z = —ip(w; —uj), p>0}. (2.29)

Stokes rays have a natural orientation from 0 to co. Their characterisation is that z € R;; if and
only if
Re((u; —uj)z) =0, Im((u; — uj)z) <O0.
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For z € C we have
2 le*“i| if z € R;j,
le*¥i| > |e*“7| if z is on the left of R;j,

le*“1| < |e**7| if z is on the right of R;;.

2ui| =

DEFINITION 2.13 (Admissible Rays and Line). Let ¢ € R and let us define the rays in R
0.(8) = {z € R: argz =9},

l_(¢):={z€R: arg z=¢—71}.
We will say that these rays are admissible at u, for the system (2.26), if they do not coincide with any
Stokes rays R;; for any i, j s.t. u; # u; and any k € Z. Moreover, a line £(¢) := {z = pe'?, p € R} of
the complex plane, with the natural orientation induced by R, is called admissible at u for the system
(2.26) if
Re z(ui — uj)|zen0 # 0

for any ¢,j s.t. u; # u;. In other words, a line is admissible if it does not contain (projected) Stokes
rays I;;.

Notice that pr(¢4+(¢)) are contained in an admissible line ¢(¢), and that the natural orientation
is such that the positive part of £(¢) is pr ({4 (¢)).

DEFINITION 2.14 (/-Chambers). Given a semisimple Frobenius manifold M, and fixed an oriented
line £(¢) = {z = pe'®, p € R} in the complex plane, consider the open dense subset of points p € M
such that

e the eigenvalues of U at p are pairwise distinct,
e the line ¢ is admissible at u(p) = (u1(p), ..., un(p)).

We call £-chamber any connected component 2, of this set.

The definition is well posed, since it does not depend on the ordering of the idempotents (i.e. the
labelling of the canonical coordinates) and on the signs in the square roots defining ¥. Any ¢-chamber
satisfies the property of Remark 2.4: hence, idempotent vector fields and canonical coordinates are
single-valued and holomorphic on any ¢-chamber. The topology of an ¢-chamber in M can be highly
non-trivial (it should not be confused with the simple topology in C™ of an ¢-cell of Definition 9.1
below). For example, in [Guz05] the analytic continuation of the Frobenius structure of the Quantum
Cohomology of P2 is studied: it is shown that there exist points (uy, ug,u3) € C3, with u; # uj, which
do not correspond to any true geometric point of the Frobenius manifold. This is due to singularities
of the change of coordinates u — t.

For a fixed ¢ € R, we define the sectors
Mignt(¢) :={2 € R: ¢ — 7w < arg z < ¢},
Mege () ={z€R: p<arg z< p+m}.

THEOREM 2.9. Let Q C M, be as in Remark 2.4 and let system (2.24) be determined as in the
beginning of this section. Let ¢ € R be fixed. Then the following statements hold.
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(7

FIGURE 2.1. The figure shows II7,;(¢), i (¢) as dashed sectors, £4(¢) in (black)
and Stokes rays (in color).

(1) At any p € Q such that £(¢p) is admissible at u(p), and for any k € Z, there exists two
fundamental matriz solutions Ylg;-‘t) i ght(z), uniquely determined by the asymptotic condition

k L
}/}c(afff)/right(z) ~ vaormal(z)7 |Z| — 00, Z€ ¢? kHleft/Mght((p)'

(2) The above solutions Ylgﬁt) right SOTESTY
(k) 2mik )\ _ (0
}/left/right (6 Z) - Y}eft/ﬁght(z)7 zeR. (230)

(3) In case Q2 = Qy is an (¢)-chamber, if p varies in Qy, then the solutions lﬁg;t)/right(z) define
holomorphic functions

(k)
Y}eft/ﬁght(z’ U),
w.r.t. to u = u(p). Moreover, the asymptotic expansion
k .
lefift)/right(z’ ’LL) ~ }/}ormal(z’ u)’ |Z‘ — 00, Z2€ 627mknleft/right(¢)v (231)

holds uniformly in u for p varying in Q. Here Yiormal(2z,u) is the u-holomorphic formal
solution (2.28).

ProOF. The proof of (1) and (2) away from coalescence points is standard (see [Was65], [BJL79a],

[Dub99b], [Dub04]), while at coalescence points it follows from the results of [CDG17b] and
[BJL79c]|. Point (3) is stated in [Dub99b], [Dub04], though the name “¢-chamber” does not appear
there. 0

REMARK 2.6. The holomorphic properties at point (3) of Theorem 2.9 hold in a ¢-chamber, where

there are no coalescence points. In our Theorem 9.1 below, we will see that point (3) actually holds
in a set 2 C Mg, as in Remark 2.4, no matter if it contains semisimple coalescence points or not. The
only requirement is that £(¢) is admissible at u = u(p) for any p € Q.

REMARK 2.7. The asymptotic relation (2.31) means that
VK € Q, YheN, VS C e27rkiHright/left(¢)7 3C ,, 5 > 0 such that if z € S\ {0} then
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h—1 C _
(k) Gm(u) K,h,S
sup Yright/left(w)'eXP(—ZU>—m§::O e P

Here S denotes any unbounded closed sector of R with vertex at 0. Actually, the solutions Yrsk})l (z,u)

' ght/left
maintain their asymptotic expansion (2.31) in sectors wider than eQm}CHright et (@), extending at least
up to the nearest Stokes rays outside e%ikﬂright /left(qﬁ). In particular, for any p € K € €y and suitably
small € = ¢(K) > 0, then the asymptotics holds in e%ikﬂfight J1eft (), Where

Migne(¢) = {2z €ER:p—m—e<arg z<d+e}, () ={s€ER:p—c<arg 2<d+7m+e}.

The positive number ¢ is chosen small enough in such a way that, as p varies in the compact set K,
no Stokes ray is contained in the following sectors:

II5(¢) ={zeR:p—e<arg z2<dp+e}, I(¢)={zeR:¢p—nT1—ec<arg z2<Pp—m+ec}.

LEMMA 2.4. In the assumptions of Theorem 2.9, for any k € 7Z and any z € R the following
orthogonality relation holds:

k i k
ch(sft)(e Z)TYr(ig})m(Z) =1

PROOF. From Remark 2.1 we already know that the product above is independent of z € R.
According to Remark 2.7, if € > 0 is a sufficiently small positive number, then

k i
}/ie(zft)/right(z) ~ }/%ormal(z), ‘Z| — 00, zE e? Zkl_Ilgeft/right(qb)

Consequently,

Vi (e™2) ~ G(=2)e Y, Y (2) ~ G(2)eV, |2 = oo, 2 € ETHIE (9).

Thus, Kéﬁ)(eiwz)Tﬁggﬁt(z) =1 for all z € e*™*II¢ (¢), and by analytic continuation for all z € R. O

Let Yy(z,u) be a fundamental solution of (2.26) near z = 0 of the form (1.9), i.e.

oo
Yo(z,u) = U (u)®(z,u) 22", O(z,u) =1+ Z Dy (u)2", O(—z,u)ln ®(z,u) =n, (2.32)
k=1
with ¥TW = 7, obtained from (2.12) and (2.13) through the constant gauge (2.23). This solution is
not affected by coalescence phenomenon and since p and R are independent of p € {2, it is holomorphic
w.r.t. u (see [Dub99b], [Dub04]). Recall that Yy(z,u) is not uniquely determined by the choice of
R.

DEFINITION 2.15 (Stokes and Central Connection Matrices). Let  C M,y be as in Remark 2.4

and let the system (2.24) be determined as in the beginning of this section. Let ¢ € R be fixed. Let
p € Q be such that ¢(¢) is admissible at u(p). Finally, let Yr(ig%lt /left(z) be the fundamental solutions of

Theorem 2.9 at p. The matrices S and S_ defined at u(p) by the relations

V() =Yih(2) S, z€R, (2.33)
V(e =Y () S-, 2€eR (2.34)

are called Stokes matrices of the system (2.26) at the point p w.r.t. the line £(¢). The matrix C such
that

Y (2) = Yo(z,ulp)) C, 2€R (2.35)
is called central connection matriz of the system (2.24) at p, w.r.t. the line ¢ and the fundamental
solution Yj.
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THEOREM 2.10. The Stokes matrices S, S—_ and the central connection matriz C' of Definition 2.15
at a point p € ) satisfy the following properties, for all k € Z and all z € R:

(1)

k
gft) Z) = rlght(z) S:

(
k (k
lgft)(z) = rlgl-li:nl)( ) S—v
rlght(z) Yb(z ’LL( )) M()_k Ca
where My = exp(2mip) exp(2miR);
(2)

Yigla) =Yg () (8- 87),

k Tl k —
K (€m2) = Yig.(2) (57 8-);

g = 8",
Si=1, i=1,...,n,
Sij # 0 with i # j only if u; # u; and R;; C pr (Ieg ()

PROOF. The first and second identities of (1) follow from equation (2.30). For the third note that

Y (2) = Y (e72472) = Yy (e 2472)C = Yo (2) My *C.

Point (2) follows easily from the vanishing of the exponent of formal monodromy (diag(V) = 0). By
definition of Stokes matrices we have that

0 0 i 0 0 _
Vi (€72) = Yo (e7™2)S-, Yol () = v{)(2)s7,

and by Lemma 2.4

0 0 _
STY O ()T (em2) 7 = 1.

1
We conclude ST = S. If we consider the sector I15 (¢) fo sufficiently small € > 0 as in proof of Lemma

2.4, them from the relation Yl((e?t) (2) = }/;(lgl)lt( )S, we deduce that
AU G Gy, 2] = 00, 2 € TS ().

So, if u; = u; we deduce S;; = 6;;. If i # j are such that u; # wuj, then if R;; C pr (ILight(¢)) we have
|| &5 00 for |z| = 00, z€ 115 (¢),

and hence necessarily S;; = 0. For the opposite ray Rj; C pr (Iljef;) we have
e*i=u)| 0 for 2| = o0, 2z € IT5(9),

so S;; need not to be 0. This proves (3).
O

The monodromy data must satisfy some important constraints, summarised in the following the-
orem, whose proof is not found in [Dub98], [Dub99b].
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THEOREM 2.11. The monodromy data i, R,S,C at apoint p € Q as in Definition 2.15 satisfy the
identities:
(1) CsTs—lc—l — MO _ eQﬂ'i,ue%'iR’
(2) S = C_le_mRe_m“T]_l(CT)_l,
(3) ST — C_le”Re”“n_l(CT)_l.

PRrROOF. The first identity has a simple topological motivation: loops around the origin in C* are
homotopic to loops around infinity. So, one easily obtains the relation using Theorem 2.10, and the
definition of central connection matrix. Using the orthogonality relations for solutions, equation (2.11)
and the fact that

et =g

(1 being diagonal and n-antisymmetric), we can now prove the identities (2) and (3). By Lemma 2.4
we have that

1= Y () R ()

right
= Y0 ()TY 0 (€72)8 = CTYy(2) Yo (e 2)CS.

Now we have
Yo(2) Yo(e™z) = 2 27 (0(2) 0T (—2)) (¢72)(c2)"
— ZRTZuTnZueiwquein
— neiﬂ'/.l,eiﬂ'R'

This shows the first identity. For the second one, we have that

1 =Y, 0 () TH ()

right
0 0 —aiT
= Vi ()Y (e7m2)sT

= CTYy(2)TYo(e ™ 2)OST.
Again, we have

Yo(2) Yo(e z) = 21217 (B(2)TWTWD(—2)) (772 (e 2) "

— ZRT Z;ATnzue—iTrque—iﬂ'R
_ —imp ,—iTR
=ne e .

O

It follows from point (3) of Theorem 2.9 that S and C' depend holomorphically on p varying in
an ¢-chamber {2y, namely they define analytic matrix valued functions S(u) and C(u), u = u(p).
Moreover, due to the compatibility conditions [E;, V] = [V;,U] and 0;¥ = V; U, the system (2.24) is
isomonodromic. Therefore 0;S = 0;C = 0. Indeed, the following holds:
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THEOREM 2.12 (Isomonodromy Theorem, II, [Dub96, Dub98, Dub99b]). The Stokes matriz
S and the central connection matriz C', computed w.r.t. a line £, are independent of p varying in an
£-chamber. The values of S, C in two different ¢-chambers are related by an action of the braid group
of Section 2.3.

2.3. Freedom of Monodromy Data and Braid Group action

In associating the data (u, R,S,C) to p € M, several choices have been done, all preserving the
constraints of Theorem 2.11

S = ¢ temimRemimuy =l o= 1)T (2.36)

ST = Cilei”Re”“nfl(Cfl)T. (2.37)

While the operator u is completely fixed by the choice of flat coordinates as in Section 2.1, R is

determined only up to conjugacy class of the (), u)-parabolic orthogonal group G(n, ) as in Theorem

2.3. Suppose now that R has been chosen in this class. The remaining local invariants S,C are

subordinate to the following choices:

(1) an oriented line £(¢) = {z = pe'®, p € R} in the complex plane;

(2) for given ¢ € R, the change of determination ¢ — ¢ — 2km, k € Z, or dually, for fixed ¢, the

(0) (k) :
change Yieft/right(z) = Yieft/right(z)’

(3) the choice of a ordering of canonical coordinates on each ¢-chamber §y;

(4) the choice of the branch of the square roots (2.22) defining the matrix ¥ on each ¢-chamber
Qy;

(5) the choice of different solutions Yy in Levelt normal form corresponding to the same exponent
R.

The transformations of the data depending on the choice of ¢ in (1) will be studied in the next Section.
Here we describe how the freedoms in (2),(3),(4) and (5) affect the data (5, C):

e Action of the additive group Z: according to formula (2.30), S remains invariant and
Cr My%. O, keZ, My=e"He™™R  tecQ,

e Action of the group of permutations &, if 7 is a permutation, we can reorder the canonical
coordinates:
(ul, cey un) — (UT(1)7 N ,u,,_(n)).

The system (2.26) is changed to U + PUP~! = diag(tr(1y, -« Ur(n)), V = PVP~!. The

fundamental matrices change as follows: Yi«(e(f)ig) Jright " PYlgf)t) /rightP_1 and Yy — PYj. There-
fore
S— PSP~Y Cw—CPL (2.38)

e Action of the group (Z/2Z)*™: by choosing opposite signs for the normalized idempotents
(matrix W), we can change the sign of the entries of the matrices S and C. If 7 is a diagonal
matrix with 1’s or (—1)’s on the diagonal, the system (2.26) is changed to U — ZUZ = U,
V = ZVI. Correspondingly, Yiefi/right = ZYieft/rightZ, Yo > ZYp. Therefore

S— IS8T, (Cw CT.
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e Action of the group C~o(,u, R): for chosen R, the choice of a fundamental system at the origin,
having the form (2.32), is determined up to Yy — YpG, where G € Cyp(p, R) of Definition 2.6.
The corresponding left action on C' is

C— GC,  Gel(mR).

Among all possible ordering of the canonical coordinates, a particularly useful one is the lexico-
graphical order w.r.t an admissible line ¢(¢), defined as follows. Let us consider the rays starting from
the points uq, ..., u, in the complex plane

L; .= {uj+pei(%*¢): pER+}, ij=1...,n,
and for any complex number zg let us define the oriented line
L. ¢:= {Zo + pe_i‘i’: pE R}

where the orientation is induced by R. In this way we have a natural total order < on the points of
L., 4. We can choose 2o, with |zg| sufficiently large, so that the intersections L; N L, 4 =: {p;} are
non-empty.

DEFINITION 2.16 (Lexicographical order). The canonical coordinates u;’s are in ¢-lexicographical
order if
Pr2p2=3p3 = 2 Pn.
The definition does not depend on the choice of zy € C, with |zy| sufficiently large.

Observe that if uq, ..., u, are in lexicographical order w.r.t. the admissible line ¢(¢), then:

(1) the Stokes matrix is in upper triangular form;
(2) the nearest Stokes rays to the positive half-line pr(¢4(¢)) are of the form

R; i1 C pr (e (@) , R; ;1 C pr (Iignt(9)) -

In general, condition (1) alone does not imply that the canonical coordinates are in lexicographical
order: it does if and only if the number of nonzero entries of the Stokes matrix S is maximal (and
equal to @) In this case, by Theorem 2.10, necessarily u; # u; for ¢ # j. On the other hand, if
there are some vanishing entries S;; = S;; = 0 for i # j, and S is upper triangular, then also PSP~!
in (2.38) is upper triangular for any permutation exchanging u; and u; corresponding to S;; = Sj; = 0.
For example, this happens at a coalescence point: by Theorem 2.10, the entries S;; with i # j are 0

corresponding to coalescing values u; = uj, i # j.

DEFINITION 2.17 (Triangular order). We say that uy, ..., u, are in triangular order w.r.t. the line
¢ whenever S is upper triangular.

It follows from the preceding discussion that at a semisimple coalescence point there are more
than one triangular orders. Moreover, any of them is also lexicographical. For further comments, see
Remark 9.1.

2.3.1. Action of the braid group B,. In this section, canonical coordinates are pairwise dis-
tinct, corresponding to a non-coalescence semisimple points lying in /-chambers. The braid group
is

B, =m ((C"\4)/6,),
where A stands for the union of all diagonals in C". It is generated by n — 1 elementary braids
B12, B23, - - - Bn—1,n With the relations

Bii+1Bj41 = Bjj+1Biit1 fori+1#£ 5,54+ 1#1,
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Bii+1Biv1,i+2Bii41 = Bit1,i+28:,i+1Bi41,i42-
The action of the braid group B,, on the monodromy data manifests whenever some Stokes’ rays and
the chosen line ¢ cross under mutation. This can happens in two ways:

e First: we let vary the point of the Frobenius manifold at which we compute the data, keeping
fixed the line ¢; this is the case if, starting from the data computed in a /-chamber, we want
to compute the data in neighboring ¢-chamber, or even more in general if we want to analyze
properties of the analytic continuation of the whole Frobenius structure by letting varying

the coordinates (uq,...,uy,) in the universal cover C"*\ A.
e Second: we fix the point at which we compute the data and change the admissible line ¢ by
a rotation.

In the first case the ¢-chambers are fixed, in the second case they change: indeed, the fixed point of
the Frobenius manifold is in two different chambers before and after the rotation of /. In both cases,

we will always label the canonical coordinates (ug, ..., u,) in lexicographical order w.r.t. ¢ both before
and after the transformation (so that, in particular, any Stokes matrix is always in upper triangular
form).

Any continuous deformation of the n-tuple (uq,...,uy), represented as a deformation of n points

in C never colliding, can be decomposed into elementary ones. If we restrict to the case of a continuous
deformation which ends exactly with the same initial ordered pattern of points, then we can identify
an elementary deformation with a generator of the pure braid group, i.e. m1(C"\ A). Otherwise, by
allowing permutations, we can identify an elementary deformation with a generator of the braid group
B,. In particular, an elementary deformation which will be denoted by (; ;41 consists in a counter-
clockwise rotation of w; w.r.t. u;y1, so that the two exchange. All other points u;’s are subjected to
a sufficiently small perturbation, so that the corresponding Stokes’ rays almost do not move. [3;;11
corresponds to

e clockwise rotation of the Stokes’ ray R; ;.1 crossing the line /,
e or, dually, counter-clockwise rotation of the line ¢ crossing the Stokes’ ray R; ;41

This determines the following mutation of the monodromy data, as shown in [Dub96] and [Dub99b]:
Sﬁi,i+1 — Aﬁz‘,¢+1 (S) S ABi,H—l(S)T (239)

where

(ABMH(S)) -1, h=1,....n h#ii+1

hh
Bi,i+1 _
(A (S))z‘+1,z'+1
Bi,i+1 — ( ABii+1 _
(A (S))z’,i—H (A (S))i—i—l,i 1
For a generic braid 3, which is a product of N elementary braids § = 3;, 4,41 .- Biy,in+1, the action
is

—Sii+1,

S 8P .= AP(9). 5 AP(S)T (2.40)
where
AB(S) — ABinvin+1 (S/BiN_l,iN_lJrl) . ABissis+1 <55¢1,¢1+1> . ABirii 1 (S)

The action on the central connection matrix (in lexicographical order) is
O CP=C (497 (2.41)

Now, let us consider a complete counter-clockwise 2w-rotation of the admissible line ¢, and observe
the following:
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(1) in the generic case (i.e. when the canonical coordinates u;’s are in general position) there are
n(n — 1) distinct projected Stokes’ rays R;,. An elementary braid acts any time the line ¢
crosses a Stokes ray. So, in total, we expect that a complete rotation of £ correspond to the
product of n(n — 1) elementary braids £ +1’s.

(2) Since the formal monodromy is vanishing, the effect of the rotation of £ on the Stokes matrix
is trivial, while the central connection matrix C' is transformed to M, L¢, My being the
monodromy at the origin (point (1) of Theorem 2.10). As a consequence, the complete
rotation of the line £ can be viewed as a deformation of points u;’s commuting with any other
braid.

From point (2) we deduce that the braid corresponding to the complete rotation of ¢ is an element of
the center

Z(By) = {(512523 o Bain) k€ Z} )
From point (1) and from the fact that ¢ rotates counter-clockwise, we deduce that £ = 1. In this way
we have proved the following

LEMMA 2.5. The braid corresponding to a complete counter-clockwise 2m-rotation of ¢ is the braid

(B12B23 - - - Brn—-1,0)",

and its acts on the monodromy data as follows:

e trivially on Stokes matrices,
e the central connection matriz is transformed as C' +— My 1c.



CHAPTER 3

Gromov-Witten Invariants, Gravitational Correlators and Quantum
Cohomology

ABSTRACT. In this Chapter basic notions of Gromov-Witten and Quantum Cohomology theories are
presented. After recalling the main definitions and properties of Gromov-Witten invariants (and of
the more general gravitational correlators) for a smooth projective variety X, for any genus g > 0 we
introduce a generating function for these numbers (the total descendant potential of genus g). Under
an assumption of analytical convergence for g = 0, we introduce the Quantum Cohomology of X, and
we describe its Frobenius manifold structure. In Section 3.3 we introduce and describe in details the so
called topological-enumerative solution for the system defining deformed flat coordinates: in the case
X is Fano, this solution is completely characterized.

3.1. Gromov-Witten Theory

3.1.1. Notations and preliminaries. Let X be a smooth projective complex variety. In or-
der not to deal with Frobenius superstructures, we will suppose for simplicity that the variety X
has vanishing odd cohomology, i.e. H?**1(X;C) = 0 for 0 < k. Let us fix a homogeneous basis
(Ty, Ty, ..., Ty) of H*(X;C) = @, H?**(X;C) such that

e Ty =1 is the unity of the cohomology ring;
e T,...,T, span H?(X;C).
We will denote by n: H*(X;C) x H*(X;C) — C the Poincaré metric

ne0= [ guc
and in particular

NoB ;:/ TaUTB.
X

If B € Hy(X;Z)/torsion, we denote by M, ,(X,3) the Kontsevich-Manin moduli stack of n-
pointed, genus ¢ stable maps to X of degree (5, which parametrizes equivalence classes of pairs
((Cy,); f), where:

e (Cy,x) is an n-pointed algebraic curve of genus g, with at most nodal singularities and with
n marked points x = (z1,...,xy), and f: Cy; — X is a morphism such that f,[Cy] = 8. Two
pairs ((Cy,x); f) and ((Cy,x'); f') are defined to be equivalent if there exists a bianalytic
map ¢: Cy — Cj such that ¢(z;) =z, foralli =1,...,n, and f' = po f.

e The morphisms f are required to be stable: if f is constant on any irreducible component
of Uy, then that component should have only a finite number of automorphisms as pointed
curves (in other words, it must have at least 3 distinguished points, i.e. points that are either
nodes or marked ones).

26
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We will denote by ev;: My, (X,8) = X: ((Cy,x); f) — f(x;) the naturally defined evaluations
maps, and by 1; € H*(M, (X, 3); Q) the Chern classes of tautological cotangent line bundles

Ei — ng(X, 5), Ei’((C’g,x);f) = T;Z_Cg, Ibz = 01(/:,2').

Using the construction of [BF97] of a virtual fundamental class [Mg (X, 8)]"*" in the Chow ring

CHo(Mgy (X, )), and of degree equal to the expected dimension
[ﬂg,n(Xa 5)]Virt € CHD(MQ,TL(X;/B))7 D = (1-g)(dimc X —3) +n+ /[_‘2 c1(X),

a good theory of intersection is allowed on the Kontsevich-Manin moduli stack.

DEFINITION 3.1. We define the Gromov- Witten invariants (with descendants) of genus g, with n
marked points and of degree 5 of X as the integrals (whose values are rational numbers)

n
X * d;
T e Tdy, = Ilev- ) U, 3.1
< di 71 d 7n>g,n,,3 /[/\/lg,n(X,B)]Virt b i (71) wz ( )

vi € H*(X;C), d;eN, i=1,...,n.
If some d; # 0, the invariants (3.1) are also called gravitational correlators.
Since by effectiveness (for an axiomatic treatment of the Gromov-Witten invariants we follow
[Man99], [KM94] and [CK99]) the integral is non-vanishing only for effective classes € Eff(X) C

Hy(X;7Z), the generating function of rational numbers (3.1), called total descendent potential (or also
gravitational Gromov-Witten potential, or even Free Energy) of genus g is defined as the formal series

00 Qﬁ X
o=y Y Yooy 2
P , » 1/gm,Bs
n=0 BeEf(X) n n times

where we have introduced (infinitely many) coordinates t := (t*P),,
v = Zta’prTa, a=0,...,N, peN,
a7p

and formal parameters
f 8 .
1

Tr
Q=@ ... Q" ', Qs elements of the Novikov ring A := C[Q1,...,Q,].

The free energy .7:;( € Aft] can be seen a function on the large phase-space, and restricting the free
energy to the small phase space (naturally identified with H*(X;C)),

X N X
FX (M0, tY0) o= FX(6) =0, p>o,

one obtains the generating function of the Gromov-Witten invariants of genus g.

3.2. Quantum Cohomology

3.2.1. Quantum cohomology as a Frobenius manifold. By the Divisor Axiom, the genus 0
Gromov-Witten potential FOX (t), can be seen as an element of the ring C[t°, Q1 etl, Qe tN]]:
in what follows we will be interested in cases in which FOX is the analytic expansion of an analytic
function, i.e.

1 r
F¥ E(C{tO,Qlet e Qe ,t“fl,...,tN}.
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Without loss of generality, we can put Q1 = Q2 = --- = Q, = 1, and F;<(¢) defines an analytic
function in an open neighborhood D C H*(X;C) of the point

t'=0, i=0,7+1,...,N, (3.3)

Ret! —» —00, i=1,2,...,7. (3.4)

REMARK 3.1. At the classical limit point (3.3), (3.4), the algebra structure on the tangent spaces
coincide with the classical cohomological algebra structure. Indeed, the following is the structure of
the potential:

(1) by Point Mapping Axiom, the Gromov-Witten potential can be decomposed into a classical
term and a quantum correction as follows

Fd)( (7) = Fllassical T Fquantum
1 N
6/ v +Z Z H<7>7’y>ék7ﬁ7 Where’)/: ZtaTa;

k=0 BeEff(X)\{0} k times =0

(2) the variable t appears only in the classical term of Fy';

(3) because of the Divisor axiom, the variables corresponding to cohomology degree 2 (i.e.
tl,...,t") appear in the exponential form in the quantum term; the Frobenius structure
is 2mi-periodic in the 2-nd cohomology directions: the structure can be considered as defined
on an open region of the quotient H*(X;C)/2niH?(X;Z).

The function F§* is a solution of WDVV equations (for a proof see [KM94], [Man99], [CK99]),
and thus it defines an analytic Frobenius manifold structure on D ([Dub92, Dub96, Dub98,
Dub99b, CDG17c]|). Note that

e the flat metric is given by the Poincaré metric n;
e the unity vector field is Ty = 1, using the canonical identifications of tangent spaces

T,D = H*(X;C): O = Ty;
e the Euler vector field is

N
1
E:=c(X)+ Z <1 —3 deg Ta> tT,. (3.5)
a=0

More precisely, by the Point Mapping Axiom, the Gromov-Witten potential can be decomposed into
a classical term and a quantum correction as follows

X
F 0 ( ) = Flassical T o quantum

N
1
6/ v+ Z > *,(%-u,’%fk,g, where v = Y " t°T,.
k=0 BEEMH(X)\{0} & times a=0

Consequently, the product of each algebra (7, D, o,,) defined by

PR
75
Ty 0pTg = E 8ta6tﬁ8t7 Ts5, peD, (3.6)

defines a deformation of the classical cohomologlcal U—product. The associativity of o, is equivalent
to the validity of the WDVV equations
PF 5 PR PR 5 PF

ateotBor T Dot | orotPor | dto oot
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and it is easily seen that
PFy
ot0ptept? — 1P
the variable t° appearing only in the classical term of F;*. Hence, the resulting algebras (T,D, 0p)

are Frobenius. Furthermore, the Gromov-Witten potential FOX satisfies also the quasi-homogeneity
condition

LpF = (3 — dime X) - Fy.

DEFINITION 3.2. The Frobenius manifold structure defined on the domain of convergence D of
the Gromov-Witten potential F@X , solution of the WDVV problem, is called Quantum Cohomology of
X, and denoted by QH*®*(X). By the expression small quantum cohomology of X (or small quantum
locus) we denote the Frobenius structure attached to points in D N H?(X;C). In case convergence,
the potential FOX (and hence the whole Frobenius structure) can be maximally analytically continued
to an unramified covering of the domain D C H*(X;C). We refer to this global Frobenius structure
as the big quantum cohomology of X, and it will be still denoted by QH®(X).

Although no general results guarantee the convergence of the Gromov-Witten potential F5< for a
generic smooth projective variety X, for some classes of varieties it is known that the sum defining
F§* at points of the small quantum cohomology (at which t = "1 = ... =t/ = 0) is finite. This is
the case for

e Fano varieties,
e varieties admitting a transitive action of a semisimple Lie group.

For a proof see [CK99]. Notice that for these varieties the small quantum locus coincide with the
whole space H2(X;C). Conjecturally, for Calabi-Yau manifolds the series defining FOX is convergent
in a neighborhood of the classical limit point (see [CK99], [KM94]).

3.2.2. Semisimplicity of Quantum Cohomology. In this thesis we will focus on smooth
projective varieties X whose (big) quantum cohomology is a semisimple Frobenius manifold. A point
p € QH*(X) whose associated Frobenius algebra is semisimple will be called a semisimple point, for
short. Note that the classical Frobenius cohomological algebra (H*(X;C),U), corresponding to the
limit point (3.3)-(3.4), is not semisimple, since it clearly contains nilpotent elements. By quantum
deformation of the U-product, it may happen that the semisimplicity condition is satisfied. The
problem of characterizing smooth projective varieties with semisimple quantum cohomology is far
from being solved. The following result shows that the assumption on X considered above, of having
odd-vanishing cohomology H°d(X;C) 22 0, is a necessary condition in order to have semisimplicity
of the quantum cohomology QH*(X).

THEOREM 3.1 ([HMTO09]). If X is a smooth projective variety whose quantum cohomology QH®(X)
s a semisimple analytic Frobenius manifold, then X is of Hodge-Tate type, i.e.

hPI(X) =0, ifp#q.
In particular, X is with odd-vanishing cohomology.

For some classes of varieties, such as some Fano threefolds [Cio04], toric varieties [Iri07], and
some homogeneous spaces [CMP10], it has been proved that points of the small quantum cohomology
are all semisimple. Grassmannians are among these varieties. More general homogeneous spaces may
have non-semisimple small quantum cohomology ([CMP10], [CP11], [GMS15]). Some sufficient
conditions for other Fano varieties are given in [Per14].
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REMARK 3.2. Remarkably, under the assumptions of convergence of the genus 0 Gromov-Witten
potential Fs* and semisimplicity of the quantum cohomology QH*®(X), it can be shown ([CI15]) that
there exist two real positive constants C,e such that, for any g > 0, the power series (3.2) defining
the genus g total descendant potential FgX is convergent on the infinite-dimensional polydisc

|
]tavp|<g% fora=0,...,N,and p € N,

Qi| <e fori=1,...,r
3.3. Topological-Enumerative Solution

For quantum cohomologies of smooth projective varieties, a fundamental system of solutions of
the equation for gradients of deformed flat coordinates

0aC = 2Co(,
(3.7)
0. = (U+ 1)<,

can be expressed in enumerative-topological terms, namely the genus 0 correlations functions.

PROPOSITION 3.1. For a sufficiently small R > 0, it is defined an analytic function
©: Be(0;R) x Q — End(H*(X;C))

@(z,t)::1d+§:<<f (=) Ta>>0(t)T°‘

1d+Zz"+1Z (T (=), Ta)o ()T

n=0
This function © satisfies the following properties:
(1) for any ¢ € H*(X;C), the vector field

04 1= O(2,t)d = ¢ + ijo« - ii¢,Ta>>0(t)Ta

0o N
=+ 2" D (g, Talo(OT®
n=0 a=0

with series expansion

satisfies the equations
00Oy = 204 * Oy;
(2) when restricted to the small quantum locus QN H*(X;C), i.e. ' =0 fori=0,7+1,...,N,
then

z0 f 26Z6U¢ * « - 7 2

g=e U¢+ZZ o To) T 6:=) t'Ti € H*(X;C);
70 a=0 T—29 " g0 =

(3) for any ¢1,¢p2 € H*(X;C) we have

1(0(=2,t)¢1,0(2,t)p2) = 1 (¢1, 2) ;
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(4) for any ¢ € H*(X;C), the vector field
(Ztop)¢ = (@(Z,t) [0) z“zcl(X)U(—)) ¢

is a solution of the system (3.7), i.e.

1
00(Ztop)p = 200 * (Ztop) > 0:(Ztop)y = (U + ;M) (Ztop)g-

Thus, the vector fields (Zop)t, ’s are gradients of deformed flat coordinates: if (©F)a,5, ((Ztop)§)a,8
are the matrices representing the two End(H®(X;C))-valued functions © and Ziyo, w.r.t. the basis
(Ta)ou i.e.

N N
O(z,t)Tp = > 05(2,)Ta,  Zsop(2,8)Tp = > (Zsop)§ (2, t) T,
a=0 a=0

then there exist analytic functions (to(2,t))a, (ha(z,t))a on Bc(0; R) x Q such that
(Ztop)g(z, t) = (grad 7?[3(2, t))a, (fo, 171, ... ,Z?N) = (ho, hl, coog hN) ° Z“ZR,
O3(2,t) = (grad hg(z,1))%, O (—=2,t)nO(z,) = n,

ha(z,t) := Z Pap()2P,  hao(t) = ta = tMra-
p=0

PROOF. Notice that

Y (z,t) := H(z,t)z"25%,  H(zt) = i H,(t)zF, Hy(t)=1
p=0

is a fundamental solution of (3.7) if and only if H(z,t) is a solution of the system

O H = 2C, H,
9.H =UH + [, H — HR.

Because of the symmetry of c,g, the columns of H are the components w.r.t. (0 )q of the gradients
of some functions:

ha(2,t) == hap(t)z”, hao(t) = ta,
p=0

Hg(z,t) = (grad hg)®, Hg ,(2,t) = (grad hgp)®.
The above system for H is equivalent to the following recursion relations on hq p’s functions:

000phy p(t) = cogOvhyp-1(t), p=>1, (3.8)
dime X — 2 N
Sp(grad hay) = <p Tt Ma) erad ho, + 3 (erad hsp )RS, p> 1.
£=0
The last equation is equivalent to the recursion relations on the differentials
dime X — 2 ol
Lr(dha,y) = <p - Cf - ua> dhap+ Y dhgp 1Ry, p>1. (3.9)

B=0
In our case we have
H(z,t) = (03(2,t))a,8,  Oahpp(t) = {mp-1T3, Ta)o(t)-
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The recursion relations (3.8) then reads

«Ta’TB’Tfy»o = (<Ta,T5,T”>>0771,7 for p =1,

(Tas 71Ty, T)) g = (Ta Tp, T" o (Tp—2T5, Tu)) g for p > 2.

These are exactly the topological recursion relations in genus 0.
Let us now prove that also the recursion relations (3.9) hold. K. Hori ([Hor95], see also [EHX97])
proved that, for any w € H?(X;C) we have the following constraint on the genus g free energy

oFy OFX
g _ X v R g
w” ote0 Z </ w) ]:97,3 + Z wacaata natu,n—l
ek (x) P e 310
50 s (3.10)
g 040, _9 .
+ Eagygwgcmyto‘ Y — 24 /Xw U €dim x -1 (X),
where

wUT, = CzaTm Coav = 771/703047

and ]-"g)’(ﬁ is the (g, B)-free energy

oo
1
FXg = g (v
g, > 1/gn,B
= 1) e —

n times

By dimensional consideration, one obtains also the selection rule

OFX
> (n+qa— Dl DY (/ w> Fig+ (3 —dimX)(g— 1)F,". (3.11)
na E sekmx) N8

If we introduce the perturbed first Chern class

Et):=a(X)+ Z(l —qo —m)t"" 1 (Ty) — Z t7" 1 (c1(X) U T,),

m,o

and using the selection rule (3.11), the Hori’s constraint (3.10) (specialized to ¢ = 0 and w = ¢;(X))
can be reformulated as

1
(E)o = (3= dim X)FF + 540 [ e1(X) LT, UT,,

Taking the derivative w.r.t. t*", t%9 we obtain

(& mTa, Ta)o — (0 + ga + 45 = 2) (0T, T o — (Tn—1(c1(X) UTa), Tp)g

= (3= dim X){raTo Talg + 0o | e1(X) U, U T,

These recursion relations, restricted to the small phase space, are easily seen to be equivalent to (3.9).
This proves (1), (4) and the convergence of O(z,t) for |z| small enough, because of the regular feature
of the singularity z = 0. The proof of (2) can be found in [CK99]. Condition (3) follows from WDVV
and string equation, as shown in [Giv98a]. ]
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3.3.1. Characterization in the Fano case. In the case of Fano manifolds, we have the following
analytic characterization of the fundamental solution Zi,,. Furthermore, because of Proposition 2.1,
we obtain another proof of (3) in the previous Proposition.

PROPOSITION 3.2. If X is a Fano manifold, among all fundamental matriz solutions of the system
(3.7) for deformed flat coordinates, there exists a unique solution such that, on the small quantum
locus (i.e. t* =0 fori = 0,r+1,...,N) the function 2~*H(z,t)z* is holomorphic at z = 0, with
series expansion

ZPH(z,t)2H = eV + 2K (t) + 22Ko(t) +..., t'=0fori=0,r+1,...,N,

This solution coincides with the solution ((Ztop)g(z,t» o

PROOF. We already know from Proposition 2.1 that such a solution is unique. Let us now prove
the main statement. In what follows, we will denote the degree degT, just by |a| for brevity. By
point (2) of Proposition 3.1, we have that

N 26 X

_ _ s/ ze*’ Uzt

z u(@(zw))zz : 6Z5UZ“¢+§:§:6IB <1_Z¢¢,Ta> |,
B0 a=0 02,8

with 6 := >>7_, t'T; € H?(X;C). Specialising to ¢ = T, we have

N 0o 0
S (O = UL+ S Y eﬁznﬂ%wm (a8 U Ty, Tabl g™ T,
B#0 a,A=0n,k=0 :
In the second addend, we have non-zero terms only if
o |af + |\ = 2dimc X,
e 2n + 2k + |o| + |a] = vir dimg Xo 2 3.
By putting together these conditions, we obtain

1
n+1+k+2(\al—]/\|)——/ﬁwx.

The assumption of being Fano is equivalent to the requirement that the functional 5 +— — |, pwx Is
positive on the closure of the effective cone. This proves the Proposition, the l.h.s. being exactly the
exponents of z which appear in the series expansion above. [l

IThroughout Chapter 2, Y (z,t) = H(z,t)z"z" has been denoted Y (z,t) = ®(z,t)z"z".



CHAPTER 4

Abelian-Nonabelian Correspondence and Coalescence Phenomenon

of QH*(G(r, k))

ABSTRACT. In this Chapter, as an example of Abelian-Nonabelian Correspondence, both classical and
quantum cohomologies of the complex Grassmannians G(r, k) are studied using an identification with
r-exterior powers of classical/quantum cohomologies of Projective Spaces P(’E_l. After obtaining an
explicit description of the spectrum of the quantum multiplication by the Euler vector field at points
of the small quantum cohomology of G(r, k), a phenomenon of coalescence of canonical coordinates
is studied. Recasting the problem in terms of sums of roots of unity, a complete characterization
of coalescing Grassmannians is obtained. It is shown that surprisingly the frequency of this coales-
cence phenomenon is strictly subordinate and highly influenced by the distribution of prime numbers.
Two equivalent formulations of the Riemann Hypothesis are given in terms of numbers of complex
Grassmannians without coalescence: the former as a constraint on the disposition of singularities of
the analytic continuation of the Dirichlet series associated to the sequence counting non-coalescing
Grassmannians, the latter as asymptotic estimate (whose error term cannot be improved) for their
distribution function.

4.1. Notations

In what follows

r, k will be natural numbers such that 1 <r < k.

We will denote by P the complex projective space IP’fé_l;

G will be the complex Grassmannian G(r, k) of r-planes in C*;
IT will denote the cartesian product

Px-.-.--xP.
~—————

r times

e 0 € H?(P;C) will be the generator of the cohomology of P, normalized so that

/O'k_l =1.
P

We will denote the power o, with h € N, by oy,

Moreover, in this Chapter, we will also use the following notations for number theoretical functions:

e Pi(n) :=min{p € N: p is prime and p|n}, n > 2;
e for real positive =,y we define
O(x,y):=card({n <zxz:n>2, Pi(n)>y});
o To(n) := > p prime p%, @ > 0;
e ((s) is the Riegrgann ¢-function;

34
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e ((s,k) will denote the truncated Euler product

1
s k)= [ (1_;> . kERag, s€C\ {0}

p prime
p<k

e (p(s) is the Riemann prime (-function, defined on the half-plane Re(s) > 1 by the series

1
Cp(s)i= Y o
p prime
e (pi(s) will denote the partial sums
1
CP,k(S) = Z ];S
p prime
p<k

e w: R>; — R is the Buchstab function ([Buc37]), i.e. the unique continuous solution of the
delay differential equation

d

%(uw(u)) =wlu-1), u>2,

with the initial condition

1
wu)=—, forl<u<2
u

If f,g: Ry — R, with g definitely strictly positive, we will write
o f(z)=Q4(g9(x)) to denote
f(x)

limsup ——= > 0;

o f(z)=Q_(g(x)) to denote
f(z)

liminf —— < 0;

o f(x) = Qu(g(x)) if both f(z) = i (g(x)) and f(x) = 2_(g(z)) hold.

4.2. Quantum Satake Principle

The quantum cohomology of Grassmannians has been one of the first cases that both physicists
[Wit95] and mathematicians (see e.g. [Ber96], [Ber97], [Buc03]) studied in details. In this section
we expose an identification, valid both in the classical ([Mar00]) and in the quantum setup ([GM],
[BCFKO05], [GGI16]), of the cohomology of Grassmannians with an alternate product of the coho-
mology of Projective Spaces. This identification has been well known to physicists for long time: e.g.
the reader can find an analogue description of the supersymmetric o-model of G(r, k) in Section 8.3
and Appendix A of the paper [CV93], on the classification of N = 2 Supersymmetric Field Theories.
In the context of the theory of Frobenius manifolds, such an identification has been generalized and
axiomatized in [KSO08] in the notion of alternate product of Frobenius manifolds.
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4.2.1. Results on classical cohomology of Grassmannians. A classical reference for coho-
mology of Grassmannians is [GH78]. Let us introduce the following notations, used only in this
section, to denote the (products of) complex flag manifolds

P:=PE!, M:=Px---xP
5,—/
r times
G :=G(r,k), F:=FI(1,2,...,rk),

with £ > 2, and 1 <r < k.

The complex Grassmannian G can be seen as a symplectic quotient. Let us consider the com-
plex vector space Hom(C", C*) endowed with its standard symplectic structure: if we introduce on
Hom(C”,Ck) coordinates a;; = x;; + \/—713/17, for 1 < i < kand 1 < j < r, then the standard
symplectic structure is

w = de” A dy”
4,3
Let us consider the action of U(r) on Hom(C", C*) defined by g-A := Aog™!: this action is hamiltonian
and a moment map pg .y : Hom(C", CF) — u(r) is given by

f(ry(A) == ATA — 1.
Since the subset ,ul_]b) (0) is the set of unitary r-frames in C¥, we have clearly the identification
G = Hom(C",C*) J U(r) == ,u[}b)(O)/U(r).

If T C U(r) is the subgroup of diagonal matrices, then T = U(1)*" is a maximal torus. Denoting by
pr: Hom(C",C*) — u(1)*" the composition of pu(ry and the canonical projection u(r) — u(1)*", we
have that p3'(0) is the set of matrices A € My, ,.(C) whose columns have unit length. Hence, we have
IT = Hom(C",CF) J/ T := ug'(0)/T.
Moreover, the quotient
M[}%ﬂ(o)/ T
can be identified with the flag manifold F := FI(1,2,...,r k) (for the identification we have to choose

an hermitian metric on C¥, e.g. the standard one, compatible with the standard symplectic structure).
Because of the inclusion ,u(_]b)(()) C pug'(0), we have the following quotient diagram:

F
AN
G II
where p is the canonical projecton, and ¢ the inclusion. Note that in this way there is also a natural
rational map «taking the span»

Mm---+G: (41,...,4,)— span{flq,...,4;) ,

whose domain is the image of «. On the manifold II we have r canonical line bundles, denoted £;
for 5 = 1,...,r, defined as the pull-back of the bundle O(1) on the j-th factor P. If we denote
01 C Yy C --- C Y, the tautological bundles over F, we have that

L*Sj = (%j/%j_l)v.
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Denoting with the same symbol z; the Chern class ¢1(£;) on II and its pull-back ¢;(¢*£;) = t*e1(£;)
on I, we have

C .
H*(II;C) = H*(P; C)®" = M (by Kiinneth Theorem),
(ko)
(C[xl e .%'T}
H*(F;C) = - )

( ) <hk—7“+17 sy hk>
where h; stands for the j-th complete symmetric polynomial in 1, ..., x,. Since the classes z1,..., 2,
are the Chern roots of the dual of the tautological bundle U, we also have

H* (G:C) = Cley,. .-, e ~ Clxy,. .., zx|%* 7

<hn—k+17 sy hn> <hn—k+17 s 7h’n>

where the e;’s are the elementary symmetric polynomials in @1, ..., x,. This is the classical represen-

tation of the cohomology ring of the Grassmannian G with generators the Chern classes of the dual
of the tautological vector bundle S, and relations generated by the Segre classes of S.

From this ring representation, it is clear that any cohomology class of G can be lifted to a cohomology
class of II: we will say that 4 € H*(IL; C) is the lift of v € H*(G;C) if p*y = +*4. The following inte-
gration formula allow us to express the cohomology pairings on H*(G;C) in terms of the cohomology
pairings on H*(II; C).

THEOREM 4.1 ([Mar00]). If v € H*(G;C) admits the lift ¥ € H*(II; C), then
NG
/7: ( ? /'yUH A2, (4.1)
G r II

where

COROLLARY 4.1 ([ES89]). The linear morphism
v: H*(G;C) - H*(II; C): vy — AU A

is injective, and its image is the subspace of anty-simmetric part of H®(II,C) w.r.t. the &,-action.
Moreover

9(aUg B) = ¥(a) Un B = & Un 9(B).

PRrROOF. If 9() = 0, then

NG
/GVUV/:( 713 /H(ﬁUA)UWUA)ZO

for all v/ € H*(G;C). Then v = 0. Being clear that ¥(v) is anti-symmetric, observe that any anti-
symmetric class is of the form 4 U A with 4 symmetric in x1,...,x,. The last statement follows from
the fact that the lift of a cup product is the cup product of the lifts. O
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We can identify the anti-symmetric part of H*(II;C) = H*(P;C)®" with A" H®*(P;C), using the
identifications i, j illustrated in the following diagram

H*(P;C)®" —— A" H*(P;C)

=

[H (B C)r ot
where

T H'(P;C)(@T—)/\TH'(P;(C): a1 ® - Qap > ar AN+ Ay,

i /\r H*(P;C) — [H*(P;C)®" ™ oy A -+ Aoy Z e(p)ayn)y @+ @y,
pEG,
together with its inverse

1
j: [H*(P;C)®T]t — /\TH°(IP’;(C): a1 @ @ap > = A A
7!

The Poincaré pairing ¢g* on H*(P;C) induces a metric ¢®F on H*(P;C)®" and a metric ¢"'* on
A" H*(P;C) given by

T
9 (@ @, 1@ @) =[] " (i, ),
=1

(a1 Aeee N, B A A By) 1= det (g% (as, 3)) )

Using the identifications above, when g®F is restricted on the subspace [H*®(P;C)®"]* it coincides
with r1g"F on A" H*(P;C). From the integration formula (4.1), we deduce the following result.

1<ij<r

COROLLARY 4.2. The isomorphism
j 5 s (HO(G’ (C),gG> = </\7" H.(]P; (C), (_1)(5)9/\]1))

18 an isometry.

An additive basis of H®*(G;C) is given by the Schubert classes (Poincaré-dual to the Schubert

cycles), given in terms of z1,...,x, by the Schur polynomials
xi‘l—H_l xi‘2+7"—2 xi‘T
A Ay
det
567{\1—4-7'—1 x?2+r—2 xi\r
oy =
r—1 r—2
Ty X T , 1
T— T—
T4 T o1
det
.,L.rfl xr72 1

where ) is a partition whose corresponding Young diagram is contained in in a r x (k — r) rectangle.
The lift of each Schubert class to H*(IL; C) is the Schur polynomial in x1,...,z, (indeed each z; in
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the Schur polynomial has exponent at most k —r < k). Thus, under the identification above, the class
jod(or)is oxnar_1 A+ Aoy, € N"H*(P;C), o being the generator of H2(P;C).

Using the Kiinneth isomorphism H*(I[;C) = H*(P;C)®", the cup product Uy is expressed in
terms of Up as follows:

(Zai@-@ai) Un (Zﬂ{@--@ﬁi) =Y (el UpB)) @ @ (al Up £9).
i J i,J

If v € H*(II;C)®", then v Up (—): H*(II;C) — H*(II;C) leaves invariant the subspace of anty-
symmetric classes. Thus, v U (—) induces an endomorphism A, € End (A" H*(P;C)) that acts on
decomposable elements @ = a1 A - - A «;- as follows

Ay () = j(y U i(a ,Z )(9 Up (1)) A -+ A (75 Up @), (4.2)

where 'y; € H*(IP; C) are such that
Y=Y N® @1
i

As an example, in the following Proposition we reformulate in A" H*(P;C) the classical Pieri
formula, expressing the multiplication by a special Schubert class o, in H*(G;C)

oyUg o, = ZO’V,
14

where the sum is on all partitions v which belong to the set u ® ¢ (the set of partitions obtained by
adding ¢ boxes to p, at most one per column) and which are contained in the rectangle r x (k — ),
in terms of the multiplication by o, = (0)’ € H*(P;C). We also make explicit the operation of
multiplication by the classes py € H®(G;C) defined in terms of the special Schubert classes by

»— 1) £ _
pz::— Z E(nl—’— +n ) H(_O_z)nl , EZO,...,k—l,

| |
n1+2ng+---+rn.=~0 nis. ..My i=1
n,...,np>0

because of the nice form of their lifts p, € H*(II; C).

PRrOPOSITION 4.1. If 0, € H*(G;C) is a Schubert class, then
e the product oy Ug o, with a special Schubert class oy is given by

joﬁ(O'g Ug JM) =

1 T
ﬁ Z Z /\ Uip(h) U]P O',u}fi’T*h 5

i1+ +ip =L pe&y h=1

115000t >0

e the product py Ug 0, is given by

_]OﬁngGUM ZUMH‘T SWAN /\(Uurf-?"—iUPUZ)/\”'/\Uur'

PROOF. From Corollary (4.1) we have
19(0@ Ug O'M) = 0y Urp 29(0'“)
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If v = &y is the lift of the special Schubert class oy € H*(G;C), then

oo =he(x1,...,20) = Z Oiy @+ ® 0y,
7,1++Z»,«=€
11,0058 20

and using (4.2) we easily conclude. Analogously, we have that

s T
:Zg;f:Zl@...@o-E@...@l’
i=1 =1

i-th
and

.
=Y A AlopUpai) A Ay

O

COROLLARY 4.3. For any z € C*, any t?01 € H?(G;C), and any Schubert class oy € H*(G;C),
the following identity holds:
T
jo 19(Zt201 U O')\) = /\ tho Uox,+r—h-
h=1

PROOF. We have that

T

T o0

logz
A U on i = A D (o) U o, 4ron
h=1 h= 1kh 0

1 ki4-+kr T
L A (o) Uoy, 11

P ki!... k! Y
< (log z)* "
=z(i,> > (") Ao,
k=0 T kitethe=k \1 h=1
) > (log 2)*
:]Oﬁ(Z( i') ((tQO'l)kUO')\)>
k=0 '

0

PROPOSITION 4.2. If uf € End(H®*(P;C)) and pu® denotes the grading operator for the Projective
Space and the Grassmannian respectively, defined as in Section 2.1, then for all Schubert classes
ox € H*(G;C) the following identities hold:

Joﬁﬂ o)) ZUM-H" AR /\Npgz\h-l—r—h/\"'/\o'/\ra

T
jod(z o) = N\ # orirn, z€C~
h=1
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PRrROOF. For the first identity notice that

et (v k—1
(j o) 1 <ZO->\1+T—1/\"'/\()‘h+rh2>0>\h+T—h/\"'AU>\r>
h=1

B r , r(r+1) (k- 1)7«)
= oy - Y r2 — —
(o R

(£

G
= p(on).
For the second identity, we have that
T P T P
Box, e
N 2 oxgir—n = [\ Z0on e
h=1 h=1

T T
= exp <log(z) ) Z N’[)P\)h—&—r—h) ) /\ OXp+r—h
h=1 h=1

=j04 (z“GaA) .
O

4.2.2. Quantum Cohomology of G(r, k). The identification in the classical cohomology setting
of H*(G;C) with the wedge product A" H*(IP; C), exposed in the previous section, has been extended
also to the quantum case in [BCFKO05], [BCFKO08], [CFKSO08], and [KS08].

The following isomorphism of the (small) quantum cohomology algebra of Grassmannians at a
point to; = logq € H?(G; C) is well-known

Clx1,...,7,]%[q]
<h’k‘—1"+1a s 7h’k‘ - (_1)7.71Q> ’

while for the (small) quantum cohomology algebra of II, being equal to the r-fold tensor product of
the quantum cohomology algebra of P, we have

QH;(©) =

C[xlv v 7$T][q17 L) q'r]
<.Z']f _qla"'vng _qr>
Following [BCFKO05], and interpreting now the parameters ¢’s just as formal parameters, if we denote

by QH;(H) the quotient of QHg, . (II) obtained by substituing ¢; = (—=1)""'q, and denoting the
canonical projection by

QHj, (1) =

-----

ezl
[_]q: QH(;l,...,qr (H) — QHq(H)a
we can extend by linearity the morphisms 1, j of the previous section to morphisms

J: QH;(G) — QH, (1),
7 [Qmym]™ - (/\ H* (P; <c>> @c Cla.

Notice that the image under ¥ of any Schubert class o is equal to the classical product &y U A, the
exponents of z;’s in the product o (z) [[;;(z; — ;) being less than k; as a consequence, the image of
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9 is equal to the anti-symmetric part w.r.t. the natural &, action (permuting the z;’s)

nt

(@)™ = [H* (11 C)]*™ ¢ Clg).

The following result, is a quantum generalization of Corollary 4.1.

THEOREM 4.2 ([BCFKO5]). For any Schubert classes oy, 0, € H*(G;C) we have

Hor *6,g o) = [0(0) *11,41,.00 5>\]q~

PROOF. The essence of the result is the following identity between 3-point Gromov-Witten invari-
ants of genus 0 of the grassmannian G and II:

c (-

(o, 00, Up>0,3,dalv =

_ 1\d(r—1) IT
2 DTTHOuA 00 0 A 0 (o)

|
" dittde=d
where d,dy,...,d, > 0 and oy (resp. (UY))V) is the Poincaré dual homology class of o1 (resp. UY)).
This is easily proved using the Vafa-Intriligator residue formula (see [Ber96]). O

Using the identification j, we can deduce from the previous result the following generalization to
Proposition 4.1.

COROLLARY 4.4. If 0, € H*(G;C) is a Schubert class, then
T
30 E(Uu *G,q pg) = Z Opgtr—1 N N Optr—i *p,(—1)r—1q O AN Noy,. (43)
i=1

From this identity, it immediately follows that:

(1) At the point p = t?01 € H?*(G;C) of the small quantum cohomology of G, the eigenvalues of
the operator

Uy :=c1(G) x4 (—): H*(G;C) — H*(G;C)
are given by the sums
ui1+...+uir, 1§i1<"'<ir§]€,

where uy, ..., uy are the eigenvalues of the corresponding operator UT for projective spaces at
the point p := t>o1 + (r — 1)mioy € H*(P;C), i.e.

Uz = c1(P) *(_1yr-1, (=): H*(P;C) — H*(P; C).

(2) If 1, ..., 7, denote the idempotents of the small quantum cohomology of the projective space
P at the point p := t201 + (r — 1)wioy € H*(P;C), then
e the idempotents of the small quantum cohomology of G at p = t?01 € H*(G; : C) are

Go) X (seg-my), mri=my, Ao AT,
with 1 < i1 < --- < i, <k, and where

&F(riy,00-1) ... ¢ (miy,00)

& (miyor—1) .. gF(mi,00)
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e the normalized idempotents are given by

God) ' (i&) - f1), fr:=

T

g"(mp, )2

PrOOF. Equation (4.3) is an immediate consequence of Theorem 4.2. Notice that, for £ = 1, the
equation (4.3) can be rewritten in the form

T
Jo 79(”# *G,q o1) = Zguﬁr—l N NOpqr—igt Ao s Aoy,
i=1 i-th

+ q(—l)T_lcsn,Lerr,lo'o NOpgtr—2 N Noy,.

The first term coincides with the classical one, whereas the second term is the quantum correction
dictated by the Quantum Pieri Formula (see [Ber97]). From this equality and from the value of
the first Chern class ¢1(G) = ko, one obtains point (1). The semisimplicity of the small quantum
cohomology of the Grassmannian G is well known (see [Abr00], [CMP10]), so that the existence of
the idempotent vectors is guaranteed. By Theorem 4.2 we deduce that the image of the idempotents
T of the small quantum cohomology of G under the map j o ¥ are scalar multiples of

r

= Ao AT, with 1 <4y < --- <4, <k, ie. are of the form s - 77, for some constants s; € C*.
Using Corollary 4.2, from the equality ¢ (a;, ;) = g% (i, 1), we find that necessarily

g g (mpmp) =3 g™ (001 A+ A o),
and one concludes. By normalization, one obtains the expression for normalized idempotents. O

4.3. Frequency of Coalescence Phenomenon in QH*(G(r,k))

Given 1 < r < k, the canonical coordinates of the quantum cohomology of the projective space
}P’{E*l at the point p = t20y + (r — 1)7ioy in the small locus HQ(IP’fffl; C) are

t2 - 1 ) e’
up = kexp (W) (,’;_1, (= e2T, h=1,...,k. (4.4)
Consequently, by Corollary 4.4, the canonical coordinates of the quantum cohomology of the Grass-
mannian G(r, k) at the point p = t?0; are given by the sums

2 AN
kexp (zﬁ—l—(rkl)m) Z C,Zj, (4.5)
j=1

for all possible combinations 0 < i1 < i9 < --- <14, < k—1. This means that, although general results
guarantees the semisimplicity of the small quantum cohomology of Grassmannians (see Section 3.2.2),
it may happens that some Dubrovin canonical coordinates coalesce (i.e. the spectrum of the operator
c1(G(r, k)) *, (=) is not simple). More precisely, if there is a point p € H?(G(r, k); C) with coalescing
canonical coordinates then all points of the small quantum locus have this property. In such a case,
we will simply say that the Grassmannian G(r, k) is coalescing. In this and in the next sections, we
want to answer to the following

QUESTION 1. For which r and k the Grassmannian G(r, k) is coalescing?
QUESTION 2. How much frequent is this phenomenon of coalescence among all Grassmannians?

For the answers we need some preliminary results.
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4.3.1. Results on vanishing sums of roots of unity. In this section we collect some useful
notions and results concerning the problem of vanishing sums, and more general linear relations among
roots of unity. The interested reader can find more details and historical remarks in [Man65], [CJ76],
[Len78], [Zan89], [Zan95] and the references therein. Following [Man65] and the survey [Len78],
we will say that a relation

T
Z ayz, =0, a, €Q, (4.6)
v=1

and z,’s are roots of unity is irreducible if no proper sub-sum vanishes; this means that there is no
relation

Zb,,z,, =0, withb,(ay—0,)=0forallv=1,...,r
v=1

with at least one but all b, = 0.

THEOREM 4.3 (H.B. Mann, [Man65]). Let z1,..., 2, be roots of unity, and ay,...,a, € N* such

that
v
Z a;z2; = 0.
i=1
Moreover, suppose that such a vanishing relation is irreducible. Then, for any i,j € {1,...,v} we
have m
Zi
— =1, m:= H p-
25 .
p prime
p=v

Let G = (a) be a cyclic group of order m, and let (,, be a fixed primitive m-th root of unity. There
is a well defined natural morphism of ring

¢: ZG = Z[Cm): a— (m,
so that, we have the following identification

Z-linear relations among
ker ¢ = .
the m-th roots of unity

Let us also introduce
e the function eq: ZG — Z, defined by

€0 (Z xgg) = card({g: x4 # 0});

geG
e a natural partial ordering on ZG, by declaring that given two sums
T= T, Y= Ygg;
geG geG

we have x > y if and only if z, > y, for all g € G.
We define NG := {z € ZG: = > 0}.
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THEOREM 4.4 (T.Y. Lam, K.H. Leung, [LL0O0]). Suppose that G is a cyclic group of order m =
PIP2 - - - Pu, With p1 < pa < -+- < p, primes and v > 2. Let ¢: ZG — Z[(n] be the natural map, and
let z,y € NG such that ¢(x) = ¢(y). If eo(z) < p1 — 1, then we have

(A) either y > x,
(B) oreo(y) = (p1 — eo(z))(p2 — 1).
In case (A), we have eo(y) > eo(x), and in case (B) we have eo(y) > o(x).

COROLLARY 4.5. In the same hypotheses of the previous Theorem, let us suppose that eo(x) =
eo(y). Then z =y.

PROOF. We necessarily have case (A), and by symmetry of z and y, we conclude. O

DEFINITION 4.1. Let £ > 2, and 0 < r < k. We will say that k is r-balancing if there exists a
combination of integers 1 <141 < --- < 4, < k such that

2mi

C,il—i—----i-C,iT:O, Chi=ek .

In other words, there are r distinct k-roots of unity whose sum is 0.

THEOREM 4.5 (G. Sivek, [Siv10]). If k = p{*...p%", with p;’s prime and o; > 0, then k is
r-balancing if and only if
{r,k —r} CNp; +--- + Np,.

4.3.2. Characterization of coalescing Grassmannians. Using the results exposed above on
vanishing sums of roots of unity, we want to study and quantify the occurrence and the frequency of
the coalescence of Dubrovin canonical coordinates in small quantum cohomologies of Grassmannians.
Our first aim is to explicitly describe the following sets, defined for k > 2:

A :={h: 0 < h <nst. G(h,k) is coalescing} ,
together with their complements
Ay := {h: 0 < h < ks.t. G(h, k) is not coalescing} .
We need some previous Lemmata.

LEMMA 4.1. The following conditions are equivalent

o r ey
e there exist two combinations

1< <<, <k and 1<j1 < <jr <k,
with iy, # jp, for at least one h € {1,...,r}, such that

27e

Iil+"'+CIiT: Igl+...+<jT’ CkIZGT-

PrOOF. It is an immediate consequence of Corollary 4.4, and formulae (4.4), (4.5). O
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LEMMA 4.2.
(1) If k is prime, then A, = 0.
(2) If r €{2,...,k —2} is such that r € A, then {min(r,k —r),... , max(r,k —r)} C A.
(3) If k is r-balancing (with 2 < r < k —2), then r € Ay. Thus, if Pi(k) < k — 2, we have
{Pi(k), ...,k — Pi(k)} C Ap.
PRrOOF. Point (1) follows from Corollary 4.5. For the point (2), notice that given a linear relation
as in Lemma 4.1 with r roots on both Lh.s. and r.h.s. we can obtain a relation with more terms,
by adding to both sides the same roots. For point (3), if we have (;! +--- + (" = 0, then also

C - (C,il + -4 C,i’) = 0, and Lemma 4.1 applies. The last statement follows from the previous
Theorem 4.5 and point (1). O

PROPOSITION 4.3. If Pi(k) < k — 2, then min2, = Py (k).

PROOF. Let r := min®;. We subdivide the proof in several steps.

e Step 1. Let us suppose that k is squarefree. By a straightforward application of Corollary
4.5, from an equality like

Clil _|_..._|_Cliv = ’Z1+...+C’Zv’
and v < Pj(k) we deduce that necessarily iy, = jp for all h =1,...,v. Thus r = P;(k). This
proves the Proposition if k is squarefree.
e Step 2. From now on, £ is not supposed to be squarefree. We suppose, by contradiction, that
r < P;(k). Because of the minimality condition on r, in an equality
;1+...+C]ir: il+...+CZT’ (4.7)
we have that iy # jp for all h = 1,...,r. Multiplying, if necessary, by the inverse of one

root of unity, we can suppose that one root appearing in (4.7) is 1. Moreover, we can rewrite
equation (4.7) as a vanishing sum

2r
Zaizi =0, ;€ {—1, +1} (48)
i=1

and where z1, ..., 29, are distinct k-roots of unity.

e Step 3. We show that the vanishing sum (4.8) is irreducible. Indeed, if we consider the
smallest (i.e. with the least number of terms) proper vanishing sub-sum, then it must have at
most r addends, otherwise its complement w.r.t. (4.8) would be a vanishing proper sub-sum
with less terms. By application of Theorem 4.3 to this smallest sub-sum, we deduce that for
all roots z;’s appearing in it, we must have

Zj N
P prime
p<r

Under the assumption r < P;(k), we have that gcd(m, k) = 1, and since also
2\ 2

<l> =1, we deduce = =1,
j j

which is absurd by minimality of . Thus (4.8) is irreducible.
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e Step 4. We now show that the order of any roots appearing in (4.8) must be a squarefree
number. By application of Theorem 4.3, we know that for all 4, j

2 m
7/ JR— Py—
<zj> =1, m:= I | p.

p prime
p<2r

Since for one root in (4.8) we have z; = 1, we deduce that 2" = 1 for any roots in (4.8), and
that any orders, being divisors of m, must be squarefree.
e Step 5. By applying the argument of Step 1, we conclude. O

THEOREM 4.6. The complex Grassmannian G(r, k) is coalescing if and only if
P (k) <r <k-— Pk).

In particular, all Grassmannians of proper subspaces of CP, with p prime, are not coalescing.

PRrROOF. The proof directly follows from Lemma 4.2 and Proposition 4.3. ]

4.3.3. Dirichlet series associated to non-coalescing Grassmannians, and their rareness.
Let us now define the sequence

i, := card (ﬁln) , n>2.

Introducing the Dirichlet series
oo

J(s) :== Z In

—
n=2 n

we want deduce information about (i,,)n>2 studying properties of the generating function f[(s)

THEOREM 4.7. The Dirichlet series JI(s) associated to the sequence (fi)n>2 is absolutely conver-
gent in the half-plane Re(s) > 2, where it can be represented by the infinite series

S P s,p—1)

The function defined by ﬁ(s) can be analytically continued into (the universal cover of) the punctured
half-plane
{seC: Re(s)>5}\{s:—+1

P p pole or zero of ((s),
k " k squarefree positive integer |’

o := lim sup
n—oo 108N

. _ 3
: log E Jg | 1 <o < 57
k<n
k composite

having logarithmic singularities at the punctures. In particular, at the point s = 2 the following
asymptotic estimate holds

! 2) +0(1), s—2, Re(s)>2. (4.9)
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PROOF. Let 0, be the abscissa of (absolute) convergence for JI(s). Since
inf {a € R: i, = O(n%)} =1,

we have 1 < o, < 2. Moreover, the sequence (J,)n>2 being positive, by a Theorem of Landau
([Cha68|, [Tenl5]) the point s = g, is a singularity for JI(s). For Re(s) > o4, we have (by Theorem
4.6)

2(Pi(n) — 1)

Ms)= > —+ > - (4.10)
p prime p n composite n
Note that
> HESD. sy 2
n composite p prime m>2
Pi(m)>p
—1
DO ERE yi=
p prime m>1
Pi(m )>p
p—l
=2 Z -1+ H Z ks
p prime q prime k= Oq
q=p
1
—2 Y P ai4¢e) ] (1—S>
p prime q prime q

q<p

From this and equation (4.10) it follows that

p prime (8’p o 1)
Since for any s with Re(s) > 1 we have lim,, C(Sgp(j)—l) = 1, by asymptotic comparison we deduce that

the half-plane of absolute convergence of JI(s) coincides with the half-plane of (p(s—1)—Cp(s), hence
0o =2 ([Fro68)).
The second Dirichlet series in (4.10) defines an holomorphic function in the half-plane of absolute

convergence Re(s) > &, where ([HR15])

D

k<n
k composite

7 := lim sup I
n—oo

-log
ogn

From the elementary and optimal inequality Pj(n) < n%, valid for any composite number n, we deduce
that % <o < % Thus, the sequence (o, )nen defined by

1
~ log2n

-log

>

k<2n
k composite

JdE |
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is bounded: by Bolzano-Weierstrass Theorem, we can extract a subsequence converging to a positive
real number r and, by characterization of the superior limit, we necessarily have r < @. Notice that
we have the trivial estimate

o= Y A |+ > dk | >2n-1),
k<2n 4<k<2n k<2n
k composite k even k odd composite

and we deduce that 1 < r. In conclusion, 1 <7 < %

As a consequence, the function f[(s) can be extended by analytic continuation at least up to the
half-plane Re(s) > @, and it inherits from the function {p(s—1)—(p(s) some logarithmic singularities
in the strip & < Re(s) < 2: they correspond to the points of the form

%+L 0 < Re(p) < 1
where p = 1 or ((p) = 0, and k is a squarefree positive integer. This follows from the well known
representation

Z pn log( (ns),

i being the Mobius arithmetic function (see [Gle91], [Fr668) and [THBS86]).
For p = k = 1, we find again that s = 2 is a logarithmic singularity for JI(s): the asymptotic
expansion (4.9) follows from

Grls) =log (27 ) +0(1), 551, Re(p) > 1.

This completes the proof. O

COROLLARY 4.6. The following statements are equivalent:
(1) (RH) all non-trivial zeros of the Riemann zeta function ((s) satisfy Re(s) = 1;

(2) the dem’vatz’ve ﬁl(s) extends by analytic continuation to a meromorphic function in the half-
plane < Re(s) with a single pole of oder one at s = 2.

REMARK 4.1. The analytic continuation of the function JI(s) beyond the line Re(s) = 7 is highly
influenced by the analytic continuation of the series
o
n composite n
in the strip 1 < Re(s) < @. In particular, if in this strip it does not have enough logarithmic
singularities annihilating those of (p(s — 1) — (p(s), then the line Re(s) = 1 is necessarily a natural
boundary for JI(s): indeed, the singularities of (p(s — 1) cluster near all points of this line ([LW20]).
Notice that s = @ is necessarily a singularity for JI(s), by Landau Theorem.

REMARK 4.2. If we introduce the sequence i, := card (2,,), for n > 2, and the corresponding

generating function
oo

J(s) :== Z Tn

87
n:2n
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the following identity holds:
JI(s) + JI(s) = ¢(s = 1) + ¢(s).
In this sense, JI(s) is “dual” to JI(s).

COROLLARY 4.7. The following asymptotic expansion holds
“ 1 n?
g ~ =

2logn’

k=2
In particular, the non-coalescing Grassmannians are rare:

an_o

n n2—n

PROOF. Since the function JI(s) is holomorphic at all points of the line Re(s) = 2 but s # 2,
and the asymptotic expansion (4.9) holds, an immediate application of Ikehara-Delange Tauberian
Theorem for the case of singularities of mixed-type (involving both monomial and logarithmic terms
in their principal parts) for Dirichlet series, gives the result (see [Del54] Theorem IV, and [Ten15]
pag. 350).

Another more elementary (and maybe less elegant) proof is the following: from Theorem 4.6 we have
that

n
Z.ﬁk:2(1—n)+7r0( —71'1 +2ZP1
k=2
and recalling the following asymptotic estimates (see [SZ68], [KL12] or [Jak13])

n1+a
~N—_— >0
ma(n) (14 a)logn’ *="
n 1 m+1
S Pt~ ——— m>1,
= m+ 1 logn
one concludes. O

4.4. Distribution functions of non-coalescing Grassmannians, and equivalent form of
the Riemann Hypothesis

In this section we want to obtain some more fine results about the distribution of these rare not
coalescing Grassmannians. Thus, let us introduce the following

DEFINITION 4.2. For all real numbers z,y € R>9, with # > y, define the function
H(z,y) :=card({n <z:n>2, j, >y}).

In other words, ¢ is the cumulative number of vector spaces C", 2 < n < z, having more than y
non-coalescing Grassmannians of proper subspaces. For x € R>4 we will define also the restriction

H(z) == A (x, 2x%)

In the following result, we describe some analytical properties of the function 7.
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THEOREM 4.8.
(1) For any k > 1, the following integral representation' holds

_ 1 ¢(s) i
e%”(l"y) = % /AK l(m — 1) - CP,zH-l(S) + CP,%Jrl(S) ;d&
valid for x € R>o \ N, y € Rxg (with y < z), and where A, := {k +it: t € R} is the line

oriented from t = —o0 to t = +00.
(2) For any Kk > 1, the following integral representation holds

H(z,y) = %/A Kc(fé—sll) — 1> z® + (p(s) <(y2+—82) — (y+1)8)] %,

valid for x,y € R>o \ N (with y < z), and where A, := {k +it: t € R} is the line oriented
fromt = —o0 tot = 4o0.
(3) The following asymptotic estimate holds uniformly in the range x >y > 2

=ty () 0 ) 0 i)

where w is the Buchstab function.

PROOF. The crucial observation is the following: if we consider, for fixed x and y, the sets
A:={n:2<n, a, >y},
B:={n:2<mn, 2P (n) —2 >y},
C:={pprime :p—1<vy, 2p—2>y},
then we have C C B and A = B\ C. In this way:

e the Dirichlet series associated to the sequence 1 4(n) (indicator function of \A) is the difference
of the Dirichlet series associated to 1p(n) and l¢(n). The first one is given by (see e.g.

[Ten15])
¢s)
C(s,5+1) 7
while the second one is given by the difference of partial sums
Cryi(s) = G 1 (s).

An application of Perron Formula for 2 not integer gives the integral representation (1) of

Engz HA(”)
e Moreover, we also get the identity
H(z,y) :@(m,ngl) —mo(y + 1) + mo (32/+1). (4.11)

For x and y not integer, we can apply Perron Formula separately for the three terms:

y 1 O
(I)(x’2+1)_2m'//\n<g(s,g+1) 1) 5 %

Mo+ 1) = 5 [ () 41
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o0 <g+1> :271”,/AKCP(S) <l2/+1>sis.

The sum of the three terms gives the second integral representation (2).
e Form equation (4.11), by applying the well known de Bruijn’s asymptotic estimate ([dB50],
[SMCO06]), we obtain the estimate (3).

O

THEOREM 4.9. The function A admits the following asymptotic estimate:
H(z) = /z li + 0 (m® loga:) ,  where © :=sup {Re(p): ¢(p) =0}.
o logt
Hence the following statements are equivalent:
(1) (RH) all non-trivial zeros of the Riemann zeta function ((s) satisfy Re(s) = %;
(2) for a sufficiently large x, the following (essentially optimal) estimate holds
T dt

7 1
HAw) = | @—FO(aﬂlogaz). (4.12)

PROOF. Using the elementary fact that for any composite number n we have Pj(n) < n%, we
obtain the estimate ) )
O(x,22) =mo(z) + O (aﬁ) .

Hence, from the equation (4.11) specialized to the case y = 23:%, and by invoking the Prime Number
Theorem, we obtain that

H () = mo(z) + O (7).
It is well known (see e.g. [Ten15] pag. 271) that

T dt
= [ — +0(2°1 0:= Re(p): =0}.
mo(e) = [ o+ 0 (®1oga), - © = sup (Re(p): G(p) =0}
Since we have © > 1 (Hardy proved in 1914 that ((s) has an infinity of zeros on Re(s) = 3; see

—~

[Har14], and also [THB&86] pag. 256), the estimate for .7#(z) follows. The equivalence with RH
is evident. The optimality of the estimate (4.12) (within a factor of (logx)?) is a consequence of
Littlewood’s result ([Lit14]; see also [HL18] and [M'V07], Chapter 15) on the oscillation for the error
terms in the Prime Number Theorem:

1
T dt x2 log loglog x
S B Y © WY (= .= =il
mo(z) /o logt i( log x )

This completes the proof. O
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CHAPTER 5

Structure of Fundamental Solutions

ABSTRACT. In this Chapter we study the structure of both formal and fundamental systems of solutions
for a (not necessarily isomonodromic) family of equations on the complex domain, holomorphically
depending on a parameter ¢t € U, (0) C C™, where U, (0) is a polydisc centered at 0, and admitting
an irregular singularity at z = oo of Poincaré rank 1. The singularity is assumed to be resonant for ¢
varying in some coalescence locus A C C™. After recalling classical results of Y. Sibuya [Sib62] about
gauge equivalence transformations, holomorphic w.r.t. ¢, the study of formal solutions (their existence,
uniqueness and their structure) and of genuine fundamental solutions (their existence in sufficiently
narrow sectors) is carried on, both at the coalescence locus A and away of it (Section 5.4 and Section 5.5,
respectively). Under a holomorphically diagonalizability assumption for the coefficients (Assumption
5.1), we give necessary and sufficient conditions for a formal solution, computed away from coalescence
points, to admit holomorphic continuation to the coalescence locus (Proposition 5.3).

5.1. Conventions and Notations

If o < B are real numbers, an open sector and a closed sector with central opening angle 8 —a > 0
are respectively denoted by

S(a,B):={zeR| a<argz<p}, S(a,B):={z€eR| a<argz < }.

The rays with directions o« and [ will be called the right and left boundary rays respectively. If
S(01,02) C S(a, B), then S(0y,02) is called a proper (closed) subsector.

Given a function f(z) holomorphic on a sector containing S(c, ), we say that it admits an
asymptotic expansion f(2) ~ Y52, axz~F for 2 — 0o in S(a, B), if for any m > 0, lim,—,00 2™ (f(2) —
S garz"%) =0, z € S(a, B). If f depends on parameters ¢, the asymptotic representation f(z,t) ~
20 o ar(t)z* is said to be uniform in ¢ belonging to a compact subset K C C™, if the limits above
are uniform in K. In case the sector is open, we write f(2) ~ 322 arz~% as z — oo in S(a, B) if the
limits above are zero in every proper closed subsector of S(a, ). When we take the limits above for
matrix valued functions A = (A4;;(z,t)) we use the norm |A| := max;; |A;j].

n
2,j=1

5.2. Deformation of a Differential System with Singularity of the Second Kind

Let us consider the following system of differential equations
dy

dz

depending on m complex parameters' t. Since we want to develop a local study, without loss of
generality, we assume that the deformation parameters vary in a polydisc

U, (0) :={t € C™: |t| < e}, |t|]:= max |ti|,
i=1,....m

ey

= A(z,t)Y, t= (tl,tg, ...,tm) e C™, (5.1)

ater, we will take n = m, as in (1.25).

55
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for some sufficiently small positive constant €y. The n x n matrix A(z,t) is assumed to be holomorphic
in (z,t) for |z| > Ny > 0 for some positive constant N, and |t| < €p, with uniformly convergent Taylor
expansion

A(z,t) = ZAj(t)z_j. (5.2)

j=0
The coefficients A;(¢) are holomorphic for [t| < . We assume that Ay(0) is diagonalisable, with
distinct eigenvalues A1, ..., As, s < n. We are interested in the case when s is strictly less than n. Up
to a constant gauge transformation, there is no loss of generality in assuming that
Ao(O):A: A A A; = )\ini, 1=1,2,...,8 <n, (53)

being I, the p; x p; identity matrix. In Section 5.5 below, we will assume that Ag(t) is holomorphically
similar to A(t) (see Assumption 5.1 below): in such a case A = A(0). However, at this stage of the
discussion we do not assume holomorphic similarity, so we keep the notation A instead of A(0).

REMARK 5.1. A result due to Kostov [Kos99] states that, if system (5.1) is such that A(z,0) =
Ap(0) + A1(0)/z, and if the matrix A;(0) has no eigenvalues differing by a non-zero integers, than
there exists a gauge transformation Y = W (z,t)Y, with W (z,¢) holomorphic at z = oo and ¢ = 0,
such that (5.1) becomes a system of the form

dy _ (Zlo(t) + Al(t)) Y. (5.4)

dz z

Nevertheless, since Ag(0) has non-distinct eigenvalues, we cannot find in general a gauge transforma-
tion holomorphic at z = oo which transforms A(z,0) of the system (5.1) into Ag(0) + A1(0)/z (see
also [Bol94] and references therein). Therefore the system (5.1) is more general than system (5.4).

5.2.1. Sibuya’s Theorem. General facts about eigenvalues and eigenvectors of a matrix M (t),
depending holomorphically on ¢ in a domain D C C™, such that M(0) has eigenvalues A1, ..., A,
s < n, can be found in [Lax07] and at page 63-87 of [Kat95]. If s is strictly smaller than n, then
t = 0 is a coalescence point. For D € C™ and m = 1 the coalescence points are isolated, while for
m > 2 they form the coalescence locus. Except for the special case when M (t) is holomorphically
similar to a Jordan form J(t), which means that there exists an invertible holomorphic matrix Go(t)
on D such that (Go(t)) 1M (t)Go(t) = J(t), in general the eigenvectors of M (t) are holomorphic in the
neighborhood of a non-coalescence point, but their analytic continuation is singular at the coalescence
locus.

ExaMPLE 5.1. For example,
0 1
M(t)_<t O), teC,

has eigenvalues A = 4+/f, which are branches of f(t) = t'/2, with ramification at A = {t = 0}. The
eigenvectors can be chosen to be either

£ = (£1/VL,1), or & = (£1,V1).

The matrix Go(t) := [£(¢),£_(t)] puts M(t) in diagonal form Go(t)"*Ag(t)Go(t) = diag(vt, —v/1),
for t # 0, while M(0) is in Jordan non-diagonal form. Either Go(t) or Go(t)~! is singular at t = 0.
The branching could be eliminated by changing deformation parameter to s = t}/2. Nevertheless, this
would not cure the singularity of G or Gy Lats=0.
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EXAMPLE 5.2. Another example is

M(t)z(é f) teC.

The eigenvalues u; = ug = 1 are always coalescing. The Jordan types at ¢ # 0 and ¢t = 0 are different.
Indeed, M (0) = diag(1,1), while for ¢ # 0,

Gol) 1) Gol) = (¢ 1 )+ Go0=( g 1 ).

Now, Go(t) is not invertible and Go(t)~! diverges at t = 0.

In the above examples, the Jordan type of M (t) changes. In the next example, the Jordan form
remains diagonal, and nevertheless Gg(t) is singular.

ExXAMPLE 5.3. Consider

1+t t
o= (1H L R) tmm e

The eigenvalues coalesce at ¢ = 0, where M(0) = I. Moreover, there exists a diagonalizing matrix
Go(t) such that

-1 {1+t 0 .1 - a(t) —ta b(t)
Go(t) ™ M(£)Go(t) = ( o ) is diagonal, Go(t) = ( 0 e )
for arbitrary non-vanishing holomorphic functions a(t),b(t). At ¢ = 0 the matrix Gy(t) has zero
determinant and Go(t)~! diverges.

Although M (t) is not in general holomorphically similar to a Jordan form, holomorphic similarity

can always be realised between M (¢) and a block-diagonal matrix M (t) having the same block structure
of a Jordan form of M (0), as follows.

LEMMA 5.1. [LEMMA 1 of [Sib62]]: Let M(t) be a n x n matriz holomorphically depending on
t € C™, with |t| < €y, where €y is a positive constant. Let A1, A, ..., \s be the distinct eigenvalues of
M (0), with multiplicities p1, p2, ..., ps, so that p1 +ps + -+ ps = n. Assume that M(0) is in Jordan
form

M(0) = My(0) @ - - - & M;(0)
where
0 bj
0 bj
0 bjp,—1
0

hjr being equal to 1 or 0. Then, for sufficiently small 0 < € < € there exists a matriz Go(t),
holomorphic in t for |t| < e, such that

Go(0) =1,
and M(t) = (Go(t)) LM (t)Go(t) has block diagonal form
M(t) = My(t) @ - - - & M(t), (5.5)

where J\/J\J(t) are pj X p; matrices. For [t| <, M;(t) and M\j(t) have no common eigenvalues for any

i j.
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REMARK 5.2. The lemma also holds when ¢ € R™ in the continuous (not necessarily holomorphic)
setting.

Lemma 5.1 can be applied to M(t) = Ag(t) in (5.2), with Ag(0) = A. Therefore?
Ao(t) = Go(t) " Ao(t)Go(t) = A (1) & -+ @ A (1), (56)
Go(0) =1,  Ay(0) = Ag(0) = A.

REMARK 5.3. Gq(t) is determined up to Gy — Go(t)Ag(t), where Ag(t) is any block-diagonal
matrix solution of [Ag(t), Ap(t)] = 0. Sibuya’s normalization condition G¢(0) = I can be softened to
Go(0) = Ay.

We define a family of sectors S, in R and state Sibuya’s theorem. Let arg,(\; — Ax) be the
principal determination. Let n € R be an admissible direction for A in the A-plane (we borrow this
name and the following definition of the 7,’s and 7,’s from [BJL79a] and [BJL8&81]). By definition,
this means that,

n # arg,(\j — A\x) mod(2w), V1< j#k<s.
Introduce another determination arg as follows:
n—2m <arg(Aj —A) <n, 1<j#k<s (5.7)

Let 2, 1 € N, be the number of values arg(\,;—\x), when (j, k) spans all the indices 1 < j # k < 5.
Denote the 2u values of arg(\; — Ag) with 19,71, ..., 72u—1, according to the following ordering:

n>Mo > o >Nyt >Ny > e > Ngu—1 > 1) — 2. (5.8)
Clearly
Nygp = My — T, v=0,1,...,p0—1. (5.9)
Consider the following directional angles in the z-plane
3 3
7'::7#—77, Tl,::g—ny, 0<v<2u—1. (5.10)

From (5.8) if follows that,
T<T< 0 < Tl <7< -er < Touo1 < T2 (5.11)
From (5.9) if follows that,
Todp = Ty + T, v=20,1,..,0—1.
The extension of the above to directions in R is obtained by the following definition:
Tythp = Ty + kT, kel.

This allows to speak of directions 7, for any v € Z.

DEFINITION 5.1 (Sector S,). We define the following sectors of central opening angle greater than

Sy = S(Tu -, sz+1) = S(Tuﬁua Tl/+1)7 vE L (5.12)

2Given a n x n matrix Ap, partitioned into s2 blocks (s <n), we use the notation AE;», 1 <14,j < s, to denote the block
in position (¢, 7). Such a block has dimension p; X p;, with p1 + ... + pn, = n.
39p < s(s — 1), with “=" occurring when arg(\; — Ax) # arg(A, — As) mod 27 for any (j, k) # (r, s).
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THEOREM 5.1 (Sibuya [Sib62] [HS66]). Let A(z,t) be holomorphic in (z,t) for |z| > No > 0 and
[t| < ey asin (5.2), such that Ap(0) = A=A D---DAs, as in (5.3). Pick up a sector S, as in (5.12).
Then, for any proper closed subsector S(a, ) ={z | 7, — 7 <a <argz < B < T,11} CS,, there exist
a sufficiently large positive number N > Ny, a sufficiently small positive number € < €y, and matrices
Go(t) and G(z,t) with the following properties:
i) Go(t) is holomorphic for |t| < e and
Go(0) =1, Ao(t) == Go(t) " Ao (t)Go(t) is block-diagonal as in (5.6).

ii) G(z,t) is holomorphic in (z,t) for |z| > N, z € S(a, B), |t| < ¢;
iii) G(z,t) has a uniform asymptotic expansion for |t| < €, with holomorphic coefficients Gy(t):

G(z,t) ~ I + Z Gk(t)z_k, z— 00, z€S8(a,p),
k=1
iv) The gauge transformation

Y (z,t) = Go(t)G(2, )Y (2, 1),
reduces the initial system to a block diagonal form
dy -
- = B(z,t)Y, B(z,t) = Bi(z,t) ® - - - ® Bs(z,1), (5.13)
where B(z,t) is holomorphic in (z,t) in the domain |2| > N, z € S(a, B), |t| <,
and has a uniform asymptotic expansion for |t| < e, with holomorphic coefficients By(t),

B(z,t) ~ Ag(t) + i Bi(t)z™%, z— 00, z€S(a,p). (5.14)
k=1

In particular, setting Ay (t) := G5 (t)A1(£)Go(t), then By(t) = AL () @ - & AW ().

REMARK 5.4. In the theorem above, € is such that gg) ) (t) and ﬁgg) (t) have no common eigenvalues
for any ¢ # j and |t| < e. Observe that one can always choose f — a > .

REMARK 5.5. S, coincides with a sector { z € R |-37/2 —w_ <rargz < 37/2 — w4}, intro-
duced by Sibuya in [HS66]. A closed subsector S(a, 3) is a sector D(N,~) introduced by Sibuya in
[Sib62].

REMARK 5.6. If A = A1, Theorem 5.1 gives no new information, being Go(t) = G(z,t) = I and
S, =TR.

~

— A Short Review of the Proof: The z-constant gauge transformation Y (z,t) = Go(t)Y (2, t) transforms
(5.1) into

— =Az,t) Y, Alz,t) =Y Ai(t)z7, A(t) = Gy (H)Ai()Go(t). (5.15)
=0
Another gauge transformation Y (z,t) = G(z,1)Y (z,t) yields (5.13). Substitution into (5.15) gives the
differential equation
G'+GB = A(z,1)G, (5.16)
with unknowns G(z,t), B(z,t). If formal series G(z,t) = I + 332, Gj(t)z~7 and B(z,t) = Ao(t) +
2521 Bj(t)z77 are inserted into (5.16), the following recursive equations (¢ is understood) are found:
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For [ = 0: B()(t) = Ao(t).

For | = 1:
A\QG]_ — Glgo = —Al + Bj. (5.17)
For | > 2:
oGy — G =| Y- (GiBij = A jGj) = A = (1= )Gy + B (5.18)
j=1

Once Gy(t) has been fixed, the recursion equations can be solved. A solution {G;(t)}°,, {Bi(t)}2,
is not unique in general. The following choice is possible:

) . . .
G;i(t) =0, 1<j<s, [diagonal blocks are zero], (5.19)
and
Bi(t) = B%l)(t) @ - @ BO(1), [off-diagonal blocks are zero]. (5.20)

Then, the G(t)’s and By(t)’s are determined by the recursion relations, because for a diagonal block
[7,7] the Lh.s of (5.17) and (5.18) is equal to 0 and the r.h.s determines the only unknown variable
BJ(?. For off-diagonal blocks [i, j] there is no unknown in the r.h.s while in the Lh.s the following
expression appears

(0 l ) +(0 . .

APwE) —cDAW @),  1<i#j<s

For |t| < € small enough, AE?)

for Gg-). With the above choice, Sibuya [Sib62] proves that there exist actual solutions G(z,t) and
B(z,t) of (5.16) with asymptotic expansions I+ =; G;(t)z~/ and Ay + >=; Bj(t)z77 respectively. We
remark that the proof relies on the above choice. It is evident that this choice also ensures that all
the coefficients G;(t)’s and Bj(t)’s are holomorphic where the A;(t)’s are. Note that (5.17) yields

Bt =AY e . e Al @). O

(t) and /Al;(;-) (t) have no common eigenvalues, so the equation is solvable

5.3. Fundamental Solutions of (5.13)

The system (5.13) admits block-diagonal fundamental solutions Y (z,t) = Y1(z,¢) @ - - - @ Ys(z, t).
Here, i/v'i(z,t) is a p; X p; fundamental matrix of the i-th diagonal block of (5.13). The problem is
reduced to solving a system whose leading matrix has only one eigenvalue. The case when Ay(t) has
distinct eigenvalues for |¢t| small is well known (see [HS66], and also [BJL79a] for the t-independent
case). The case when Ag(0) = A is diagonalisable, with s < n distinct eigenvalues, will be studied
here and in the subsequent sections.

We do another gauge transformation

Y(z,t) = €M Yiea(z, t), (5.21)

where the subscript red stand for “rank reduced'. We substitute into (5.13) and find

PN eq + Vieg) = B(2, )Y ea.

The exponentials cancel because B(z,t) is block diagonal with the same structure as A. Thus, we

obtain

dYreq 1
d;e = ;Bred(zat) Y;"edv (522)
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with
Brea(z,t) = 2(B(z,t) — A) = Bg’“ed)(z )@@ Bred(z,1), (5.23)

Brea(z,t) ~ 2(Ag(t) — A) + Z By( (5.24)

Fundamental solutions can be taken with block d1ag0nal structure,
K‘ed(za t) = }/1<T6d) (Zv t) DD )/;(red) (Z, t)-
where Yfred) (z,t) solves

Y"1 ea) (red)
le — ;BiT'e (27 t) }/1/ TE .
The exponential e** commutes with the above matrices, hence a fundamental solution of (5.1) exists
in the form

Y(Za t) = GO(t)G(Zv t)Y;‘ed(Zv t) eAZ
We proceed as follows. In Section 5.4 we describe the structure of fundamental solutions of (5.1)

for t = 0 fixed. In Section 5.5 we describe the structure of fundamental solutions at other points
t € U, (0).

5.4. A Fundamental Solution of (5.1) at t =0

At t = 0, the rank is reduced, since the system (5.22) becomes a Fuchsian system in S(a, 3),
dYyeq 1
. = *Bre ) Y;“e ) 2
s p d(2,0) Yieq (5.25)
with Breq(2,0) ~ 322, Br(0)z=*+1 for 2 — oo in S(a, B). Let J; be a Jordan form of the i-th block
Bi(l)(O) = ﬁij)(O) = AZ(;)(O), 1 <i < s. Following [Was65], we choose J; arranged into h; < p; Jordan
blocks Ji”, ..., J5"
T=JPe. o). (5.26)
Each block J]@, 1 <j < hy, has dimension 7; x rj, with r; > 1, r1 +---+ 1y, = p;. Each J]@ has only
(4)

one eigenvalue

i with structure,

Jj@ = M;i)lrj + Hy,, I, = rj x r; identity matrix,
01
0 1
Hrj:O if?”jzl, H,«j: if?“j22.
0 1
0
Note that ugi), e #XB are not necessarily distinct. One can choose a t-independent matrix Ag =

ASO) S D A&O), in the block-diagonal of Remark 5.3, such that (AZ(»O))*lﬁz(»Z»l)( )A(O) J;. Hence,

J1 * * *

13 1 x *
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The transformation Yy.q = AgX,eq of the system (5.25) yields?*

dX,e 1 _
Wd = gBred(Z) Xreda Bred(z) = A() 1Bred(za 0)A07 (527)
= Bjg1
Brea(z) ~ J + Z—,j B = Ay BL(0)Ag.
k=1

The system (5.27) has block-diagonal fundamental solutions X,.q = X Yed) DX fred), each block

satisfying

dX" 1 e re
= ;BZ( D) xred 1<i<s (5.28)
Now, J; has the unique decomposition
Ji=D; +S;, D; = diagonal matrix of integers, (5.29)
S; = Jordan form with diagonal elements of real part € [0, 1). (5.30)

For ¢ = 1,2,...,s, let m; > 0 be the maximum integer difference between couples of eigenvalues of
Ji (m; = 0 if eigenvalues do not differ by integers). Let m := max;—1,_¢sm;. The general theory of
Fuchsian systems assures that (5.28) has a fundamental matrix solution

XU () = Ki(z) P25, Kz ~ T+ 3 KV277, 2 00 in 5(a, B).

2
J=1

Here L; := S; + R;, where the matrix R; is a sum R; = R(y); + - R(y,);, whose terms satisfy
[R(l),i]block ab #0 only if ,U,I()i) — /Lg) = [ > 0 integer. (5.31)
Let
D:=D1%---& D, S =81¢---¢S,, R:=Ri & - -®R;, L:=R+S. (5.32)
Observe now that R has a sum decomposition
R=Ru)+ R+ + R, (5.33)
where Ry = Ry 1 @ -+ @® Ry s Here it is understood that Ry ,; = 0 if m; <1 < m. We conclude
that
X,ed(2) = K(2) 2P2L, K(z) NI—i-Zsz*j, z — 00 in (o, B),
j=1
K(z)=Ki(z)@ oK), K=KP&. oK
Hence, there is a fundamental solution of (5.1) at ¢ = 0, of the form
Y (2) := G(2,0) AgK (2) 272" 4.
This is rewritten as,
Y(2) = NoG(2) 2P 2F M2,
4 The gauge transformation Y (z,0) = Ao X (2), of the system (5.13) at t = 0 yields,

dx < _ J ~=B _
- =BEX,  B(x) =4 'B(2,0)A0,  B(z) ~ A+ ~+ kz 7: Bi := Ay ' B (0)Ao.
=2
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where G(z) := Ay'G(2,0)AgK(z). Clearly,

G(z) ~ I+ f: Bt = (14 i Ag'Gr(0)Ao) (I+ i Kz F), 2o o00inS(a,8). (5:34)
k=1 k=1 k=1

The results above can be summarized in the following theorem:

THEOREM 5.2. Consider the system (5.1) satisfying the assumptions of Theorem 5.1. There exist
an invertible block-diagonal matriz Ay and a matriz G(z), holomorphic for |z| > N, z € S(a, 8), with
asymptotic erpansion

(e, 9]
G(z) ~I+Zﬁ’kz_k, z—= 00, z€S8(a,p), (5.35)
k=1
such that the gauge transformation Y (z,0) = AoG(2)Y(2) transforms (5.1) at t = 0 into a blocked-
diagonal system

d 1 R R
—yz[A+—<J+ﬂ+.--+¥ﬂy, J=—he---el, (5.36)
dz z z zm
where J; is a Jordan form of AS)(O) = ﬁg)(O), 1 <i < s, and the Ry, 1 <1 < m are defined in
(5.31)-(5.33). The system (5.36) has a fundamental solution Y(z) = 2P 2% e, hence (5.1) restricted
at t =0 has a fundamental solution,

Y (2) = AoG(z) 2P25 eh2, (5.37)
The matrices D, L are defined in (5.29), (5.30) and (5.32). The matriz Ao satisfies

J ox ox %

. * Joy *
Ay A1(0) Ap =

REMARK 5.7. Observe that (5.37) does not solve (5.1) for t # 0.

DEFINITION 5.2. The matrix

Vi(z) = AgF(z) 2028 e, F(z) =1+ Fz ", (5.38)
k=1

is called a formal solution of (5.1) for t = 0 and Ay(0) = A.

Notice that we use the notation Y for solutions of the system with ¢t = 0. For fixed Ag, D, L and
A the formal solution is in general not unique. See Corollary 5.1.

We note that (5.38) can be transformed into a formal solution with the structure described in
[BJL79c], but the specific form (5.38) is more refined and is obtainable by an explicit construction
from the differential system (see also Section 5.4.1 below).

5.4.1. Explicit computation of the Fj’s and R of (5.35) and (5.36). Uniqueness of
Formal Solutions. We present the computation of the Fi’s in (5.35) and R in (5.33). This serves
for two reasons. First, the details of the computation in itself will be used later, starting from section
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5.4.2. Second, it yields the Corollary 5.1 below concerning the (non-)uniqueness of formal solutions.
Consider the gauge transformation ¥ = A¢X at ¢ = 0, which transforms (5.1) into

dX ~ -
= (8014040 X (2),
ATTA(Z, 0000 = A+ Az, Ay = AFTA;(0)A,.

j=1

The recurrence equations (5.17), (5.18) become (using Fj instead of G}),

AF; — FIA=—-A1 + By, with diag(Al) =J, (539)
-1

AF, — FA :[Z(FjBlfj - Al*ij) - Al} —(-1)F_1 + By (5.40)
j=1

PROPOSITION 5.1. (5.89)-(5.40) admit a solution {Fy}r>1, {Bk}r>1 which satisfies,
B =,
By = Rg), ..., Bmy1= B,
By =0 forany k >m+ 2,
where Ry = Ry © - © Ry s, and each Ry ; is as in (5.51). The F},’s so obtained are ezactly the
coefficients Fy, of the asymptotic expansion of the gauge transformation (5.35), which yields (5.56).

Proof: Let K, ::[Zé;ll (FjBl,j — Al,ij) — Al}, and rewrite (5.39) and (5.40) in blocks ¢, j:
e For [ =1 ([i,4] is the block index, 1 <i,5 < s):
AFi—FA=-A+B1 = (\-NF=-AY +B).
e For [ > 2:
l l -1 l
AR —FA=K;—(1-1)F_+B = \-\E)=KY-1-1F" +BY.

e For [ =1 we find:

-Ifi=y:
Bi(il) = AS ) = Ji, Fi(il) not determined.
—Ifi #j: N
Al
Iy = NN B;;’ = 0.

e For | > 2 we find:

—1If i # 5.
FY == )7k - a-vE;™Y), B =0

In the r.h.s. matrix entries of Fi, ..., F;_1 appear, therefore the equation determines Fl(Jl)
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—Ifi=j:
0=k —@-nri + Y. (5.41)
We observe that in ICE? the matrix entries of Fy, ..., Fj_1 appear, including the entry F( b, Keeping
into account that By = Aﬁ) DD Ag?, we explicitly write (5.41):
s -2
(=0 =SS (B VR ) S (B - ALE), A+ -
k=1 j=1 bt
- ! ! = ! 1
© FAY AR S AR+ S (BB - AE) | - A+ B
ki =1 ’
Thus, keeping into account that A(l) Ji, the above is rewritten as follows:
-2
(Ji+1-1)E{Y - = =S AYETY Y (BB - Al_ij)[i - AD 4 B (5.42)
ki j=1 '

In the r.h.s. every term is determined by previous steps (diagonal elements F’ j(f) appear up to k < [—2),

except for BY | which is still undetermined. (5.42) splits into the blocks inherited from J; = Jl(i) @

)

- B J() Let the eigenvalues of J; be ,u(z) - /LE:_), h; < p;. Then (for [ > 2),

(b 114 ) ES Vs~ (FY VN + ) =

2

-2
S AVERTY Y (BB - ALE) - AP+ B (5.43)
ki j=1 [2:1] ab
Here [- - - |qp denotes a block, with 1 < a,b < h;.
o If ,ul()) 2’ =1—1, the Lh.s. of (5.43) is H,, [F,L-(Z-l_l)} [FZ(ZI 1)]abHr The homogeneous
equation H,, [F}; (= 1)] [FZ(ZI 1)]abHr = 0 has non trivial solutions, depending on parameters, since

the matrices H,, and H,, have common eigenvalue One can then choose Fj; to be a solution of the
homogeneous equation, and determine [B;;’],» # 0 by imposing that the r.h.s. of (5.43) is equal to 0.
o If ul(f) - ,ugf) # 1 — 1, the choice [Bi(il)]ab = 0 is possible and [F, Z(Z 1)]ab is determined.

ZZ}

We conclude that '
(B B+ lab #0  only if ,ul(,l) — M((f) =1>0 integer.

i

This means that [B-(Hl)]ab = [R(l),i]ab- U

K23

COROLLARY 5.1 (Uniqueness of Formal Solution at ¢t = 0). A formal solution (5.38) with given

Ao, D, L, A is unique if and only if for any 1 < i < s the eigenvalues of A( )( 0) do not differ by a
non-zero integer.

Proof: Computations above show that {F}}72, is not uniquely determined if and only if some ,ul()i) —
u((f) =1—1, for some [ > 2, some ¢ € {1,2, ..., s}, and some a,b. (]



5.4. A FUNDAMENTAL SOLUTION OF (5.1) AT t=0 66

5.4.2. Special sub-case with R = 0, J diagonal, Ag = I. A sub-case is very important
for the discussion to come, occurring when Ay = I and A(--l)( 0) is diagonal. Clearly, if Ag = I, then

Ji = A( )(0) Hence, if Ag = I, then J is diagonal if and only if (A(l)( )) =0forany 1 <p#q <p;.
Pq

PROPOSITION 5.2. There ezists a fundamental solution (5.37) att =0 in a simpler form
Y(z) = G(2)2B1 0?2 (5.44)
with Ao = I, J = B1(0) = diag(A1(0)) diagonal, and
G(z) ~ I+ Z FpzF, z — 00 in S(a, B), (5.45)

k=1
if and only if the following conditions hold:

o For every i € {1,2,...,s}, and every p,q, with 1 < p # q < p;, then
(A7) =o. (5.46)

rq

(4

entries (jz(zl)(o)) , (111(3)(0)) , then
pp aq

o If (ﬁgil)(O))pp — (ﬁ(-l)(O))qq +1—1=0, for somel > 2, somei € {1,2,...,s}, and some diagonal

S (AP0 V) + TS (A0) £) +(A00) =0, (5.47)

vy LB Pq Pq
for those values of 1, i, p and q.

Proof: We only need to clarify (5.47), while (5.46) has already been motivated. We solve (5.39), (5.40)
when Ag = I, namely (recall that A4;(0) = A;(0)) (we write £}, as in (5.39), (5.40), but it is clear that
the result of the computation will be the F; appearing in (5.45)):

Ay — F1A = —A\l(O) + By,

AF - FA :[lf(FjBl_j — A (0)F) = 4,(0)] - (= 1)F 1 +B,.
j=1
At level [ = 1: R
By = diagA,(0),  F) = ;:_( A)j.
At level [ > 2,
R RV E SR

Xi — Aj ’ K
where K, :{Eé;ll (FjBl —j — A ;(0)F ) AZ(O)}. Formula (5.43) reads

. -2 R
(109 +1-1) = |- S AP OFE + (BB, - A 08) - A0 + B
ki j=1 ’ b
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Indices above are block indices. The above can be re-written in terms of the matrix entries,

(A5 0))pp = (AL (0))gq +1 = 1) (FS ) =

-2
l n n< l
~S AV OFT + X (FBy - AO)F) - AP 0)+ BY
ki g=1 vt entry pq

o If (/TZ(-Z-I)(O))pp - (ﬁl(-l-l)(O))qq +1—140, choose B() = 0 and determine (F(l 1))pq.
o If (Agil)(()))pp - (jflg)(O))qq+l —1 = 0, by induction assume that the B;_; = 0. Then the equation

is satisfied for any (Fl-(l-lfl))pq and for

-

=1> A A1 (0)F; + ﬁg)(O) .
block [i,i]
entry pq

l\')

ZZ

I
—

k#1i J

Then, if we impose that (Bi(f))pq = 0 we obtain the necessary and sufficient condition (5.47). The
proof by induction is justified because at the first step, namely [ = 2, we need to solve

(AL — (AL 0))ag +1) (F )y = = S ADO) F )y — AL )+ (B )y (5.49)
k#i

If (ﬁl(-il)(O))pp — (gl(ll)(O))qq + 1 # 0, the above has a unique solution for any choice of (Bi(f))pq. We
choose (Bi(?))pq =0. If A( )( 0))pp — (/Algil)(O))qq +1 =0, the equation leaves the choice of (Fi(il))pq free,
and determines
2y N~ i) FDY. 4 (A®) " (AR O A0 72
(B Vpg = D (A3 (0) Fii )pg + (A7 (0))pg = =) Mo — N + (A3 (0))pg-
ki ki v

We can choose (B-(-2))pq = 0 if and only if

"

_ " (AD0)AY (0
(Agf)(o))pq _ Z ( ik ()\k) _ki\( ))Pq’ (5.49)
ki ¢

which is precisely (5.47) for [ = 2. O

5.5. Solutions for ¢ € U, (0) with Ay(t) Holomorphically Diagonalisable.

In the previous section, we have constructed fundamental solutions at the coalescence point ¢ = 0.
Now, we let ¢ vary in U, (0). In Sibuya Theorem, Ay(t) = 2{52) t)®-- @AY (t) is neither diagonal nor
in Jordan form, except for t = 0. Ap(t) admits a Jordan form at each point of U, (t), but in general
this similarity is not realizable by a holomorphic transformation. In order to procede, we need the
following fundamental assumption (implicitly supposed to hold true in the Introduction).

AssuMPTION 5.1. For [t| < ¢ sufficiently small and such that Lemma 5.1 and Theorem 5.1
apply, we assume that Ag(t) is holomorphically similar to a diagonal form A(t), namely there exists a
holomorphic invertible Gy(t) for |¢| < ey such that

Go(t)_le(t) Go(t) = A(t) = diag(u1 (t), us(t), ..., un(t)),
with Ao(0) = A, Go(0) = I



5.5. SOLUTIONS FOR t € Ue,(0) WITH Ag(t) HOLOMORPHICALLY DIAGONALISABLE. 68

REMARK 5.8. Assumption 5.1 is equivalent to the assumption that Ay () is holomorphically similar
to its Jordan form. The requirement implies by continuity that the Jordan form is diagonal, being
equal to A = A(0) at t = 0.

With Assumption 5.1, we can represent the eigenvalues as well defined holomorphic functions
ui(t), ua(t), ..., up(t) such that

u1(0) = -+ = uy, (0) = A1, (5.50)

upl-‘rl(o) = = Upitps (0) = A2, (5.51)

(5.52)

Upyftps141(0) =+ = Up4gep, 14, (0) = As. (5.53)

Moreover,

A(t) =M(t) @ Aa(t) ® - ® As(2),
where Aq(t), ..., A(t) are diagonal matrices of dimensions respectively p1, ..., ps, such that A;(t) —
Ajlp, fort — 0, j =1,...;s. For example, A(t) = diag(ui(t), ..., up, (t)), and so on. Any two matrices
A;i(t) and Aj(t) have no common eigenvalues for ¢ # j and small .

The coalescence locus in U, (0) is explicitly written as follows
A= U {t € C™ such that: |t| < ep and u,(t) = ub(t)}.
a#b

a,b=1,...m

We can also write

where A; is the coalescence locus of A;(t). For m =1, A is a finite set of isolated points.

IMPROVEMENT OF THEOREM 5.1: With the same assumptions and notations as of Theorem 5.1, if
Assumption 5.1 holds, then

B(z,t) ~ A(t) + Z By (t)z7F, z — 00 in S(a, B).
k>1

With Assumption 5.1, we can replace the gauge trasfromation (5.21) with
?(Z,t) = eA(t)Z Y;"ed(zat)'

Since Ag(t) = A(t), then Byeg(z,t) ~ 352, By(t)z—F+1. Hence the reduced system (5.22) is Fuchsian
also for t # 0. The recursive relations (5.17) and (5.18) become By(t) = A(t) for [ = 0, and:

For | = 1:

A(H)G1 — G1A(t) = —A\(t) + By. (5.54)
For | > 2:
-1
ADGr = GIA) = 3 (GiBi-y = A (G ) = At)] = =Gy + B (5:55)

=1
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As for Theorem 5.1, the choice which yields holomorphic G;(t)’s and B;(t)’s is (5.19) and (5.20).
Generally speaking, it is not possible to choose the B;(t)’s diagonal for [ > 2, because such a choice
would give G (t)’s diverging at the locus A.

5.5.1. Fundamental Solution in a neighbourhood of ¢y ¢ A, with Assumption 5.1. Let
Assumption 5.1 hold. Theorem 5.1 has been formulated in a neighbourhood of ¢ = 0, with block
partition of Ay(0) = A1 @---@ As. Theorem 5.1 can also be formulated in a neighbourhood (polydisc)
of a point ty € U, (0)\A, of the form

Upy(to) :={t € C | |t —to| < po} C U (0),

Z/{PO (to) N A = ®7

where A(t) has distinct eigenvalues, provided that pp > 0 is small enough. In order to do this, we
need to introduce sectors. To this end, consider a fixed point ¢, in U, (0), and the eigenvalues uq (t),
woy Un(ts) of A(t,). We introduce an admissible direction n(*+) such that

b £ arg, (ua(t*) - ub(t*)) mod(27), V1<a#b<n. (5.56)

There are 2, determinations satisfying n(**) — 27 < arg(ua(t«) — up(ts)) < n®). They will be
numbered as

t* *
) > i > > Mop(t=) -1 > n*) — 2,
Correspondingly, we introduce the directions
T(t*) = 3?7[- - n(t*)v Tlgt*) = 3771- - 771(/t*)a 0 <v< 2Mt* - 17
satisfying
) < Tét*) < Tl(t*) <--- < 7'2(2171 <7t 4 oor.

The following relation defines Tét*) for any o € Z, represented as 0 = v + kpy,:

Tythpe, = rlEt*) + km, ve{0,1,...,pu, —1}, keZ.
Finally, we introduce the sectors
8}}*> = S(Tét*) -, Tc(rtj%), o €.

Theorem 5.1 in a neighbourhood of ¢y becomes:

THEOREM 5.3. Let Assumption 5.1 hold and let tg € U, (0)\A. Pick up a sector St = S(Této) —
(to)

T,Tot41), O € Z, as above. For any closed sub-sector

S(to)(a,ﬁ) = {z ER | T(Sto) —r<a<argz<f< Tétﬁ)l} C Sc(,to),
there exist a sufficiently large positive number N, a sufficiently small positive number p and an invert-
ible matrix valued function G(z,t) with the following properties:

i) G(z,t) is holomorphic in (z,t) for |z| > N, z € g(to)(mﬁ), [t — to] < p;
it) G(z,t) has uniform asymptotic expansion for |t — to| < p, with holomorphic coefficients Gy (t):

o0
G(z,t) ~ I+ Z Gr(t)z™%, z— 00, z€ g(to)(a,ﬁ),
k=1
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iii) The gauge transformation

Y(Z7 t) = GO(t)G(Zv t)Y(Z? t):
reduces the initial system (5.1) to

dy .
— = B(z,t)Y
dz ELIE

where B(z,t) is a diagonal holomorphic matriz function of (z,t) in the domain
|z| > N, z € S(a, B), [t—to| < p, with uniform asymptotic expansion and holomorphic coefficients:

B(zt) ~At) + . Bi(t)2 ™%, z—00, z€5"(a,B).
k=1

In particular, By(t) = diag A (t).

REMARK 5.9. §(t0)(a,5) is not the same S(c, 3) of Theorem 5.1 (the latter should be denoted
5 (e, B) for consistency of notations). The matrices G(z,t) and B(z,t) are not the same of Theorem
5.1. On the other hand, Gy(t) is the same, by Assumption 5.1.

As before, we let Byeq(z,t) = 2(B(z,t) — A(t)). Then the system (5.1) has a fundamental matrix
solution
Y (z,t) = Go(t)G(z,1)zP1 etz
where G(z,t) = G(z,t)K(z,t), and

_ # Bred(C,t) — Bi(t) { o0 i } - o0 }
KZ,t = eXx dC ~ ex Bi(t =1+ K]tZ,
=0 p{/oo ¢ } P k;Q a )_k+1 > Kj(t)

2z — oo in S(a, B). This result is well known, see [HS66]. This proves the first part of the following

=1

COROLLARY 5.2. The analogue of Theorem 5.8 holds with a new gauge transfromation G(z,t),

enjoying the same asymptotic and analytic properties, such that Y (z,t) = Go(t)G(z,t)Y (z) transforms
the system (5.1) into

dy Bi(t)\ = -
== (A(t) + 12( )> Y,  Bi(t) = diagd;(2). (5.57)
With the above choice, the system (5.1) has a fundamental solution,
Y(z,t) = Go(t)G(z, 1) 2P0 er)z, (5.58)
and G(z,t) is holomorphic for z € g(to)(a, B), |z| > N and |t —to| < p, with expansion
[ee)
G(z,t) ~ I+ > Fr(t)z ", (5.59)
k=1

for z — oo in g(to)(a,ﬁ), uniformly in |t — to| < p. The coefficients Fy(t) are uniquely determined
and holomorphic on Ue,(0)\A.

Proof: The statement is clear from the previous construction. It is only to be justified that the Fy(¢)’s,
k > 1, are holomorphic functions of ¢ ¢ A and uniquely determined. We solve (5.54) and (5.55) for
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the Fy(t)’s, namely
A()Fy, — FiA(t) = —AL(t) + By,

AW E — FA®) =Y (BB — A (0F) - A®)] —(-1)F + B
j=1
It is convenient to use the notation uy (%), ..., u,(t) for the distinct eigenvalues. Matrix entries are here

denoted a, b € {1,2,...,n}. For | =1,

(Fun(t) == G20 (B =0, ab

(Bl)aa(t) = (A)aa(t), = Bu(t) = diag(A(t)).

Now, impose that B;(t) = 0 for any [ > 2. Hence, at level | = 2 we get:

(F)aa(t) = = > (A1) ab(D) (F1)ba(t) = (A2)aa(?)-

b#a
For any [ > 2, we find:
Falt) == {[An)eal®) = (A0(0) +1= 1] (Fror)an(t)+
-2
+Z Al a/y Fl 1 'yb + ( )ab"i_("zl\l)ab(t)}? a%b
Y#£a 7=1
-2
(= DE-Daalt) == D (A E-Da() = - (A F () = (Aaa(t):
b#a j=1

The above formulae show that the Fj(t) are uniquely determined, and holomorphic away from A. O

The above result has two corollaries:

PROPOSITION 5.3. The coefficients Fy(t) in the expansion (5.59) are holomorphic at a pointta € A
if and only if there exists a neighbourhood of ta where

(A1)ab(t) (5.60)

and

[(gl)aa(t) — (Ap)w(t) +1— 1} Fi1)ap(t) + Z (A1)ary () (Fi—1)p(t +Z(Al —j )ab+ (A)ap(t) (5.61)

Y#a

vanish as fast as O(uq(t) — up(t)) in the neighbourhood, for those indezes a,b € {1,2,...,n} such that
uq(t) and up(t) coalesce when t approaches a point of A in the neighbourhood. In particular, the Fy(t)’s
are holomorphic in the whole Ue,(0) if and only if (5.60) and (5.61) are zero along A.

Remarkably, in the isomonodromic case, we will prove that if we just require vanishing of (A1)4s(t)
then all the complicated expressions (5.61) also vanish consequently.
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PROPOSITION 5.4. If the holomorphic conditions of Proposition 5.3 hold at t =0, then (5.46) and
(5.47) are satisfied, with the choice
F, = F(0), k>1.

If moreover <ﬁ1(0)) — (ﬁl (O) " +1—1%#0 for every | > 2, then the above is the unique choice of
the Iy, ’s, according to Corollary 5.1.

Expression (5.61) is a rational function of the matrix entries of A1 (t), ..., 4;(t), since F (t),...,Fj_1(t)
are expressed in terms of A;(t), ..., 4;(t). For example, for [ =2, (5.61) becomes

(A0t = (A)aalt) 1) m T+ (A)a() — 3 (Al)f&()t)_(i%b(t)- (5.62)
“ v#a

EXAMPLE 5.4. The following system does not satisfy the vanishing conditions of Proposition 5.3
~ 0 0 1710
A(z,t):(o t)+z(t 2), A={teC|t=0}={0} (5.63)

It has a fundamental solution

with

2 (—1)Fk!
w(z,t) := t*ze"*Bi(tz) — t ~ Z (=1)

k=1

2R 200, —3m/2 < arg(tz) < 3m/2.

The above solution has asymptotic representation (5.59), namely (1.18). Now, ¢t = 0 is a branch point
of logarithmic type, since Ei(zt) = —In(zt)+ holomorphic function of zt. Moreover, the coefficients
Fy(t) diverge when t — 0. The reader can check that the system has also fundamental solutions
which are holomorphic at ¢ = 0, but without the standard asymptotic representation Yr(z,t). We
also notice a peculiarity of this particular example, namely that Y'(z,t) and Y (ze2™ t) are connected
1 0
2mit? 1
Stokes matrix I of the system A(z,t =0). O

by a Stokes matrix S = [ } , which is holomorphic also at t = 0 and coincides with the trivial

5.5.2. Fundamental Solution in a neighbourhood of tp € A, with Assumption 5.1. Let
Assumption 5.1 hold. Let to € A. Since the case tpo = 0 has already been discussed in detail, suppose

that tA # 0. Then tp € A;, for some i € {1,2,..., s}.

Directions TﬁA), o € 7, and sectors SC(,tA) have been defined in section 5.5.1 (just put t, = ta). We

leave to the reader the task to adjust the statement of Theorem 5.1 reformulated in a neighbourhood
of ta, with the block partition of A(ta), which is finer than that of A(0). The closed sector in the

theorem will be denoted ?“A)(a, B) C S2) A solution analogous to (5.37) is constructed at t = ta,
with finer block partition than (5.37). Special cases as in Section 5.4.2 are very important for us,
hence we state the following.
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PROPOSITION 5.2 GENERALISED AT ta: For t = ta, the fundamental solution analogous to (5.37)
reduces to an analogous to (5.44), namely

Yiea)(2) = Go(ta)Giep) (2)271 802, with Bl(tA)=diag(gl(ta)),

k=1

if and only if the following conditions generalising (5.47) hold. For those a # b € {1,...,n} such that
ua(ta) = up(ta),

(Al(tA))ab =0, (5.64)
and if also (111 (tA)) — (ﬁl(tA)>bb + 1 —1=0 for some [ > 2, the following further conditions must
hold: “

> (Al(ta)) (F(tA - 1) + (Az BICNIZN) Lt (Al(tA))ab = 0.
ve{l,..,n}, j=1
Uy (t ) (ualta) = us(ta))
(5.65)

In the notation used here, then Y (z) in (5.44) is Y{(0)(2), while G(2) in (5.45) is G(g)(z). Finally,
F, in (5.38) is Flo);,- Keeping into account that (ﬁl)m vanishes in (5.61) for t — ta and uy(ta) =
ua(ta) = up(ta), it is immediate to prove the following,

PROPOSITION 5.4 GENERALISED: If the vanishing conditions for (5.60) and (5.61) of Proposition 5.3
hold for ¢t — ta € A, then (5.64) and (5.65) at t = ta are satisfied with the choice

F(tA);k = Fi(tpa), k>1. (5.66)

If moreover (/All (tA)) » (Al(tA)) +1—1# 0 for every [ > 2, the above (5.66) is the unique choice.

Namely, for the system with ¢ = ta there is only the unique formal solution

(143 Filta))sB1020A0) By(ta) = ding(Aa(ta)).
k=1



CHAPTER 6

Stokes Phenomenon

ABSTRACT. In this Chapter the Stokes phenomenon at z = co for the system (5.1) is studied, both
at coalescence and non-coalescence points (Sections 6.1-6.2 and Section 6.3, respectively). Assuming
Assumption 5.1, we show that also at coalescence points there exist genuine fundamental solutions
uniquely characterized in sufficiently wide sectors by an asymptotic expansion, prescribed by the formal
solution found in the previous Chapter. All the instruments needed for the description of the Stokes
phenomenon (Stokes rays, admissible rays, Canonical Sectors, complete sets of Stokes matrices etc.) are
introduced at coalescence points, and their properties are described in details. The classical description
of the Stokes phenomenon at non-coalescence points is summarized.

When Assumption 5.1 holds, the system (5.1) is gauge equivalent to (5.15) (i.e. system (1.16) in the
Introduction) with G(t) diagonalizing Ag(t), namely

~

¥ _ Az, t) Y, Az t) = Gy (t)A(z,1)Go(t) = A(t) + fj Ap(t)z7". (6.1)
k=1

At tg & A, A(tp) has distinct eigenvalues, the Stokes phenomenon is studied as in [BJL79a]. We
describe below the analogous results at t = 0 and tpo € A, namely the existence and uniqueness of
fundamental solutions with given asymptotics (5.38) in wide sectors. The results could be derived from
the general construction of [BJL79b], especially from Theorem V and VI therein'. Nevertheless, it
seems to be more natural to us to derive them in straightforward way, which we present below. First,

we concentrate on the most degenerate case A = A(0), for t = 0, so that A(z,0) = A(z,0) and the
systems (5.1) and (6.1) coincide. In Section 6.2 we consider the case of any other tp € A.

6.1. Stokes Phenomenon at ¢t =0
6.1.1. Stokes Rays of A = A(0).

DEFINITION 6.1. The Stokes rays associated with the pair of eigenvalues (A;, Ag), 1 < j # k <mn,
of A are the infinitely many rays contained in the universal covering R of C\{0}, oriented outwards
from 0 to oo, defined by

Ry —M)2) =0, S((y—M)z) <0, zeR.

The definition above implies that for a couple of eigenvalues (\;, A\r) the associated rays are

R(0ji +27N) := { ZzER ‘ z= pei(ef’““’rN), p>0 }, N e Z. (6.2)
where 5
T
ij = 7 - argp()\j - )\k)- (6.3)

INote that notations here and in [BJL79Db] are similar, but they indicate objects that are slightly different (for example
Stokes rays 7, and sectors S, are not defined in the same way).

74
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e Labelling: We enumerate Stokes rays with v € Z, using directions 7, introduced in Section 5.2.
Indeed, by Definition 6.1, Stokes rays have directions arg z = 7, ordered in counter-clockwise sense
as v increases. For any sector of central angle 7 in R, whose boundaries are not Stokes rays, there

exists a 1y € Z such that the p Stokes rays 7,41 < -+ < 7y,—1 < 7y, are contained in the sector.
All other Stokes rays have directions

arg 2 = Tyyky = Ty + kT, ke, ve{vy—p+1,..., vp—1, 1} (6.4)
Rays Tyy—pu+1 < -+ < Tyy—1 < Ty, are called a set of basic Stokes rays, because they generate the
others 2.

e Sectors S,: Consider a sector S of central opening less than 7, with boundary rays which are
not Stokes rays. The first rays encountered outside S upon moving clockwise and anti-clockwise, will
be called the two nearest Stokes rays outside S. If S contains in its interior a set of basic rays,
SAY Ty41—ps Tu+2—ps --» Tw, then the two nearest Stokes rays outside S are 7,—, and 7,41, namely the
boundaries rays of S, in (5.12), and obviously S C S,.

e Projections onto C: If R is any of the rays in R, its projection onto C will be denoted PR.
For example, let A\; be the complex conjugate of A;, then for any N the projection of (6.2) is

PROjr +27N)={2€C | z=—ip(\j — ), p>0}.
DEFINITION 6.2. An admissible ray for A(0) is a ray R(7) == {z € R | z = pe”, p>0}inR,
of direction 7 € R, which does not coincide with any of the Stokes rays of A(0). Let
14(T) := PR(T + 2knm), 1_(7):=PR(T+ (2k+ 1)m), ke,

I(T) =1_(T)U{0} Ul (7).
We call the oriented line {(7) an admissible line for A(0). Its positive part is {4 (7).
Observe that there exists a suitable v such that 7, < 7 < 7,41, which implies
R(T) C S NSyips R(T+m) C Suqpy NSyyou.
In particular, if 7 is as in (5.10), then 71 < 7 < 79, and [(7) is an admissible line.

6.1.2. Uniqueness of the Fundamental Solution with given Asymptotics. In case of
distinct eigenvalues, it is well known that there exists a unique fundamental solution, determined by
the asymptotic behaviour given by the formal solution, on a sufficiently large sector. This fact must
now be proved also at coalescence points.

Let the diagonal form A = Ay § --- & A; of Ag be fixed. Let a formal solution Yp(z) =
AgF(2)zP2%eA* be chosen in the class of formal solutions with given Ag, D, L, A, as in Defini-
tion 5.2. As a consequence of Theorem 5.1 and Theorem 5.2, there exists at least one actual solution
as in (5.37), namely

Y (2) = AoG(2)2P 2 €2, G(z) ~F(2), z—00, z€S(,p). (6.5)
Observe that S(a, 3) can be chosen in Theorem 5.1 so that it contains the set of basic Stokes rays of
Sy, namely 7,41y, ..., Tv—1, T». The asymptotic relation in (6.5) is conventionally written as follows,

Y (2) ~ Yr(2), z— 00, z€S(a,p).
Now, G(z) is holomorphic for |z| sufficiently big in S(c, 8). Since A(z) has no singularities for |z| > Ny
large, except the point at infinity, then Y (z) and G(2) have analytic continuation on R N{|z| > Noy}.

2Although notations are similar to [BJL79b], definitions are slightly different here.
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LEMMA 6.1. Let C € GL(n,C), and S an arbitrary sector. Then
Ll P I 25 0inS — PlertP=] — =1
The simple proof is left as an exercise.

LEMMA 6.2 (Extension Lemma). Let Y (z) be a fundamental matriz solution with asymptotic be-
haviour,
Y(2) ~ Yr(2), z— 00, z€S,
in a sector S of a non specified central opening angle. Suppose that there is a sector S not containing
Stokes rays, such that SN.S # (0. Then,

Y(2) ~ Yr(2), z— 00, for z€SUS.

Proof: S has central opening angle less than 7, because it does not contain Stokes rays. Therefore,
by Theorem 5.1, there exists a fundamental matrix solution Y (z) = AgG(2)2P 2 eA*| with asymptotic
behaviour Y (z) ~ Yr(2), for z — oo, z € S. The two fundamental matrices are connected by an

invertible matrix C, namely Y (z) = Y(z) C, z € SN S. Therefore,
G Uz2) G(z) = 2Pt € e Mo LD,

Since G(z) and G~'(z) have the same asymptotic behaviour in S N S, the Lh.s has asymptotic series
equal to the identity matrix I, for z — oo in z € SN S. Thus, so must hold for the r.h.s. The r.h.s
has diagonal-block structure inherited from A. We write the block [i,j], 1 < ,5 < s, of C' with simple
notation Cy;. The block [i,j] in r.h.s. is then, eti=X)2zPizki €y 2=Li=DPi. Hence, the following
must hold, _

e(hi=Aj)z , Di  Li Cij 2Lz Pi 0ij 1, z—00, z€SNS.
Here I; is the p; X p; identity matrix.

— For i # j: Since there are no Stokes rays in S, the sign of R(Ni — Aj)z does not change in S. This
implies that e(i—A)zzDizLi Cij 27 Liz=Pi ~ 0 for z — oo in S.

— For i = j: We have zPizli Cy; z=Liz=Pi ~ I for z — 00 in SN S. From Lemma 6.1 it follows that
ZDizLi ¢ z~Liz=Di — [, This holds on the whole S.

The above considerations imply that zPzLer* C e 2227 L2z=P ~ T for 2 — oo in S. From the fact

that G(z) ~ I + > k1 Fpz"% in S, we conclude that also G(z) ~ I + > k1 Fpz=% for z — oo in S.
Therefore, G(2) ~ I + > k>4 Fpz%in SUS. O

The extension Lemma immediately implies the following:

THEOREM 6.1 (Extension Theorem). Let Y (2) be a fundamental matriz solution such that Y (z) ~
YF(z) in a sector S, containing a set of p basic Stokes rays, and no other Stokes rays. Then, the
asymptotics Y(z) ~ YF(z) holds on the open sector which extends up to the two nearest Stokes rays
outside S. This sector has central opening angle greater than m and is a sector S, for a suitable v.

Important Remark: The above extension theorem has the important consequence that in the
statement of Theorem 5.2 and Proposition 5.2, the matrix G(z), which has analytic continuation in R
for |z| > Np, has the prescribed asymptotic expansion in any proper closed subsector of S,. Hence,
by definition, the asymptotics holds in the open sector S, .
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THEOREM 6.2 (Uniqueness Theorem). A fundamental matriz Y (z) as (5.37) such that Y (z) ~
Yr(2), for_ z — 00 in a sector S containing a set of basic Stokes rays, is unique. In particular, this
applies if S(c, B) of Theorem 5.1 contains a set of basic Stokes rays.

Proof: Suppose that there are two solutions Y(z) and 17(2) with asymptotic representation Yp(z) in
a sector .S, which contains p basic Stokes rays. Then, there exists an invertible matrix C' such that
Y (2) =Y (2) C, namely
G Uz2) G(z) = 2Pt € e Mo LD,
The Lh.s. has asymptotic series equal to I as z — oo in S. Therefore, for the block [i, j], the following
must hold,
ePi=Ai)z Diy Li Cij 27 Liz=Pi 0ij I, for z —+o00 in S.

Since S contains a set of basic Stokes rays, J(A\; — A;j)z changes sign at least once in S, for any

1 <i+#j<s. Thus, e?~%)% diverges in some subsector of S. For i # j this requires that C;j = 0 for
i # j. For i = j, we have 2PizliCyz=Liz=Pi ;. Lemma 6.1 assures that Cy;; = I;. Thus, C = 1. O

e [The notation Y, (z)]: There exist v € Z such that a sector S of Theorem 6.2 contains the basic
rays Ty4l—ps -5 Tw—1, Tp. Hence S C §,. The unique fundamental solution of Theorem 6.2, with
asymptotics extended to S, according to Theorem 6.1, will be denoted Y, (z).

6.1.3. Stokes Matrices. The definition of Stokes matrices is standard. Recall that the Stokes
rays associated with (Aj, \y) are (6.2). Consider also the rays

ROk + 27N +6) = { zeR ‘ z = pe!llirt2mN+0) 55 0 } N € Z.
The sign of R(\; — A\g)z for z € Ry (01 + 0) is:

RAj— M)z <0, for —m<d<0 mod2m
R(Aj — M)z >0, for 0<d<m mod27
RAj—Ag)z=0, for §=0, 7, —7 mod 27

DEFINITION 6.3 (Dominance relation). In a sector where R(A;—A;)z > 0, A; is said to be dominant
over \; in that sector, and we write A; > ;. In a sector where R(\; — A\;)z < 0, A; is said to be
sub-dominant, or dominated by A, and we write \; < A.

If a sector S does not contain Stokes rays in its interior, it is well defined a dominance relation in
S, which determines an ordering relation among eigenvalues, referred to the sector S.

Denote by
Y, (2) and Y,4.(2)
the unique fundamental solutions (5.37) with asymptotic behaviours Yp(z) on S, and S, respec-

tively, as in Theorem 6.2. Observe that S, N'S,4, = S(7,, Tv4+1) is not empty and does not contain
Stokes rays.

DEFINITION 6.4. For any v € Z, the Stokes matrix S, is the connection matrix such that

o o

Voiu(z) =Y (2)S,, zeR. (6.6)
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PROPOSITION 6.1. Let < be the dominance relation referred to the sector S, N Sy,4,. Then, the
Stokes matriz S, has the following block-triangular structure:

a(v) _
Sji’ = Ip;
§SW =0 forAj= N in Sy NSpip Gk € {1,258},

Proof: We re-write (6.6) as,

Gl (2) Guyu(z) = 2P ke S, e A2 LD,
For z € §, N Sy44, the Lh.s. has asymptotic expansion equal to I. Hence, the same must hold for the
r.h.s. Recalling that no Stokes rays lie in S, NS, 4, we find:

(l,;) = 0 for

e For j # k, we have e()‘-i_’\k)zzD-izLﬂggz)z_Lkz_Dk ~ 0in S, N S,4,, if and only if gj

Aj = Ak, where the dominance relation is referred to the sector S, NS, .

e For j = k, we have szzLiggg)z_sz_Dj ~ I, if and only if Sg;) = I,;, by Lemma 6.1. This
proves the Proposition. [

6.1.4. Canonical Sectors, Complete Set of Stokes Matrices, Monodromy Data. There
are no Stokes rays in the intersection of successive sectors S, 4, and S,y (411, (vecall that 7, + kr =
Tyt+ky for any k € Z). Therefore, we can introduce the unique fundamental matrix solutions

o

Yl/+ku(z) (67)

with asymptotic behaviour Yp(z) in S, 4y, and the Stokes matrices g,ﬂrku connecting them,

?V—&-(k—l—l)u(z) = }Q/V-i-ku(z) gu—&-kzm z€R.
From Proposition 6.1, it follows that the blocks [j, k] and [k, j] satisfy

&(

J
We call S,, S,4,, Su42, the canonical sectors associated with 7.

l,;) =0for \j; >\ inS, NSy, <= ggfr“) = 0 for the same (j, k).

Given a formal solution, a simple computation (recall that [L, A] = 0) yields Y(e2™2) = Yp(z) e2miL,

L is called exponent of formal monodromy.

THEOREM 6.3. We introduce the notation z(,y if z € Sy. Thus z(40,) = 627”2(1,). The following
equalities hold

o

() Yu+2u(z(u+2u)) = 1(}1/(2'(1/))
(i1) Yorou(2) =Yo(2) Sy Soupy 2z ER,

6271"LL7

° . ® . 2 = -1
(i) Vi(e™z) =Vi(2) ™5 (8, 8,4u) ., 2€R.

where |z| > Ny is sufficiently large, in such a way that any other singularity of A(z) is contained in
the ball |z| < Np.

Proof: As in the case of distinct eigenvalues. Alternatively, one can adapt Proposition 4 of [BJL79b)]
to the present case.. .

3With the warning that notations are similar but objects are slightly different here and in [BJL79b].
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The equality (iii) provides the monodromy matrix MY of Y, (z) at z = oo:
M@ = (éV éwu) e=2miL (6.8)

corresponding to a clockwise loop with |z| > Ny large, in such a way that all other singularities of
A(z) are inside the loop.

The two Stokes matrices §l,, gyﬂt, and the matrix L generate all the other Stokes matrices S,,_Hw,
according to the following proposition

PROPOSITION 6.2. For any v € Z, the following holds: gv+2u =g 2wl § oML

Proof: For simplicity, take v = 0. A point in z € Sz, N S3;, can represented both as z(y,) and 23,
and a point in Sy N S, is represented both as z) and z(,). Therefore, the Lh.s. of the equality

}:/3#( ) }ofgu( ) SQ# is Yg‘u( ( )) = f/ ( (M)> 271'@'L }0/0(2(0))§0 esz. The r.h.s. is }Q/QH(Z(QM)) Sgu ==
Yo(z(0))e e?mik Szu Thus Yg(z(o)) So e2™L = Yy(z Z(0))e e?™L S,,. This proves the proposition. [J

The above proposition implies that S,,Jr;w are generated by Sy, gyﬂt, which therefore form a
complete set of Stokes matrices. A complete set of Stokes matrices and the exponent of formal
monodromy are necessary and sufficient to obtain the monodromy at z = oo, through formula (6.8).
This justifies the following definition.

DEFINITION 6.5. For a chosen v, {g,,, §Z,+“, L} is a set of monodromy data at z = oo of the
system (5.1) with ¢t = 0.

REMARK 6.1. By a factorization into Stokes factors, as in the proof of Theorem 7.2 below, it can
be shown that Sl,, Syﬂl suffice to generate S,,H, - Sy_l,_u 1. Hence, S v S,,Jm are really sufficient to
generate all Stokes matrices. This technical part will be omitted.

6.2. Stokes Phenomenon at fixed tp € A

The results of Section 6.1 apply to any other to € A. By a permutation matrix P we arrange
P~1A(ta)P in blocks, in such a way that each block has only one eigenvalue and two distinct blocks
have different eigenvalues. This is achieved by the transformation f/(z, ty="P }7(2, t) applied to the
system (6.1). Then, the procedure is exactly the same of Section 6.1, applied to the system

dy
dz

The block partition of all matrices in the computations and statements is that inherited from P~1A(tA)P.
The Stokes rays are defined in the same way as in Definition 6.1, using the eigenvalues of A(ta ), namely

R((ta(ta) = up(ta))z) =0, S((ualta) —ualta))z) <0,  2€R,
for 1<a#b<n and u.(ta) # ua(ta).

= P 'A(z,tA)P Y. (6.9)

Hence, the Stokes rays associated with ug(ta), up(ta) are the infinitely many rays with directions

3
arg z = ?ﬂ —arg,(uq(ta) — up(ta)) + 2N, N € Z.
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The rays associated with up(ta), uq(ta) are opposite to the above, having directions

3T
argz = - — arg,(up(ta) — ua(ta)) + 2N
We conclude that all Stokes rays have directions
argz = T(StA), o€,

analogous to (6.4), with directions T(StA) defined in Section 5.5.1. Once the Stokes matrices for the
above system are computed, in order to go back to the original arrangement corresponding to A(ta)
we just apply the inverse permutation. Namely, if S is a Stokes matrix of (6.9), then PSP~! is a
Stokes matrix for (6.1) with t = .

6.3. Stokes Phenomenon at ty ¢ A

The results of Section 6.1 (extension theorem, uniqueness theorem, Stokes matrices, etc) apply a
fortiort if the eigenvalues are distinct, namely at a point tg € A such that Theorem 5.3 and Corollary
5.2 apply. The block partition of A(¢p) is into one-dimensional blocks, being the eigenvalues all distinct,
and we are back to the well known case of [BJL79a]. The Stokes rays are defined in the same way as
in Definition 6.1, using the eigenvalues of A(ty), namely

ére((ua(to) - ub(tg))z> =0, %((ua(to) - ub(tg))z) <0, zeR, Vi<a#b<n.

Since and uq(to) # up(to) for any a # b, the above definition holds for any 1 < a # b < n. Hence, the
Stokes rays associated with u,(to), us(to) are the infinitely many rays with directions

3T
argz = - — arg,(uq(to) — up(to)) + 2N, N e Z. (6.10)
The rays associated with up(tg), uq(to) are opposite to the above, having directions
3
argz = —- — arg, (up(to) — ua(to)) + 2N, (6.11)
We conclude that all Stokes rays have directions
arg z = T(Sto), o€,

analogous to (6.4), being the directions TétO) defined in Section 5.5.1. We stress that ¢y is fixed here.

The Stokes phenomenon is studied in the standard way. The canonical sectors are the sectors 8,(;750) of

Theorem 5.3. The sector S(StO) contains the set of basic Stokes rays

t t
Tcg-ﬁ)l—uto’ Té_ﬁ%_mo, . 7-(5150)7 (6.12)
which serve to generate all the other rays by adding multiples of w. The rays Tét,OLto and Tétﬁ)l are

the nearest Stokes rays, boundaries of Séto). The Stokes matrices connect solutions of Corollary 5.2,

having the prescribed canonical asymptotics on successive sectors, for example S(Sto), S((,TL o S((,aor)zuto,
etc.
Our purpose is now to show how the Stokes phenomenon can be described in a consistent “holo-

morphic” way as t varies. The definition of Stokes matrices for varying ¢ will require some steps.



CHAPTER 7

Cell Decomposition, t-analytic Stokes Matrices

ABSTRACT. In this Chapter, under Assumption 5.1, we discuss the analytic continuation of fundamen-
tal solutions of (5.1). We show that U, (0) splits into topological cells, determined by the fact that
Stokes rays associated with A(t) cross a fixed admissible ray. In Theorem 7.1 and Corollary 7.3 we
give sufficient conditions such that fundamental solutions can be analytically continued to the whole
U, (0), preserving their asymptotic representation, so that the Stokes matrices admit the limits at coa-
lescence points. In Section 7.7 we prove a partial converse of Theorem 7.1, by showing that a vanishing
conditions on the entries of Stokes matrices at coalescence points implies that A is not a branch locus
for fundamental solutions.

7.1. Stokes Rays rotate as t varies

At t = 0, Stokes rays have directions 37/2 — arg,(\; — Aj) + 2N7, 1 <i # j < s. For ¢t away from
t = 0, the following occurs:

1) [Splitting] For 1 < # j < s, there are rays of directions 37 /2 — arg,(uq(t) — up(t)) mod(27),
with u4(0) = Ai, up(0) = Aj. These rays are the splitting of 37/2 — arg,(A\; — ;) mod(27) into more
rays.

2) [Unfolding] For any i = 1,2,..., s, new rays appear, with directions 37 /2 — arg, (uq(t) — us(t)),
uq(0) = up(0) = A;. These rays are due to the unfolding of \;.

The cardinality of a set of basic Stokes rays is maximal away from the coalescence locus A, minimal
at t = 0, and intermediate at to € A\{0}.

If t ¢ A, then uy(t) # up(t) for any a # b. The direction of every Stokes ray (6.10) or (6.11) is a
continuous functions of ¢ ¢ A. As t varies in U, (0)\A, each one of the rays (6.10) or (6.11) rotates in
R.

REMARK 7.1. Problems with enumeration of moving Stokes rays. Apparently, we cannot
assign a coherent labelling to the rotating rays as t moves in U, (0)\A. At a given tg € U, (0)\A, the
rays are enumerated according to the choice of an admissible direction 7(*), as in formula (5.56) with
t, = to. If t is very close to ty, we may choose (") = n(!) and we can label the rays in such a way
that Tét), o € Z, is the result of the continuous rotation of Této). Nevertheless, if t moves farther in
U, (0)\A, then some rays, while rotating, may cross with each other and cross the rays R(r(*) 4 kr),
k € Z, which are admissible for A(¢y). This phenomenon destroys the ordering. Hence, labellings are
to be taken independently at tg and at any other ¢ € U, (0)\A, with respect to independent admissible
directions ) and n®. In this way, T(S-t) will not be the deformation of a TS*O) with the same o.

This complication in assigning a coherent numeration to rays and sectors as ¢ varies will be solved
in Section 7.3, by introducing a new labelling, valid for almost all ¢ € U,(0), induced by the labelling

at t = 0. Before that, we need some topological preparation.
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7.2. Ray Crossing, Wall Crossing and Cell Decomposition

We consider an oriented admissible ray R(7) for A(0), with direction 7, as in Definition 6.2 and
we project R onto C\{0}. For ¢t € U, (0)\A, some projected rays associated with A(t) will be to the
left of [(7) and some to the right. Moreover, some projected ray may lie exactly on {(7), in which case
we improperly say that “the ray lies on [(T)”. Suppose we start at a value t, € U, (0)\A such that
no rays associated with A(t,) lie on I(7). If ¢t moves away from ¢, in U, (0)\A, then the directions of
Stokes rays change continuously and the projection of two or more rays' may cross [(7) as t varies, in
which case we say that “two or more rays cross [(T)”. Let

.
= .
Two or more Stokes rays cross [(T) for ¢ belonging to the following crossing locus
X@) = U {t€U(0) | ualt) # (1), arg,(ua(t) — up(t) = 7 mod m}.

1<a<b<n

Let
W(T):=AUX(7).

DEFINITION 7.1. A 7T-cell is every connected component of the set U, (0)\W (7).

W (T) is the “wall” of the cells. For t in a T-cell, A(t) is diagonalisable with distinct eigenvalues,
and the Stokes rays projected onto C lie either to the left or to the right of (7). If ¢ varies and hits
W (T), then either some Stokes rays disappear (when ¢ € A), or some rays cross the admissible line
[(T) (when t € X(7)). Notice that

ANX(T)#0.
A cell is open, by definition. If the eigenvalues are linear in ¢, as in (1.25), we will show in Section

7.2.1 that a cell is simply connected and convex, namely it is a topological cell, so justifying the name.
Explicit examples and figures are given in the Appendix A.

7.2.1. Topology of 7-cells and hyperplane arrangements. In order to study the topology
of the 7-cells, it is convenient to first extend their definition to C™. A 7-cells in C™ can be proved
to be homeomorphic to an open ball, therefore it is a cell in the topological sense. A 7-cell in C" is
defined to be a connected component of C™\(Acn U Xcn (7)), where

Acn 1= U {u eCcn ’ Ug = ub},

Xen(T) = U {u eCn ‘ Ug — up # 0 and arg,(uq, — up) = 7 mod 7r}.
1<a<b<n
Recall that 7j = 2% — 7.
We identify C" with R?". A point u = (ug, ..., uy) is identified with (x,y) = (21, ..., Tn, Y1, -, Yn),
by uq = T4 + Wa, 1 < a < n. Therefore
a) Acn is identified with

A= U {(x,y) e R*" ’ xa—xb:ya—yb:0}.
1<a<b<n

1Crossing involves always at least two opposite projected rays, which have directions differing by m. One projection
crosses the positive part Iy (7) of I(7), and one projection crosses the negative part [_(7) = l4+ (T & 7).
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b) Xcn(7) is identified with
Bi= |J {xy) R | (2a,40) # (w0, 0) and Luy(x,y) =0}
1<a<b<n
where Lgy(x,y) is a linear function
_ .,
Lap(%,¥) = (Ya — yp) — taniy (zq — ), for 17 # 5 mod , (7.1)
Lyp(x,y) = x4 — X, for n = g mod 7. (7.2)
Hence A U B is a union of hyperplanes Hyp:
AuB= |J Ha, Hy, = {(x,y) € R?" | Lyy(x,y) = 0}.
1<a<b<n
Note that Lgp(x,y) = 0 if and only if Ly,(x,y) = 0, namely Hy,, = Hp,. The set A = {Hgp}ap is
known as a hyperplane arrangement in R?". We have proved the following lemma

LEMMA 7.1. Let u € C" be represented as u = X + iy, (x,y) € R?*™. Then, Acn U Xcn(7) is the
union of hyperplanes Hy, € A defined by the linear equations Lgp(x,y) =0, 1 <a < b <, asin (7.1),

(7.2).
Properties of finite hyperplane arrangements in R?" are well knows. In particular, consider the set
R*™— |J Ha-
1<a<b<n

A connected component of the above set is called a region of A. It is well known that every region of
A is open and convex, and hence homeomorphic to the interior of an 2n-dimensional ball of R?". It
is therefore a cell in the proper sense. We have proved the following

PROPOSITION 7.1. A T-cell in C™ is a cell, namely an open and convez subset of C™, homeomorphic
to the open ball {u € C* | lug|?> + -+ + |un > < 1} = {(x,y) € R*" | 27 + -+ + y2 < 1}.

REMARK 7.2. Three hyperplanes with one index in common intersect. Indeed, let b be the common
index. Then,

{LEh2e = w0
Hence,
Hapy VW Hpe C Hae,  Hpe N Hoe C Hapy  Hae NV Hap C Hpe
Equivalently

HabmecmHac = abmec:HabmHac :HbcﬁHac-

We now consider 7-cells in U, (0) in case the eigenvalues of A(t) are linear in t as in (1.25).
The arguments above apply to this case, since u, = u,(0) + t, is a linear translation. Let u(0) =
(u1(0), ...,un(0)) be as in (5.50)-(5.53), so that u(t) = u(0) + ¢t. Let us split u(¢) into real (R) and
imaginary () parts:

u(0) = xo +iyo, t=Rt+iSt =  wut)= (xo + z‘yo)+(§%t n z‘%t).
Here, Rt := (Rty, ..., Rty,) € R™ and St := (Sty, ..., Sty,) € R™. Define the hyperplanes

b= {(RE,S1) € R™ | Lap(RE, ) + Lap(x0,y0) =0}, 1<a#b<n, (7.3)
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and
Hgay = H!, N U, (0). (7.4)
Then,
AUXFH = |J Ha

1<a<b<n

Note that Lgy(x0,y0) = 0 for any a # b corresponding to a coalescence ug(t) — up(t) — 0 for t — 0.

COROLLARY 7.1. If the eigenvalues of A(t) are linear in t as in (1.25), then a T-cell in Ue,(0) is
simply connected.

Proof: Any of the regions of a the hyperplane arrangement with hyperplanes (7.3) is open and convex.
U, (0) is a polydisc, hence it is convex. The intersection of a region and U, (0) is then convex and
simply connected. [J

REMARK 7.3. The H’s enjoy the same properties of hyperplanes H’s as in Remark 7.2. In other
words, if a Stokes ray associated with the pair u,(t), up(t) and a Stokes ray associated with up(t), uc(t)
cross an admissible direction R(7 mod 7) at some point ¢, then also a ray associated with wug(t), uc(t)
does.

REMARK 7.4. We anticipate the fact that if ¢y is sufficiently small as in Section 7.6.1, then f[ab N
U, (0) = 0 for any a # b such that for t — 0, ug(t) — A and up(t) — A; with 1 <7 # j < s (i.e.
uq(0) # up(0)). See below Remark 7.8 for explanations.

7.3. Sectors S,(t) and S, (K)

We introduce t—dependent sectors, which serve to define Stokes matrices of Y (z,t) of Corollary
5.2 in a consistent way w.r.t. matrices of Y'(z) of Theorem 5.2.

DEFINITION 7.2 (Sectors S,qp,(t)). Let 7, < 7 < 7p41, and k € Z. Let t € U, (0)\X (7). We
define S, 41, (t) to be the sector containing the closed sector S(7 — 7 + km, 7 + k), and extending up
to the nearest Stokes rays of A(t) outside S(7 — 7 + knm, 7 + k).

The definition implies that

Sutku(t) C Sutkps Svku(0) = Spskp-

For simplicity, put £ = 0. Note that S, (¢) is uniquely defined and contains the set of basic Stokes rays
of A(t) lying in S(7 — 7, 7). We point out the following facts:

e Due to the continuous dependence on t of the directions of Stokes rays for ¢ € A, then S,(¢)
continuously deforms as ¢ varies in a 7 cell.

e S, (t) is “discontinuous” at A, by which we mean that some Stokes rays disappear at points of
A.

e S, (t) is “discontinuous” at X (7), because one or more Stokes rays cross the admissible ray R(7)
(this is why S, (t) has not been defined at X (7)). More precisely, consider a continuous monotone
curve ¢t = t(z), = belonging to a real interval, which for one pair (a,b) intersects Hy\A at 2 = z,
(recall that Hyy is define in (7.4)). Hence, the curve passes from one cell to another cell, which are
separated by Hg,. A Stokes ray associated with (ug(t),uy(t)) crosses R(7) when t = t(x,). Then
S, (t(z)) has a discontinuous jump at .

The above observations assure that the following definition is well posed.
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FIGURE 7.1. In the left figure ¢ = 0 and the sector S, = S,(0) is represented in a sheet
of the universal covering R. The dashed line represents R(7) U R(T — w) . The arrow
is that of the oriented ray R(T). The rays are the Stokes rays associated with couples
Ai, Aj, 1 <@ # j < s. In the right figure ¢ slightly differs from ¢ = 0; the rays in bold
are small deformations of the rays appearing in the left figure, associated with couples
Uq(t), up(t) s.t. ua(0) = A, up(0) = A; with ¢ # j. The rays in finer tone are the rays
associated with couples such that u,(0) = uy(0) = A;. The sector S,(t) = S, (¢,7) is
represented.

DEFINITION 7.3 (Sector S,(K)). Let K be a compact subset of a 7-cell. We define

Sy (K) = ﬂ S,(t) CS,.

teK

By the definitions, S,(¢) and S,(K) have the angular width strictly greater than = and they
contain the admissible ray R(7T) of Definition 6.2. Moreover S, (K1) D S,(K3) for K1 C Ks, and
S, (K1 UK3) =8,(K1) NS, (K2). Below in the Chapter we will consider a simply connected subset V
of a T-cell, such that the closure V is also contained in the cell, and take

K =Y.
REMARK 7.5. A more precise notation could be used as follows:
Su(t) = Su(t; %) ) (75)

to keep track of 7, because for given v and two different choices of 7 € (7, 7,41), then the resulting
S, (t)’s may be different. Figures 7.1 and 7.2 show two different S, (t), according to two choices of 7.
As a consequence, while in Definition 7.2 we could well define S, 1, (t) C Syyky, for any k € Z, we
cannot define sectors S,11(t), Sy42(t), ..., Suqpu—1(%).

7.4. Fundamental Solutions Y, (z,¢) and Stokes Matrices S, ()

Let 7, < 7 < 7y41. We show that, if tg € A belongs to a 7-cell, we can extend the asymptotic

behaviour (5.59) of Corollary 5.2 from g(to)(a, B) to Sy(t). The fundamental matrix of Corollary 5.2
will then be denoted by Y, (z,t).
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AR(t)) JR()

FIGURE 7.2. The explanation for this figure is the same as for Figure 7.1, but 7 # 7.
S, = 8,(0) is the same, but S, (t) = S, (¢,7) differs from S, (t,7) of figure 7.1.

PROPOSITION 7.2 (Solution Y, (z,t) with asymptotics on S,(t), t € U,(ty)). Let Assumption 5.1
hold for the system (5.1). Let ty belong to a T-cell. For any v € Z there exists U,(ty) contained in the
cell of ty and a unique fundamental solution of the system (5.1) as in Corollary 5.2 of the form

Y, (2,t) = Go(t)Gu (2, ) 2P D er V)2 (7.6)

holomorphic in (z,t) € {z € R | |2| > N} x U,(to), with asymptotic behaviour (5.59) extended to
Su(t), t € Uy(to). Namely ¥V t € Uy(to) the following asymptotic expansion holds:

Go(z,t) ~ T+ Er(t)z7F, z— 00, z€S8,(t). (7.7)
k=1
The asymptotics (7.7) restricted to z € S,(U,(to)) is uniform in the compact polydisc U, (to).

Note: Recall that by definition of asymptotics, the last sentence of the above Proposition means that
the asymptotics (7.7) is uniform in the compact polydisc U,(tp) when z — oo in any proper closed
subsector of S, (U,(to)).

Proof: In Theorem 5.3 choose g(to)(m B) = S(7 — 7, 7). This contains a set of basic Stokes rays of
A(tp) and of A(t) for any ¢ in the cell of ¢y. Then, Sibuya’s Theorem 5.3 and Corollary 5.2 apply, with
fundamental solution Y (z,t) defined for ¢t in some U,(ty). It is always possible to restrict p so that
U,(to) is all contained in the cell.

e [Extension to S,(t)] For t € U,(ty), the sector containing S(7 — m,7) and extending up to the
nearest Stokes rays outside is S, (t), by definition. Hence there exists a labelling as in Section 5.5.1,

and a o € Z, such that S, (t9) = S0 The Extension Theorem and the Uniqueness Theorem can be
applied to Y (z,t) for any fixed ¢, because S(7 — 7, 7) contains a set of basic Stokes rays. Hence, for
any t € Uy(to) the solution Y'(z,t) is unique with the asymptotic behaviour (5.59) for z — oo in S, (%).

e [Uniformity in S, (U,(to))] Clearly, S,(U,(to)) D S(7 — 7, 7). Since S, (U,(to)) C S, (t) for any
t € Uy(to), the asymptotics (7.7) holds also in S, (U,(to)). Moreover, the asymptotics is uniform in
U,(ty) if z = oo in S(7 — 7, 7), by Theorem 5.3 and Corollary 5.2. We apply the same proof of the
Extension Lemma 6.2 as follows. Let 0 and 6 be the directions of the left and right boundary
rays of S, (U,(to)) (i.e. Su(U,(to)) = S(Or,0L)). Let S1 := S(¢, ), for Op + 7 < ¢ < ¢ < 0, and
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So = S(¢',4)') for Or < ¢’ < ' < O — 7. Let us consider S;. By construction, S; does not contain
Stokes rays of A(t) for any ¢t € U,(to), and so, by Theorem 5.3 now applied with a glto) S1, there
exists Y (2,t) ~ Yp(z,t), for z — oo in S1, uniformly in |t — to| < p1, for suitable p; > 0. Moreover,
Y(z,t) = Y(2,t)C(t), where C(t) is an invertible holomorphic matrix in |t — to| < min(p, p1). The
matrix entries satisfy e(%e(O)=wE)2C, (£) = G(2,)71G(2,t) ~ ap, a,b =1, ..., n, for |[t—to| < min(p, p1)
and 2 — 00, z € S(7 — m,7) N S1. Since N((uq(t) — up(t))z) does not change sign for ¢ in the cell
and z € Sy, then Y (2,t) ~ Yp(2,t) also for z € S(7 — 7, 7) U Sy, uniformly in |t — to| < min(p, p1).
The same arguments for Sy allow to conclude that Y (z,t) ~ Ygr(z,t) for 2 € S(7 — 7, 7) US; U Sy,
uniformly in [t — to| < min(p, p1,p2). Finally, from the proof given by Sibuya of Theorem 5.3 (cf.
[Sib62], especially from page 44 on) it follows that p; and py are greater or equal to p. The proof is
concluded. We denote Y (z,t) with Y, (z,t). O

DEFINITION 7.4 (Stokes matrices S,44,(t)). The Stokes matrix S, x,(t), k € Z, is defined for
t € U,(to) of Proposition 7.2 by,

Yy+(k+1)“(z, t) = Yv+ku(zv t)Sl,_._ku(t), z €R,
where the Y, 1, (2,t) and Y, (441),(2,t) are as in Proposition 7.2.

Sy 4ku(t) is holomorphic in t € U, (to), because so are Y,y (x11),(2,1) and Y, 5, (2, 1).

7.5. Analytic Continuation of Y, (z,¢) on a Cell preserving the Asymptotics

ProposITION 7.3 (Continuation of Y, (z,t) preserving the asymptotics, along a curve in a cell).
Let Assumption 5.1 hold for the system (5.1). The fundamental solution Y,(z,t) of Proposition 7.2
holomorphic in t € U,(to) admits t-analytic continuation along any curve contained in the T-cell of to,
and maintains its asymptotics (7.7) for z — oo, z € S,(t), for any t belonging to a neighbourhood of
the curve. The asymptotics is uniform in a closed tubular neighbourhood U of the curve for z — oo
in (any proper subsector of) S, (U).

Proof: Let Y, (z,t), t € U,(ty) be as in Proposition 7.2. Join g to a point ¢4, belonging to the 7-cell
of to and not belonging to U,(to), by a curve whose support is contained in the 7-cell. Let t; € 0U,(to)
be the intersection point with the curve. Theorem 5.3 and its Corollary 5.2 can be applied at t;, with

sector S((ytl) = S,(t1), by definition. By Proposition 7.2, there exists a unique fundamental solution,

which we temporarily denote Y,,(l)(z,t), with asymptotics (7.7) for z = o0, z € S,(t), t € U, (t1).
Here p; is possibly restricted so that U, (t1) is contained in the cell. The asymptotics is uniform
in U, (t1) for z — oo in S, (U,, (t1)). Now, when t € U,(ty) NU,, (t1), both Y, (z,t) and Y,,(l)(z,t)
are defined, with the same asymptotic behaviour (7.7) for z — oo, z € S, (U,(t0)) N Sy (U, (t1)),
uniform in t € U,(ty) NU,, (t1). Moreover, S, (U,(to)) NS, (Uy, (t1)) has central opening angle strictly
greater than 7 because both U,(tg) and U,, (t1) are contained in the cell. By uniqueness it follows
that Y, (z,t) = Y,,(l)(z, t) for t € U,(to) NU,, (t1). This gives the t-analytic continuation of Y, (z,t) on
U, (to)UU,, (t1). The procedure can be repeated for a sequence of neighbourhoods U,,, (t,,), n = 1,2, 3, ...
(tn is point of intersection of the curve with U, ,(t,—1)). Consider U := U, U,, (tn). If tfina is an
internal point of € U, the proof is completed and U,, (t,) is a finite sequence. If not, the point ¢,
of intersection of QU with the curve either precedes tf;nq1, Or tx = tfina € OU. Since t, belongs to
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the cell, Proposition 7.2 can be applied. The sector Sgi*), o« € Z, prescribed by Theorem 5.3 and
Corollary 5.2 coincides with S, (t.), by definition. Therefore, the analytic continuation is feasible in a
Uy (t4), as in the construction above. We can add U, (t,) to U. In this way, tfinq is always reached
by a finite sequence, and U is compact. By construction, the asymptotics is uniform in any compact
subset K C U, including also K = U, for z — o0, z € S,(K). O

COROLLARY 7.2. (Analytic continuation of Y,(z,t) preserving the asymptotics on the
whole cell — case of eigenvalues (1.25)). Let Assumption 5.1 hold for the system (5.1). If the
eigenvalues of A(t) are linear in t as in (1.25) then Y, (z,t) of Proposition 7.2 is holomorphic on the
whole T-cell, with asymptotics (7.7) for z — oo in S, (t), for any t in the cell. For any compact subset
K of the cell, the asymptotics (7.7) for z — oo, z € S, (K), is uniform int € K.

Proof: If the eigenvalues of A(t) are linear in ¢ as in (1.25), then any 7-cell is simply connected (see
Corollary 7.1). Hence, the continuation of Y, (z,t) is independent of the curve. [J

e Notation: If ¢ is the 7-cell of Corollary 7.2, the following notation will be used

Yu(z,t) =Y, (2,67, c), teec. (7.8)

7.5.1. Analytic continuation of Y, (z,t;7,c) preserving the asymptotics beyond dc. Let
the eigenvalues of A(t) be linear in ¢ as in (1.25). The analytic continuation of Corollary 7.2 and the
asymptotics (7.7) can be extended to values of ¢ a little bit outside the cell. This is achieved by a
small variation 7 +— T £ ¢, for € > 0 sufficiently small.

Recall that the Stokes rays in R associated with the pair (uq(t),us(t)) and (up(t), uq(t)), a # b,
have respectively directions

argz = 3% —arg,(uq(t) —up(t)) +2N7 and argz = 3% —arg, (up(t) — ua(t)) + 2N, N € Z.

Thus, their projections onto C are the following opposite rays
PRuy(t) :={2 € C | z = —ip(uq(t) — up(t))}, PRy, (t) := {2 € C| 2z = —ip(up(t) —uq(t))}. (7.9)

For t ¢ W(T), a ray PRy(t) lies either in the half plane to the left or to the right of the oriented
admissible line [(T). For ¢ ¢ W(T), the finite set of projected rays is the union of the two disjoint
subsets of (projected) rays to the left and to the right of [(7) respectively. Now, for ¢ varying inside
a cell ¢, the projected rays never cross [(7). On the other hand, if ¢t and ¢’ belong to different cells ¢
and ¢/, then the two subsets of rays to the right and the left of [(7) which are associated with ¢ do not
coincide with the two subsets associated with ¢'. These simple considerations imply the following:

PROPOSITION 7.4. A T-cell is uniquely characterised by the subset of projected rays which lie to
the left of I(T).

DEFINITION 7.5. A point ¢, € Hg\A is simple if t, & Ha, N Hyy for any (a/,b') # (a,b).

If t varies along a curve crossing the boundary dc of a cell ¢ at a simple point belonging to flab\A,
for some a # b, the ray PRy (t) crosses either I (T) or {_(7), while PRy,(t) crosses either [_(7) or
[4(T). Since only PR(t) and PRy, (t) have crossed [(T), then by Proposition 7.4 there is only one
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PR;

PR,
Cc
c PR
> 2 2
I(T) -
I(1)
PR,
FIGURE 7.3. Configuration of FIGURE 74 Configuration of rays
rays corresponding to the cell corresponding to the cell ¢y of fig-
¢ of figures 7.10 and 7.11. ures 7.10 and 7.11.
PR
Cq 2
¢
I(t) .
PR, I(v)
PR, PR,
Ficure 7.5. Configuration of FIGURE 7.6. Configuration of
rays corresponding to the cell rays corresponding to the cell
c3 of figures 7.10 and 7.11. ¢ of figures 7.10 and 7.11.

neighbouring cell ¢’ sharing the boundary Hy, with ¢. On the other hand, if the curve crosses Oc\A
at a non simple point, then two or more rays simultaneously cross I (7) (and the opposite ones cross
I_(7)). For example, if the crossing occurs at (Hg, N Hyy)\A then there are three cells, call them
c1, co2, c3, sharing common boundary (E[ab N E[a/b/)\A with ¢. Looking at the configuration of Stokes
rays as in the figures 7.3, 7.4, 7.5, 7.6, we conclude that out of the three cells ¢i, ¢, c3, there is one,
say it is ¢1, such that the transition from ¢ to ¢; occurs with a double crossing of Stokes rays (figure
7.6), namely at a non-simple point; while for the remaining co and c3 the transition occurs at simple
points. In figures 7.3, 7.4, 7.5, 7.6, PR; stands for PR, (t) (or PRy, (t)) and PRa stands for PRy (t)
(or PRy (t)). The transition between figure 7.3 and 7.6 is between ¢ and ¢; of figure 7.10, through

non simple points of (ﬁab N Hyp )\A.

REMARK 7.6. Recall that for any a # b, Hyp NA # (). Therefore, when we discuss analytic
continuation, this requires crossing of “hyperplanes" Hg,\A.

PROPOSITION 7.5 (Continuation slightly beyond the cell, preserving asymptotics). Let the assump-
tions of Corollary 7.2 hold. Let ¢ and ¢ be T-cells such that dcNOc # (0. If deNOAC does not coincide
with the multiple intersection of two or more Hyp s, then Y, (z,t;7,c) has analytic continuation, with
asymptotics (7.7) in S,(t), for t slightly beyond Oc\A into ¢’. The asymptotics for z — oo in S,(K)
is uniform in any compact subset K of the extended cell. Equivalently, Y, (z,t;7,c) can be analytically
continued along any curve crossing dc\A at a simple point and ending slightly beyond Oc\A in the
neighbouring cell .

Proof: Let U be an open connected subset of the 7-cell ¢, such that U is contained in c¢. There exists
a small ¥ = 9(U) > 0 such that for any ¢ € U the projected Stokes rays of A(t) lie outside the two
closed sectors containing [(7) and bounded by I(7 + ) and I(7 — ), as in figure 7.7. Let € € [0,9]. All
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Stokes rays

Stokes rays

FI1GURE 7.7. The two closed sectors of amplitude 219, not containing Stokes rays when
teU.

lines [(7 + ¢) are admissible for the Stokes rays, when t € U. Consider the subset of projected Stokes
rays to the left of I(7). It uniquely identifies (cf. Proposition 7.4) the (7 + ¢)-cell and the (7 — €)-cell
obtained by deforming the boundaries of ¢ when 7 +— 7 + ¢ and 7 — 7 — € respectively (recall that
Ly in (7.3) depends on 77 = 37/2 — 7). Call these cells ¢ and c¢_.. By construction

U CcNecye, e € 0,9,
Yo(z,t;7,¢) =Y, (2, ;T £ e,cee), teU.

The last equality follows from the definition of Y, its uniqueness and Corollary 7.2. Indeed, the
analytic continuation explained in the proof of Proposition 7.3 can be repeated for the function
Y, (2,t;7 + €,csc) initially defined in a neighbourhood of t; contained in U, but with cell parti-
tion determined by T £ . Moreover, by uniqueness of solutions with asymptotics, it follows that
Yiu(z,t;7,¢) = Y, (2,t;7 £ &,cuc) for t € U. Therefore, Y, (z,t;7,c) has analytic continuation to c4..
Now,

¢4e N { union of cells sharing boundary with ¢ } # 0.

Then, the analytic continuation of Y, (z,¢; 7, ¢) obtained above is actually defined in a ¢t-domain bigger
than ¢. We characterise this domain, showing that it intersect any cell ¢ which is a neighbour of ¢,
and such that dc N A does not coincide with the multiple intersection of two or more hyperplanes.
Thus, we need to show that ci. N # 0. Notice that dc N ¢’ = H,y, for suitable a,b. Then, suppose
without loss of generality that PR,;(t) crosses [ (T) clockwise when t crosses ﬁab\A moving along a
curve from ¢ to ¢. An example of this crossing is the transition from figure 7.3 to figure 7.5, with the
identification ¢’ = c3 of Figure 7.10, and PRy = PRy,. Then, for the small deformation 7 — 7 — ¢ the
above discussion applies. Namely, c_. N ¢ # (). See figures 7.8 and 7.9. [

If OcN ¢ = Hyy N Hyy for some (a/,b') # (a,b), there is multiple crossing of (7). The proof does
not work if the crossing corresponds to a transition such as that from figure 7.3 to figure 7.6, with
the identification ¢ = ¢;. Since PRy and PRy cross simultaneously 14 (7) from opposite sides, any
deformation 7 — 7T +¢ produces a cell ¢4, which does not intersect ¢1. In other words, the deformation
prevents points of ci. from getting close to Hg, N Hyyy. The schematic figure 7.10 shows the 4 cells
corresponding to the figures from 7.3 to 7.6. It is shown that Y, (z,t;7,c) can be continued slightly
inside ¢y and ¢z, but not inside ¢ = ¢;. It is worth noticing that both Y, (z,¢; 7, c2) and Y, (2,t; 7, c3)
can be continued beyond H,, N Hyy. See figure 7.11 for Y, (z,t; 7, c3).
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R0 Re)
> K(T
R(7) Rayp®)
R(—¢)

continuation of Yy (z,t;7.c)

Yy (ztm.0) FIGURE 7.9. Analytic continuation

of Y, (z,¢;7,c) for t in the neigh-
bouring cell ¢ just after the crossing
of Oc\A, namely just after Ru(t)
has crossed R(T). The sector where
Y, (z,t;7,c) has the canonical as-
ymptotic behaviour is represented.

FIGURE 7.8. Y,(z,t;7,c) for
t € ¢ The sector where
Y, (z,t;7,c) has the canonical
asymptotic behaviour is repre-
sented.

REMARK 7.7. If the eigenvalues are linear in ¢ as in (1.25), the results of this section assures that
the fundamental solutions Y, x,(z,t;7,c)’s are holomorphic in a 7-cell ¢ and a little beyond, that
they maintain the asymptotic behaviour, and then the corresponding Stokes matrices S, 4, (t)’s are
defined and holomorphic in the whole 7-cell ¢ and a little bit beyond.

7.6. Fundamental Solutions Y, (z,t) and Stokes Matrices S,(¢) holomorphic at A

If the fundamental solutions Y, 1, (z,t;7,¢)’s of (5.1) (with Assumption 5.1) have analytic con-
tinuation to the whole U, (0), in this section we give sufficient conditions such that the continuations
are c-indendent solutions Y, ;4,(z,t)’s, which maintain the asymptotic behaviour in large sectors S,
defined below, so that the Stokes matrices S, 1, (t) are well defined in the whole U, (0). Moreover,
we show that Y, 1,(2,0) = f’,,.s_ku(z) and S,44,(0) = §V+;w, where }O/l,_Hw(z), gu—&-ku have been defined
in Section 6.1 for the system at fixed t = 0.

7.6.1. Restriction of ¢). So far, ¢y has been taken so small that A;(t) and A;(t), 1 <i# j <s,
have no common eigenvalues for t € U (0). If A = A(0) has at least two distinct eigenvalues, we
consider a further restriction of €. Let 7 = 37/2 — 7 be the admissible direction associated with the
direction 7 of the admissible ray R(7). Let dp be a small positive number such that

dp < in  d;; 7.10

O (7.10)

where 0;; is 1/2 of the distance between two parallel lines of angular direction 77 in the A-plane, one
passing through A; and one through A;; namely

1 -
5ij == 5mm{ Xi— A+ pe| | pe R}, i£§=1,2,..5 (7.11)
Clearly, 6y depends on the choice of 7 (see also Remark 7.9). Let B()\;;dp) be the closed ball in C with
center \; and radius dy. Then, we choose €y so small that the eigenvalues u1(t), ..., u,(t) for t € U, (0)
satisfy

(W1 (t), ooy un()) € B3 80)P1 x -+ x B(As; 60) 7P,
As t varies in U, (0) above, the Stokes rays continuously move, but the directions of the rays associated

with a u, € B()\i;d0) and a up € B(\j;00), i # j, never cross the values 7 and 7 — 7 (mod 27), so that
the projected rays PRy (t) and PRy, (t) never cross the admissible line [(7). It follows that
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Co
c H_ 1/
a b C2
Hab
Cs ¢ _
! Hy,

Ha/ b

FIGURE 7.10. The cells
of complex dimension :
n (real dimension 2n) A / :
are schematically and
improperly depicted in FIiGUrRE 7.11. Analytic con-

real dimension 2. Bound-
aries H,, and H,p are
represented as lines, their
intersection as a point
(understanding that it is
not in A). The domain of
the analytic continuation
of Y,(z,t;7,¢) beyond
the boundary of c¢ is
the dashed region. The
analytic continuation
does mnot go beyond
f[ab N fIa/b/, because the
transition from figure 7.3
to figure 7.6 is obtained
by a simultaneous cross-
ing of I(7) by PR; and
PRy from opposite sides
of I(T).

tinuation of Y,(z,¢;7,c3) be-
yond the boundary of ¢. The
continuation goes up to the 3
neighbouring cells. This cor-
responds to the fact that the
three transitions form figure
7.5 to figures 7.3 and 7.6 oc-
cur when PR; and PRy re-
spectively cross [(7), while the
transition from figure 7.5 to
figure 7.4 occurs when PR
and PRy simultaneously cross
[(T), coming from the same
side of I(T) (moving in anti-
clockwise sense).

the cell decomposition only depends on the Stokes rays associated with couples (uq(t), up(t)) such that
Ug(0) = up(0) =N, i =1, .., 8.

For eigenvalues linear in t as in (1.25), we can take eg = dp and
U, (0) = B(0;80) P x -+ x B(0;68) P, €0 = 0. (7.12)
REMARK 7.8. If t moves from one 7-cell to another, the only Stokes rays which may cross admissible

rays R(T+kn), k € Z, are those associated with pairs u,(t), up(t) with ue(0) = up(0) = N, i =1, ..., 8.
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FIGURE 7.12. In the left figure ¢t = 0 and the sector S, is represented. The explanation
is as for the left part of Figure 7.1. In the right figure, ¢ # 0. Represented are only
the rays associated with couples uq(t), up(t) with u,(0) = X;, up(0) = A, for ¢ # j,
together with the sector S, (t).

Therefore, the boundaries of the cells are only the f[ab’s such that u,(0) = up(0). In this case,
Lap(x0,¥0) = 0, so that

W= {(RE, ) € R | Loy(Re, St) = 0}
Remark 7.4 follows from the above observations.

7.6.2. The Sectors S,(t) and S,. Let A(t) be of the form (1.17) with eigenvalues (1.25). Let
€0 = 0p be as in subsection 7.6.1. We define a subset JR(t) of the set of Stokes rays of A(t) as follows:
PM(t) contains only those Stokes rays {z € R | R(z(uq(t) — up(t))) = 0} which are associated with
pairs uq(t), up(t) satisfying the condition u4(0) # up(0) (namely, uq(0) = i, up(0) = Aj, 7 # j; see
(5.50)-(5.53)). The reader may visualise the rays in 2R(¢) as being originated by the splitting of Stokes
rays of A(0). See figure 7.12.

MR(t) has the following important property: if ¢ varies in U, (0), the rays in 2(¢) continuously
move, but since €y = Jp, they never cross any admissible ray R(T + kn), k € Z.

DEFINITION 7.6 (Sectors §V+;W(t)). We define §V+ku(t) to be the unique sector containing S(7 —
7+ km, T + km) and extending up to the nearest Stokes rays in R(t), t € U, (0).

Any ‘SA',,Jr;W(t) contains a set of basic Stokes rays of R. Moreover,
R(7) € S,(t) N Syin(t) C ST, Tws1),

and R R
Su(t) € Su(t), S,(0)=S,.
In case A(0) = A1, then S, () is unbounded, namely it coincides with R.

DEFINITION 7.7 (Sectors S, (K)). For any compact K C U, (0) we define

S/K) = () S.(b).
teK

If Ki C Ko, then S,(K3) C S, (K1). For any K1, Ky, we have S, (K| U K3) = 5,(K1) NS, (K3).
DEFINITION 7.8 (Sectors S,). If K = U,,(0), we define
S, =8, (Us,(0)).
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Since €y = do, S, has angular opening greater than = and
S, c8,(0)=S,,
R(7)C 8, N8, C STy, Tui1)

REMARK 7.9. Notice that 7 € (7,,7,41) determines dy through (7.11) and (7.10). Let 7/ €
(Ty, Tv4+1) and let &) be obtained through (7.11) and (7.10). Let ¢g = min{dp,d}}. We temporarily
denote by 31,[7'] the sector 3,, of Definition 7.8 obtained starting from 7. Then for the above ¢y we
have
S, =S, [7].

7.6.3. Fundamental group of U,(0)\A and generators. Let the eigenvalues of A(¢) be linear
intasin (1.25), 7, <7 < 7y41 and 7 =37/2 — 7.

The fundamental group 71 (Ue, (0)\A, tpase) is generated by loops vy, 1 < a # b < n, which
are homotopy classes of simple curves encircling the component {t € U, (0) | uq(t) = up(t)} of A.
The choice of the base point is free, because U, (0)\A is path-wise connected, since A is a braid
arrangement in U, (0) and the hyperplanes are complez.

For €p = d¢ of Section 7.6.1, Stokes rays in 9i(¢) never cross the admissible rays R(T + kn), k € Z,
when t goes along any loop in U, (0) (see Remark 7.8). Therefore, as far as the analytic continuation
of Y, (z,t) is concerned, it is enough to consider wu,(t) and wuy(t) coming from the unfolding of an
eigenvalue \; of A(0) (see the beginning of Section 7.1), namely

Ua(t) = N +ta,  wp(t) = i + by (7.13)

If we represent ¢, and ¢} in the same complex plane, so that t,—t; is a complex number, a representative
of 744, which we also denote 7, with abuse of notation, is represented by the following loop around
to —tp =0,

to —ty —> (tq — tp)e?™. (7.14)
|ta — tp] will be taken small. The Stokes rays associated with u,(t) and u(t) have directions
3 3
% —arg(ty, —tp) mod(27), g —arg(t, — t,) mod(27). (7.15)

The projection of these rays onto C are the two opposite rays PR, (t) and PRy, (t), as in (7.9) . Along
the loop (7.14), each of these rays rotate clockwise and crosses the line [(7) twice (recall Definition
6.2), once passing over the positive half line and once over the negative half line, returning to the
initial position at the end of the loop. Hence, the support of v, is contained in at least two cells, but
generally in more than two, as follows.

e There exists a representative contained in only two cells if only PR (t) and its opposite P Ry, (t)
cross [(7), each twice. For example, in figure 7.13 the ball B()\;; o) is represented with the loop (7.14).
The dots represent other points u.(t) € B(\i;€), 7 # a,b. PRgy(t) and PRy, (t) cross [(T) when (1)
and up(t) are aligned with the admissible direction 77. Along the loop, no other u, aligns with w,(t)
and up(t).

e In general, other (projected) rays cross [(7) along any possible representative of v,,. For example,
the representative of (7.14) in figure 7.14 is contained in three cells. Indeed, also PR, (t) and PR (t)
cross [(T) when uq and u, get aligned with 7. Alignment corresponds to the passage from one cell to
another.

7.6.4. Holomorphic conditions such that Y,(z,t) — Y,(z) and S,(t) — S, for ¢t — 0,
in case of linear eigenvalues (1.25). The following theorem is one of the central results of the
Chapter, and it will be used to prove Theorem 1.6.
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FIGURE 7.13. Loop 74 represented in B()\;; €g). The dashed oriented line is the direc-
tion 77. Along the loop, u, and u; get aligned with 77 twice, in the second and fourth
figures. The second figure corresponds to the passage from one initial cell ¢ to a neigh-
bouring cell ¢ (while PRy, crosses clockwise a half line of I(7)) and the fourth figure
to the return to ¢ (while PRy, crosses clockwise the opposite half line of [(7)). Other
dots represent other eigenvalues u(t) in B(\;;€p).

FIGURE 7.14. Loop 74 represented in B()\;;€p). The dashed oriented line is the di-
rection 7). In the first figure, u, moves close to up. Along the way it gets aligned with
uy. At this alignment, PR,, crosses clockwise a half line of I(7) and t passes from
the initial cell ¢ to a cell ¢. The second figure is figure 7.13. Here ¢ passes from ¢’ to
another cell ¢’ and then back to ¢. In the third figure, u, moves to the initial position.
Along the way it gets aligned with ., PR, crosses anti-clockwise the same half line
of I(T) and t returns to the cell ¢. In this example, 7,5 has support contained in three
cells.

THEOREM 7.1. Consider the system (5.1) and let Assumption 5.1 hold, so that (5.1) is holomorphi-
cally equivalent to the system (6.1). Let A(t) be of the form (1.17), with eigenvalues (1.25) and ey = do
as in subsection 7.6.1. Let T be the direction of an admissible ray R(T), satisfying 7, < T < Ty41.
Suppose that:

1) For every integer j > 1, the F}(t)’s are holomorphic in Ue,(0) (so necessary and sufficient
conditions of Proposition 5.3 hold);

2) For any T-cell ¢ of Ue,(0) and any k € Z, the fundamental solution Y, 1,(2,t;7,c) has ana-
lytic continuation as a single-valued holomorphic function on the whole U, (0). Denote the analytic
continuation with the same symbol Y, 41, (2,17, ¢), t € Uey(0).

Then:
e For any T-cells ¢ and ¢,

Yotku(z,t; 7,¢) = Yogku(z, 6 7,), t € Ue,y (0).

Therefore, we can simply write Y, 41, (2,4;7).
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o Let Gyinu(z,t;7) i= Go(t) Yo phu(z, t;7)2 B1We A2 For any e < ¢o the following asymp-
totic expansion holds:

(e}
Guiku(2,67T) ~ T+ Z Fi(t)z*, z—=00, 2ZE€S,4ku, tEUL(D). (7.16)
k=0

The asymptotic expansion is uniform in t in U, (0) and uniform in z in any closed subsector of 3,,+;W.

o For any t € Ue,(0), the diagonal blocks of any Stokes matriz S, 1, (t) are the identity matrices
Iy, Ip,, ..., 1p,. Namely

(Sutkp)ab(t) = (Svtrp)ba(t) =0  whenever uq(0) = up(0).

REMARK 7.10 (Continuation of Remark 7.9). Since Y, 14, (2,t; 7, ¢) = Yoqpu(2, 4 7,¢) = Yiquu(z, t; 7),
only the choice of 7 is relevant. If 7 and 7 are as in Remark 7.9 , then
YV—HCM(Za t; 7’:) = Yl/—i—ku(za t; 7~J)a
because the rays in R(t), t € U (0), neither cross the admissible rays R(7 + mm) nor the rays
R(7" 4+ mn), m € Z. In other words, Y, 4x,(z,t;7) depends on 7 only through €. Hence, we can

restore the notation
Yo ru(2,1), t € U, (0).

COROLLARY 7.3. Let the assumptions of Theorem 7.1 hold. Let }O/,,Jr;w(z), k € 7Z, denote the
unique fundamental solution (6.7) of the form (5.44), namely
}E}V-é—ku(z) = gu-i-ku(z)zBl(O)@Aza

with the asymptotics (5.45)

)
gl/-f—k#(z) ~ T+ ZF]'Z_J7 Z— 00, z€& Sl/-l—k#?
=1

corresponding to the particular choice F i = F;(0), j > 1. Then,

J
gu—Hw ( ) l/-l—ku( )
u+ku( ) 1/+ku ( )

Proof: Observe that Y, 1,(2,0) is defined at t = 0. Now, S, C S, and both sectors have central
opening angle greater than 7. Hence, the solution with given asymptotics in S, is unique, namely

Gu(2) =Gu(2,0). O

COROLLARY 7.4. Let the assumptions of Theorem 7.1 hold. Let S,(t), Sy1,(t) be a complete set of
Stokes matrices associated with fundamental solutions Y, (2,t), Y,4.(2,t), Yi4ou(2,t), with canonical
asymptotics, for t in a T-cell of Ue,(0 ), in sectors S, (t), Sy4u(t) and Syyo,(t) respectively, which by
Theorem 7.1 extend to Sl,, Sy.'.'u and S,,+2“ respectively for t € Ue, (0). Then there exist

%%S,,( )= Su, %E%SV-&-M( )= Su-i—;m
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where S,, §V+M is a complete set of Stokes matrices for the system at t = 0, referred to three fun-
damental solutions Y, r,(2), k = 0,1,2, of Corollary 7.8 having asymptotics in sectors Syqy,, with
Fy = F;(0), j > 1.

Proof: The analyticity of Y, 1, (2,t) in assumption 2) of Theorem 7.1 implies that the Stokes matrices
are holomorphic in U, (0). Hence, for k = 1,2, there exists

o o

SV—!—"CM(O) = %1_{% (Yu-i—(k—I—l)u(Zv t)_lylf-i-ku(za t)) = ?u—&—(k—f—l)u(z)_lyu—s—ku(z) = SI/-Hw- O
7.6.5. Proof of Theorem 7.1.

LEMMA 7.2. Let Assumption 5.1 hold for the system (5.1). Let the eigenvalues of A(t) be linear
int as in (1.25). Suppose that Y, (z,t;7,c) has t-analytic continuation on Ue,(0)\A, with eg = do as
in subsection 7.6.1. Temporarily call Y (2,t;7,¢) the continuation. Also suppose that

Ylfont(z, t; 7, c)’ =Y, (2, t;7,c).
tec

Then:
a) Any Y, (z,t;7,¢) has analytic continuation on U, (0)\A, coinciding with Y, (z,¢;7,c). Due
to the independence of ¢, we denote this continuation by

Yy (2,4 7).
b) G, (z,t;7) == Go(t) 1Y, (2,1, 7) 2~ B12e=AD2 has asymptotic expansion

G2, 7)) ~ I+ Y Fu(t)z ™", 200, 2€8,(t), t€U,(0)\A.
k=0

The asymptotics for z — oo in gy(K) is uniform on any compact subset K € U, (0)\A.

Proof of Lemma 7.2: a) is obvious. We prove b), dividing the proof into two parts.

Part 1 (in steps). Chosen an arbitrary cell ¢ (all cells are equivalent, by a)) and any £ € ¢, we
prove that the sector where Y, (z,#; 7) has canonical asymptotics can be extended from S, (f) to S, (f).
For clarity in the discussion below, let us still write Y, (z,%;7, ¢).

Step 1. At £, consider the Stokes rays in S, (£)\S(7 — 7,7) associated with the unfolding of the
A\i’s. Those with direction greater than 7 will be labelled in anticlockwise sense as Ry (), Ra({), ..., etc.
Those with direction smaller than 7 —7 will be labelled in clockwise sense R} (f), R5(f), etc. Therefore,
R1(f) is the closest to the admissible ray R(7), while R} (f) is the closest to R(7 — ). (Warning about
the notation: The dependence on t is indicated in Stokes rays Ri, R etc, while for the admissible ray
R(7), 7 is the direction as in Definition 6.2). See figure 7.15.

Let ¢ vary from f into a neighbouring cell ¢, in such a way that R;(t) approaches and crosses R(7)
clockwise. By Proposition 7.5, Y, (2, t;7,c) is well defined with canonical asymptotics on a sector
having left boundary ray equal to Ry(t), for values of t € ¢; just after the crossing.?

By assumption, Y, (z,t;7,¢) = Y,(2,t;7,c1). For t € c; just after the crossing, Y, (z,t;7,c1)
has canonical asymptotics in S, (t), which now has left boundary ray equal to Ra(t). See Figures 7.16
e 7.17. This implies that Y, (z,¢;7,c) has canonical asymptotics extended up to Ry(t), t € c¢1 as
above. See Figure 7.18.

2As long as Ry (t) does not reach another Stokes ray
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Let t go back along the same path, so that Ry(t) crosses R(7) anticlockwise. Proposition 7.5 now
can be applied to Y, (z,t;7,c1) for this crossing.® Hence, Y, (z,t;7,c;) has analytic continuation for ¢
before the crossing, certainly up to £ (because R (t) does not cross Ra(t)), with canonical asymptotics
in a sector having Ry(f) as left boundary. See Figure 7.19. Again, by assumption, we have that
Y, (2,67, ¢) = Y (2,1, 7, c1). Hence, Y, (2,t;7,c) has canonical asymptotics extended up to the ray
Ro(f). See Figure 7.20. In conclusion, R;(t) has been erased.

Step 2. We repeat the arguments analogous to those of Step 1 in order to erase Ra(t). Let ¢ vary
in such a way that R;(t), which is now a “virtual ray”, crosses R(7T) clockwise, as in step 1. After the
crossing, t € c¢1 and Y, (z,t;7,¢c) = Y, (2,t;7,c1). Then, let ¢ vary in such a way that also Ry(t)
crosses R(T) clockwise. See Figures 7.21, 7.22. Just after the crossing, ¢ belongs to another cell ¢y
(clearly, c2 # c and c¢1; see Proposition 7.4).

The same discussion done at Step 1 for Y, (z,t;7,c) is repeated now for Y, (z,¢;7,c1). Indeed,
Yot (2,47, ¢1) = Y, (2,t;7,¢2), for t € co just after Ry(t) has crossed R(7). The conclusion, as
before, is that Y.< (2,¢;7,¢1) has canonical asymptotics extended up to R3(t) for t € ¢;. See Figure
7.23.

Now, let ¢ go back along the same path up to £. Also the virtual ray R;(t) comes to the initial
position, and Y, (z,%;7,¢) = Y. (2,1, 7, ¢1) = Y. (2,1; 7, c2), with canonical asymptotics extended
up to R3(f). See figure 7.24.

Step 3. The discussion above can be repeated for all Stokes rays R1, Ra, R3 , etc.

Step 4. Observe that the right boundary ray R of the sector where Y, (z,t; 7, ¢) has asymptotics
is not affected by the above construction. Once the left boundary rays R;, Ro,... have been erased,
the same discussion must be repeated considering crossings of the admissible ray R(7 — ) by the rays

|, Rb, etc, as in figure 7.25.

In conclusion, all rays Ry, Ry, ..., R}, R}, ... from unfolding lying in S, (£)\S(7 — =, 7) are erased.
Hence Y, (2,1;7,¢) = Y, (z,1;7) has canonical asymptotics extended up to the closest Stokes rays in
R({) outside S(7 — 7,7), namely the asymptotics holds in S, ().

The above discussion can be repeated also if one of more rays among R;, R, etc. is double (i.e. it
corresponds to three eigenvalues) at £, because as ¢ varies the rays unfold. Thus, the above discussion
holds for any £ € ¢ and any c. Therefore, Y, (z,t;7) has asymptotics in gy(t) for any t belonging to

the union of the cells.*

We observe that a ray Ri(t), Ra(t), etc, crosses R(7) for ¢ equal to a simple point ¢, (see Definition
7.5). The above proof allows to conclude that Y, (z,t.;7) has asymptotics in S, (t.) also when £ = t,.

Part 2: Points { internal to cells and simple points have been considered. It remains to discuss
non simple points t, € (ﬁalbl N Hypy N--- N ﬁa,,bl)\A, for some [ > 2. Consider all the Stokes rays
associated with either one of (uq,, (t), up, (t)) or (up,, (t),uq,, (t)), m =1,...,1, and lying in S(7,7 + ).
There exists a cell ¢, among the cells having boundary sharing the above intersection, such that these
rays cross R(T) clockwise and simultaneously at t., when ¢ approaches ¢, from c. Call these rays
Rap, (1), Ra,p, (1), etc. See figures 7.26, 7.27, 7.28.

Let t start from £ € ¢ and vary, reaching t, and penetrating into a neighbouring cell ¢ through
(IA—I/'alb1 N ﬁmbz N---N I;Tal’bl)\A. At t, the above Stokes rays cross R(T) clockwise and simultaneously,
from the same side. Hence Y™ (z,t;7,c) has analytic continuation into ¢’ (here the situation is

3In the proof, deform 7 — 7 + ¢.
Namely, t € Ue, (0)\ (AU X (7)) = Uey (0)\ (U f]ab), a, b from unfolding.
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FIGURE 7.15. Rays in S,(t) which are going to be erased in the proof.

Ryt

Ry®) Ry(®)

Ry (®)

Rl(t) ) Yy (z,t;1,01)

. e R
R(t) Y, zt 10 R,®)
Y, @t t.0

FIGURE 7.17. Y™ (2,t;7,c)

FIGURE 7.16. Y,(z,t;7,¢) for and Y,(z,t;7,c1) just after

t € ¢, before Ri(t) crosses R1(t) has crossed R(7T). Por-

R(7). A portion of S, (t) is rep- tions of sectors where the

resented by an arc. asymptotics holds are repre-
sented.

similar to the continuation from c3 to ¢z in figure 7.11). After the crossing, ¢ € ¢’ and the same
discussion of Part 1 applies. Namely, Y, (z,t;7,¢c) = Y,(2,t;7,¢). The canonical asymptotics is
extended up to the nearest Stokes ray in S(7,7 + 7). Then,’ as in Proposition 7.5, Y, (z,t;7,¢) is
analytically continued for ¢ back to ¢, up to f. Therefore, the asymptotics of Y. (z,t;7, ¢c) gets
extended up to the above mentioned nearest Stokes ray in S(7,7 + 7). This fact holds also for ¢ = t,.
In this way, Ra,p, (t), Ra,p,(t), etc, get erased also at t.. Proceeding as in Part 1, we conclude that
Yy (2, te; 7) = Y% (2, t,: 7, ¢) has asymptotics in the sector S, ().
Uniformity follows from Corollary 7.2 and Proposition 7.5 applied to any Y, (z,¢;7,¢). O

REMARK 7.11. If A(0) = A11, then S, = R, so that the asymptotics extends to R.

Proof of Theorem 7.1: We do the proof for Y, ,(2,t;7,c). For any other Y, 4 4,, k € Z, the proof is the
same. We compute the analytic continuation of Y, 1, (2,;7,c) along loops Y4 in m1 (Uey (0)\A, tpase),
associated with wu,(¢) and up(¢) in (7.13). For these a,b, only one of the infinitely many rays of

5By a small deformation 7 — T + &.
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Ry(®)
Ry(®)

cont
Y, (zt;1.0)

< >
= Yco?t’t; c ) R(T)
R() J v B

Ry(t) L
FiGure 7.19. Continuation
FIGURE 7.18. Extension of Yort(z,t;7,¢1), t € c¢ before
sector for the asymptotics of the crossing. The sector of the
Yeont(z 4,7, c), t € cy. asymptotics is represented.
Ry®)
Ry(®)
Ry(®)
Ry(®)
Yzt 1.0 R(7) R(t)
R
FIGURE 729- The  sector FIGURE 7.21. The dashed
Where Y, (2, t; 7 c) has canon- “virtual ray” Rj(t) crosses
ical asymptotics has been R(7), when ¢ enters into ;.
extended up to Ra(t), t € c.
Ry(®)
Ryt
o Ry(®)
~
. R
R(t) Ry(®)
TRy Y, (ztt,¢)
R;(®)
FIGURE 7.23. Extension up to
FIGURE 7.22. Ry(t) crosses R3(t) of the sector for the
R(7) when t enters into ¢y asymptotics of Y, (z,t7,c1),

for t € ¢;.

directions (7.15) is contained in S(7,7 4 m) for t € c. We can suppose that this is the ray
3T
Rup(t) := {z ER ‘ argz = - — arg,,(ta — ty) + 2Nc7r} ,
(recall that arg,(uq(t) — up(t)) = arg,(t, — ty)) where N, is a suitable integer such that

3 ~
7'<g—argp(ta—tb)+2Nc7r<T+7r, teec.
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Ry4(t)
R
M - R(t-m) R
R(1) ) (t)
Wizt FiGure 7.25. The extension of
_ the sector for the asymptotics of
FIGURE 7.24. Extension up to Y, (2,t;7,c) must be done as above
Ry(t) of the sector for the also at R(7 — m), considering cross-
asymptotics of Y, (z,t; 7, ¢), for ings as in figure.
t€ec.
Rap(t)
i Rap(V
Rap, (1)
R(7)
FIGURE 7.26. t belongs to a cell ¢ whose boundary contains ﬁa1b1 N fIaQbQ n---nN
H,, 1, and such that the Stokes rays associated with these hyperplanes cross R(T)
simultaneously from the same side (¢ can be taken so that the crossing is clockwise).
Ra1 bi(t) = Ra2b2(t) fRa3b3(t) . -

.
: 4 R(’C)/
R(7) \ Ralb‘,(t)
= Ron(t)
Raglgg(t)
FIGURE 7.27.~Simulta~neous Cross-
i{lg for t € (Ha1b1 N Hagp, N -+ N FIGURE 7.28. After the simultane-
He,p)\A. ous crossing, t € c.
Riy(®)

FIGURE 7.29. If A(0) = M, the asymptotics extends to S(arg(Ry(f)) —
2, arg(R} (£)) + 27).

101
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other rays

other rays

Rap(t0)
Y R(v)
R (o) v Rpa(1) Rap(1)
/ R)
V4L
ray after Ry, (%) ray before R, (1)
ray after Ry, (t) ray before R,p(t)

Ficure 7.30. This and the

following pictures represent

the sheet S(7 — /2,7 + 37/2) Ficure 7.31. Crossing of
(this is the meaning of the R(7). Note that also the other
dashed vertical half-line). The rays can move, but never cross
Stokes rays at the starting the admissible ray R(T) or
point ¢y are represented. Y, R(T £ ).

is Yi4u(2,t;7,¢), while Y is
Yoiu(z, t;7,¢)
If it is not the above ray, then it is a ray with argz = 37“ — arg, (ty — ta) + 2N/ and suitable N/, so
that the proof holds in the same way. Rg;(t) rotates clockwise as t moves along the support of 4.
For the sake of this proof, if a ray R has angle § and R’ has angle 6 + 6, we agree to write
R' = R+ 0. Hence, let
Rba(t) = Rab(t) + 7.
See Figure 7.30.
Assume first that a,b are such that for ¢t € ¢ and |t, — ;| sufficiently small, then no projected
Stokes rays other than PRy, and PRy, cross [(T) when ¢ varies along 7, (the case discussed in figure
7.13). Cases when also other projected Stokes rays cross I(T), as for figure 7.14, will be discussed later.

Step 1) As base point consider ty € ¢, close to H,p, in such a way that Rap(to) € S(7,7 + m)
is close to R(7),% and it is the first ray in S(7,7 4+ ) encountered on moving anti-clockwise from
R(T). Yiu4u(2,t0; T, ¢) has the canonical asymptotics in S,4,(t9), which contains R(7). By definition,
Su4u(to) contains S(7,7 4+ m) and extends to the closest Stokes rays outside. These rays are:

a) [left ray] the ray Rpy(to)-

b) [right ray] the first ray encountered on moving clockwise from Ry (to), which we call “the ray
before” Rgp(to) ( see Figure 7.30). The name “before” means that this ray comes before Rg(to) in
the natural anti-clockwise orientation of angles). This ray is to the right of R(7).

Step 2) As ¢t moves along 74, Rap(t) moves clockwise and crosses R(7), while Rp,(t) crosses
R(T + m) (see Figure 7.31). The curve 7y, crosses flab\A and penetrates into another cell ¢/. As
in Proposition 7.5, just before the intersection of the curve with ﬁab\A, also Y4 (2,67, ¢) is well
defined with the same asymptotics as Y,,4,(2,t; 7, ¢), but in the sector bounded by Rgp(t), as right ray,
and the ray coming after Ry, (¢) in anti-clockwise sense, as left ray, which we call “the ray after” (see

6 Fin R(7) is the direction, while ¢ in R,5(t) is the dependence on ¢
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other rays
Yo other rays
( Rap(t)+27m Rpalt)
) R(t)
Y Rap(1)= RV ()42
ray before Rp,,(t) /R( )
~ T
ray after Ryp(1)+27 Y= Yv+u
FIGURE  7.32. Second
crossing. Yoy, s ray before R, (1)
You(z, t;7,¢) and

Y is Y 1u(2,t;7,¢). The
other rays represented
are moving, without
crossing R(T) or R(T=£m).

FI1GURE 7.33. After the loop vup

Figures 7.30 and 7.31). A connection matrix KI%(¢) (called Stokes factor) connects Y1, (2, t;7,c)
and Y, 4, (2,67, ¢) ,
Yyiu(z, t;7,¢) = Youu(2,t; 7, ¢) KA (1), (7.17)

K2 (t) is holomorphic on U, (0), because the fundamental solutions are holomorphic by assumption 2).
Again by the proof of Proposition 7.5, just after the crossing, Y,4,(z,t; 7, ¢) maintains its asymptotics
between the ray before R,;(t), which has possibly only slightly moved, and Rpe(t). Both Y, 4, (z,t;7,¢)
and Y,4,(2,¢;7,¢') have the same asymptotics in successive sectors, and in particular they have the
same asymptotics on the sector having right ray R, and left ray Rp,. Since R[(uq — up)z] > 0 on this
sector, it follows from (7.17) that for ¢ in a small open neighbourhood of the intersection point of the
curve with Hg\A, the structure of KI%(¢) must be as follows

(Klebhy;; =1, 1<i<m (K[ab})ij =0 V i#jexceptfori=»bj=a.

The entry (K[®),,(t) may possibly be different from zero. Since K%)(#) is holomorphic on U, (0), the
above structure holds for every t € U, (0).

Step 3) As ¢t moves along .5, Rap(t) continues to rotate clockwise. It will cross other Stokes rays
along the way, but Y,1,(z,t;7,¢) will maintain its canonical asymptotics in S,4,(t), because t € ¢/,
until Ry (t) reaches R(T — ).

Step 4) Just before Rg(t) crosses R(T — 7), Sy4u(t) has left ray equal to Rgy(t) + 27 and the
right ray is the ray before Ryq(t). Again by Proposition 7.5, Y,4,(z,t;7,c) is defined with canonical
asymptotics in the sector following S, ,(t) anticlockwise (see Figure 7.32). There is a Stokes factor
K9l (¢) such that,

Yoiu(z, 67, ¢) = Yo u(z, 67, ¢) Klad (). (7.18)
The above relation and the common asymptotic behaviour imply that for ¢ in a neighbourhood of the
crossing point the structure must be

(Kleth; =1, 1<i<mn; (K9, =0 Vi +# j except for i =a,j = b.
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The entry (]K)([I%b] (t) may be possibly non zero. By assumption 2), K[9¥(#) is holomoprhic on U, (0),
so the above structure holds for any t € U, (0).

Step 5) The rotation of Ry(t) continues, crossing other Stokes rays. Finally, R,;(t) reaches the
position

Rap (’Yab(to)) = Rap(to) — 2,

after a full rotation of —2m. This corresponds to the full loop t, — t, — (tq — tp)e
From (7.17) and (7.18) we conclude that,

Yyiu(z,t:7,¢) = Yoru(z, t:7,¢) K RE (1) 1 et (0). (7.19)

271

Hence _
KKl () =1, ¢ e, (0).
This implies that (K®*)),, = (K[#),, = 0. Therefore,

K@) =KV @) =1, t e, (0). (7.20)
We conclude from (7.17) or (7.18) that
Yoiu(z, 67, ¢) = Yoyu(z, 67, ), t € U, (0). (7.21)

The above discussion can be repeated for all loops 7, starting in ¢ involving a simple crossing of R(7).

We now turn to the case when also other projected Stokes rays, not only PRy, and PRy, cross
[(T) along 4. In this case, the representative of ,; can be decomposed into steps, for each of which
the analytic continuation studied above and formula (7.21) hold. See for example the configuration
of figure 7.14. In these occurrences, the analytic continuation is done first from ¢ to ¢’. The passage
from ¢ to ¢ corresponds to the alignment of u, and u,. Hence, Y, 4,(2,;7,¢) is continued from ¢ to
¢ and (7.21) holds. Then, Y, 4,(z,t;7,¢) can be used in place of Y, 4,(2,¢;7,¢), applying the same
proof previously explained, since for t € ¢, if |[t, — tp| is sufficiently small, then the crossing involves
only PR., and PRy,.

Concluding, (7.21) holds for any cell ¢/ which has a boundary in common with c.

Now, we consider a cell ¢ which has a boundary in common with ¢, and we do the analytic
continuation of Y,y (z,t; 7, ') to all cells ¢ which have a boundary in common with ¢/, in the same way
it was done above. In this way, we conclude that Y, (2,47, ¢) = Y4 u(2, 67, ) and Y4 (2,67, ¢) =
Yo iu(z, 67, "), for t € Ue,(0). With this procedures, all cells can be reached, so that (7.21) holds for
any cell ¢ and ¢’ of U, (0). For the above reasons, we are allowed to write

Yoiu(z, t7), t € U, (0), (7.22)
in place of Y, 1, (2,87, ).

The above conclusions imply that the assumptions of Lemma 7.2 hold. Lemma 7.2 assures that
the asymptotics extends to the closest Stokes rays in fR(t) outside S(7,7 + 7). Hence the asymptotics

Go(t)  Woipu(z, t;7)e 202810 o 14 N F(t)27F (7.23)
k=0
holds for z — oo in S,4,(t), and t € U, (0)\A. A fortiori, the asymptotics holds in S, =
Su4u(Uey(0)). Tt is uniform on any compact subset K C U, (0)\A for z — oo in S, (K).

The last property to be verified is that the asymptotics in ‘SA’VJF# holds also for t € A. Let

k—1
Ri(z,t) := Go(t)_leJru(z,t; ?)e_A(t)Zz_Bl(t) - (I + Z Fl(t)z_k> , t € U, (0).
=1
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Let (Ri(z,t));5 I, s = 1,...,n be the entries of the matrix Rj. Since Ry is the k-th remainder of the
asymptotic expansion, it satisfies the inequality

C(k; S;t)

]Rk(z,t)];: max ‘(Rk(z,t))ls <R telUy(0\A, z€e05, (7.24)

l,s=1,....n

for z belonging to a proper closed subsector S C §y+#. Here C'(k; S;t) is a constant depending on k,
S and t € U, (0)\A. Our goal is to prove a similar relation for ¢ € A.

We consider n positive numbers 7, < €y, a = 1, ...,n. We further require that for any ¢ = 1, ..., s
and for any a # b, such that u,(0) = up(0) = A;, these numbers are distinct, i.e. r4 # rp. We introduce
the polydisc Uy, . ,,(0) := {t € C" | |to| < rq, a = 1,...,n}. Clearly, Uy, . ,.(0) C U, (0). Let us
denote the skeleton of U, . . (0) with I' := {t € C" | |t4| = rq, a = 1,...,n}. The above choice of
pairwise distinct 7,’s assures that TN A = (.

The inequality (7.24) holds in Uy, ., (0)\A for any fixed z € S. Since Rg(z,t) is holomorphic on
the interior of U, ;. (0) and continuous up to the boundary, every matrix entry of Ry(z,t) attains its
maximum modulus on the Shilov boundary (cf. [Sha92], page 21-22) of U, . r,(0), which coincides
with T'. Since (7.24) holds on I, we conclude that

C(k; S;T)

l2F
where C'(k; S;T") = max;cr C(k; S;t). This maximum is finite, because the asymptotics is uniform on
every compact subset of U, (0)\A. The above estimate (7.25) means that the asymptotics (7.23) holds
uniformly in ¢ on the whole U, ,.(0), including A, for z — oo in S. A fortiori, the asymptotics
holds in U, (0), with ¢; < min, r, < €. Since (7.25) holds for any closed proper subsector S C gSA’,,ﬂ“
by definition Go(t)™ VY, 4, (z,t;7)e M0 2=B1) is asymptotic to I + 352 Fi(t)z~F in gy.l,_“.

’Rk(z,t)’ < Yt €U, (0), (7.25)

It remains to comment on the structure of a Stokes matrix. In the proof above, a ray Rg;(t)
associated with a pair u,(t), up(t) with ue(0) = up(0) = A; is “invisible” as far as the asymptotics is
concerned, because K98 (¢) = K[9)(¢) = I for any ~45. Therefore, in the factorisation of any S, (t), the
Stokes factors associated with rays 3m/2 — arg(uq(t) — up(t)) mod 2w, with u,(0) = up(0) = A;, are
the identity. O

7.7. Meromorphic Continuation

In Theorem 7.1 we have assumed that for any 7-cell ¢ of U, (0) and any k € Z, the fundamental
solution Y, 4x,(2,%;7,c) has analytic continuation as a single-valued holomorphic function on the
whole U, (0). In this section, we assume that the above fundamental matrices have continuation on
the universal covering R(Ue,(0)\A) of U, (0)\A as meromorphic matrix-valued functions. We show
that if the Stokes matrices satisfy a vanishing condition, then the continuation is actually holomorphic
and single valued on U, (0)\A. In particular, A is not a branching locus.

Recall that the Stokes matrices are defined by

YV+(k+1)u(z7 tv 777 C) = YVJrkM(Z? t7 %7 C) SVJrk/L(t)? for t € c.

THEOREM 7.2. Consider the system (5.1) with holomorphic coefficients and Assumption 5.1. Let
A(t) be of the form (1.17), with eigenvalues (1.25) and ey = 0o as in subsection 7.6.1. Let T be the
direction of an admissible ray R(T), satisfying 7, < T < Ty4+1.
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Assume that for any T-cell ¢ of Ue,(0) and any k € Z, the fundamental solution Y, y,(z,t;7,c),
defined for t € ¢, has analytic continuation on the universal covering R(Ue,(0)\A) as a meromorphic
matriz-valued function. Assume that the entries of the Stokes matrices satisfy the vanishing condition

(Su(®))as = Su()ba = Gurn(®)as = Sura®la =0, Ve, (7.26)
for any 1 < a # b <n such that u,(0) = up(0).

Then:
o The continuation of Y, 1, (2, t;7,c) defines a single-valued holomorphic (matriz-valued) func-
tion on U, (0)\A.
o Y 1iu(2,t;7,¢) = Yoqpu(z,67,¢), for t € c. Therefore, we write Y, xu(2,t;7)
o The asymptotics
Gyl )Yz, 6T 20727 BIO T4 37 Fy(t),
J=1

holds for z — oo in «§l,+k#(t), t € U, (0)\A.

REMARK 7.12. Recall that B;(t) = diag(A;(t)) is the exponent of formal monodromy, appearing
in the fundamental solutions (7.6). The formula S, o, = e 2mibig 2B analogous to that of
Proposition 6.2, implies that (7.26) holds for any S,,. Notice that the F)j(¢)’s are holomorphic on
Usy (DN

Proof: Without loss of generality, we label the eigenvalues as in (5.50)-(5.53), so that S, p,(t) is
partitioned into p; x py blocks (1 < j, k < s) such that the p; x p; diagonal blocks have matrix entries
(Sy+ku(t))ap corresponding to coalescing eignevalues u,(0) = uy(0).

We consider Y, ,(z,t;7,c). For any other Y, 1,(2,%; 7, c) the discussion is analogous. We denote
the meromorphic continuation of Y,4,(z,%7,¢) on R(Ue, (0)\A) by Y4, (2,57, ¢), T € R(Ue, (0)\A).
Therefore, the continuation along a loop 74 as in (7.13) and (7.14), starting in ¢, will be denoted by
Yo tu(2, Yabt; T, €), where T = vt is the point in R(Ue, (0)\A) after the loop.

We then proceed as in the proof of Theorem 7.1, up to eq. (7.19). Assume first that a,b are such
that for ¢ € ¢ and |t, — 3| sufficiently small, then no projected Stokes rays other than PRy, and PRy,
cross [(T) when ¢ varies along 7, (the case discussed in figure 7.13). Cases when also other projected
Stokes rays cross [(7T), as for figure 7.14, can be discussed later as we did in the proof of Theorem 7.1.
The intermediate steps along 74, corresponding to the formulae (7.17) and (7.18), hold. Namely:

YVJr,u(Za t; 7~—> C/) = YVJr,u(Za t; 7~_7 C) K[ab} (t) (727)

for ¢ in a neighbourhood of the intersection of the support of v,;, with the common boundary of ¢ and

¢ (i.e. Hyp\A) corresponding to Ry crossing R(7). Moreover,

Yyiu(z, ;7 ¢) = Youu(2, t; 7, ¢) KV (1), (7.28)

for ¢ in a neighbourhood of the intersection of the support of v, with the common boundary of ¢
and ¢’ corresponding to Ry, crossing R(7 — 7). Note that to such t there corresponds a point # in the
covering, which is reached along v, so that Y, ,(z,t;7,¢) in the right hand-side of (7.27) becomes
Yy-i-u(za 57 777 C)'
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K@) (£), K98l (¢) have the same structure as in the proof of Theorem 7.1, for ¢ in a small open neigh-
borhood of the crossing points. By assumption, K% (¢), KI9®(t) are meromorphic on R (U, (0)\A),
so they preserve their structure.

At the end of the loop, t is back to the initial point, but in the universal covering the point
t = Yapt is reached and Y, 4, (z,t; 7, ¢) has been analytically continued to Y,4,(z, yapt; 7, ¢). Thus, the
analogous of formula (7.19) now reads as follows

Yoiu(z,6:7,¢) = Yoiu(z, yat; 7, 0) KK (1), tee (7.29)

We need to compute the only non trivial entries (K%(£))y, and (Kl%I(¢))a. Let us consider
KI®l(t). As it is well known, S, , can be factorised into Stokes factors. At the beginning of the loop
Yab, just before t crosses the boundary of the cell ¢ as in Figure 7.30, we have

Syp =K. T,
where K[ is a Stokes factor and the matrix T is factorised into the remaining Stokes factors of

Sy+u- For simplicity, we suppose that S, is upper triangular (namely a < b; if not, the discussion is
modified in an obvious way):

I, = * *
0 I, = *
S A (7.30)

0O 0 0 0 Ip,
It follows that b < a, namely Kl has entries equal to 1’s on the diagonal, 0 elsewhere, except for a
non-trivial entry my, := (K[%¥),, above the diagonal in a block corresponding to one of the I, ..., I,

in (7.30). Let Ejj be the matrix with zero entries except for (£j;);x = 1. Then, Kl = T + mpo Epa,
and we factorise T as follows:
Svin =T +mpaBa) - [[ U+mpBu)- [T (I +muBu),
j<k inV The others j<k
where V' is the set of indices j < k € {1,2,...,n} such that u;(0) = uy(0) and (j, k) # (b,a) (the
entries of the diagonal blocks of the matrix block partition associated with py, ..., ps).

Now, all the numbers my, and mj; are uniquely determined by the entries of S,,. This fact
follows from the following result (see for example [BJL79a]). Let S be any upper triangular matrix
with diagonal elements equal to 1. Label the upper triangular entries entries (j,k), 7 < k, in an
arbitrary way,

(1, k1), (G2, k2), s (jn<n271> ; kn(n;l) ).
Then, there exists numbers mq, ms, ..., Max-1y which are uniquely determined by the labelling and
2
the entries of S, such that

S = (I + mlEjhkl)(I + m2Ej27k2) T (I + mn(n271) Ejn(n—l) kn(n—l) )
-2 2

Indeed, a direct computation gives
n(n271)
S=1+ Z mqEj k, + non linear terms in the m,’s. (7.31)
a=1

The commutation relations
EijEjx = Ey, EijEy, =0 for j #1,
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imply that the non linear terms are in an upper sub-diagonal lying above the sub-diagonal where the
corresponding factors appear. Hence, (7.31) gives uniquely solvable recursive relations, expressing the
mg’s in terms of the entries of S.

Applying the above procedure to S = S,,, and keeping (7.26) into account, we obtain

My, =0, my,=0Vj<kinV.

This proves that
Kle¥l(t) =1,

for ¢t in a small open neighborhood of the intersection point of the curve =, with ﬁab\A. This
structure is preserved by analytic continuation. Analogously, we factorise into Stokes factor the (lower
triangular) matrix S, = T - Kl* and prove that

Kt = 1.

We conclude that
Yu+u(2a t; 7, C) = YVJr,u(Za Yablt; T, C)-
Formulae (7.27) and (7.28) also imply that

Yoiu(z,6:7,.d) =Y (2,67, ¢) (7.32)

This discussion can be repeated for any loop and any cell, as we did in the proof of Theorem 7.1 in
the paragraphs following eq. (7.21). Since Y,4,(z,t;7,c) is holomorphic on ¢ by Corollary 7.2, the
above formulae imply the analyticity of Y, 1, (z,t;7,¢") on U, (0)\A. Since (7.32) holds, the first two
statements are proved.

Equation (7.32) also implies that the rays Ry, and Ry, are not the boundaries of the sector where
the asymptotic behaviour of Y, ,(z,t;7) holds. The above discussion repeated for all a,b such that
uq(0) = up(0) proves the third statement of the theorem. [J

7.8. Comparison with results in literature

We compare our results with the existing literature, where sometimes the irregular singular point
is taken at z = 0 (equivalent to z = oo by a change z — 1/z). One considers a “folded” system
A(z,0) = z7k1 720 A;(0)27, with an irregular singularity of Poincaré rank k at z = 0 and studies
its holomorphic unfolding A(z,t) = p(z,t) 7' 3252 A;(t)2?, where p(z,t) = (z —a1(t)) - - - (2 — ap41(t))
is a polynomial. Early studies on the relation between monodromy data of the “folded” and the “un-
folded” systems were started by Garnier [Gar19], and the problem was again raised by V.I. Arnold in
1984 and studied by many authors in the ’80’s and '90’s of the XX century, for example see [Ram®&9],
[Duv91], [Bol94]. Under suitable conditions, some results have been recently established regarding
the convergence for ¢ — 0 (¢ in sectors or suitable ramified domains) of fundamental solutions and mon-
odromy data (transition or connection matrices) of the “unfolded” system to the Stokes matrices of the
“folded” one [Ram89], [Duv91], [Bol94], [BV85], [Sch01], [Glu99], [Glu04], [HLR14|, [LR12],
[K1i13]. Nevertheless, to our knowledge, the case when A (0) is diagonalisable with coalescing eigen-
values has not yet been studied. For example, in [Glu99] (see also references therein) and [HLR 14|
[LR12], it is assumed that the leading matrix Ap(0) has distinct eigenvalues. In [Glu04], Ay(0) is a
single n x n Jordan block (only one eigenvalue), with a generic condition on A(z,t). Moreover, the
irregular singular point is required to split into non-resonant Fuchsian singularities a1(t), ..., ag41(%).
The case when Ap(0) is a 2 x 2 Jordan block and k£ = 1 is thoroughly described in [K1i13], again under
a generic condition on A(z,t), with no conditions on the polynomial p(z,¢). Explicit normal forms for
the unfolded systems are given (including an explanation of the change of order of Borel summability
when z = 0 becomes a resonant irregular singularity as ¢ — 0). Nevertheless, both in [Glu04] and
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[K1i13] the system at ¢ = 0 is ramified and the fundamental matrices Y;(z,¢) diverge when ¢ — 0,
together with the corresponding Stokes matrices. Therefore, our results (Theorem 7.1, Corollary 7.3

and Corollary 7.4) on the extension of the asymptotic representation at A and the existence of the
limit (1.24), for a system with diagonalisable Ay (ta), seem to be missing in the literature.



CHAPTER 8

Isomonodromy Deformations Theory for Systems with Resonant
Irregular Singularities

ABSTRACT. In this Chapter we formulate and develop the monodromy preserving deformation theory
for system (1.20) with eigenvalues identified with the deformation parameters. After recalling the
structure of fundamental systems of solutions near the Fuchsian singularity z = 0 and the freedom
of choice of their Levelt normal forms, we assume that the dependence of (1.20) is isomonodromic
for ¢ varying in an open connected subset V C U, (0), with closure contained in a cell. It is proved
that Assumption 8.1 (necessary for having holomorphy of formal solutions on V) is equivalent on a
vanishing condition of entries of the residue term A (t) of the coefficient, along the coalescence locus
A. This vanishing condition is also showed to be sufficient in order to have holomorphy at A of the
coefficients of formal solutions. Finally, we prove Theorem 1.6 , Corollary 1.1 and Theorem 1.7 of the
Introduction.

We have established the theory of coalescence in U, (0), and the corresponding characterisation of
the limiting Stokes matrices for the system (5.1) of Section 5.2 under Assumption 5.1, or equivalently
for the system (1.16). We now consider the system (5.4) under Assumption 5.1, already put in the
form (1.20), namely

ay _ A(z,1)Y, Az, t) = A(t) + M,

dz z
and study its isomonodromy deformations. The eigenvalues are taken to be linear in ¢, as in (1.25):

ui(t):ui(O)—{—ti, 1< <n.

8.1. Structure of Fundamental Solutions in Levelt form at z =0

At any point t € U, (0), let ui(t), pa(t), ..., un(t) be the (non necessarily distinct) eigenvalues of
Ay (t), and let JO(t) be a Jordan form of Ai(t), with diag(J(®)) = diag(u1, ..., tn) (see also (8.3)
below). The eigenvalues are decomposed uniquely as,

wi(t) =dP 0 + o0, dOm ez, 0<R)" (1) <1.
Let DO)(t) = diag(dgo) (t), ..., d¥ (t)), which is piecewise constant, so that
JO @) = DO (1) + §O(t),

where S©)(t) is the Jordan matrix with diag(S(®)) = diag(p&o), s p%o)).
Let V be an open connected subset of U, (0). In order to write a solution at z = 0 in Levelt form
which is holomorphic on V), we need the following assumption.

ASSUMPTION 8.1. We assume that A;(t) is holomorphically similar to J©(t) on V. This means
that there exists an invertible matrix G(%)(¢) holomorphic on V such that

(GO@) 7 A ¢O) = TO().

110
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Assumption 8.1 in V implies that the eigenvalues p;(t) are holomorphic on V. In the isomonodromic
case (to be defined below), Assumption 8.1 for V = U, (0) turns out to be equivalent to the vanishing
condition (1.28). See Proposition 8.4 below.

REMARK 8.1. In order to realise the above assumption it is not sufficient to assume, for example,

that the eigenvalues of Ay (t) are independent of ¢, as the example A (t) = ( g Z ) shows. Sufficient
conditions can be found in the Wasow’s book [Was65], Ch. VII.

With Assumption 8.1, the following fundamental solutions in Levelt form are found.

A) If A;(t) has distinct eigenvalues at any point of V), it is automatically holomorphically similar
to

(t) = diag(n (), . , n(®)).

A fundamental matrix exists of the form

YO (z,1) = GO (1+ 3 wi(1)2!) 0.
=1

Each matrix ¥;(¢) is holomorphic on V, and the series I + 352, W;(¢)z! is absolutely convergent for
|z| bounded, defining a holomorphic matrix-valued function in (z,t) on {|z| < r} x V, for any r > 0.

B) If wi(t) — p;(t) € Z\{0} for any i # j and any t € V, then there exists a fundamental matrix
YO(z,1) = GO (1+ Y w()2) "0,
=1

such that G(O)(t), J(©(t) and each matrix ¥;(t) are holomoprhic on V, and the series I + Y272, W, (t)z!
is absolutely convergent for |z| bounded, defining a holomorphic matrix-valued function in (z,t) on
{|z] <r} xV, for any r > 0.

The above forms of the matrix Y(©)(z,t) are obtained by a recursive procedure (see [Was65]),
aimed at constructing a gauge transformation ¥ = G(©)(t) (I + > \Ill(t)zl)y that reduces the

linear system to a simple form % = @y, whose solution z/”® can be immediately written. In

resonant cases, namely when p;(t) — p;(t) € Z\{0}, this procedure yields a gauge transformation
Y =GO(1) (I + 305 \Ill(t)zl>)} that reduces the system to the form

dy o 1 (0) K

== (JOW + Ri®)z + -+ Ral1)2) D, (8.1)
where 1 < & is the maximal integer difference of eigenvalues of J(, and the R;(t)’s are certain
nilpotent matrices (see (8.7) below for more details). These matrix coefficients may be discontinuous
in ¢, even if Assumption 8.1 is made. In order to avoid this, we need the following

AssuMPTION 8.2 (Temporary, for the Resonant Case). If for some i # j it happens that p;(t) —
pi(t) € Z\{0} at a point ¢ € V, then we require that p;(t) — p;(t) = constant € Z\{0} all over V. If

moreover J(©) (t) is not diagonal, then we require that the d;’s, 1 <i < n, are constant on V.



8.1. STRUCTURE OF FUNDAMENTAL SOLUTIONS IN LEVELT FORM AT z =0 112

Assumptions 8.2 certainly holds if the eigenvalues u, ..., u, are independent of ¢ in V', namely in
the isomonodromic case of Definition 8.2 below.! Hence, Assumptions 8.2 is only “temporary” here,
being unnecessary in the isomonodromic case.

When Assumptions 8.1 and 8.2 hold together, fundamental matrices in Levelt form can always
be constructed in such a way that they are holomorphic on V. Besides the cases A) and B) (which
require only Assumption 8.1), we have the following resonant cases:

C) If JO(t) = fi(t) := diag(pa (t), p1(t), ..., n(t)) (eigenvalues non necessarily distinct) then there
exists a fundamental matrix

YO (z,t) = GOt (I+Z\Ifl &) 0RO,

were the matrix R (t) := Ry(t) + --- R.(t) has entries R ( ) # 0 only if p;(t) — p;(t) € N\{0}.
Moreover, GO (1), ( ) RO(t) and each matrix U;(t) can be chosen holomorphic on V, and the
series I+ 3°7°, W;(t)z! is absolutely convergent for |z| bounded, defining a holomorphic matrix-valued
function in (z,t) on {|z| < r} x V, for any r > 0.

D) If some p;(t) — p;(t) € Z\{0} and J©(t) is not diagonal, then there exists a fundamental
matrix holomorphic on V,

yO)(z, ) = (HZ\P: )P0, (8.2)

where
LO@) := 5O@) + RO(1),

G SO are holomorphic on U, (0), and R© and the ¥;’s can be chosen holomorphic on V. The
series I +3°7°; W¥;(t)z! is absolutely convergent for |z| bounded, defining a holomorphic matrix-valued
function in (z,t) on {|z| < r} x V, for any r > 0.

The structure of R(Y) is more conveniently described if the eigenvalues pu1, f12, ..., pin are re-labelled
as follows. Up to a permutation J© — P~1JO) P which corresponds to G©) — GO P, where P is a
permutation matrix, the Jordan blocks structure can be arranged as

JO = jO g .. g O

So ?

so < n. (8.3)

For i = 1,2, ..., s9, each Ji(o) has dimension n; (then nj + --- 4 ns, = n) and has only one eigenvalue
i, with structure

J(O) wiln, + Hy,, I,, = n; x n; identity matrix, (8.4)
0 1
0 1
0 1
0
i1, ..., [Ls, are not necessarily distinct. Let us partition RO according to the block structure nq, ...,

nsy- Then [RO]yoer 55 # 0 only if fi; — fi; € N\{0}, for 1 <i # j < sq.

1 case we define a deformation to be isomonodromic when the monodromy matrices are constant, this is still true,
namely p1, ..., un are independent of ¢. See Lemma 1 of [Bol98|.
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REMARK 8.2. Also in cases A), B) and C) the fundamental solution can be written in the Levelt
form (8.2), with L(®) = §© in A) and B), and L(® = §© + RO) in C).

8.1.1. Freedom. Let the matrix J((t) be fixed with the convention (8.3). Let Assumptions
8.1 and 8.2 hold. The class of normal forms at the Fuchsian singularity z = 0 with given J© is not
unique, when some eigenvalues of /Ah (t) differ by non-zero integers. Let x be the maximal integer
difference. Then, if (8.2) is a Levelt form, there are other Levelt forms

YO =600 (I +3 \T/l(t)zl)zD(O) (), 20 )
=1

=Yz, 1)),

where D (t) is a connection matrix. From the standard theory of equivalence of Birkhoff normal forms
of a given differential system with Fuchsian singularity, it follows that ©(¢) must have the following
property

ZD(O)(t)ZLm)(t),D(t) = Do (t) (I + D)z 4+ @K(t)z”) ZD(O) (,5)zL(0>(t)7

being D, ..., D, arbitrary matrices satisfying [Dg, J(] = 0, @l(é) # 0 only if f1; — p1; =1 > 0. The
connection matrix is then

D(t) = Do(t) (I +D1 () + -+ @k(t)).

Being D¢(t), ..., Dx(t) arbitrary, we can choose the subclass of those connection matrices ©(t) which
are holomorphic in ¢. Note that ©y commutes with D(®). The relation between matrices with ~ and
without is as follows:

GO (1 + i (1)) = GO () (1 + i Ui(t)2) [Do()(I+D1(t)z + -+ Dua(1)2")].  (85)
=1 =1

Moreover,
LO =910 RO =9'ROD + D150 D] (8.6)
Observe that B
GO =GO = Dot)=1.

8.2. Definition of Isomonodromy Deformation of the System (1.20) with Eigenvalues
(1.25)

The Stokes phenomenon at z = oo has been already described in Chapter 6. Let 7 be an admissible
direction for A(0). For the remaining part of the Chapter, V will denote an open simply connected
subset of a 7-cell, such that the closure V is also contained in the cell. Let the label v satisfy 7, <
T < 7y+1. The holomorphic fundamental matrices of Section 7.4, namely Y, (z,t), 0 = v, v+ u, v +2pu,
exist and satisfy Corollary 7.2 and Proposition 7.5. Therefore, in particular, they have canonical

asymptotics on Sy()), with holomorphic on V Stokes matrices S, (t) and S,4,(t).

REMARK 8.3 (Notations). The notation Y, (z,t) of Sections 7.4-7.6 has been used for the fun-
damental matrix solutions of the system (5.1). We consider now the system (1.20) and use the same
notation Y, (z,t), with the replacement Gy(t) — I in all the formulae where Gy(t) appears.

DEFINITION 8.1. The central connection matrix C\) (t) is defined by

Y, (z,t) =Y O W@,  zeR.
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DEFINITION 8.2 (Isomonodromic Deformation in V). Let V be an open connected subset of a 7-
cell, such that V is also contained the cell. A t-deformation of the system (1.20) satisfying Assumption
8.1 in V is said to be isomonodromic in V if the essential monodromy data,

Sv, Supu, Bi :diag(ﬁl); {p1y ey fint,

are independent of ¢ € V, and if there exists a fundamental solution (8.2) (see Remark 8.2), holomorphic
in ¢ € V, such that also the corresponding essential monodromy data

are independent of t € V.

REMARK 8.4. If uq, ..., pun, are independent of ¢ as in Definition 8.2, then Assumption 8.1 in V
implies that also Assumption 8.2 holds in V.

The existence of a fundamental solution with constant R(®) implies that the system (1.20) can be
reduced to a simpler form (8.1) which is independent of ¢t € V, namely

@ _1

dz z

9+ Ry R .
(JO+ Rizt -+ Rez®) Y (8.7)

where 1 < & is the maximal integer difference of eigenvalues of J ), [Rilbiock i, # 0 only if i — fi; =1,

R+ 4+ Ri = R(O), with all R; independent of t € V, and the j1;’s are the eigenvalues of gl (t) as
arranged in the Jordan from (8.3)-(8.4).

REMARK 8.5. There is a freedom in the isomonodromic R®) and L, as in (8.6), for a t-
independent ® such that Y(© = YD, Hence, there is a freedom in the isomonodromic central
connection matrix, according to

cO — 9EO),

We call Co(J(©, L) the group of such transformations ® which leave L) invariant in (8.6). This
notation is a slight variation of a notation introduced in [Dub99b] for a particular subclass of our
systems (1.20), related to Frobenius manifolds.

REMARK 8.6. Definition 8.2 is given with reference to some v. Nevertheless, it implies that it holds
for any other v/ in a suitably small V' C V. To see this, consider another admissible 7 € (1,7, 7/11),
and define S/, (t), Yoriku(z,t) in the usual way, for ¢ in the intersection of V with a 7'-cell. ? Call
V' the intersection. Now, there is a finite product of Stokes factors Kq(t)--- Kar(t) (M < number of
basic Stokes rays of A(t)) such that Y, (z,t) = Y,/(z,t)K1(t) --- Kp(t), t € V'. The Stokes matrices
Sy (t) and S,.4,(t) are determined uniquely by their factors, and conversely a Stokes matrix determines
uniquely the factors of a factorization of the prescribed structure (see the proof of Theorem 7.2, or
section 4 of [BJL79a], point D). Moreover, the product K;(t)--- Kp(t) appears in the factorization
of S, or S,4,. Hence, if S, and S, , do not depend on ¢t € V for a certain v, also S,» and S,/1,, do

not depend on t € V' C V. Thus, the same is true for 0,59).
LEMMA 8.1. Let the deformation be isomonodromic in V as in Definition 8.2 (here it is not

necessary to suppose that V is in a cell, since we are considering solutions at z = 0). Let Assumption
8.1 hold in U.,(0), namely let A1(t) be holomorphically equivalent to J©) in U.,(0). Then:

i) pi1, s fn, DO SO and JO are independent of t in Ue, (0).

2Note that there may be more than one choices for S,/ 4 k., Yy 4k, (2,t), depending on the neighbourhood of ¢ considered.
See Remark 7.5.
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it) Any fundamental matriz (also non-isomonodromic ones) in Levelt form YO (z,t) = GO (t)(I+
> \I/l(t)zl)zDzL(O)(t), which is holomorphic of t € V, is also holomorphic on the whole Ue,(0).
iii) If RO (i.e L)) is independent of t in V, then it is independent of t in Ue,(0).

Proof: i) That 1, ..., n, D@, S© JO) are constant in U, (0) follows from the fact that p1, ...,
are constant in V, and that G(9)(t), and so the 1, ..., jtn, are holomorphic on Ue, (0). So piy, ..., i, are
constant in U, (0).

ii) Since i1, ..., pn are constant in U, (0), and A(t) and A;(t) are holomorphic, the recursive
standard procedure which yields the Birkhoff normal form at z = 0 allows to choose ¥,;(¢)’s and
RO)(t) holomorphic on U, (0).

iii) That R is independent of ¢ € U, (0) follows from the fact that R()(t) is holomoprhic on
Ue, (0) and constant on V. [J

PROPOSITION 8.1. Let the deformation of the system (1.20) be isomonodromic in'V as in Definition
8.2 (here it is not necessary to assume thatV is contained in a cell). Let Assumption 8.1 hold in U, (0),

namely let Ay (t) be holomorphically equivalent to J© = D©) 4+ 8O) in 14 (0). Consider the system

Yy .
Z—Z — A(z,0)Y, (8.8)
and a fundamental solution in the Levelt form
VO(2) = GOG(()P "L, G)=1+0(), (8.9)

with L = SO + R. Here R is obtained by reducing (8.8) to a Birkhoff normal form at z = 0.
Then, there exists an isomonodromic fundamental solution of (1.20), call it YZ-(S%)m(z, t), with the same
monodromy exponent L and Levelt form

y© (2,t) = GO (t)GiSOm(z,t)zD(o)zi,

isom

with Gisom(2,t) = I + 352, Uy(t)2!, holomorphic on U, (0), such that
YO@) =79 (20).

isom

Proof: We prove the proposition in two steps.
e The first step is the following

LEMMA 8.2. Let the deformation be isomonodromic in V as in Definition 8.2 (here it is not
necessary to assume that V is contained in a cell). Let Ai(t) be holomorphically equivalent to J©) in
U, (0). For any holomorphic fundamental solution in Levelt form

o0
Y(z,0) = GO)H(z, )PV 2270 H(z ) =T+ 3 ()2,
I=1
with monodromy exponent L©) (t), there exists an isomonodromic Y(O)(z, t), with monodromy exponent
equal to LO)(0), in the Levelt form

YO(z,8) = GO0z, )P 72270 Glt) = T+ Wi(1),
=1

such that YO (2,0) = Y(z,0).
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To prove this Lemma, consider an isomonodromic fundamental solution, which exists by assump-
tion, say

PO, 8 = GO 0P LY, Gty =1+ T(1)2
=1
with f-independent monodromy exponent LO® and t-independent connection matrix defined by
Y, (z,t) = YO(z, 1) CO).
Then, there exists a holomorphic invertible connection matrix ®(¢) such that
Y (z,t) = YOz, )D(¢).
Hence,

Do(t) (I +9(t)z+ -+ ’D,{(t)z’“) DO LLOW _ D© L0 D(t) (8.10)

with D(t) = Do(?) (I—i—@l(t) +--- +©n(t))- Observe that 22 22 ©) and 2P 2L are fundamental
solutions of two Birkhoff normal forms of (8.8), related by (8.10) with ¢ = 0, namely

Do(0)(I +D1(0)z + - - + D,,(0)25) P LHOO — DO LO 5,
Therefore, the isomonodromic fundamental solution we are looking for is
YO (z,8):=YO(z, 1) D(0) = YV(2,)D(t)'D(0).
e Second step. Consider a fundamental solution of (8.8) in the Levelt form
y (©) (z) = é(o)é(z)zl)(o)zi,

where I = SO + }02, R= Yol ]fll. The ]—031, [ =1,2,..., k, are coefficients of a simple gauge equivalent
form(8.1), with ¢ = 0, of (8.8). It can be proved that there is a form (8.1) for the system (1.20), with
coefficients Ry(t), such that the R;’s coincide with the values R;(0)’s at ¢t = 0. Moreover, the R;(t)’s
are holomorphic on U, (0). This fact follows from the recursive procedure which yileds the gauge
transformation from (1.20) to (8.1). Therefore, there exists a holomorphic exponent L(%) (t) such that
LO)(0) = L. Consider an isomonodromic fundamental solution Y () (z,t) of Lemma 8.2, with exponent
LO(0) = L. Since Y(©)(z,0) is a fundamental solution of (8.8), there exists an invertible and constant
connection matrix C' such that

YO (z,000 =Y O(z).

Now, C' € Co(J©, L) (cf. Remark 8.5), because Y (©(z,0) and Y (2) have the same monodromy
exponent. This implies that

YO ne = G(O)G(z,t)zD(O)ziC =
= GOG(, )OI+ Crz++ + Coz®)PV 2L O =Co(I+CL+--+C).

Moreover, also Y(9) (2, t)C is isomonodromic. Therefore, the solution we are looking for is y0) (z,t) :=

YO (z,t)C. O
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8.3. Isomonodromy Deformation Equations

Let
Q(Z,t) = Z Qi (z,t) dty, Qi(z,t) := zF + [Fl(t), Ek]
k=1
Here EJ is the matrix with all entries equal to zero, except for (Ey)ix = 1, and (F1)gp = —(ﬁl)ab/(ua —
up), so that
0 o0 e g g
N (5e — 5 0 0 ; 0 0
[Fy(t), Ey] = (A1(t))ab(Oar — Ou) = A . 0 oo Ak (8.11)
Uqg (t) — up(t) wbeln up—u1 up—un
0 : 0 0
0 0 Zdm g g

Let df (z,t) := Y1 Of (2, t)/0tidt;.

THEOREM 8.1. If the deformation of the system (1.20) is isomonodromic in V as in Definition
8.2, then an isomonodromic YO (z,t) and the Y,(z,t)’s, for 0 = v,v + p,v + 2u, satisfy the total
differential system

dy = Q(z,1)Y. (8.12)
Conversely, if the t-deformation satisfies Assumptions 8.1 and 8.2 in V, and if a fundamental solution
Y ©)(2,t) in Levelt form at z = 0, and the canonical solution Yy(z,t), 0 = v,v + p,v + 2u at z = oo,
satisfy the total differential system (8.12), then the deformation is isomonodromic in V.

Proof: The proof is done in the same way as for Theorem 3.1 at page 322 in [JMUS81]|. In [JMU81]
the proof is given for non resonant A;(t), but it can be repeated in our case with no changes, except

for the Assumptions 8.1 and 8.2. 3 The matrix valued differential form Q(z,t) turns out to be still as
in formula (3.8) and (3.14) of [JMUS81], which in our case becomes,

o o -1
Qz,t) = (I +)° Fk(t)z_k> dA(t)z (I +> Fk(t)z_k> ] ,
k=1 k=1 sing
where [- - |ging stands for the singular terms at infinity, namely the terms with powers 2/, 7 >0,in

the above formal expansion. This is
Q(z,t) = dA(t)z + [F1(t), dA(t)].

Therefore,
OA(t)
Oty

s + [0, 58] = B m,

Qk(z7 t) = atk

3The result was announced in [Nob81] and not proved. It can also be proved by the methods of [KV06], since the
requirement that pq, ..., tin, R© and C© are constant is equivalent to having an isoprincipal deformation.
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In the last step we have used the fact that A(t) = diag(ui(t), ua(t), ..., un(t)), with eigenvalues (1.25).
In the domain V the eigenvalues are distinct, so the off-diagonal entries of F} are:

(F1)ab = : 1<a#b<n.

Hence,
n

AL 0
Qk(z,t) = Ek z + (ub(t>_bua<t) %(Ul)(ﬂ - Ua(t))>

a,b=1
Finally, observe that %(ub(t) —ug(t)) = ai(tb —tq) = Ogp — Okq- The proof is concluded. O

i

COROLLARY 8.1. If the deformation of the system (1.20) is isomonodromic in V as in Definition
8.2, then GO)(t) satisfies
dG® =00 GO, (8.13)
where
0 (1) = Q(0,) = Y [Fi(t), Bx]dty.
k
More explicitly,

n

00 () = —gg’) dt, — dt
D=\ -w@ " ™)

Proof: Substitute Y(©) into (8.12) an compare coefficients of equal powers of z. Equation (8.13) comes
form the coefficient of 2°. O

PROPOSITION 8.2. If the deformation is isomonodromic in V as in Definition 8.2, then
o0

dA = 5=+ [0, 4. (8.14)

Proof: Let the deformation be isomonodromic. Then, by Theorem 8.1, equations (1.20) and (8.12)
are compatible. The compatibility condition is (8.14). O
Note that (8.14) is a necessary condition of isomonodromicity, but not sufficient in case of reso-
nances (sufficiency can be proved if the eigenvalues of A; do not differ by integers, cf. [JMUS&1]).
Explicitly, (8.14) is
[Ey, A1) = [A, [P Bl k=1,..m,

dA, =00 4]

The first n equations are automatically satisfied by definition of F}. The last equation in components
is
dA; -
—— = |[F1, Eg], A1, 8.15
5r, = [P B, A (8.15)

where [F1, Ej] is in (8.11).



8.4. HOLOMORPHIC EXTENSION OF ISOMONODROMY DEFORMATIONS TO U, (0) AND THEOREM 1.6 119

8.4. Holomorphic Extension of Isomonodromy Deformations to U, (0) and Theorem 1.6

LEMMA 8.3. In case the eigenvalues of A(t) are as in (1.25) and A\ (t) is holomorphic on U (0),
then Q(z,t) is holomoprhic (in t) on Ue,(0) if and only if
(A1)av(t) = Olua(t) — up(t)) = Olta — 1), (8.16)

whenever uq(t) and uy(t) coalesce as t tends to a point of A C U, (0).
Also ©)(t) of Corollary 8.1 is holomorphic on Ue,(0) if and only if (8.16) holds.

Proof: By (8.11), Q(z,t) and ©©)(¢) are continuous at to € A if and only if (8.16) holds for those
uq(t), up(t) coalescing at tpo € A. Hence, any point of A is a removable singularity if and only if (8.16)
holds. O

ProprosSITION 8.3. The system

-Te) N
14 A=—+[QA
(14 dA=2"+[0,4)

(8.13)  dG© =eO ) ¢,
with Ay holomorphic satisfying condition (8.16) on Ue,(0), is Frobenius integrable for t € Ue,(0).

The proof is as in [JMUS81]. It holds also in our case, because the algebraic relations are the same as
in our case, no matter if A; is resonant (see e.g. Example 3.2 in [JMUS81]).
Write ) = 37, @lgo)dtk. Since (8.13) is integrable, the compatibility of equations holds:
(0) (0)
90; .

i _ a0 _ g0g®
=0O; > —0Y0; . 1
ot o, o o (8.17)

PROPOSITION 8.4. Let the deformation of the system (1.20) be isomonodromic inV as in Definition
8.2, with A(t) is as in (1.25) and A, (t) holomorphic on Ue,(0). Then, Ay(t) is holomorphically similar
to JO) in the whole Uy, (0) if and only if (8.16) holds as t tends to points of A C Ue,(0). In other
words, if the deformation is isomonodromic in V with holomorphic A, (t), then Assumption 8.1 in the
whole Ue, (0) is equivalent to (8.16).

Proof: Let A (t) be holomorphic and let (8.16) hold, so that ©(©)(¢) is holomorphic on U, (0) by Lemma
8.3. The linear Pfaffian systems dG©) = 0 ()G and d[(GV)~1] = —(G©)~10)(¢) are integrable
in U, (0), with holomorphic coefficients ©()(t). Then, a solution G (¢) has analytic continuation
onto Ue, (0). We take a solution satisfying (GO ()1 A;(t) GO(t) = J© for t € V, which then
has analytic continuation onto U, (0) as a holomorphic invertible matrix. Hence, (G (¢))~1 A, (t)
GO (t) = JO holds in U, (0) with holomorphic G(O)(t). Conversely, suppose that Assumption 8.1
holds in Ue,(0). Then G () and G (#)~! are holomorphic on U, (0). Therefore, also ©©)(t) is
holomorphic on U, (0), because OO () = dG(® . (G()~! defines the analytic continuation of ©(®)(#)
on U, (0). Then (8.16) holds, by Lemma 8.3. OJ
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Summarising, if A(t) is as in (1.25) and A;(t) is holomorphic on U, (0), if the deformation is
isomonodromic in a simply connected subset V of a cell, s.t. V C cell, then it suffices to assume that
A (t) is holomorphically similar to a Jordan form J(©(t) in U,,(0), or equivalently that (8.16) holds
at A C U, (0), in order to conclude that the system

(8.12) dY = Q(z,t) Y,
(8.13) dG© =004 g0,
has holomorphic coefficients on R x U,,(0). The integrability /compatibility condition of (8.12) is
o 09,
%ﬂ ~ 5 = 0,Q; — Q9. (8.18)

If this relation is explicitly written, it turns out to be equivalent to (8.17). Hence, being (8.13)
integrable, also the linear Pfaffian system (8.12) is integrable, with coefficients holomorphic in U, (0).
Therefore, due to linearity, any solution Y'(z,t) can be t-analytically continued along any curve in
Ue, (0), for z fixed.

COROLLARY 8.2. Let the deformation be isomonodromic in a simply connected subset V of a cell,
s.t. V C cell. If Ay(t) is holomorphically similar to a Jordan form J© in U, (0), or equivalently
if (8.16) holds in U, (0), then the Y,(z,t)’s, 0 = v,v + u,v + 2u, together with an isomonodromic
Y(O)(z,t), can be t-analytically continued as single valued holomorphic functions on Ue,(0).

Proof: If the deformation is isomonodromic, by Theorem 8.1 the system (1.20),(8.12) is a completely
integrable linear Pfaffian system (compatibility conditions (8.14) and (8.18) hold), with common so-
lutions Y, (z,t)’s, 0 = v,v 4+ p, v + 2p, and YO (2, #). If fll(t) is holomorphically similar to a Jordan
form .J(©) in U, (0), or equivalently if (8.16) holds in U, (0), then the coefficients are holomorphic in
U, (0), by Proposition 8.4. In particular, since Y, (z,t)’s, 0 = v,v + p,v + 2u, and YO (z,t) solve
(8.12), they can be t-analytically continued along any curve in U, (0). 0.

REMARK 8.7. Corollary 8.2 can be compared with the result of [Miw81]. It is always true that
the Y, (¢,2)’s and y© (t,z) can be t-analytically continued on T as a meromorphic function, where
(in our case):

T = universal covering of C"\Acn.

Here Acn is the locus of C™ where eigenvalues of A(t) coalesce. It is a locus of “fixed singularities”
(including branch points and essential singularities) of (z,t) and of any solution of dY = QY. The
movable singularities of Q(z,t), Y,(t,2) and YO (¢, 2) outside the locus are poles and constitute the
zeros of the Jimbo-Miwa isomonodromic 7-function [Miw81]. Here, we have furthermore assumed
that A; is holomorphic in U, (0) and that (8.16) holds. This fact has allowed us to conclude that
Yy (2,t)’s, 0 = v,v 4 p, v + 2, and YO (2, t) are t-holomorphic in U, (0).

In order to prove Theorem 1.6, we need a last ingredient, namely the analyticity at A of the
coefficients Fj(t) of the formal solution computed away from A.
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PROPOSITION 8.5. Let the deformation of the system (1.20) be isomonodromic in a simply con-
nected subset V of a cell, s.t. V C cell. If A1(t) is holomorphically similar to a Jordan form JO) in
Ue, (0), or equivalently if (8.16) holds in Ue,(0), then the coefficients Fy(t), k > 1, of a formal solution

of (1.20)

o0
Vi(z,t) = (I+ > Fu(t)e*) et (8.19)
k=1
are holomorphic on Ue,(0).
Proof: Recall that
Ap)ap(t
(F)att) = 02Oy,

up(t) — ug(t)’

b#a

If by assumption (8.16) holds, the above formulas imply that F} (¢) is holomorphic in U, (0), because the
singularities at A, i.e. for u,(t) — up(t) — 0, become removable. Since the asymptotics corresponding
to (8.19) is uniform in a compact subset K of a simply connected open subset of a cell, we substitute
it into dY = Q(z,t)Y, with

O(z,t) = 2dA(t) + [Fi(£), dA(2)].

By comparing coefficients of powers of z~! we obtain

[Fi41(8), dA@)] = [Fu(1), dA@)IEL(E) — dFy (), 1> 1. (8.20)
In components of the differential d, this becomes a recursive relation (use OA(t)/0t; = E;):
_ OF(t)
Fra(0), B = [Fi(0), B Fi(t) - ==
with,
0 (Fi1)1i 0
[FlJrl(t)aEz} = —(Fis)in - 0 o = (Fig)in |
0 (Fr41)ni 0

The diagonal element (i,4) is zero. Therefore, (8.20) recursively determines Fj.; as a function of
F,Fi_q,...,F1, except for the diagonal diag(Fj;+1). On the other hand, the diagonal elements are
determined by the off-diagonal elements according to the already proved formula,

L (Fr)aa(t) = = D (A1) ab(8) (F)pa(t). (8.21)
b#a

Let us start with [ + 1 = 2. Since F} is holomorphic, the above formulae (8.20), (8.21) imply that
F, is holomorphic. Then, by induction the same formulae imply that all the F;,(¢) are holomorphic.
O
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Corollary 8.2 means that assumption 2) of Theorem 7.1 applies, while Proposition 8.5 means that
assumption 1) applies. This, together with Proposition 8.1, proves the following theorem, which is
indeed our Theorem 1.6.

THEOREM 8.2 (Theorem 1.6). Let A(t) and A, (t) be holomorphic on Ue,(0), with eigenvalues as
in (1.25). If the deformation of the system (1.20) is isomonodromic on a simply connected subset V
of a cell, such that V is in the cell, and if Ay (t) is holomorphically similar to a Jordan form JO) in
Ue, (0), or equivalently the vanishing condition

(A1)av(t) = O(ua(t) — up(t) = O(ta — o),
holds at points of A in U, (0), then Theorem 7.1 and Corollary 7.4 hold (with Go(t) — I, see Remark
8.3), so that Gy(z,t) = Yy (2,t)er 0= B10) ¢ = v v + p, v + 2u, maintains the canonical asymptotics

Go(z,t) NI—l—ZFk(t)z_k, z— o0 inS,,

k=1
for any t € U, (0) and any €1 < €y. The Stokes matrices,
SlM SV—‘r,UJ

are defined and constant on the whole U, (0). They coincide with the Stokes matrices g,,, gwru of the
specific fundamental solutions Y, (z) of the system (8.8)
dy

= A Y.
7 (2,0)Y,

which satisfy }Q/U(z) = Y,(2,0), according to Corollary 7.4. Any central connection matrix C'ZEO) 18
defined and constant on the whole U, (0), coinciding with a matriz C°£°) defined by the relation

Y, (2) =YO()CP,
where Y0 (2) is a fundamental solution of (8.8) in the Levelt form (8.9), and Y, (z) = Y, (z,0) as

above.
The matrix entries of Stokes matrices vanish in correspondence with coalescing eigenvalues, i.e.

(Sl)ij = (Sl)ji = (Sg)ij = (Sg)ji =0 whenever ul(O) = ’U,J(O)

COROLLARY 8.3 (Corollary 1.1). If moreover the diagonal entries of A1(0) do not differ by non-
zero integers, Corollary 5.1 applies. Accordingly, there is a unique formal solution of the system with
t = 0, whose coefficients are necessarily .

Fy, = F(0).
Hence, there exists only one choice of fundamental solutions ffa(z) ’s with canonical asymptotics at
z = 00 corresponding to the unique formal solution, which necessarily coincide with the Yy(z,0)’s.

Summarizing, the monodromy data are c?mputable from the system with fixed ¢t = 0 and are:
e JO = a Jordan form of A4;(0); R = R. See Proposition 8.1.
® Bl = dlag(Al(O))
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S, = gy, Svtp = gy_w.

e 0V = (0,

Here, 1 and Sy are the Stokes matrices of those fundamental solutions Y;(z), Ya(z), Y3(z) of the
system (8.8) (i.e. system (1.29)) with the specific canonical asymptotics (1.31) satisfying £, = F3,(0),
k > 1. For these solutions the identity Yr(z) = Y;(z,0) holds. In case of Lemma 8.3, only these
solutions exist.

8.5. Isomonodromy Deformations with Vanishing Conditions on Stokes Matrices, Proof
of Theorem 1.7

We now consider again system (1.20) with eigenvalues (1.25) coalescing at ¢t = 0, but we give up
the assumption that Ay(t) is holomorphic in the whole U.,(0). We assume that A, (t) is holomorphic
on a simply connected open domain V C U, (0), as in Definition 1.2, so that the Jimbo-Miwa-Ueno
isomonodromy deformation theory? is well defined V. Therefore Y, 1, (t,2)’s (k € Z) and YO (¢, 2)
satisfy the system

dy A(t)
— = [ At Y, 8.22
=~ ( )+ )y, (5.22)
dy = Q(z,1)Y, (8.23)

and A, (t) solves the non-linear isomonodromy deformation equations
00 .
dA=—+[Q,A
9z " 2, 4],

A0 = g0) (0)

Here Q and ©(©) are the same as in the previous sections, defined for ¢ € V.

Since the deformation is admissible, there exists 7 such that V C ¢, where ¢ is a 7-cell in U, (0).
The Stokes rays of A(0) will be numerated so that 7, < 7 < 7,41.

As in Remark 8.7, the solutions A (t), any Yy 1ku(t, 2)’s and YO (¢, 2) of the above isomonodromy
deformation equations, initially defined in V), can be t-analytically continued on the universal covering
of C"\Acn, as a meromorphic functions. The coalescence locus Acn is a locus of fixed singularities
[Miw81], so that it may be a branching locus for A; (t) and for any of the fundamental matrices Y (z, t)
of (8.22) (i.e. of (1.20)). Notice that our A is obviously contained in Acn. The movable singularities of
A(b), Yy 1ku(t, 2) and YO (¢, 2) outside Acn are poles and constitute, according to [Miw81], the locus
of zeros of the Jimbo-Miwa-Ueno isomonodromic 7-function. This locus can also be called Malgrange’s
divisor, since it has been proved in [Pal99] that it coincides with a divisor, introduced by Malgrange
(see [Mal83a] [Mal83b] [Mal83c|), where a certain Riemann-Hilbert problem fails to have solution
(below, we formulate a Riemann-Hilbert problem in proving Lemma 8.5). This divisor has a complex
co-dimension equal to 1, so it does not disconnect C"\Acn and Ue, (0)\A.

The fundamental solutions Y, 4, (t, z)’s above are the unique solutions which have for ¢ € V the
asymptotic behaviour

Yihu(2,)e 20778 O T S F(0)277, 2 — 00 in Spppul(t). (8.24)
j>1
The t-independent Stokes matrices are then defined by the relations

Yu+(k+1)u(ta z) = Yl/+k,u(t7 Z)Su+ku-

4The fact that A\1 may have eigenvalues differing by integers does not constitute a problem; see the proof of Theorem
8.1.
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Notice that also the coefficients Fj(t) are analytically continued as meromorphic multivalued matrix
functions. For the sake of the proof of the Lemma 8.4 below, the analytic continuation of Y, yx,(t, 2)
will be denoted by

Yy-i-ku (27 t),
where £ is a point of the universal covering R (Ue,(0)\A), whose projection is t. The analytic continu-
ation of Fj(t) will be simply denoted by F}(f)

By arguments similar to those in Section 7.5, it is seen that as ¢ varies in ¢ or slightly beyond the
boundary Oc, then Y, yx,(t,2) maintains its asymptotic behaviour, for ¢ away from the Malgrange’s
divisor. But when ¢ moves sufficiently far form ¢, then the asymptotic representation (8.24) is lost.
The following Lemma gives the sufficient condition such that the asymptotics (8.24) is not lost by

Yquku(Z, E)
LEMMA 8.4. Assume that the Stokes matrices satisfy the vanishing condition

(Sl/)ab = (Su)ba = (Squ,u)ab = (Su+u)ba =0, (825)
for any 1 < a # b < n such that ua(0) = up(0). Then the meromorphic continuation Y, 1, (z,1),
k € Z, on the universal covering R(Ue,(0)\A) maintains the asymptotic behaviour
Yoiu(z,D)eM077P0 T4 Y Fi(E) 27,
j=1
for z — oo in ‘SA’,,JF;W(t) and any t € R(Ue,(0)\A) away from the Malgrange’s divisor. Moreover,
Yot o) (20 8) = Yoirn (2, )Suqp

Here §V+ku(t) is the sector in Definition 7.6.

REMARK 8.8. Notice that B; = diag(A;(t)) is independent of ¢ € V by assumption, and Ay (¢) is
meromorphic, so By is constant everywhere. Moreover, the relation S, 42, = e 2mB1g e2miB1 implies
that (8.25) holds for any S, x,, k € Z.

Proof: Since V belongs to the 7-cell ¢, then Y, p,(2,t) can be denoted by Y, yku(z,¢7,¢), as in
Theorem 7.2, for t € V and for any ¢ € ¢ away from the Malgrange’s divisor. Noticing that the
Malgrange’s divisor does not disconnect U, (0)\A, we proceed exactly as in the proof of Theorem
7.2. Now V is considered as lying on a sheet of the covering R(U,(0)\A). The relation (7.27) holds
unchanged, and reads

Yoiu(2, 57,¢) = Youu(2, 1,7, )KL, (8.26)
On the other hand, the relation (7.28) becomes

XVJ’_#(Z,{) = Y,,ﬂL(z,f; 7,c) HN{[ab](t),

where X,4,(z,%) is a solution of the system (8.22) with coefficient A1 (f), where # is a point of the
universal covering, reached along 74, after Rg,(t) has crossed R(7T — 7) in Figure 7.32. X, ,(z,t) is
the unique fundamental matrix solution having asymptotic behaviour

Xl,+u(z,f)e_A(t)zz_Bl ~ I+ Z Fy(f) 279,
Jj=1

in Sy4,(t). Then (7.29) is replaced by

sz+,u(z Vabt) V+,LL(Z ’Yabt) ab} K[ab} teec.
Here, Y, 4, (2, vapt) is the continuation of Y, 4, (2,t) = Y,1,.(2, 47, ¢) at
t

= Yabl-
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The proof that Kl = Kl®) = J holds unchanged, following from (8.25). Therefore,

XV—i—M(Zv 'Yabt) = YV—FM('Z’ ’Yabt)'
This proves that the analytic continuation Yl,+#(z,t~) along 7., maintains the canonical asymptotic
behaviour. Moreover, the ray R,, plays no role in the asymptotics, as it follows from (8.26) with
Kl® = . Repeating the construction for all possible loops g, as in the proof of Theorem 7.1 and
Theorem 7.2, we conclude that Y,,Jm(z,f) maintains its the canonical asymptotic representation for
any t in the universal covering (# away from the Malgrange divisor), when z — oo in §l,+“(t). O

In Lemma 8.4, we have taken into account the fact that A is expected to be a branching locus, so
that Y(z,7) is defined on R(Ue,(0)\A), as the result of [Miw81] predicts. In fact, it turns out that
(8.25) implies that there is no branchmg at A, as the following lemma states.

LEMMA 8.5. If (8.25) holds, then:

e The meromorphic continuation on the universal covering R(Ue,(0)\A) of any Y, 1r.(2,1),
k€7, and YO (z,t) is single-valued on Ue, (0)\A.
e The meromorphic continuation of A1(t) is single-valued on Ue,(0)\A.

In other words, A is not a branching locus.

The single-valued continuation of Y, 4, (z,t) will be simply denoted by Y, 4, (2,t) in the remaining
part of this section, so we will no longer need the notation Y, ,(z,t).

Proof of Lemma 8.5: Let t € V be an admissible isomonodromic deformation and A (¢) be holomorphic
in V. Let T be the direction of an admissible ray for A(0) such that V lies in a 7-cell. Since the linear
relation (1.25)
Ul(t) :Ui(O)thi, 1<1<n,

holds, we will use u as variable in place of t. Accordingly, we will write A(u) instead of A(t) and
Y (2, u) instead of Y (z,t). Now, the fundamental solutions Y; 4, (2, u) and Y (%) (z,u) are holomorphic
functions of u € V. We construct a Riemann-Hilbert boundary value problem (abbreviated by R-H)
satisfied by® Y, — (2, u), Y, (2,u), Yyiu(z,u) and YO (2, u).

The given data are the essential monodromy data (see Definition 8.2) S,_,, Sy, Bi, pt1, ..., fin,

RO and C,SO). Instead of iy, ..., in, R, we can use D(® and L©® (see (8.2) and Remark 8.2). They

p2miL() C’;SO)

satisfy a constraint, because the monodromy (C(O)) at z = 0 can be expressed in the

equivalent way e*"51(S,S, )71, Recalling that S, = e 251§, _ €251 the constraint is
Sy, B s; = (Ot kY ), (8.27)
The following relations hold for fundamental solutions:
Y, (z,u) =Y, u(z,u)Sy—y, 8.28
Yo u(z, u) Y, (z,u) 8.29

Su,
Y, (z,u) = YO (z,u)C®

v

Yoru(z,u) = YO (z,u)Cs,
Since Y, 4, (2€2™) = Y, _,(2)e?™B1 | we can rewrite (8.28) as

)
Y, (2,u) = Yyiu(2e2™ w)e 281, (8.32)

SRecall that Yy+2ku(ze2k”) = Yl,(z)em”'iBl7 ke Z.
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~

T—T -

F1GURE 8.1. The contour I'_ oo UT'1 UT's UT" 4 o of the Riemann-Hilbert problem, which
divides the plane in regions II,, II,;, and IIy. The directional angles 7, 7 &= 7 and the
orientations are depicted.

We now write
YV—‘rkM(zv ’LL) = gV—‘rklt(Zv u)eQ(ZM)a Q(Zv u) = A(U)Z + Bl In 2

Gupip(z, ) NI—i—ZFj(u)z*j, z—00in Syqpu(u), k=01
j=1
YO (z,u) = Go(z,u) DO L
GOz, u) = G(u) + O(z)  holomorphic at z = 0.
Therefore, from (8.28)-(8.32) we obtain

Gu(z,u) = Gyip(2e®™ u) eQ(Z’“)SV,ue_Q(Z’“), (8.33)
Goin(2) = Gu(2,u) QEVS, e QW) (8.34)
Go(z,u) = GO (z,u) P ZL(O)C,SO)e*Q(Z’“), (8.35)
Guyulz,u) = GO (z,u) DO C0s, e Qw0 (8.36)

We formulate the following R-H, given the monodromy data. Consider the z-plane with the
following branch cut from 0 to oo:

T—m<argz <T+m.

Consider a circle around z = 0 of some radius r. The oriented contour I' = I'(7) of the R-H is the
union of the following paths (see Figure 8.1):

N w: argz=7+m, |2z|>r, half-line coming from oo along the branch-cut
Mioo: argz=7, |2|>r, half-line going to oo in direction 7,

I': 7—rm<argz<7, |2]=r, half-circle in anti-clockwise sense,

I'y: 7<argz<7+m, |z|=r,  half-circle in anti-clockwise sense.

Recalling that 7, < 7 < 7,4, we call:
IT, the unbounded domain to the right of ', UT; UT';,
IIy the ball inside the circle I'y U T,
II,+, the remaining unbounded region C\{IL, UIly UT'}.
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FIGURE 8.2. Jump matrices A, B, C, D along T, used in step 1.

The R-H problem we need is as follows:

G+(Q)=6-(QH(Cu), (€T, (8.37)
where the jump H((,u) is uniquely specified by assigning the monodromy data S,_,, S,, Bi, 050)’
DO and LO (ie. pi,...,pn, R?). Since I'_ lies along the branch-cut, we use the symbol (. if
arg( = T £ m. Hence, H((,u) is

H(C u) = eQ(C—M)S;}ue*Q(C—’") along I' _,
Qg =QCu) along 'y,
QD ()Y =PY along Iy,
eQ(C,u)SIjl(CI(IO))*lC*L(O)Q‘*D(O along I's.

We require that the solution satisfies the conditions

G(z) ~ T +seriesin 27, 2z =00, 2z€I, UL, (8.38)

G(z) holomorphic in IIp and det(G(0)) # 0. (8.39)
By (8.33)-(8.36), our R-H has the following solution for u € V:

Go(z,u)  for z € Iy,
G(z,u) = Gu(z,u)  for z €11, holomorphic of u € V. (8.40)
Guiulz,u)  for z €Il 4,,

By the result of [Miw81], this solution can be analytically continued in u as a meromorphic function
on the universal covering of C"\Ac,,. Consider a loop around A, as in (7.14), involving two coalescing
coordinates ug, up, starting from a point in V. We want to prove that the above continuation is single
valued along this loop. As in the proof of Theorem 7.1, we just need to consider the case when |u, — up)
is small and only PR, and PRy, cross [(T). Let

€ 1= Ug — Up.

The lemma will be proved if we prove that G in (8.40) is holomorphic in a neighbourhood of ¢ = 0,
except at most for a finite number of poles (the Malgrange’s divisor).
In the following, we will drop u and only write the dependence on €. For example, we write H((, )
instead of H({,u). For our convenience, as in Figure 8.2 we call
H((,e) =: A(C_,¢) along T'_ .,
=: B((,¢) along T'| o,
=:C(¢,¢) along I'q,
=:D((,¢) along I's.
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A, ..., D are holomorphic functions of €. The following cyclic relations are easily verified:
A(ze72™ ) D(z,e) Clze ™, e)™t =1  C(z,¢) D(2,6) *B(z,e)"t =1. (8.41)

In particular, the following “smoothness condition” holds at the points 7} and 75 of intersection of
I'_ and I'; o with the circle |z| = r respectively:

A(C_,e) D(C,e) C(C,e) ™ =T  atTy,  C(Ce) D e) 'B(C,e) P =1 atT.
Indeed,
A(ze 2™ &)D(z,6)C(ze *™ &)t =

— eQ(ze_Qm)S;EuefQ(ze_z"i) . eQ(z s-1 C(O ) 1 fL(O) fD(O) . (26727ri)D(0)(ZefZﬂi)L(O)C(O)efQ(ze_Q’”')

v v

) 1 —L<0> —D<0> D<0>ZL(0>€—2mL<0>C£o) e~ Q(2) L2miB1

— 6—27riB16Q(z) S;Eu e27riB1 S; (C 0)

v

v

— o 2miB1 ,Q(2) (S;—lu o2miB1 S; (C(O))—le—Qﬂ'iL(O)CISO)) e~ Q) 2B _ T

In the last step, we have used (8.27). Moreover,
C(Ca 8)2)(2, 6)718(2, 6)71 — 6Q(z) (050))71Z—L(0)27D(0) . Z:D(O)ZL(O)C«(O)SyefQ(z) . eQ(z)S;lefQ(z) —I.

v

The last result follows from simple cancellations.

In order to complete the proof, we need the theoretical background, in particular the L? formulation
of Riemann-Hilbert problems, found in the test-book [FIKNO6], the lecture notes [Its11] and the
papers [Zho89] [DZ02] (see also [Dei99] [DKMT99b] [DKM199a] and [CG81] [Pog66] [Vek67]).
The proof is completed in the following steps, suggested to us by Marco Bertola.

e Step 1. We contruct a naive solution &(z,¢) to the R-H, which does not satisfy the asymptotic
condition (8.38). We start by defining &(z,¢) = I in IIy. Then, keeping into account the jumps C and
B along I'y and I'; respecively (see Figure 8.2), we have

1 for z € Iy,
S(z,e) = C(z,e)7t for z € I1,,, (8.42)

C(z,e)71B(z,e) for z € 4y,

On the other hand, starting with &(z,e) = I in IIp and keeping into account the jump D at Iy, we
must have

S(z,6) = D(z,6)""  for z € M,y (8.43)
The second relation in (8.41) ensures that (8.43) and the last expression in (8.42) coincide. Moreover,
starting with &(z,e) = I in Il and crossing I'; and then I'_, with jumps C and A, we find a third
representation of &(z,¢) for z € 11,1, namely

S(z,6) = C(ze ?™ &) T A(ze ?™ e)  for z € Iqy. (8.44)

Now, the first relation in (8.41) ensures that (8.43) and (8.44) coincide.
e Step 2. We consider an auxiliary R-H as in Figure 8.3, whose boundary contour is the union
of a half line £ 4 contained in I'_,, from oo to a point P; preceding T3, and a half line /5 contained in

[t from a point P following T5 to co. The jump along these half lines is H((,¢) (namely, A(¢_,¢€)
and B((,¢) on the two half lines respectively). The R-H is then

Vi) =V (QH(e)  (elaUls,
W(z) ~ I +seriesinz ',  z—o00, z€Il, U, (8.45)



8.5. ISOMONODROMY DEFORMATIONS WITH VANISHING CONDITIONS ON STOKES MATRICES

Ly

B, o

ump ‘B
.T2 Jump

Q,q d Ty
Jump A

FIGURE 8.3. Step 2: the auxiliary Riemann-Hilbert problem with contour £4 and /5.

Keeping the above asymptotics into account, the R-H is rewritten as follows:

V_(Q)(H(G.e) ~ 1) d_

it (-2 o

U(z)=1+

or, letting 6V :=V¥ — [ and 0H := H — I,

_ dW_(¢) 0H (¢, €) d¢ 6H (¢, e) d¢
(NI(Z) B /ZAUZB ¢—2 2mi * /ZAUZB C—z 27’

129

(8.46)

We solve the problem by computing 0¥ _((), as the solution of the following integral equation (by

taking the limit for z — z_ belonging to the “—" side of {4 U ¢p):

- SU_(¢) SH((, ) dg SH(C,e) d¢
6\IJ(Z)_/€AU€B C_Z* m+/€AU€B C_Z* 277”’

= C_[60_6H(-,e))| () + C- [0H(-,2)] (=-).
Here C_ stands for the Cauchy boundary operator. We will write C_ [0WU_0H (-, )| as
C_[e §H(-,€)]0V_,

to represent the operator C_[e dH(-,¢)] acting on 6W_. We observe the following facts:

1. If w is in the cell containing V, as ( — oo along £ 4 and ¢g, the off-diagonal matrix entries of

the jump are exponentially small. Indeed

Hij(2,€) = H;j(Cu) = sy eXP{(Uz’ —u;)¢ + ((B1)ii — (B1)jj) In C} — 0ij.

(8.47)

This is due to the fact that s;; is either (S, );; or (S,2,)i;. Thus, §H;; € L?(£4Ulg,|d(|), and

v—p

C_[6H] ;i € L?(¢4 U ¢p,|d¢|). Hence, the problem is well posed in L?, consisting in finding

)

0W_ as the solution of
(1-C_[edH(e)]) 0w =C_[sH(2)].

(8.48)

2. If w is in the cell containing V), by assumption both the operator and the given term in (8.48)
depend holomorphically on u. Along the loops (u; — u;) = (u; — uj)e?™, 1 <i# j <n, the
property (8.47) is lost, because u leaves the 7-cell containing V), so that some Stokes rays cross
the ray R(7). On the other hand, if the vanishing condition (8.25) holds, then sq, = sp, = 0.
Thus, (8.47) continues to hold along the loop € + ge?™. It follows that I — C_[e JH(-,€)]

is an analytic operator in € and the term C_[dH (-,¢)] is also analytic, for € belonging to a

sufficiently small closed ball U centred at € = 0.

6No difficulty arises from the fact that S;EH appears. If for simplicity we take the labelling (5.50)-(5.53), then S, _,, has

diagonal blocks equal to p; x p; identity matrices. This structure persists on taking the inverse.
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FIGURE 8.4. Step 3: the continuous Riemann-Hilbert problem on the circle ~, with
jump W(C,£)&(C,2) .

3. If P, and P; are sufficiently far away from the origin, we can take

16H (- €)oo = S [H (¢, €)]

€Ul
so small that the operator norm || - || in L? satisfies, for € € U,
|C-[o 6H(-,e)]|| < IC-|| 0H(-, €)lloc < 1. (8.49)
Here, ||C_|| is the operator norm of the Cauchy operator.” By (8.49), the inverse exists:
1 +oo
(1-C_[o6H(0)]) =D (C_[o6H(- o))" (8.50)
k=1

The series in the r.h.s. converges in operator norm and defines an analytic operator in € € U.

Using (8.50), we find the unique L?-solution of (8.48) and then, substituting into (8.46), we find the
ordinary solution ¥(z,¢) of the auxiliary problem, which is holomoprhic in € € U.

e Step 3: We construct a R-H along a closed contour with a continuous jump. Consider a “big”
counter-clockwise oriented circle v centered at the origin and intersecting I'_, at a point ()1 preceding
Py, ' at a point Q2 following P,. See Figure 8.4. If G is the solution to the starting problem (8.37),
(8.38), (8.39), we construct a matrix-valued function ® as follows:

d:= G-U(ze)"!, for z outside 7, (8.51)
G-6(z,e)7t, for z inside 1. (8.52)

By constriction, ® only has jumps along ~:
®4(Q) =) H(C.e),  H(C.e) = W((,e)S(Ce) (8.53)

By construction, the jump matrix H (¢,¢e) is continuous in ¢ along «, and is analytic in ¢ € U. By
(8.45), then (8.38) is equivalent to
®(z) ~ I +seriesin 271,  z—=o00, z€TIl, UM,

"Here we use the simple estimate ||C_ (f6H)| 12 < [|C_|| ||6H oo ||f|lL2, for any f € L2.
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Therefore, the R-H for ® is solved as in (8.48) and (8.46) by

(1-cC[osH(e)|) 00 = C_[5H(e)], (8.54)
_ [ 09_(¢) SH((e) dC 0H ((,e) d¢
5B(z) = L T R (e (8.55)

Here C_ is Cauchy operator along ~. Since v is a closed contour and H (¢, ¢e) is continuous, the pro-
cedure and results of [Zho89] [DZ02] [DKM*99b] apply. The operator C_ [o SH(, 5)} is Fredholm,

I —C_[e 6H(- )] has index 0 and its kernel is {0}. Therefore, the “analytic Fredholm alternative”
of [Zho89] holds. Namely, either I — C_[e §H(-,¢)] can be inverted (and (8.54) can be solved) for
every £ € U, except for a finite number of isolated values, or is invertible for no . In the first case,
(I —C_Je 5ﬁ(-, 5)]) ' is meromorphic, with poles at the isolated points in U.

By (8.51)-(8.52), solvability of the R-H (8.53) is equivalent to the existence of the solution G(z,¢) =
G(z,u) for the problem (8.37), (8.38), (8.39). By assumption (i.e. by the result of [Miw81]) we know
that locally in u the solution G(z,u) exists. We therefore conclude that the “Fredholm analytic
alternative” implies the existence of the solution ®_((, ) of (8.54) for every € € U, except for a finite
number of poles, and that (8.55) gives an ordinary solution ®(z,e), meromoprhic as a function of € in
U. By (8.51)-(8.52), the same conclusion holds for G(z,e) = G(z,u). This proves the Lemma (as for
Ay, it suffices to note that A;(t) = z(Y"1(z, )dY (z,t)/dz — A(t))). O

Theorem 1.7 immediately follows from Lemma 8.4 and Lemma 8.5.

8.6. Comparison with results in literature

We compare our results with the existing literature on isomonodromic deformations. The case
when A is empty and A4, (t) is any matrix does not add additional difficulties to the theory developed
in [JMUBS81]. Indeed, in the definition of isomonoromic deformations given above, not only we require
that the monodromy matrix at z = 0 is independent of ¢, but also the monodromy exponents J ),
RO and the connection matrix C©) in (1.23) are constant (this is an isoprincipal deformation, in the
language of [KV06]). Given these conditions on the exponents, and assuming that A = (), one can
essentially repeat the proofs given in [JMU®&1]. For example, the case when A is empty and A (t) is
skew-symmetric and diagonalisable has been studied in [Dub96], [Dub99b]. We also recall that in
case of Fuchsian singularities only, isomonodromic deformations were completely studied® in [Bol98]
and [KV06].

Isomonodromy deformations at irregular singular points with leading matrix admitting a Jordan
form independent of t were studied in [BMO05] (with some minor Lidskii generic conditions). For
example, if the singularity is at z = oo as in (1.16), the results of [BMO5] apply to A(z,t) =
2T+ P ﬁj (t)277), with Jordan form J and Poincaré rank k > 1. Although the eigenvalues of
J have in general algebraic multiplicity greater than 1, J is “rigid”, namely uyq, ..., 4, do not depend
on t.

Other investigations of isomonodromy deformations at irregular singularities can be found in
[Fed90] and [Bib12]. Nevertheless, these results do not apply to our coalescence problem. For
example, the third admissibility conditions of definition 10 of [Bib12] is not satisfied in our case. In

8In [Bol98] it is only assumed that the monodromy matrices are constant. This generates non-Schlesinger deformations.
On the other hand, an isopricipal deformation always leads to Schlesinger deformations [K'V06].
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[Fed90] the system with A(z,t) = 2" "1 B(z,t), r € Q, is considered, such that B(oco,t) has distinct
eigenvalues; z = oo satisfying this condition is called a simple irregular singular point. This simplicity
condition does not apply in our case.

The results of [K1i13], cited above, are applied in [K1i16] to the 3 x 3 isomonodromic description
of the Painlevé 6 equation and its coalescence to Painlevé 5. In this case, the limiting system for ¢ — 0
has leading matrix with a 2 x 2 Jordan block, so that the fundamental matrices Y;.(z,t) diverge.

Isomonodromic deformations of a system such as our (1.20) (with z — 1/z, Ay — Z, A1 — f)
appears also in [BTL13]. Nevertheless, the deformations in Section 3 of [BTL13] are of a very
particular kind. Indeed, the eigenvalues uy, ..., u, of the matrix Z in [BTL13], which is the analogue
of our /To, are deformation parameters, but always satisfy the condition

Uy =+ = Up,, (8.56)

Up;+1 = "+ = Up;+pa> (8'57)

(8.58)

Upy4-+ps—1+1 = "7 = Upy+-4ps; (8.59)

with p; + - -+ + ps = n. Thus, no splitting of coalescences occurs, so that the deformations are always
inside the same “stratum” of the coalescence locus. Moreover, the matrix f = f(Z) in [BTL13],
which is the analogue of our /All, satisfies quite restrictively requirements that the diagonal is zero
and (ﬁl)ab = 0 whenever u, = up, 1 < a # b < n. These conditions are always satisfied along
the deformation “stratum” of [BTL13][; they are a particular case of the more general conditions of
Proposition 5.2 in Chapter 5. For these reasons, an adaptation of the classical Jimbo-Miwa-Ueno
results [JMUS81]| (and those of [BoaO1l] for a connection on a G-bundle, with G a complex and
reductive group) can be done verbatim, in order to describe the isomonodromicity condition for such
a very particular kind of deformations. In the present Thesis, we studied general isomonodromic
deformations of the system (1.20), not necessarily the simple decomposition of the spectrum as in
(8.56)-(8.59).
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CHAPTER 9

Application to Frobenius Manifolds

ABSTRACT. In this Chapter we apply the main results of Part 2 to the case of the isomonodromic
differential systems associated with semisimple Frobenius manifolds, in order to extend the description
of their monodromy also at semisimple coalescence points. In particular, it is shown that also at
semisimple coalescence points the monodormy data (which are there punctually defined as explained in
Section 2.2.1, Chapter 6 and Section 8.4) are locally constant. Moreover it is deduced that both formal
and asymptotically associated fundamental solutions of the system defining deformed flat coordinates
are holomorphic at semisimple coalescence points.

9.1. Isomonodromy Theorem at coalescence points

So far, the monodromy data S and C of a semisimple Frobenius manifold M have been defined
pointwise and then the deformation theory has been described at point (3) of Theorem 2.9 and in

Theorem 2.12, away from coalescence points. In particular, S and C' are constant in any ¢-chamber,

and the matrices Yl(k)

eft /right
deformation theory té sgemisimple coalescence points. We show that monodromy data, which are well
defined at a coalescence point, actually provide the monodromy data in a neighborhood of the point,
and can be extended to the whole manifold through the action of the braid group. In this section we
will use the following notation for objects computed at a coalescence point: a matrix Y, S or C will
be denoted f/, SorC.

Let po € By \ Kar be a semisimple coalescence point. Consider a neighbourhood Q C M \ Ky

(z,u) are u-holomorphic in all /~-chambers. In this section we generalize the

of pp, satisfying the property of Remark 2.4. An ordering for canonical coordinates (u,...,u,)
and a holomorphic branch of the function ¥: Q — GL,(C) can be chosen in . We denote by
u(p) = (u1(p),...,un(p)) the value of the canonical coordinate map wu: 2 — C", and we define

Aq = {u(p) = (u1(p), ..., un(p)) € C" ‘ p € HBM}.

Therefore, if u € Agq, then u; = u; for some i # j. The coordinates u(pg) of pp will be denoted

u©) = (ugo), ...,u,(qo)). Agq is not empty and contains u(?. Let 71, ..., 7s be the multiplicities of the
eigenvalues of U(u(®)) = diag(ugo), ...,u%o)), with s < n, r1 +--- 4+ r; = n. By a permutation of

(u1, ..., ), there is no loss in generality (cf. Section 2.3) if we assume that the entries of u(®) are

ul? = =0 =y
UE’?)—H ==, =
(9.1)
“5(1])+~--+r571+1 == “y(ﬂ?zr...wsfﬁrs_l = u;0> =: As.

135
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Let
1 e
0; := imin{ Ai — Aj +pe’(5_¢> , J# 1, pER},
and let ¢y be a small positive number such that
€0 < min 0i. (9.2)

We will assume that € is sufficiently small so that the polydisc at (9, defined by'

»

U, (u(o)) = X B(\i;€0) ™,

=1

is completely contained in the image u(€2) of the chart Q. Note that, for €y satisfying (9.2), if u varies
in U, (u(?), the sets

L= A{uy, oooyur by, Lo i=A{Ur 41, oo s Urjdrg fy ey Ls = {Urygebre 41y oy Uy totrg g4 b (9.3)

do never intersect. Thus, u(®) is a point of mazimal coalescence in Uy, (u(®). We will say that a
coordinate u, s close to a \; if it belongs to I;, which is to say that u, € E(/\j; €0)-

Moreover, for € as in (9.2), the Stokes rays satisfy the following property. Let us fix ¢ € R so that
the line £ = ¢(¢) is admissible at py (Definition 2.13). For u € U, (u?)), consider the subset R(u) of
Stokes rays in the universal covering R, which are associated to all couples of eigenvalues u, and uy,
such that u, is close to a A; and wuy is closed to a \j, with ¢ # j. Then, the associated Stokes rays
Ry, (projections of Rgpr € 9M(u)) continuously move, but they never cross £ as long as u, varies in
E()\i; 60) and Up in E()\j; 60).

The choice of the line ¢, admissible at pg, induces a cell decomposition of U, (u(o)), according to
the following

DEFINITION 9.1. Let ¢ be admissible at u(®). An f-cell of U, (u(?)) is any connected component
of the open dense subset of points u € U, (u?) such that uy,...,u, are pairwise distinct and ¢ is
admissible a w.

According to Proposition 7.1, an ¢-cell is a topological cell, namely it is homeomorphic to a ball.
We notice that if u(p) is in a f-cell, then p lies in a ¢-chamber. Thus, if D is an open subset whose
closure is contained in a cell of U, (u(?)), according to Theorems 2.9, point (3), the system

% - (U + Vi“)> Y, (9-4)

for v € D, admits two fundamental solutions Yrggzm Jleft

asymptotic representation Yiormal(2,u) as in (2.28), valid in the sectors Ijef jrignt (@) respectively. It

(z,u) uniquely determined by the canonical

follows from the proof of Theorem 2.8 that Yiormal (2, u) is u-holomorphic in U, (u(?)\Aq. By Remark
2.7 actually the asymptotic representation is valid in wider sectors Sief; /right (u), defined as the sectors
which contain II;. /right(gb) and extends up to the nearest Stokes rays. By Theorem 2.12 the system
above with u € D is isomonodromic, so that the Stokes matrices S, S_ defined in formulae (2.33),(2.34),
with S_ = ST, are constant.

1 Here B(Ai;€0) is the closed ball in C with center \; and radius ;. Note that if the uniform norm |u| = max; |u;| is
used, as in [CDG17b], then Ue, (u¥) = {u eC" | lu—u? < 60}.
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“--._ B(\jie)

FIiGURE 9.1. Points \;’s and wu,’s are represented in the same complex plane. The
thick line has slope m/2 — ¢. As u varies, for values of ¢ sufficiently small (left figure)
the Stokes rays Rgp associated to u, in the disk B(\;; €) and uy, in the disk of B(\;; €)
do not cross the line ¢. If the disks have radius exceeding minj<;<sd; as in (9.2) (see
right figure), then the Stokes rays Ry cross the line £.

Let us now turn our attention to the coalescence point u(?). From the results of [CDG17b] — and
more generally in [BJL79c] - it follows that there are a unique formal solution at w0,

v _ = ék U
Y}ormal<z) =1 + Z ZT e,
k=1

and unique actual solutions Yiégg (z) and )o/;ggflt (z), with asymptotic representation given by Yigrmal(z) in

Hiefy /right, and in wider sectors Siets (u'?)) and Sright (u(9)) respectively. The Stokes matrices of }Q/r(ig%lt (2)
and Yi,(a(f)t) (z) are defined by

o 0 o 0 o o 0 . o 0 o o o
Vi () = Vg8, HR(@™2) =¥EL=)8-, 5 =4".
A priori, the following problems could emerge.

(1) The asymptotic representations

v(©

left/right(z7u) ~ Y%ormal(zau)7 for |Z| —ooand z € ﬂ Sleft/right (U) 2 Hleft/right(¢)

u€D
does no longer hold for u outside the cell containing D.

(2) The coefficients G (u)’s of (2.28) may divergent at Aq.
(3) The locus Ag is expected to be a locus of singularities for the solutions Yiorma(z, w) in (2.28)

0
and Yvk(eft)/right('z? u) Yiormal (2, u)

(4) The Stokes matrices S, S_ may differ from 3, 5_.
We notice that the system (9.4) at u(9) also has a fundamental solution in Levelt form at z = 0,

Yo(z) = U(uO) (I + O(2)) 212", (9.5)
with a certain exponent R. Hence, a central connection matrix C is defined by

o 0 o o
Vi (2) = Yo(2)C.

We recall that ¥(u) is holomorphic in the whole U, (u(?)), so that Vj;(u) vanishes along Ag
whenever u; = u; (see Lemma 2.3). These are sufficient conditions to apply the main theorem
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of [CDG17b], adapted and particularised to the case of Frobenius manifolds, which becomes the
following:

THEOREM 9.1. Let M be a semisimple Frobenius manifold, py € By \Kyr and Q C Mgs = M\ Ky
an open connected neighborhood of py with the property of Remark 2.4, on which a holomorphic branch
for canonical coordinates u: Q — C™ and V: Q — GL,(C) has been fized. Let €y be a real positive
number as above, and consider the corresponding neighborhood Uy, () of u® = u(py). Then

1) The coefficients Gi(u), k > 1, in (2.28) are holomorphic over Uy, (u(?),
0
Gk(u(o)) = ék and 1/formal(z7 u(O)) = i/formal(z)'

(2) Ylggt)(z, u), Y;(igflt(z, u), can be u-analytically continued as single-valued holomorphic functions

on U, (u9)). Moreover

0 °-(0
Yie(zft)/right(z’ U(O)) = Yie(zft)/right (Z)

(3) For any solution Yo(z) as in (9.5) there exists a fundamental solution Yo(z,u) in Levelt form
(2.32) such that
Yo(z,u®) =Yy(z), R=R.
(4) For any €1 < €q, the asymptotic relations
(0.9}
0) G (u)
}/ieft/right(z’ u) ~ (]l + Z k
k=1

z

) €ZU7 Z — 00 in Hleft/right((b): (96)

hold uniformly in u € U, (u0)). In particular they hold also at points of Ag NU., (u(?) and
at u(®),

(5) For any u € Uy, (u(o)) consider the sectors S\right(u) and ﬁeft(u) which contain the sectors
yight (¢) and et (@) respectively, and extend up to the nearest Stokes rays in the set R(u)
defined above. Let

Sieftjright = [ Slett/righs (10)-
U € Uey(ul®)
Observe that for sufficiently small € > 0 the sectors
Mgt (¢) :={z €R: ¢ —m—e <arg 2 < p+¢},
Mg (@) ={z€ER: p—c<arg z< d+m+e},
are strictly contained in §right and SA'left respectively. Then, the asymptotic relations (9.6)
actually hold in the sectors (§left [

(6) The monodromy data u, R, C, S of system (9.4), defined and constant in an open subset D of
a cell of U, (u(9), are actually defined and constant at any u € U, (u(?), namely the system. is
isomonodromic in Ue, (u(o)). They coincide with the data p, é, é’, S associated to fundamental
solutions Yoieft/right(z) and Yo(2) of system (9.4) at u®). The entries of S = (Sij)ilj=1 satisfy
the vanishing condition (1.39), namely

Sij =85 =0 for alli# j such that W0 = u§~0). (9.7)

This Theorem allows us to obtain the monodromy data p, R, C, S in a neighbourhood of a
coalescence point just by computing them at the coalescence point, namely just by computiong u, R,
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é’, S. Tts importance has been explained in the Introduction and will be illustrated in subsequent
sections.

REMARK 9.1. Suppose that S is upper triangular. By formula (9.7), it follows that in any ¢-cell of
Ue, (u(o)) the order of the canonical coordinates in triangular, according to Definition 2.17, and only
in one cell the order is lexicographical (Definition 2.16).

9.1.1. Reconstruction of monodromy data of the whole manifold. The monodromy data
of the Frobenius manifold can be obtained from those computed in Theorem 9.1 around «(9). Without
loss of generality, let us suppose that the ordering (9.1) is such that Ay, ..., As are in ¢- lexicographical
order. Then, the matrix S computed at the coalescence point u(?) is upper triangular. Therefore,
by Theorem 9.1, the matrix is constant and upper triangular in the whole ploydisc U, (u(9). In par-
ticular, it is upper triangular in each cell of L{q(u(o)). This means that uq,...,u, are in triangular
order (Definition 2.17) in each such cell, and in particular they are in lexicographical order in only
one of these cells (Definition 2.16). Note that any permutation of canonical coordinates preserving
the sets Iy, ..., Is of (9.3) maintains the upper triangular structure of S, namely the triangular order
of uy, ..., up in each cell of U, (u(?)). The permutation changes the cell where the order is lexicograph-
ical. Now, each cell of the polydisc U, (u(?)) is contained in a chamber of the manifold (identifying
coordinates with points of the manifold, which is possible because of the holomorphy of canonical
coordinates near semisimple coalescent points). Let us start from the cell of U, (u(?)) where uy, ..., u,
are in lexicographical order. The monodromy data of Theorem 9.1 in this cell are the constant data of
the chamber containing the cell (Theorems 2.4 and 2.12). Since in this chamber uy, ..., u, are in lexi-
cographical order (and distinct!), we can apply the action of the braid group to S and C, as dictated
by formulae (2.39), (2.41). In this way, the monodromy data for any other chamber of the manifold
are obtained, as explained in Section 2.3.



CHAPTER 10

Monodromy Data of the Mawell Stratum of the As;-Frobenius
Manifold

ABSTRACT. In this Chapter, after recalling how it is defined the Frobenius structure associated with the
singularities of ADFE-type, we study in detail the As-Frobenius structure. More precisely, in order to
exemplify the results of Theorem 9.1, we study the isomonodromic differential system defining deformed
flat coordinates in correspondence of points of the Maxwell Stratum of As. We show that at these
points the computation of the monodromy data can be explicitely done using asymptotic-analytical
properties of Hankel special functions H(;)(z)7 H(f)(z). We also compute the monodromy data in a
neighborhood of the Maxwell Stratum uéng prop;lerties of the Pearcey Integral, and we show in this
example the validity of Theorem 9.1, namely both the isomonodromicity property and the holomorphy
of fundamental systems of solutions. We finally reinterpret our computations as an alternative to the
M. Jimbo’s procedure ([Jim82]) for computing the monodormy data corresponding to branches of
PVI,-transcendents holomorphic at critical points.

With the example of A3 Frobenius manifold, we show how Theorem 9.1 allows the computation
of monodromy data in an elementary way, by means of Hankel special functions. Moreover, we apply
the results of Section 2.3, especially showing how the braid group can be used to reconstruct the
data for the whole manifold, starting from a coalescence point. The reader not interested in a general
introduction to Frobenius manifolds associated to singularity theory may skip Sections 10.1 and 10.1.1
and go directly to Section 10.2.1.

10.1. Singularity Theory and Frobenius Manifolds

Let f be a quasi-homogeneous polynomial on C” with an isolated simple singularity at 0 € C™.
According to V.I. Arnol’d [Arn72] simple singularities are classified by simply-laced Dynkin diagrams
A, (withn > 1),D,, (with n > 4), Es, E7, Eg. Denoting by (z1...,%;) the coordinates in C™ (for
singularities of type A,, we consider m = 1), the classification of simple singularities is summarized in
Table 10.1. Let u be the Milnor number of f (note that u = n for A,,, D,, and E,,), and

fl@,a) = f(2) + ) aigi(@),
i=1

be a miniversal unfolding of f, where a varies in a ball B C C*, and (¢1(x), ..., ¢u(x)) is a basis of the
Milnor ring. Using Saito’s theory of primitive forms [Sai83], a flat metric and a Frobenius manifold
structure can be defined on the base space B [BV92]. For any fixed a € B, let the critical points be

xi(a) = (acl(l),...,xl(m)), i =1,...,u, defined by the condition 0, f(x;,a) = 0 for any a = 1,...,m.
The critical values u;(a) := f(z;(a), a) are the canonical coordinates. The open ball B can be stratified

as follows:

(1) the stratum of generic points, i.e. points where both critical points (s and critical values
u;’s are distinct;

140
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] H Singularity Versal Deformation
Ay f(z) = 2n*! flz,a) =" +a, 12"+ +ayz +ap
D, || f(x) = x?il + x123 f(z,a) = x{“l + z123 + an,laﬂff2 4+ -4 a1 + agxo
Eg f(x) =27 + 23 f(z,a) =z + 23 + agr?as + asvi22 + a42? + azrs + asry + 4y
Er || f(x) =282y + a3 f(z,a) = 2329 + 23 + a1 + agxs + azr179 + a4r172 + asT1 + AT + arxe
Eg f(z) =2} + 23 f(z,a) = 28 + 23 + agrlzs + arxzs + agz} + asrim + a4x? + azra + azry + ay

TABLE 10.1. Arnol’d’s classification of simple singularities, and their corresponding
miniversal deformations.

(2) the Mazwell stratum, which is the closure of the set of points with distinct critical points
2(’s but some coalescing critical values u;’s;
(3) the caustic, where some critical points coalesce.

The union of the Maxwell stratum and the caustic is called function bifurcation diagram = of the
singularity (see [AGLV93] and [AGZV88]). The complement of the caustic consists exclusively of
semisimple points of the Frobenius manifold. In this section we want to show how one can reconstruct
local information near semisimple points in the Maxwell stratum, by invoking Theorem 9.1. We will
focus on the simplest example of Ag.

10.1.1. Frobenius structure of type A,,. ( [DVV91], [Dub96], [Dub99b],[Dub99a))
Let us consider the affine space M = C” of all polynomials

f(z,a) = 2" +a, 12" - Fagz + ao,

where (ag,...,an—1) € M are used as coordinates. We call bifurcation diagram = of the singularity
A, the set of polynomials in M with some coalescing critical values. The bifurcation diagram = is
an algebraic variety in M, which consists of two irreducible components (the derivative w.r.t. the
variable z will be denoted by (-)’):
e the caustic K, which is the set of polynomials with degenerate critical points (i.e. solutions
of the system of equations f'(z,a) = f"(x,a) = 0)!;
e The Maxwell stratum M, defined as the closure of the set of polynomials with some coalescing
critical values but different critical points.
For more information about the topology and geometry of (the complement of) these strata, the reader
can consult the paper [Nek93], and the monograph [Vas92]. There is a naturally defined covering
map p: M — M of degree n!, whose fiber over a point f(x,a) consists of total orderings of its critical

IThe equation of the caustic is A(f') = 0, where A(f') := Res(f’, f) is the discriminant of the polynomial f'(z,a).
The reader can consult the monograph [GKZ94], Chapter 12.
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points. On M , T1,...,T, are well defined functions such that

n

f'(@,p(w)) = (n+1) [[(x - zi(w)), weM.
i=1
The caustic K is the ramification locus of the covering p. For any simply connected open subset
U C M\ K, we can choose a connected component W of p~1(U). The restriction of the functions x1,
.ory T, o1 W defines single-valued functions of a € U, which are local determinations of x1, ..., x,. For
further details see [Man99].
We define on M the following structures:

(1) a free sheaf of rank n of Oys-algebras: this is the sheaf of Jacobi-Milnor algebras
O]
f'(x,a) - Oy lz]
For fixed a € M, the fiber of this sheaf is the algebra C[z|/(f'(x,a)). We also define an
Ops-linear Kodaira-Spencer isomorphism x: 9y — Opx]/(f'(z,a)) which associates to a
vector field £ the class £¢(f) = £(f) mod f’. In particular, for any o = 0,...,n—1 the class

0q, [ 1s associated to the vector field J,,. In this way we introduce a product o of vector fields
defined by

o¢=r"1(E(f)-C(f) mod f').
The product o is associative, commutative and with unit 9,,. We call Euler vector field the
distinguished vector field E corresponding to the class f mod f’ under the Kodaira-Spencer
map ~. An elementary computation shows that
Sntl-i 9

E=S"1T1"1 % gp(o)=o.
= n+l a’aai’ n(0) =

(2) A symmetric bilinear form n, defined at a fixed point a € M as the Grothendieck residue

e e L [ €D Cma) o)

2mi Jr, f(u,a)
where T', is a circle, positively oriented, bounding a disc containing all the roots of f’(u,a). It
is a nontrivial fact that the bilinear form 7 is non-degenerate (for a proof, see [AGZV88]) and
flat (explicit flat coordinates can be found in [SYS80]: notice that the natural coordinates
a;’s are not flat). Notice that

n+3
Lrgn = .
B n—+ 177
THEOREM 10.1. The manifold M, endowed with the tensors (n, 0, 0q,, E), is a Frobenius manifold
of charge Z—H The caustic Ky, defined as in Definition 2.9, coincides with the caustic IKC of the singu-

larity Ay, defined above. By analytic continuation, the semisimple Frobenius structures extends on the
unramified covering space p~'(M\K) C M. Critical values define a system of canonical coordinates.

The reader can find detailed proofs in [Dub96], [Dub99b], [Man99], [Sab08]. If a is a given
point of M\ K, i.e. such that f(z,a) has n distinct Morse critical points z1, ..., z,, then the elements

mi(a) == k1 (f”( f(z,a) ) fori=1,...,n

xi,a)(x — x;)

are idempotents of (T, M, o,). This follows from the equality f'(z,a) = (n+1)[[}=;(x —z;). Consider
now a local determination z1(a),...,xz,(a) for critical points, with a varying in a simply connected
open set away from the caustic. Let us define the functions w;(a) := f(x;i(a),a) for i = 1,...,n.
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Since det (8“’) is the Vandermonde determinant of z;(a)’s, the functions wu;’s define a system of

local coordinates. In order to see that m; = a—, it is sufficient to prove that x(0u;)(x;) = d;j, i.e.

g J (x;) = 0;5. This follows from the equalities

8f(xi(a)7a) o ) i i _ . J
EDL — (w5 = ol

0
8ui '

10.2. The case of Ag

10.2.1. Reduction of the system for deformed flat coordinates. We consider the space M
of polynomials

f(z;a) = 2t + asx® + a1z + ao,
where ag, a1,a2 € C are “natural” coordinates on M. The Residue Theorem implies that the metric
n, defined on M as in (10.1), can be expressed as

£ (w0) - C(N)wa)
7'(u,a) |

77@(5; () = —resu=oo

and consequently
1—i—j

0;,0;) = res,— dv,
a(0i: 95) =0 4 20002 + ayv?

where 0; = aa , 05 = ai So we find that

[esyNES

Ta =
__az
8

= O O
O—= O

Note that ag, a1, as are not flat coordinates for 1. The commutative and associative product defined
on each tangent space T, M, using the Kodaira-Spencer map, is given by the structural constants at
a generic point a € M:

Opo0; =0; forall i,

1 1 1 1
01001 = 0y, 0100, = —§a251 - 10180, Oy 00, = —56!252 - Zalal-
The Euler vector field is
1
FE = Z = aogdy + CL181 + 5&282.
With such a structure M is a Frobenius manifold. The (1,1)-tensor U of multiplication by E is:
ag 8a1a2 —%CL%
Ua)= | 28 gy — 2 5(11@22
5 w-%

Up to a multiplicative constant, the discriminant of the characteristic polynomial of U/ is equal to
3
a} (8a3 + 27a})
and so the bifurcation set of the Frobenius manifold is the locus

B = {ar =0} U {8a} +27a} = 0}.
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Let us focus on the set {a; = 0}, and let us look for semisimple points on it. It is enough to consider
the multiplication by the vector field A\d; + pda (A, u € C), and show that it has distinct eigenvalues.
This is a (1,1)-tensor with components at points (ag, a1, az) equal to

A

0 —%al —5(11

A
A —Bay —F5ay — hay
1% A —%GQ

whose characteristic polynomial, at points (ag, 0, az), has discriminant
Lios/gye, 2 \2
_é)\ as (2)\ +p a2>

So, the points (ag, 0, az) with ag # 0 are semisimple points of the bifurcation set, namely they belong
to the Maxwell stratum. In view of Theorem 10.1, they are semisimple coalescence points of Definition
1.1. We would like to study deeper the behavior of the Frobenius structure near points (ag, ai,a2) =
(0,0, h) of the Maxwell stratum, with fixed ap = 0 and with h € C*.

REMARK 10.1. The points (ag, 0, 0), instead, are not semisimple because we have evidently 92 = 0
on them.

Let us introduce flat coordinates 1, t9, t3 defined by

ap =ty + §t3,

A 10 fts
ay = to, = (2%) _ (o1 ).
%)y \o o 1

az = t3
In flat coordinates we have:
-5 3.2 | 1,3
00 % ty ﬁtzig —igts + 5513 -1
n= (1] 1 0 |, Ulty,tats) = oy -3 oot . p= 0 NE
a 00 3% ty 1

Thus, the second system in (2.2) is
1
0.6 = (U™~ Zu)¢
z
that is
9.6 = 3&ota + 1Gst3 + & (tl + ﬁ) )

2 .
0.8 = —15litats + & (t1 - %3) + 3¢t (10.2)

0,63 =& (—%t% + 3%?5%) — S6tats + & (t1 - i) :

We know that if (¢1, te, t3) is a semisimple point of the Frobenius manifold, then the monodromy data
are well defined, and that these are inavariant under (small) deformations of 1, ta, t3 by Theorem 2.12
and Theorem 9.1. The bifurcation set is now

{t2 = 0} U {8t} + 2713 = 0}
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Now, if we fix ag = 0, the tensor U at (0, a1, h), i.e. (t1,t2,t3) = <—%h2,t2, h), is

1
U (—8h2,t2,h> =| % M —3hy, : (10.3)
h 3tz _h?
2 4 8

The bifurcation locus is reached for a; =t = 0. At this points

(t1,t2,t3) = (—%hQ,O, h).

we have
_h? 0 Ji5d
1., 8 , 32
U(-zp%0n) = o - o | (10.4)
8 4 2
2 8

REMARK 10.2. Note that the characteristic polynomial of the matrix (10.3) is equal to
1
Pris(N) = 522 (—16h"A — 128527 — 256)% — 4h™3 — 144hE5 - 27t3)

whose discriminant is
—512h%3 — 5184h5t5 — 174961315 — 196835
65536 ’

2. 2
ty =0, ty= i3i\/;h§.

We are investigating the behavior near points of the first case.

It vanishes at points in which

Define the function )
X(a):= [—9@1 +/3(27a3 + 8ag)%} 3

which has branch points along the caustic K = {a; = a2 = 0} U{27a? +8a3 = 0}. Fix a determination
of X on a simply connected domain in M \ K, that we also denote by X(a). The critical points
x1,x9,x3 of f(x,a) are equal to

191"(12 19@X(a)

zi(a) :

where
1—iV3 1+iv3
) 193 =
2 2
are the cubic roots of (—1). Of course, different choices of determinations of X correspond to permu-
tations of the x;’s. After some computations, we find the following expression for V¥:

w/6a:%+a2 (mg+:v3)\/6$%+a2 _ \/6:1:%+a2(a274x2x3)

2v2(z1—z2)(z1—23) 2v2(z1—z2)(z1—3) 8v2(z1—z2)(z1—3)
\Ij(t) — \/ 6$%+042 ($1+1'3)\/ 6:ﬂg+a2 v/ 6z§+a2(a2—4xlx3)

2v/2(z1—x2)(x3—x2) 2v2(z1—z2)(x2—3) 8v2(z1—x2)(x2—x3) ’

\/69334—(12 (m1+zg)\/6x§+a2 (a2—4$112)\/6r§+a2

2v2(z1—x3)(z2—3) 2v2(z1—x3)(r3—22) 8v2(z1—x3)(r3—22) a=a(t)

191 = —1, ’192 =
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where
1
ag = tl + gtg, a) = tg, ay = t3.

The canonical coordinates are u;(t) = f(x;(a(t)),a(t)). Near the point (t1,te,t3) = (—%h2,0, h), ie.
for small t5, we find:

t3 ta t$ 3t5
b h) = — 2 2 U 2 O (14,110
wi(t2ih) = = 0+ S~ 1nr T gm0+ O (127).
h?  ivhty  t3 it3 t3 21it3
UQ(tQ;h) =——+4 = — _
4 V2  8h  16v/2h%/2  32h*  512¢/2h11/2
t5 429it] 3t5 46189it3 10
— - O (|t , )
T 3o T R192v2RT2 T GARI0 | 524288v2h2 (1) (10.5)
h?  ivhty  t3 it3 t3 21t}
uz(te;h) = — — — T — +
4 V2  8h  16v/2R5/2  32h*  512¢/2h11/2
t5 429it5 3t5 46189t}
+ 27 . 2 _ 210+ 2 +O(|t2|10),
32h7T  8192y/2R17/2  64h 524288+/2h23/2
1 Vh 1
VoV v 0 T 0
_ i 1 1(; _ o _
\I/(tQ) - 2\74/5 _Tﬁ ) /L\/E + to 8\{5}12 16h3/2 325\/5}1
. . _ 1
NG ﬁ —1 (ivh 8v2h? 160372 323/2h
__3 0 1 0 —2 0
4+/2h7/2 16+/2h5/2 8v/2h0/2
o[ V39 15 oAl 3 303 125 265 Ot
+ 15 1280772 128+/2h3 siens2 | Ttz Sl2y2ps 1024197 204830 + O(t3).
739 Y U an 7803 125i 265
128h7/2 128+/2h3 512h5/2 512y/2R5  1024h9/2 2048+/2h4
Hence, at points (t1,ta,t3) = (—%hQ,O, h), canonical coordinates u;(0;h) are
h? K2
=0 —=— ——
(u17 ug, u3) ( ) 2 ) 2 >
and the system (10.2) reduces to
2
0,61 = <_hg + i) & + B¢,
0:6 = -8, (10.6)

0.6 =6 (B +4£)é&

The second equation is integrable by quadratures and yields

&(z)=c-e” 1% ceC.

2 h? 1
§3= 7 (@fl + gfl — 4251) , (10.7)
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and so from the third equation we obtain

2E1(2) + 5842 + gt =0,
Making the ansatz
& = z%e_%A(z),
the equation for A becomes the following Bessel equation:
6422A" () + 642A"(2) — (4 + 22RYA(2) = 0. (10.8)

Therefore, &7 is of the form

2 ih? h?
§1= 2%6_ hs (Cngl) (282> + CQH&Q) <282>> , c,c0€C
1 1

where H (2), @ (#) stand for the Hankel functions of the first and second kind of parameter v = 1/4.
Notice that if A(z) is a solution of equation (10.8), then also A(e*"2) is a solution.

10.2.2. Computation of Stokes and Central Connection matrices. In order to compute
the Stokes matrix, let us fix the line £ to coincide with the real axis. Such a line is admissible for all

points (t1,to,t3) = (—%h{O,h) with
|Reh| # |Imh|, heC".

Indeed, the Stokes rays for (uj,ug,us) = (0, —%hQ, —%hQ) are
z:z’pﬁ2 = argz:g—Qargh(mod ).

Thus, admissibility corresponds to %71' —2argh # kr, k € Z. Let us compute the Stokes matrix in the
case

|Reh| > [Imhl, —% <argh < Z

The asymptotic expansion for fundamental solutions Zjeft, Zright of the system (10.6), is

o)) =v (1o ()

1 i o—3(h°z) i_o—(h°2)
—(1+0 1 vavh 2\/IE fl(hQ,z) Q\I/E 7l(h22’)
= + ; 0 —ﬁle z m@l 42

% —%e_Z(h Z)\/E —%e_Z(h Z)\/E

47 4
For the admissible line £ and for the above labelling of canonical coordinates the Stokes matrix must
be of the form prescribed by Theorem 2.10:

100
S—(al Q (10.9)
B0 1

for some constants «, 5 € C to be determined. This means that the last two columns of = must be
the analytic continuation of Zigpt.

h? K2
being U := VYT~ ! = diag(ui,u2,us) = diag <0, - —) .

LEMMA 10.1. The following asymptotic expansions hold:
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o if m € Z, then

72 32\ . 2
aY eim”&z ~y /2 eimﬂﬁz e E exp —eim”h—z
1 8 T 8 8

in the sector

N

3 3
—oT M= arg(h?) < argz < o™ —mm = arg(h?);

o if m € Z, then

1
1,2 <72 2 ) 2
HgQ) eim”—m z | ~ 2 ez'meh z & exp eim”h—z
i 8 U 8 8

in the sector

—gm—mm = arg(h?) < argz < g — mm — arg(h?).

PROOF. These formulae easily follow from the following well-known asymptotic expansion of Han-
kel functions (see [Wat44]):

ngl)(z)w\/zexp<i(z_;ﬂ_z>), —m40 <argz <21 — 4,

0 being any positive acute angle. Analogously,

H£2)(z)~1/2€Xp<—i<z—;ﬂ'—1-)>, 2r+d<argz<m-—0.
TZ

O
Using Lemma 10.1, we obtain
S oy o Sha By SoR
o _ efi(hQ,z) 67%(}L22) - . — efi(hQ,z) 67%(}L22) 10 10
left (2) 0 -5 7 , Eright(2) 0 -5 7 (10.10)
* * * * * *

where

IT 1 ;5. 1 _zh? ih?
€lsa(2) = €y 1(2) = € 1(2) = €1 (2) = T hbeidrahe HyY (8) :

with the correct required asymptotic expansion in the following sector containing both Iljef; and ILgnt
3 3
{z eER: — 37— arg(h?) < argz < 57~ arg(h2)} ,

and
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with the correct required expansion respectively in the sectors

)
{z ER: — g —arg(h?) < argz < o7 arg(hQ)} D gy,

2
The entries of Sief, Zright denoted by * are reconstructed from the first rows, by applying equation
(10.7).

)
{z €eR: ——m—arg(h?) <argz < g - arg(hQ)} 2 yight-

From the second rows of Zjef;, Eright, we can immediately say that the entries a, 5 of (10.9) must
be equal. Specializing the following well-known connection formula for Hankel special functions

sin(vm)HY (2e™™) = —sin((m — Don)HY (2) — e V™ sin(mem)HP (2), m e Z, (10.11)

to the case m = —1,v = %, we easily obtain

§(L1),1(Z) = fgm(z) - f(g),l(z) - 5(@)71(2)
which means that & = f = —1. So, we have obtained that, at points (t1,t2,t3) = (—éhQ,O, h) with

|Reh| > |Im A, —Z <argh<£

(and consequently in their neighborhood, by Theorem 9.1) the Stokes matrix is

1 00
S=|-11 0}. (10.12)
-1 0 1

In order to compute the central connection matrix, we observe that the A3 Frobenius manifold
structure is non — resonant, i.e. the components of the tensor p are such that po — g ¢ Z. This
implies that the (7, u)-parabolic orthogonal group is trivial, and that the fundamental system of (10.6)
near the origin z = 0 can be uniquely chosen in such a way that

Zo(2) = (n+ O(z))2". (10.13)

Now, let us recall the following Mellin-Barnes integral representations of Hankel functions (see [Wat44])

HD(2) = fCOS(’; 7T)eﬂz—w(zz)v / I'(s)I(s — 2v)0 <y + % - s> (—2iz)%ds,
T2 —001

, oot 1
HP (z) = Cos(gw)el(zw)@z)”/ [(s)I'(s —2v)T (1/ + 3 s) (2iz)"%ds,
T2 —001
which are valid for

o 2v ¢ 27+ 1,

e respectively in the sectors |arg(Fiz)| < 3,

e and where the integration path separates the poles of I'(s)I"'(s—2v) from those of T' (1/ + 35— s) .

Specializing these integral forms to v = %,

positively oriented circles around the poles

and deforming the integration path so that it reduces to

11
€= — =N,
SS9

we immediately obtain the following expansion of the solution 581)%, ffl)%, ﬁ){ for the points (¢1, to, t3) =

(—%hQ, 0, h) , with — % <argh < 7, valid for small values of |z|:
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LEMMA 10.2. At the points (t1,te,t3) = (—%hQ,O, h) , with — 7 < argh <7 the following expan-
ston holds:

4il (11) ih2T (H)
R __¢R _ 4 -1 4) 3/4 5/4
§hal) = €la() =~ T g e O (1Y)

PROOF. These expansion are the first term of the expressions

1 R2z\
- 271 I'(s)I'(s — 2v)T - — L
5572 mnzzjos:r%eﬁg ( (s)['(s — 2v) <I/+ 5 s) (e : ) ) ,

and

( 6i(—%+%ih2z)(ih2z)i ) .oo

By a direct comparison between these expansion of solution Zyight(2) of (10.10) and the dominant
term of (10.13), namely

o o

w
P

S kIO
o onfi-
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we obtain the central connection matrix
(1-r(3) —ir(3) —r(3)
0 —V2r  Vor
(1+ar (1) ar(h)  ar(d)

Notice that such a matrix satisfies all the constraints of Theorem 2.11.

3
wie|

We can put the Stokes matrix in triangular form using two different permutations of the canonical
coordinates (0, —h?/4, —h?/4), namely
e the re-labeling (uj,ug,us) — (ug,us,u1), corresponding to the permutation matrix

010
p=[0o o0 1],
100

e or the re-labeling (u, ug, u3) — (us, ug,u1), corresponding to the permutation matrix

0 01
P=10 1 0].
1 00

In both cases these are lexicographical orders of two different ¢-cells which divide any sufficiently small

neighborhood of the point (t1,ts,t3) = (~£h2,0,h), with |Reh| > [Imh| and —F < argh < F, in

which Theorem 9.1 applies. Using both permutations, the Stokes matrix becomes

00 1

which can be thought as in lexicographical form in one of the f-cells. The central connection matrix,
instead, has the following lexicographical forms in the two ¢-cells:

=i (3) —r(3) a-or(3)
Cix = | 27 o 0 , (10.15)
v (1) (i) a+ar(d)

where we take the first sign if the lexicographical order is the relabeling (uy, u2,us) — (ug,us, u1), the
second if it is the re-labeling (u, ug, us) — (us, ug, u1).

10 -1
Siex =PSP'=1{0 1 -1}, (10.14)

10.2.3. A “tour” in the Maxwell stratum: reconstruction of neighborhing monodromy
data. From the data (10.14) and (10.15), by an action of the braid group, we can compute S and C' in
the neighborhood of all other points (t1,t2,t3) = (—éhg, 0, h) with |Reh| # |Imh|. As an example,
let us determine the Stokes matrix for points

1 3
(tl,tg,tg) = <8h2,0,h> ,  with % <argh < Zﬂ'.

Starting from a point in the region —7% < argh < 7 and moving counter-clockwise towards the region

T <argh < %ﬂ', the two coalescing canonical coordinates ug = usz = —%h2 move in the u;’s-plane



10.2. THE CASE OF A3 152

hl—>he'™?

FIGURE 10.1. The triple (u1, ug, u2) is represented by three points u1, ug, ug in C. We
move along h — he'Z, starting from =7 <argh < 7. The two dashed regions in the
left and right figures correspond respectively to —% < argh < 7 and § <argh < :ff.

counter-clockwise w.r.t. w; = 0. For example, in Figure 10.1 we move along a curve h — heig,
starting in —%2< argh < §. At argh = 7, the Stokes rays Rz = {z = —ipEQ, p > 0} and
Ry = {z =iph™, p > 0} cross the real line ¢, and a braid must act on the monodromy data.

In order to determine the braid and the transformed monodromy data, we proceed according to the
prescription of Section 9.1.1, as follows.

(1) We split the coalescing canonical coordinates, for example by considering the point

(t1,t2,t3) = (—éhQ,Eew,h) ,  with — % <argh < % (10.16)
for chosen ¢ and ¢, being & small (so that e? < ). The corresponding canonical coordinates
up = O(e?), (10.17)
up = —T%—a]h!éexp [z (argh—i-go—i-;ﬂ + 0(e?), (10.18)
uz = —}f+6|hléexp {z (argh_ﬂp_;r)} + 0(e?), (10.19)

give a point (u1,uz,us) which lies in one of the two cells (Definition 9.1) which divide a polydisc
centred at (u1,us, uz) = (0, —3h?, —1h?). The Stokes rays are

Riz={z=—iph> +0(e), p>0},  Riz={z=—iph’ +0(e), p> 0},

Ry = {z = pexp {—i (ar;g’h +o+ W)] +0(e%), p> 0} , (10.20)

and opposite ones Ro1, R31, R3s. Notice that in order for the real line £ to remain admissible, we choose
@ #* kw— %arg h, k € Z, —% < argh < . The position of Ro3 w.r.t. the real line / is determined

by the sign of cos (%ﬂ + o+ %) As long as ¢ varies in such a way that sgn cos (% + o+ g) does
not change, then Rgs does not cross ¢. See Figure 10.3. This means that (uj,ug,us) remains inside

the same cell, i.e. the point corresponding to coordinates (10.16) remains inside an ¢-chamber, where
the Isomonodromy Theorem 2.12 applies.

(2) The Stokes matrix must be put in triangular form Sjx (10.14). In particular,
e if cos (agih + o+ %) < 0, then Rog is on the left of ¢, and the lexicographical order is given

by the permutation (u1,ug,ug) — (uf, uh, uf) = (ug, us, u1);
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e if cos (%ﬂ + o+ %) > 0, then Ros is on the right of £, and the lexicographical order is given
by the permutation (u1,ug,ug) — (u),uh, uf) = (us, uz, ur).
We choose the cell where the triangular order coincides with the lexicographical order. The passage
to the other f-cell is obtained by a counter-clockwise rotation of v} w.r.t. w}, which corresponds to
the action of the elementary braid ($12. Its action (2.39) is a permutation matrix, since (Sjex)12 = 0;
it is a trivial action on Sjex, but not on Cley, as (10.15) shows.

(3) We move along a curve h — he'Z in the h-plane from a point (10.16) up to a point

1 s 3
(t1,t2,t3) = <8h2,sew ,h> , with % <argh < yid

for some ¢’ # km — %arg h, k € Z, } <argh < ‘%’T. The transformation in Figure 10.1, due to the
splitting, can substituted by the sequence of transformations in Figure 10.2, each step corresponding
to an elementary braid. Each elementary braid corresponds to a Stokes ray crossing clock-wise the
real line £ as h varies along the curve h — he'z .2 The total braid is then factored into the product of
the elementary braids as in Figure 10.4, namely

B12P23612, or [B12/323812/323.
Applying formulae (2.39),(2.41), we obtain

1 1 1
5&3523512 _ S&(Qﬁ%ﬁmﬁ% _ (O 1 0) ) (10.21)
0 0 1

These are the monodromy data in the two ¢-cells of a polydisc centred at the point
1 3
(t1,t2,t3) = <—8h2,0,h> , with % <argh < YL
The braid (23 is responsible for the passage from one cell to the other. Its action ABQS(SE;B 23 ) is

a permutation matrix, since (Slifﬁ 23 2)a3 = 0, which explains the equality in (10.21). By the action
(2.41), the central connection matrix (10.15), instead, assumes the following two forms (differing for

a permutation of the second and third column)

(1+ar(3) —ir(3) —ir(3)

Cﬁ;zﬁmﬁu :% 0 o o ’
T2
aoar() w () ol
wear() () ()
C&fﬁzsﬁmﬁ% :% 0 o =
T2

a-ar () (i) i

2 Notice that the ray Ros rotates slower than Ri2, Ri3: namely, the angular velocity of Ra3 is approximately (i.e. modulo
negligible corrections in powers of ¢) equal to i the one of Ri2, Ris.
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hZ

U :Z[,ﬁ: _E

U

splitting/

J4=0@E?)

o

ou3
..

NI

154

U

elementary braid

| ~*

U3

.uz

coalescing\

€—0

elementary braidl

L]
U;

\

elementary braid

F1GURE 10.2. The transition in Figure 10.1 by splitting and elementary steps. After
the splitting, we obtain a point (uq,usz,us), as in (10.17)-(10.19), lying in an ¢-cell of

the polydisc centred at (uj,us,ug) =

(0, —%hz, —%hz) of the left part of Figure 10.1.

The transformation of Figure 10.1 is obtained by successive steps following the arrows.
The final step is the right part of Figure 10.1. The first elementary braid is 512 (because
u) = ug, uy = ug in the the upper left figure). The second is f23 (after relabelling in
lexicographical order, uf, = ug and w4 = u; in the upper right figure). The third is 5i2.

In Table 10.2 we show the monodromy data for other values of argh, with the corresponding

5 7
gm <argh < gm.

braid. In Figure 10.2.3 we represent the braid corresponding to the passage from —7 < argh < 7 to

REMARK 10.3. The reader can re-obtain this result by direct computation observing that, for

points

1
(t1,t2,t3) = <—8h2,0,h> , with % <argh <

-,

4



10.2. THE CASE OF A3 155

D, C B

N
Q

FiGURE 10.3. In the left picture we represent relative positions of ug w.r.t ug such that
the real line ¢ is admissible. On the right, we represent the corresponding positions of
the Stokes ray Ros. Notice that if we let vary us, by a deformation of the parameter
p, starting from A, going through B up to C, the corresponding Stokes ray does not
cross the line ¢, and no braids act. If we continue the deformation of ¢ from C' to D,
an elementary braid acts on the monodromy data.

uz J another way l l
Wfor splitting & Bi2

One way

for splittingf

[ S ——

FIGURE 10.4. In the picture we represent uq, us, ug as points in C. On the left we de-
scribe all the braids necessary to pass from a neighborhood of (t1,t2,t3) = (—%hQ, 0, h)

with —F < argh < 7 to one with 7 < argh < %7’[’. Different columns of this diagram
correspond to different ¢-cells of the same neighborhood. The passage from such one
cell to the other is through an action of an elementary braid (f12 or 23) acting as a
permutation matrix. In the picture on the right, we show the decomposition of the
global transformation in elementary ones.

the left and right solutions of (10.6) defining the Stokes matrix® are of the form (10.10) with:

1,2
T o1 .z 1 _zh? (1 _.th
ch = el = Yorbetate g (i),
: 42 i 8
3Notice that for the points with 7 < argh < %71 the original labelling of canonical coordinates (ui,u2,u3) =

(O, —%, —%) already put the Stokes matrix in upper triangular form.
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e @

ﬁ Bi2

R oo
~® @ N

FiGure 10.5. Using the diagram representation of the braid group as mapping class
: . . Mh
group of the punctured disk, we draw the braids acting along a curve h +— e 2

starting from the chambers close to (t1,%2,t3) = (—%iﬂ,o, h) with —7 < argh < 7,

and reaching the ones with %77 <argh < %71 The braids in red descrlbe mutations of
the split pair uo, ug: their action on the monodromy data is a permutation matrix. In
the central disk, the blue numbers refer to the lexicographical order w.r.t. the real axis
¢ (i.e. from the left to the right). The braids are the same for both cases (a,b) = (2, 3)
and (3,2).

Bas

N

WL e 1t () <€3mhzz>7

_z 2 ih2
elyale) = () = nbetebe Ha (1),
’ ’ 1

having the expected asymptotic expansions in suitable sectors containing Ijes and/or ILignt by Lemma
10.1. Thus, by some manipulation of formulae (10.11) and

sin(vm)HP (2™™) = "™ sin(myr)HY (2) + sin((m + Vvr)HP (2), m e Z,
one sees that
fé);(z) = 5&,1(@ + 5(%),1(2)7 §(L3)’1(z) = 6&1(2) + 5(1?3)71(2),
which are equivalent to (10.21). For the computation of the central connection matrix, one can use

analogous Puiseux series expansions of the solution Eright(z), obtained from the integral representation
of Hankel functions given above.
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‘ ‘ Siox ‘ Clox \ Braid
=i (3) —ir(3) a-ar(3)
1 0 -1
—T <argh< 7 (0 1 —1) 2 TV2r V2w 0 P2
00 1 i
iT (i) iT (i) (1+0)r (i)
(1+0r(3) —ir(5) -ir(3)
1 1 1
T <argh< 3 (O 1 0) i% 0 V21 FV2m Bi2B23B1223
0 0 1 T
a-ar(3) (3 ()
r(3) r(3) a+ar(3)
1 0 -1
3r<argh < 37 ( 01 —1 ) i% TV2r £V271 0 (B1223)* B2
0 0 1 T

5
qm <argh <

O O =
O =
— O

ISEN
3
—

) L 0 +21r FV21 (B1223)3B12323 812523

1 0 -1
gﬂ' < argh < %7’(‘ ( 01 -1 ) L FV 21 +v27 0 (Blgﬁgg)(sﬁlg
0 0 1
=it (1) =i (3) (—1-9r (%)

TABLE 10.2. For different values of arg h, we tabulate the monodromy data (Sjex, Clex),
in lexicographical order, in the two ¢-cells which divide a sufficiently small neighborhood
of the point (¢1, ta,t3) = (—%hz, 0, h). The difference of the data in the two ¢-cells (just
a permutation of two columns in the central connection matrix) is obtained by applying
the braid written in red: if it is not applied the sign to be read is the first one, the
second one otherwise. Notice that the central element (512,823)3 acts trivially on the
Stokes matrices, and by a left multiplication by M, 1= diag(i, 1, —i) on the central
connection matrix.
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B R31
Ros
\332
Rf3 Ris

FiGure 10.6. Disposition of

the Stokes rays for a point in

the chosen {-chamber. FiGUuRrE 10.7. Integration contours
Z; which define the functions J;’s.

10.2.4. Monodromy data as computed outside the Maxwell stratum. In this section,
we compute the Stokes matrix S at non-coalesce points in a neighbourhood of a coalescence one, by
means of oscillatory integrals. We show that S coincides with that obtained at the coalesce point in
the previous section. Moreover, we explicitly show that the fundamental matrices converge to those
computed at the coalescence point, exactly as prescribed by our Theorem 9.1.

The system (10.2) admits solutions given in terms of oscillating integrals,

1(zt) = 23 [yexp (z- flz, )} dx, (10.22)
&a(z,t) = 23 [yxexp {z- f(z,t)} du, (10.23)
&(z,t) = 23 A <$2 + it3> exp{z- f(z,t)}dx, (10.24)

where f(z,t) = 2? + t3a? + tox + t; + $t3. Here v is any cycle along which Re(z - f(x,t)) — —oo for
|z| = 400, i.e. a relative cycle in H(C,Cr ), with

Cr.p:={z €C: Re(zf(z,t)) < =T}, with T very large positive number.

First, we show that the Stokes matrix at points in /-chambers near the coalescence point (¢, to, t3) =
(—%h2, 0, h) coincide with the one previously computed, in accordance with Theorem 9.1. In what fol-
lows we will focus on the ¢~chamber made of points (t1,t2,t3) = (—gh? e, h), where = < argh < T,
and ¢, ¢ are small positive numbers. For points in this ¢-chamber, the Stokes rays are disposed as
described in Figure 10.6.

Notice that in order to compute the Stokes matrix at a semisimple point with distinct canonical
coordinates it is sufficient to know the first rows of Sjeg /rigne- Assuming that 2z € Ry, we define the
following three functions obtained from the integrals (10.22) with integration cycles Z; as in Figure
10.7:

Ji(z,t9) := /Z exp (z(x4 + ha? + tgm)) de, 1=1,2,3. (10.25)

For the specified integration cycles, the integrals J;(z,t2) are convergent in the half-plane |arg z| < 7.
A continuous deformation of a path Z;, which maintains its asymptotic directions in the shaded sec-
tors, yields a convergent integral and defines the analytic continuation of J;(z,t3) on the whole sector
|arg z| < 37” If we vary z (excluding z = 0), the shaded regions continuously rotate clockwise or

counterclockwise. In order to obtain the analytic continuation of the functions J;(z,t2) to the whole
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universal cover R, we can simply rotate the integration contours Z;. This procedure also makes it
clear that the functions J; have monodromy of order 4: indeed as arg z increases or decreases by 2,
the shaded regions are cyclically permuted.

In order to obtain information about the asymptotic expansions of the functions J;, we associate
to any critical point z; a relative cycle £;, called Lefschetz thimble, defined as the set of points of C
which can be reached along the downward geodesic-flow

dz _Of dx ~of

dr | C9z dr o
starting at the critical point x; for 7 — —oo. Morse and Picard-Lefschetz Theory guarantees that
the cycles L£; are smooth one dimensional submanifolds of C, piecewise smoothly dependent on the
parameters z,t, and they represent a basis for the relative homology groups H;(C,Cr ;). Moreover,
the Lefschetz thimbles are steepest descent paths: namely, Im(zf(z,t)) is constant on each connected
component of £; \ {z;} and Re(zf(z,t)) is strictly decreasing along the flow (10.26). Thus, after
choosing an orientation, the paths of integration defining the functions J; can be expressed as integer
combinations of the thimbles £; for any value of z:

i =n1Ly +nolo +n3Lls, n; €7Z. (10.27)

(10.26)

If we let z vary, the Lefschetz thimbles change. When z crosses a Stokes ray, Lefschetz thimbles jump
discontinuously, as shown in Figure 10.8. In particular, for z on a Stokes ray there exists a flow line
of (10.26) connecting two critical points z;’s.

iz T I

F1GURE 10.8. Discontinuous change of a Lefschetz thimbles. As z varies in R, we pass
from the configuration on the left to the one on the right. The middle configuration is
realized when z is on a Stokes ray: in this case there is a downward geodesic-flow line
connecting two critical points 1 and x3.

This discontinuous change of the thimbles implies a discontinuous change of the integer coeflicients
n; in (10.27), and a discontinuous change of the leading term of the asymptotic expansions of the
functions J;’s. Using the notations introduced in Figure 10.9, in each configuration the following
identities hold:

I, = Ly, Iy = Ly + Lo, Iy = Ly + Lo,
(A) {Ig = [,2, (B) {IQ = ﬁg, (C) {I2 = £27
13 = L3, I3 = L3, I3 = —L1+ L3,
Ty =Ly — L3, Iy =Ly — L3,
(D): {IQ = Lo, (E) {IQ =L+ Lo,
13 = L3, I3 = Ls.
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Ly

FIGURE 10.9. In this figure it is shown how the Lefschetz thimbles £;’s (continuous
lines), and the integrations contours Z;’s (dotted lines) change by analytic continuation
with respect to the variable z. The configuration (A) corresponds to the case arg z = 0.
Increasing arg z the configuration (B) and (C) are reached after crossing the Stokes
rays Rs31, and R respectively. Decreasing arg z, we obtain the configurations (D) and
(E) after crossing the rays Rj2 and R;s3 respectively. Note that when z crosses the
Stokes rays Rss and Res no Lefschetz thimble changes, coherently with the detailed
analysis done in [CDG17b].

By a streightforward application of the Laplace method we find that, al least for sufficiently small
positive values of arg z, the following asymptotic expansions hold

1
Ji(2ts) = m2iz T2 (627 + h) e (1 o) (z)) '

Since the deformations of the thimbles 7,73 happen for values of z for which the exponent e*“! is
subdominant, we immediately conclude that the functions

11 623+ h
ehy (2 t0) = € (2, t9) = tin 222 2 Jo(z, t2), 10.28
@)1(2:12) = £3)1 (2, t2) (e — ra) (23 — 22) (z,t2) ( )
2
h
¢ 1 (2 t2) = €5 (2,t2) = Him 323 O3 + T3z, t2), (10.29)

2\/5(1’1 — xg)(xg — .1:3)

have asymptotic expansions

Woqe?42 (1 + O (i)) , Wqe”hs (1 + 0 (i)) s
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respectively, both in Il and g Thus, we can immediately say that the Stokes matrix computed
at a point (t1,ta,t3) = (—%hz,eew, h) is of the form

1 0 0
S=1x 1 0].
* 0 1

Note that the arbitrariness of the orientations of the Lefschetz thimbles can be incorporated in the
choice of the determinations of the entries of the ¥ matrix, and hence it will affect the monodromy
data by the action of the group (Z/27)3.

After a careful analysis of the deformations of the Lefschetz thimbles, one finds that the solutions
5{41)71(2,752), §g)’1(z,t2) are respectively given by

€01 (2 ta) = FiW T 222 (623 + B)2 (Tu(2,8) + Ta(2,12)) (10.30)
€hy1 (2 te) = FiW1m 222 (623 + h)E (31(2,12) — Ta(2, 1)), (10.31)

having the asymptotic expansion

0]
z

in Il iene and Ileg respectively. This immediately allows one to compute the remaining entries of the
Stokes matrix

Wy (622 + h)2 h)(x3 —

So1 = (627 + )i :i(Gx + )(:z32 z2) =+1,
Wy (622 + h)2 (z1 — 23) (623 + h)
U 2 1 2

531 _ 11(6$1 =+ h)i _ i(61‘1 + h)($22 1‘3) —
W3 (622 + h)2 (z1 — 22)(625 + h)

This result is independent on the point (t1,t2,t3) = (—%hz, €€’ h) of the chosen f-chamber. It coin-
cides with the Stokes matrix obtained at the coalescence point (t1,t2,t3) = (—%hz, 0,h), in complete
accordance with our Theorem 9.1.

REMARK 10.4. It is interesting to note that the isomonodromy condition in this context is equiv-
alent to the condition

f'(x1) @ — a3

f"(ze) w2 — w3

a relation that the reader can easily show to be valid for any polynomial f(z) of fourth degree with
three non-degenerate critical points x1, x2, T3.

Our Theorem 9.1 also states that as to — 0 the solutions (10.28), (10.29), (10.30), (10.31) must
converge to the ones computed in the previous section at the coalescence point. We show this explicitly
below. In order to do this, it suffices to set to = 0 in the integral (10.25). With the change of variable
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ol
z
o
=
-+
£,
=

_1 1
r=2 4z 15

Here D, (z) is the Weber parabolic cylinder function of order v, with integral representation ([AS70],
page 688)

1
e2” _1 s (+) if —3F +2km < args < —F + 2km,
D_1(z) ==+ /LS 2 exp <2+zs) ds, Where{(_) if%+2k7r<args<37”+2k:7r,

the integration contour L being the one represented in Figure 10.10, together with the identities

_ [ = g _

—%ie_ 2 Hﬁz) (26_7).

Ficure 10.11. For t5 = 0, we can
decompose the integration cycle Z;
into two pieces, Z{,7Z? used to de-
fine the functions J and J%. The
continuous lines represent the Lef-
schetz thimbles through the critical
points x;’s.

FiGUurE 10.10. Integration contour
L used in the integral representation
of the Weber parabolic cylinder
functions.
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It follows that

which coincides (up to an irrelevant sign) with the solution computed in the previous section at the
coalescence point. The computations for §(L3) 1(2,0) = 5(@) 1(2,0) are identical.

The computations for 5{% , and f(Ll) , are a bit more laborious. First of all let us observe that the

integral
o0 t2 1
g(z) == / exp | —— —zt | t™2dt
0 2

is convergent for all z € C, defining an entire function*. Moreover we have

With a change of variable ¢t = =7 that rotates the half line R, by #, we find the following identity
2
g(z) = e~'3 / exp (—6_2’97— - 6_29,27) r2dr. (10.32)
ez‘eRJr 2
For ty = 0 the integral J;(z,0) splits into two pieces:
31(20) = 31(2) + =), T(e) = [ exple(a’ + hat)de, i=12
I

where the paths Z¢ are as in Figure 10.11. Setting z = 27iz7is%, the image of the paths Zi are in
two different sheets of the Riemann surface with local coordinate s. Keeping track of this, and of the
orientations of the modified paths, using formula (10.32) for § = 32 5% and a small deformation of
the paths of integration, we find that

/ 52 . hz% _%d
— ] ex —_— —S8 ;S S
e, P12 TR

g—3,—1, 3m ﬂ'hz%
= 92 1z 1de e2
g 7

1
. 2 AN 2 B2 B2
:_27327%6%.2*%67%2 e%hZQ K1 emﬂ :167 3 h%Kl emhz ,
\/i 1 8 4 1 8

ST

3% (2) = 9=% .~

. 2 i i 2
g(e*™z) = 27 2Tt T Ry 22 )
7

From the symmetry K% (e*™iz) = _K% (z) we deduce that g(e” ™2) = g(e™2).
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which is exactly (modulo irrelevant signs) the solution at the coalescence point as computed in the
previous section. We leave as an exercise for the industrious reader to show that all the other solutions

f(}f)/ f (z) converge to the ones computed at the coalescence point.

10.3. Reformulation of results for PVI, transcendents

Our result can be reinterpreted as an alternative and simpler approach w.r.t. Jimbo’s procedures
([Jim8&2], [DMO00] and see also [Kan06] and [Guz06]) for the computations of monodromy data of
holomorphic branches of PVI, transcendents. Let us briefly recall how the WDVV problem for n = 3
is equivalent to Painlevé equations (see [Dub96],[Dub99b]): from equation (1.7), and the skew-
symmetry of V(u), one obtains that Y, 9;V = Y, u;0;V = 0, which imply the following functional
form for V'

o 0 () —0u(t)
V(ug,us,us) =V([H), t=—o-= V()= (—Qz(t) 0 Q1 (t) ) .
Uz — w1 Qg(t) —Ql(t) 0

Because of this functional form, for points with (u1,u2,us) pairwise distinct, i.e. ¢ ¢ {0,1,00}, the
equation (1.5) can be rewritten as

000
Y
z 00 1 z

and compatibility conditions (1.7) read

ds) 1 ds 1 ds) 1
=1l 00, 2 = 0y, 2

dt a1t at t(l—t)QlQZ‘
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The function V () can thus be expressed in terms of transcendents y(t) satisfying the following Painlevé
VI equation, called for brevity PVI,,
2y 11 1 1 dy\°> 1 1 1 ldy 1yly—1(y—1t) , tt—1)]
e 4= () e = | Y gy )2
a2 2|y y-—1 y—t} (dt) {t+t—l+y—t] a T2 t2(t —1)2 {(M ) +(y—t)2_
where p € C is a parameter such that {—p, 0, u} is the spectrum of V(¢). In particular, as shown in
[Guz01], one has the explicit relations

) — D2y 1) A(t) _ (y(t) —1)* At)
= i+ TOEomn R 0 Y e

( (y(t) — 1)
y(t) (y(t) — 1)* A(t) N _

Y@

Q3(t) = — =
3(1) 5 | %

The “Painlevé transcendent” corresponding to the As-Frobenius manifold is the following algebraic
solution of PVI1 obtained in [DMOO] (there is a missprint in ¢(s) of [DMOO]):
4

(1 —5)%(1 + 35)(9s? — 5)? Hs) = (1—5)3(1 + 3s)
1+ s)(243s% + 1539s* — 20752 + 25)’ (s) = (14 s)3(1—3s)
As it is shown in [DMOO], the Jimbo’s monodromy data of the Jimbo-Miwa-Ueno isomonodromic
Fuchsian system associated with algebraic solutions of PVI, are tr(MZ-Mj) =2 — ng, 1<i<y <3,
where S is the Stokes matrix (in upper triangular form) of the corresponding Frobenius manifold.
S is well known [Dub96], and S + ST is the Coxeter matrix of the reflection group As. Moreover,
Jimbo’s isomonodromic method [Jim82], as applied in [DMO00] (see also [Kan06], [Guz06] for holo-
morphic solutions), provides tr(M;Mj;). The computations of this Chapter show that the application
of Theorem 8.2 and Theorem 9.1 represents an alternative, and probably simpler, way for obtaining

S.

y(s) = ( (10.33)



CHAPTER 11

Quantum cohomology of the Grassmannian G(2,4) and its
Monodromy Data

ABSTRACT. In this Chapter we consider the problem of computing the monodromy data of the (small)
quantum cohomology of the complex Grassmannian G(2,4). This is the simplest case among all
complex Grassmannians in which the coalescence phenomenon described in Chapter 4 manifests. After
reducing the problem to the study of a generalized hypergeometric equation, an asymptotic analysis of
its solutions in Mellin-Barnes form is carried on. This allows us to partially reconstruct both left and
right solutions defining the Stokes matrices. By computing the first dominant terms of the asymptotic
expansion of the topological-enumerative solution for G(2,4), we show how an application of constraints
of Theorem 2.11 allows us to complete the computation of the monodromy data. It is shown that both
the Stokes matrix and the Central connection matrix have a geometrical meaning in terms of objects
of an explicit mutation of the Kapranov exceptional collection in D*(G(2,4)).

We explicitly compute the monodromy data for the Frobenius manifold known as Quantum co-
homology of the Grassmannian G(2,4). This manifold has a locus of coalescent semisimple points,
known as small quantum cohomology, where Theorem 9.1 can be applied. This explicit computation
seems to be missing from the literature. It is important to remark that the result, obtained by analytic
methods and in completely ezplicit way, sheds new light on a conjecture of B. Dubrovin (formulated
by B. Dubrovin in [Dub98], and then refined in [Dub13]), and on the strictly related I'-conjectures
of S. Galkin, V. Golyshev and H. Iritani ([(GGI16, GI15]), in the case the quantum cohomology of
the Grassmannian G(2,4) (Theorem 11.2 below, or Theorem 1.8). The importance of Theorem 9.1 is
now clear.

11.1. Small Quantum Cohomology of G(2,4)

11.1.1. Generalities and proof of its Semisimplicity. For simplicity, let us use the notation
G := G(2,4). From the general theory of Schubert Calculus exposed in previous chapter, it is known
that H®(G;C) is a complex vector space of dimension 6, and a basis is given by Schubert classes:

og:=1, o1, 02, 011, 021, 022
where o) is a generator of H2|’\‘(G; C). By posing
V] 1= 00, V2 1= 01, V3= 02, U4:= 011, U5 = 021, Up = 022,

we will denote by ' the coordinates with respect to v;. The coordinates in the small quantum
cohomology are

t = (0,t%,0,...,0).
By Pieri-Bertram and Giambelli formulas one finds that the matrix of the Poincaré pairing
77(057/8) ::/ alp
G

166
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with respect to the basis above, is given by

00000 ¢
0000 cO

oo coo0o0 B

77_000(:00’6_/(;(2@4)”272
0 c0000
¢c 00000

Using Pieri-Bertram formula we deduce that the multiplication matrix of the operator of multiplication
by Ao1 + poq1 is

0 0 uwg 0 XNg O

A0 0 0 pug M

0O AXx 0 0 0 pug o

LA 0 0 0 o] q:=ce". (11.1)
0O w X X 0 O

0 0 0 uw XA O

The discriminant of the characteristic polynomial of this matrix is
16777216 M 23 (N + piq)®

and so, if X\ # 0, # 0 and A\* + qu* # 0, its eigenvalues are pairwise distinct. This is a sufficient
condition to state that the quantum cohomology of G(2,C*) is semisimple.
Notice that the value at the point p of coordinates (0,¢2,0,...,0) of the Euler field of quantum
cohomology QH®(G(2,C*)) is ! given by the first Chern class ¢;(G) = 407:

0
The matrix U of multiplication by F at the point p is given by posing A =4, u =0 in (11.1):

00 0 0 4 O

4 0 0 0 0 4q

2 _ 9 |04 00 0 O

U0,t%,0,...,0) =4 Cy(0,t%,0,...,0) = 0400 0 0

0044 0 O

0000 4 0

The characteristic polynomial is p(z) = 2% — 1024¢22, so that 0 is an eigenvalues with multiplicity 2.
Therefore, the semisimple points with coordinates (0,%2,0,...,0) are semisimple coalescence points in
the bifurcation set.

11.1.2. Idempotents at the points (0,#%,0,...,0). The multiplication by o1 +07 1 has pairwise
distinct eigenvalues, at least at points for which ¢? # im(2k + 1). Putting A = p = 1 in (11.1), we
deduce that the characteristic polynomial of this operator is

p(z) = (¢ + 22)(—4q + q2 —8qz — 2qz2 + 24).
So the six eigenvalues are
/Lq%7 _Zq%7

€1 := —z'\/iqi — q%, €9 1= zx/iqi — q%, €3 1= —ﬂq% + q%, €4 = \/iq

NI

+

Q
N

LWe identify T,H*(G) with H*(G) in the canonical way.
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and the corresponding eigenvectors are
1 1 1 1
T = —q—1q202 + 192011 + 022, To := —q +1q202 —1q2011 + 022,
Toti =(¢* + qe7) + (—¢* + 2q5; + qe7)o1 + (2q + 2¢5;)02 + (2q + 2q€;) 011
+ (=29 —qei + 6?)02,1 + (¢ + 5%)02’2.

Then,
m-m; =0 if i # j, W?:)\iﬂ'i where \; > 0;

168

as a consequence, these vectors are orthogonal, since n(m;, 7;) = n(m;-7;,1) = n(0,1) = 0. Introducing

the normalized eigenvectors
-
fi = - i
n(ms, )2

we obtain an orthonormal frame of idempotent vectors, for any choice of the sign of the square roots.

Let us now introduce a matrix ¥ = (1);;) such that
0
:Zwiozfia a=1,2..n.
Ot -

Note that necessarily we have

T, 1
VW =g,y = LD
n(mi, mi)2
After some computations, we obtain
1 1
—igz 0 -1 1 0 g3
—igz 1 -1 0 g
Y SR BN TS S
1| Va2 gt V2 vi
2
v=" 0 L b o
2 \/§q2 q% \/5 \/i \/15
1 S T T s S
V2q2 gt V2 V2 V2
1 T T a2
V242 gt V2 V2 V2
This matrix diagonalizes U as follows
U:=0Uv ! = (0 ye” =
uq 00 0 0 0 O
Us 00 0 0 0 O
_ usg - 100 — 0 0 O
- g =42 g o 0 o
U5 00 0 0 —1 0
Ug 00 0 0 0 1

The eigenvalues u; stand for u;(0,¢2,..,0). Note that

ui(0,12,0, ...,0) = qiu; (0,0, ...,0) = e T1;(0,0, ..., 0).

(11.2)
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11.1.3. Differential system expressing the Flatness of the Deformed Connection. The
matrix p is given by

deg(0/0,) — 4
= diag<—2, ~1,0,0,1, 2), with eigenvalues i, = eg(/2a)7 1<a<6. (11.3)
Consider the system (2.2), rewritten as follows:
~ 1
0.6 =W~ )¢ (11.4)
O =2Cy ¢ (11.5)
where ¢ is a column vector, whose components are & = ;t(t,z) (derivatives of a deformed flat
coordinate), and
0 4 00 0O
0 0 4400
~ 1_|0 0 00 4 0 —~_ 15
Us=nUn"=1|4 o 904 0| ©@=3U
4 0 0 0 0 4
0 4 0 0 0 O
Introducing a new function ¢ defined by
gl ta z
o(t,7) = G
the first equation of the system becomes a single scalar partial differential equation
21050 4 1023020 + 2522036 + 1520%¢ + (1 — 1024¢21)D.¢ — 204823 = 0 (11.6)
and the solution can be reconstructed from
& =29
b = 470:6
2 = 4Z 2
1
&= 3—2(283¢ +2202¢) + h
1
&= 55(0:0 + 2020) — h (11.7)
1
& = 135 (0-0 + 32020 + 220%)
1 1
&6 = m(—512qz2¢ +-0:6 + T02¢ + 62050 + 2205 0)

with A constant.

REMARK 11.1. The third and the fourth equations follow from the fact that

6+ 6= 15200+ 2020), 0.6~ &) =0, Byl&s — &) =0

6
so that &3 — &4 = 2h constant.
From system (11.5) it follows that
z
82¢ = Z z¢

which implies the following functional form:

d(te,z) = (zq

N

).
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As a consequence, our problem (11.6) reduces to the solution of a single scalar ordinary differential
equation for a function ®(w), w = zqi
wid® + 10w3d™ 4 25020 4+ 15wd" + (1 — 1024w*)®’ — 2048w3® = 0.
Multiplying by w € C*, we can rewrite this equation in a more compact form:
05® — 1024w?0Od — 2048w'® = 0 (11.8)
where © is the Euler’s differential operator w—- d . Moreover, defining @ := 4w?, and writing ®(w) =
®(w), we can rewrite the equation in the form
- A d 1
Q2P - wOLP — —wd =0 Op = w—— = ~O,.
2 dw 4

11.1.4. Expected Asymptotic Expansions. Let = be a fundamental matrix solution of system
(11.4), and let Y be defined by

E=nu Y. (11.9)

Then, Y is a fundamental solution of system (2.26). The asymptotic theory for such Y’s has been
explained in Section 2.2.1, and Theorem 2.9 applies. To the formal solution (2.27), there corresponds
a formal matrix solution

Eforma,l = anilG(Z)ileZU'
To the fundamental solutions Yiefrigni, there correspond solutions Zjeg/rigns. For fixed 2, then

2
Eleft /right (12, 2) = S Jright (e% z) has the following asymptotic expansion for z — oo

_ _ 1
‘:left/right(t27z) - 77\1/ ! <1 + 0] (Z)) GZU =

ZeZ’U/I ZEZUQ Zud ezu4 ezu5 EZ’MG
— 1 — 1 T T T
a2 a2 V2q?2 V2¢2 V2q2 V2q2
0 0 zeg“i‘s i62%4 31/,5 ete
1 - 1 1
q4 1 1
C% 1 —e?ul pFu2 _ eg“?s _ et %5 eg“6
[ — 2 2 2
=5 \[+0 “u w X Y2 ¥z |, (1o
2 2 e et el e =
2 2 2
1 1 1 1
0 0 iezuqu _iezu4q1 _ Z qz zquZ
1 1 1 1
. 1 ZU3 42 e?ud g2 e?U5q2 e?U6 g2
eFut 2 ZU2 45 € -9q q2 q q2
= ey V2 V2 V2 V2

The first row above gives the asymptotics of ¢(z,t?). The correct value of h in (11.7) must be
determined in order to match with the asymptotics of the third and fourth rows of (11.10). We find

1

h= —%, for the first column, (11.11)
1
2
h = %, for the second column, (11.12)
h =0, for the remaining columns. (11.13)

The above result is determined as follows. For ¢ corresponding to the first two columns we respectively

have
=3 110()) s = 4% 110(2))
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Since u1 = uo = 0, the above is

1

o= 7 (100 (2)

Lo 2ot =o(L).

Then

32

Comparing with the matrix elements (3,1), (4,1) and (3,2), (4, 2) respectively, we obtain (11.11) and
(11.12). For the remaining columns we proceed in the same way and find (11.13).

11.2. Solutions of the Differential Equation

11.2.1. Generalized Hypergeometric Equations. The equation (11.8) is an example of gen-
eralized hypergeometric differential equation, i.e. an equation of the form

(IUGM)HU%IU@W+10¢@%=Q
j=1

i=1

where © := zd% is the Euler operator, and pu;,v; are complex parameters. This kind of equations
was studied thoroughly by C.S. Meijer, who introduced in this context the class of G-functions. The
problem reduces to a finite difference equation of order 1:

[T (s +pi)r(s) + (=) ][ (s + v;)r(s + 1) =0,
j=1 j=1

for the Mellin transform 7(s) := 9MM(®)(s) = [;° ®(¢)t* 'dt. Using the well known property of I
function zI'(z) = T'(z + 1), it is easily seen that a function of the form

[(s+ p)

T(S)Z:r(s4_z)eﬂus¢(5% (11.14)

where 9(s) is a rational function of €2™*, A = h + p — ¢ + 1 mod(2) and I'(s + a) stands for

|a|

H I'(s+aj),
j=1

is a solution of the finite difference equation. So we expect that, if it is possible to apply Mellin
Inversion Theorem, the functions

s—l—u

P = im_l
(2) 271'2 F (s+v)

WMSQZ)(S)Z_SdS,

with A appropriate integration path, are solutions of the generalized hypergeometric equation. Es-
sentially this is the generic form of a Meijer G-function. Note that, by the reflection property of I’
function I'(2)['(1 — 2) = 7/sin(72), we have that T'(A + s)['(1 — A — 5)e®™s is a rational function of
e?™s 50 that we can move factors from denominator to numerator (or viceversa) in (11.14).
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11.2.2. Solutions of ©°® — 1024w*O® — 2048w*® = 0 and their asymptotics. We will apply
the general methods exposed above to our equation

- -1 .
03 d — wO, D — §w<I> =0.

Applying the Mellin transform, we obtain the finite difference equation
1
s°F(s) = (s + 2) F(s+1). (11.15)

Solutions of this equation are of the form

s 5
#o) = L (s), () = (s + 1),
I (8 + 5)

So we expect that solutions of (11.8) are of the form

O (w) = le/AFf;iz)w(sMSw“ds,

for suitable chosen paths of integration A. Actually, we have the following
LEMMA 11.1. The following functions are solutions of the generalized hypergeometric equation
(11.8):

e the function

1 [(s)5
D (w) = —/ ¢47‘9w748d$,
i T (51 )
defined for —5 < argw < 5, and where Ay is any line in the complex plane from the point
c— 100 to ¢+ ioco for any 0 < ¢;
e the function
1 1 .
Py(w) := — [ I'(s)°T ( - s) T4 S w8 s,
21 S, 2

defined for —5 < argw < m, and where Ay is any line in the complex plane from the point

c—1i00 to ¢+ 100 for any 0 < ¢ < %
Before giving the proof of this Lemma, we recall the following well-known useful results

THEOREM 11.1 (Stirling). The following estimate holds
1 1 1
log'(s) = s—3 logs—s+§log(27r)+0 ]

for s — oo and |args| < w, and where log stands for the principal determination of the complex
logarithm.

COROLLARY 11.1. For |t| — 400 we have

Do+ it)] = varl™ e 5 (140 ().

i

uniformly on any strip of the complex plane o1 < 0 < 09.
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PrROOF OF THE LEMMA 11.1. First of all let us prove that the functions ®;, ®s are well defined
on the regions above. Let us start with ®;. Denoting by Z; the integrand in ®, and s = ¢ + it, in
virtue of Corollary 11.1 we have that

‘11’ ~ (27T)2|t|5(c—%)6—57”|t| |t|—ceg|t|e—clog4e—4clog|w|+4targw.
The dominant part is
%|t|e4t argw

6757”“'6

In order to have |Z;| — 0 for ¢ — 400 we must impose

—5—W+I+4argw<0, ie. argw<ﬁ;
2 2 2
analogously, for t — —oo we have to impose
5£—z+4argw>0, ie. argw>—z.
2 2 2

Let us consider now the case of ®3. From Corollary 11.1 we deduce that
|IQ| ~ (27‘(‘)3‘75’5(67%)67577(”" _ t|7c67g\ft\efwtefclog4ef4clog |w|+4t argw

and now the dominant part is

e—%|t|e—%|—t|e—ﬂt€4t argw.

In order to have |Z3| — 0 for t — %00, we find

St 0w .
_?_§—w+4argw<0, i.e. argw < m,
o T fdarsw >0, i <
> 5 s arg w s 1.e. argw 2-

Let us now prove that ®; and @, are effectively solutions of equation (11.8). We have that

47 I'(s)®
0°® (w) = —/ —s5¢4_5w_45d3
2mi i, r (8 + %)
47 INT 1)°
_ 7/ _ (5 n ) Pl+1)° s —asy,
270 Ja, 2)r (s + %)

because of the identity (11.15). Changing variable ¢ := s + 1, and consequently shifting the line of
integration A; to Ay + 1, we have

5 5
0P, (w) = 4/ _ (t _ 1> Lgl_t 21 gy
2mi Jar 41 21 (t+1)

4 I(t)5 2. 45 L(£)5
N 7/ () L gty i0-D g 4 7/ LW it gy
270 JA 41 r (t + %) 210 Ja+1 T (t + %)

Note that in the region between A; and A + 1 the two last integrands have no poles; so [y | = [},
by Cauchy Theorem. This shows that

0P, = LPwiOd; + 2 42w d,.



11.2. SOLUTIONS OF THE DIFFERENTIAL EQUATION 174

Analogously we have

45 1 )
O°d, = T/ —s°T(s)°T (2 - s) ™A w5 ds
i JA,
4° 1 1 .
R _ 2\r N°r(—-=— ’L7T(S+1)4—5 —4sg
ot s <s+2> (s+1) < 5 S>e w s

where the second identity follows from equation (11.15). Note that the integrand function is holomor-

phic at s = —%: indeed we have
1 1
lim <S—|- > r <— - s> = —1.
s——12 2 2

So in the strip of the complex plane —1 < Re s < % there are no poles, and by Cauchy Theorem, we
can change path of integration by shifting As to A — 1:

45
0Dy = —

1 .
= — —s°T(s5)°T ( - s> e 4TS w48 s,
278 JAy—1

2

Posing now ¢t = s + 1, we can rewrite

43 1 1 ,
O Py = el <t - 2) D(t)°T (2 - t) ey~ (D=4 gt = PutOd, + 2 - 4Pwid,.
As

This shows that effectively ®; and ®4 are solutions. O

Note that solutions ®; and ® are C-linearly independent, since their Mellin transforms are.
However we have the following identities

LEMMA 11.2. By analytic continuation of the functions ®1 and P2, we have

By (we'2) = 2n®; (w) — Bo(w) (11.16)
By (we™'2) = 2Dy (we ™2 ) — By(w) (11.17)
By (we'2) = 2 (w) + Po(we™'2) — 20D (we™'2) (11.18)

PROOF. We have that

1 1 T 2metins
F(2+S)F(2—s> = SiD(T((l +S)> = et2ims 4 |

2
for a coherent choice of the sign. So

) QretiTs
e:i:?wrs — 1

P (5-s)

First let us choose the one with (—): we find that

i 1 1 : 2me 'S
Py(we'2) = — [ T(s)°T (= —s)e™ e — 1| 475w *ds
2 2 1 1
T JAy F(§+S)P<§—S>

=21P;(w) — Pa(w),

which is the first identity. The second one can be deduce analogously using the formula with (+) sign.
Finally the third identity is the difference of (11.16) and (11.17). O



11.2. SOLUTIONS OF THE DIFFERENTIAL EQUATION 175

Let us now study the asymptotic behavior of these functions. By Stirling’s formula we have that
1

— W/ e?)ds,
Ay
where
5 1
—aS8 + 5 <S — 5 |S|>

)] =
1(w) 2mi
1 1
P(s) = logs+ s+ = — slog s+§ —slog4 — 4slogw + O
for s — oo and where log stands for the principal determination of logarithm. Let us find stationary
1
|

—log4 —4logw + O <|>
s

points of ¢(s) for large values of |s|, |w|. The derivative ¢’ is
s

10s—5 ( +1>
o (s 1) -
2 B\PT2) s+l

¢'(s) = —4+5logs+
1 1

log (s+2> = log s + log <1+2> ~logs+ —.

s s

For |s| large enough, we have
10s = 5 ) 1
5 e 5 1ot
2s 2s s+ 35 2s
Substituting these identities in ¢’, we find that the critical point s(w) in functions of w (for |w| large)
) 1
w

Note that for —F < argw < 7, the point s5(w) is in the half-plane Re s > 0, region in which there are
no poles of the integrand functions in ®;. So we can shift the line A; in order that it passes through

5. In this way we obtain
2 2 =
By (w) = T o) / )-06) g5 1) o) / oD (o—5)2 4
271 A 271 Aq
The computation of this Gaussian integral shows that
2 /5
(271') ¢(§) 27 (271_)%

Bl S e

where Re 1/¢”(5) > 0. An explicit series expansion shows that
5 5
B(5(w)) ~ —4v2w — 3 logw — 3 log4 + O (

E[=
~—

whereas
/ —_
9" (5(w)) ~ —— T8
and from this we deduce that
3 e~ 4V2w 1
Dy(w) ~ (2m) T <1 +0 <w>) |

Let us now focus on ®(w). From Theorem 11.1 we deduce that

. 1
F(—S) — e—(s-‘r%)logse—mses(_i\/ﬂ) (1 +0 <|S|>>

for s = oo and s ¢ R;.. So,
(27)° / o(s)
P =— *d
2(w) 2l Iy, e S,
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Ao As(w)

FIGURE 11.1. Deformation of path As

where

2 2 2

for w — oco. By computations analogous to those of the previous case, we find that ¢ has a critical
point at

1 1 1 1
¢(s)—5<s—> log s — 55 — slog (s—) +s——slog4—4slogw+0(w>,

5 1
s(w :ﬂw++0<)
(w) 42 w
for large values of |w|. Note explicitly that for —5 < argw < § this critical point is in the half-plane
Re s > 0.
By modifying the path of integration as in Figure 11.1, in order that it passes through the critical
point, by Cauchy Theorem we have

1
Oy (w) = 5 \ Zo(s)ds —g)sre% Ts(s),

where P stands for the set of poles in the region between Ay and Af. For the first summand we have
an asymptotic behavior like before (Gaussian integral)
674\&10
Ir(s)ds ~ a—75—
Al w

with « constant. For the second summand, on the contrary, we have for n € N

1)+l 5
res To(s) = Lr (n + 1) oim(ntg) g—n—3%,,—4n—2
s=n+3 n! 2
i 5
__ (Mwé) 45y An 2
n! 2n

So

5 5
L2 12 1
res To(s) = =53 ~ 9500 T © <u;10> '
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watw)~ 2% (140(1))

for —% <argw < 5. Let us now use the identity (11.16) in the following form:

In conclusion,

Po(w) = 21 P (we'3) — Pa(we™'F), _g < arg(we™'2) <

|3

It implies that

LomE
2uw? w

Let us summarize our results (this will be later improved by Lemma 11.4):

5
72 1
Dy (w) o (1 +0 ()) on the whole sector — g <argw < 7.

LEMMA 11.3. We have the following asymptotic expansions for ®1 and ®s:

— 42w 1
€ (1 +0 ()) in the domain — g <argw < E,

Njw

®1(w) = (2) 4w? w 2
iwg

0] = 52

1
<1 + 0 ()) in the domain — g <argw < .
w

11.3. Computation of Monodromy Data

11.3.1. Solution at the Origin and computation of CNO(G). Monodromy data at the origin
z = 0 are determined by the action of the first Chern class ¢1(G) = 407 on the classical cohomology
ring. So,

(11.20)

OO O = O
O = = O O
- o O O O
- o O oo
OO O OO
OO O OO

000040
By Theorem 2.2 and Theorem 2.4, there exists a fundamental matrix solution (2.12)

Y (2) = (12, 2) 228,
for some appropriate converging power series ®(¢2,2) = 1 + O(z) such that
oL (12, —2) n ®(t%,2) = .
Thus, a fundamental matrix for our problem is given by
So(z) = n ®(t%,2) 2H2T = T (12, —2) 71y 221,

By applying the iterative procedure in [Dub99b] for the proof of Theorem 2.2, at t> = 0 one finds
the following fundamental solution

Z0(0, 2) = S(0, 2)nzt 2R, (11.21)
224+ 1 0 0 0 0 0
223 1—42% 0 0 0 0
22 -3 1 0 0 0
S(O,Z) = 22 _2,3 0 1 0 0 +O(Z5)
z 0 —23 23 4441 0
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REMARK 11.2. The solution (11.21) satisfies the condition

zH (77*15(0, 2)77) z" is holomorphic near z = 0,

1— 224 224 —zt A 24 28
0 4441 —24 24 0 24
_ 0 0 1 0 —24 24
z " (77 IS(O’ 2)77) ZH = 0 0 0 1 _24 24 + 0(29)‘
0 0 0 0 1—42% 224
0 0 0 0 0 224+ 1

This means that (n715(0, 2)n) 2#2% coincides with the topological solution Zip (0, 2).
Notice that the leading term of the solution Zj in (11.21) is exactly

61,2 log?(2) 82210g(2) 822log*(z) 822log*(z) 42%log(z) 2*

Yzlog®(z) 16zlog?(z) 4zlog(z)  4zlog(z) z 0
iR 8log?(z) 4log(z) 1 0 0 0
nHzt=c 2

8log*(z) 4log(z) 0 1 0 0

4log(z) 1
% 3 0 0 0 0
= 0 0 0 0 0

4
From the first row, we deduce that near z = 0 any solution of the equation (11.8), i.e.

O%® — 10242%0d — 20482*® = 0

is of the form
D(z2) = Z 2" (an + by log z + ¢p log? z + d,, log? z + ey, log? z) , (11.22)
n>0
where ag, bg, cg, do, €9 are arbitrary constants, and successive coefficients can be obtained recursively.

PROPOSITION 11.1. Let R be as in (11.20) of R. Then, Co(u, R) is the algebraic abelian group of
complex dimension 3 given by

1 0 0O 0 0 O
a1 1 0O 0 0 O
= . Qo aq r o 0 o, a%—ag—agzo
CO(M’ R) o a3 o 0 1 0 0" o €0 6k {O[% “F Oé% —2a10y4 + 205 =0
ag as+ag ar a; 1 0
a5 Qg a3 oy a1 1

In particular, if F(t) € C[t] is a formal power series of the form F(t) = 1+ Fit + Fyt? + ...,
then the matriz (computed w.r.t. the chosen Schubert basis 0g,01,02,01.1,021,022) representing the
endomorphism

ApU(=): H*(G;C) — H*(G; C),
where A\p € H*(G;C) is such that

F(TG)UMp = F(T*G),

is an element of Co(p, R). Here F(V) denotes the Hirzebruch multiplicative characteristic class of the
vector bundle V- — G associated to the formal power series F(t) (see [Hir78]).
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PRroOOF. The equations defining the group 50(u, R) are obtained by direct computation from the
requirement that P(z) := z#zf.C - 27f27# is a polynomial of the form P(z) = 1 4+ A1z + Agz? + ...,
together with the orthogonality condition P(—z)"nP(z) = 1. Notice that the polynomial for the
generic matrix of the form above is equal to

1 0 0 0 0 O
zonq 1 0 0 0O O
2
. z°0 zoq 1 0 0 O
P(z) = 22as zog 0 1 0 O
PBay 22 (w+a3) zag  zag 1 0
2tas 230 2oz ag zap 1
We leave as an exercise to show that such a matrix group is abelian. Let d1,...,dg be the Chern roots
of TG. Then, for some complex constants a; ; € C, we have
6
F(TG) := H F(6;) =14 a101 +a202+ a1,101,1 + a21021 + a2202 2, (11.23)
j=1
R 6
F(T*G) := H F(—éj) =1-ai01 +as02 +ay1101,1 — a2,1021 + a22022. (11.24)
j=1

Thus, if
Arp =1+ x101 + 2202 + 23011 + T402,1 + T5022,

from the condition F(TG) U Ap = F(T*G) we obtain the constraints

Tl = _2a17
Ty = 202,
r3 = 202,

T4 = 2ay(as +a11) — 4a3 — 2as1,
Tr5 = 40,1&2’1 — 4&%(&2 + a171) + 40,11l

From this it is immediately seen that x% —x9 —x3 =0 and :L'% + :r% — 22124 + 225 = 0. O
11.3.2. Stokes rays and computation of S, Epigne. According to Theorem 9.1, monodromy
data of QH*(G) can be computed starting from a point (0,¢2,0, ..., 0) of the small quantum cohomology.

Moreover, thanks to the Isomonodromy Theorems, it suffices to do the computation at t> = 0, i.e.
q = 1, where the canonical coordinates (11.2) are

up =ug =0, uz= —41'\@, Uy = 41'\@, Uy = —4\/5, uUg = 4/2.
The Stokes rays (2.29) are easy seen to be
Ri3 = Rag = {—p: p > 0},
Ri4 = Roy = R3y = {p: p > 0},
Ri5 = Ros = {—ip: p > 0},
Rig = Rog = Ry = {ip: p > 0},

Rs5 = {Pe_z%i p= 0}, Rs = {Peigi p= 0},
Ry5 = {—Pei%i p= 0} , Ry = {—Peﬂgi p= 0} ,  Rji = —Rjj.
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We fix the admissible line /¢
l = {pei%: ,OG]R},
so that the sectors for the asymptotic expansion, containing Iljef; /rigne and extending up to the nearest
Stokes rays are

Sright = {2z —7m < argz < w/4} Siett = {z: —0<argz < 7w+ 7w/4}.

For such a choice of the line, according to Theorem 2.10, the structure of the Stokes matrix is

1 0 «x 0 0 =x

01 = 0 0 =«

0 01 0 0 =
5= x % % 1 0 = (11.25)

¥ % % x 1 x

00 0 O0O0°1

We use the following notation for fundamental matrices

§ha 51 Ha e G Eon Soa €on o Sa B Son
Eright == 5@)72 5(@)72 5%)72 5&)72 5(}%)71 5%)72 3 Eleft - 56)2 éé)z éé)?Q 5([2’1)2 5(Lé)»l 5(Lé)»2
Ehe &he e She Ge e s Sos e Ss $Ge e

Note, in particular, that (11.25) implies that the fifth columns of Zjgne and Ejery coincide. Then fé) 1
is the analytical continuation of f(li‘;]) 1 on Sjegt. Moreover, the exponential e*“> dominates all others
€*"i’s in the sector between the rays Rys and Ry, i.e. for —m — /4 < arg z < —m 4+ 7 /4. This implies

that the asymptotics
1
L _ ¢R c2 zus 1
61 =861 = 5 5 (1 +0 <Z>> )

is valid in the whole sector —m — /4 < argz < w4+ w/4. By lemma 11.3,

1 1

cz cz ( (1)) U U

Z“®(z) = ——=e*> (14+0(-)), for ——<argz< —.
03 N =57 2 g SAEES

Since the exponential e*¥5 is dominated by all others exponentials e*“i in the region between Rss and

R3¢, namely for —m/4 < argz < 7/4, we conclude necessarily that

1
c2
5 2201(2) = €11 (2).

This determines the 5-th column of Zyighy and Zjef in terms of @1, using equations (11.7),(11.13). We
also obtain an improvement of Lemma 11.3:

LEMMA 11.4. &1 and ®o have the following asymptotic behaviour

N

—4v2w 1
¢ (1+O<>> in the domain 77T—1<argw<7r+z

1(w) = (2) 4w? w 4 4

. 5
172

P(w) = T <1+0 (1

w

= 502 >) in the domain — g <argw < .
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We are ready to determine the other columns of Ejef; righe- By Lemma 11.4,

1 1
2 4 imy €2 ( (1)) m 3r
— 7Py (ze'2) = eEBI14+0(-)), for =21+ — <argz < —, 11.26
o3 7 M) =575 2 g S MeESY (11.26)
1 1
cz i CZ ( (1)) T 7T
25D (ze') = —=€*"5 (1+ 0 (-] ), for —27—— <argz < —. 11.27
o3 1(z¢") 2v/2 2 4 8257 (11.27)

We consider first (11.26). Being solutions of a differential equation, the following holds:

1
c2 r
———2°®1(ze'2) = linear combination of the fg) . 1 <1 <6.

On the other hand, e*"# is dominated by all other e*"i’s in the sector —m 4+ 7/4 < argz < —7/2

between R45 and Rss. This requires that the linear combination necessarily reduces to
1

c2 s
T, 3 2P (z¢'7) = 5(1?3,),1
2m2
Now we consider (11.27). As above, since e*“¢ is dominated by all the other e*“i’s in the sector
—57m/4 < argz < —3m/4 between Rys and Ry5, we conclude that

1
c2

2 i R
2P (ze) = .
272 1l ) 5(6)’1
Analogously we find that

1 1
2 ” 2 1 3 3
—;7:% 220 (ze712) = Q(i;iezm (1 +0 (z)) for — ZF <argz <m+ Zﬂ,
c3

1
2 —4T 2 ( ( 1 > ) ™ s
2°®q(ze = ——=e"(14+0| - on —— <argz < 2w+ —.
o1” Nz =07 2 4S8 4
By dominance considerations as above, we conclude that

1 1

c2 T c2 .
6(121),1 P 2P (ze7'2), f(LG)J = jZZCI)l(ze ).
2m2 23

The above results reconstruct (using identities (11.7),(11.13)) three columns of matrices Zyighy and
Eleft respectively. As far as the first two columns are concerned, we invoke again Lemma 11.4 for ®,,
which yileds

1 1

1 _ 1 1
222{&(2615) - <1 +0 ()) on —7 <argz < E,
T2 2 z 2

1 1

2 ‘o jCc2 1 3
%z%&(zeﬂf) . <1+O< )) on 0 <argz < °r
T2 2 z 2

Exactly as before, dominance relations of the exponentials e yield
1 1

c2 iz R R c? —iZ L L

52 0(2e2) =€}y 1 = €31, 52 Paee ") = €0y 1 = £l

T2 T2

Using (11.7),(11.11),(11.12), the first two columns are contructed. Summarizing, we have determined

the following columns in terms of ®; and ®s.

Eright = (%J o &3y wnknown &) 5@),1)
—right — . . . . . . )
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_ <5<Ll>,1 $(zya wnknown £, &6, 5(%),1)
Zleft = . . . . . . .

In Section 11.3.3 we show that the above partial information and the constraint (2) in Theorem 2.11
are enough to determine the Stokes and central connection matrices simultaneously. Since constraint
(2) holds only in case S and C' are related to Frobenius manifolds, we sketch below — for completeness
sake — the general method to obtain the missing columns of =i jrigny and S, in a pure context of
asymptotic analysis of differential equations.

We observe that

1 1

c2 iz 2 .. T 3m
— 2°®(ze'2) = —=e"*(1 4+ 0(1/2)), for —7m+ - <argz<m+ —.
s () = S (1+0(1/2) T <o -

The sub-sector —m < arg z < —37/4 of Syight is not covered by the sector where the above asymptotic
behaviour holds. On the sub-sector, the dominance relation |e*“4| < |e*“5| holds. Thus,

1
c2 iz
En = S 722 01(ze ) + ol 4, (11.28)

T2
for some complex number v € C, to be determined. Analogously, we observe that

1 1

o 28 (ze72) = 26\—266“42(1 +0(1/z)), for —2m— ?ZTW <argz < —Z.
The sub-sector —m/4 < argz < m/4 of Sygne is not covered by the sector where the asymptotic
behaviour holds. Now, the following dominance relations hold: |e*"4| < |e**i|, for i = 1,2,3,6, in
0 <argz <m/4;fori=6in —7w/4 <argz < 0. Thus

1
CE 37T
En = ——52®1(ze' ) + gl 1 + sl 1+ 666 (11.29)

2r2

for some complex number 71,73, € C, to be determined?. The above (11.28) and (11.29) become a

sk
6-terms linear relation between functions ®3(ze'2 ), as follows

—®y(ze7'2) + 0By (2) = —@1(zeig7ﬂ) + %@2(261%) — 3Py (2€72) 4 75D (2€'),
@1(2) = o [@a(2) + Do(cF)]
2m

At this step, some further information is need. The equation ©°® — 1024240 — 20482'® = 0
admits the symmetry z — ze*2. This means that if ® is a solution of the equation then also @(zei%)
is. Such a symmetry defines a linear map on the vector space of solutions of the equation defined in
a neighborhood of z = 0. Because of this symmetry, the form (11.22) can be refined as

O(2) = Z ZAn (an + by log z + ¢, log? 2 + d,, log® z + e, log? z) , (11.30)
n>0
where ag, by, cg, dg, €g are arbitrary constants, and successive coefficients can be obtained recursively.
In the basis of solutions of the form (11.30) with (ag, bo, co, do, €o) = (1,0, ...,0), (0,1,0,...,0) and so
on, the matrix of the operator '
(AD) (2) := D(z€'2)
is of triangular form with 1’s on the diagonal. Hence, by Cayley-Hamilton Theorem we deduce that
(A - ]1)5 = 07

2There is no need to include a term —&—’yzfg)’l in the linear combination, since 5(%71 = 5(}2)71‘
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I
|
Ao
deformed path

FIGURE 11.2. Deformation of the path A; /5, in order to apply residue theorem. Poles
are represented.

i.e.
A% —5A* +10A4% — 1042 + 54 -1 =0.
This proves the following

LEMMA 11.5. The solutions of the equation ©°® — 1024240® — 20482*® = 0 satisfy the relation
D(ze'% ) — 5B (2e2™) + 108 (26’5 ) — 10D(2"™) + 5P(z¢'5) — D(2) = 0. (11.31)

The relation (11.31) applied to ®o determines v, y1, v3, v6. For example, v = 6. This determines 5(1'}1) )
through formula (11.28). The fourth column of Z,jg1¢ is then constructed with formula (11.7) applied
to fﬁ) , (with h = 0). The value v = 6 will be determined again in Section 11.3.3 making use of the

constraint (2) of Theorem 2.11.

Proceeding in the same way, we also determine §(L3) 1- One observes that
1 1
cz 4 i3m cz L. ™ 3T
— 2°®1(ze'2 ) = —=e*"(1+ 0O(1/2)), for — <argz < — + 2,
(e F) = Tt 0()), for | <z <
1 1
c2 T c2 ., us 3T
— 2°®1(ze'2) = —=e*3(1+0(1/2)), for — 21— - <argz < —.
() = e (14 0(1/2) S <cargz<
The first asymptotic relation does not hold in the sub-sector —7/4 < arg z < /4 of Sjef, The second,
does not in 37/4 < argz < 5w/4. Then, the dominance relations in these sub-sectors generate an
6-terms linear relation with unknown coefficients. The coefficients are determined by (11.31).
Once Eiefi/rigny has been determined, S can be computed by direct comparison of the two funda-
mental matrices (formula (11.31) need to be used at some point of the comparison). The final result

is the Stokes matrix S of formula (11.33) below with v = 6.

11.3.3. Computation of Stokes and Central Connection Matrices, using constrain (2)
of Theorem 2.11. We start from formula (11.28):

1 1
c2 i c2 T
fﬁm = ——22®y(ze2) + U&ém = 2—?22 (—@1(26 '2) + U<I>1(z)> .
T2

22

We show that the constraint (2) of Theorem 2.11 suffices to determine v and reconstruct both the
Stokes and the central connection matrices, as follows.
The definition of the central connection matrix C' and the transformation (11.9) imply that

E1rig;ht =Z C.
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The matric C' can be obtained by comparing the leading behaviours of Zgne and Zy near z = 0.
The leading behaviour of Z¢ in (11.21) is nz“zR. In order to find the behaviour of Zyign:, we need to
compute the behaviour of ®; and ®5 near z = 0. To this end, we consider the integral representations
in Lemma 11.1, and deform both paths A; and Ay to the left, as shown in Figure 11.2. By residue
theorem, we obtain a representations of ®; and ®- as a series of residues at the poles s =0,—-1,—-2....
Then, by the reconstruction dictated by equations (11.7),(11.11),(11.12),(11.13), for each entry of the
matrix Zpigne We obtain an expansion in z and log z, converging for small |z|.

For example, let us compute the first and second columns of the matrix C': by deformation of the
path Ao we obtain that for small z the following series expansions hold:

(=B, = — 2" Py (z¢'2)

L fe'e)
=5z z_: Jes (F(s) r <2 - s> e T S)
= a122log 2 + apz?log® 2 + azz?log? 2 + auz?log 2 + asz? + O(24),

R

where «; can be explicitly computed. By comparison with the first row of nz*z'* we determine the

entries

3 3
Ci1=Ci2 = 61 Co1 = Cop = 61c°2
1 1
C51 = Cs2 = o Ce1 = Ce2 = —au5.
C C

For the other entries we have to consider expansions of fg) 35 5{;) 3) §g) 4 fg) 4+ For example,

1 1
c2 1 T ST c?
§fhs = &l = =5 - 55 (xBh(ze'F) + 2B (') -
T2
1 1
1
- e 625 Z res (F(5)5F ( - s> 6”34552245)
2 22 n=0 s=—n 2
= Brlog® z + Balog z + B3 + O(z*),
where (3; can be explicitly computed. So, by comparison of the third row of gz#z* we obtain
C31 = Cyp = %

Analogously one obtains C3y = Cy1. Note that the other entries C;, with j = 3,4,5,6, are uniquely
determined only by the expansion of §g)i because of (11.13). The result of the explicit computation
of C is reported in Appendix A. Note that only the fifth column of C is expressed in terms of the

constant v. This v will now be determined.
Since S and C' are associated to a Frobenius manifold, the constrain (2) of Theorem 2.11 holds:

S =Cc e Ry~ (CT) L, (11.32)
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Substituting C' of Appendix A, with undetermined v, in the constraint above, we obtain the Stokes
matrix

1 0 4 0 0 4
0 1 4 0 0 4
0 0 1 0 0 6
S= —4 —4 —16 1 6—v —6 (11.33)
4(v—-1) 4(v—-1) 160—-26 —v (v—6v+1 6v—16
0 0 0 0 0 1

By a direct comparison with the expected matrix form (11.25), which dictates that Sy = 0 and
Ss5 = 1, we conclude that necessarily

v = 6.

In this way we have completely determined both the Stokes and central connection matrices as well
as the fundamental matrix Zyighe. See also (11.39) below.

11.3.4. Monodromy data and Exceptional collections in D°(G) and I'-conjecture. The
monodromy data R and C' computed above can be read as characteristic classes of objects of an
exceptional collection in D?(G), as it has been conjectured by B. Dubrovin ([Dub98]), though the
formulation for the central connection matrix was not well understood. Following [KKP]| where the
role of the I-classes (characteristic classes obtained by the Hirzebruch’s procedure starting from the
series expansion of the functions I'(1 4 ¢) near ¢ = 0) was pointed out, we claim that the central
connection matrix (for canonical coordinates in triangular/lexicographical order) can be identified
with the matrix of the C-linear morhisms

X% Ko(G) ®2 C — H*(G;C)

T%(G) UCh(E)

27)2¢2

I't(G) := H I'(1+6;) where ¢;’s are the Chern roots of T'G,
J
Ch(V) := Z e*™@k  1p’s are the Chern roots of a vector bundle V,
k
expressed w.r.t.

e an exceptional basis (g;); of Ko(G) ®z C, i.e. satisfying x(ei,&;) = 1, and the Grothendieck-
Euler-Poincaré orthogonality conditions x(g,e;) = 0 for ¢ > j, obtained by projection of a
full exceptional collection (E;); in D°(G);

e abasisin H*(G; C) related to (09, 01, 02, 01,1, 02,1, 022) (the Schubert basis we have fixed) by a
(n, u)-orthogonal-parabolic G endomorphism (as described in Section 2.1.2) which commutes
with the operator of classical U-multiplication ¢1(G) U —: H*(G;C) — H*(G;C).

By application of the constraint (11.32) and the Grothendieck-Hirzebruch-Riemann-Roch Theorem,
one can prove that the Stokes matrix (in triangular/lexicographical order) is equal to the inverse of
the Gram matrix:

(S_l)ij = X(ei,Ej).
See [CDG17a] for a rigorous proof.

REMARK 11.3. As exposed in Theorem 1.2 in the Introduction and in Section 2.3, some natural
transformations are allowed, such as
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e the left action of the group Co(u, R):
no anction on S, Cr—GC, (11.34)

where G € Co(u, R) and has the form prescribed by Proposition 11.1;
e the right action of the group (Z/27Z)*":

S—TSI, C—CT, (11.35)

where 7 is a diagonal matrix of 1’s and —1’s;
e the right action of the braid group Bg:

S A8 § (AT, C—C (4%, (11.36)
as in formulae (2.40) and (2.41).

The actions above naturally manifest respectively on the space H®(G;C), on the set of full excep-
tional collections in the category DY(G), and/or on the set of exceptional bases of the complexified
Grothendieck group Ky(G) ®z C. More precisely,

e Co(u, R) acts on H*(G; C) as (n, u)-orthogonal-parabolic endomorphisms commuting with the
classical U-product by the first Chern class ¢;1(G);

e the action of the shift functor [1]: D*(G) — D’(G) on the objects of a full exceptional
collection projects as an action of (Z/27)*% on Kq(G) ®z C by changing of sings of the
elements of the corresponding exceptional basis;

e the braid group Bg acts on the set of exceptional collections (and the corresponding ex-
ceptional bases) as follows: the generator £;;11 (1 < i < 5) transforms the collection
(El, SRR S T N D R P S Eﬁ) into (El, o B, Lg, i, B Eiya, ... ,Eﬁ), where the
object L, ;1 is defined, up to unique isomorphism, by the distinguished triangle

LEiEiJrl[—l] — HOHI.(EZ', Ei+1) RF; = FEiy1 — LEiEiJrl.

Notice that our definition of braid mutations of exceptional objects differs by the one given, for
example, in [GKO04] by a shift: this difference is important in order to obtain the coincidence of
the braid group action on the matrix representing the morphism %é with the action on the central
connection matrix.

REMARK 11.4. The conjecture we are discussing was also formulated in [GGI16] contemporarily
to [Dub13] for any Fano manifold X. In [GGI16] the authors seem to stress the relevance of the class
['F(X), while in [Dub13] of I (X). As we will show below, I'(X) and I'"(X) can be interchanged
by the action (11.34) of the group Co(u, R). For more details, see Section 14.5.

We now show that the monodromy data computed in the previous Section are of the form above
for an exceptional collection in the same orbit of the Kapranov collection, under the action of the
braid group. The Kapranov exceptional collection for G is formed by vector bundles S*(S*) (S is the
tautological bundle), where S* denotes the Schur functor corresponding to the Young diagram A ®. In
the general case of G(r, k), the graded Chern character of these bundles is given by

. . det(eQﬂixi()‘j+rfj))1<. o
A( O* _ 2mixTy 2T\ . S,)ST
Ch (S (S )) - SA(e 7oy € ) T Hi<j(e27riwi — e?m'xj)

3The reader can find the definition of Schur functors as endo-functors of the category of vector spaces in [FH91]. The
definition easily extends to the category of vector bundles.
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L.e. the Schur polynomial calculated in the Chern roots z1,...,z, of §*. In our case we obtain the
following classes: posing a := €*™@1 and b := €>™®2 with z1 4+ 29 = 01 and z 2 = 01,1 we have that

for \=0 Ch(S*s") =1,
for \=[7,  Ch(SYS")) =a+b,
for \=[T7,  Ch(SYS")) = (a+b)*~ab,
for \ =[]  Ch (S’\(S*)) — ab,
for \=H-, Cn(S}8Y) = (a+bab,
for A=, Ch(8Y(8Y)) = a®?

Observing that

8 4
ab=1+2mio] — 2772(02 +o1) — giw?)o*g,l + 577402,2,

4
a+b=2+2rioy — 2w09 + 271'20171 + §i7r30271,

after some computations one obtains all graded Chern characters. Recalling the value of the [F-class

~ 1 4
F:F(G) =1x+4v01 + 6 <48’)/2 + 7['2) (0’171 + 0'2) + *(16’}’3 —l—"}/ﬂ'Q — 4(3))0'271

3
1 4 2_2 4
+ 35 (7687 1967202 — 1t — 192%(3)) 729
we can explicitly compute all the classes
1

- (TF(G) A Ch (81(5))).-

dm2c2

We denote by C-

Kap the matrix obtained in this way: in appendix A the reader can find the entries of

the matrix Cy,,.

The Stokes matrix can be put in triangular form by a suitable permutation of (up,...,us), to
which a permutation matrix P is associated, according to the transformations (2.38). There are two
permutations which yield PSP~! in triangular form, namely

71 (U1, U2, U3, U, Us, Ug) > (Ulpulg,ué,uﬁpuéaué) = (us, ug, ug, ur, u3, ug), (11.37)

T2 (ulv Uz, u3, Uq, Us, UG) = (u/l) u/Z) Ué, uﬁla u{‘ja U/G) = (U5, Ug, U1, U2, U3, UG)' (1138)
In both cases, the Stokes matrix S in (11.33), with v = 6, becomes

1 =6 20 20 70 20
0 1 -4 -4 -16 -6
1 |10 0 1 0 4 4

S— PSP =| 00 0 1 4 4 (11.39)
0 0 0 0 1 6
0 0 0 O 0 1

The matrix C in Appendix A, with v = 6, becomes

Cws CP! (11.40)

A direct computation proves the following:
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THEOREM 11.2. Consider the monodromy data of the quantum cohomology of the Grassmannian
G at 0 € QH*(G), as computed in Section 11.3.3 with respect to an admissible line*t = £(¢) of slope
0 < ¢ < % and w.r.t. the basis of solutions (11.21). These are the matriz S in formula (11.33) and the
matriz C in Appendiz A, with v = 6. Arrange S in triangular form as in (11.39), with P associated to
the one of the permutations 71 or T above, and transform C as in (11.40). The data so obtained are
related to the Kapranov exceptional collection by a finite sequence of natural transformations (11.34),
(11.85), (11.86). More precisely, the following sequence transforms CP~! into Crap’

e (1) the change of sings in the normalised idempotents vector fields, determined by the action
(11.35) of the diagonal matriz T = diag(1l,—1,—1,1,—1,1) (if we start from the cell where
T1 is lexicographical), or T = diag(1l,—1,1,—1,—1,1) (if we start from the cell where 1o is
lexicographical),

e (2) change of solution at the origin through the action (11.34), with G equal to

1 0 0 0O 0 0
2im 1 0 0O 0 0
—2n2 2im 1 0O 0 0 .
A=l _op 2im o 1 o o |€CmR)
—1 (8im3)  —4r? 2 2imr 1 0
st _1gind) —2n® —2¢% 2im 1

e (3) the action (11.36) with either the braid [120560450823034 (if we start from the cell where

T1 18 lexicographical), or the braid Ps4012056045023034 (if we start from the cell where 19 is
lexicographical).

Moreover, CP~1 in (11.40) is transformed into CIJga,p if, after the sequence of transformations
(1),(2),(3) above, the following transformation is further applied:
e (4) the action (11.34), with matriz G equal to

1 0 O 0 0 0
8y 1 O 0 0 0
32+ —8 1 0 0 0 ~
5= 3242 8y 0 1 o o |€%wA):
33 —647) 64y -8y —8y 1 0
5 (167" —1¢(3)) §(C(8) —647%) 329% 329 -8y 1

The connection matriz obtained from CP~! in (11.40) after the sequence (1),(2),(3) or (1),(2),(3),(4)
will be denoted Cgpal-

Let Sgnal denote the Stokes matriz obtained from PSP~' in (11.39) by either the sequence

(1),(2),(3) or (1)(2)(3)(4) (recall that steps (2) and (4) do not act on S). Then, (Sgnal)~! coin-
cides with the Gram matriz

1 4 10 6 20 20
0 1 4 4 16 20
00 1 0 4 10
Gkap=| 0 0 0 1 4 6 (11.41)
00 0 0 1 4
00 0 0 0 1
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Thus, the data originally computed correspond to the exceptional block collections obtained from
the Kapranov block collection by the action of the braid(s) (Bsa)B12856845523(B34) (the action of Bas
acting just as a permutation of the third and fourth elements of the block).

REMARK 11.5. In both cases Cghpal = Cfg

ap and Chpa = Cgap, the realtion (11.32) holds between
C'ﬁnal and Sﬁnal-

11.3.5. Reconstruction of Monodromy Data along the Small Quantum locus. In this
section we reconstruct the monodromy data at all other points of the small quantum cohomology of
G, by applying the procedure described in Section 9.1.1, and already illustrated in Section 10.

We identify the small quantum choomology with the set of point (0,t2,0,...,0). These points can
be represented in the real plane (Ret?, Im¢2). At a point (0,¢2,0,...,0), the canonical coordinates are
(11.2), so that the Stokes rays are

Rij (t2) = 672/4Rl'j(0) = e_iImt2/4Rij (0),
where R;;(0) are the rays R;; of Section 11.3.2. Let ¢ be a line of slope ¢ €]0,7/4[, admissible for
=0, i.e. for the the Stokes rays R;;(0). Then, whenever Imt? € 7 - Z — 4¢, at least a pair of rays

R;;(t?) and Rj;(t?) lie along the line ¢, for some (4, j). This means that the small quantum cohomology
of G is split into the following horizontal bands of the (Ret?, Im t?)-plane:

Hy = {t*: kn—4¢ <Imt®> < (k+ 1)7 — 4¢}, keZ.

If ¢? varies along a curve connecting two neighbouring bands, at least a pair of opposite rays R;; (t?)
and Rj;(t?) cross £ in correspondence with ¢ crossing the border between the bands.

A point (0,%2,0,...,0), such that #? is interior to a band, is a semisimple coalescence point, where
Theorem 9.1 applies. The polydisc U, (u(0,2,...,0)) is split into two f-cells. Each cell correspons,
through the coordinate map p — u(p), to the closure of an open connected subset of an ¢-chamber of
QH*(G), as explained in Section 9.1.1. Therefore, each band Hj precisely belongs to the boundary
of two (-chambers corresponding to the two cells, while each line Imt? = k7 — 4¢ between two bands
Hy—1 and Hy, belongs to the intersection of the boundaries of four neighbouring chambers of QH*(G).
As explained in Section 9.1.1, the monodromy data computed via Theorem 9.1 in U, (u(0,%2, ...,0))
are the data of the two chambers shearing the boundary Hj. In particular, as a necessary consequence
of Theorem 9.1, these data are the data at each point of Hi. This means that the monodromy data
are constant in each band Hj,.

In order to compute the monodromy data in each chamber of QH®*(G) is sufficies to apply
the procedure of Section 9.1.1 starting from the data C, S computed at ¢ = 0 in Section 11.3.3.
Preliminary, by a permutation P, we have obtain upper triangular PSP~! and the corresponding
CP~!in (11.39) and (11.40), which are the monodromy data in the cell of U, (v'(0,0,...,0)) where
u1(0,0,...,0),...,u.,(0,0,...,0) are in lexicographical order as in (11.37) or (11.38). Thus, they are the
data of the band Hy. Then, the braid group actions (2.40) and (2.41) can be applied. In particular, we
have computed the action of those braids which allow to pass from the chamber (with lexicographical
order) whose boundary contains Hy, to the chambers whose boundary contains Hy, for k = 1,2, ..., 8.
The values of S and C' so obtained are, as explained above, the constant monodromy data for Hg, H1,
..., Hg. They are reported in Table 11.1. From the table, we can read the monodromy data for the

4The computations have been done for ¢ = 7 /6, but nothing changes if 0 < ¢ < I, since the sectors where the asymptotic
behaviours are studied always are the same Sicst/right -
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whole small quantum cohomology, since for any k € Z, the data for Hyg are the same as for Hy, as
will be clear from the explanation below.

In order to determine the braid connecting neighbouring Hj’s, it suffices to consider a fixed con-
figuration of distinct u1 (0,2, ...,0),...,u1(0,#2, ...,0) in lexicographical order, corresponding to a fixed
t = (0,20, ..,0) slightly away from ¢ = 0. The corresponding rays R;;(t?) are fixed. Then, we let ¢
rotate and keep track of the rays which are crossed by £. Indeed, the motion of the point (0,#2,0,...,0)
by increasing Im(#?) determines a uniform clockwise rotation of the Stokes rays, whose effect is the
same of a counter-clockwise rotation of the admissible line (by increasing its slope ¢) and the conse-
quent gliding of the /-horizontal bands towards Im(t?) — —oco. The result is resumed in Figure 11.3.
Note that each time £ crosses a ray, the coordinates u;’s must be relabelled in lexicographical order.
As it appears in Figure 11.3, the passage from Hj to Hy1 is obtained by an alternate compositions
of the braids

wy = B12856, wo 1= (323345334523 545.
Coherently with Lemma 2.5, after a complete mutation of the admissible line ¢, the braid acting on
the monodromy data is (wiw2)* = (B12823334515856), the generator of the center of the braid group
Bg. This corresponds to the cyclical repetition of the same Stokes matrix in Hy and Hjg (while C is
shifted to M, *C).

REMARK 11.6. There is a remarkable symmetry between the above cyclical repetition and the fact
that exceptional collections are organised in algebraic structures called helices, introduced in [Gor88]
[GR8T], and extensively developed in [Gor90] [Gor94a] [GK04]. This will be thoroughly explained
in Part 4 (and in a forthcoming paper [CDG17a]).

Table 11.1: List of all possible Stokes matrices in bands de-
composing the small quantum cohomology of G: the com-
putation is done at a point (0,¢2,0,...,0) w.r.t. a line ¢
of slope ¢ €]0, /4], admissible for ¢ = 0. The starting
matrix Siex in Ho is PSP~ of formula (11.39), with signs
changed by (11.35) with Z = diag(—1,1,1,—1,1,—1). The

braid acting on the monodromy data are w; := B1205¢ and
wo 1= 23845834823 P45-
Band H, Slex Braid

1 6 —-20 20 —-70 20
01 -4 4 -—-16 6
0 0 1 0 4 —4

2 .

0<Im(t’)+4p<m 00 0 1 -4 4 id

00 O 0 1 —6
00 O 0 0 1

Continued on next page
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Table 11.1 — Continued from previous page

Band H, Slex Braid
1 -6 —4 4 6 20
0 1 4 —4 —-16 —-70
0 O 1 0 -4 =20
2
m < Im(t?) +4¢ < 27 00 0 1 4 20 w1
0 O 0 0 1 6
0 O 0 0 0 1
1 6 20 —20 —70 20
01 4 -4 -16 ©6
0 0 1 0 -4 4
2
2 < Im(t?) + 4¢ < 3w 00 0 1 A 4 Wiws
0 0 O 0 1 —6
0 0 O 0 0 1
1 -6 4 -4 6 20
0O 1 -4 4 -16 -70
0 O 1 0 4 20
2
3 < Im(t?) +4¢ < 4w 00 0 1 -4 -2 wWiwaw1
0 O 0 0 1 6
0 O 0 0 0 1
1 6 —-20 20 —-70 20
01 —4 4 -—-16 ©6
0 0 1 0 4 —4
2
dr < Im(t%) + 4¢ < b7 00 0 1 -4 4 W1 Wi w2
0 0 0 0 1 —6
0 0 0 0 0 1
1 -6 —4 4 6 20
0 1 4 -4 —-16 -70
0 O 1 0 —4 =20
2
S5 < Im(t?) + 4¢ < 67 00 0 1 4 20 W1 WowiwWaw1
0 O 0 0 1 6
0 O 0 0 0 1

Continued on next page

191



11.3. COMPUTATION OF MONODROMY DATA

Table 11.1 — Continued from previous page

Band H, Slex Braid
1 6 20 —20 —-70 20
01 4 -4 -16 6
0 0 1 0 —4 4
6m < Im(t?) +4¢ < Tn 00 0 1 4 4 W1 Waw1 Wa1 W9
0 0 O 0 1 —6
0 0 O 0 0 1
1 -6 4 —4 6 20
0 1 -4 4 -16 —-70
0 O 1 0 4 20
T < Im(t2) -+ 4¢ < 81 0 0 0 1 4 920 W1WoWWowiwWow1
0 0 0 O 1 6
0 0 0 O 0 1
1 6 =20 20 —-70 20
01 -4 4 -16 ©6
0 0 1 0 4 —4
81 < Im(tz) +4¢ < 97 00 0 1 4 4 W1 WaW1 WaWwWawws
0 0 0 0 1 —6
0 0 0 0 0 1

192
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B e e

F1GURE 11.3. The picture, to be read in boustrophedon order, shows the braids corre-
sponding to the passage from one band Hj, to Hyi1 . Starting from the configuration of
the canonical coordinates at 0 € QH*(G), we slightly split the coalescence as described
in the first red picture in the first line. The numbers represent the lexicographical order
of the canonical coordinates w.r.t. the admissible line. Letting the admissible line ¢
continuously rotate by increasing its slope, we determine all elementary braids acting
in the mutation up to the next red configuration. By coalescence of the points us, uq
in a red picture we obtain a configuration of canonical coordinates realized in the locus
of small quantum cohomology. Thus we deduce that successive bands of the small
quantum cohomology are related by alternate compositions of the braids w; := S12056

and wo := 32384534523 545
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CHAPTER 12

Helix Theory in Triangulated Categories

ABSTRACT. In this Chapter we review the general theory of Helices in triangular categories as devel-
oped by the Moscow School of Algebraic Geometry (see [Rud90], [GKO04]). We recall the notions of
exceptional objects, exceptional collections in a K-linear triangulated category %, and we define their
mutations under the action of the braid group. Then, we introduced the strictly related notion of
semiorthogonal decomposition and we study the properties of admissibility of full triangulated subcate-
gories as well as of saturatedness of &. The problem of the existence of Serre functors is also discussed.
We finally introduce the notions of dual exceptional collections and of heliz generated by an exceptional
collection.

12.1. Notations and preliminaries

Let K be a field!. We denote by GrVectz™ the category of finite dimensional Z-graded vector
spaces’: it is a triangulated category, the shift being defined by

GrP(Ve[k]) := GeP*F(V*), p,keZ,
and we also have operations of tensor product and dualization with the usual gradations
Gr’(V* @ W?*) = @ Gri(V*) @ Gr/(W*), Gr? ((V*)Y) := (Gr’p(V'))v.
i+j=p
The category GrVectz™ is equivalent to the bounded derived category of finite dimensional K-vector

spaces, denoted by DP(K): the equivalence is realized by the functors

®: GrVectz™ — DU'(K): V*® — @(GriV')[—i], with zero differentials,
1€Z
H*: D°(K) — GrVectz™: F* — H*(F®).

Let 2 be a triangulated category. We will assume that 2 is a K-linear category of finite type (or
Hom-finite), i.e. that

Hom*(X,Y) := @) Hom'(X,Y)
1€EZL
is a finite dimensional graded K-vector space for all X, Y € Ob(2), and where we posed Hom'(X,Y) :=
Hom(X,Y[i]) for any i € Z. Sometimes, it will be useful to consider the category Z to be 2°(K)-

enriched, by identifying the graded vector spaces Hom®(X,Y') with the associated complex through
the equivalence ® above.

1Here we work on a general ground field K, but Starting from Section 13.5 we will specialize to the case K = C.
2In what follows we will denote the p-th degree of V* by Gr?(V*®) or VP.
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DEFINITION 12.1. Let V*® be a f.d. graded K-vector space and X be an object in a K-linear
triangulated category &. We define the tensor product V*® ® X, an object of 4, as a solution of a
universal problem, by requiring

Hom*(Y,V*® X) =V*®@ Hom*(Y, X) VY € Ob(2).
Such a universal problem admits a solution: the tensor product can be constructed as
Ve X =PV e X[-i],
where '
V'@ X[—i] = X[—i]® - & X[—1].

dimg V' times

REMARK 12.1. We can define the analogous operation of tensor product —® —: D*(K) x  — 2
by compisition with the cohomology functor in the first entry:

DY(K) x @ _fxle GrVects® x 9 — 2=, 9.

In this way, the object F'* ® X depends only on the quasi-isomorphism class of F'®.
LEMMA 12.1. If V* € Ob(GrVectz™), X € Ob(2) and if j, k € Z, then
Vejle Xk = (Ve X)[j+k, (V*[])" = (V*)"[-j].
PRrROOF. For the first equality it is easy to see that the r.h.s. solves the universal problem which
defines the L.h.s.. The second equality it is trivially deduced by a direct comparison of the gradings. [

DEFINITION 12.2. If 2 and & are two K-linear triangulated categories, a covariant exact functor

F: 9 — & is called linear if
FV*®X)=V*® F(X)
for any graded vector space V*® and any object X. Analogously, a contravariant functor F': Z°P — &
is linear if it satisfies
FV*eX)= (V") o F(X)

for any graded vector space V* and any object X.

So, in particular, the bifunctor Hom®(—, —): 2 x 2°° — GrVectz™ is bilinear:

Hom*(W*® X,V*®Y) = (W*)"® V*® Hom*(X,Y)

for any X,Y € Ob(Z) and any graded vector spaces V* and W*. Thus, for any X,Y € Ob(2), we
have the identifications

End(Hom®*(X,Y)) = Hom®*(Hom®*(X,Y) ® X,Y) = Hom*(X, (Hom*)"(X,Y)®Y).
Hence, the identity morphism id: Hom®(X,Y) — Hom®(X,Y") induces two canonical morphisms
J(X,Y): Hom*(X,Y)® X =Y,
G+(X,Y): X — (Hom®*)V(X,Y)®Y.
PROPOSITION 12.1. Let E € Ob(2) be a generic object. Let us define the functors

Pp:D'(K) = 2: V=V QE,
% 2 —» DY(K): X — (Hom®)V (X, E),
Py 2 — DY(K): X — Hom®(E, X).

We have the the adjunctions ®3 4 g - <I>!E.
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ProOF. This is a simple check of the definition of adjoint functors. Notice that the the unity of
the adjunction ®% 4 ® g and counity of the adjunction ®5 <I>!E are given by the morphisms j.(—, E)
and j*(FE, —) respectively. O

DEFINITION 12.3 (Generated triangulated subcategory). If Q@ C Ob(Z2), we denote by () the
smallest full triangulated subcategory of & containing all objects of (2.

DEFINITION 12.4. If A, B C Ob(Z) we define the set
AxB:={X €O0b(Z): A— X — B — A[l], for some A€ A, Be B}.
Notice by the octahedral axiom (TR4) that the operation * is associative.

The subcategory (€2) is obtained by taking the closure with respect to shifts and cones. More
precisely, we have the following

PROPOSITION 12.2. Let Q C Ob(2), and let us define
M ={X[n: XeQnelZ}, Q:=Q*--*xQ.
\—‘,_/
T times
Then
Q) = U Q,.
reN*
12.2. Exceptional Objects and Mutations
Let 2 be a K-linear triangulated category.

DEFINITION 12.5 (Exceptional Object, Pair and Collection). An object E € Ob(2) is called
exceptional if Hom®(FE, E) is a 1-dimensional K-algebra generated by the identity morphism.
An ordered pair (E1, E2) of exceptional objects of & is called exceptional or semiorthogonal if

HOIH'(EQ, El) = 0.

More in general, an ordered collection (F1, Es, ..., E)) of exceptional objects of & is called exceptional
or semiorthogonal if

Hom®(Ej;, E;) =0 whenever i < j.
An exceptional collection is said to be full if it generates &, i.e. any full triangulated subcategory
containing all objects F; is equivalent to & via the inclusion functor.

PROPOSITION 12.3 ([Bon89]). Let E € Ob(2) be a generic object. Then E is exceptional if and
only of the functor

Pp:DK) = 2: VO =V ®F
is fully faithful. In particular, the category (E) = Im ®g is equivalent to the category D*(K).

Proor. Using the notations of Proposition 12.1, & is fully faithful if and only if the natural
transformation ®,dp < 1py(ky is a natural isomorphism. This holds if and only if Hom®(E, E) =
K. O

REMARK 12.2. Given an exceptional collection in &, there are several operations generating other
such collections. Indeed, the group Aut(2) of isomorphism classes of auto-equivalences of the category
2 acts on the set of exceptional collections: the element ¥ € Aut(Z) acts in the obvious way, by
associating to the exceptional collection € := (Ej,...,E,) the collection V& := (VEy,...,VE,).
Analogously, the additive group Z" acts on the sets of exceptional collection of length n by shifts:



12.2. EXCEPTIONAL OBJECTS AND MUTATIONS 199

if & := (Ey,...,E,) is an exceptional collection, then also €[k| := (Ei[k1], Ealka], ..., Enlkn]) is
exceptional for any (ki,...,k,) € Z™. The actions of both Aut(Z) and Z™ preserve the fullness of an
exceptional collection.

In what follows, we are going to define another nontrivial action of the braid group B, on the set
of (full) exceptional collections of length n.

DEFINITION 12.6 (Orthogonal complements). Let <7 be a full triangulated subcategory of 2. We
introduce the two full triangulated subcategories ~.o7 and &7 defined by

Lo/ == {X € Ob(2): Hom(X,A) =0 for all A € Ob(&)},
o+ :={X € Ob(2): Hom(A, X) =0 for all A € Ob(=/)}.
These subcategories are called respectively left and right orthogonals to </ in 2.

REMARK 12.3. It is easy to see that, if & = (FE) is the smallest triangulated subcategory containing
an object E € Ob(2), the following characterization of the orthogonal complements *(E) and (E)~*
holds:

HE)= tE, where 1E :={X € Ob(2): Hom*(X, E) =0},
(E)t = E+, where E* := {X € Ob(2): Hom*(E,X) = 0}.

DEFINITION 12.7 (Mutations of objects). Let E € Ob(Z) be an exceptional object. For any
X € Ob(Z) we can define two new objects

LepX € Ob(E1), RpX € Ob(*E)

called respectively left and right mutations of X with respect to E. These two objects are defined as
the cones

Lp(X) := Cone (Dpdly(X) —» X ), Rp(X) := Cone (X — dpdp(X))[-1],

where the functors ® g, ®%, <I>!E are the ones introduced in Proposition 12.1. We thus have the distin-
guished triangles

LpX[-1] — Hom*(E, X) 9 E 15 X — LpX (12.1)
RpX —— X 2 (Hom*)Y(X,E) © E —— RpX[1] (12.2)

extending the canonical morphisms j*(FE, X) and j.(X, E).

By applying the functor Hom®(E, —) to (12.1), and the functor Hom®(—, F) to (12.2), and using
the fact that E is exceptional, we obtain the orthogonality relations

Hom*®*(E,LgX) =0, Hom*(RgX,E)=0. (12.3)
REMARK 12.4. Our definitions of LgX and RgX differ from the original ones given in [GK04]
by a shift operator. In particular,
e what here we denote Lp X, in [GK04] is Ly X[1],
e and our R X in [GKO04] is RpX[—1].

The reason of such a choice will be explained later. In what follows we will reformulate some results
of [GKO04], adapted to our definition, and we leave to the reader the easy and small modifications of
some proofs.
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In general, the third term in a distinguished triangle is not canonically defined by the other
two terms. In this case, however, the objects Lg X and RgX are unique up to unique isomorphism
because of the orthogonality relations. Indeed, let assume that we have the two following distinguished
triangles®:

Hom*(E, X) ® S (Hom*(E, X) ® E) [1]

h

Hom*(E,X)® E —25 X % 3 LpX — (Hom*(E, X) ® E) [1]

Then, by axiom TR3 of triangulated category there exists a morphism h: S — LgX, which necessarily
is an isomorphism (the other two vertical maps being the identities). We want to show that h is unique.
Let us apply the functor Hom®(—, LX) to the first line of the diagram: recalling that the shift functor
T = (—)[1] is an auto-equivalence, and using the orthogonality relations (12.3) we obtain

Hom® ((Hom®*(E, X) ® E)[1],LgX) = Hom® (Hom*(E, X) ® E,LgX[-1])
= (Hom®*)"(E, X) ® Hom®*(E,Lg X[-1])
=0.

So we get the long exact sequence
..——0—— Hom*(S,LpX) —— Hom®*(X,LpX) ——

Since a0 j* = 0, there exists h € Hom®(S,LgX) as above, which must be unique by injectivity.
Analogously one shows that RgX is unique up to unique isomorphism. Notice, in particular, that
LgFE =RgFE =0.

Moreover, as a consequence of axiom TR1, we necessarily have that

LpX =X forall X € B+, (12.4)

RpX =X forall X € *E, (12.5)

which means that the operations Ly, Ry are projections onto the subcategories E+ and -E. Some
other useful properties of these projections are summarized in the following

PROPOSITION 12.4 ([GKO04]). Let Z be a K-linear triangulated category, and E an exceptional
object.

(1) For any object X € Ob(2) and any pair of integer k,{ € Z we have
Lew (X[4]) = (LeX) [f], Rgg (X[{]) = (ReX) [£].
(2) If E' € Ob(*+E), E" € Ob(E1) and X € Ob(2), the following bifunctor isomorphisms hold
Hom®*(E', X) = Hom®*(E',RgX) = Hom®(E', LX) = Hom(LpE',LpX), (12.6)
Hom*(X, E”) = Hom*(Lg X, E”) = Hom*(Rg X, E") = Hom(Rg X, RgE"). (12.7)

(3) The functors

XsRpX
9 ——"",1F

XisLpX

9 E+

3Here we use the axiom TR2 of triangulated category.
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are respectively the right adjoint functor to the inclusion *E ——— @ , and the left adjoint

functor to the inclusion E+ —— 9 .
(4) The following identities hold

LEORE:LE, REOLE:RE
(5) The restrictions
]LE|J_E: LE—)El and RE|EJ_I EL—>LE

are functors inverse to each other, establishing an isomorphism between these two subcate-
gories.
(6) The following isomorphism holds functorially on X and E

(Hom®*)Y(LgX[-1], E) = Hom®*(E,RpX).

PROOF. Let us prove (1). Applying Lemma 12.1 we have that
Hom*(E[k], X[{]) ® E[k] = (Hom*(E,X) ® E) [¢],
and that
(Hom®)Y (X [¢], E[k]) ® E[k] = ((Hom®)" (X, E) ® E) [¢].
Moreover, it is easily seen that the following diagrams are commutative:

3= (X [€],E[k]) 3 (E[k],X[€])
—

X[ (Hom*®)Y( [k]) ® E[k]| Hom*(E| ) ® E[k] X[
J+(X,E) (] 3 (EX)[A]
((Hom®*)Y(X,E) ® E) [{] (Hom(E, X) @ X)[/]
Thus, applying the shift functor (—)[¢] to (12.1), (12.2) we obtain
YT
LpX[f — 1] —— (Hom*(E, X) @ )] — 27 ¥ — L Lpx(g,

—1)%5.[¢
R X[ — X[ — 2, (Hom*)V(X, B) ® B[] —— RpX[(+ 1).

Recalling now that, by the axiom TR1 of triangulated category, one can change the sign of any two
morphisms in a distinguished triangle, we conclude. For points (2),(3),(4),(5),(6) we refer to [GK04],
where the reader can find and easily adapt the proofs by keeping track of the difference of shiftings in
the definition of left and right mutations. O

DEFINITION 12.8. If (Eq, F») is an exceptional pair, we define its left and right mutations to be
the pairs
L(El,EQ) = (]LElEQ,El) and R(El,Eg) = (EQ,REQEl)

respectively.

PROPOSITION 12.5. The pairs L(E1, Eq),R(E1, E3) are exceptional. Moreover, L, R act on the set
of exceptional pairs as inverse transformations:

LoR(Ey, Ey) = (E1, Es) and RolL(Ey, Ey) = (Ey, Ey).
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PROOF. The first statement follows from the orthogonality relations (12.3). From relations (12.4),(12.5)
we have that

RElEQ = E2 and LE2E1 = El,
so that, by Proposition (12.4), we deduce
(Homv)°(LElEg[—1], El) = HOIII.(El, RElEQ) = HOHl‘(El, Eg),
HOm.(EQ,REQEl[l]) = (Homv)°(LE2E1,E1) = (Homv)°(E1,E2).
It follows that the triangles
LElEQ[—l] — HOIIl'(El, EQ) QFE —— Fy —— ]LElEQ

L, Es[—1] —— (Hom")*(Lg, Eo[~1], E1) ® By —— Rp, L, By —— L, Es
can be canonically identified, i.e. R oL(Ey, Es) = (E, E2). Similarly the other identity follows. O
For a more general exceptional sequence, we give the following
DEFINITION 12.9. Let (Ey,..., Ex) be an exceptional collection in 2. For 1 <i < k we define
Li(Eo, ..., Ey) == (Eo,....Lg,  Ei, Ei1,...,Ey),
R;(Eo,...,Ey) == (Eo, ..., Ei,Rg,Ei ..., Ey).

PROPOSITION 12.6 ([BK89]). The mutations preserve the exceptionality and satisfy

LiR; = R,L; = Id (12.8)
]LiLj = Lj]Li for |’L —]| > 1 (12.9)
L Ll =L for 1<i<k. (1210)

So the braid group Byi1 acts by the mutations on exceptional objects of length (k+ 1).

PRrOOF. The fact that exceptionality is preserved, and the first two relations (12.8),(12.9) follow
from the previous results. The only non-trivial relation is (12.10). Let (A, B,C) be an exceptional
triple. We have to show the commutativity of the diagram

(A, B,C)

/ K
(LaB,A,C) (A, LpC, B)
Ml JM
(LaB,LsC, A) (LaLpC, A, B)

(Lp,sLAC,LaB, A)
So we have to prove that
Ly ,BLAC = LsLpC.
Applying the exact linear functor L 4|1 4 to the canonical triangle
LpC[-1] - Hom*(B,C)® B — C — LpC,
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and recalling that Hom® (B, C') = Hom®*(L 4B, L 4C) by Proposition (12.4) we find the triangle
LALpC[—1] - Hom®*(LaB,LAC) @ LyB — LsC — LALBC.
O

REMARK 12.5. In the previous exposition, we have followed the main references on the subject
and we have defined a left action of the braid group on the set of eceptional collections in a K-linear
triangulated category Z. In what follows, in order to establish a prefect correspondence between Helix
theory and the theory of local monodromy invariants for quantum cohomologies of Fano manifolds, it
will be convenient to consider the braid group B,11 as acting on the right on the set of exceptional
collections of length n + 1: if we denote by 3;;4+1 with 1 < i < n the generators of the braid group,
satisfying the relations

Bii+18jj+1 = Bjj+1Biiv1, i —J] > 1,
Bii+1Bi+1,i+2B4,i41 = Bit1,i4+28,i+1Bi+1,i+25
and if € = (Ey,..., E,) is an exceptional collection, we will define
P = L.

We will denote by ;41 the inverse of the braid ;1.

12.3. Semiorthogonal decompositions, admissible subcategories, and mutations functors

Let 2 be a K-linear triangulated category. In this section we introduce some definitions general-
izing the ones of (full) exceptional collection and of left /right mutations w.r.t. them.

DEFINITION 12.10 ([BK89, BO95, BOO02]). A sequence .4, ..., ., of full triangulated subcat-
egories of 2 is said to be semiorthogonal if

o C ot forall i < j.

A semiorthogonal sequence ], ..., .9, is said to define a semiorthogonal decoposition of & if one of
the following equivalent conditions holds:

(1) 2 is generated by the 7, i.e. 2 = ()" |;

(2) for any X € Ob(2) there exists a chain of morphisms

OZXn4>Xn,1*>...*>X2 X1 X():X
7 / = / a /
A, 4 4

with A; € Ob(.).

The equivalence of (1), (2) immediately follows from Proposition 12.2. The chain of morphisms of
point (2) is usually called a filtration of the object X.

DEeFINITION 12.11 (Filtrations and Postnikov systems). Given an object X € Ob(Z), we call
filtration of X, the datum of a set of objects {X;}.~, and a chain of morphisms

OZXm—>Xm_1—>"-—>X2—>X1—>X0:X.
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These morphisms induce on the cones a family of arrows in the opposite direction, which fit into the

diagram
/ .

L< n1< L L2<
ﬂl 1

0=X, Xn—

where 9;11 0 &; = 0, the bottom triangles are commutative, and the top triangles are distinguished
(dashed arrows have degree 1). This diagram is called (right) Postnikov system (or (right) Postnikov
tower), and the object X is called the canonical convolution of the Postnikov system.

The following is a simple but fundamental fact

PROPOSITION 12.7. The Postnikov system induced by a semiorthogonal decomposition is functorial,
i.e. given X, X' € Ob(2) and a morphism f: X — X' there exists a unique prolongation to their
Postnikov systems:

An Al
0% —‘> X1 ... X s ‘ \ \ X
l 1 1 L
A | j A Jf
0“—'\>Xg_1 X5 \X{“N \X’

In particular, the Postnikov system of an object X is unique up to a unique isomorphism.

PROOF. Since X € (4, ..., ,), we have that Hom® (X1, A}) = 0: thus we have the isomorphisms
Hom (X7, X]) = Hom(X;, X’) and Hom(A;, A}) = Hom(X, A]). Consequently there exists a unique
morphism of distinguished triangles from X; — X — A; — X4[1] to X| — X' — A} — X{[1] which
fits into the diagram. By induction one concludes. Il

REMARK 12.6. Let ®: 2 — & be a covariant cohomological functor with values in an abelian
category o7, and set ®4(X) := &(X|[q]) for any object X € Ob(2), q € Z. Given an object X € Ob(Z),
there exists a spectral sequence converging to ®*(X). Let us realize X as the canonical convolution
of a Postnikov system, as in Definition 12.11, and delete the Xy = X term:

0=X, —>Xn 1 Xo X1

WAYARYA

LK Lo« L
5 205 1

By applying the functor @ to this diagram we obtain a bigraded exact couple (D, E, i, j, k)

D;,o i D;.



12.3. SEMIORTHOGONAL DECOMPOSITIONS, ADMISSIBLE SUBCATEGORIES, AND MUTATIONS 205

where EV? := ®9(L,.1), DV? := ®9(X,,), and the morphism 4, j, k have degree (—1,1),(0,0),(1,0)
respectively. We thus obtain a spectral sequence (EY*Y,d; := kj) which ca be shown to converge to
®PT4(X). For further details see [GMO03], Ex. I11.7.3c and Ex. IV.2.2a.

Let us now introduce the strictly related notion of admissibility of a subcategory.

DEFINITION 12.12 ([Bon89, BK89]). A full triangulated subcategory o7 of Z is called

o left admissible if the inclusion functor i: & — & admits a left adjoint functor
i D — A,
e right admissible if the inclusion functor i: &/ — 2 admits a right adjoint functor i': 2 — o;
e admissible if it is both left and right admissible.
LEMMA 12.2 ([Bon89]). Let o, % be two full triangulated subcategories of 9.

(1) Let 2 = (o, PB) be a semiorthogonal decomposition of 7. Then < is left admissible and A
is right admissible.

(2) Conwversely, if o is left admissible and % is right admissible, then (o7, ~a/) and (#*,B)
are semiorthogonal decompositions of 9.

PROOF. For any object X € Ob(Z) there exists a distinguished triangle
B - X — A— B[l],

with A € Ob(#/) and B € Ob(#). By Proposition 12.7, such a distinguished triangle is unique up to
unique isomorphism. So, for point (1), the associations

i(X):=A, i'y(X) =B,
are well defined and are respectively left /right adjoint functors to the inlcusions i/, ig. For point (2),
given any object X € Ob(2), by the properties of adjoint functors we have two morphisms
X = igit)(X), igig(X)— X.

By completing them to a distinguished triangle, and using the semiorthogonality condition, it is easily
seen that the completing objects are respectively in +.7 and ZA+. O

COROLLARY 12.1 ([Bon89)). If oA, ..., 9, is a semiorthogonal sequence of full triangulated sub-
categories of 9 such that

o ), ..., are left admissible,
o Ai1,...,9, are right admissible,

then
<JZ{17 s 7‘52{]’»‘7 J_<fQ{17 cee 7JZ{IC> N <%k+17 e 7%N>L742{k+17 cee 742{7’L>
is a semiorthogonal decompositon.
COROLLARY 12.2. If (@4,...,97,) is a semiorthogonal sequence of full admissible triangulated
subcategories of 2, then the following are equivalent

(1) 2 = (dA,..., ) is a semiorthogonal decomposition,
(2) M=y @~ =0,

(3) ?:1 L"ij =0.

DEFINITION 12.13 (Mutations functors). Let o/ be a full triangulated subcategory of 2.
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e Let us assume that <7 is left admissible. Then, we define a functor R, : ¥ — 2, called right
mutation functor w.r.t. </ as follows: for any X € Ob(Z) we define
R/ (X) := Cone (X — ii*(X)) [-1],

where i: o/ — & is the inclusion functor and ¢* is its left adjoint.
e Let us assume that o is right admissible. Then, we define a functor L/ : 2 — 2, called left
mutation functor w.r.t. &/ as follows: for any X € Ob(Z2) we define

Ly(X) = Cone (i'(X) = X),

where i: &/ — 2 is the inclusion functor and 7' is its right adjoint.

PROPOSITION 12.8. Let (Ey,...,Ex) be an exceptional collection in 9. Then the subcategory
(En,...,E) is admissible, and moreover
R(El,...,Ek> = REk o REk71 0---0 RE“
Lig,,..5) =Lg, oLg,0---olg,.

In particular, the r.h.s. depend only on (Ei,...,E), and not on the exceptional collection
(Br,..., Ey).

PROOF. Let us proceed by induction on the length & of the exceptional collection. If £ = 1, then
the statement is obvious for the results of the previous Section. Let us assume that it is true for all
exceptional collections of length £ — 1. Then, we have two distinguished triangles

R(El,...Ek,l)X — X — F, with F € Ob<E1, R ,Ek_1>,

REkR(Eh...Ek_l)X — R(El,...Ek_1>X — F/, with F' € Ob<Ek>
We can fit these triangles into a bigger diagram which, by the octahedral axiom TR4, has exact column

and rows:
REkR<E17Ek71>X *}X - — F//

J

\
+
Rigy,..mp )X )‘( 1‘?
R
1 4
Fle ———— - +0-— > F'[1]
Here the upper-left square is commutative. Focusing on the right column, we have that F' € Ob{(Ey, ..., Ex_1),
F' € Ob(E}), and consequently F” € Ob(Ey, ..., Ey), being the subcategory triangulated, and thus
closed by taking cones. The association X — F” define a left adjoint for the inclusion (Eq,..., Eg) —
2, and (Ey,..., Fy) is left admissible. A similar argument shows that (Ey,..., Fy) is right admissi-
ble. O

PROPOSITION 12.9. Let & be an admissible full triangulated subcategory of 9.

(1) Both functors Lo, Ry are vanishing if restricted to <f .
(2) For any X € Ob(2) we have that L (X) € Ob(«/+) and R,(X) € Ob(+.&).
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(3) The restricted functors Ly|1 o, Ruy|yo induce mutually inverse equivalences *.of — o+ and
gt — Lot respectively.
(4) If ¥ € Aut(2) is an auto-equivalence of 2, then

\IJOL%:L\IJ(‘Q{)O\P, WORMZRQ(‘M)OW.

12.4. Saturatedness and Serre Functors

DEFINITION 12.14 ([BK89]). A triangulated K-linear category & is saturated if and only if any
(covariant/contravariant) cohomological functor of finite type, i.e. any functor

F: 9 — Vectg™, F: 2°° — Vectg™

such that

e F' takes distinguished triangles into exact sequences,

o > .z dimg F(A[i]) < oo for any object A € Ob(2),
is representable. This is equivalent to the requirement that any exact functor ®: 2 — DY(K) is
representable, the category 2 being D?(K)-enriched by seeing Hom®(X,Y) as a complex with trivial
differentials.

The following results describes how the properties of admissimility and saturatedness interact with
one other.

PROPOSITION 12.10. Let 2 be a K-linear triangulated category.
(1) If 2 is saturated, and o/ C P is left (or right) admissible, then </ is saturated.
(2) If o/ is a saturated category, imbedded in & as a full triangulated subcategory, then <f is
admissible.
(3) If 2 = (A, ..., o) is a semiorthogonal decomposition, and P is saturated, then each <7 is
admissible.

PROOF. For a proof of the points (1) and (2), see [Bon89], [BK89] and [Kuz07]. For the point (3)
let us proceed by induction on the length of the semiorthogonal decomposition. Since 2 = (.-, #7,),
by point Lemma 12.2 it follows that .27, is right admissible, and .2Z; left admissible. Hence .27, and .2Z;"
are saturated (by (1)), and admissible (by (2)). A simple inductive argument completes the proof. [

PRrROPOSITION 12.11. Let 2 be a K-linear triangular category.

(1) Let o be an admissible subcategory of 9. Suppose that both </ and «/+ are saturated. Then
also 9 is saturated.

(2) Let 9 = (A, ..., 9,) be a given semiorthogonal decomposition. Then P is saturated if and
only if each <7 is saturated.

PROOF. For a proof of point (1) see [BK89]. For point (2), let us suppose that Z is saturated.
Then by (3) and (1) of Proposition 12.10, we have that each .o is saturated. Vice versa, an inductive
argument completes the proof, using (1). O
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DEFINITION 12.15 ([BK89]). A Serre functor in a K-linear category of finite type Z is a K-linear
auto-equivalence k: 2 — & such that there exist bi-functorial isomorphisms of K-vector spaces

na,p: Hom(A, B) =, Hom(B, (A))Y
for any two objects A, B € Ob(2).

If 2 is K-linear triangulated category for which exists a Serre functor, then it is automatically
compatible with the triangulated structure.

PropoOSITION 12.12 ([BK®&9]). Any Serre functor on a triangulated K-linear category is exact,
i.e.
e it commutes with shift operators,
e it takes distinguished triangles into distinguished triangles.
Moreover, we have that

(1) the category 9 has a Serre functor if and only if all functors Hom(X, —)Y, Hom(—, X )", for
any object X € Ob(2), are representable.
(2) Any two Serre functors k1 and ko are connected by a canonical functor isomorphism.

Because of the previous Proposition, it is clear that any Hom-finite saturated category admits a
Serre functor, since the functors Hom(X, —)Y, Hom(—, X)V are cohomological of finite type, for any
object X € Ob(2).

ProOPOSITION 12.13 ([BK89]). Let Z be a triangulated Hom-finite K-linear category admitting a
full exceptional collection € = (Ey, ..., E,). Then 2 is saturated, and hence it has a Serre functor.

PrOOF. By Proposition 12.11, we already know that Z is saturated if and only if each subcategory
generated by an FE; is saturated. It is easily seen that the category generated by an exceptional object
E is saturated: an exact functor ®: 2 — D(K) is represented by ®(E)Y if ® is covariant, ®(F)
otherwise. O

12.5. Dual Exceptional Collections and Helices

In the following subsections we will always suppose that the K-linear triangulated category %
admit a full exceptional collection € := (Ey, E, ..., Ey).

12.5.0.1. Left and Right Dual Exceptional Collections. Starting from the full exceptional collection
¢ .= (Ey, F1,..., E,), we can define other two collections

Ve .= (YEy,YE1,..., Ey), €' :=(EyJ,EY,...,E)),
called respectively left and right dual collections, defined by iterated mutations
VEp :=Rg,Rg,_,...Rg, ., Enk,
E)/ :=LgLg, ...Lg E, i

for k = 0,1,...,n. Adopting the conventions of Remark 12.5, we can define the dual exceptional
collections through the action of the braids

n—k—1
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sz = 667 B = (Bn,nJrla /anl,n e vﬁl2)(ﬁn,n+la /anl,n e aﬁQB) s Bn,nJrla

V@ = QE’B/, ,3/ = (012023 Ce Jn7n+1)(012023 Ce Un—l,n) ...012.

Notice that we have

0 ifh=0,...,n—k—1, by definition of left mutation
Hom®(Ey,, EY) =<K if h=n—k, (12.11)

0 ifh=n—-k+1,...,n, by iteration of (12.6)

0 ifh=0,...,n—k—1, by iteration of (12.7)
Hom®(VEy, Ey) =<K if h=n—Fk, (12.12)
0 ifh=n—k+1,...,n, by definition of right mutation

where the graded vector space K is concentrated in degree 0. In other words, we have that
e Hom®(E}, E}/) vanish except a = 0 and h = n — k (in which case is K),
e Hom® (Y E}, E}) vanish except « =0 and h = n — k (in which case is K).

These orthogonality relations actually define the left and right dual collections uniquely up to unique
isomorphisms: this is a consequence of Yoneda Lemma, as the following results shows.

ProrosITION 12.14 ([GKO04]). If Z is a K-linear triangulated category generated by the excep-
tional collection (Ey, ..., Ey), then for any k =0,1,...,n we have that:

e the object V E}, represents the covariant functor
X = Hom®*(Eyn_x,Lp,_ ., ---Lg, X);
e the object E) represents the contravariant functor
X — (Hom*)Y(Ep—k,Lg, ., ---Lg,X).

In particular, for any object X € Ob(Z), we get the functorial isomorphisms
Hom* (Y Ey, X) = (Hom®)" (X, E}).

PROOF. Observing that Lg, ...Lg, X = 0 for any object X, since it is an object of the subcategory
(Eo,...,En)t = 2+ =0, and applying the functors Hom® (¥ Ey, —) and Hom®(—, E}') to the triangle

HOIIl.(E'h,]LEthl .. ]LE,LX) ® E, — LEh+1 .. .]LEnX — LEh .. .]LEnX
starting from h =0 up to h = n — k — 1, we iteratively obtain

Hom*(YEy, Lg, ... Lg, X) = Hom*(Lg, ... Lg, X, EY) = 0
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for any h € {0,...,n —k}. So, at the step h = n — k, applying Hom®(V E}, —), we get
Hom* (Y Ey, X) = Hom*(YEy,Lg, .., ... Lg,X) (by iteration of (12.6))

=Hom*(E,_j,Lg, ,.,---Lg,X)®Hom®(YEg, E,_j)
= Hom*(E, _,Lg, ., -..Lg,X)

because of orthogonality relations (12.12). Analogously, applying Hom®(—, E}/) to the same triangle,
we get
Hom*(X, E)) = Hom*(Lg, ., ...Lg, X, EY) (by iteration of (12.7))
= (Hom®)"(En—k,LE, ., -.-Lg,X) @ Hom®*(E,_4, EY)
= (Hom*)"(En—k,Lg, 4, ---Lg,X)

n

because of orthogonality relations (12.11). O
12.5.0.2. Helices. Following [GKO04], we introduce the

DEFINITION 12.16 (Helix). If (Ey,..., F,) is a full exceptional collection, we call heliz the infinite
collection (Fj;);cz defined by the iterated mutations

FEitni1 :REHn-“RE FE; E,_n_1 :LEi_n"']LEi_1Ei 1 € 7.

i1
Such a helix is said to be of period n+1, and any family of n+1 consequent objects (E;, Fit1, ..., Fitn)
is called helix foundation. The braid group B,,+1 acts on the set of helices of period n+1: the mutations
functors L;, R; act on the helix by replacing all the pairs

(Bi—14k(n+1)s Pivkme1)), Wwith k € Z

with their left/right mutations. In this way, the mutation of a helix is still a helix.

ProprosITION 12.15 ([GKO04]). Let (Ei—p_1,...Ei_1) and (Ei, ..., Eii,) be two consequent foun-
dations of an heliz in a K-ilnear triangulated category 2. For any object X € Ob(2) the following
functorial isomorphisms holds:

Hom*®(E;, X) = (Hom®)" (X, E;—pn_1). (12.13)
In particular, we deduce the periodicity condition
Hom'(Ei, Ej) = Hom'(Ei_n_l, Ej—n—l)- (12.14)

PRrOOF. Notice that, if we consider two consequent foundations of a helix of period n + 1, i.e.
Ein,...,Ei—1, FEi...,Eiin,,
the collection (Fp, ..., Fy,), defined by the relations
Fy:=Lg,...Lg,,, , Eign-r=Rg_,...Rg,_, Ei_j_1,

is at the same time right dual collection of (F;, ..., E;ty) and left dual collection of (E;_p—1,..., Fi_1).
Thus, by Proposition 12.14, we deduce that for any object X € Ob(2) it holds the functorial isomor-
phism

Hom®(E;, X) = (Hom®*)V (X, E;_p,_1).
Applying it for X = Ej;, we obtain

HOHI‘(EZ‘, E]) = (Hom')v(Ej, Ei—n—l);
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analogously we have
Hom®(E;, X) = (Hom®)" (X, Ej—n-1),
and dualizing we get
(Hom®)Y(E;, X) = Hom®*(X, Ej_p_1).
If we take X = FE;_,,_1 in the last isomorphism, we finally obtain the periodicity condition
Hom'(Ei, EJ) = Hom'(Ei_n_l, Ej—n—l)-
O
We already know, by Proposition 12.13, that the category ¥ admits a Serre functor k: 4 — &

(unique up to a canonical isomorphism): from the result above we deduce that if & := (Ep,..., E,) is
an exceptional collection, then

k(E;) = Ei_n_1, 1€,

for any exceptional object of the helix generated by €. Remarkably, the knowledge of the action of x
on such an helix is enough to reconstruct its action on the whole category Z.

COROLLARY 12.3 ([GKO04]). The action on the set of full exceptional collections €’s (of length
n+ 1) of the central element of the braid group Bpi1

B2 = (Bant1Bn-1n---Ba3Bi2)"™, B = Brnt1s Brim - B12) Brnt1s Br-im -« - B23) - Bt

can be extended to a Serre functor k of the category 9.

PROOF. We have to show that given an object X € Ob(2), the image k(X)) is uniquely determined
by the images of the objects of an exceptional collection (Fy,...,E,). Let us consider X as the
canonical convolution of the Postnikov system whose associated complex is

0= Veg®Ey =5V ®FE — = V'®E,—0, V2:=Hom®)Rg,_,...Rg,X,Ey).
The differentials are given by an element of

@Homl(V; ®Ep, V1 ® Epp1) = @Hom_o‘(V;, 1) ® HomaH(Epa Epi1).
P P

By (12.14), the same element defines differentials of the complex
0=V RE_ 1 > V'Q®E_, — - >V ®E_1—0,

whose canonical convolution defines an object x(X). in order to show that Hom*(Y, X) = (Hom®)V (x(X),Y),
we use the procedure described in Remark 12.6 for both the linear covariant cohomological functors
Hom*(Y,—) and (Hom®)"(k(—),Y). The first one is computed through the spectral sequence whose

first sheet is

Ep! = Hom'(Y,V}? ® Ep) = DV, * @ Hom"™(Y, E}),
«

and for the second one we have

B =@V, " ® (Hom ™ *(Ey_p1,Y))".

By (12.13) one concludes. U
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12.5.0.3. m-Blocks. Following B.V. Karpov and D.Y. Nogin ([KN98, Kar90]) we introduce the
definition of m-blocks a particular class of exceptional collections.

DEFINITION 12.17 ([KIN98]). If Z is a triangulated K-linear category of finite type, and if € =
(E1,..., Ey) is an exceptional collection, we will say that € is a block if
Hom®(E;, Ej) =0 whenever ¢ # j.
More in general, an m-block is an exceptional collection
(@17.. 7€m) = (E117. . '7E10(17E217"'7E20127"' ,Eml,. . -7Emam>

such that all subcollections €; = (Ej1, ..., Fja,) are blocks. We will call

e type of the m-block & the m-tuple (o, ..., an),

e structure of the m-block € the set {aq,...,am}.
The number o; will be called the length of the block €;, and analogously > ; a; the lenght of the
m-block €.

A close notion of levelled exceptional collection has been introduced by L. Hille in [Hil95]. The
following result is an immediate consequence of the vanishing condition defining an m-block.

PROPOSITION 12.16. Let & be an m-block exceptional collection of type (ax, ..., o). The left/right
mutations of two objects in a same block €; act just as permutations and shifts.



CHAPTER 13

Non-symmetric orthogonal geometry of Mukai lattices

ABSTRACT. In this Chapter we focus on unimodular Mukai lattice structures: introduced and studied
by A.L. Gorodentsev ([Gor94b, Gor94al), they consist in the datum of a free abelian group V' endowed
with a non-necessarily symmetric bilinear non-degenerate form (-,-). Particular attention is given to
the case of exceptional Mukai lattices. i.e. those admitting an exceptional basis, an important example
being furnished by the Grothendieck group Ko(2) of a K-linear triangulated category & admitting a
full exceptional collection. The mutations of exceptional bases under the action of the braid group, the
canonical operator and the isometry group Isom(V, (-,-)) are introduced and described. Furthemore,
the complete isometric classification of Mukai spaces is outlined (Theorem 13.1 and Theorem 13.2).
We also consider the geometrical case of the Grothendieck group of a smooth projective variety X
admitting a full exceptional collection in D?(X): it is shown that the existence of such a collection
implies a motivic decomposition of X, and hence strong constraints are deduced on its geometry and
topology. Finally, results on the isometric classification on the Grothendieck groups Ko(X) ®z C with
non-degenerate Euler-Poincaré form are presented.

13.1. Grothendieck Group and Mukai Lattices

Let 2 be a (small) triangulated category. Let us denote by [Z] the set of isomorphism classes of
objects of .

DEFINITION 13.1. The Grothendieck group Ko(Z) is the group defined as the quotient of the free
abelian group on [Z] by the following Fuler relations:

[B] = [A] +[C],

whenever there is a triangle in &

A B c Al1].

This group is the solution of the following universal problem: to find an abelian group X and a
function [—]: [Z] — X such that, given a function ¢: [2] — G, with values in an abelian group G,
and preserving the Fuler relations, there exists a unique group homomorphism @: X — G making the

following diagram commutative
7] —F——a
N A
X

A triangulated functor F': 2 — %' induces a group homomorphism between Ky(2) and Ky(2'),
by sending [E] to [F(E)]. If Z is K-linear, we can naturally define the so called Euler-Poincaré pairing

X(E,F):=> (-1)"dimg Hom"(E, F),
for any objects E, F' € Ob 2.

213
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REMARK 13.1. Let us write some useful identities valid in a Grothendieck group. First of all, note
that [0] = 0. Moreover, from the distinguished triangle A — A& B — B — A[1] we have

[A® B] = [A] + [B],
whereas from A — 0 — A[1] — A[1] we deduce that [A[1]] = —[A4].

LEmMMA 13.1. If E € Ob Z is an exceptional object, then for any object X € Ob Z the following
identities hold in the Grothendieck group Ko(2):

[LeX] = [X] - x(E, X) - [E],
[RpX] = [X] - x(X, E) - [E].

PROOF. From the distinguished triangle defining Ly X we have
LeX] = [X] - [Hom* (E, X) @ E|

=[X] - [@ E[fi]@ dimg Homi(E,X)]

=[X] - <Z(—1)idimK Homi(E,X)> [E)].
Analogously, we have
[RpX] = [X] - [(Hom®)"(X, E) ® E]

1 [ 1527

= [X] - (Z(—mdimK Hom (X, E)) [E)].
i
U
Let us assume that 2 admits a full exceptional collection (Ey, ..., E,): it then follows that Ky(2)
is freely generated by ([Eo],...,[Ey]). In this case (Ko(2), x(+,)) admits a structure of exceptional
unimodular Mukai lattice:

DEFINITION 13.2 (Mukai Lattice). A unimodular Mukai lattice is a finitely generated free Z-module
V endowed with a unimodular bilinear (not necessarily symmetric) form (-,-): V' xV — Z. An element
e € V will be said to be exceptional if (e,e) = 1. A Z-basis ¢ := (eq,...,ey,) of the Mukai lattice is
called exceptional if
(ei,e;) =1 foralli, (ej,e;) =0 foryj>1.
In other words, the Gram matrix must be of the upper triangular form

1

0 1 *
0 01
000 ... 1

A Mukai lattice is called exceptional if it admits an exceptional basis.
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It is thus clear that the projection on Ky(2) of a full exceptional collection in Z is an exceptional
basis.

DEFINITION 13.3 (Mutations of exceptional bases). Let (V,(-,-)) be an exceptional Mukai lattice

of rank n 4 1. If € := (ep, ..., e,) is an exceptional basis we define for any 1 <i <mn
Lie := (€0, .-, Le; 1€is€im1,---,€n), Le €i:=ei —(ei—1,€) - €1,
Rie := (eq, ..., e, Reseio1,.. . en), Reei1:=ei1—(ei—1,¢€;) - €.

In particular, we still get exceptional basis, called left and right mutations of €. It is easy to see that
this defines an action® of the braid group B,, on the set of exceptional bases of V.

Note that, accordingly to Lemma 13.1, the projection on the Grothendieck group of the mutation of

a full exceptional collection (Ey, ..., E,) coincides with the corresponding mutation of the exceptional
basis ([Eol, ..., [En]).
DEFINITION 13.4 (Left and right dual exceptional bases). Given an exceptional basis € = (e, ..., ep)
of an exceptional Mukai lattice (V, (-,-)), we define two other exceptional bases
Ve=(Yeg,..., en) and €' =(ey,...,€,.)

called respectively left and right dual exceptional bases defined through the action of the braids

EV = 563 5 = (ﬁn,n+1a anl,n s 3512)(571,71+1a anl,n ce 3523) ce an"JFl’
!
Ve.=ef Bi= (012023 ... Opnt1)(012023 .. . Op—1n) - .. O12.

Notice, in particular that we have the following orthogonality relations

(en, ey = Onm—ks '€k en) = Onn_k- (13.1)

PROPOSITION 13.1. If € = (eg,...,epn) is an exceptional basis of (V,(-,-)), and G is the Gram
matriz of (-,-) with respect to ¢, i.e.

Ghi = (en,ex) 0< h,k <n,
then the Gram matrix
o with respect to the exceptional basis ;e is given by H' - G - H', where

H’i

the entry —G,—1; being in the place (i — 1,1 —1);

1In what follows we will use the same conventions and notations of Remark 12.5 for the action of the braid group on the
set of exceptional bases of a Mukai lattice.
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o with respect to the exceptional basis Rie is given by K'- G - K*, where
1

0 1

L =Gl s

the entry —G,—1; being in the place (i,1);
o with respect to both the right and left dual exceptional basis ¥ and Ve is given by

J-Gg 7.,

where J is the anti-diagonal matriz

J=

ProOOF. Lemma 13.1 implies that

(Lig)e = Y _(H')jea,  (Rie)r = Y (K')fea,

a a

from which the first two points immediately follow. If we define a matrix X such that
eZ = Z X fjea,
a

then the orthogonality relations (13.1) imply that
G-X=J,
so that the Gram matrix w.r.t. the basis €V is given by
Gt-nr.g.Gt-n=J-¢T.I
The computations for the basis Ve are identical, and are left as an exercise for the reader. [l

DEFINITION 13.5 (Left and right correlations). Given a Mukai lattice (V, (-, -)) there are two well
defined correlations between V' and its dual V* := Homg(V,Z), called respectively emph and right
correlations:

ANV V5w (),
p: V= Viixe ().

Because of the unimodularity of the pairing (-, -), both left and right correlations A, p define isomor-
phisms of abelian groups.
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13.2. Isometries and canonical operator

In the previous section, we have seen that in any triangulated category Z also the group Aut(2)
of isomorphism classes of auto-equivalence acts on the set of full exceptional collections. This action
projects onto the Grothendieck group Ky(2) through the actions of isometries preserving the Euler-
Poincaré form, and hence acting on the set of exceptional bases.

DEFINITION 13.6 (Isometries). Given two Mukai lattices (V1, (-, )1), (Va, (-, -)2), any Z-linear map
¢: Vi — V5 such that
<$7y>1 - <¢($),¢(y>>2, r,yeW
is called isometry for the Mukai structures. If ¢ is invertible, then we will say that the Mukai structures

(Vi, (-, 1), (Va, (-, -)2) are isometrically isomorphic.
The set of all Z-linear isometric automorphisms ¢: V' — V of a Mukai lattice (V, (-, -)) is denoted
by Isomz(V, (-,-)), or simply Isomz if no confusion arises.

Since Serre functors are prototypical and important auto-equivalences in K-linear triangulated
categories, their projections on the Grothendieck group play a particularly important role.

DEFINITION 13.7 (Canonical operator). Given a Mukai lattice (V (-, -)), we call canonical operator
the unique Z-linear operator x: V — V satisfying the property

(,y) = (y,k(2)), =yeV.

Although Serre functors do not always exist in K-linear triangulated categories, at the level of
Mukai structures this existence problem always admits a solution.

PROPOSITION 13.2 ([Gor94a, Gor94b)). Let (V,(-,-)) be a Mukai lattice.

(1) There exists a unique canonical operator k: V — V, and it is defined in terms of left and
right canonical correlations as the composition

plol: VoV

(2) Given any basis (e1,...,ey) (not necessarily exceptional) of V', w.r.t. which the Gram matriz
of the pairing (-,-) is G, then the matriz associated to the canonical operator Kk is given by

k=G 1.-GT.

PROOF. An exercise for the reader. O

13.3. Adjoint operators and canonical algebra
Let us consider a Mukai lattice (V, (-,-)).

DEFINITION 13.8 (Left and right adjoint operators). Let ¢ € Endz(V). We define two new
operators V¢ and ¢V called respectively left and right adjoint to ¢ through the following identities:
(Yo(x),y) = (z,o(y)),
(0(2),y) = (,¢" (),

for any x,y € V. Fixed a (non-necessarily exceptional) basis (ep,...,e,) of V, in terms of matricial
representation we have

V¢:G_T'¢T'GT7 ¢VZG_1'¢T'G.

Because of the non-symmetry of the pairing (-,-), in general one has V¢ # ¢".
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DEFINITION 13.9 (Canonical algebra). An endomorphism ¢ € Endz(V) is called reflezive if V¢ =
¢". The subalgebra A C Endz(V) of all reflexive operators of V is called canonical algebra.

The proofs of the following Proposition is straightforward, and is left as an exercise for the reader.

PROPOSITION 13.3 ([Gor94a, Gor94b]). Let ¢ € Endz(V). The following conditions are equiv-
alent:

(1) Yo =",
(2) ¢=0"",
(3) ¢ =""9,
(4) ¢k =Ko

Hence, the canonical algebra A coincides with the center of the canonical operator Z(k).

PROPOSITION 13.4 ([Gor94a, Gor94b)). The following sets are contained in the canonical algebra
A:
(1) AT :={¢p € Endz(V): V¢ = ¢¥ = ¢}, whose elements are called self-adjoint operators;
(2) A= :={p € Endz(V): V¢ = ¢" = —¢}, whose elements are called anti-self-adjoint operators;
(3) Tsom(V, (,-)) = {¢ € Autz(V): Vo = ¢¥ = ¢~ '}.
Given any field K, we can extend scalars fro Z to K, by considering the vector space V®zK endowed

with the non-symmetric bilinear form (-, -), extended by K-bilinearity. All previous definitions (and
notations) can be trivially adapted to this extension of scalars.

PROPOSITION 13.5 ([Gor94a, Gor94b]). If K is a field of characteristic not equal to 2, then the
following direct sum of K-vector spaces holds

Ag = Af & Ag.

PROPOSITION 13.6 ([Gor94a, Gor94b|). The Lie algebra of the complex Lie group Isomc is equal
to Ag.

13.4. Isometric classification of Mukai structures

The following Proposition underlines the importance of the canonical operator for the isometric
classification of Mukai structures.

PROPOSITION 13.7 ([Gor94a, Gor94b, Gorl6]). Let V be a free Z-module of finite rank, and
let (-,)1,(+, )2 two non-symmetric unimodular bilinear forms defining two Mukai lattice structures on
V.

(1) The two Mukai structures share the same canonical operator if and only if there exists an
invertible operator 1) € Azf.h N Azf.h and such that
(:c,y>1 = <:U,1/}(’y)>2, z,y €V.

(2) If K is an algebraically closed field of characteristic zero, the two Mukai vector spaces (V @z
K, (-,)1) and (V @z K, (-,-)2) are isometrically isomorphic if and only if there exists an
isomorphism ¢ € Autg(V @z K) such that

¢ oKL = Kg0 Q.
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PRrROOF. If A1, A2 and p1, p2 denote respectively the left and right correlations for the two Mukai
structures on V', then the operator ¢ := pglpl = )\51)\1 satisfies all properties of point (1). Indeed,
since £ = p; 'A\1 = py ' A2, we have that

Vi = (py ' p1) (T M) = p3 ' A = (py " Ae) (A3 T A1) = K,

<$7¢y>2 = [pl(y)](l‘) = <l‘,y>17 z,y V.
For point (2), if the two structures are isometric then the existence of an isomorphism ¢ intertwining
the canonical operators is clear. Hence, let us suppose to have two different Mukai structures on the
same vector space V ®z K sharing the same canonical operator. By point (1), we deduce the existence
of a self-dual isomorhism ¢ € Autg(V ®z K) such that

<:an>1 = <xaw(y)>2’ z,y €V @zK.
The field K being algebraically closed, a polynomial p € K[X] can be constructed in such a way
that the operator a := p(v) satisfies a® = 1 (see Lemma 16.2 of [Gor16]). Such an operator « is
self-adjoint, since
a’ =p)" =p") =p{) = q,
and it clearly satisfies the condition (a(z), a(y))2 = (x,y)1- O
In particular, Proposition 13.7 implies that a non-degenerate non-symmetric bilinear form over

algebraically closed field of characteristic zero is uniquely determinated by Jordan normal form of its
canonical operator.

DEFINITION 13.10. Given a Mukai lattice (V, (-,-}), and an algebraically closed field K of charac-
teristic zero, the Mukai space (V @z K, (-,-)) will be called decomposable, if there exist two subspaces
U,V such that

1) VezK=UeaV,
(2) the restrictions (-,-) to U and V are nondegenerate,
(3) U and V are bi-orthogonal, namely (u,v) = (v,u) =0 for all u € U and v € V.

The space will be called indecomposable if it is not decomposable.

The following result gives a complete classification of all indecomposable Mukai structures over
an algebraically closed field K of characteristic zero.

THEOREM 13.1 ([Gor94a, Gor94b, Gorl6)). Let (V,(-,-)) be a Mukai lattice, and let K be
an algebraically closed field of characteristic zero. If (V @z K, (-,-)) is indecomposable, then it is
isometrically isomorphic to one of the following Mukai spaces.

(1) Space of type U,,: consider the coordinate space K" endowed with the non-degenerate bilinear
form whose Gram matriz w.r.t. the standard basis is

1
-1 1

(-2 (-1
(_1)77,—1 (_1)n—2
In this case, by Proposition 13.2, we have that the canonical operator is of the form
k=G - G'=(-1)""1+M, M"'#£0, M"=0,
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and its Jordan form is

i
(2) Space of type W,,(A\) with X\ # (=1)""1: consider the coordinate space K" endowed with the
non-degenerate bilinear form whose Gram matriz w.r.t. the standard basis is
Al

A1
A

In this case, by Proposition 13.2 the canonical operator is of the form
_ Ja(N)! 0
_ 1 AT — n
k=G G ( 0 Jn(A)T s
and its Jordan form consists of two n x n blocks with nonzero inverse eigenvalues.
The two type of space Uy, Wi, (X) with X # (=1)"~! are not isometrically isomorphic.

Together with Theorem 13.1, the following result gives a complete classification of all Mukai spaces
over algebraically closed field of characteristic zero.

THEOREM 13.2 ([Mal63] Chapter VI-VII, [Gor94a, Gor94b]). Let (V,(-,-)) is a vector space
over an algebraically closed field K of characteristic zero endowed with a non-degenerate bilinear form.
If f € End(V) is an isometry, then V' splits as a bi-orthogonal direct sum of subspaces Vy, where

(1) for A= =1, V) is the root space
V= @ ker (f — A1),
neN

and the restriction of (-,-) on V) is non-degenerate;
(2) for A # %1, the space V) is the sum of isotropic root subspaces

(@ ker (f — /\]l)") @ (@ ker (f — A‘1]1>n> ;

neN neN

and the restriction of (-,-) on V) defines a non-degenerate pairing between these two subspaces.

13.5. Geometric case: the derived category D’(X)

In previous sections, we have treated the general case of a K-linear triangulated category 2. Now
we consider the case of the bounded derived category of coherent sheaves on a projective complex
variety X. In order to work with a Hom-finite derived category, we assume that X is smooth: in this
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way each object is a perfect complez, i.e. locally quasi-isomorphic to a bounded complex of locally free
sheaves of finite rank on X.

The condition of existence of a full exceptional collection in D?(X) impose strict conditions on
the topology and the geometry of X. The key property is a result of motivic decomposition for the
rational Chow motive of X.

DEFINITION 13.11. Let X be a smooth projective variety over C. We will say that the rational
Chow motive of X, denote by h(X)g € CHM(C)q, is discrete (or of Lefschetz type) if it is polynomial
in the Lefschetz motive L, i.e. if it admits a decomposition as a direct sum

n

h(X)o =2 EPLE, a;€{0,...,dimc X},
=1

where by convention L := h(Spec(C))gp. The integer n will be called length of the motive h(X)q.

THEOREM 13.3 ([GO13], [MT15a], [BB12]). If X is a smooth projective variety over C with an
exceptional collection in D°(X), then the rational Chow motive h(X)gq is discrete.

There exist many proofs in literature of this fact, all differing in techniques. In [GO13] the
statement was proved using K-motives. In [MT15a] (see also [MT15b]) a more general statement was
proved (assuming that X is a smooth proper Deligne-Mumford stack over Spec(K), for a perfect field
K) using the connection between Chow and non-commutative motives discovered by M. Kontsevich
(see [Tab13]). In the case of smooth projective varieties, we can deduce Theorem 13.3 from the
following result, essentially due to S. Kimura.

THEOREM 13.4 ([KimO09]). Let X be a smooth projective variety over C. The following conditions
are equivalent:

(1) the Grothendieck group Ko(X)qg is a finite dimensional Q-vector space;
(2) the rational Chow motive of X is discrete.

Furthermore, if these conditions hold true, the length of h(X)g coincides with dimg Ko(X)q.

PROOF. The proof of the fact that (1) imples (2) follows from the main result of [Kim09]. Con-
versely, if

h(X)o =2 EPLE*, a; €{0,...,dimc X},
=1

using the properties of the Lefschetz motive I we deduce that

CH'(X)q = Homcpw(c), (L, (X)q)

= @ HomCHM(C)@ (]L@T? L@%‘) = QN(T)a

=1

where N(r) := card{i: a; = r}. Since the Chern character ch: Ky(X)g — CH®*(X)q is an isomor-
phism (not preserving the gradation), we conclude that Ky(X)q is finite dimensional. ]
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COROLLARY 13.1 ([MT15a], [GKMS13]). Let X be a smooth complex projective variety over C
such that Ko(X) is free of finite rank. Then:
(1) X is of Hodge-Tate type, i.e. hP1(X) =0 if p # q.
(2) The cycle maps ¢y : CH"(X)g — H*"(X,Q) are isomorphisms.
(3) The forgetful morphism Ko(X)g — K;®(X*)q is an isomorphism.
(4) Pic(X) is free of finite rank and cy: Pic(X) — H?(X,Z) is an isomorphism.
(5)

Hy(X,Z) = 0.

PROOF. Since the Grothendieck group Ko(X) is free and of finite rank, the conditions (1), (2)
of Thereom 13.4 hold true. By the universal property of the Chow motives, any Weil cohomological
functor H® with values in GrVectaoo factorizes through CHM(C)q: hence, using the same notation of
Theorem 13.4 and its proof, we have

and consequently

‘ Q,i=2
H>(X) = QN since H¥(L) = {

0, otherwise.

By taking the Hodge realization of the rational Chow motive h(X)qg, we deduce point (1). Point
(2) follows from the fact that im(c%) C H™"(X) and that CH"(X)g and H?"(X;Q) have the same
dimension N (7). Statement (3) follows from the commutative diagram

Ko(X)g ——2—— CH*(X)q

| |

K (X ——2— Hip(X™ Q)

and from (2). Here the vertical arrows denote the natural forgetful morphisms, ch denotes the Chern
character as defined in [Ful98], and ch'P denotes the topological version of the Chern character. As
shown in [GKMS13], the freeness of Ky(X) implies that Pic(X) is free. From the exponential long
exact sequence we have that

HY(X,0x) — Pic(X) — HY(X,Z) — H%(X,Ox),

and by point (1) we have that h%'(X) = h%2(X) = 0. Hence the first Chern class map is an
isomoprhism. It follows that Pic(X) is of finite rank. For the last statement, by the Universal
Coefficient Theorem we have a (non-canonical) isomorphism

H3(X,7) = 775 @ H (X, Z)*",

and by (4) we deduce that H(X,Z) is a finitely generated torsion-free abelian group, and hence free.
By point (1) we have that h'%(X) = 0. O
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COROLLARY 13.2 ([MT15a], [Kuz16]). If X is a smooth projective variety over C such that D°(X)
admits a full exceptional collection, then X is of Hodge-Tate type, and the length of the collection is
equal to 3°, hPP(X).

REMARK 13.2. The proof of Corollary 13.2 which appears in [Kuz16] is not based on motivic
decomposition techniques, rather on an additivity property of Hochschild homology ([Kuz09]). If
n

X admits a semiorthogonal decomposition (<) ; of D(X), then Hochschild homology admits the
decomposition

HH,(X) = éHH.(m). (13.2)
=1

Using the following properties of Hochschild homology

e HH,(Spec(K)) = K (Example 1.17 of [Kuz16]),
e and Hochschild-Kostant-Rosenberg Theorem

HHJ(X)2 @ HI(X, %),
q—p=k

by Proposition 12.3 and the decomposition (13.2) one easily concludes.

The following result shows that, in the isometric classification of Mukai structure, for all varieties X
the vector spaces (Ko(X)®c, x(+,)) correspond just to one of the possible cases, namely bi-orthogonal
sums of U,-type spaces. It is based on the dévissage property of coherent sheaves on X (see e.g.
[Sha13], Section I1.6.3.3 and [CG10], Section 5.9).

PROPOSITION 13.8 ([CG10]). Let X be a smooth projective variety over C, and let E be a rank d
vector bundle on X. The endomorphism

pp: Ko(X)c = Ko(X)c: [#] = [F @ (E - d- Ox)]

1s nilpotent. In particular,
dime X+1 __
oy =0.

COROLLARY 13.3. Let X be a smooth projective variety over C for which the Euler-Poincaré
product x(-,-) is non-degenerate on Ko(X)c. The canonical morphism k: Ko(X)c — Ko(X)c is of
the form

k= (=1)4meX ] 4 M, with M nilpotent.
Hence, the Mukai vector space (Ko(X)c, x) s isomorphic to a direct sums of irreducible Mukai spaces
of type Uy,. In particular, a necessary condition for the irreducibility of (Ko(X)c,x) is that
dimg X
> Bi(X)=dimc X +1 (mod 2).
§=0
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PROOF. The canonical morphism & is defined by x([#]) = (—1)4mcX[.# @ wx]. By Proposition
13.8, the morphism s 4 (—1)4meX+1g  is nilpotent. The last two statements follows from the
classification of indecomposable Mukai spaces, Theorem 13.1, and from Theorem 13.2. U

Hence, in the isometric classification, the case of Projective Spaces is of particular importance as
the following results show.

THEOREM 13.5 ([Gor94a, Gor94b)]). The Mukai spaces (Ko(P*~1)¢,x) are indecomposable of
type Uy. Their isometry group

Isomc(Ko(IP’(lé_l)(C’ X)

has two connected components. The identity component is a unipotent abelian algebraic group of

dimension?[%].

Notice indeed that the necessary condition of Corollary 13.3 is satisfied in the case of complex
Projective Spaces. From Corollary 13.3 and Theorem 13.5, we deduce the following result.

COROLLARY 13.4. Let X be a smooth projective variety. The identity component of the isometry
group
Isome (Ko(X)c, X)o

s unipotent and abelian.

2Here [z] denotes the integer part of = € R.



CHAPTER 14

The Main Conjecture

ABSTRACT. In this Chapter we review the original (incomplete) version of a conjecture formulated
by B. Dubrovin ([Dub98]) stating the equivalence of the condition of semisimplicity of the quantum
cohomology of a Fano variety X with the condition of existence of a full exceptional collection in Db(X).
This conjecture would also prescribe the monodromy data (S, C) in geometric terms w.r.t. the objects
of the exceptional collection. After reviewing the results available in literature partially confirming the
conjecture, we formulate a refined and complete version of the conjecture (Conjecture 14.2), including a
prescription also for the central connection matrix C. We also explain how heuristically the conjecture
should follows from M. Kontsevich’s proposal of Homological Mirror Symmetry.

In the occasion of the 1998 ICM in Berlin, B. Dubrovin formulated a conjecture connecting two
apparently different and unrelated aspects of the geometry of Fano varieties, namely their enumerative
geometry (quantum cohomology) and their derived category of coherent sheaves.

14.1. Original version of the Conjecture and known results

Let us recall the original statement of the Conjecture formulated by B. Dubrovin.

CONJECTURE 14.1 ([Dub98]). Let X be a Fano variety.

(1) The quantum cohomology QH®*(X) is semisimple if and only if the category D*(X) admits a
full exceptional collection (En,...,E,).

(2) The Stokes matrix S, computed w.r.t. a fized oriented line { admissible for the system and in
lexicographical order, is equal to the Gram matriz of the Grothendieck-Euler-Poincaré product
w.r.t. a full exceptional collection in D°(X),

Sij o= X(Ei, Ej).
(3) The central connection matriz, connecting the solution Y;g(g]%lt of Theorem 2.9 with the
topological-enumerative solution Yiop := W - Ziop of Proposition 3.1, is of the form
C _ C/ . C//
where the columns of C" are the components of the Chern characters ch(E;), and the matriz
C’" represents an endomorphism of H®*(X;C) commuting with ¢1(X) U (=): H*(X;C) —
H*(X;C).

Let us summarize the main results obtained, which is some specific cases partially confirm the
validity of Conjecture 14.1:

(1) In [Guz99] D. Guzzetti proved point (2) of Conjecture 14.1 for projective spaces (see Remark
14.1 for a precisation). He started a detailed analysis of the action of the braid group on the

225
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set of monodromy data. Nevertheless, his results were not enough to explicitly determine the
exceptional collections arising from these data.

(2) The results of D. Guzzetti have been recovered by S. Tanabé in [Tan04], who showed how
to calculate the Stokes matrices of quantum cohomologies of projective spaces in terms of a
certain hypergeometric group. Furthermore, in [CMvdP15], J. A. Cruz Morales and M. Van
der Put showed another method to obtain the same results of Guzzetti for projective spaces,
and also for the case of weighted projective spaces, using multisummation techniques.

(3) In [Ued05b] K. Ueda extended the results of D. Guzzetti to all complex grassmannians.
His proof relies on a conjecture of K. Hori and C. Vafa ([HV00]), rigorously proved by A.
Bertram, I. Ciocan-Fontanine, and B. Kim ([BCFKO05]), relating quantum cohomology of
grassmannians with quantum cohomology of projective spaces. The analysis of the action
of the braid group is not treated. Note that in [Ued05b] the delicate phenomenon of co-
alescence for the isomonodromic system is neither discussed nor recognized: a priori, the
monodromy data at points of small quantum cohomology of almost all grassmannians would
not be well defined, and do not define local invariants. A rigorous analysis of this point
has been developed in [CDG17b], and adapted to the geometry of Frobenius manifolds in
[CDG17c|.

(4) In [Ued05a] K. Ueda proved point (2) of Conjecture 14.1 for cubic surfaces, using a toric
degeneration of the surfaces and A. Givental’s mirror results ([Giv98b]).

(5) Out of the 106 deformation classes of smooth Fano threefolds (see [Isk77, Isk78], [MIMS86,
MMO03]), only 59 satisfy the condition of vanishing odd cohomology, necessary for the
semisimplicity of the quantum cohomology. In [Cio04, Cio05], G. Ciolli proved the va-
lidity of point (1) of Conjecture 14.1 for 36 out of these 59 families.

(6) A. Bayer proved in [Bay04] that the family of varieties for which point (1) of Conjecture
14.1 holds true is closed under blow-ups at any number of points. Furthermore, Bayer also
suggested to drop any reference to the condition of being Fano in the statement of Conjecture
14.1. No explicit result is available in the non-Fano case for points (2)-(3) of Conjecture 14.1.

(7) The results of Y. Kawamata [Kaw06, Kaw13, Kaw16] confirm the validity of point (1) of
Conjecture 14.1 for projective toric manifolds.

(8) In [Gol09] V. Golyshev proved the validity of point (2) of Conjecture 14.1 for minimal Fano
three-folds, i.e. with minimal cohomology

H*(Xx:7)=20, H*™X;7Z)=7.

(9) In [GMS15], S. Galkin, A. Mellit and M. Smirnov proved the validity of point (1) of Conjec-
ture 14.1 for the symplectic isotropic grassmannian 1G(2,6). The importance of this result is
due to the fact that it underlines the need of considering the whole big quantum cohomology
for the formulation of the conjecture, the small quantum locus being contained in the caustic.
This result has been generalized for all symplectic isotropic grassmannian [G(n,2n): on the
one hand it is known that these grassmannians admit full exceptional collections ([Kuz08],
[SamO07]), on the other hand it has been proved by N. Perrin that their (big) quantum
cohomology is generically semisimple (see [Per14]). See also [CMMPS17].

14.2. Gamma classes, graded Chern character, and morphisms I@:{

Let X be a smooth projective variety of (complex) dimension d with odd-vanishing cohomology,
V be a complex vector bundle of rank r on X, and let d1,...,d, be the Chern roots of the bundle V,
so that

Ck(V):Uk(51,...,5T), 1§]€§7‘
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where oy is the k-th elementary symmetric polynomial. Starting from the Taylor series expansion of
the functions I'(1 + 2) near z = 0, namely

P(1+2) =exp {’YZ + i C(:)(qtz)"} ,

n=2
and applying the Hirzebruch’s construction of characteristic classes, we can define two characteristic
classes I'H(V) € H*(X,C) by

,
(V) =[] T(1 £4)).
j=1
In particular we will denote by I(X) the characteristic class [=(TX).

For any object £ € ObD?(X) we define a graded version of (the Grothendieck’s definition of) the
Chern character: being X smooth, the object F is isomorphic in D’(X) to a (bounded) complex of
locally free sheaves F'®. We thus define

Ch(E) := > (-1) Ch(F7),
J
where
Ch(F7) := Z e?™an  the ay,’s being the Chern roots of F7.
h

The definition is well posed, since it can be easily shown to be independent of the bounded complex
F* of locally free sheaves.
Let us now define two morphisms JI%: Ko(X)c — H*(X,C) given by
:d
TE(E) = : ! ¥ T (X) U exp(dmicy (X)) U Ch(E),
2m)2

where d € {0, 1} is the residue class d mod(2).

14.3. Refined statement of the Conjecture

We propose the following refinement of Conjecture 14.1:

CONJECTURE 14.2. Let X be a smooth Fano variety of Hodge-Tate type.

(1) The quantum cohomology QH®(X) is semisimple if and only if there exists a full exceptional
collection in the derived category of coherent sheaves D°(X).

(2) If QH®*(X) is semisimple, then for any oriented line £ (of slope ¢ € [0;27[) in the complex
plane there is a correspondence between ¢-chambers and founded helices, i.e. helices with a
marked foundation, in the derived category D?(X).

(3) The monodromy data computed in a £-chamber Qy, in lexicographical order, are related to the
following geometric data of the corresponding exceptional collection €y = (Ey,...,Ey,) (the
marked foundation):

(a) the Stokes matriz is equal to the inverse of the Gram matriz of the Grothendieck-
Poincaré-Euler product on K(X)c, computed w.r.t. the exceptional basis ([E;])l

S5 = x(Ei, Ej);
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(b) the Central Connection matriz C = C©), connecting the solution Yrggit of Theorem 2.9
with the topological-enumerative solution Yiop = ¥ - Ziop of Proposition 3.1, coincides
with the matriz associated to the C-linear morphism

d
Nyt Ko(X)e — H*(X;C): E — (; Y ['% U exp(—mici (X)) U Ch(E),
m)2

where d = dime X, and d is the residue class d (mod 2). The matriz is computed w.r.t.
the exceptional basis ([E;])I_, and any pre-fized basis (Tn)a in cohomology (see Section
3.1.1).

REMARK 14.1. Let us remark some important points of this revised version of the Conjecture.

(1)

Let X be a smooth projective variety with semisimple quantum cohomology. From the original
Conjecture 14.1, in [Dub98] it was conjectured the existence of an atlas of QH®(X) whose
charts, denoted Fr(S,C'), are expected to be in one-to-one correspondence with exceptional
collections in D’(X). Point (2) of Conjecture 14.2 clarifies this point. In order to have such
a correspondence, each of the charts discussed in [Dub98] should cover a single ¢-chamber.
The correspondence with exceptional collections is not one-to-one, since two foundations of a
same helix, obtained one another by iterated applications of the Serre functor (or its inverse),

are associated with monodromy data computed w.r.t. other solutions v of Theorem

left/right
2.9. In other words, the choice of the foundation of the helix corresponds to/tﬁe choice of the
branch of the logarithmic term z#z¢(X)Y() of Yj(z).
One of the main difference between the statement of Conjecture 14.1 and Conjecture 14.2 is
the point concerning the Stokes matrix S. The identification of S with the inverse of the Gram
matrix is forced by the Grothendieck-Hirzebruch-Riemann-Roch Theorem and the constraint
of monodromy data, as it will be evident from Proposition 14.1 and Corollary 14.1. Since this
point could be confusing for the reader, let us focus on the example of Projective Spaces. It
is usually claimed that in [Guz99] it has been proved that the Stokes matrix of QH®(P&)
coincide (up to mutations) to the Gram matrix associated with the Beilinson exceptional
collections B = (O(i))¥=}. What actually has been found is an explicit braid relating S with
the inverse of the Gram matrix w.r.t. 2. Then, using the identity of Proposition 13.1

(5717 = PSTP, = Bia(Basfrz) (B3aB2sBr2) - - (Br1ge - Br2)s P = Sarpiths

where S is any k x k Stokes matrix (see also [Zas96]), together with the numerical “coinci-
dence”

k—1+b—a

PGTP =G, for Gy :=x(0a—1),0(b—-1)) = ( b g

), 1<a,b<k,
it was deduced that G and its inverse are in the same orbit under the action of the braid

group. We do not know if it is valid for other/all smooth projective varieties X rather than
PE-L.
C

PROPOSITION 14.1. Let X be a smooth projective variety of complex dimension d.
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(1) Let E,F € ObD*(X). Then
_1)d :
JE(E) UL (F) = ﬁ Td(X) U Ch(E) U Ch(F) U e~me1(X)
where Td(X) € H*(X,C) is the graded Todd characteristic class
d .
2mid;
00 = [ s
j=1

where 91, ...,0q are the Chern roots of the tangent bundle T'X .

(2) Let us naturally identify the tangent bundle TQH®(X) with H*(X;C). Then for any E €

ObD?(X) we have

—e

e (IR (E)) = iYL (EY),
where p € End(H*(X;C)) is the grading operator defined in (2.1).
(3) Given E,F € ObD"(X) the following identity holds true

[ e () U U () - (. P
X

PROOF. From the well known relation

T
I'(2)I'(1 —2) =
()11 = 2) sin(7z)
we get
2miz s
F(1+Z)F(1—Z) = m wmz
Thus,

N _ (-0 (& 2mis; s
ILX(E)UILX(F):(%)CI H1—e—2m‘5je i | UCh(E)U Ch(F),

j=1
and we conclude the proof of (1) since ¢1(X) = 3, d;. For (2) notice that if ¢ € H*(X,C), ¢ =32, ¢,
with ¢, € H?P(X,C) then
eT(9) =i 3 (=1) b,
p

and one easily concludes. For the last point (3), we can apply (1),(2) and the Grothendieck-Hirzebruch-
Riemann-Roch Theorem as follows

e agE) Um0 U g (F) -
X

i [ BRE) OO LB E = (by @)
a X
(-1)?. v _
e /X Td(X)UCh(EY) UCh(F) = (by (1))
(-1

il(2mi)?x(E,F)  (by GHRR-Thm).

(27)?
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COROLLARY 14.1. Let X be a Fano smooth projective variety for which points (3b) of the Conjec-
ture 14.2 holds true. Then also point (3a) holds true.

PRrROOF. The Stokes and central connection matrices must satisfy the constraint, which is equiva-
lent to
(efiﬂ'uC)Tneiﬂ'RC — Sfl7
with R = ¢;(X) U (—). By point (3) of Proposition 14.1 we conclude. O

THEOREM 14.1. Let X be a smooth Fano variety of Hodge-Tate type for which Conjecture 14.2
holds true. Then, all admissible operations on the monodromy data have a geometrical counterpart in
the derived category D(X), as summarized in Table 14.1 at the end of this Chapter. In particular,
we have the following:

(1) Mutations of the monodromy data (S,C) correspond to mutations of the exceptional basis.

(2) The monodromy data computed w.r.t. the others solutions Yigf?/right’ i.e. (S,C%), are associ-
ated, as in points (3a)-(3b) of Conjecture 1.2, with different foundations of the heliz, related
to the marked one by an iterated application of the Serre functor (wx ® —)[dim¢ X]: D(X) —
Db(X).

(3) The group C~0(X) is isomorphic to a subgroup of the identity component of the isometry group
Isomc (Ko (X)c, x): more precisely, the morphism

Co(X) — Tsome(Ko(X)e, X)o: A~ (k)

defines a monomorphism. In particular, 50(X) is abelian.
(4) The monodromy matriz My := e*™#e?™ R with R = ¢ (X) U (=), has spectrum contained in

{~1,1}.

"o Ao Iy (14.1)

PRrOOF. Claim (1) immediately follows from the definition of the action of the braid group on
the monodromy data, and on the exceptional bases (Proposition 13.1). For claim (2), recall that the
pairs of monodromy data (.S, C(k)) are related one another by a power of the generator of the center
of the braid group. Hence one concludes by Corollary 12.3. Point (3) follows from the identification
of S with the inverse of the Gram matrix, from constraint and from properties of elements of 50 (X):
indeed, if A € Cy(X), then

(c~tAC)TsTH(crAC) = cTATcTT s e AC
— CTATTlem'ueﬂiRAC
— CTATnewi,uAewiRC
— CTnemuemRC
=57t

Moreover, since Co(X) is unipotent (and since we are working in characteristic zero) it is connected
([DGT70], Prop. IV.2.4.1). From Corollary 13.4, we deduce that Cy(X) is abelian. The last statement
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follows from Lemma 2.5 and from Corollary 13.3 and point (2): indeed the inverse matrix M, * € Co(X)
corresponds to the canonical operator x € Isome(x)o. g

PROPOSITION 14.2. The class of Fano variety for which Conjecture 14.2 holds true is closed under
finite products.

PROOF. Let X,Y be Fano varieties for which Conjecture 14.2 holds true, an let us define the
canonical projections

XxY
2N
X Y
If X,Y have semisimple quantum cohomology, then also the tensor product of Frobenius manifolds
QH*(X xY)=QH*(X)®QH*(Y) is semisimple. Furthermore, if (Ey,..., E,) and (Fo,..., F,,) are
full exceptional collections in D’(X) and D°(Y), respectively, then the collection (E; X F. j)(i,j), indexed
by all pairs (4, §), is a full exceptional collection for D*(X x Y) (see e.g. [Kuz11]). Here we set

EXF :=nE®n;F.
The order of the objects is intended to be the lexicographical one on the pairs (7, j). Using the identities

Ty = milx UmsTY,
Ch (E; ® F}) = }Ch(E;) U m5Ch(F)),
(X xY)=nlcr(X)+m5c1(Y),
dim(X xY) =dim X +dimY,
and recalling that if M, M’ are two semisimple Frobenius manifolds we have that
Svem =S ® Sy, Cuemr = Cm @ Cyp
(see [Dub99b], Lemma 4.10), we easily conclude. O

14.4. Relations with Kontsevich’s Homological Mirror Symmetry

The validity of the Conjecture 14.2, at least of its points (1) and (3a), can be heuristically deduced
from M. Kontsevich’s proposal of Homological Mirror Symmetry ([Kon95, Kon98]). More precisely,
Conjecture 14.2 establish an explicit relationship between the two different geometrical aspects of a
same Fano manifold X, the symplectic one (the A-side) and the complex one (the B-side), which can
be connected through the study of a object mirror dual to X.

Although Mirror Symmetry phenomena were originally studied in the case of Calabi-Yau varieties,
several mirror conjectural correspondences have been generalized also to the Fano setting by the works
of A. Givental ([Giv95, Giv97, Giv98b]), M. Kontsevich ([Kon98]), K. Hori and C. Vafa ([HV00]).
If X is a Fano manifold satisfying the semisimplicity condition of Conjecture 14.2, its mirror dual is
conjectured to be a pair (V, f) (the Landau-Ginzburg model), where

e V is a non-compact Kéhler manifold (with symplectic form w),

e and f: V — C is a holomorphic function which defines a Lefschetz fibration, i.e. f admits
only isolated non-degenerate critical points {p1,...,pn}, with only A;-type singularities (i.e.
Morse-type), and whose fibers are symplectic submanifolds of V.
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To such an object, one can associate two different categories, codifying respectively symplectic and
complex geometrical properties of the the pair (V, f). Let us briefly recall their constructions. The
symplectic geometry, also called A-side or Landau-Ginzburg A-model, is described by a Fukaya-type
Aso-category, originally introduced by M. Kontsevich and later by K. Hori, and whose explicit and
rigorous construction has been formalized by P. Seidel ([SeiO1b, Sei0la, Sei02]). On the fibration
f:V — C one can consider a symplectic transport, by considering as horizontal spaces the symplectic
orthogonal complement of vertical subspaces, i.e.

H, = (kerdf,)™™, peV.

For a fixed regular value zy € C, by choosing n paths 7; connecting zg with the critical values!
zi := f(p;) for i = 1,...,n, so that one can symplectically transport along the arc v; the vanishing
cycles at p;. In this way one obtains a Lagrangian disc D; C V fibered above 7; (such a disc is called
the Lefschetz thimble over ;), and whose boundary is a Lagrangian sphere L; in the fiber f~!(zp).
Assuming genericity conditions, in particular that all the paths intersect each other only at zp and
that all Lagrangian spheres intersect transversally in f~!(zg), one can introduce the so called directed

Fukaya category of (f,{vi})-
DEFINITION 14.1 ([SeiO1b, SeiOla]). The directed Fukaya category Fuk(V, f,{vi}) is defined as

the Aso-category whose objects are the Lagrangian spheres L1, ..., L, and whose morphisms are given
by CF*(Li, L;;C) = CIL0Ll | if j < j,
Hom(L;, Lj) := ¢ C - 1d, ifi =g,
0, if 1 > 7,

where the Floer cochain complex CF*(L;, L;; C) with complex coefficients, the differential m;, the
composition mo and all other higher degree products my’s are defined in terms of Floer Lagrangian
(co)homology in the fiber f~1(2).

The directed Fukaya category is unique up to quasi-isomorphism, and the derived category DFuk(V, f)
only depends on f: V — C ([Sei01b], Corollary 6.5). Furthermore, the objects (L1,..., Ly) define a
full exceptional collection of DFuk(V, f), and different choices of paths {v;} (actually inside a same
Hurwtiz equivalence class) reflect on different choices of full exceptional collections, related one an-
other by operations called mutations (not totally coinciding with the ones discussed in Section 12).
For more details the reader can consult the cited references.

The second category associated to the pair (V, f), encoding its complex geometrical aspects, is
the so called triangulated category of singularities defined by D. Orlov ([Orl04, Orl09]). If YV is an
algebraic variety over C, in what follows we denote by Perf(Y') the full triangulated subcategory of
D'(X) formed by perfect complex, i.e. objects locally isomorphic to a bounded complex of coherent
sheaves of finite type: in particular, if Y is smooth, then Petf(Y) = D°(Y).

DEFINITION 14.2 ([Orl04, Orl09]). We define the triangulated category of singularities of (V, f)
as the disjoint union

Dsing(‘/a f) = H Dsing(‘/z)a V, = f_l(z)a
zeC
where we introduced the quotient category,

Dsing(vz) = Db(Vz)/‘Betf(Vz)-

1We assume that the critical values, and the paths are numbered in clockwise order around the regular value zo.
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Such a quotient is defined by localizing the category D?(V,) w.r.t. the class of morphisms s embedding
into an exact triangle

Xy Z X[1], with Z € Ob(Berf(V2)).
In particular, note that Dging(V>) is non-trivial only at the critical values 21, ..., 2, of f.

The crucial point in our discussion is the following homological formulation of Mirror Symmetry
in the Fano case.

CONJECTURE 14.3 (Homological Mirror Symmetry, [Kon98|). Let X be a Fano variety. There
exist equivalences of triangulated categories as follows:

A-MODEL B-MODEL
Fuk(X) DY(X)
DFuk(V, f) Dsing(V, f)

It is believed that the net of equivalences described above could be recast in terms of isomorphy
of Frobenius manifolds structures, associated with X and (V] f), respectively. More precisely, we have
that

e the Frobenius manifold related to the symplectic geometry of X (the A-side) is the quantum
cohomology QH*(X);

e the Frobenius manifold associated with (V) f), and encoding information about its complex
geometrical aspects (the B-side), is the Frobenius manifold structure defined on the space of
miniversal unfodings of f. The general construction is well-defined thanks to the works of
A. Douai and C. Sabbah [DS03, DS04, Sab08|, C. Hertling [Her02, Her03] and also of
S. Barannikov’s construction of Frobenius structures arising from semi-infinite variations of
Hodge structures ([Bar00]). These efforts can be seen as a generalization of the construction
of K. Saito [Sai83], who considered the case of germs of functions defined on C”.

The A-model and B-model of the Landau-Ginzburg mirror (V| f) are conjectured to numerically
related in the following way:

CONJECTURE 14.4. The Stokes matriz of the B-model Frobenius manifold associated to (V, f)
equals the Gram matriz of the Grothendieck-Euler-Poincaré product x(-,-) product on DFuk(V, f).

Putting together Conjecture 14.4 and Conjectures 14.3, it is clear that points (1) and (3.a) should
(heuristically) follow.

14.5. Galkin-Golyshev-Iritani Gamma Conjectures and its relationship with Conjecture
14.2

Some months before the beginning of the research project of this Thesis, two papers by S. Galkin, V.
Golyshev and H. Iritani appeared ([GGI16, GI15]). In loc. cit., the authors proposed two conjectures,
called I'-conjectures, describing the exponential asymptotic of flat sections for the extended deformed
connection V on the (semisimple) quantum cohomology of Fano varieties. Although they focused
attention on flat vector fields, rather than flat differentials defining deformed flat coordinates, Galkin,
Golyshev and Iritani claimed that from I'-conjectures it should follows a refinement of the third part
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of the original Dubrovin’s Conjecture 14.1: it is claimed, that the columns of the central connection

matrix of the semisimple quantum cohomology of a Fano variety X, computed w.r.t. the topological
solution of Section 3.3, should be equal to the components of the form

1

(2m)

for some exceptional collection (Ey, ..., Ey,). Some months before the paper [GGI16] was issued, B.

Dubrovin formulated an ansatz for the same connection matrix: in his formulation, the class f;} is

replaced by the class f‘;{ ([Dub13]). The computation of this Part of the Thesis show that although

both of these formulations are admissible, they do not correspond to the topological-enumerative

choice of a solution in Levelt normal form at z = 0, and actually the action of two different elements

of Co(X) := Co(p, R), with R = ¢;(X) U (—), is necessary. The exact form of the central connection
matrix computed w.r.t. the topological-enumerative solution is the one prescribed by Conjecture 14.2.

I} UCh(E;), d:=dime X,

d
2
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CHAPTER 15

Proof of the Main Conjecture for Projective Spaces

ABSTRACT. In this Chapter we prove the validity of Conjecture 14.2 for all complex Projective Spaces
]P’(’é_l. After computing the topological-enumerative solution for the system of deformed flat coor-
dinates, we show that the group 50(?(]5_1), which describes the ambiguity in the choice of a so-
lutions in Levelt normal form at z = 0, is isomorphic to the identity component of the isome-
try group Isomc (Ko (Pé_l),x(-, -))o. Hence, we compute the central connection matrix at the point
0e QH® (P(’é_l) w.r.t a line £ of slope 0 < ¢ < Z. By completing the braid analysis developed by D.
Guzzetti in [Guz99], we recognize in the computed monodromy data the geometric information, as
prescribed by the Conjecture 14.2; associated with an explicit mutations of the Beilinson exceptional
collection (see Theorem 15.2 and Corollary 15.2). After studying in detail the trace of the ¢-chamber
decomposition along the small quantum locus, a property of quasi-periodicity of Stokes matrix is shown
(Theorem 15.5). From this property, we deduce that the only Projective Space for which the mon-
odromy data are the ones associated with the Beilinson collection (modulo suitable choices of branches
of the W-matrix, choice of the line £, etc.) are P¢ and P2 (Corollary 15.3). For all other Projective
Spaces the data corresponding to the Beilinson exceptional collection can be computed in chambers of
the big quantum cohomology.

15.1. Notations and preliminaries

In what follows

e the symbol P will stand for P!, k > 2;
e we denote o the generator of the 2-nd cohomology group H?(P;C), so that

Clo]

(o)

12

H*(P;C)

We also assume that o is normalized so that

/O'k_l =1.
P

The flat coordinates t!,...,t* for the quantum cohomology of P are the coordinates w.r.t. the homo-
geneous basis

(1,0, 02, .. ,O’k_l),

the matrix of the Poincaré metric being constant

o 0
fes = <8t ’ aw) = St

Notice that the unity vector field is e = %, and the Euler vector field is
0

E:Z(l—q(x)to‘;)a—i-kc,ﬂ, gp=h—1 forh=1,...,k.
= ‘ t

236
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If ¢ is a column vector whose components are the components of the gradient of a deformed flat

coordinate, w.r.t the frame (%), = (¢%);, then it must satisfies the system
v/

9a( = 2CaC,

0.C = (U+1p) ¢

If we restrict to the locus of small quantum cohomology, i.e. to the points (0,t2,0,...,0), the system
above reduces to the two equations

02¢ = 2Ca(, (15.1)
1
0,( = <U + Z,u) ¢, (15.2)
where at the point (0,¢2,0,...,0)
0 kq
o 1 k—1 k-3 k—3 k—1
_ E 0 ot i —diag (-2 —= _*— — —
U:= , q:=e€", Cg—ku, 7 dlag( 5 5 5 g )
k0
We study the monodromy phenomenon of the second differential equation of the system:
d¢ 1
Rk - . 15.
= (s n)c (153)

The eigenvalues of the matrix 2(0,t2,0,...,0) are

2mi(h—1) 1
upb=ke & qgr h=1,...,k,

and let us compute the corresponding eigenvectors x1,...,zy: the equations for x, = (:U}L, . ,xﬁ)

read
k:xfl :uhxflﬂ, =1,....k—1,
k:qxﬁ = uha:,ll.
By choosing xﬁ = ew, we get all the entries

k—¢
U - - (h=1)
xg:<;> e D A R

Since the norm of the eigenvector zy, is

k—1
n(xp, ) = kg F

we find (choosing signs of square roots) the orthogonal vectors f1,..., f

—92¢ . (h—1)
fl=kag o 0720 p =1, k.

‘I’_(fl fo| ... fk)

Thus the matrix ¥ is given by
-1
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Instead of working with the differential equation (15.3) we consider the gauge equivalent system of
differential equations in &(z,t2) := 1 - ((2,t?), a column vector whose components are the ones of the
differential of a deformed flat coordinate:

Do = 2CT¢, (15.4)
1
9,6 = <uT — z”) €. (15.5)
A simple computation shows that with the following substitution
1

Ea(z,t2) — =, z%—a—l—lﬂa—l@(z’lg)’

for any a = 1,2, ...,k and where 9 := zd%, the system (15.4)-(15.5) is equivalent to the equations
D — (kz)Fqd =0,
ko — kg0 = 0.
The compatibility of these equations implies the following functional dependence of ® on (z, t2):
D(12,2) = d(qr 2).
Thus, the study of the system (15.5), restricted to the point t? = 0, is equivalent to the study of the
generalized hypergeometric equation
IRD(2) — (k2)*®(2) =0, (15.6)
where 9 := z%. Given a solution ® of (15.6), the corresponding solution of equation (15.5) is given
by
z 2z O(z)

&= —kal,l z%f‘lﬂﬁa_l(l)(z)

kk171 Zlgﬁkﬁkil@(z)

15.2. Computation of the Topological-Enumerative Solution

In this section, we use the characterization of the topological-enumerative solution described in
Proposition 3.1.

LeMMA 15.1. The formal series ®(z) € Clo,log z][7]
B(2) = HED Y F), () € Clol/ (o)
n=0

satisfies equation
D (2) — (k2)*®(2) =0,
if and only if the coefficients f(n) satisfy the following difference equation

(c+n)fn)=f(n—-1), n>1.
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PROOF. Observe that

ID(z) = zeko18(2) <k; ;;0 f(n)zFn + ;;0 f(n)knzk"1>

[e.e]

_ kekalog(z) Z(O_ + n)f(n)zkn

n=0
By an inductive argument, one easily can shows that

ﬁa@(z) _ kaekalog(z) Z(O_ + n)af(n)zkn'
n=0
So, using the fact that o* = 0, we have that
9D (z) = (k2)FD(2),
if and only if
(c+n)*f(n)=f(n—1) foralln>1.
]

PROPOSITION 15.1. (1) For any fixed value f(0) € H*(IP;C), the corresponding formal solu-
tion of (15.6) is given by

b=l /P (L 1og 2)P-!
o(z) = f(0)- (Z Ma;(g)) oP.

p=0 \ip (@ =0
i (k—14h;
( h J)) (15.7)

where, for 0 <1 < k — 1, we have introduced the notation
- kn 5 (_1)hJ
ai(z) ==Y an2™,  agri=doy, anii= Y 1T TR
n=0

hit-thn=l \j=1 7
0<h;<k—1

Representing ®(z) = Y8, ®;(2)0" ", we deduce that each component

k—i k—i—l
Z (klog z)
(b’t = . _—
is a solution of (15.6).
(2) Another representation of the solution is given by the formula

e —o —n)k
B(:) = Ok 3 HETSE

n=0

ikﬂznzkn

for any choice of the sign (+£).
(3) Moreover, if f(0) =1, the fundamental solution Z of (15.5), given by

z%q)l(z) z%q)k(z)
Eo(z) = ka—{lz%—a“ﬁa—l@l(z) #z%_aﬂﬁa_l@k(z) ) (15.8)
2 T R (2) . e T 0FlB(2)
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is of the form

o0
2(z2) = n@top(z)zﬂzm(P)U(—), Otop(2 5 + Z Z Z <7.no_'y,0_>\>]g2 77>\ozzfn—|—1
n=0 X BeEff(P)\{0}

with  (1,07,0™M8 5 5= /_ YU Uevi(o?) Uevi(c?).
o [Mo,2(X,8)]v

PROOF. From the identity
(1 + U)—l =1—0c+ o2 — ... + (_1)k—10k_17

one easily shows that if n > 1, then
—k k—1 h
_ _ o (=) (k—1+h
(0 +0)F =n (147) —an( , )Uh.

As a consequence, we have that

~
[en]

where the numbers «a;,; € Q are defined as in (15.7). It follows that

o k—1
(I)(Z) kalogzzzjc UOéan
n=0 (=0
k—1 klog 2)™ oo k—1
() (5
k—1 k—1
= f(0) (Z Mfuz)am> < al(z)al>
m=0 : =0
k=1 / p
03 (3 ) o
p=0 \I

This proves point (1). For the second point, observe that also the functions
fin) = F(F(U_U)Z)keikmn
satisfy the relation
(0 +n)*fi(n) = fe(n—1).
For the last claim, if we write the solution Z in the form
Zo(z) = 2 *A(2)nz"", R= 1 (P) U (=): H*(P;C) — H*(P;C),

by Proposition 3.2 it is sufficient to prove that A(z) is holomorphic in z = 0 and A(0) = 1. From the
identity

z) = 2k Z f(n)zk"
n=0
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we obtain for 1 < o < k the relation

a—2 00
1904—1(1)(2) — ko {(kg)a—l + Z (04 - 1) Eo—15p Z f(n)na—l—pzkn} ’
p=0 p n=0

and by definition of A(z) we have the identity

k 1 a—2 a—1 )
ZA OJ b= ka—1 (ko) ! + Z < » >k‘°‘_lap Z f(n)no‘_l_pzk” )

Jj=1

This shows that A(z) is holomorphic in z = 0, and furthermore that A(0) = 1. O

15.3. Computation of the group 50(IP>)
Let us introduce the k x k matrices J;, ¢ > 0, defined by

(Ji)ab = 5i,a—b~

THEOREM 15.1. The group Co(P) is an abelian unipotent algebraic group of dimension (4], In
particular, the exponential map defines an isomorphism

CoP)=Cq---®C.
[g] copies

With respect to the basis (1,0,...,0"1) of H*(P;C), the group 50(1[”) is described as follows

k—1
5()(]?) =< C € GL(k,C)I C = Z OéiJi, apg = 1, QOéQn aF Z (—l)iaiaj = 0, 2 S 2n S k—1
=0 i+j=2n

1<i,j

Proor. If C € 50(IP>), in order to have that P(z) := z#2RCz~Rz=# is polynomial in z, where R
is the operator of classical multiplication by the first Chern class ¢;(IP), the matrix C' must be of the

form
k—1

C = Z OéZ'Ji, g = 1.
1=0

We have that C' € Co(P) if and only if

(lcf( 1oz JT> <Za1z,]>

=0

The L.h.s is equal to

k-1 k-1 2%—2
n+ Y o'+ (—D'aiz’ S+ Y o (=D Jind; | 2",
=1 =1 h=2 i+j=h
1<i,j<k—1
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and using the relations

nJi = Jl'n, (15.9)
(Jidj) p = itja—b = (Jitj)ab, (15.10)
Jy=0 ifh>k, (15.11)

we obtain the equation

k—1
Z 20;2'nJ; + Z Z (=Dl | 2"nJy, = 0.
1<i<k—1 h=2 \ it+j=h
i even 1<4,5<k—1
So, we have the following constraints on the constants «;’s:
209 — a2 =0,
2004 — 20013 + oz% =0,

206 — 2015 4 29004 — a% =0,

200, + Y (-1)'aya; =0, 2<2n<k— 1L
i+j=2n
1<4,j

The Lie algebra of the group is

k—1
§0(P) = {C € g[(k:,(C) C= Z a;Ji,  Qeven = O} s
=0

which is abelian by (15.10), coherently with Theorem 14.1. In characteristic zero the structure of
unipotent abelian group is well-known: in particular, the exponential map defines an isomorphism of
groups (see [DG70], Ch. IV.2.4 Proposition 4.1). O

The following result immediately follows from Theorem 14.1 and Theorem 13.5.

COROLLARY 15.1. The groups Co(P) and the identity component Isome(Ko(P)c, x)o are isomor-
phic.

Remarkably, notice that the equations obtained above for the group Co (P) essentially coincide with
those obtained by A.L. Gorodentsev for Isomc(Ko(P)c, x)o in [Gor94a, Gor94b].

15.4. Computation of the Central Connection Matrix

Using the labeling of the canonical coordinates w1, ..., u, introduced in the section 15.1, we intro-
duce the corresponding Stokes’ rays:

Rys = {2z = —ip(u —T5), p>0}.
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At a generic point of the small quantum cohomology (0,2,0,...,0), we have

L o . 1 _ 27i(r—1) _ 27i(s—1)
—i(uy —ug) = —ikq ™ *® (e o o—e Kk )

= qu_% sin <Z(s - 7")) exp <z ﬁ: - %(T + S)}) :

So if 7 < s the Stokes’ rays at a generic point (0,t2,0,...,0) are

2

R, = {ZI zZ = pexp (z [W — z(r +s)— T})} . T = S(t?), (15.12)
kEk k
Rsr - _Rrs-

T Ris = R

k even k odd

FI1cURE 15.1. Configuration of Stokes rays for k odd and k even.

Since we want compute the central connection matrix at ¢ = 0 we have to fix an admissible line:
following [Guz99] we choose a line ¢ with slope 0 < ¢ < 7.

PROPOSITION 15.2 ([Guz99]). Let

—Lr [\ D(—s)kz*sds, & even
(2m) 2

— L [\ T(=s)Fe ™2ksds, & odd
(2m)"2 4

where A is a straight line going from —c —ioco to —c + 0o, ¢ > 0. Fiz a line £ with slope 0 < e < 7.
Then, for k even, the fundamental solution Zgr, having asymptotic expansion

= UtV (]l 0 (1>> on g,

z

[1]
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is reconstructed from the solutions of (15.6)

(D)% (glee™m) = (g (e ) - = (L)g (17— 9)))

() = o (7F) + Bale) - (o (=)

Dp(2)" = g(z)

(1)1 (e )

and the entry corresponding to g(z) is the n(k) := (% + 1) -th one. We can write in a more compact
form this vector as follows:

(—1)3 kt1- azk—H Qa( )h(i)g (ze—m+(a+h—1)%) fl<a< g’

(—1)-%-1, (ze%m—%—n) fit+1<a<k.
For k odd we have

(-1)5g (22 (45Y)

and the entry corresponding to g(z) is the n(k) := %—th one. We can write in a more compact form
k41

() F D (Rg (e F ) f1<a< i,

() = vt
(-1)* =g (zeT(a_T)) if % +1<a<k.

Now we compute the entries of the central connection matrix. We will denote by ®ip(2) the

z
solution of Proposition 15.1 corresponding to the choice f(0) = 1. The computations will be done in
cases, depending on the parity of k.
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CASE k EVEN: If 1 < a < £, we have that

: ki1 o k+1—20 oo
i 27”(_1 e k s (a+h—E_1)2ris
%(z) = ——)kH § § (_1)h (h) res (F(_S)kzk plath—5-1)2 )ds

. k_o k+1-2a o
i(—1)2 k w=n) _(o+h—E_1)2mi(w+n
:EQW)) > Z(—l)h<h>£‘i% (D (—w = myfkttmelorth=s —n2niten)) gy
h=0 n=0
o \E_q k+l1-2a o ek k(o+n) .
2m)"2 h=0 n=0 P I
(
(

o 27”;(_1)04—%—1 - k_ks (a—E—1)2mis
%(z) = —W Z res (F(—s) Z"%e\% 2 ) ds
) 2 n=0
)23
i(—

S (F(—w _ n)kzk(uﬂrn)e(afgfl)Zm'(w+n)> dw

F(_U — n>kzk(g+n) k_(a—E_-1)2mic
< (o) I'(1—o0)%“2

o /P {(®top(z) Ue ™) UT~(B) U CL(O( — 1))}

271 7—()5 oo k+1— 2a k ) ‘
B(2) = —7”(2)1 > ) gy (P(s)femimeshsgzmista 5240 gy
m) 2 =0 =

2

prey=uDBEDONCHL

(2m) 2 220 h=o

5 B )
N a0
()

( 1);_(1 oo k+1-2a . ‘ .
res (F(—w _ n)ke—zw(w+n)Zk(w+n)€2ﬂ'z(w+n)(af— )) dw

(27) 7 =0 h=o [(-o)F

( )ﬂfa oo k+1—2«

> >

() n=0 h=0

- (_1)%7(1 k+1-2a i
B S

(2m)7 o

k
/ <F(FO' - n) P(l - O_)kekiﬂ(o+n)zk(a+n)e2m'o(a+h1))
P

=

{(®uop(z) Ue ™) UT~(P) UCR(O(a + h = 1))}

(—1)" (}’j) /F {(cptop(z) U e—’m“) UT~(P) UCh(O(a + h — 1))} .

245

k
/ (_F(—a —n) r(1— U)ke—in(o+n)Zk(a+n)62m(o+n)(a—’“;r1+h)>
P
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If%—&—lgagkzwehave

k+1
2ri(—1)* " & : -
(I)%(Z) _ 771( 14,.1 Z res (F(_S)kefmszkse%rzs(a—%)) ds
(271') = = s=n
a—k=1l oo
_ (—(1)) | 12 Z I“eSO (F(—w . n)k 7i7r(w+n)zk(w+n)627ri(w+n)(a—%)) dw
2m) 2 n=0"
a—— 00 k
Z/ < ) e—k(a—i-n)mzk(o—i—n)l-\(l _ o_)k627ri(o+n)(a—1)>

a—@ k
( Z / < —0 - n e—kmrizk(a—i-n)e—kz’war(l _ U)k627ria(a—1)>
(2m
E+1

—1)* = e
((272_)"21/P{((I)top(Z)Ue k ) ur (P)UCh(O(a_l))}‘

—kmio corresponds to the choice of another fundamental basis at the origin

The form @i, (z) Ue
=, related to (15.8) by a right multiplication of a matrix:

—kmi 1
_k2x? —kmi 1

Zo(z) = Eo(2) (—k}m‘)m )

(—kw‘i)k_l

We claim that such a matrix is an element of the group Co(PP) (see the previous section). Indeed if

(—kmi)™
m!

Q1=

then, for 2 < 2n < k — 1, we have that

2000, + Z (—1)ioziozj
iti=2n
1<,

S ()

=0.
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15.5. Reduction to Beilinson Form

Let us recall that the canonical coordinates can always be reordered so that the corresponding
Stokes matrix is upper triangular (lexicographical order w.r.t the line ¢). For the case of quantum
cohomology of projective spaces, and for the choice of an admissible line £ with slope 0 < € < 7, such
an order is the one described in picture.

F1GURE 15.2. Action of the braid g found by D. Guzzetti: in the figure above we draw
the case k = 7, below the case k = 8.

The matrices P associated to this permutations are

e for k£ even

O = O
SO O
SO OO
SO = OO
_ o O

cCOoO .-
ooo...

0
1

O =

where the 1 on the first row in on the % + 1-th column;
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e for k£ odd

01
0 01
01 00O
00001
P = 01 000O0O
1 0
0 0 01
10 0 0
where the 1 on the first row in os the %-th column.
After such a renumeration of uy, ..., u,, as a consequence of the computations of the preceding section,
the central connection matrix is, for k£ even
Clex = % :tf‘o :Ff‘l :th .. :kail . Ak,

where:

e [V is a column vector whose components are the components of the characteristic classes

~

' (P) U Ch(O(7));

o the sign (+) is chosen if ¥ — 1 is even, (=) if £ — 1 is odd;
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e the matrix Ay is the & x k matrix

* * *

00 0 1 0 * * x
o1 0 (* o. * * x

A=l ® oo ¢ o .. o« . Rt

00 1 (3 o * * %

: * * *

* * *

% * x

where the 1 of the first column is on the (4 + 1)-th row.
Analogously, if k is odd the central connection matrix in lexicographical order is
1 :Ao :/\1 :Az A:k:—l
Clex = — | £T° FI'' 4I'? ... 4T - Ay,

where:

o [V is as before;
o the sign (+) is chosen if 71 is even, (—) if 7L is odd;
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e the matrix Ay is the k& x k matrix

00 0 0 O o o0 o0 0 1

* * *
00 0 0 1 0 * « *
00 1 0 * o. * x *
1o ®mo® o. * X x

=01 @ oo @)oo . . < |
00 0 1 * o * * *
00 0 0 0 1 * « *

* % *
* * *

where the 1 of the first column is in the %—th row.

PROPOSITION 15.3 ([Guz99]). The action of the braid

B = (Br—5k—1Bk—6k—5 - - - B12) (Br—6k—50k—7k—6 - - - 323) (Br—7,k—6 - - - B34) - - -

B g k1 (Br-3k—20k-ak-3 - Pr2)

for k even, and

B = (Bi—s5k—4Bk—6k—5 - - - B12) (Br—6k—58k—7k—6 - - - 323) (Bi—7k—6 - - - £34) - - .

e (ﬁ%ﬂ%ﬁ%,%)(6k—3,k—26k—4,k—3 ... B12)
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for k odd, is represented by the multiplication of the matriz

00 0 0 0 0 0 0
0 0 1

Lo ()

& o

00 0 1 0 %

o1 0®Mo 0w

L% oo () o S

A= 0 0o 1 (%) o 1 x
(L) 0 (L)

k

0 1 (45)

0 0 0

0 0 0

00 0 0 0 0 0 0

for k even, and
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0 0 0 0O 0 0 0 1 00

o 0o 1 0o B oo

L0 () 0 (3 00

G oo B o ¢ 0o
* * *
0O 0 1 0 * * *
1 o * o. * * x
T)O(S)O * * *
(5) 0 (5 o0 * * *
01 (%) o : : :
0 0 0 1 * * «
% * *
* * *
* * *

(:E7) 0 (Eg) 0 (E5) 0 0

0 1 (kES) 0 (kﬁ4) 00

0o 0 0 1 (*) 00

0O 0 0 0 0 10

0 0 0 O 0 0 0 0 01

LH 6 60 ~()
L@ G G ~ (1)

L G ~(1ss)
L) — (%)

|
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Observe that, in both cases k even/odd, we obtain that

0 ... 1
1 0 .. )
1 0 ... (")
Ap(AP(S)) ! = Lo .. (k25)
G
Indeed, observe that
0 0|0 1
0 = X
Ay = X Do and AP(S) =
0 =
0 ... 0|1 =«

The matrix (15.13) is the matrix corresponding to the braid
B = Br—1.kBr—24—1-- - B2,

that is
AP (5.
This is easily seen from the fact that
1 1
1 1
0 1 1
1 il 0 1
1 1 xT9
1 1
1
1
1
0 0 1
1 0 T1
0 1 T2
1
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and that A%192(S) = AP2(SP1)AP1(S). As a consequence, we have that

0o ...
1 0 ... *
1 0o ... *
/ 1 0
AP (9%) = X
1

and the entries * are exactly those of the k-th column of A%+1(S?), from the top to the bottom,
namely

We have thus obtained the following

THEOREM 15.2. Consider the central connection matriz for the quantum cohomology ofIP’(’E_l, com-
putated w.r.t the solution (15.8) and the solutions of Proposition (15.2) and set it in the lexicographical

form Clex. Modulo the action of the group Co (Pfé_l), and the action of the braid

BB = (Bi—s5k-1Bk—6,k—5 - - - B12)(Bk—6 k—58k—7,k—6 - - - B23) (Bk—7—6 - - - B34) - - -
. -ﬁg_2,5_1(5k—3,k—25k—4,k—3 o B12) (Be—1,kBr—2,k—1 - - - P12)
for k even, and
BB" = (Br—s5k-aBk—6 k5 - - - $12) (Br—6,k—58k—7k—6 - - - $23) (Br—7k—6 - - - B34) - - -
co (Bis i1 Brcs ks ) (Br-ah—28k-ak-3 - - P12) (Be-14Bk-24-1 - - - B12)

for k odd, the central connection matriz is

Clex = % ifo :Ffl :tf2 c.. :Ff‘k_l ;
2m) T | . : : :
for k even, and
1 :Ao ;1 ;2 A:kfl
2m) 2 | . : : :

for k odd. Here
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e [V 4s a column vector whose components are the components of the characteristic classes

I~ (P) U Ch(0(5));
o if k is even, the sign (+) is chosen zf% — 1 is even, (—) zf% — 1 is odd;
o if k is odd, the sign (+) is chosen if % is even, (—) if % is odd.

The corresponding Stokes matriz (using the relation (2.36)) is in the canonical form

k .
Sij = <Z]> <7

(—1)2'diag(1, —1,1,-1,...,1,—1)

After the conjugation by

if k is even, or by
k—1
(=1)"z diag(1,—1,1,—1,...,1,—1,1)

if k is odd, the central connection matriz is in the canonical form

Clezp = F—1 f\O fl f\2 ce fk_l 5
2m) 2 | ... .
for k even, and
1 Azo A:1 A:2 Ak:—l
Clez = 1 r T r ... T 9
2m)2 | .. :

for k odd. The corresponding Stokes matriz is in the form

Y ..
S = (=L (z _j), 1< j.

REMARK 15.1. Notice that, the braid § found by D. Guzzetti takes the canonical coordinates in
cyclic counterclockwise order (see Figure 15.2). If we further act with the braid ' above, then the
canonical coordinates dispose in cyclic counterclockwise order starting from 1.

15.6. Mutations of the Exceptional Collections

LEMMA 15.2. The computed braid can be rewritten as the product

BB" = Bi2(B34B23812)(B56845634523812) - - - (Br—1,kBk—2,6—1 - - - B12)
for k even,

BB = (B23Pi2)(B15P34B23512) - - - (Bk—1kBk—24—1 - - - B12)
for k odd.
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PRrOOF. Consider the case k even. The only thing that we have to prove is that the braid
(Br—5k~4Bk—6,k—5 - - - 12) (Br—6,k—58k~7 k6 - - - B23) (Br—76-6 - - B3a) -+ Bx 55, (15.14)

is equal to

Br2(B34P23512) - - - (Bi—sk—a - - - F12)-
Note that the braid above ends with the product

By Yang-Baxter equations this product is equal to
o Br gk 9Bk ok 1Pr gk

Because of commutation relations, we can shift the first term on the left till we find

which is equal to

Again, starting from the first term, we can shift it on the left (until commutation law allows), then
use Yang-Baxter relations. Continuing this procedure, at the end we have eliminated the last term of
(15.14), and we obtain a new first term:

B12(Br—5k—aBk—6k—5 - - - B12)(Br—6 k—58k—7k—6 - - - 323) (Br—7,k—6 - - - B34) - - -

o P gProk1Pyoa o)

Now we continue the procedure of elimination of the last braid: we start from its first term, i.e.
Br_q &, we shift it on the left, use Yang- Baxter relations, and so on, till we find
2 72

B12834(Br—5k—aBk—6,k—5 - - - $12) (Br—6k—58k—7k—6 - - - B23) (Bi—7—6 - - - £34) - - -

”'(63*13*1ﬁ§*&§*2)

Applying again the same procedure, before for fr_, »_;, and after for Bx_5 r_,, we have eliminated
2 2 2 ’2
the last braid and we obtain

B12(B34523512) (Br—5,k—4Bk—6 k—5 - - - B12) (Br—6,k—58k—7k—6 - - - 23) (Br—7.k—6 - - - B34) - . -

- BppaPy1 8Py 0 1Py g 0Byt

Iterating the same procedure, one obtains the braid

B12(B34523B12) (Bs6 45 834823512) - - - (Br—1,kBk—2,k—1 - - - B12)-

The case k odd is analogous, and we left the details to the reader. (I
ExaMpPLE 15.1. Consider for example k = 12. we have that

BB" = (BrsBs7856815 834523 512) (Be756 545 834523) (Bs6 815 534) Bas-
(B9,10,--- P12)(Bi1a2 - - - Pi2)-
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We have to rearrange the first 4 braids. Let us apply the procedure described abobe:

BrsBe7 056845834823 812) (B67 856 Bas B34/523 ) (B56 15 834) Bz =
BrsBe7 556845534823 812) (B67856 Ba5 834823 ) (856 731 845) 31 =
BrsBe7 556845834823 812) (867856 Bas 731823) F31 (P56 845034) =
BrsBe7 556845834823 812) (B67 856 Bas B23834) B23 (Bs6 Ba5034) =
BrsBe7B56845 834523 812) B23(B67 856 Ba5 834823 ) (B56 B45034) =
BrsBe7B56845 834312 823) B12(B67 856 845834823 ) (B56 B45834) =
B12(BrsB67 856845834823 812) (Be7 856 845834 323) (B56 845834 -

Now we continue by eliminating the last braid, starting from its first term:

B12(B78 867056845 834823512) (Be7 856 845 834/323) (356 a5 334)
Br2(BrsBe7B56 845 834/323812) (Be7 856 Ba5 356334523 ) (Bas B34)
Br2(BrsBe7B56 845834323 812) (Be7 a5 B56 8145834523 (Bas B34)
B12(Brs8Be7 856845834815 823512) (Be7 856 Ba5334323) (B15534)
( ) )

) )

)

~~ I~~~ ~~ ~—~

B12(B78 867556731845 731823 512) (Be7 856 B45334/323) (Bas B34
B12/731(BrsBe7 856845834823 512) (Be7 856 B45334/323) (Bas B34
B12834( 7867856845834 823 512) (Be7 856 B45534/323) (a5 B34
B12834 (B8 B67 856 845834523 512) (867856 54534 345 523 ) B34
B12834(B78 867856545 834823512) (Be7856 334545334323 ) B34 =
B12834(B78 867856545 834/823 834 812) (Be7 856 45334323 ) B34 =
B12834(B78 867856845 723834723 812) (Be7 856 45334323 ) B34 =
B12834/723(Br8Be7856845 834823 12) (Be7 856 Ba5534323) B34 =
B12834823( 878867856845 83482312) (Be7 856 45331323 ) B34 =
B12834 823 (BrsB67 856 345334823 512) (B67 856 a5 323 334) B3
( )
(

B12834523( 878867856 845 334/523 812) B23 (P67 856 Fa5 334 523) =
B12/834823( 878867856845 834/712523) 712 (867856 Bas B34/523) =
B12(B34523/712) (878867856 845834523 512) (Be7 556 B45334/323 ) -

As a final step, we have to eliminate the final braid, always starting from its first term:

B12(B34523612) (878867856 Ba5334 523 512) (567856845334 23)
B12(B34523612) (Brs 67856 367845034523 512) ( B5684533423)
B12(B34523612) (878856867856 a5 334523 512) ( B56 /545334 523)
B12(B34523512) Bs6 ( BrsBe7856 a5 334523 512) ( B56545 334 23)
B12(B34523512) Bs6 ( BrsBe7856 a5 034523 512) ( F56845 334 23)
B12(B34523612) Bs6 ( BrsB67356 Ba5 56 534523 512) (Bas B34 523)
)Bse ( )
)Bs )
) )=

B12(B34523512) Bs6 (878867715 856715 B34 823 512) (Bas B34/523
B34523512) Bs6715 (87867856 Bas B34823512) (Ba5 534523
B34523512) Bs6 545 (78867 856 Bas 834023 812) (Ba5 534523

B2
B2

I e e e e e T T

257
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B12(B34523612) Bs6 345 (B78 P67 856 45 834845823 512) (B34 P23) =
B12(B3482312) B56 845 334878 B67856 Ba5 34523 312) (B34823) =
B2(B34823512) B56 845834 (878 67856 Ba5 34823 312) (131 823) =
B12(B34523812) Bs6 Ba5834(Br8 Be7 856 Ba5731 823 731 B12) B3
B12(B34523512) B56 845834 (878 B67 856 845523 834 23 f12) B2z =
B12(B34523812) Bs6 Ba5334323(B78 B67 856 45334323 812) P23 =
B12(B34523512) B56 845834523 (878 867856 345834 323 f12) f23 =
B12(B34523512) B56 845834523 (878 867856345834/ 712823) F12 =
B12(B34823812) (56845834523 712) (Brs B67 856 Bus 534523 512).

In what follows we will denote by 7 the tangent sheaf of P, by €2 the cotangent sheaf, and we will
use the shorthands

N T = (NT)eow, A ow=(\2) o).

The following formulae, due to R. Bott ([Bot57], [0SS11], [DG88]), will be useful:

(e (), q=0, k> -—p—1,
1, g=n—p, k=-n-1,
dime Hq( 2N T(k:)) - (15.15)
(Gt g=n, k<-n—p—1,
0, otherwise,
(k—HIZ p)(kpl), q=0, 0<p<n, k>np,
1, k=0, 0<qg=p<n,
dime H? (B2, \" Q(k)) = (15.16)
(E?ﬂfﬁ% g=n, 0<p<n, k<p-—n,
0, otherwise.

Consider Beilinson’s exceptional collection B := (O, 0(1),0(2),...,0(k — 1)) in D’ (P), with
P =P(V) (dimc V = k), and the well known Euler exact sequence, together with its exterior powers

0 ) V®O(1) T 0, (15.17)
0 T AV ®0O(2) NT 0,

0—— A" 1T —— A"V oo AT 0,

00— A 2T — AV 0% —1) O(k) 0.
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By Bott formulae (15.15)-(15.16), we deduce that both Hom®(O(h), A" T) and Hom® (/\h_1 T, (’)(h))

are concentrated in degree 0 and they have the same dimension (]Z) Hence, the short exact sequences
(15.17), together with the identifications

/\h V = Hom* ( /\ 'T) (Hom®) (/\h1 T, (’)(h)) ,

allow us to explicitly compute successive right mutations of the sheaf O: namely, for 0 < h < k — 1,

we have
Rioq)..o(h (/\ T)

Being the sheaf O(j) locally free, the functor O(j) ® (—) preserves the short exact sequences (15.17);
moreover, observing that

Hom(O(l), O(m)) = Hom(O(l + n), O(m +n))
for all I, m,n € Z, we deduce that for j <h <k —1

R0 4100 00) = (A" T()) 1 - L

COROLLARY 15.2. The central connection and the Stokes matrices of the quantum cohomology of
]P’(]f:_l, computed at 0 € QH*(IP) and with respect to a line £ with slope 0 < € < T, corresponds (modulo
action of (Z/27)*) to the exceptional collections

(0 N7 051 N7 (5 -2) o)

for k even, and

(0(57)-0(57) N7 (57) 0 (57) N7 (5) 060 A7)

for k odd.

PROOF. Denoting by o;; the inverse braid f;; ! from Theorem (15.2) and from Lemma (15.2), we
have that the monodromy data computed at 0 with respect to the line £ correspond to the exceptional
collection

B, 0:=(012023...0k—1)---(012023034045056)(012023034) 012
for k even, and to
B, 0:= (012023 . 0k_1) - - (012023034045)(012023)

for k odd. Using the previous observations, one obtains the collections above. [l

15.7. Reconstruction of the monodromy data along the small quantum cohomology,
and some results on the big quantum cohomology

From the partial knowledge of Corollary 15.2 we are able now to determine the monodromy data
at any point of the small quantum cohomology w.r.t. any line £, together with the corresponding full
exceptional collections. Notice that if we fix a line £ of slope ¢, the small quantum cohomology is de-
composed in open regions, namely the traces of the ¢-chambers. Accordingly to equation (15.12), these
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] H Slex \ Exceptional Collection \ Braid \
1 3 -3
0<3¢+%(t1) <7 ( 01 -3 ) (O(l),@(?),/\zT) id
0 0 1
1 -3 -6
<3¢+ %(tl) <27 ( 0 1 3 ) (0(1), /\1 T, O(Q)) w13
0 0 1
1 3 3
2 < 3¢ + %(tl) < 37 ( 01 3 ) (O, 0(1)0(2)) w1,3W2 3
0 01
1 3 —6
3T < 3¢+ C\\Y(tl) < A4r ( 0 1 -3 ) (O, 9(2), O(l)) w1,3W2 3W1 3
0 0 1

I -3 -3
dr < 3¢+ S(t!) < 57 (o 1 3 ) (A22(2),0,0(1)) (w13wn.3)?

0
1 -3 6
br <36+ S(t) <6r| [ 0 1 -3 (A?9(2),2(1),0) | (wr3w2,3)%w15
0 0 1

1 3 -3

6m < 3¢+ S(t!) < T ( 01 -3 ) (A2Q(1),\?0(2),0) | (wi3w23)°
0 0 1

TABLE 15.1. In this table we represent all possible Stokes matrices along the small
quantum cohomology of PZ, in ¢-lexicographical order for a line ¢ of slope ¢. We also
write the corresponding (modulo shifts) exceptional collections associated with the
monodrodmy data. Notice that the Beilinson exceptional collection 9B appears along
the small quantum locus: it is obtained from the one of Corollary 15.2 by applying the
braids W1,3W2 3.

regions are unbounded horizontal strips in the complex plane (0,¢2,0,...,0) € C, whose boundaries
are the lines

ren-Z—ko, where = S3(t?). (15.18)

For the points of this lines, £ is not admissible, and by the Isomonodromy Theorem 2.12 the monodromy
data are constant in each horizontal strip'. The data in different /-chambers are related by a braid:
let us explain this in more details.

If C; and Cy are two ¢-chambers, pick two points p; € C; and py € Cy and consider a piece of
straight line connecting them: the monodromy data, as functions on this closed interval, are discon-
tinuous at points corresponding to the intersections with the lines (15.18). This is due to the fact that
some Stokes rays cross the line ¢: the precise order? of these crossings give us the braids acting on the
data.

IFor simplicity we will call also these strips ¢-chambers, though they are the intersection of proper ¢-chambers with the
locus of small quantum cohomology.
2Recall that the Stokes rays must be labelled w.r.t. the lexicographical order in any ¢-chambers.
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Up to now we have fixed a line £ and considered the data in these “static” ¢-chambers. If we now
let vary the line ¢, say by increasing its slope ¢, then the ¢-chambers glide over the small quantum
cohomology, according to equation (15.18). Consider a point p € C1(¢), and let vary the line ¢ by
increasing its slope: the /-chamber C;(¢) glides towards $(#2) — —oo, so that, at the end of the
transformation of ¢, p belongs to another chamber, say C(¢') = C2(¢) — ¢ for some positive constant
c. The crosses with the (static) Stokes rays during the rotation of ¢ lead to the same braids obtained
from the point of view described in the previous paragraph (see also Section 2.3). In conclusion, if we
know the data at a point of the small quantum cohomology w.r.t. some line ¢, then we can reconstruct
the data at any point w.r.t. any line.

Starting from 0 € QH*(IP) with a line £ of slope 0 < ¢ < 7, we let increase ¢, so that the line £
rotates counter-clockwise. From the geometry of the disposition of the Stokes rays, it is easily seen
that the first crossing of Stokes rays is described as follows®:

e if k> 2 is even, the line £ firstly cross % Stokes rays (which coincide) and the corresponding
braid is

k
Wik = H Bi—1,i

=2
1 even

o if k> 3 is odd, then the line ¢ firstly cross £5! Stokes rays (which coincide) and the corre-
sponding braid is

k
Wk 1= H Bi-1,i-
i=3
i odd

The second crossing of the Stokes rays is instead:
e if k > 2 is even, the line ¢ secondly cross % — 1 Stokes rays (which coincide) and the corre-
sponding braid is

k—1
Wok 1= H Bi—1,i;
i=3
i odd
e if kK > 3 is odd, then the line £ firstly cross % Stokes rays (which coincide) and the corre-
sponding braid is

k—1
Wa g 1= H Bzel,z'-
=2
1 even
Furthermore, using symmetries of regular polygons (see Figure 15.3), it is easy to see that the braids
corresponding to subsequent crossings are alternatively wyj and wgy: in this ways, if we let rotate
counterclockwise the line £, and we have N crossings in total, the resulting acting braid is the compo-
sition
W1 kW2 kW1 kW2 K - - -
with N braids w’s in total. Notice that after a complete rotation of ¢, the resulting braid is

(w1 pwar)®,

which, accordingly to Lemma 2.5, is easily seen to be the be the central element (312,..., Bk_l,k)k,
using the braid Yang-Baxter relations.

3Products Hl;:a(. ..) with a > b must be set equal to the identity 1.
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7 Basfas 5

p 1253465622""--.._,.__‘4

FIGURE 15.3. Here we represent the action of the braids wq j,ws for 2 <k < 6. On
the left column the reader can find the canonical coordinates in ¢-lexicographical order
for £ of slope ¢ €]0; [. In the central column we represent the action of the braid wy ,
whereas in the right column the consecutive action of the braid wy .

THEOREM 15.3. The braids of Lemma 15.2, i.e.
BB" = Br2(B34823812)(B56845634523812) - - - (Br—1,kBk—2,6—1 - - - B12)

for k even,

BB = (B23B12)(BasB34P23512) - - - (Be—1kBk—2k-1 - - - B12)
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or k odd, which take the monodromy data computed at 0 € QH*® PEY) (w.r.t. a line o slope 0 < ¢ <
C
7) to the data corresponding to the Beilinson’s exceptional collection, are of the form

W1 kW2 kW1 kW2 K - - -

if and only if k = 2 or k = 3. Thus, they do not correspond to analytic continuation along paths in
the small quantum cohomology for k > 4.

PROOF. For k = 2,3 the braids 53’ are

wi2 = P12 and wi3wa3 = Ba3Pi2

respectively (see also Table 15.1). So, let us suppose that & > 4 and that 55’ can be expressed as a
product

W1,kW2 kW1 kW2 k- - - - (1519)
Let us start from the following observation: if a generic braid can be represented as a product of
positive powers of elementary braids 3; ;4+1, then any other of its factorizations in positive powers of
elementary braids must consist of the same numbers of factors (this follows immediately from the
relations defining the braid group B,,). Thus, the product (15.19) should be a product of
2

factors for k odd.

LN 2
<2> factors for k even,

We firstly consider the case k even: we are supposing the existence of a number n € N* such that the
product (15.19) contains n times the braid w; ; and n or n —1 times the braid wy ;. So, we must have

(k) (R
T2 —\2
for some n € N* and m € {n — 1,n}, so that
1
k= (n4m) £ S (4n+m)? - 16m)3. (15.20)
As a necessary condition we have that
4(n +m)? —16m, withm € {n—1,n}
must be the square of some integer. Since

e for m = n the number 16(n? — n) is a perfect square only for n = 1,
e for m =n — 1 the number 16(n — 1)2 + 4 is a perfect square only for n = 1,

accordingly to (15.20) the only possible value of k is k = 2. Analogously, for the case k > 3 and odd,
if we suppose that it exists a number n € N* such that the product (15.19) contains n times the braid
w1,k and n or n — 1 times the braid ws j, we necessarily must have

k—1 k—1 k*—1

n2+m2 1

k+1
:>n+m:%, with m € {n —1,n}.

with m € {n —1,n}

Thus, for any odd number k& > 3, we have found a composition of n times wy j and n or n — 1 times
wy , whose length equals the length of 54’. In particular, we have that

o if £ =4n — 1 then w; ; and wyj, appear the same number n = m of times;
o if £ =4n — 3 then w; ; appears n times and wy ; appears m = n — 1 times.
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Notice in particular that for £ = 3 we are in the first case, accordingly with what said at the beginning
of the proof. We want now to show that k = 3 is the only case in which the braid we have found is
actually 53’.

F1GurE 15.4. Configuration of the canonical coordinates, for k odd (k = 3,5,7,9)

after the action of the candidate braid wj yws . ... Notice that the final arrangement
of the canonical coordinates is (..., 1th7 cl).
ne

For this, notice that the braid 34’ takes the canonical coordinates in a ordered cyclic disposition
(u1,ug,...,ux) starting from 1 and going counter-clockwise along the regular k-agon formed by the
canonical coordinates (Remark 15.1): we will denote this arrangement by the k-tuple (1,2,3,...,k).
Instead, the product of w’s we have found takes the canonical coordinates in another disposition
(Figure 15.4): for example, the canonical coordinate u; is not taken in first position but in the n-th
in both cases kK = 4n — 1 or k = 4n — 3: the corresponding k-tuple is of the form

(...,n_lth,...).

Again we find that the only admissible case is n = 1, and so k = 3. This completes the proof. U

15.8. Symmetries and Quasi-Periodicity of Stokes matrices along the small quantum
locus

In this section we describe a curious property of quasi-periodicity of the Stokes matrices S computed
at a point of the small quantum cohomology of P w.r.t. all possible admissible lines £. Because of the
discussion at the beginning of the previous section, we can do the computation at any point, say, to
fix ideas, at 0 € QH*(P).

For this let us introduce a new labeling of Stokes rays which is useful for describing the Stokes
factors in which the matrix S factorizes. Let us fix an admissible line £ in C and choose an admissible
direction 7 in the universal cover R which projects onto ¢. We label the Stokes rays in R as follows:
the rays are labelled in counter-clockwise order (i.e. increasing the value of the argument) starting
from the first one in ILg; which will be Ry. In this way

ROv s 7Rk—1 - Hrighta

Ry, ..., Rop—1 C Ijeg.

The labeling is then extended to all integers, increasing the index in counter-clockwise direction, so
to obtain a whole family {R;};.,. For the choice of £ with slope 0 < ¢ < 7 we have that

the ray Rg projects onto Ry,

the ray Ry projects onto Ry j_1,
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where we use not the lexicographical labeling but the original one (see equation (15.12)). If we denote
by . the sector in R bounded by R;_; and R;, then .#; has angular width of 7+ 7 and consequently
there exists a unique genuine solution Z; of the system (15.5) with the required asymptotic expansions
on .. We define the Stokes factors to be the connection matrices K; such that

Ej+1 = EjKj jEZL.
In this way we have that
S=KyKy...Kr oK 1.
Moreover, notice that the first row of Z;(2) is equal to z%q>(z) so that
®,1 = PK;.
Notice that if
1 1 1 6% 2mi 1 e k-1 2mi
F(z) = —=——explkz), =——explke * 2),..., —=———— €xp ke® (F=1),
9= (i wti U et 2o )

is the row vector whose entries are the first term of the asymptotic expansions of an actual solutions
®(2) of the generalized hypergeometric equation, it is easily seen that

0 oo 1
F(ze® )=F(2)Tp, Tp= -1

-1 0
As a consequence, if ®,,(z) is the unique genuine solution of the hypergeometric equation such that
O, (2)~F(2) z— 00 z€Im,
then

27i 2mi

Dio(ze® )~ Fze® )=F(2)Trp 2z € S,
so that _
<I>m+2(ze%)Tﬁ?1 ~F(z) z€ Sy
By unicity, this implies that

2mi

Bppyo(ze ® TRt = ®(2) 2z €R.
We deduce from this identity the following properties of the Stokes factors

LEMMA 15.3. For any m,p € Z the following identity holds
Kpyop = TP K TR
ProOOF. We have from the definitions of the K;’s that
Bpi1(2) = B (2) Ky = Bppyo(ze )T Koy
= Opys(ze T ) Ky )T Koy
= P i1(2)Tr K, 5T K
Hence, K40 =T5 leT}. A simple inductive argument completes the proof. O

From this one can deduce the following
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THEOREM 15.4 ([Guz99]). Let £ be an admissible line, and let us enumerate the rays as described
above, and introduce the corresponding Stokes factors K;’s. The Stokes matriz of the system (15.5),
and equivalently of the hypergeometric equation (15.6), for k > 3, is given by

.k k
(KoK Tp')e T2 = T2 (T5 ' Ky—oKp_1)2, k even
S —
_ k=1 k=1 _
(KOKlTF_l)%KoTFQ ETF2 kal(TF_lKk,QKk,Q%, k odd.
Moreover, the two Stokes factors Ki_o and Kj_1 are given by:
e for k even we have

k .
(Kk:—Q)Q,l = - <1>a (Kk’—Q)jJ =1 fO’)” J= 17 ey k

k

j—3

)forj:3,...,l;—|—1

(Kk—2)jk—j+3 = (2

. k ) k
(Kr—1)jj=1forjg=1,....k (Kp-1)jk—jt2= (2(]. B 1)) for j = 2,005
and all other entries of Ky_o, K1 are zero.
e for k odd we have
k .
(Kk—2)21 = <1>, (Kk—2)jj=1forj=1,....k
k ) E+1
(Ki2) k43 = <2j i 3) forj =3, 5=
, k . kE+1
(Kk:—l)j,j =1 fO?”] = 1, ey ]{3, (Kk—l)j,k—j-‘rQ = (20 _ 1)> fOT] = 2, ey T

and all other entries of Ki_o, Ki._1 are zero.

With this results, we can now resume the symmetries and quasi-periodicity relations of the Stokes
matrices

THEOREM 15.5. Let p be a point of the small quantum cohomology ofIP’fé_l, let £(¢) be an admissible
line of slope ¢ € R at p, and denote by S(p, £)"® (or S(p, $)'®) the Stokes matriz computed at p, w.r.t.
the line ¢ and in £-lexicographical order.

(1) The Stokes matriz has the following functional form
S(to, $)'™ = S(Im(t) + k), te C.

(2) The Stokes matriz satisfies the quasi-periodicity condition

i lex
5(p,¢)lex~5<p,¢+ %) :

where A ~ B means that the matrices A, B are in the same (Z/27)*-orbit w.r.t. the action
of Theorem 1.2. Moreover

S(p, ¢)' = S (p, & + 2mi)'*™.
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(3) The entries
e i lex
S(p,¢)iip1 and S (p, ¢ + %
di+1
differ for some signs for all p € H2(Pfé_1; C), » e R and for anyi=1,...k—1. In particular,
the (k — 1)-tuple

(|Sw. 915, | St )53 .| S, )i 4]

does not depend on p and ¢. In particular, it is equal to
k k
NEE PR K

PRrOOF. The first point of the statement follows from the discussion at the beginning of Section
15.7. For proving the rest of Theorem, we can consider just the origin 0 € QH*(P) as point at which
we compute the monodromy data: for brevity, we will just omit the index p = 0 from the Stokes
matrix in the following formlulae. So, if we have fixed an admissible line ¢, and if S(¢£)!** is the Stokes

matrix in lexicographical form, then the matrix S (e% ¢)!** is nothing else than

(S(E)lex) or (S(z)leX)

Notice that if we label the Stokes rays as in the above discussion, then the Stokes matrix (not in the
upper triangular form) is given by

wiw?2 waw1

S() = KoK ... Kyp_oKj_1,

and for getting it in the lexicographical form we can just act by conjugation PS(¢)P~, for a unique
permutation matrix corresponding to the ¢-lexicographical order. Consequently, we have that

2w

S(eTﬁ) = KoKs... K K11,
and accordingly to the previous Theorem we can deduce that
_k k _k k
Ky =T?KoTp, Kpp=Tp>K\T3.

From now on, we will restrict to the case k even: the case k odd being analogous, we leave to the

reader the easy and necessary adjustments of the proof. Under this assumption we have
k

2mi

k
(et 0) = T2 (T7' KK )

k
_k EN 2
= TF (TngF 2K0K1TI§> ’

k
= TR (KoK T s

=T S(0)Tk.
If we want to put the matrix S (e%ﬁ) in lexicographical form, we have to conjugate it by a suitable
permutation matrix, say @ (corresponding to the lexicographical order w.r.t. the rotated line e 0):
S(eF 0> =Q -5 t)-Q!
= (QTF") - S(0) - (QTF") ™"
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From the uniqueness of the permutation P above, we deduce that P and QT ! must have the same
“shape”, namely:

P =0+ (QTz")i; =0,
and the other entries may differ by a sign. In other words we have that QTI;1 = diag(£1,+1,...,£1)-P
for some choice of the signs (in particular, there will be £ — 1 times entries (—1)’s and just one entry
(+1), as in the matrix T5'). This proves the first statement.
For the second statement, it is sufficient to prove it just for the choice of £ with slope 0 < ¢ < 7.
From the explicit expressions for the Stokes factors Kj_s and Kj_q of the previous Theorem, after
some computations, one finds that the entries in the first upper-diagonals of the matrix S (E)lex are

2

- (3)

L= -0+ 65 6)

i.e. along the diagonals we have the general form

165D —bE DA TR G — ()

1 (k—k2n) B (ll)
1 ~ (o)
1

forn =1,...,% — 1. Since the Stokes matrix S(e%ﬁ)lex is equal to (S(£)lX)w1 = Awt . §(f)lex . A1
where

AW — 1 (’;)
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we find that

e k: k
o\ lex _ M _
(S(e “0) )2i+1,2i+2 a <2i + 1> 1=0.y 2 L

(S(e%g)lex)zi,ziﬂ - (S(g)lex)2¢—1,2i+2 B (S(e)lex)zi—mi—l ' (S(e)lex)%,?ﬂr?
B k k k k k
- <2n — 1) (1) B <2n>+<2n — 1) (1)
B k
()

fori=1,..., % — 1. This completes the proof. (Il

and

COROLLARY 15.3. The Beilinson exceptional collection B corresponds to the monodromy data
computed at some point of the small quantum cohomology of P(]é_l if and only if k = 2, 3.

PROOF. Note that the inverse of the Gram matrix of the Grothendieck-Euler-Poincaré product,
which would coincide the Stokes matrix, has the following entries on the upper diagonal:

(—k,—k, ..., —k, —k).
0

REMARK 15.2. Note that the Corollary above cannot be deduced from Theorem 15.3. The reason
is that a priori the subgroup of By of braids fixing up to shifts the Beilinson exceptional collection 8B

{BEBk: %55%[m]}, m = (mq,...,my) € ZF,

could be non-trivial. In general, it is still an open problem to study transitiveness and freeness of the
braid group action on the set of exceptional collections. See [GKO04] fur further details.



CHAPTER 16

Proof of the Main Conjecture for Grassmannians

ABSTRACT. In this Chapter, using the Quantum Satake identification described in Chapter 4, we prove
the validity of Conjecture 14.2 by using the results of the previous Chapter. In particular, we show
that the monodromy data computed at the points of the small quantum cohomology, w.r.t. an oriented
line ¢ in the complex plane, are the prescribed geometric data associated with an exceptional collection
which can be mutated into the Kapranov exceptional collection twisted by a line bundle (Theorem
16.1).

In what follows we will adopt the same notations of Chapter 4. In particular,

r, k will be natural numbers such that 1 <r < k.

We will denote by P the complex projective space IP’fé_l;

G will be the complex Grassmannian G(r, k) of r-planes in C¥;

o € H?(P;C) will be the generator of the cohomology of P, normalized so that

/ak_l =1.
P

o will denote the A-th Schubert class of G, identified with

Onjtr—1 N Aoy, € /\TH.(IP;(C),

through the identification (j o ©¥).

16.1. Computation of the fundamental systems of solutions and monodromy data

In all this Chapter, if V' denotes a complex vector space and ¢ € Endc(V'), we denote by A"¢ €
Endc(A"V) its r-exterior power: if a basis (v1,...,v,) of V is fixed, and if A denotes the matrix
associated with ¢, then the matrix A" A associated with A"¢ is the one obtained by taking the r x r
minors of A (also called r-th compound matrix of A, see [Gan60]). The entries are disposed according
to a pre-fixed ordering of the induced basis (v;, A--- Av;, )1<i;<..<i,<n Of A" V. Notice that a natural
ordering for the induced basis is the lexicographical one.

In practice, the space V' will be intended to be the classical cohomology space H®(P;C), and its
r-th exterior power will be identified with the classical cohomology space H*(G(r, k), C) through the
identification (jod) described in Chapter 4. In particular, any ordering of the normalized idempotents
vector fields (and consequently of the canonical coordinates) for P induced a natural lexicographical®
order for the normalized idempotents (and of canonical coordinates) for G.

LCaveat lector: do not confuse this lexicographical order with the one induced by the choice of an admissible line /.

270
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PROPOSITION 16.1. Let ZF(z,t2) be a solution of the system of differential equations (15.1)-(15.2),
i.e.

9 2 2) = LBV ZP 1), ) = (o), (16.1)
%z (2,12) = (uP(t2) 42 i )ZP(z,tZ). (16.2)
Then, the r-exterior power
2%(z,8%) = N\ (Z°(2, 8 + (r — D)) (16.3)
defines a solution of the system corresponding to the Grassmannian G, namely
%ZG(Z t%) = 2C5 (t*) Z%(2,1%), C5(t?) := (01)03,, (16.4)
0 1
= 75, = (UG(t2)+ £ >ZG(z,t2). (16.5)

Furthermore, if Z* (2,t%) is in Levelt normal form at z = 0, then also (16.3) is in Levelt normal form
at z = 0.

PROOF. Let us notice that

(ZIP’)gl1 o (25
o r k :
@( o ZZ et | Xp( ZIP’)B1 S Xp(ZB)G . X(z,t%) = 2CE.
P (e73 [P; (679
(z )51 (Z2%)5, (z,t24mi(r—1))

Using the results of Corollary 4.4, the r.h.s. is easily seen to be equal to
A
(2C5 (%) 25, t2)>B .

Analogously, we have that

Zhg .. (25
9 ,G\A L E ¢ : ¢
%(Z (tQ):ZM det | W (Z5)5, ... Wi (ZP)f, ,
Z, a=1 /=1 . .
]P;ar I[;)ar
(23 (255! (2,82 4mi(r—1))

where we set W (z,t?) = (L{P(tQ) +1 MP). Using Proposition 4.2 and Corollary 4.4, one identifies the
r.h.s. with

(uG(tQ) + i;ﬁ) : ZG(z,tQ)r

B

For the last statement, notice that if

ZP(2,12) = ®(z,12)2# 21OV (=2, 1) TP D (2, 1%) = o,
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then using the generalized Cauchy-Binet identity for the minors of a product, and invoking Corollary
4.2, Corollary 4.3 and Proposition 4.2, one obtains that

ZC(2,1%) = EIv>(z,t)z"‘Gzcl((G’)U(*), (=2, 1) 'n%®(2, %) =, B(2,%) = /\T O(z, 2 + mi(r — 1)).
This concludes the proof. O

COROLLARY 16.1. Let Zg,p(z,ﬂ) be the restriction to the small quantum locus of the topological-
enumerative solution of P. Then, the topological-enumerative solution of G, restrictedd to the small
quantum cohomology is giuen by

top 2 t2 </\ top z,t2 + mi(r — 1))) . e~ Tilr=1)o1U(=)

PROOF. According to Proposition 3.1 and Proposition 3.2, we have
Ziop(2,17) = O]

b (% t2)zupzcl(P)U(*)7

and @top is characterized by the fact that
z7H @Itpop(z t2)z“ = exp(t )+ ZA 2", A; € gl(k,C).

Hence, from Proposition 16.1, we deduce that
(/\r ZE)p(z, t2 + mwi(r — 1))) = H(z, 152)2'”(@201(G)U(*)7

where
k
P H(z, t2)z“ = exp((t? + mi(r —1))oy U ( —i—ZA’ ‘ Ageg[<< >,C>,
r

by Proposition 4.2 and Corollary 4.3. Using Proposition 3.2, we conclude. U

Let us consider a fixed determination ¥F(t?) of the W-matrix for P along points t?c € H?(P;C)
of the small quantum cohomology. By point (3) of Corollary 4.4, a determination of the W-matrix for
the Grassmannian G is given by the r-exterior power

WE(1%) = i) \" O (2 4 mi(r — 1)), 201 € H*(G;C). (16.6)

If we set YF/G .= @F/CG. ZP/G we can consider the corresponding systems of differential equations
(2.24). The following results establish the relationship between the solutions of these differential
systems, and their Stokes phenomena.

PROPOSITION 16.2. Let £ be an oriented line in the complex plane, with slope ¢ € [0;27[, admissible
at both points
p:=t’o; € H*(G;C), p:= (t*>+mwi(r —1))o € H*(P;C).
Let us denote by Yfzgal(z u) the formal solutions of the differential systems (2.24) associated to the
quantum cohomology of P and G, respectively. If Ylglft /Ii/g Et
uniquely characterized by the asymptotic expansion

k),P/G P/G 5
lc(sft)/ri{ght(z ’LL) ~ Y%m(mal(z’ U), ‘Z| — 00, ZE€ €2T”kﬂleft/right(¢)7

(z,u) denote the solutions of these systems,
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uniformly in u, then we have the following identifications:

Y:f((();rmal(z’ u(p)) = /\ }/}Ermal(z7u(ﬁ))7
legt/right(z’ u(p)) = /\ }/lfft/right(z’u(ﬁ))'

PROOF. The claim immediately follows from identity (16.6), Proposition 16.1, and from the simple
observation that

A

exp(=U” (5)) (1 Y ;Ah)

h>1

= exp(2U%(p)) (Il +> ZlhA%) )

h>1

COROLLARY 16.2. If ¢ is an oriented line in the complex plane, with slope ¢ € [0;2x], admissible
at both points
p:=t?0, € H*(G;C), p:= (> +mi(r —1))o € H3(P;C),
and if
SE@;0), CWF(p;0),  S%(ps0), CWE(p;0)
denote the Stokes and Central connection matrices of P, and G respectively, computed at a point p,
and p respectively, w.r.t. the oriented line £, then the following identities hold true:

9w = N 8700, CWpi) =i @ (AW (pi)) - mOmDnVO),

In particular, if the canonical coordinates (ui)le of P are in {-lexicographical order, then the induced
lezicographical order of canonical coordinates (u;, + - - + wi, )i<ij<.<i,<k of G is a {-triangular order
in the sense of Definition 2.17.

16.2. Reduction to (twisted) Kapranov Form

PROPOSITION 16.3. Let (V,(-,-)) be a Mukai lattice of rank k, and define a Mukai structure on
the free Z-module \"V by setting
(ar, O‘J>/\r := det (<aih7 aje>)1§h,£§r )

where ay = oy, N Noy,, with1l <143 <--- <1, <k, and analogously oy denote two decomposable
elements. If (g;); and (&;); are two exceptional bases of V' related by the action of a braid in By, then
the exceptional bases (e1); and (£1); of A"V, obtained by lexicographical ordering, are in the same

orbit through the action of braids in B(k) and (Z/QZ)X(S.

PROOF. It is clearly enough to prove the statement for two exceptional bases of V related by the
action of an elementary braid. Let us suppose, for example, that the exceptional bases of V'

(517--~7€i75i+17---;5k)7 (51,...,€Z‘+1,§Z‘,€i+2,...,Ek), éi = Ra,-.HEiv
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are related by the action of the elementary braid o;;41. Let us now consider the exceptional bases of
ATV obtained by lexicographical ordering. The elements of the second basis can be classified in three
different types:

(1) those of the form e; with €, ¢ {€i11,&;} forall h=1,...,7r,

(2) those of the form (--- Aegip1 AEA...),

(3) and those of the form

/—1 r
(/\ E]ﬁ) NE; N /\ €ja | » (16.7)
a=1 a=/(+1
for some /.
Using the definition R.,, & := ¢; — (&, €i41)€i+1, it is evident that for the elements of the class (2)
the following identity holds:
NI NEN = NI ANE N :*("'/\si/\SiJrl/\...).

Consequently, they are the opposites of elements of the first exceptional basis. For the elements of the
class (3), notice that all the elements between the first one of the type (16.7), and the corresponding
one obtained by replacing &; with €;,1, are of the form

/—1 r
(/\ Em) Nein A N ena |
a=1 a=/0+1

with jo = hg fora e {1,...,0 —1}U{l +1,...,n}, and juy1 < hpt1, for some n € {£+1,...,r}. The
scalar product of these elements with the first element (16.7) is given by the determinant

Dy | Dy \
det( 0 D3>—0,

since the matrices Dy, D3 are upper triangular, diag(D1) = (1,...,1,(€;+1,&;)) and D3 has at least a
zero element on the diagonal (at least (D3)p41n+1 = 0). Hence, we can successively mutate the first
element (16.7) on the left, till we obtain the following configuration of exceptional basis:

-1 r /-1 r
..,(/\Eja>/\€i+1/\ /\ €ja ,(/\Eja>AE~Z‘/\ /\ Eja |-+~
a=1 a=0+1 a=1 a=/(+1

Ait1 A;

At this point, notice that

/-1 r
AZ’ = Ai—i—l — <Ai,Ai+1>ATAZ’+1, A; = (/\ 5]};) VANEAN ( /\ 5ja) s
a=1 a=/(+1
since (A;, Aiy1)" = (gi,€i+1). The procedure continues and iterates with the new first term of the
type (16.7). At the end of the procedure, one obtaines a factor decomposition of the braids taking the
second exceptional basis into the first one (modulo signs for elements of the class (2)). Notice that
elements of the class (1) do not mutate. O

EXAMPLE 16.1. An example will clarify the procedure. Let us consider the case (1, k) = (3,6) and
let (e1,...,€6) be an exceptional basis of V. Through the action of the braid o93 we obtain a new
exceptional collection

(51, €3, 52, €4,€5, 86).
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By lexicographical ordering, from the first basis we obtain the exceptional basis
€123, €124, €125, €126, €134, €135, €136, €145, €146, €156, €234, €235, €236, £245, (16.8)

€246, €256, €345, €346, €356, £456-

Analogously, from the second basis we obtain the exceptional one
€133, €134, €135, €136; €134> €150 €136) €145, €146, €1565 €334 E335: €336, €345, (16.9)

€346, €3565 €345, €346> €356 €456-
We want to determine the transformation which transform (16.9) into (16.8). In red we have colored
elements of the class (2), in blue the elements of the class (3). Black elements are in class (1).
Notice that red elements are just the opposite of the corresponding elements in (16.8) obtained by the
exchange (3 — 2,2 — 3). Let us now start with the first blue element, i.e. €;5,: we have that

(e135,€134) =0, (c136,€134) = 0.
Hence, by acting on (16.9) with the braid S45034, we obtain

—€123, €134, €154, €135, €136, - - -

Acting now with the braid (23, we obtain

—€123, €124, €134, €135, €1365- - - -

We can continue with the next blue element, i.e. €55, till we obtain the sequence

—€123, €124, €125, €134, €135, €136, €136y« - -

By iterating the mutation procedure of the next blue elements, we arrive at the exceptional basis
(16.8) (modulo signs of the red elements).

The following computation already appears in the papers [GGI16, GI15], although only for the
class fzg

LEMMA 16.1. The following identity holds true:
(j o9) [[% U Ch(s"8Y)| = (2mi)~(Glem=Dr A TF U Ch(O(un + 7 — ).
h=1

PROOF. As in Section 4.2.1, denote by 1, ..., z, the Chern roots of the bundle SV on G. Starting
from the generalized Euler sequence

08— 0" =90,
and applying to it the tensor product ¥ ® —, in the Grothendieck group K(G) we obtain the identity
[TG] =[SY ® Q] = k[SY] - [S¥Y ® S].
Hence, by the multiplicative property of the fi—classes, we obtain
L T(1 £ xy)F

rt= .
© 7;1};:[1 F(l:l:LUZ:F.’Eh)
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Notice that

r

[I Ttz Fan) = [ TQ 2 Fap)D(1F 2+ ap)
i,h=1 i<h

. 27T’i(l'i - .Z‘h)
- H emi(zi—zn) _ emi(zh—u;)

i<h

eﬂ'i(:r:i +xp)

= mi)&) T] (@i —an) [] Zniwi _ g2mian

i<h i<h
— (970 (5 Li — Zh (r—1)mi
- (27-”)(2) (H e2miz; _ eQﬂ"i:Eh) € " 017
i<h
where for the last equality we used the fact that {z; + x5}, are the Chern roots of A28V, so that
H emil@itan) _ exp | wi Z T + 1
i<h i<h

(res ("))

(mi(r — D)1 (SY)) .

exp
exp

We have thus obtained the formula

,\ r . 627ri:v¢ _ 627|'i93h T
% = (2mi)~Ge Do [T =" [T (1 £ 2)". (16.10)
i<h  TiT TR 4

At this point, if we recall that the Chern character defines a morphism of rings, from the definition of
Schur polynomials, we obtain the identity

det<e2ﬂ'ixi(uh+r7h)>i B
Hi<h e2mix; _ o2mizy :

The claim follows from equations (16.10) and (16.11). O

Ch(StSY) = (16.11)

THEOREM 16.1. The central connection matriz, in lexicographical order, of QH®*(G), computed at
t =0 w.r.t. an admissible oriented line £ is the matriz associated to the morphism g : Ko(G) @ C —
H*(G;C) w.r.t. an exceptional basis of the Grothendieck group Ko(G), related by suitable mutations

and elements of Z(I:) to the twisted Kapranov basis
v — 2 ov
(8" ®.2),, £ :=det(\"SY).
In particular, the Conjecture 14.2 holds true.

Proor. If C is the matrix associated with the morphism /I, w.r.t.

e the Beilinson basis ([O],...,[O(k — 1)]) of Ko(P) ® C,
e the basis (1,0,...,0" 1) of H*(P;C),
then by Corollary 4.3 and Lemma 16.1 it follows that the matrix

i—(3) (/\’" o) emi(r=1o1u(=) (16.12)
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is the matrix associated? with g wr.t.

o the twisted Kapranov basis ([S'S¥ ® 7)) ,,
e the induced Schubert basis (o).

The line bundle .Z is uniquely determined by its first Chern class ¢;(-¢) = (r — 1)o1, by point (4) of
Corollary 13.1 (or even because G is Fano). Thus, by Corollary 14.1, it follows that the association

(A Kol A7) = (Kal@)x®): A [0 +r— )] =+ (88" & 2],
h=1

defines an isomorphism of Mukai lattices. By Proposition 16.3, the claim follows. U

16.3. Symmetries and Quasi-Periodicity of the Stokes matrices along the small
quantum locus

We conclude this Chapter with the following result, concerning the symmetries and quasi-periodicity
properties of the Stokes matrix S of QH®(G) computed at points of the small quantum cohomology.
It is an immediate consequence of the analogous properties of the Stokes matrix for QH*(PP) and of
Corollary 16.2.

THEOREM 16.2. The Stokes matriz S, k) (p, ), computed at a point p > H?(G;C) w.r.t. an
admissible line £ of slope ¢ € R and in £-lexicographical order, satisfies the following conditions:

(1) it has the following functional form
S(G(r,k) (tal, gb) = S(Imt a4 k(b),
(2) it is quasi-periodic along the small quantum locus, in the sense that

27
S rk) (D> D) ~ Sg(rk) (Z% ¢+ T) ;

where A ~ B means that the matrices A and B are in the same orbit under the action of
k
(Z/2Z)(r). Moreover, we have that

Se(r) (D, @) = Sg(rk) (P, ¢ + 2mi) ;
(3) the upper-diagonal entries

i
Serk)(P; D)isit1s  Sark) (p, ¢+ ?)
6641

differ for some signs, and we have that
k k
15G(rk) (P, D)iit1| € {<1>,. e (k - 1) } U {0} .

From this Theorem, Corollary 15.3, Proposition 14.1 and from Lemma 16.1, we finally deduce the
following result.

2Note that the numerical factor i in (16.12) is exactly with d = r(k — ), since r = 2 (mod 2).
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COROLLARY 16.3. The Kapranov exceptional collection (S*SY)y, twisted by a suitable line bundle,
is associated with the monodromy data of G(r,k) at points of the small quantum locus if and only
if (ryk) = (1,2),(1,3),(2,3). In this cases, the line bundle is trivial, and the Kapranov collection

coincides with the Beilinson one®.

26Notice that G(2,3) = P((C*)Y) = P2 by duality.
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Non senza fatiga si giunge al fine

Girolamo Frescobaldi,
Toccata IX



A

Examples of Cell Decomposition

ExaMPLE A.1. Let
A(t) = dlag(ul (t)’ u?(t)a u3 (t)) = dl&g(O, t, 1)
In this example, the coalescence locus in a neighbourhood of ¢t = 0 is {0}, while the global coalescence
locus in C is {0,1}. At ¢ =0 we have
arg(u1(0) — u3(0)) =arg(0—1),  arg(us(0) — u1(0)) = arg(1 — 0).
We choose arg(1) = 0, arg(—1) = w. This implies that an admissible direction 7 such that n — 27 <
arg(u;(0) — u;(0)) < n must satisfy

n—2r<0<n, n—2r<mT<n - T <n<2m.
Therefore T = 37/2 — n satisfies
T ™
- <T< 2
2753

— At t #0: u1(t) = u1(0) and wuz(t) = uz(0), and
arg(u1(t) — uz(t)) arg(—t),  arg(ua(t) —ui(t)) = arg(t),
(t) —ug(t)) = arg(l — 1), arg(ua(t) — us(t)) = arg(t — 1).

arg(u3
We impose:
n—2m <amg(—t)<m, -2 <arglt) <n,
¢
n—2r <arg(t) <n—m out n—mw <arg(t) <.
The above gives the 2 cells of U, (0) for ey < 1.
(=) = {t €Upg(0) | 1 — 2w <arg(t) <n—7},  e(+) = {t €Uy (0) | 1 — 7 < arg(t) < n}.

Since u(t) is globally defined (and ¢t = 1 is another coalescence point), one can globally divide the
t-plane into cells. Accordingly, we also impose the condition

n—2r<atg(l—t)<n,  n-—2r<arg(t—1)<mn,

)
n—2r<arg(t—1)<n—m out n—mw <arg(t—1)<n.
Therefore, the ¢ plane is globally partitioned into 3 cells by the above relation, as in figure A.1.

EXAMPLE A.2. Let
At) = diag(ul(t),ug(t),m(t),U4(t),U5(t)) = diag(O, t, te'z, te', tei%ﬂ).

The coalescence locus is ¢t = 0. The admissible direction 7 can be chosen arbitrarily, because A(0) =0
has no Stokes rays. Once 7 is fixed, we impose n — 27 < arg(u;(t) — u;(t)) <n. Thus, for 0 <1,k < 3:

n—2m < arg(te’2®) <n, n—2r <arg(—te'2¥) <n, n-—2r <arg (t(eigl - eigk)) <.
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Cell 1

FIGURE A.1. Cell partition (Cell 1,
Cell 2, Cell 3) of the t-sheet n—2m <

arg(t) <nand n—2r < arg(t—1) < FIGURE A.2. The cells of
n. The neighbourhood U, (0) (the U, (0) of Example A.2.
disk) splits into two cells ¢(+) and
c(—).
t, real
Al 4=0 hyperplane
hyperplane i ZIZ\A X(T) X(t)
X(’C) X(T) t; imaginary
X(t) X(7)
x
A
treal

Ficure A.3. Example A.3, with n = 37/2. The horizontal plane is t; € C. The
vertical axis is t2 € R. The thick lines t; = to (real) and t; = 0 (t2 real) are the
projection of Acz2. The planes (minus A) are the projection of the crossing locus
X (7). The full planes (which include the thick lines) are the projection of W (7). They
disconnect {t € C? | t5 € R}.

The first two constraints imply

n—27r—gk<argt<n—7r—gk, or n—ﬂ—gk<argt<n—gk.

By prosthaphaeresis formulas we have e'3! — ¢'3F = 2; sin 5 (I — k) ¢'T(+F)  Therefore, the third
constraint gives

n—27r—£(l+k‘)<argt<n—7r—%(l+k), or n—ﬂ—%(lJrk)<argt<n—%(l+k).
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It turns out that the cell-partition of U, (0) is into 8 slices of angular width 7/4, with angles determined
by 7. See figure A.2.

EXAMPLE A.3. We consider t = (t1,t3) € C? and A(t) = diag(0,t1,t2). The coalescence locus can
be studied globally on C2:

Ape ={t€C? |t =t} U{t €C? | t; =0} U{t € C* | ta = O}.

This is the union of complex lines (complex dimension = 1) of complex co-dimension = 1. In particular,
t = 0 is the point of maximal coalescence. A(0) = 0 has has no Stokes rays, thus we choose 7 freely.
The cell-partition for a chosen 7 is given (see previous examples) by:

n—2r <arg(t;) <n—m, or n-—mw<arg(t) <n, 1=1,2,
and
n—2m<arg(ty —ta) <m—m, or n—mx<arg(ty—ts) <mn, i=1,2.
In figure A.3 we represent the projection of C? onto the subspace {t € C? | to € R}, for the choice
n = 3n/2. The two thick lines
t1 = tg real, t1 = 0 with £ real,

are the projection of Ac2. The following planes, without the thick lines,

3 3
{t | arg(t; —ta) = g or 777 mod 271} U {t | arg(ty) = g or g mod 271}
are the projection of the crossing locus X (7). The planes, including the thick lines, are the projections

of W(r).



B
Central Connection matrix of G(2,4)

We report the explicit values for the columns of the central connection matrix C' = (Cj;), computed
in Section 11.3.3, where v is indicated. The correct value is v = 6 (v was first introduced in (11.28)).

1
2+/cm?
4y+im
2+/cm?
48~y +24iym—5m?
12¢/cm?
Cip = 4872+2>4€yﬂ'+7772 ;
12+/cm?
643 +48ivy2 T4y +3im3 —4((3)
6+/cm2
76872 +768iv3 1+9672 w2 +144iym3 — 7t —48(4y+im)((3)
72/cm?

1
2./cm?
4y+im
2+/cm?
4872 +24iym T
12¢/cr?
Ciz = 4872+2>4€y7r—5772 ;
12+/cm?
643 +48ivy2 T4y +3im3 —4((3)
6+/crm?
76872 +768iv3 1+9672 w2+ 144iym3 — 7t —48(4y+im)C(3)
72/cm?

1
4./cm?
—2y—im
2+/cm?
—48+v2 —48iyn+1172
24/cm?
Ciz = —4872—4\8[1'7“11”2 ,
24+/cr?
2¢(3)— (2y+im) (4y—+in) (4y+3in)
6+/cm2
— 76874 —1536iv> m+105672 72 — 2374 +96im( (3)+96 (3im3+2¢(3))
144+/cm?

v—1
4./cm?
2y(v—1)+im
2./cm?
4872 (v—1)+48iyr+(v+11) 72
24./cm?
Cis(v) = 4842 (v—1)+4\8€yﬂ'+(v+11)7r2 :
24+/cm?
3273 (v—1)+48iv?7+2v(v+11) 72 —3im3 —2(v—1)¢(3)
6+/cm?
7687 (v—1)+1536i7°1+967% (v+11) 72 — (v+23)7* —96im((3)+967( —3im> —2(v—1)((3))
144./cn?

284




B. CENTRAL CONNECTION MATRIX OF G(2,4) 285

5
4/cm?
10\7@@'#
2+/cn?
240~2+48iyr 41772
24./cm?
Cia(6) = 2402 +-48iym 4172 ;
24\/571'2
16073 4-48iy2w+34yw2 —3in3 —10¢(3)
6+/cm?
384074 +1536iy3m+1632y2 72 —288iym3 —2974 —9607((3)—96im¢(3)
144+/cm?

1
4./cm?
\; 2

CT

48~2 412

24/cm?

Cis = 48~v2+n? )
24+/cr?

—(3)+1673 47>

3y/cm?

_ 1929¢(3)—768y*+n*—96~%n2
144/cr2

_1
4./cm?
ytimw
Ver?
4872 4-96iyT—47m>

24+/cm?
Cis = 48~2 4 96irym—AT72
24+/cm?
(y+im) (dy+3im) (4y+5im)—C(3)
3y/cm?
76872 +3072iv3 m—451272 72 —2880iy w3 +67174 —192(y+im)((3)
144+/cn?

We report now the entries of the matrix C}Eap whose columns are given by the components of the
characteristic classes

~ D (6) UCh (8)(8")))

4mc2

the order of the column is given by A=0, A=1, A=2 A= (1,1), A= (2,1) and A = (2,2).

(Ciap) 0 = 1 \/;Q )

NG
—((3)+1673+~7
3y/cm?
_1929¢(3)—768~* + 71 —96y2 72
144+/cn?
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_ 1
2+/cm?
dy+im
2+/cm?
2y(2y+im) 5
2 12

o=\ - %
( Kap)l:‘_ M;ZTF)_A'_% )

s

Ve
643 +48iy2m4-dym2 +3im3 —4((3)
6+/cm?
7684+ 768iv3m+9672 w2+ 144y — w4 —48(4y+im)¢(3)
72¢/cm?

3
4./cm?
3(2y+in)
24/cm?
6y(y+im) 19
_x2 8

C
o = 6y (y+1 13
(Ckon) o 1 ,
NG
3273 4-48iv2m—6ym2+5im3 —2¢(3)
4 3 2y/en?
. g 2 .
_6’72""%""32%4'101‘77"4‘%_2(27-“;)4(3)

\/E s

1
4./cm?
2ytim
2+/cm?

2y(y+im) 11
72 24

-\ Ve
(CKap) H - w — % y
C
(2y+im) (4dy+im) (dy+3im)—2¢(3)
6+/cm?
76871 +1536iv3m—1056y2 72 —288iym3+2371—96(2y+im)((3)
144+/cn?

1
2+/cm?
4y+-3im
2+/cm?
2v(2v+3im) 29
2 12

— _ Ve
(CKap>B:| = 27(21-{317() _% R

NG
(4y+im) (4dy+3im) (4y+5im)—4¢(3)
6+/cm?
768~v442304iv3 w1 —2208~2 72 —720iyn3 +-4T7* —48(4y+3i7)((3)
72+/cm?

1
4./cm?
Yyt
Ven?
2y(y+2im) 47

2 24

_ N\ Ve
(CKap)HE‘ = HEE S,

NG
(y+im) (4y+3im) (4y+5im) —¢(3)
3y/cm?
76874 +3072iy3 m—4512y2 72 —2880iym3 +671m —192(y+im){(3)
144+/cm2
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By application of the constraint

5 (Cﬁap) -1 e~ miRe—min, 1 ((Cﬁap)T)_l ’

we find
1 -4 6 10 —20 20 1 4 10 6 20 20
0 1 -4 —4 16 —20 01 4 4 16 20
g _|0 0 1 0 -4 6 g1 _| 00 1 0 4 10
Kap 0o 0 0 1 -4 10 |’ Kap 00 0 1 4 6
o0 0 0 0 1 —4 00 0 0 1 4
0 0 0 0 0 1 00 0 0 0 1

Now, S}Z;p coincides with the Gram matrix (x(Ei, Ej)), ; of the Kapranov exceptional collection.



Tabulation of Stokes matrices for G(r, k) for small %k

In this appendix we tabulate all the Stokes matrices computed along the small quantum cohomol-
ogy of Grassmannians G(r, k) for £k < 5, w.r.t. an oriented line of slope ¢ € R, and for a suitable choice
of the branch of the W-matrix. From this tables, the quasi-periodicity properties proved in Section
15.8 and Section 16.3 are evident. The matrices are obtained in the following way: the matrix S for
PE~! with 0 < Tm(t) + k¢ < 7 is the one computed by D. Guzzetti in [Guz99]. The other Stokes
matrices of P(’(“:_l are obtained through an action of the braids wy ,ws . described in Section 15.7. The
Stokes matrices for G(r, k) are obtained by applying Corollary 16.2. Colors keep track of the shifts
of the quantum Satake identification: a matrix in the r-th column is the r-th exterior power of the

C

matrix in the first column and of the same color.

TABLE C.1. Case k =2

Pg

0<Im(t)+2¢p<m

(

1
0

2
1

)

m<Im(t+2¢) < 27

(

1
0

-2
1

)

TABLE C.2. Case k=3

FZ G(2,3)
1 3 -3 1 3 -3
0 < Im(t) + 3¢ < 7 (0 1 3) (0 1 3)
00 1 0 0 1
1 -3 -6 1 3 6
m < Im(t) + 3¢ < 21 (0 13 ) (0 1 3)
0 0 1 0 01
1 3 3
27 <Im(t) + 3¢ < 3w (O 1 3)
0 01
1 3 —6
3 <Im(t) + 3¢ < 4w ( 0 1 -3 )
0 0 1
1 -3 -3
4 <Im(t) + 3¢ < 5w ( 0o 1 3 )
0 O 1
1 -3 -6
5m < Im(t) + 3¢ < 67 (0 1 3 )
0 0 1
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C. TABULATION OF STOKES MATRICES FOR G(r,k) FOR SMALL k

=4

TABLE C.3. Case k

— — —
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Im(t) + 5¢ Pg G(2,5)
I 10 -5 -15 —5 10 40 75 325 —50
0 1 -10 -45 —5 50 225 435 1990 -325
00 1 5 0 -5 -25 —45 —225 40
(1) ? __150 :32 411(5) o0 0 1 0 0 -5 0 -45 15
10: [ 00 1 10 s 00 0 0 1 —10 —45 -95 —435 75
’ 00 o 1 s o0 0 0 0 1 5 10 5 ~—10
00 o0 o 1 o0 0 0 0 0 1 0 10 -5
o0 0 0 0 0 0 1 5 -5
o0 0 0 0 0 0 0 1 -10
00 0 0 0 0 0 0 0 1
1 —10 —95 —40 —45 —435 —185 75 50 175
0 1 10 5 5 5 25 -10 -10 -50
o 0 1 5 0 5 25 -5 -25 —185
R o0 0 1 0 0 5 0 -5 —40
|- 2n 00 1 10 s o 0 0 0 1 10 5 -5 -10 -75
’ o0 o0 1 s o0 o0 0 o0 1 5 —10 —-50 —435
o o0 o o 1 o 0 0 0 0 0 1 0 -10 -9
o0 0 0 0 0 0 1 5 45
o0 0 0 0 0 o 0 1 10
0.0 0 0 0 0 0 0 0 1
1 10 5 -15 5 —10 40 —75 325 50
0 1 10 -45 -5 —50 225 —435 1990 325
00 1 -5 0 -5 25 —45 225 40
(1) ? __150 :gg :4113 o0 o0 1 0 0 -5 0 —45 -15
|2: 3] 00 1 10 s 000 0 0 1 10 -45 95 —435 75
’ o0 o 1 s 00 0 0 0 1 -5 10 -5 -10
oo o0 o 1 o0 0 0 0 0 1 0 10 5
o0 0 0 0 0 0 1 -5 -5
00 0 0 0 0 0 0 110
00 0 0 0 0 0 0 0 1
1 -5 —45 -15 35
0 1 10 5 -15
|13m; 4m] 0 0 1 10 —45
00 0 1 -5
o0 0 0 1
1 10 5 15 -5 —10 40 75 —325 —50
0 1 10 -45 5 50 -—225 —435 1990 325
0 0 1 -5 0 5 -25 —45 225 40
0o 0 0 1 0 0 5 0 —45 -15
;5] 0 0 0 0 1 10 -45 95 435 75
’ o 0 0 0 0 1 -5 —10 50 10

0

0
0
0
0

0

0

0

0
0
0
0

—10

-5

0

-5

-5

10

TABLE C.4. Case k =5 (first part)
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Im(t) + 5¢ G(3,5) G(4,5)
1 10 5 -5 —-10 -7 —15 —40 —325 50
0 1 5 —10 —50 —435 —45 —225 —1990 325
0 01 0 —-10 —-95 0 —45 —435 75
o0 0 1 5 4 5 25 225 —40 é _15 Io5 _9450 _1450
00 0 0 1 10 0 5 50 —10
10; | 000 0 0 1 0 0 5 _5 00 110 =5
0 0 0 O 0 0 1 5 45  —15 8 8 8 (1) _15
00 0 0 0 0 0 1 10 -5
0 0 0 0 0 0 0 0 1 —-10
00 0 0 0 0 0 0 0 1
1 10 —45 95 —435 —75 —40 185 50 175
0 1 -5 10 -50 —10 -5 25 10 50
0 0 1 0 10 5 0 -5 —10 -75
o0 0 1 -5 -5 =5 25 25 185
e, 00 0 0 1 10 0 -5 —50 —435
’ 00 0 0 0 1 0 0 -5 —45
00 0 0 0 0 1 -5 =5 —40
00 0 0 0 0 0 1 10 95
00 0 0 0 0 0 0 1 10
00 0 0 0 0 0 0 0 1
1 =5 =5 40 15
0 1 10 —-95 —40
12m; 37| 0 0 1 -10 -5
0 0 0 1 5
00 0 0 1
1 10 —45 —95 435 75 —40 185 50 —175
01 -5 —-10 50 10 -5 25 10 =50
=4
8 8 (1) (1) —150 —g g —205 —;g 17855 Lo s
|37 d] 00 0 0 1 10 0 5 50 —435 8 (1) _110 " _125
’ 0 0 0 0 0o 1 0 0 5  —45 00 o I
0 0 0 0 0 0 1 =5 =5 40 00 o 0 )
0 0 0 0 0 0 0 1 10 —95
0 0 0 0 0 0 0 0 1 -10
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TABLE C.5. Case k =5 (second part)




C. TABULATION OF STOKES MATRICES FOR G(r,k) FOR SMALL k

292

Tm(t) + 5¢ Pz G(2,5)

1 10 95 —40 —45 435 185 75 50 —175

0 1 —-10 -5 =5 50 25 10 10 —50

TR TR 00 1 5 0 -5 —25 -5 —25 185

0l 00 0 1 0 0 -5 0 -5 40

Js G| D01 10 o0 0 0 1 -10 -5 -5 —10 75
’ Co0 o - 00 0 0 0 1 5 10 50 -435
Co0 o o . o0 0 0 0 0O 1 0 10 -9

o0 0 0 0 0 0 1 5 45

o0 0 0 0 0O 0 0 1 -10

00 0 0 0 0 0 0 0 1

1 10 5 15 5 10 —40 —75 325 50
0 1 10 —45 —5 —50 225 435 —1990 —325

: 0 0 1 -5 0 -5 25 45 225 —40

R S 00 0 1 0 0 -5 0 45 15

o 7 R 0 0 0 0 1 10 -45 95 435 75
’ D00 1 s o 0 0 0 0 1 -5 -10 50 10
S0 0 o0 o0 0 0 0 0 1 0 -0 -5

o0 0 0 0 0 0 1 -5 -5

o0 0 0 0 0 0 0 1 10

00 0 0 0 0 0 0 0 1

1T —10 95 40 —45 435 185 —75 —50 175

0 1 -10 -5 5 —50 —25 10 10 —50

L os a1 0 0 1 5 0 5 25 -5 -2 I

0 1 10 s 1 o 0 0 1 0 0 5 0 -5 40

{7 | 00 1 10 us o 0 0 0 1 -10 -5 5 10 -75
’ 0 o0 o0 1 s 0o 0 0 0 0 1 5 -10 —50 435
o o0 o0 o0 1 o0 0 0 0 0 1 0 -10 9

o 0 0 0 0 0 0 1 5 —45

o0 0 0 0 0 0 0 1 -10

0 0 0 0 0 0 0 0 0 1

1 10 —5 15 —5 10 —40 75 —325 50

0 1 —10 45 —5 50 —225 435 —1990 325

- : 00 1 -5 0 -5 25 —45 225 —40

(1) N 32 }M‘; o0 0 1 0 0 -5 0 —45 15

s 0| o 000 0 0 1 —10 45 —95 435 —75
’ S0 o o0 0 0 0 1 -5 10 -5 10
S0 oo o0 0 0 0O 0 1 0 10 -5

o0 0 0 0O 0 0 1 -5 5

00 0 0 0 0 0 0 1 10

00 0 0 0 0 0 0 0 1
1 —10 —95 40 —45 —435 185 75 50 —175

0 1 10 -5 5 50 -25 —-10 10 50

o 0 1 -5 0 5 -25 -5 25 185

Lo 00 0 1 0 0 5 0 -5 —d0

]97; 107 00 1 -10 45 e S A A
’ S0 0 . . 0o 0 0 0 0 1 -5 —10 50 435
S0 0 0 o0 0 0 0 0 1 0 -10 -9

o0 0 0 0 0 0 1 -5 -45

o0 0o 0 0O 0 0 0 1 10

o0 0 0 0 0 0 0 0 1

TABLE C.6. Case k =5 (third part)




C. TABULATION OF STOKES MATRICES FOR G(r,k) FOR SMALL k

293

Im(t) + 5¢ G(3,5) G(4,5)
1 10 —45 —95 435 75 40 —185 —50 175
01 -5 —10 50 10 5 —25 —10 50
o0 1 0 -10-50 5 10 =75 .
00 0 1 -5 -5 -5 25 25 —185 (1) | j{‘; 15‘) f;
. o0 0 0 1 10 0 -5 =50 435 ,
Jom; 6| o0 0o o0 O 1 0 0 -5 45 88 (1) _110 -
00 0 0 0 0 1 =5 -5 40 S0 o0 o0
o0 o0 o0 0 0 0 1 10 =9
o0 0 0 0 0 0 0 1 -10
00 0 0 0 0 0 0 0 1
1 -10 =5 5 10 -75 15 40 —325 50
0 1 5 =10 —50 435 —45 —225 1990 —325
0 0 1 0 —-10 9 0 —45 435 -75
0o 0 0 1 5 —45 5 25 —225 40 oo o o
. i 0 1 -10 -95 40
67 7r o 0 0 0 1 -10 0 5 =50 10 00 1 10 s
’ o 0 0 0 0 1 0 0 5 =5 00 0 1 s
o 0o 0 o0 o0 0 1 5 —45 15 00 o0 o
o 0 0 0 0 0 0 1 -1 5
o 0 0 0 0 0 0 0 1 -10
00 0 0 0 0 0 0 0 1
1 —10 45 —95 435 —75 40 —185 50 175
0 1 -5 10 =50 10 -5 25 —10 -50
o 0 1 ©0 10 -5 0 -5 10 75
0o 0 0 1 5 5 —5 25 —25 —185 é _15 _1%5 }Z _3155
7 87 o 0 0 0 1 -10 0 -5 50 435 00 1 10 —45
’ o0 o o 0 1 0 0 -5 -—45 o0 o0 1 s
o0 0 0 0 0 1 -5 5 40 o0 o0 o 1
o0 o0 o0 0 0 0 1 =10 -9
o0 o0 0O 0 0 0 0 110
00 0 0 0 0 0 0 0 1
110 =5 -5 10 75 —15 40 325 —50
0 1 -5 —10 50 435 —45 225 1990 —325
00 1 0 -10 -95 0 —45 —435 75
00 0 1 -5 —45 5 —25 —225 40 Lo =5 =0
0 1 —-10 —95 40
I8 9| o0 0 o0 1 1 0 5 5 -10 00 1 10 s
’ o0 0 o0 0 1 0 0 5 =5 00 o0 1 s
o0 0 o0 0 0 1 -5 -—45 15 00 o0 0 1
o0 0 o0 O 0 0 1 10 -5
o0 0 o0 O 0 0 0 1 -10
00 0 0 0 0 0 0 0 1
1 —10 —45 —95 —435 75 40 185 —50 —175
o 1 5 10 50 -10 -5 —25 10 50
o 0o 1 0 10 -5 0 -5 10 75
o 0 0 1 5 -5 -5 —25 25 185 é i’ ‘118 __155 j’g
197 107 0o 0 0 0 1 -10 0 =5 50 435 00 1 —10 —45
’ 0o 0 0 0 0 1 0 0 -5 —45 00 0 1 5
0o 0 0 0 0 0 1 5 =5 —40 00 0 o0 1
0o 0 0 0 0 0 0 1 -10 =95
0o 0 0 0 0 o 0 0 1 10
00 0 0 0 00 0 0 1

TABLE C.7. Case k =5 (fourth part)




[Abr00]
[AGLV93]
[AGZV8g]
[Arn72]
[Arn90]
[AST70]
[ASS06]
[Bar00]
[Bay04]
[BB12]
[BOFKO5]
[BCFKOg]
[Ber96]
[Ber97]
[BF97]
[Bib12]
[BIJL79a]
[BIJL79b]

[BIJL79c]

[BJLS1]

[BK89]
[BMO5)
[BOY5]

[BO02

Bibliography

Lowell Abrams. The quantum Euler class and the quantum cohomology of the Grassmannians. Israel J.
Math., 117:335-352, 2000.

V. I. Arnol’d, V. V. Goryunov, O. V. Lyashko, and V. A. Vasil’ev. Dynamical systems VI - Singularity
Theory 1. Encyclopaedia of Mathematical Sciences. Springer, 1993.

V.I. Arnol’d, S.M. Gusein-Zade, and A.N. Varchenko. Singularities of differentiable maps, volume I-II.
Birkh&user, Boston-Basel-Berlin, 1988.

V.I. Arnol’d. Normal forms of functions near degenerate critical points, Weyl groups Ay, Dy, Ey, and La-
grangian singularities. Functional Anal. Appl., 6(2):3-25, 1972.

V.I. Arnol’d. Singularities of Caustics and Wave Fronts. Springer Netherlands, 1990.

M. Abramowitz and I. A. Stegun, editors. Handbook of mathematical functions. Dover, ninth edition, 1970.
I. Assem, D. Simson, and A. Skowronski. Elements of the Representation Theory of Associative Algebras,
Vol. 1. Cambridge University Press, 2006.

S. Barannikov. Semi-infinite Hodge structures and mirror symmetry for projective spaces.
arXiv:math/0010157, 2000.

A. Bayer. Semisimple quantum cohomology and blowups. Int. Math. Res. Not., (40):2069-2083, 2004.
Marcello Bernardara and Michele Bolognesi. Categorical representability and intermediate Jacobians of
Fano threefolds. In Derived categories in algebraic geometry, EMS Ser. Congr. Rep., pages 1-25. Eur.
Math. Soc., Ziirich, 2012.

A. Bertram, I. Ciocan-Fontanine, and B. Kim. Two proofs of a conjecture of Hori and Vafa. Duke Math.
J., 126(1):101-136, 2005.

A. Bertram, I. Ciocan-Fontanine, and B. Kim. Gromov-Witten invariants for abelian and nonabelian quo-
tients. J. Algebraic Geom., 17(2):275-294, 2008.

A. Bertram. Computing Schubert’s calculus with Severi residues: an introduction to quantum cohomology.
In Moduli of Vector Bundles (Sanda 1994; Kyoto 1994), volume 179 of Lecture Notes in Pure and Appl.
Math., pages 1-10, New York, 1996. Dekker.

A. Bertram. Quantum Schubert Calculus. Adv. Math., 128:289-305, 1997.

K. Behrend and B. Fantechi. The intrinsic normal cone. Invent. Math., 128:45-88, 1997.

Yu. P. Bibilo. Isomonodromic deformations of systems of linear differential equations with irregular singu-
larities. Mat. Sb., 203(6):63-80, 2012.

W. Balser, W. B. Jurkat, and D. A. Lutz. Birkhoff invariants and Stokes’ multipliers for meromorphic linear
differential equations. J. Math. Anal. Appl., 71(1):48-94, 1979.

W. Balser, W. B. Jurkat, and D. A. Lutz. A general theory of invariants for meromorphic differential
equations. II. Proper invariants. Funkcial. Ekvac., 22(3):257-283, 1979.

W. Balser, W.B. Jurkat, and D.A. Lutz. A general Theory of Invariants for Meromorphic Differential
Equations. I. Formal Invariants. Funkcialaj Fvacioj, 22:197-221, 1979.

W. Balser, W.B. Jurkat, and D.A. Lutz. On the reduction of connection problems for differential equations
with an irregular singular point to ones with only regular singularities, i. STAM J. Appl. Math., 12(5):691—
721, 1981.

A. 1. Bondal and M. M. Kapranov. Representable functors, Serre functors, and reconstructions. Izv. Akad.
Nauk SSSR Ser. Mat., 53(6):1183-1205, 1337, 1989.

M. Bertola and M. Y. Mo. Isomonodromic deformation of resonant rational connections. IMRP Int. Math.
Res. Pap., (11):565-635, 2005.

A. Bondal and D. Orlov. Semiorthogonal decomposition for algebraic varieties. preprint math.AG/9506012,
June 1995.

A. Bondal and D. Orlov. Derived categories of coherent sheaves. In Proceedings of the International Congress
of Mathematicians, Vol. II (Beijing, 2002), pages 47-56. Higher Ed. Press, Beijing, 2002.

294



[Boal1]
[Bolo4]

[Bol9g]
[Bong&9]

[Bot57]
[BTL13]

[Buc37]

[Buc03]
[BV85]

[BV92]
[CDG17a]
[CDG17b]
[CDG17c]
[CFKS08]
[CG81]
[CG10]

[Cha68]
[C115]

[Cio04]
[Cio05]
[CJ76]
[CK99)
[CL85]
[CMMPS17]
[CMP10]
[CMvdP15]
[Cot16]
[CP11]
[CV93]

[dB50]

BIBLIOGRAPHY 295

Philip Boalch. Symplectic manifolds and isomonodromic deformations. Adv. Math., 163(2):137-205, 2001.
A. A. Bolibruch. On an analytic transformation to standard Birkhoff form. (Russian). Dokl. Akad. Nauk,
334(5):553-555, 1994.

A. A. Bolibruch. On Isomonodromic Confluence of Fuchsian Singularities. Proc. Stek. Inst. Math., 221:117—
132, 1998.

A. 1. Bondal. Representations of associative algebras and coherent sheaves. Izv. Akad. Nauk SSSR Ser.
Mat., 53(1):25-44, 1989.

Raoul Bott. Homogeneous vector bundles. Ann. of Math. (2), 66:203-248, 1957.

Tom Bridgeland and Valerio Toledano Laredo. Stokes factors and multilogarithms. J. Reine Angew. Math.,
682:89-128, 2013.

A.A. Buchstab. Asymptotic estimation of a general number-theoretic function. Matematicheskii Sbornik,
2(44):1239-1246, 1937.

A.S. Buch. Quantum Cohomology of Grassmannians. Compositio Mathematica, 137:227-235, 2003.
Donald G. Babbitt and V. S. Varadarajan. Deformations of nilpotent matrices over rings and reduction of
analytic families of meromorphic differential equations. Mem. Amer. Math. Soc., 55(325):iv+147, 1985.

B. Blok and A.N. Varchenko. Topological conformal field theories and the flat coordinates. Int. J. Mod.
Phys. A, 7(7):1467, 1992.

G. Cotti, B. Dubrovin, and D. Guzzetti. Helix Structures in Quantum Cohomology of Fano Manifolds. in
preparation, 2017.

G. Cotti, B. Dubrovin, and D. Guzzetti. Isomonodromy Deformations at an Irregular Singularity with
Coalescing Eigenvalues. arXiv:1706.04808v1 [math.CA], 2017.

G. Cotti, B. Dubrovin, and D. Guzzetti. Local moduli of semisimple Frobenius coalescent structures. in
preparation, 2017.

1. Ciocan-Fontanine, B. Kim, and C. Sabbah. The abelian/nonabelian correspondence and Frobenius man-
ifolds. Invent. Math., 171(2):301-343, 2008.

Kevin F. Clancey and Israel Gohberg. Factorization of matriz functions and singular integral operators,
volume 3 of Operator Theory: Advances and Applications. Birkhduser Verlag, Basel-Boston, Mass., 1981.
Neil Chriss and Victor Ginzburg. Representation theory and complex geometry. Modern Birkhéduser Classics.
Birkh&user Boston, Inc., Boston, MA, 2010. Reprint of the 1997 edition.

K. Chandrasekharan. Introduction to Analytic Number Theory. Springer, Heidelberg, 1968.

T. Coates and H. Iritani. On the convergence of the Gromov-Witten potentials and Givental’s formula.
Michigan Math. J., 64(3):587-631, 2015.

G. Ciolli. Computing the quantum cohomology of some Fano threefolds and its semisimplicity. Boll. Unione
Mat. Ital. Sez. B Artic. Ric. Mat., 7(2):511-517, 2004.

G. Ciolli. On the quantum cohomology of some fano threefolds and a conjecture of dubrovin. Internat. J.
Maith., 16(8):823-839, 2005.

J.H. Conway and A.J. Jones. Trigonometric diophantine equations (on vanishing sums of roots of unity).
Acta Arithmetica, 30:229-240, 1976.

D.A. Cox and S. Katz. Mirror Symmetry and Algebraic Geometry. American Mathematical Society, 1999.
E.A. Coddington and N. Levinson. Theory of Ordinal Differential Equations. Tata McGraw-Hill, 1985.
J.A. Cruz Morales, A. Mellit, N. Perrin, and M. Smirnov. On quantum cohomology of Grassmannians
of isotropic lines, unfoldings of A,-singularities, and Lefschetz exceptional collections. arXiv:1705.01819
[math.AG], 2017.

P.E. Chaput, L. Manivel, and N. Perrin. Quantum cohomology of minuscule homogeneous spaces III.
Semisimplicity and consequences. Canad. J. Math., 62(6):1246-1263, 2010.

John Alexander Cruz Morales and Marius van der Put. Stokes matrices for the quantum differential equa-
tions of some Fano varieties. Fur. J. Math., 1(1):138-153, 2015.

G. Cotti. Coalescence Phenomenon of Quantum Cohomology of Grassmannians and the Distribution of
Prime Numbers. arxiv:math/1608.06868, 2016.

P.E. Chaput and N. Perrin. On the quantum cohomology of adjoint varieties. Proc. Lond. Math. Soc.,
103(2):294-330, 2011.

S. Cecotti and C. Vafa. On Classification of N = 2 Supersymmetric Theories. Comm. Mat. Phys., 158:569—
644, 1993.

N.G. de Bruijn. On the number of uncancelled elements in the sieve of Eratosthenes. Nederl. Akad. Wetensch.
Proc., 53:803-812, 1950.



[Dei99)

[Del54]
[DGT0]
[DGSS]

[DKM*99a]

[DKM*99b]

[DMO0]

[DS03]

[DS04]
[Dub92]
[Dub96]
[Dub9g]
[Dub99al
[Dub99b)]
[Dub04]
[Dub13]
[Duv91]
[DVV91]
[DZ02]
[EHX97]
[ES89]
[Fed90]

[FHO1]
[FIKNO6]

[Fro68]

[Ful9g]

BIBLIOGRAPHY 296

P. A. Deift. Orthogonal polynomials and random matrices: a Riemann-Hilbert approach, volume 3 of Courant
Lecture Notes in Mathematics. New York University, Courant Institute of Mathematical Sciences, New York;
American Mathematical Society, Providence, RI, 1999.

H. Delange. Généralisation du Théoréme de Ikehara. Ann. Sci. Ec. Norm. Sup., 71(3):213-242, 1954.
Michel Demazure and Pierre Gabriel. Groupes algébriques. Tome I: Géométrie algébrique, généralités,
groupes commutatifs. Masson & Cie, Editeur, Paris; North-Holland Publishing Co., Amsterdam, 1970.
Avec un appendice Corps de classes local par Michiel Hazewinkel.

Jacques Distler and Brian Greene. Aspects of (2,0) string compactifications. Nuclear Phys. B, 304(1):1-62,
1988.

P. Deift, T. Kriecherbauer, K. T-R McLaughlin, S. Venakides, and X. Zhou. Strong asymptotics of or-
thogonal polynomials with respect to exponential weights. Comm. Pure Appl. Math., 52(12):1491-1552,
1999.

P. Deift, T. Kriecherbauer, K. T.-R. McLaughlin, S. Venakides, and X. Zhou. Uniform asymptotics for poly-
nomials orthogonal with respect to varying exponential weights and applications to universality questions
in random matrix theory. Comm. Pure Appl. Math., 52(11):1335-1425, 1999.

B.A. Dubrovin and M. Mazzocco. Monodromy of certain Painlevé transcendents and reflection groups.
Invent. Math., 141:55-147, 2000.

A. Douai and C. Sabbah. Gauss-Manin systems, Brieskorn lattices and Frobenius structures. I. In Proceed-
ings of the International Conference in Honor of Frédéric Pham (Nice, 2002), volume 53, pages 1055-1116,
2003.

Antoine Douai and Claude Sabbah. Gauss-Manin systems, Brieskorn lattices and Frobenius structures. II.
In Frobenius manifolds, Aspects Math., E36, pages 1-18. Friedr. Vieweg, Wiesbaden, 2004.

B. Dubrovin. Integrable systems in topological field theory. Nucl. Phys. B, 379:627-689, 1992.

B.A. Dubrovin. Geometry of Two-dimensional topological field theories. In M. Francaviglia and S. Greco,
editors, Integrable Systems and Quantum Groups, volume Springer Lecture Notes in Math., pages 120-348,
1996.

Boris Dubrovin. Geometry and analytic theory of Frobenius manifolds. In Proceedings of the International
Congress of Mathematicians, Vol. II (Berlin, 1998), number Extra Vol. 11, pages 315-326, 1998.

B.A. Dubrovin. Differential geometry of the space of orbits of a Coxeter group. Surveys in Differential
Geometry, IV:181-212, 1999.

B.A. Dubrovin. Painlevé Trascendents in two-dimensional topological field theories. In R. Conte, editor,
The Painlevé property, One Century later. Springer, 1999.

B.A. Dubrovin. On almost duality for Frobenius Manifolds. arXiv:math/0307374, 2004.

B.A. Dubrovin. Quantum Cohomology and Isomonodromic Deformation. Lecture at “Recent Progress in
the Theory of Painlevé Equations: Algebraic, asymptotic and topological aspects”, Strasbourg, November
2013.

Anne Duval. Biconfluence et groupe de Galois. J. Fac. Sci. Univ. Tokyo Sect. IA Math., 38(2):211-223,
1991.

R. Dijkgraaf, E. Verlinde, and H. Verlinde. Notes on topological string theory and 2d quantum gravity.
Nucl. Phys. B, 352:59, 1991.

Percy Deift and Xin Zhou. A priori LP-estimates for solutions of Riemann-Hilbert problems. Int. Math.
Res. Not., (40):2121-2154, 2002.

T. Eguchi, K. Hori, and C.S. Xiong. Gravitational quantum cohomology. Int. J. Mod. Phys. A, 12:1743—
1782, 1997.

G. Ellingsrud and S.A. Strgmme. On the Chow ring of a geometric quotient. Ann. of Math., 159-187(130),
1989.

M. V. Fedoryuk. Isomonodromic deformations of equations with irregular singularities. Mat. Sb.,
181(12):1623-1639, 1990.

W. Fulton and J. Harris. Representation Theory - A first course. Springer, 1991.

A.S. Fokas, A.R. Its, A.A. Kapaev, and V. Yu. Novokshenov. Painlevé Transcendents - The Riemann-Hilbert
Approach. American Mathematical Society, 2006.

Carl-Erik Froberg. On the prime zeta function. Nordisk Tidskr. Informationsbehandling (BIT), 8:187-202,
1968.

William Fulton. Intersection theory, volume 2 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3.
Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series.
A Series of Modern Surveys in Mathematics/. Springer-Verlag, Berlin, second edition, 1998.



[Gan60)]
[Garl9]

[GGI16]
[GHTS]
[GI15]
[GivO5]
[Givo7)

[Giv98a]
[GivI8b]
[GKO4]
[GKMS13]

[GKZ94]

[Gle91]
[Glu99]

[Glu04]

[GM]
[GMO3]

[GMS15]
[GO13]
[Gol09]
[Gorgs]
[Gor90]
[Gor94a]
[Gor94b)]
[Gor16]
[GR87]
[Guz99]
[Guz01]
[Guz05]

[Guz06]

BIBLIOGRAPHY 297

F.R. Gantmakher. The theory of matrices. Chelsea Pub. Co., New York, 1960.

R. Garnier. Sur les singularités irréguliéres des équations différentielles linéaires. J. Math. Pures Appl. (8),
2:99-198, 1919.

S. Galkin, V. Golyshev, and H. Iritani. Gamma classes and quantum cohomology of Fano manifolds: Gamma
conjectures. Duke Math. J., 165(11):2005-2077, 2016.

P. Griffiths and J. Harris. Principles of Algebraic Geometry. Wiley-Interscience, 1978.

S. Galkin and H. Iritani. Gamma Conjecture via Mirror Symmetry. arXiv:1508.00719v2, August 2015.
Alexander B. Givental. Homological geometry and mirror symmetry. In Proceedings of the International
Congress of Mathematicians, Vol. 1, 2 (Ziirich, 199/4), pages 472-480. Birkhauser, Basel, 1995.

A. Givental. Stationary phase integrals, quantum Toda lattices, flag manifolds and the mirror conjecture.
In Topics in Singularitty Theory. American Mathematical Society, 1997.

A. Givental. Elliptic Gromov-Witten invariants and the generalized mirror conjecture. In Integrable systems
and Algebraic Geometry. Proceedings of the Taniguchi Symposium 1997 (M. H. Saito, Y. Shimizu, K. Ueno,
eds.). World Scientific, 1998.

Alexander Givental. A mirror theorem for toric complete intersections. In Topological field theory, primitive
forms and related topics (Kyoto, 1996), volume 160 of Progr. Math., pages 141-175. Birkhduser Boston,
Boston, MA, 1998.

A. L. Gorodentsev and S. A. Kuleshov. Helix theory. Mosc. Math. J., 4(2):377-440, 535, 2004.

S. Galkin, L. Katzarkov, A. Mellit, and E. Shinder. Minifolds and Phantoms. arxiv:alg-geom/1305.4549,
2013.

I.M. Gelfand, M.M. Kapranov, and A.V. Zelevinsky. Discriminants, Resultants and Multidimensional De-
terminants. Birkhduser, Basel-Boston, 1994.

J.W.L. Gleisher. On the sums of inverse powers of the prime numbers. Quart. J. Math., 25:347-362, 1891.
A. A. Glutsuk. Stokes operators via limit monodromy of generic perturbation. J. Dynam. Control Systems,
5(1):101-135, 1999.

A. A. Glutsyuk. Resonant confluence of singular points and Stokes phenomena. J. Dynam. Control Systems,
10(2):253-302, 2004.

V. Golyshev and L. Manivel. Quantum Cohomology and the Satake Isomorphism.

Sergei I. Gelfand and Yuri I. Manin. Methods of homological algebra. Springer Monographs in Mathematics.
Springer-Verlag, Berlin, second edition, 2003.

S. Galkin, A. Mellit, and M. Smirnov. Dubrovin’s conjecture for I1G(2,6). Int. Math. Res. Not. IMRN,
(18):8847-8859, 2015.

Sergey Gorchinskiy and Dmitri Orlov. Geometric phantom categories. Publ. Math. Inst. Hautes Ftudes Sci.,
117:329-349, 2013.

V. Golyshev. Minimal Fano Threefolds: exceptional sets and vanishing cycles. Dokl. Math., 79(1):16-20,
20009.

A. L. Gorodentsev. Surgeries of exceptional bundles on P". Izv. Akad. Nauk SSSR Ser. Mat., 52(1):3-15,
240, 1988.

A. L. Gorodentsev. Exceptional objects and mutations in derived categories. In Helices and vector bundles,
volume 148 of London Math. Soc. Lecture Note Ser., pages 57-73. Cambridge Univ. Press, Cambridge, 1990.
A. L. Gorodentsev. Helix theory and nonsymmetrical bilinear forms. In Algebraic geometry and its applica-
tions (Yaroslavl’, 1992), Aspects Math., E25, pages 47-59. Friedr. Vieweg, Braunschweig, 1994.

A. L. Gorodentsev. Non-symmetric orthogonal geometry of Grothendieck rings of coherent sheaves on
projective spaces. preprint math.AG/9409005v1, September 1994.

Alexey L. Gorodentsev. Algebra. I. Textbook for students of mathematics. Springer, Cham, 2016. Translated
from the 2013 Russian orginal.

A. L. Gorodentsev and A. N. Rudakov. Exceptional vector bundles on projective spaces. Duke Math. J.,
54(1):115-130, 1987.

Davide Guzzetti. Stokes matrices and monodromy of the quantum cohomology of projective spaces. Comm.
Math. Phys., 207(2):341-383, 1999.

D. Guzzetti. Inverse problem and monodromy data for three-dimensional Frobenius manifolds. Math. Phys.
Anal. Geom., 4(3):245-291, 2001.

D. Guzzetti. The Singularity of Kontsevich’s Solution for QH*®(CP?). Math. Phys. Anal. Geom., 8(1):41-58,
2005.

Davide Guzzetti. Matching procedure for the sixth Painlevé equation. J. Phys. A, 39(39):11973-12031,
2006.



[Har14]
[Har94]

[Her02]
[Her03]

[Hil95]
[Hir78]
[HL18]

[HLR14]

[HMT09]
[Hor95)
[HR15]
[HS66]

[HV00]
[Iri07]

[Isk77]
[Isk78]
[Tts11]
[Jak13)]
[Jim82]
[JM81a]
[JM81b]
[IMUB1]
[Kan06]
[Kar90]

[Kat82]

BIBLIOGRAPHY 298

G.H. Hardy. Sur les zéros de la fonction {(s) de Riemann. C.R. Acad. Sc. Paris, 158:1012-14, 1914.

J. Harnad. Dual isomonodromic deformations and moment maps to loop algebras. Comm. Math. Phys.,
166(2):337-365, 1994.

C. Hertling. Frobenius Manifolds and Moduli Spaces for Singularities. Cambridge Univ. Press, 2002.

Claus Hertling. tt* geometry, Frobenius manifolds, their connections, and the construction for singularities.
J. Reine Angew. Math., 555:77-161, 2003.

Lutz Hille. Consistent algebras and special tilting sequences. Math. Z., 220(2):189-205, 1995.

F. Hirzebruch. Topological Methods in Algebraic Geometry. Springer, Heidelberg, 1978.

G.H. Hardy and J.E. Littlewood. Contributions to the theory of the Riemann zeta-function and the theory
of the distribution of primes. Acta Math., 41:119-196, 1918.

Jacques Hurtubise, Caroline Lambert, and Christiane Rousseau. Complete system of analytic invariants
for unfolded differential linear systems with an irregular singularity of Poincaré rank k. Mosc. Math. J.,
14(2):309-338, 427, 2014.

C. Hertling, Yu.I. Manin, and C. Teleman. An update on semisimple quantum cohomology and F-manifolds.
Tr. Math. Inst. Steklova, 264:69-76, 2009.

K. Hori. Constraints for topological strings in d > 1. Nucl. Phys. B, 439:395-420, 1995.

G.H. Hardy and M. Riesz. The General Theory of Dirichlet Series. Cambridge Univ. Press, 1915.

Po-fang Hsieh and Yasutaka Sibuya. Note on regular perturbations of linear ordinary differential equations
at irregular singular points. Funkcial. Ekvac., 8:99-108, 1966.

K. Hori and C. Vafa. Mirror Symmetry. arXiv:hep-th/0002222v3, March 2000.

H. Iritani. Convergence of quantum cohomology by quantum Lefschetz. J. Reine Angew. Math., 610:29-69,
2007.

V. A. Iskovskih. Fano threefolds. I. Izv. Akad. Nauk SSSR Ser. Mat., 41(3):516-562, 717, 1977.

V. A. Iskovskih. Fano threefolds. II. Izv. Akad. Nauk SSSR Ser. Mat., 42(3):506-549, 1978.

Alexander R. Its. Large N asymptotics in random matrices: the Riemann-Hilbert approach. In Random
matrices, random processes and integrable systems, CRM Ser. Math. Phys., pages 351-413. Springer, New
York, 2011.

R. Jakimczuk. A note on sums of greatest (least) prime factors. Int. J. Contemp. Math. Sciences, 8(9):423—
432, 2013.

M. Jimbo. Monodromy problem and the boundary condition for some Painlevé transcendents. Publ. RIMS
Kyoto Univ., 18:1137-1161, 1982.

M. Jimbo and T. Miwa. Monodromy preserving deformation of linear ordinary differential equations with
rational coefficients - II. Physica 2D, 2(3):407-448, 1981.

M. Jimbo and T. Miwa. Monodromy preserving deformation of linear ordinary differential equations with
rational coefficients - III. Physica 2D, 4(1):26-46, 1981.

M. Jimbo, T. Miwa, and K. Ueno. Monodromy preserving deformation of linear ordinary differential equa-
tions with rational coefficients - I. Physica 2D, 2(2):306-352, 1981.

K. Kaneko. Painlevé VI transcendents which are meromorphic at a fixed singularity. Proc. Japan Acad. Ser.
A Math. Sci., 82(5):7176, 2006.

B. V. Karpov. A symmetric helix on the Pliicker quadric. In Helices and vector bundles, volume 148 of
London Math. Soc. Lecture Note Ser., pages 119-138. Cambridge Univ. Press, Cambridge, 1990.

T. Kato. A short introduction to Perturbation Theory for Linear operators. Springer, 1982.

Tosio Kato. Perturbation theory for linear operators. Classics in Mathematics. Springer-Verlag, Berlin, 1995.
Reprint of the 1980 edition.

Yujiro Kawamata. Derived categories of toric varieties. Michigan Math. J., 54(3):517-535, 2006.

Yujiro Kawamata. Derived categories of toric varieties II. Michigan Math. J., 62(2):353-363, 2013.

Yujiro Kawamata. Derived categories of toric varieties III. Eur. J. Math., 2(1):196-207, 2016.

Shun-ichi Kimura. Surjectivity of the cycle map for Chow motives. In Motives and algebraic cycles, volume 56
of Fields Inst. Commun., pages 157-165. Amer. Math. Soc., Providence, RI, 2009.

L. Katzarkov, M. Kontsevich, and T. Pantev. Hodge theoretic aspects of mirror symmetry. arXiv:0806.0107.
J.-M. De Koninck and F. Luca. Analytic Number Theory - Exploring the Anatomy of Integers. American
Mathematical Society, 2012.

M. Klimes. Analytic classification of families of linear differential systems unfolding a resonant irregular
singularity. arXiv:1301.5228, 2013.

M. Klimes. Wild monodromy action on the character variety of the fifth Painlevé equation. arXiv:1609.05185,
2016.



[KM94]
[KNOg]
[Kon95]
[Kon9g]
[Kos99)]
[KS08]
[Kuz07]
[Kuz08]
[Kuz09]
[Kuzl1]
[Kuz16]
[KV06]
[Lax07]
[Len78]
[Lit14]
[LLOO]
[LR12]
[LW20]
[Mal63]
[Mal83a]
[Mal83b)
[Mal83c]

[Man65]
[Man99]

[Mar00]
[Maz02]
[Miw81]
[MMS6]

[MMO03]

BIBLIOGRAPHY 299

M. Kontsevich and Yu.l. Manin. Gromov-Witten classes, Quantum Cohomology, and Enumerative Geom-
etry. Comm. Mat. Phys., 164(3):525-562, 1994.

B.V. Karpov and D.Yu. Nogin. Three-block exceptional collections over Del Pezzo surfaces. Math. USSR
Izv., 62:429-463, 1998.

Maxim Kontsevich. Homological algebra of mirror symmetry. In Proceedings of the International Congress
of Mathematicians, Vol. 1, 2 (Zirich, 1994), pages 120-139. Birkh&user, Basel, 1995.

M. Kontsevich. Lectures at ENS. http://www.math.uchicago.edu/ mitya/langlands/kontsevich.ps, 1998.
V. P. Kostov. Normal forms of unfoldings of non-Fuchsian systems. In Aspects of complex analysis, differen-
tial geometry, mathematical physics and applications (St. Konstantin, 1998), pages 1-18. World Sci. Publ.,
River Edge, NJ, 1999.

B. Kim and C. Sabbah. Quantum cohomology of the Grassmannian and alternate Thom-Sebastiani. Compos.
Maith., 144(1):221-246, 2008.

Alexander Kuznetsov. Homological projective duality. Publ. Math. Inst. Hautes Etudes Sci., (105):157-220,
2007.

Alexander Kuznetsov. Exceptional collections for Grassmannians of isotropic lines. Proc. Lond. Math. Soc.
(3), 97(1):155-182, 2008.

Alexander Kuznetsov. Hochschild Homology and Semiorthogonal Decompositions. preprint
math.AG/0904.4330, September 2009.

Alexander Kuznetsov. Base change for semiorthogonal decompositions. Compos. Math., 147(3):852-876,
2011.

Alexander Kuznetsov. Derived categories view on rationality problems. In Rationality problems in algebraic
geometry, volume 2172 of Lecture Notes in Math., pages 67-104. Springer, Cham, 2016.

Victor Katsnelson and Dan Volok. Deformations of Fuchsian systems of linear differential equations and
the Schlesinger system. Math. Phys. Anal. Geom., 9(2):135-186, 2006.

Peter D. Lax. Linear algebra and its applications. Pure and Applied Mathematics (Hoboken). Wiley-
Interscience [John Wiley & Sons], Hoboken, NJ, second edition, 2007.

H.W. Jr. Lenstra. Vanishing sums of roots of unity. In Proceedings of the Bicentennial Congress Wiskundig
Genootschap, pages 249-268, Math. Centre Tracts 101, Vrije Univ, Amsterdam, 1978.

J.E. Littlewood. Sur la distribution des nombres premiers. C.R. Acad. Sc. Paris, 158:1869-72, 1914.

T.Y. Lam and K.H. Leung. On vanishing sums of roots of unity. J. Algebra, 224(1):91-109, 2000.

Caroline Lambert and Christiane Rousseau. Complete system of analytic invariants for unfolded differential
linear systems with an irregular singularity of Poincaré rank 1. Mosc. Math. J., 12(1):77-138, 215, 2012.
E. Landau and A. Walfisz. Uber die Nichfortsetzbarkeit einiger durch Dirichletsche Reihen definierter Funk-
tionen. Rend. Circ. Mat. Palermo, 44:82-86, 1920.

A. I. Mal’cev. Foundations of linear algebra. Translated from the Russian by Thomas Craig Brown; edited
by J. B. Roberts. W. H. Freeman & Co., San Francisco, Calif.-London, 1963.

B. Malgrange. La classification des connexions irréguliéres & une variable. In Mathematics and physics
(Paris, 1979/1982), volume 37 of Progr. Math., pages 381-399. Birkhduser Boston, Boston, MA, 1983.

B. Malgrange. Sur les déformations isomonodromiques, I: singularités régulieres. In Séminaires ENS, Paris
1979/1982, volume 37 of Mathematics and Physics, pages 401-426, Boston, 1983. Birkhduser-Verlag.

B. Malgrange. Sur les déformations isomonodromiques, II: singularités irréguliéres. In Séminaires ENS,
Paris 1979/1982, volume 37, pages 427-438, Boston, 1983. Birkhiuser-Verlag.

H. B. Mann. On linear relations between roots of unity. Mathematika, 12(24):107-117, December 1965.
Yu. I. Manin. Frobenius manifolds, Quantum Cohomology, and Moduli Spaces. Amer. Math. Soc., Provi-
dence, RI, 1999.

S. Martin. Symplectic quotients by a nonabelian group and its maximal torus. Ann. of Math., to appear
2000.

M. Mazzocco. Painlevé sizth equation as isomonodromic deformations equation of an irregular system,
volume 32, pages 219-238. American Mathematical Society, 2002.

T. Miwa. Painlevé property of monodromy preserving deformation equations and the analiticity of the 7
function. Publ. RIMS Kyoto Univ., 17:703-721, 1981.

Shigefumi Mori and Shigeru Mukai. Classification of Fano 3-folds with By > 2. I. In Algebraic and topological
theories (Kinosaki, 1984), pages 496-545. Kinokuniya, Tokyo, 1986.

Shigefumi Mori and Shigeru Mukai. Erratum: “Classification of Fano 3-folds with B2 > 2” [Manuscripta

Math. 36 (1981/82), no. 2, 147-162; MR0641971 (83f:14032)]. Manuscripta Math., 110(3):407, 2003.



[MS12]
[MT15a]

[MT15b]

[MV07]
[Nek93]
[Nobs1]
[Orl04]

[0r109]

[0SS11]

[Pal99]
[Per14]
[Pog66]

[Rams89)]
[Rud90]

[Sab08]
[Sai83]
[Sai93]
[SamO07]
[SchO1]
[Sei0la]
[Sei01Db]
[Sei02]

[Sha92]

[Shal3]
[Sib62]
[Siv10]

[SMCO6]
[ST97]

BIBLIOGRAPHY 300

D. McDuff and D. Salamon. J-holomorphic curves and Symplectic Topology. Amer. Math. Soc., Providence,
RI, 2012.

Matilde Marcolli and Gongalo Tabuada. From exceptional collections to motivic decompositions via non-
commutative motives. J. Reine Angew. Math., 701:153-167, 2015.

Matilde Marcolli and Gongalo Tabuada. Noncommutative motives and their applications. In Commutative
algebra and noncommutative algebraic geometry. Vol. I, volume 67 of Math. Sci. Res. Inst. Publ., pages
191-214. Cambridge Univ. Press, New York, 2015.

H.L. Montgomery and R.C. Vaughan. Multiplicative Number Theory I: Classical Theory. Cambridge Univ.
Press, 2007.

N.A. Nekrasov. On the cohomology of the complement of the bifurcation diagram of the singularity A,.
Functional Anal. Appl., 27(4):245-250, 1993.

Katsudo Nobuoka. Isomonodromy problem of Schlesinger equations. Proc. Japan Acad. Ser. A Math. Sci.,
57(10):488-491, 1981.

D. O. Orlov. Triangulated categories of singularities and D-branes in Landau-Ginzburg models. Tr. Mat.
Inst. Steklova, 246(Algebr. Geom. Metody, Svyazi i Prilozh.):240-262, 2004.

Dmitri Orlov. Derived categories of coherent sheaves and triangulated categories of singularities. In Algebra,
arithmetic, and geometry: in honor of Yu. I. Manin. Vol. II, volume 270 of Progr. Math., pages 503-531.
Birkhéuser Boston, Inc., Boston, MA, 2009.

Christian Okonek, Michael Schneider, and Heinz Spindler. Vector bundles on complex projective spaces.
Modern Birkhduser Classics. Birkhauser/Springer Basel AG, Basel, 2011. Corrected reprint of the 1988
edition, With an appendix by S. I. Gelfand.

John Palmer. Zeros of the Jimbo, Miwa, Ueno tau function. J. Math. Phys., 40(12):6638-6681, 1999.

N. Perrin. Semisimple Quantum Cohomology of some Fano Varieties. arxiv.org/abs/1405.5914, May 2014.
W. Pogorzelski. Integral equations and their applications. Vol. I. Translated from the Polish by Jacques J.
Schorr-Con, A. Kacner and Z. Olesiak. International Series of Monographs in Pure and Applied Mathe-
matics, Vol. 88. Pergamon Press, Oxford-New York-Frankfurt; PWN-Polish Scientific Publishers, Warsaw,
1966.

Jean-Pierre Ramis. Confluence et résurgence. J. Fac. Sci. Univ. Tokyo Sect. IA Math., 36(3):703-716, 1989.
Rudakov, A. N. and Bondal, A. I. and Gorodentsev, A. L. and Karpov, B. V. and Kapranov, M. M. and
Kuleshov, S. A. and Kvichansky and Nogin, D. Yu. and Zube, S.K. Helices and vector bundles: Seminaire
Rudakov. Cambridge University Press, 1990.

C. Sabbah. Isomonodromic deformations and Frobenius manifolds: An introduction. Springer, 2008.

K. Saito. Period mapping associated to a primitive form. Publ. RIMS Kyoto Univ., 19:1231-1264, 1983.
K. Saito. On a linear structure of a quotient variety by a finite reflection group. Publ. RIMS Kyoto Univ.,
29:535-579, 1993.

Alexander Samokhin. Some remarks on the derived categories of coherent sheaves on homogeneous spaces.
J. Lond. Math. Soc. (2), 76(1):122-134, 2007.

Reinhard Schéafke. Formal fundamental solutions of irregular singular differential equations depending upon
parameters. J. Dynam. Control Systems, 7(4):501-533, 2001.

Paul Seidel. More about vanishing cycles and mutation. In Symplectic geometry and mirror symmetry (Seoul,
2000), pages 429-465. World Sci. Publ., River Edge, NJ, 2001.

Paul Seidel. Vanishing cycles and mutation. In European Congress of Mathematics, Vol. II (Barcelona,
2000), volume 202 of Progr. Math., pages 65-85. Birkhauser, Basel, 2001.

Paul Seidel. Fukaya categories and deformations. In Proceedings of the International Congress of Mathe-
maticians, Vol. II (Beijing, 2002), pages 351-360. Higher Ed. Press, Beijing, 2002.

B. V. Shabat. Introduction to complezx analysis. Part II, volume 110 of Translations of Mathematical Mono-
graphs. American Mathematical Society, Providence, RI, 1992. Functions of several variables, Translated
from the third (1985) Russian edition by J. S. Joel.

Igor R. Shafarevich. Basic algebraic geometry. 2. Springer, Heidelberg, third edition, 2013. Schemes and
complex manifolds, Translated from the 2007 third Russian edition by Miles Reid.

Yasutaka Sibuya. Simplification of a system of linear ordinary differential equations about a singular point.
Funkcial. Ekvac., 4:29-56, 1962.

G. Sivek. On vanishing sums of distinct roots of unity. Integers, 10:365-368, 2010.

J. Sandor, D. Mitrinovié¢, and B. Crstici. Handbook of Number Theory I. Kluwer Academic, 2006.

B. Siebert and G. Tian. On quantum cohomology of Fano manifolds and a formula of Vafa and Intriligator.
Asian J. Math., 1:679-695, 1997.



[Str01]
[Str04]

[SYS80]
[SZ68)]

[Tab13]
[Tan04]

[Tel12]
[Tenl5]

[THBS6)|

[Ued05a]
[Ued05b)

[Vafol]
[Vas92]

[Vek67]
[Was65]

[Wat44]
[Wit95]

[Zan89]

[Zan95]
[Zas96]

[Zho89]

BIBLIOGRAPHY 301

I.A.B. Strachan. Frobenius Submanifolds. Journal of Geometry and Physics, 38:285-307, 2001.

I.A.B. Strachan. Frobenius manifolds: natural submanifolds and induced bi-Hamiltonian structures. Differ-
ential Geometry and its Applications, 20:67-99, 2004.

K. Saito, T. Yano, and J. Sekeguchi. On a certain generator system of the ring of invariants of a finite
reflection group. Comm. in Algebra, 8(4):373-408, 1980.

T. Salat and S. Zndm. On the sums of prime powers. Acta Fac. Rer. Nat. Univ. Com. Math., 21:21-25,
1968.

Gongalo Tabuada. Chow motives versus noncommutative motives. J. Noncommut. Geom., 7(3):767-786,
2013.

Susumu Tanabé. Invariant of the hypergeometric group associated to the quantum cohomology of the
projective space. Bull. Sci. Math., 128(10):811-827, 2004.

C. Teleman. The structure of 2d semisimple field theories. Invent. Math., 188(3):525-588, 2012.

G. Tenenbaum. Introduction to Analytic and Probabilistic Number Theory. American Mathematical Society,
2015.

E.C. Titchmarsh and D.R. Heath-Brown. The Theory of the Riemann Zeta-function. Oxford Univ. Press,
1986.

K. Ueda. Stokes Matrix for the Quantum Cohomology of Cubic Surfaces. arXiv:math/0505350, May 2005.
Kazushi Ueda. Stokes matrices for the quantum cohomologies of Grassmannians. Int. Math. Res. Not.,
(34):2075-2086, 2005.

C. Vafa. Topological mirrors and quantum rings. arXiv:hep-th/9111017v1, 1991.

V.A. Vassiliev. Complements of Discriminants of smooth maps: Topology and Applications, volume 98 of
Transalations of mathematical monographs. American Mathematical Society, 1992.

N. P. Vekua. Systems of singular integral equations. P. Noordhoff, Ltd., Groningen, 1967. Translated from
the Russian by A. G. Gibbs and G. M. Simmons. Edited by J. H. Ferziger.

Wolfgang Wasow. Asymptotic expansions for ordinary differential equations. Pure and Applied Mathematics,
Vol. XIV. Interscience Publishers John Wiley & Sons, Inc., New York-London-Sydney, 1965.

G.N. Watson. Treatise on the Theory of Bessel Functions. Cambridge University Press, 1944.

E. Witten. The Verlinde Algebra and the cohomology of the Grassmannians, pages 357-422. Internat. Press,
Cambridge (MA), 1995.

U. Zannier. On the linear independence of roots of unity over finite extensions of Q. Acta Arithmetica,
50:171-182, 1989.

U. Zannier. Vanishing sums of roots of unity. Rend. Sem. Mat. Univ. Pol. Torino, 53(4):487-495, 1995.

E. Zaslow. Solitons and helices: the search for a math-physics bridge. Comm. Mat. Phys., 175(2):337-375,
1996.

Xin Zhou. The Riemann-Hilbert problem and inverse scattering. STAM J. Math. Anal., 20(4):966-986, 1989.



	Chapter 1. Introduction
	1.1. General presentation of the Thesis
	1.2. Background Materials
	1.3. Results of Part 1
	1.4. Results of Part 2
	1.5. Results of Part 3
	1.6. Results of Part 4

	Part 1.  Coalescence Phenomenon of Quantum Cohomology of Grassmannians and the Distribution of Prime Numbers
	Chapter 2. Frobenius Manifolds and their Monodromy Local Moduli
	2.1. Introduction to Frobenius Manifolds
	2.2. Semisimple Frobenius Manifolds
	2.3. Freedom of Monodromy Data and Braid Group action

	Chapter 3. Gromov-Witten Invariants, Gravitational Correlators and Quantum Cohomology
	3.1. Gromov-Witten Theory
	3.2. Quantum Cohomology
	3.3. Topological-Enumerative Solution

	Chapter 4. Abelian-Nonabelian Correspondence and Coalescence Phenomenon of QH(G(r,k))
	4.1. Notations
	4.2. Quantum Satake Principle
	4.3. Frequency of Coalescence Phenomenon in QH(G(r,k))
	4.4. Distribution functions of non-coalescing Grassmannians, and equivalent form of the Riemann Hypothesis


	Part 2.  Isomonodromy Deformations at an Irregular Singularity with Coalescing Eigenvalues
	Chapter 5. Structure of Fundamental Solutions
	5.1. Conventions and Notations
	5.2. Deformation of a Differential System with Singularity of the Second Kind
	5.3. Fundamental Solutions of (5.13)
	5.4. A Fundamental Solution of (5.1) at t=0
	5.5. Solutions for tU0(0) with A0(t) Holomorphically Diagonalisable.

	Chapter 6. Stokes Phenomenon
	6.1. Stokes Phenomenon at t=0
	6.2. Stokes Phenomenon at fixed t
	6.3. Stokes Phenomenon at t0

	Chapter 7. Cell Decomposition, t-analytic Stokes Matrices
	7.1. Stokes Rays rotate as t varies
	7.2. Ray Crossing, Wall Crossing and Cell Decomposition
	7.3. Sectors S(t) and S(K) 
	7.4. Fundamental Solutions Y(z,t) and Stokes Matrices S(t)
	7.5. Analytic Continuation of Y(z,t) on a Cell preserving the Asymptotics
	7.6. Fundamental Solutions Y(z,t) and Stokes Matrices S(t) holomorphic at 
	7.7. Meromorphic Continuation
	7.8. Comparison with results in literature

	Chapter 8. Isomonodromy Deformations Theory for Systems with Resonant Irregular Singularities
	8.1. Structure of Fundamental Solutions in Levelt form at z=0
	8.2. Definition of Isomonodromy Deformation of the System (1.20) with Eigenvalues (1.25)
	8.3. Isomonodromy Deformation Equations
	8.4. Holomorphic Extension of Isomonodromy Deformations to U0(0) and Theorem 1.6
	8.5. Isomonodromy Deformations with Vanishing Conditions on Stokes Matrices, Proof of Theorem 1.7
	8.6. Comparison with results in literature


	Part 3.  Local Moduli of Semisimple Frobenius Coalescent Structures
	Chapter 9. Application to Frobenius Manifolds
	9.1. Isomonodromy Theorem at coalescence points

	Chapter 10. Monodromy Data of the Mawell Stratum of the A3-Frobenius Manifold
	10.1. Singularity Theory and Frobenius Manifolds
	10.2. The case of A3
	10.3. Reformulation of results for PVI transcendents

	Chapter 11. Quantum cohomology of the Grassmannian G(2,4) and its Monodromy Data
	11.1. Small Quantum Cohomology of G(2,4)
	11.2. Solutions of the Differential Equation
	11.3. Computation of Monodromy Data


	Part 4.  Helix Structures in Quantum Cohomology of Fano Manifolds
	Chapter 12. Helix Theory in Triangulated Categories
	12.1. Notations and preliminaries
	12.2. Exceptional Objects and Mutations
	12.3. Semiorthogonal decompositions, admissible subcategories, and mutations functors
	12.4. Saturatedness and Serre Functors
	12.5. Dual Exceptional Collections and Helices

	Chapter 13. Non-symmetric orthogonal geometry of Mukai lattices
	13.1. Grothendieck Group and Mukai Lattices
	13.2. Isometries and canonical operator
	13.3. Adjoint operators and canonical algebra
	13.4. Isometric classification of Mukai structures
	13.5. Geometric case: the derived category Db(X)

	Chapter 14. The Main Conjecture
	14.1. Original version of the Conjecture and known results
	14.2. Gamma classes, graded Chern character, and morphisms @汥瑀瑯步渠=
	14.3. Refined statement of the Conjecture
	14.4. Relations with Kontsevich's Homological Mirror Symmetry
	14.5. Galkin-Golyshev-Iritani Gamma Conjectures and its relationship with Conjecture 14.2

	Chapter 15. Proof of the Main Conjecture for Projective Spaces
	15.1. Notations and preliminaries
	15.2. Computation of the Topological-Enumerative Solution
	15.3. Computation of the group C"0365C0(P)
	15.4. Computation of the Central Connection Matrix
	15.5. Reduction to Beilinson Form
	15.6. Mutations of the Exceptional Collections
	15.7. Reconstruction of the monodromy data along the small quantum cohomology, and some results on the big quantum cohomology
	15.8. Symmetries and Quasi-Periodicity of Stokes matrices along the small quantum locus

	Chapter 16. Proof of the Main Conjecture for Grassmannians
	16.1. Computation of the fundamental systems of solutions and monodromy data 
	16.2. Reduction to (twisted) Kapranov Form
	16.3. Symmetries and Quasi-Periodicity of the Stokes matrices along the small quantum locus

	Appendices
	 A. Examples of Cell Decomposition
	 B. Central Connection matrix of G(2,4)
	 C. Tabulation of Stokes matrices for G(r,k) for small k
	Bibliography


