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Abstract

In this doctoral thesis we present the research of Refs. [1–4] concerning the asymptotic safety
scenario in quantum gravity. We motivate the theoretical and conceptual need for the existence
of a theory of quantum gravity, and explain how such a theory might be realised through the
construction of an ultraviolet complete quantum �eld theory de�ned via a high-energy interacting
�xed point.

In particular, we give a pedagogical introduction to the functional renormalisation group, as
well as �xed points and critical phenomena. Thereafter we investigate the issue of background
independence, which is introduced when constructing a scale-dependent e�ective action of a gauge
theory using the background �eld formalism through the introduction of an infrared cuto� operator
and the gauge �xing procedure. To this end we study simultaneous solutions of the �ow equation
combined with so-called modi�ed split Ward identities in a conformally truncated theory in the
derivative expansion.

In the main part of this thesis we study the dynamics of a gravitational system coupled to
a number of scalar �elds. In doing so, we �nd scaling solutions in a fully functional truncation
using the derivative expansion and background �eld approximation on a d-dimensional sphere.
We then study a similar system using the vertex expansion in a fully dynamical �uctuation �eld
calculation. This is done in the exponential as well as the linear parametrisation of the metric,
using di�erent gauge �xing procedures. We �nd that the overall behaviour is very similar in both
cases. We furthermore �nd however that the contribution of the scalar �elds to the gravitational
coupling di�ers in its sign compared to older results obtained in a background �eld approximation.
To correct this behaviour, we supplement the background �eld equations with modi�ed split Ward
identities, with the aim to obtain the �uctuation �eld behaviour from a background approximation.
This seems to give satisfactory results in the case of the cosmological constant, whilst the running
of Newton’s constant still di�ers signi�cantly.
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Introduction

The need for quantum gravity

The undoubtedly most in�uential achievements of twentieth century theoretical physics are the
discovery and understanding of quantum mechanics—including the subsequent construction of
quantum �eld theories—as well as the development of general relativity.

The study of quantum �eld theories in particular has led to the construction of the standard
model of particle physics that describes the three—believed to be—fundamental strong, weak and
electro-magnetic interactions. Its theory predicts various particles that have subsequently been
discovered by experiments, such as the W and Z bosons, gluons (via jets), the top and charm quarks,
and very recently the Higgs boson. The sector of strong interactions also predicts con�nement of
quarks to form hadrons, and certain observables of the electromagnetic interactions provide the
best agreement between prediction and experiment for any man-made theory (e.g. anomalous
magnetic dipole moment of the electron).

The general theory of relativity on the other hand, which is a classical theory of gravitation, has
had comparable success and its classical predictions such as the perihelion precession of Mercury’s
orbit, the de�ection of light by the Sun and the gravitational redshift of light have long satisfactorily
been con�rmed by experiments. More recent experimental/observational tests of the theory include
gravitational lensing, frame-dragging (Lense–Thirring precession), the cosmological predictions of
structure formation and the recent discovery of gravitational waves.

However, there are still unresolved issues, both in the standard model as well as in general
relativity. The standard model, for instance, su�ers from a number of phenomenological issues
such as the precise mechanism to generate the masses of neutrinos, the structure of dark matter
and dark energy, the mechanism for CP violation needed for early universe baryogenesis, and the
properties of the axion. Examples of more conceptually related issues include the triviality problem,
the stability of the Higgs potential, the hierarchy problem, the cosmological constant problem, as
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well as the origin of the symmetry structure and matter content of the standard model.
Some of these issues are likely to be resolved by extensions of the standard model with new

matter degrees of freedom, new symmetries and new dynamics. Others, however, such as the
cosmological constant problem or the nature of dark energy, and even the stability of the Higgs
sector in the ultraviolet (UV) seem to be intricately connected to the gravitational interaction.

But even general relativity by itself clearly reveals boundaries of its applicability. Most notably,
this includes the existence of singularities of physical quantities in the cases of cosmological
and black hole solutions of the theory. Trying to apply the machinery of quantum mechanics to
(ordinary) matter degrees of freedom whilst keeping the treatment of the gravitational interaction
classical has led to the development of quantum �eld theory on curved backgrounds. This approach
has been used in the context of early Universe cosmology and cosmological in�ation with great
(apparent) success. It however has introduced a great many new questions within the physics (and
in particular thermodynamics) of black holes. This includes the no-hair theorems, as well as the
information paradox.

The general consensus on how to resolve these issues is the quantisation of gravitation itself—
often referred to as quantum gravity. Apart from the observation that all other known interactions
are described by quantum mechanics, there are usually three arguments brought forward in favour
of this approach.1First of all, Einstein’s �eld equations

Rµν − 1
2 Rgµν =

8πGN

c4
Tµν ,

the classical equations of motion of general relativity, couple geometry, i.e. the gravitational �eld
described by the Einstein tensor Gµν = Rµν − 1

2 Rgµν to the energy-momentum tensor Tµν of the
present matter content. But since ordinary matter is described by quantum mechanics, the latter is
actually a tensor of linear operators rather than of c-numbers. One way to make Einstein’s �eld
equations consistent would thus be to cast the Einstein tensor to an operator as well, i.e. quantising
the gravitational �eld.

The second argument, is of similar spirit: Since we know of situations where both gravitational
as well as quantum mechanical phenomena are strong, we need a theory that can consistently
describe both phenomena at the same time. Namely, in black hole thermodynamics, the Hawking
temperature of ordinary matter evaporating from a black hole is given by:

TH =
h c3

GN kB

1

4M
.

Clearly, in natural units quantum mechanical, gravitational, special relativistic and statistical
phenomena are of the same order of magnitude. Since however in quantum mechanics particles
have mass associated with them, and mass couples to gravity, interactions have to be treated by their
full non-linear dynamics given by general relativity, i.e. taking back-reactions of the gravitational
�eld into account. But since the matter �eld follows a quantum mechanical probability distribution
the interfering gravitational �eld must possess a similar probabilistic description as well.

Finally, gravitational waves must necessarily consist of elementary excitations, called gravitons,
otherwise they could be used to determine the path of an electron in a double-slit experiment

1Strictly speaking, all of the following arguments only show that there should be a probabilistic theory of gravitation
that is compatible with the known framework of quantum mechanics used for the other known interactions. However,
gravity need not be neither quantised nor even a fundamental interaction.
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without disturbing the interference pattern of the electron �eld behind the slits. This would however
violate Heisenberg’s uncertainty principle.

There have been many approaches towards a theory of quantum gravity most notably M-theory,
and its low energy limit supergravity, as well as approaches of canonical quantisation including loop
quantum gravity, its path integral formulation of spin foams and group �eld theory. Furthermore,
there are theories using an underlying lattice regularisation such as causal dynamical triangulation
and Regge calculus. There are also approaches emphasising more of the geometrical nature of
general relativity such as causal sets. All of these formulations are going beyond the framework of
quantum �eld theories, however, in spite of its successful application within the standard model.

An exception is the so-called asymptotic safety scenario which we want to study in this thesis.
To understand its core idea, let us recall the modern view of quantum �eld theories. In contrast to
the original understanding that a quantum �eld theory has to be (perturbatively) renormalisable in
order to be a useful tool to predict physical quantities, today we regard quantum �eld theories
as either fundamental or e�ective, depending on their ultraviolet behaviour. Namely, any theory
without a mathematically well-behaved (i.e. �nite) ultraviolet limit, or one with in�nitely many
relevant directions, may be called e�ective. However, e�ective �eld theories are far from futile.
This is because, as long as the energy scale is kept below a certain ultraviolet cuto�, e�ective �eld
theories allow to predict physical observables up to a given precision after �xing only a �nite
number of parameters (for instance through a number of independent experiments).

E�ective quantum �eld theories have been used with great success in chiral perturbation
theory, in�ation and even general relativity.2 However, they do not allow to extrapolate predictions
towards arbitrary energy scales: this is because of the dependence of observables on in�nitely
many parameters, which would require in�nitely many, independent experiments to �x them.
Fundamental theories on the other hand only have a �nite number of relevant directions which is
to say, they have predictive power at all energy scales after measuring only a �nite number of
parameters. Long-known examples of the latter are perturbatively renormalisable theories without
Landau poles—these include the class of Yang-Mills theories, which have proven to be an excellent
tool, for instance to describe the strong interactions through quantum chromodynamics. However,
since the late 1970s it is known that this scenario is not applicable to Einstein gravity, and that the
latter is not perturbatively renormalisable.

The perturbative renormalisability of Yang-Mills theories may equally well be viewed as a
collective �xed point of the beta functions of all couplings3 of the theory in the ultraviolet. That
means that the energy scale-dependence of the couplings becomes self-similar (i.e. stable) when
approaching arbitrary high energies. In Yang-Mills theories this is trivially satis�ed, because the
essential coupling converges to zero at high energies: quarks and gluons stop interacting with
each other and become free, which is known as asymptotic freedom. The �xed point in this case
is called free or Gaussian, and it allows the theory to be studied perturbatively in the ultraviolet.
However, the values of the couplings at the �xed point do not have to be zero for the theory to be
well-behaved in the ultraviolet—it su�ces for them to remain �nite. In the latter case the �eld
degrees of freedom will interact with each other at high energies, which is why the �xed point is
called interacting.

2Actually, it is fair to say that the e�ective �eld theory of Einstein gravity is the best known theory of quantum
gravity today. Not only does it combine quantum �eld theory with gravity in a true sense, it also allowed the calculation
of (at least in principle) falsi�able results, for instance in form of corrections to the Newtonian potential.

3Strictly speaking it is enough for all essential couplings to have a �xed point, that is products and quotients of bare
couplings that appear in physical observables such as cross sections.
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Although in the case of gravity no ultraviolet Gaussian �xed point can exist, because the theory
is perturbatively non-renormalisable, there still may be an interacting �xed point. The possibility of
such a scenario to indeed take place for gravity was �rst proposed by Steven Weinberg in 1979,
cf. Ref. [5]. It is since referred to as asymptotic safety following the case of asymptotic freedom
discovered earlier. The �rst approach to apply this idea to construct an ultraviolet complete quantum
�eld theory of gravity using the exact renormalisation group equation was subsequently done in
1996 by Martin Reuter, cf. Ref. [6]. Since then, a considerable amount of evidence has been found to
support that such a theory could be constructed in the case of pure gravity.

It is important to mention that the value of the couplings at the �xed point is not a priori
restricted in any way. In particular, the relevant dimensionless values may be of order one or greater,
forbidding a conventional perturbative study of the theory at the �xed point by expanding physical
observables in powers of the coupling. This is why the space of all quantum �eld theories of gravity
must be scanned for candidate theories with non-perturbative tools. Of such there are only a few
available, none of which is as matured as the perturbative tools developed in the last century, yet.
The most notable non-perturbative tools are the conformal bootstrap, the lattice, entanglement
entropy and the functional renormalisation group. The latter is the traditional tool which has been
used in the vast majority of research concerning asymptotic safety in gravity and it is the one we
will use throughout this thesis as well.

Outline of the thesis
One of the main open issues in asymptotic safety in quantum gravity is the inclusion of matter �eld
degrees of freedom. Most of this thesis will deal with this issue in one way or another.

This is interesting and relevant for a number of reason. First of all, one may argue, that having
an ultraviolet complete quantum �eld theory of gravity alone is not enough for at least two reasons:
(a) the inclusion of matter �elds introduces new couplings into the theory which may behave
very di�erently from the ones which couple gravitons to one another and thus may interfere with
asymptotic safety of pure gravity, or destabilise �xed points entirely; (b) the generally accepted
e�ectiveness of the standard model has to be dealt with. In principle it is possible that gravity could
cure the instabilities of the Higgs sector and hence an asymptotically safe quantum �eld theory of
everything could serve as a nice and elegant ultraviolet completion of the standard model.

Initial studies of the inclusion of matter �elds have indeed revealed that a large number of
scalar �elds may destabilise gravitational �xed points and thus predict an upper bound for the
number of scalar matter �elds present in the Universe, cf. Ref. [7]. This is especially relevant for
(e�ective) cosmological theories and (possibly supersymmetric) grand uni�ed theories which
usually incorporate large numbers of scalar �elds. However, there are still many technical details
that need to be addressed in order to solidify these predictions.

A second major reason to study the behaviour of matter �elds within a gravitational quantum
�eld theory concerns the ability to compare predictions of the theory with experiments and
observations. This is in particular true for astrophysical systems and cosmological test, where
couplings between matter and gravity can be measured much more accurately than observables
coming from purely gravitational e�ects. This includes the equivalence principle, perturbations of
the cosmic microwave background, implications for in�ationary models as well as even collider
experiments.

A second issue we will be (much less) concerned about in this thesis is one of more technical
nature. Namely, we will study some of the implications, that the use of the well-known background
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chapter parametrisation expansion scheme reference

Ch. 1 general general
Ch. 2 any derivative [3]
Ch. 3 exponential derivative [1]
Ch. 4 exponential vertex [2]
Ch. 5 linear vertex [4]

main topic

background independence

scalar matter + gravity

Figure 1: Overview of the chapter contents of the thesis including its main topic, some information about technical
details used in the calculations and the original reference (where applicable).

�eld method in quantum �eld theory has on renormalisation group properties when de�ning
an energy scale with respect to this very background.4 This may be regarded as a mathematical
consistency condition and could give interesting insides about the appropriate description of the
renormalisation group, when applied to gravitational theories.

The thesis is organised as follows:
Chapter 1 provides a technical introduction to asymptotic safety and the functional renormali-

sation group. We will establish most of the mathematical notions used in later chapters, including
truncation schemes, forms of cuto�s and �eld parametrisations, as well as basic concepts of critical
phenomena. This chapter includes a detailed case study of a scalar �eld theory.

Chapter 2 presents the foundation of the modi�ed split Ward identities and its application to
insure background independence. We study the implications of the combination of �ow equation
and Ward identity in the context of conformally reduced quantum gravity.

Chapter 3 studies scalar �elds non-minimally coupled to a curved background in a background
calculation using heat kernel techniques. We �nd functional �xed point solutions and study their
linearised behaviour in more details. We discover various upper bounds for the number of scalar
�elds when demanding asymptotic safety for the combined system.

Chapter 4 augments the previous chapter by studying the dynamics of a three-leg vertex
consisting of two massless scalar �elds minimally coupled to the spin-two mode of a graviton about
a �at background. We �nd qualitatively similar results as previously, and in particular observe that
too many scalar �elds induce a destabilising e�ect on �xed points.

Chapter 5 repeats the calculation of chapter 4 with di�erent technical choices such as �eld
parametrisation and cuto�. This shall give an idea about the robustness of the results obtained so
far and the validity of the upper bounds. We also use the Ward identity to remove background
dependencies due to the cuto� operator.

List of publications
The work presented in this thesis is based on the following publications:

4A priori, this has nothing to do with di�eomorphism invariance of the quantum theory, which is emphasised by
other approaches such as loop quantum gravity, and may or may not hold at the �xed point in asymptotic safety.
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• Peter Labus, Roberto Percacci, and Gian Paolo Vacca. Asymptotic safety in O(N) scalar
models coupled to gravity. Phys. Lett., B753:274–281, 2016, arXiv:1505.05393 [hep-th]

• Pietro Donà, Astrid Eichhorn, Peter Labus, and Roberto Percacci. Asymptotic safety in an in-
teracting system of gravity and scalar matter. Phys. Rev., D93(4):044049, 2016, arXiv:1512.01589
[gr-qc]. [Erratum: Phys. Rev., D93(12):129904, 2016]

• Peter Labus, Tim R. Morris, and Zoë H. Slade. Background independence in a background
dependent renormalization group. Phys. Rev., D94(2):024007, 2016, arXiv:1603.04772 [hep-th]

• Astrid Eichhorn, Peter Labus, Jan M. Pawlowski, and Manuel Reichert. E�ective universality
in gravity-matter �ows. 2017. In preparation.

An overview, including the main subject of each chapter, technical details of the respective calcula-
tions, as well as the main source of reference, may be found in Fig. 1.

Most of the diagrams, tables, �gures and plots in the original sources have been recreated for
this thesis using TikZ and pgfplots, with the exception of Fig. 3.1 which was originally created
using Wolfram Mathematica 10.0, and was reproduced here from Ref. [1]. All typesetting has been
done with LATEX.

http://arxiv.org/abs/1505.05393
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http://arxiv.org/abs/1512.01589
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1. Asymptotic Safety and the Functional RG

In this chapter we will explain the idea of asymptotic safety in a more rigorous way than in
the introduction, and in particular introduce the notation used in the rest of this thesis. To this
end, we will �rst study the functional renormalisation group equation and its related concepts.
Although the framework of asymptotic safety is quite generic and could well be studied with other
non-perturbative tools, the language of the renormalisation group turns out to be particularly useful
to explain the core ideas of asymptotic safety. Our presentation is heavily in�uenced by Refs. [8, 9].

1.1 Functional renormalisation group
In this �rst section we will introduce the functional renormalisation group as a tool to solve generic
quantum �eld theories. In particular, we will see how to formalise Wilson’s idea of a coarse-graining
procedure for the action of a quantum �eld theory by introducing smooth energy scale-dependent
infrared cuto� operators: We will then introduce a scale-dependent e�ective average action and
derive its exact renormalisation group equation. Finally, we will discuss some strategies how to
obtain approximate solutions to the exact equation. For reviews of the topics, cf. [10–14].

1.1.1 Observables in quantum field theories
In order to solve a quantum �eld theory, one has to be able to calculate any physical observable the
theory may predict. This will in particular include the existence of particles—elementary or bound—
as well as their properties, such as masses or charges, but also their behaviour when interacting
amongst each other, which can be quanti�ed using cross-sections. All of these observables may be
expressed using the kinematics of the theory, as well as its dynamical content, the latter of which is
completely encoded in the so-called n-point correlation functions

Cn(x1, x2, . . . , xn) =
〈
Φ(x1) Φ(x2) . . . Φ(xn)

〉
, (1.1)
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where the variables Φ represent (possibly distinct) quantum �elds, which may additionally carry
indices of space-time or internal symmetries. The correlation functions are functional expectation
values of products of n �eld operators at di�erent space-time positions and they may be calculated
using the path integral formalism via〈

Φ(x1) Φ(x2) . . . Φ(xn)
〉

=
1

Z

∫
DΦ Φ(x1) Φ(x2) . . . Φ(xn) e−S[Φ] , (1.2)

where the partition function Z =
∫
DΦ e−S[Φ] serves as a normalisation constant, DΦ represents

the integration measure, and e−S[Φ] is the Euclidean Boltzmann factor—the (quantum) probability
distribution which weights every �eld con�guration in the path integral according to its classical
action.

A more elegant way to obtain any n-point correlation function is by means of the generating
functional W [J ] which is the logarithm of the partition function, to the latter of which a source
term has been added:1

Z[J ] = eW [J ] =

∫
DΦ e−S[Φ]+

∫
ddx J(x) Φ(x) . (1.3)

Taking derivatives with respect to the source term J and evaluating the expression at J = 0 yields
an e�cient procedure to obtain any correlation function:

Cn(x1, x2, . . . , xn) =
δW

δJ(x1) δJ(x2) . . . δJ(xn)

∣∣∣∣
J=0

. (1.4)

Solving a quantum �eld theory can thus equivalently be viewed as calculating the generating
functional (or its image under some one-to-one mapping, such as the Legendre transformation).
One very common way to do so approximately, is through perturbation theory. There, one separates
the action into a kinetic term, which describes the freely propagating �elds, and a potential term,
which in turn includes the vertices of the theory, i.e. the way �elds interact amongst themselves. It
is then the latter that is expanded in powers of some small quantity, such as a coupling parameter,
in order to calculate perturbations around the free theory. Not only does this approach rely on the
existence of a small expansion parameter, it is also by its very nature bound to hide non-analytic (or
non-perturbative) dependencies of observables within the quantum �eld theory.

An alternative method to calculate the generating functional is based on Wilson’s idea of
a functional renormalisation group. In order to construct it, we �rst need to de�ne an energy
scale-dependent action SΛ. It is obtained via integrating out only those momentum modes |q| in the
path integral that are higher2 than some given cuto� scale Λ

e−SΛ[Φ] =

∫
Λ≤ |q| ≤ΛUV

DΦ e−S[Φ] . (1.5)

The partition function may then be recovered by integrating out the remaining modes

Z =

∫
0≤ |q| ≤Λ

DΦ e−SΛ[Φ] . (1.6)

1Summation over distinct �elds and symmetry indices is implicitly understood.
2In addition we have to regularise the theory in the ultraviolet, for instance via a cuto� ΛUV . However, the details of

such a procedure are irrelevant for the renormalisation group equation discussed here, as will become clear shortly.
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In this way, we can de�ne a scale-dependent generating functional which describes physics at same
given energy scale Λ. In particular, we may quantify the dependence of SΛ on the energy scale
through its beta functional dSΛ/dΛ, which can be obtained via

dSΛ

dΛ
= lim

δΛ→0

SΛ+δΛ − SΛ

δΛ
. (1.7)

Note that this equation will become a �rst-order integro-di�erential equation once the de�nition of
SΛ is employed on its right hand side. Wilson’s renormalisation group thus gives us another strategy
to solve a quantum �eld theory. In order to do so, we have to �nd the solution to the renormalisation
group equation with the boundary condition SΛUV

= S, and subsequently integrate towards the
infrared, W = − limΛ→0 SΛ.

Although this approach does not seem any easier than calculating the original generating
functional W directly, it does o�er a number of advantages:

• The renormalisation group is conceptually simple and physically intuitive.
• The renormalisation group is non-perturbative. In particular, it does not rely on the use of a

small expansion parameter.
• The renormalisation group equation has a simple one-loop form.3

• The resulting beta function is �nite. In particular, ultraviolet divergences that may appear in
SΛ cancel out when taking the di�erence on the right hand side of the renormalisation group
equation.

Note that the cuto� Λ may be thought of as an ultraviolet cuto�, since for any given SΛ, it cuts o�
the high momentum modes in the path integral, when calculating the partition function. However,
in the de�nition of SΛ itself, it is an infrared cuto� for the high energy modes that get integrated
out. For the di�erential equation that is the renormalisation group equation, this distinction clearly
does not play any rôle. To formalise Wilson’s idea and establish a tool for practical calculations,
we will introduce a smooth infrared cuto� (opposed to the sharp cuto� used before) and use the
Legendre transform of the generating function W to derive an exact functional renormalisation
group equation.

1.1.2 Smooth cuto� operators
Our aim for this subsection is it to introduce a concept of a scale-dependent classical (or bare) action
which can then be integrated over in the path integral to obtain a scale-dependent quantum action.

In order to do this, for any given energy scale k we want to distinguish modes with low momenta
|q| < k and modes with high momenta |q| > k. Since it is the high momentum modes we want to
integrate out, they should remain undisturbed by the cuto� procedure, i.e. propagate as given by the
theory. The low momentum modes however, should be suppressed, i.e. they should not propagate.
Furthermore, we want to alter only the propagation of a given mode, and not its interaction structure.
This is why we choose to add to the classical action a cuto� term that is bilinear in the �elds which
we want to regulate.

3This can be seems by rewriting the numerator of the right hand side in a perturbative loop expansion. Since the
integral is linear in its upper and lower boundary, one integrates over a momentum shell of thickness δq = δΛ, such that
in each diagram closed loops contribute δΛ/q → 0, which leaves a one-loop contribution only.
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In the most general case of a quantum �eld theory in curved space-time, we have to choose a
�rst or second order di�erential operator ∆ which we leave unspeci�ed for the moment. Then we
have to calculate the eigenspectrum of the latter

∆ϕn = λn ϕn . (1.8)

Next we can expand the quantum �eld ϕ(x) we want to regularise in terms of its generalised
Fourier coe�cients φn as

ϕ(x) =
∑
n

φn ϕn(x) , (1.9)

where for the moment we assumed a discrete spectrum of ∆ which we label by integers n. We will
outline the case of a scalar �eld here �rst, and comment on how to generalise this procedure to
other types of �elds at the end of the subsection. The cuto� term we want to add to the classical
action, can then be written in its most general form in two distinct ways

∆Sk[ϕ] =
1

2

∫
ddx ϕ(x)Rk[∆]ϕ(x) =

1

2

∑
n

φnRk(λn)φn . (1.10)

The second expression is often the most convenient form of the cuto� term when it comes to
evaluating functional traces, as the ones that will appear in the functional renormalisation group
equation, see below. Since it is common practise, we will denote the cuto� kernel Rk[∆] and its
Fourier transform with the same symbol, and add its explicit argument as appropriate.

For a physically more transparent presentation, let us now specialise to the case of a �at
space-time and ∆ = ∂µ∂µ. The generalised Fourier transformation in this case simply becomes the
usual continuous transformation and the cuto� term in momentum space assumes the form:4

∆Sk[ϕ] =
1

2

∫
ddq

(2π)d
ϕ(−q)Rk(q2)ϕ(q) . (1.11)

One should think of the regulator Rk(q2) as a scale-dependent mass term. To make this idea more
precise, let us have a look at the propagator that results from the introduction of this regulator term:

Gk(q
2) =

1

q2 +Rk(q2)
. (1.12)

It shows clearly, that we indeed introduced an infrared cuto�. To follow the strategy outlined
above, all high momentum modes should be left unchanged and thus should acquire a mass
mk = Rk(q

2) ≈ 0 whenever |q| > k. Furthermore, we may want to make sure that the limit
Rk → 0 happens su�ciently fast (e.g. exponentially). The low momentum modes on the other hand
should obtain a mass mk = Rk(q

2) ≈ k, for all |q| < k, such that their energy always remains
below the mass gap. It is often bene�cial to choose the transition between these two regimes to be
smooth. This is because when dealing with the vertex expansion approximation scheme of the
renormalisation group equation or with anomalous dimensions, there are often times derivatives
acting on the cuto� operator. However, one of the most popular choices of the cuto� operator, the
optimised cuto�, is merely continuous.

4Here again we denote Fourier transforms, including the �elds themselves, with the same symbols as the original
variable.
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1. For any k �xed, Rk(q2) is monotonically decreasing.

2. For any q2 �xed, Rk(q2) is monotonically increasing.

3. For any q2 > k2, Rk(q2)→ 0 su�ciently fast.

4. limk→0Rk(q
2) = 0.

5. Rk(0) = k2.

0 1 2

0
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1

q2

R
1
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2
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1
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)

Figure 1.1: (Left) Formal requirements on a (standard) cuto� operator. (Right) Graphical illustration of the �rst
two requirements, using the optimised cuto� as an example. The upper panel shows Rk(q2) with k = 1 �xed,
and in the lower panel q2 = 1 is �xed. Note that the last three requirements are also satis�ed.

We summarise the requirements on the cuto� operator5 in Fig. 1.1. Requirements 1–3 have been
explained above6 and simply implement our cuto� strategy. Requirement 4 is self-evident, as it
guarantees to match the standard case when the cuto� is switched o�. The last requirement will
turn out to guarantee that we recover the universal one-loop beta functions for dimensionless
variables. It may be viewed as a normalisation condition.

After this technical motivation, let us now list some examples of cuto� operators used in
actual calculations. Assigning canonical dimensions to all �elds, we can factor out the dimensional
dependence in the cuto� operator and write

Rk(q
2) = k2 r(y) , (1.13)

where y = q2/k2 is the dimensionless momentum of the modes which get integrated over in the
path integral in units of the squared scale k2, and r(y) is a dimensionless function, usually called
the (cuto�) pro�le function. Some popular choices of pro�le functions include:

r(y) =
y

ey − 1
, (1.14)

r(y) =
y2

ey2 − 1
, (1.15)

r(y) = (1− y) θ(1− y) . (1.16)

The last pro�le function, the optimised cuto�, cf. Refs. [15, 16], is by far the most widely used. We
display the shapes of these three pro�les and the propagator that result in Fig. 1.2.

5The requirements listed here characterise a so-called standard cuto�. We will not be dealing with non-standard
cuto�s in this thesis.

6It might be easier to understand requirement 2, by realising that for decreasing k the mass gap should reduce for all
momentum modes q2 simultaneously.
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Figure 1.2: (Left) Standard pro�le functions and (right) their resulting propagators in units of the squared cuto�
scale k2. The free propagator is added here as reference.

Let us now introduce a cuto� classi�cation that has been developed in Ref. [17]. It is of practical
importance and relies on the observation that the Hessian of the e�ective average action, which
appears in the functional renormalisation group equation, as we will see shortly, is generically
proportional to a di�erential operator

−∇2 + E , (1.17)

where∇ is the covariant derivative with respect to the gauge connection(s), including gravity as
well as internal symmetries, and E is a endomorphism which may include mass terms or curvature
invariants. Since the cuto� term will be added to this Hessian, it will turn out computationally handy
to chose the operator ∆, of which the cuto� kernel is a functional, to include parts of −∇2 + E. To
express the classi�cation, we have to split the endomorphism E = E1 + E2 into a part E1 which
has no scale-dependent couplings and a part E2 which contains renormalisation group dependent
couplings only. Then the following three types of cuto� operators are de�ned:

• type I: ∆ = −∇2

• type II: ∆ = −∇2 + E1

• type III: ∆ = −∇2 + E1 + E2

Note that when using a type III cuto�, the spectrum of the operator ∆ will change along the
renormalisation group �ow.

To conclude this subsection let us now comment on the case of having several (possibly
multi-component) �elds. The cuto� term is then expressed through a matrix relation

∆Sk[ΦA] =

∫
ddx ΦAR

AB
k ΦB (1.18)

where A and B run over the number of �elds as well as their space-time and possibly internal
indices. Although one could in principle mix di�erent �elds with the same symmetry structure in
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this way, RABk is usually chosen to be diagonal in �eld space. Also note that this introduces the
additional freedom of choosing the tensor structure of the cuto�. In practise however, one usually
uses the tensor structure found in the respective Hessian.

1.1.3 E�ective average action and its exact flow
Having de�ned a scale-dependent cuto� operator for the classical action, we can now proceed and
de�ne a scale dependent generating functional via7

eWk[J ] =

∫
Dϕ̃ e−S[ϕ̃]−∆Sk[ϕ̃]+

∫
ddx J(x) ϕ̃(x) . (1.19)

It will turn out to be more convenient to pass to the functional Legendre transform of Wk[J ] which
is de�ned by

Γ̂k[ϕ] = −Wk[J ] +

∫
ddx J(x)ϕ(x) . (1.20)

Here we have introduced a new variable ϕ as the functional derivative of the old functional Wk

with respect to the old variable J :8

δWk

δJ(x)
=
〈
ϕ̃(x)

〉
≡ ϕ(x) . (1.21)

The �rst equality holds by de�nition of the generating functional Wk and the new variable is called
the classical �eld, since it is exactly this expectation value that appears in the classical action. The
last relation must be invertible such that the old variable may be expressed in terms of the new one,
J = J [φ]. We can then take the functional derivative of the new function Γ̂k with respect to the
new variable φ in order to discover that

δΓ̂k
δϕ(x)

= −
∫

ddy
δWk

δJ(y)

δJ(y)

δϕ(x)
+

∫
ddy

δJ(y)

δϕ(x)
ϕ(x) +

∫
ddy J(y) δ(x− y) = J(x) , (1.22)

where we made use of the de�nition of the new variable ϕ. With this observation, we can write the
exponential of the negative Legendre transform as

e−Γ̂k[ϕ] =

∫
Dϕ̃ e−S[ϕ̃]−∆Sk[ϕ̃]+

∫
ddx

δΓ̂k
δϕ(x)

(
ϕ̃(x)−ϕ(x)

)
. (1.23)

We can now perform a change of the integration variable to χ̃ = ϕ̃ − ϕ, to obtain (assuming
invariance of the integration measure under constant shifts):

e−Γ̂k[ϕ] =

∫
Dχ̃ e−S[χ̃+ϕ]−∆Sk[χ̃+ϕ]+

∫
ddx

δΓ̂k
δϕ(x)

χ̃(x)
. (1.24)

7From now on, we will add a tilde above �elds which get integrated over in the path integral in order to be able to
use the same letter for said �eld to denote its classical equivalent, cf. below.

8Having a �nite source function J(x) we can de�ne a functional expectation value via〈
O[Φ]

〉
J
≡ 1

Z[J ]

∫
DΦ O[Φ] e−S[Φ]+

∫
ddx J(x) Φ(x) ,

for any �eld operator O[Φ]. This generalises Eqn. (1.2) using the modi�ed partition function Eqn. (1.3). Since we do not
directly want to evaluate partition functions, we can always assume J to be non-zero and drop the explicit index.
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We will now shift the Legendre transform by the cuto� action in order to obtain a more beautiful
�nal expression:

Γk ≡ Γ̂k −∆Sk . (1.25)

The resulting functional Γk is called the e�ective average action. Observing that due to the bilinear
form of the cuto� action we have

−∆Sk[χ̃+ ϕ] + ∆Sk[ϕ] +

∫
ddx

δ∆Sk
δϕ(x)

χ̃(x) = −∆Sk[χ̃] , (1.26)

we �nally arrive at the following expression:

e−Γk[ϕ] =

∫
Dχ̃ e−S[χ̃+ϕ]−∆Sk[χ̃]+

∫
ddx

δΓk
δϕ(x)

χ̃(x)
. (1.27)

From the last identity, one can show using the formal requirements on a standard cuto� that

lim
k→0

Γk = Γ and lim
k→∞

Γk = S , (1.28)

where Γ is the usual e�ective action de�ne without the cuto� action ∆Sk.
We are now ready to derive the exact renormalisation group equation. To this end we de�ne a

renormalisation group time

t ≡ log

(
k

µ

)
, (1.29)

where µ is an arbitrary energy scale. Then from the de�nition of the e�ective average action we
have

dΓk
dt

= −dWk

dt
− d∆Sk

dt
. (1.30)

The �rst term can be re-expressed by observing that

deWk

dt
= Ẇk e

Wk =

∫
Dϕ̃

(
−∆Ṡk

)
e−S[ϕ̃]−∆Sk[ϕ̃]+

∫
ddx J(x) ϕ̃(x) =

〈
−∆Ṡk

〉
eWk , (1.31)

where we used dots to denote derivatives with respect to time t. This expression implies

Ẇk =
〈
−∆Ṡk

〉
= −1

2

〈∫
ddx ϕ̃(x) Ṙk ϕ̃(x)

〉
. (1.32)

Using the fact that the cuto� operator Rk is independent of the �eld ϕ̃ we can write the time
derivative of the e�ective average action as

dΓk
dt

=
1

2
Tr
[(
〈ϕ̃ϕ̃〉 − 〈ϕ̃〉2

)
Ṙk

]
, (1.33)

where the trace operator Tr indicates integration over space-time and momentum, as well as
summation over space-time and internal indices, as appropriate. To make further progress, we �rst
note that the de�nition of Wk implies

δ2Wk

δJ(x) δJ(y)
=
〈
ϕ̃(x) ϕ̃(y)

〉
−
〈
ϕ̃(x)

〉〈
ϕ̃(y)

〉
, (1.34)
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and that we can furthermore re-express the second derivative acting on Wk as

δ2Wk

δJ δJ
=
δϕ

δJ
=

(
δJ

δϕ

)−1

=

(
δ2Γ̂k
δϕ δϕ

)−1

. (1.35)

Here, the �rst equality follows from the de�nition of the classical �eld, and the last equality from
the de�nition of the Legendre transform.9 This �nally enables us to write

〈
ϕ̃(x) ϕ̃(x)

〉
−
〈
ϕ̃(x)

〉〈
ϕ̃(x)

〉
=

(
δ2Γ̂k

δϕ(x) δϕ(x)

)−1

. (1.36)

Substituting the de�nition of Γk into the last expression, we can obtain the exact or functional
renormalisation group equation, also called Wetterich or simply �ow equation, as follows

dΓk
dt

=
1

2
Tr

[(
δ2Γk
δϕ δϕ

+Rk

)−1

Ṙk

]
. (1.37)

Having formalised Wilson’s idea of a functional renormalisation group, and arrived at a rigorous
equivalent to Eqn. (1.7), some comments are in order. Let us in particular reappraise the features
which we considered advantageous of an renormalisation group approach:

• The renormalisation group is conceptually simple and physically intuitive. In particular, it is
generic and may be applied to any quantum �eld theory, may it be fundamental or e�ective.

• The renormalisation group is non-perturbative. This is true, since no approximation is made on
the way of deriving the equation, hence the name “exact”.

• The renormalisation group equation has a simple one-loop form. In particular, it contains a
closed loop on its right hand side, composed of a full (regularised) propagator and an insertion
of the running cuto� operator Ṙk . The full propagator, obtained from the quantum e�ective
action contains all the non-perturbative information. The origin of the one-loop form is
manifestly due to the bilinear cuto� operator. If one would choose to include higher order
terms, higher order vertices would appear in the renormalisation group equation.

• The resulting beta function is �nite. This is due to the fact that Ṙk(q2) goes to zero su�ciently
fast whenever q2 > k2, thus guaranteeing convergence of the momentum integrals in
the ultraviolet. The cuto� operator Rk additionally imparts an infrared regularisation by
introducing a mass gap whenever k 6= 0.

Moreover, given an e�ective action at some scale k0 the e�ective average action can be de�ned at
any other scale k via the function renormalisation group equation. This allows in particular, as we
already anticipated, to calculate the quantum e�ective action Γ at k = 0, given that Γk has been
�xed at some scale k. Lastly note, that no reference to ultraviolet physics is made anywhere in the
exact renormalisation group equation, i.e. all quantities involved only depend on some intermediate
scale k.

9Note that Wk is a functional of J only.
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1.1.4 Approximation schemes

Now that we have derived an exact renormalisation group equation, we can discuss strategies how
to search for solutions of said equation. To this end, after having specialised the �eld content, as
well as all global and/or local (gauge) symmetries, one has to search for solutions in the space of all
quantum �eld theories with the given properties. Namely, the e�ective average action assumes the
form

Γk[Φ] =
∑
i∈I

gi(k)Oi[Φ] , (1.38)

which is an in�nite sum over a countable index set I . Here, the Oi[Φ] represent all monomial
operators which can be build through integration over space-time of powers of the given �elds Φ
and their covariant derivatives, in such a way that they are scalars under all speci�ed symmetry
groups. The coe�cients gi(k) are hereby scale-dependent coupling constants which in their entirety
re�ect the renormalisation group running of the e�ective average action. Plugging this expression
back into the �ow equation yields an equivalent description in terms of in�nitely many coupled
equations in terms of the in�nitely many coe�cients gi(k) and their �rst derivatives ġi(k) with
respect to the renormalisation group time.

Clearly there is not much hope to �nd an exact solution to the exact equation even for the
simplest possible choice of �eld content and symmetry structure. This is why one has to rely on
approximation schemes to �nd only approximate solutions to the exact equation. In this subsection
we will introduce the two schemes which are the most relevant for practical computations and
which will be used throughout this thesis. But before going into the details of these schemes, let us
add some general remarks how to approximate the e�ective average action in most cases.

Since we are dealing with a non-perturbative formulation of quantum �eld theories, in the most
general case there is no (obvious) expansion parameter available that could reliably be used for the
full energy range from the ultraviolet to the infrared. This is why one often decides to solve only a
�nite subset of the in�nitely many equation in full theory space. This approach is called truncation,
and e�ectively shrinks the index set I to some �nite, or in�nite, proper subset I . In the latter case
one usually assumes some functional form for the operators, such as in the case of f(R) gravity.
The choice of the operators involved in this approximation is arbitrary, but in practise one often
chooses to use the lowest (mass) dimensional operators—as one would do also in perturbation
theory.

Truncations are hard to justify a priori, as the renormalisation group equation couples all
operators to every other, at least indirectly. That is, even setting some running coupling to zero at
some scale would therefore likely imply that it is non-zero at other scales. Hence a truncation
restricts the dynamics possible in the solution quantum �eld theory. The common strategy to
circumvent this issue is to subsequently enlarge the truncated space and include higher dimensional
operators. Stability in the behaviour of couplings which were already been included in previously
studied approximations, can then be interpreted as apparent convergence of the approximate
solution. In the framework of asymptotic safety this procedure can indeed be used to recover
well-know critical behaviour in scalar �eld theories.

Both of the approximation schemes we want to introduce here make use of truncations of
theory space. The �rst one, the vertex expansion, is based on rewriting the sum over all possible
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operators as a functional Taylor expansion around some given �eld con�guration ϕ(x):10

Γk[ϕ] =
∞∑
n=0

1

n!

∫
ddx1

∫
ddx2 . . .

∫
ddxn Γ(n)

x1x2...xn

n∏
i=1

(
ϕ(xi)− ϕ(xi)

)
(1.39)

where we introduced the scale-dependent interaction vertices via

Γ(n)
x1x2...xn [ϕ] ≡ δnΓk

δϕ(x1) δϕ(x2) . . . δϕ(xn)
, (1.40)

which are functional derivatives of the full e�ective average action. These vertices give their name
to the approximation scheme. When plugging the Taylor expansion back into the renormalisation
group equation, we will obtain a hierarchy of �ow equations for each vertex. As we will explicitly
see shortly, these equations are coupled and in particular will the �ow of the n-point vertex depend
on itself, as well as the n + 1 and the n + 2 vertex. That is, to make the scheme useful (and
indeed approximate) we will truncate the resulting system of equations by setting Γ̇(n) = 0 for
all n > Ntrunc and some initial choice of Ntrunc. Assuming that for any given scale k all vertices
Γ(n) give contributions of the same order to the functional traces in the �ow equations, due to
the combinatorial factor 1/n! in the Taylor expansion, one might indeed be con�dent that this
approximation scheme is useful. However, this has to be veri�ed be increasing Ntrunc iteratively
and investigating the stability of the obtained results.

To explicitly obtain the �ow of some n-point vertex, one has to take n functional derivatives of
the renormalisation group equation with respect to the �eld variable ϕ(x). To do this for the �rst
few vertices let us introduce a shorthand for the regularised full quantum propagator:

∆xy[ϕ] ≡
[

δ2Γk
δϕ(x) δϕ(y)

+Rk(x, y)

]−1

. (1.41)

Taking one and two functional derivatives, we may then express the running one- and two-point
function in a very compact manner:

∂tΓ
(1)
x = −1

2
Tr
[
∆ab Γ

(3)
bcx ∆cd ∂tRk,da

]
, (1.42)

∂tΓ
(2)
xy = Tr

[
∆ab Γ

(3)
bcx ∆cd Γ

(3)
dey ∆ef ∂tRk,fa

]
− 1

2
Tr
[
∆ab Γ

(4)
bcxy ∆cd ∂tRk,da

]
. (1.43)

It is in many ways very instructive to re-express the right hand sides of these equation in terms of
Feynman diagrams. Denoting propagators as solid lines, the functional traces as closed loops and
the regulator insertion ∂tRk with the symbol , we can iconographically express the functional
renormalisation group equation as

∂tΓk =
1

2
. (1.44)

10For simplicity of notation, we will once more return to the case of a single scalar �eld.
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Similarly, we can express the running of the �rst four n-point functions as follows:

∂tΓ
(1)
x = − 1

2
x

, (1.45)

∂tΓ
(2)
xy = x y −

1

2
x y

, (1.46)

∂tΓ
(3)
xyz = − 3 x

y

z −
1

2
x y z

+ x

y

z
+ y

x

z
+ z

x

y
, (1.47)

∂tΓ
(4)
xyzw = 3

x

y z

w

− 1

2
x
y z

w

−
x

y

z

w
−

x

z

y

w
−

x

w

y

z

+
1

2 x

y

z

w
+

1

2 y

x

z

w
+

1

2 z

x

y

w
+

1

2 w

x

y

z

+
1

2

x

y

z

w
+

1

2

x

z

y

w
+

1

2

x

w

y

z
. (1.48)

We will use the vertex expansion later on in chapters 4 and 5, and in particular make use of the
diagrammatic representation in terms of Feynman diagrams.

Let us now turn to the second approximation scheme, the derivative expansion. As the name
already suggests, in this approximation scheme one expands the e�ective average into functions of
�xed order of the (covariant) derivative. This is in particular useful in �at space-time, where this is
essentially an expansion in powers of the running momentum scale squared, k2. It has the advantage,
that an operator of �xed power (and index structure) in the derivatives is allowed to be an arbitrary
function of constant �eld con�gurations ϕ, and not only a polynomial in the latter. In this way, one
can study non-analytic truncations of the e�ective average action, and in particular truncations
with in�nitely many monomial operators. The functional renormalisation group equation then
becomes a system of coupled partial di�erential equations for the scale-dependent functions of the
�elds.

To illustrate this scheme, let us consider the example of a single scalar quantum �eld theory
with a Z2 symmetry, i.e. with an action that is invariant under the transformation ϕ 7→ −ϕ. The
most general e�ective average action to O(∂4) in the derivative expansion then reads:

Γk[ϕ] =

∫
ddx

[
Vk(ϕ) +

1

2
Zk(ϕ)

(
∂µϕ∂

µϕ
)

+
1

2
W

(1)
k (ϕ)

(
�ϕ�ϕ

)
(1.49)

+
1

2
W

(2)
k (ϕ)

(
∂µϕ∂

µϕϕ�ϕ
)

+
1

4
W

(3)
k (ϕ)

(
∂µϕ∂

µϕ∂νϕ∂
νϕ
)

+O(∂6)

]
, (1.50)

where we de�ned � ≡ ∂µ∂µ. Here the e�ective potential Vk, the wave-function renormalisation
Zk and the three fourth order functions W (i) are all arbitrary functions of ϕ. To extract their
renormalisation group running, one has to obtain the �ow of the n-point function of the e�ective
average action �rst, and then evaluate the resulting expression on constant �eld con�gurations
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ϕ. The number n is hereby given by the power of ϕ that is ‘outside’ the function in the term of
the action, respectively. So to extract the running of Vk one would consider the running of the
zero-point function, while for Zk and W (1)

k one would consider the running of the two-point
function. At second order in the derivatives, this would yield a system of the following form

∂tVk(ϕ) = FV [V
′′
k , Zk] , (1.51)

∂tZk(ϕ) = FZ [V
′′
k , V

′′′
k , Zk, Z

′
k, Z

′′
k ] , (1.52)

where FV and FZ are functionals of Vk and Zk, and primes denote derivatives with respect to the
(constant) �eld variable ϕ. The derivative expansion to zeroth order, where only a function Vk is
kept, is commonly referred to as the local potential approximation.

We will review the very example of a Z2 invariant scalar �eld theory soon, when we will study
critical behaviour and non-trivial �xed points in the next part of this chapter. We will also use this
approximation schemes in chapters 2 and 3.

1.2 Asymptotic safety
In this section we will �nally present the idea of asymptotic safety using the language of the
renormalisation group developed in the last section. We will start with a general classi�cation of
quantum �eld theories and their relation to the renormalisation group, introducing the concepts of
�xed points and conformal �eld theories along the way. After that we will give an introduction on
how to use these ideas for practical calculations, studying the case example of a scalar �eld theory.
In particular, we will make use of the local potential approximation and investigate scaling solutions
such as the Wilson-Fisher �xed point. For general reviews of asymptotic safety, cf. [18–25].

1.2.1 Fixed points and fundamental quantum field theories
As we have mentioned in Sec. 1.1.3, the e�ective average action �ows under the exact renormalisation
group equation towards the bare action in the ultraviolet, limk→∞ Γk = S. Similarity, in the infrared
the e�ective average action approaches the full quantum e�ective action, which contains all the
information of the quantum �eld theory, limk→0 Γk = Γ. As we have already said, this latter
property allows us in principle to solve any quantum �eld theory by integrating a well-de�ned
di�erential equation instead of calculating the ill-de�ned path integral. To do this, we �x the
e�ective average action in theory space at some initial scale k0 and integrate the �ow towards the
infrared.

However, the �rst of the above properties provides us with another tool to investigate quantum
�eld theories. Namely, integrating the exact �ow equation towards the ultraviolet, we can study the
high-energy behaviour of a quantum �eld theory in terms of the convergence or divergence of its
coupling constants.

Generically, one would assume that at least one of the in�nitely many couplings gi(k) in the
expansion of Eqn. (1.38) tends to in�nity when taking the limit k →∞. This happens indeed for
instance in quantum electrodynamics where the divergent coupling is said to have a Landau pole.
An equivalent behaviour restricts the (renormalised) quartic coupling in ϕ4–theory to be zero,
which is known as quantum triviality. These kind of theories are called e�ective, since historically
they were thought to arise from fundamental theories in which some (high-energy) degrees of
freedom got “integrated out”. In the language of the exact renormalisation group, they simply do
not admit a well-de�ned ultraviolet limit, k →∞. They may, however, still perfectly well be used
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to make independent predictions in their range of validity after matching only a �nite number of
(relevant) couplings at some (infrared) energy scale. In this sense, the standard model is also an
e�ective �eld theory, since it does not seem to be well-de�ned beyond the Planck scale. Nonetheless,
after determining its 19 free parameters by experiments, it has great predictive power in its range
of validity.

The other possible behaviour a quantum �eld theory may exhibit when �owing towards the
ultraviolet, is the one for which none of the couplings of the theory diverges. This may be interpreted
geometrically in such a way, that the trajectory of the e�ective average action under the exact
renormalisation group �ow is restricted to a �nite subset of theory space. The simplest possibility
of such a scenario is the existence of a so-called �xed point of the beta functions of all couplings of
the theory. This means that there exists a value for each coupling in the theory which will not
change under the renormalisation group �ow. We will see this in more detail shortly. Quantum
�eld theories that exhibit such a well-de�ned ultraviolet limit under the exact renormalisation
group �ow—in one way or another—are called fundamental, because one can make sense of them
mathematically at any energy scale.

Historically the most important case of such a fundamental quantum �eld theory is quantum
chromodynamics. More generally, the same behaviour manifests itself for Yang-Mills theories as
long as the number of fermions is smaller than some symmetry group-dependent upper limit. In
the latter case the theory becomes free in the ultraviolet, which was quite suggestively named
asymptotic freedom. We will see that in the renormalisation group language, asymptotic freedom
corresponds to a �xed point of the e�ective average action under the exact renormalisation group
�ow, for which all couplings vanish. This �xed point is also known as the Gaussian �xed point.
However, there may also exist non-trivial �xed points which have non-zero values for (at least
some of) the couplings. In this case the theory is said to be asymptotically safe. This scenario was
discovered and called “asymptotic safety” by Steven Weinberg in 1979, cf. Ref. [5].

This classi�cation of quantum �eld theories according to their renormalisation group behaviour
in the ultraviolet opens up another powerful application of the exact renormalisation group. That
is, instead of solving a given quantum �eld theory by integrating its �ow equation towards the
infrared, one can also study all trajectories of a given theory space, and choose a trajectory that
is ultraviolet-�nite in order to de�ne a fundamental quantum �eld theory with some given �eld
content and symmetries. A particular strategy to do so, is to �rst search for ultraviolet �xed points
in theory space and then to �nd a renormalisation group trajectory that emanates from one of
these very �xed points and �ows towards the infrared in such a way that it matches the known
values of the physical couplings in the infrared. This strategy may in particular be used to try to
construct a quantum �eld theory of gravity. A corresponding program has been initiated by Martin
Reuter in 1996, cf. Ref. [6], and is the main motivation underlying this thesis.

Before investigating �xed points and renormalisation group properties in a more quantitative
manner, some remarks about the rescaling and essentiality of couplings of the e�ective average
action are in order. One may naïvely think that theory space is spanned by all couplings gi(k) for
the expansion of Eqn. (1.38). However integrating from a scale k towards a scale k + δk results in a
change of physical length and energy scales. Consequently, all dimensionful quantities (such as the
couplings and the �elds themselves) would need to be rescaled accordingly. This issue is most
easily circumvented if one works with dimensionless couplings only. They can be de�ned via

gi(k) = k−di gi(k) , (1.53)

where di is the (classical) mass dimension of the coupling gi. In the same way one also introduces a
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‘coupling’ Z(ϕ)
k , the so-called wave-function renormalisation, as a prefactor to the canonical kinetic

term to avoid the need to rescale the �eld variables. For a scalar �eld, for instance, we may write

1

2
Z

(ϕ)
k

(
∂ϕ
)2

=
1

2
Z

(ϕ)
k k−2 dϕ

(
∂ϕ
)2
, (1.54)

where dϕ = d/2− 1 is the classical dimension of a scalar �eld. Instead of rescaling the �elds, such
that that they are canonically normalised for every value of k, one absorbs this dependence into the
coupling Zk itself. We will often use the anomalous dimension ηϕ instead of the wave-function
renormalisation in the following, which are related via

ηϕ ≡ −
d logZ

(ϕ)
k

d log k
. (1.55)

The de�nition is such that at a �xed point ∂t logZ
(ϕ)
k = −η?ϕ we have

1

2
Z

(ϕ)
k k−2dϕ

(
∂ϕ
)2

=
1

2
k−2dϕ−η?ϕ

(
∂ϕ
)2
, (1.56)

that is, ηϕ indeed measures the anomaly of the dimension of the �eld ϕ with respect to its classical
value. Note that we still could have absorbed Z(ϕ)

k by a rede�nition of the �eld variables and
according rede�nitions of the other couplings. This would however introduce an additional term in
the beta functions of the dimensionless couplings gi, as we will see shortly.

The latter remark however applies quite generally. In particular, one calls a coupling inessential
if it can be removed from the Lagrangian by a (local) �eld rede�nition. Couplings for which this is
not possible are called essential. Putting these two things together we see that the actual physical
theory space is parametrised by the essential, dimensionless couplings gi(k) only. In most of this
thesis, for simplicity, we will work with the stronger requirement that the beta functions of all
dimensionless couplings vanish at a �xed point.

Let us now discuss how to precisely extract the scale-dependence of the coordinates of theory
space from the exact renormalisation group equation. Taking the scale-derivative ∂t of the expansion
Eqn. (1.38), and using the exact �ow equation we �nd

∑
i∈I

∂tgi(k)Oi[Φ] = ∂tΓk[Φ] =
1

2
Tr

[(
δ2Γk
δϕ δϕ

+Rk

)−1

Ṙk

]
=
∑
i∈I

βi(gj , k)Oi[Φ] , (1.57)

where we assumed that the result of performing the functional trace can again be expanded in
monomials of the �eld operators and covariant derivatives. The prefactors βi in this expansion are
called the beta functions of the couplings gi and will in general depend on all other couplings gj
as well as on the scale k, explicitly. Passing to dimensionless variables and equating the running
coupling ∂tgi with its respective beta function, we �nd the following in�nite system11 of coupled
�ow equations for the dimensionless couplings of the theory

∂tgi = −di gi + βi(k
−djgj , k = 1) ≡ βi(gj) . (1.58)

The �rst term of the dimensionless beta function βi is the classical contribution, which is proportional
to the classical mass dimension of the coupling. However, as we will see shortly, it is the second

11In practical computations, this system may be reduced to a �nite one, using one of the approximation schemes
discussed in the last section.
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term, the quantum contribution, which will be responsible for whether asymptotic safety occurs or
not, and how predictive the resulting theory may be.

As we have hinted already above, the easiest way to guarantee that all couplings of the theory
remain �nite in the ultraviolet limit is to demand that each of them is scale-invariant, i.e. does not
change its value along the �ow, ∂tgi = 0, ∀i ∈ I . A solution vector

{
g?i
}
i∈I to this system of

equations is called a �xed point,12 and may be found as a root to the system of coupled algebraic
equations that results from setting the dimensionless beta functions to zero

βi(gj) = 0 , ∀i ∈ I . (1.59)

In the following we will call this system the �xed point equations.
Assuming a solution vector to this system exists, the �rst thing we will be interested in, is

whether this �xed point is reached in the ultraviolet or in the infrared. To decided which one is the
case, we need to de�ne a notion of subsets in theory space, that are attracted by the �xed point.
This is done via so-called critical surfaces:

• The infrared critical surface is the set of all points which �ow towards the �xed point in the
limit k → 0

• The ultraviolet critical surface is the set of all points which �ow towards the �xed point in the
limit k →∞

Note that a generic �xed point may well have both a non-empty infrared as well as a non-empty
ultraviolet critical surface. This �xed point will then attract some couplings in the ultraviolet limit
and others in the infrared limit. The notion of an infrared or ultraviolet �xed point, thus only has
meaning, if there is single couling.13

To obtain the dimension of the critical surfaces, we can linearise the �ow equations about the
�xed point. Introducing new variables

ĝi = gi − g?i , (1.60)

due to the vanishing of the beta functions at the �xed point, the �ow reduces to

∂tĝi =
∂βi
∂gj

∣∣∣∣∣
gk=g?k

ĝj +O
(
ĝ2
)
. (1.61)

Diagonalising the Jacobian ∂βi/∂gj = Sia δab λb S
−1
bj at the �xed point—which is also known as the

stability matrix—it is straightforward to see that the linearised �ow equations for the eigenvectors
g(d)

i assume the form14

∂tĝ
(d)

i = λi ĝ
(d)

i +O
(
ĝ(d) 2

i

)
, (1.62)

12A �xed point is in fact a stationary point for the couplings themselves, ∂tgi = 0, a zero of the beta functions
βi(g

?
j ) = 0, and a �xed point in the usual mathematical sense, i.e. Tk(g?i ) = g?i , for the map Tk : T → T that maps a

point at scale k in theory space to another point at scale k + δk in theory space.
13In the literature, however, �xed points are often refered to as ultraviolet if their ultraviolet critical surfaces is

non-empty.
14There is no summation over the index i on the right hand side.
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where λi are the eigenvalues of the Jacobian. In particular, using the de�nition of the renormalisation
group time t, we can integrate the system to obtain the linear perturbations around the �xed point:

ĝ(d)

i ∝
(
k

µ

)λi
. (1.63)

This gives as all the information we need to determine the dimension of the critical surfaces of the
�xed point. Namely, we have to distinguish three cases:

1. λi < 0: ĝ(d)

i diverges in the infrared⇔ repelled by �xed point
[relevant] ĝ(d)

i vanishes in the ultraviolet⇔ attracted by �xed point

2. λi = 0: ĝ(d)

i remains at �xed point⇔ attraction/repulsion beyond linear analysis
[marginal]

3. λi > 0: ĝ(d)

i vanishes in the infrared⇔ attracted by �xed point
[irrelevant] ĝ(d)

i diverges in the ultraviolet⇔ repelled by �xed point

Directions ĝ(d)

i of the �rst category �ow towards the �xed point in the ultraviolet limit, and are
called relevant. The irrelevant directions on the other hand, that correspond to positive eigenvalues
λi > 0, �ow towards the �xed point in the infrared limit. Marginal directions �nally, may be either
(marginally) relevant or irrelevant—this has to be decided through the behaviour of the quadratic or
higher perturbations around the �xed point.

To adhere to conventions coming from the theory of critical phenomena, we will often use the
so-called scaling or critical exponents θi instead of the eigenvalues λi, which are simply de�ned by:

θi ≡ −λi . (1.64)

The above analysis shows that the directions (i.e. the eigenvectors) corresponding to the negative
eigenvalues of the Jacobian of the beta functions span the tangent space to the ultraviolet critical
surface at the �xed point. In particular, the number of negative eigenvalues is equal to the dimension
of the ultraviolet critical surface.15

In order for a �xed point to be an ultraviolet attractor, there must hence be at least one negative
eigenvalue of the Jacobian of the beta functions. Moreover, to be able to de�ne a predictive
fundamental quantum �eld theory through this �xed point, we also have to demand that the
number of relevant directions is �nite. This may be understood looking at the three-dimensional
cartoon in Fig. 1.3: Since we want to de�ne a fundamental quantum �eld theory, we have to choose
a renormalisation group trajectory that lies within the ultraviolet critical surface. To do so, we
thus need to �x n parameters for the n relevant directions ĝi, for instance in the deep infrared
through n independent experiments. All the irrelevant critical exponents will then automatically be
�xed by the requirement for the trajectory to lie in the ultraviolet critical surface, i.e. they are
predicted by the theory. That is, the fewer relevant direction an asymptotically safe theory has, the
more predictive it is. In particular, having in�nitely many relevant direction would require to �x
in�nitely many couplings in the infrared, and thus make the usefulness of the theory dubious. The
above also shows the origin of the terminology ‘relevant’ and ‘irrelevant’, since the respective
couplings have to be either measure or are predicted.

15Such statements are always understood modulo the behaviour of the marginal directions.
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g1

g2

g3
Γ?

ĝ1ĝ2

ĝ3

SUV

SIR

Γ

Γk=Λmax

Γ′

Figure 1.3: Three-dimensional cartoon of a two-dimensional ultraviolet critical surface SUV in theory space.
There are two relevant directions ĝ1 and ĝ2, as well as one irrelevant direction ĝ3. Arrows point in the direction
of decreasing energy. Points Γ that lie on the ultraviolet critical surface �ow towards the �xed point Γ? in the
ultraviolet limit and their trajectories represent fundamental quantum �eld theories. Points Γ′ outside the critical
surface �ow away from the �xed point in the ultraviolet, although their trajectory might approach the ultraviolet
critical surface at some point along the �ow. The trajectories of these theories represent e�ective �eld theories
with some cuto� Λmax.

Now that we have established how to �nd the basins of attraction of a �xed point in the
ultraviolet and the infrared, and how to quantitatively determine the predictivity of the theory
de�ned by such a �xed point, we can study the existence of �xed points in a general context. Let
us �rst have a look at the free (massless) theory, for which all (essential) couplings are zero.16

Clearly this theory is scale-invariant, and thus has vanishing beta functions. The respective �xed
point

{
g?i = 0

}
i∈I is called the Gaussian �xed point. To study its properties we may expand the

dimensionless beta functions as follows17

βi = −di gi + αij gj + αijk gj gk +O
(
g3
)
. (1.65)

This expansion cannot have a constant term, for it would spoil βi(g?j ) = 0 with g?j = 0. Furthermore,
we have αij 6= 0, only for j > i, which can be veri�ed considering which Feynman diagrams may
enter the beta functions. It has the immediate consequence that the Jacobian

∂βi
∂gj

∣∣∣∣∣
gk=0

= −di δij + αij , (1.66)

has eigenvalues given by −di. But this in turn implies that the relevant directions, which determine
the dimensionality of the ultraviolet critical surface, are given by monomial operators of positive

16In this case, the rescaling of the couplings in order to achieve Z = 1 does not have any consequence, since gi = 0.
17See footnote 14.
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classical mass dimension, di > 0. This is nothing but the property of perturbative power-counting
renormalisability.

What is more, since for any �xed space-time dimension d, there are only �nitely many such
(local) operators, the ultraviolet critical surface is �nite-dimensional. That is, if such a �xed point
exists, the resulting theory predicts that all (in�nitely many) power-counting non-renormalisable
couplings vanish in the ultraviolet. This is precisely the case of asymptotic freedom, and the origin
of the immense predictivity of a theory de�ned via an ultraviolet Gaussian �xed point. We can now
also understand, that perturbation theory covers the part of theory space around the Gaussian �xed
point for which all couplings remain small, gi < 1.

However, note that power-counting renormalisability is only a necessary but not a su�cient
condition for the existence of such an ultraviolet �xed point. This may be illustrated using the case
of a single coupling. Passing back to dimensionful variables, the above expansion reads:

∂tg = β(g) = α g2 +O
(
g3
)
, (1.67)

which can easily be integrated to yield

g(k) =
g(µ)

1− α g(µ) log
(
k
µ

) . (1.68)

Since for the ultraviolet regime, k > µ, the logarithm is positive, we have to choose α negative in
order to guarantee that the denominator never vanishes. Then we have indeed

lim
k→∞

g(k) = lim
k→∞

[
1

|α| log
(
k
µ

) +O
(
k−1

)]
= 0 , (1.69)

the behaviour of an asymptotically free coupling. That is, in this simple case the sign of the second
derivative of the beta function determines whether the Gaussian �xed point is an infrared or an
ultraviolet �xed point, cf. also Fig. 1.4.

For the case of a non-trivial, also called an interacting or non-Gaussian �xed point, one can say
much less in general. The cartoon Fig. 1.4 which covers the case of a single coupling, illustrates how
such a �xed point may arise. Note in particular that the value of the couplings at the interacting
�xed point is not restricted by any means, and may very well be g?i � 1, which would disallow
for a perturbative treatment. More severely yet, the quantum contributions, which may induce
non-trivial solutions to the �xed point equations

βi(gj) = −di gi + quantum corrections , (1.70)

in the �rst place, may also alter the signs of the eigenvalues of the Jacobian of the beta functions at
the �xed point:

λi = −di + quantum corrections′ . (1.71)

In this way, an alleged ultraviolet critical surface may become in�nite-dimensional, which would in
turn spoil the predictivity of theory, as we would have to �x an in�nite number of independent
parameters through experiments. However, as long as these quantum corrections remain smaller
than the classical contributions, in particular if the �xed point lies close to the Gaussian one, we
would expect the ultraviolet critical surface to be �nite dimensional.
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Figure 1.4: Cartoon of the possible shapes of a quadratic beta function in a 1+1 dimensional theory space
with non-negative value of the coupling at the �xed point. The blue curve develops an infrared (IR) Gaussian
�xed point (GFP) as in the case of QED. The red curve features an ultraviolet (UV) Gaussian �xed point with
α = −1, cf. Eqn. (1.67), as it appears in Yang-Mills theories such as QCD. The red curve �nally, β(g) = 2 g− g2,
develops both an infrared Gaussian �xed point, as well as an ultraviolet non-Gaussian �xed point (NGFP), as in
perturbative Einstein gravity.

The scale-invariant quantum �eld theory de�ned by the �xed point is often a conformal �eld
theory. In particular, expanding the �ow equations to second order around the �xed point in the
diagonal directions

∂tĝ
(d)

i = λi ĝ
(d)

i +

S−1
ia

∂2βa
∂gb∂gc

∣∣∣∣∣
gd=g?d

Sbj Sck

 ĝ(d)

j ĝ(d)

k +O
(
ĝ(d) 3

)
, (1.72)

we can match it with the expansion of conformal perturbation theory

∂tĝ
(d)

i = −2
(
1−∆i

)
ĝ(d)

i + π cijk ĝ
(d)

j ĝ(d)

k +O
(
ĝ(d) 3

)
, (1.73)

where ∆i are the scaling dimensions and cijk are the structure constants. Together they specify the
dynamics of the conformal �eld theory completely. We can thus reconstruct the conformal �eld
theory at the �xed point by setting

∆i =
λi + 2

2
, (1.74)

cijk =
1

π

S−1
ia

∂2βa
∂gb∂gc

∣∣∣∣∣
gd=g?d

Sbj Sck

 . (1.75)

To summarise this subsection, we draw a sketch of theory space in Fig. 1.5. We have seen, that in
order to de�ne a fundamental quantum �eld theory, we can integrate the functional renormalisation
group equation from an ultraviolet �xed point, characterised by a conformal �eld theory Γ∞ = SUV

towards the infrared, �xing the relevant critical exponents at some intermediate scale k0. This
allows (in principle) to solve the quantum �eld theory and obtain an e�ective action Γ. We have
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Figure 1.5: A cartoon of theory space. The Gaussian (GFP) and non-Gaussian (NGFP) �xed points are represented
with big dots. Other points in theory space are denoted with small dots. Trajectories in theory space represent
quantum �eld theories, and arrows point in the direction for decreasing energy scale k.

also seen that such a �xed point may be a trivial Gaussian �xed point, describing a free theory, or a
non-trivial non-Gaussian �xed point, describing an interacting quantum �eld theory. The former
case is known as asymptotic freedom, whilst the latter case is called asymptotic safety. The theory
space containing the Gaussian �xed point, where the dimensionless essential couplings remain
small is accessible through perturbation theory. Finally, e�ective �eld theories may be understood
as trajectories in theory space which do not lie on any ultraviolet critical surface. Consequently at
least one of the couplings in the theory will diverge at some �nite value of the running scale k.
However, the theory is still well-de�ned up to some �nite ultraviolet cuto� scale k = Λmax.

1.2.2 Case study: scalar field theory
In the last section of this chapter we want to use the techniques and ideas introduced so far to
study quantum �eld theories with a single scalar �eld which posses a Z2 symmetry, such that the
action is invariant under the transformation ϕ 7→ −ϕ.

In particular, we will use the functional renormalisation group, �rst to study a very crude
ϕ4–approximation, and second to investigate the local potential approximation of the derivative
expansion. The former gives a �rst hint of the existence of a non-trivial infrared �xed point in
d = 3, the Wilson-Fisher �xed point. In the latter we will use polynomial approximations, as well
as the method of shooting, to study the existence of scaling solutions.

ϕ4–theory
The simplest possible approximation of the full Z2 scalar �eld theory one can study is to assume
the following ansatz of the e�ective average action

Γk[ϕ] =

∫
ddx

[
1

2
∂µϕ∂µϕ+

1

2
m2
k ϕ

2 +
1

4!
λk ϕ

4

]
. (1.76)
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Here the squared mass m2
k and the ϕ4–coupling λk are the two scale-dependent couplings of the

theory. Note that this ansatz is much more restrictive than to assume the same form for the bare or
ultraviolet action of the theory. This is because in the latter case the e�ective average action (and
the infrared e�ective action in particular) would contain all operators allowed by the Z2 symmetry,
which appear through the procedure of integrating out the scalar �eld in the path integral. Here
instead, the e�ective average action is restricted to contain only three terms at any energy scale.

To extract the running of the couplings in this approximation, we can use the derivative
expansion which we studied in Sec. 1.1.4. Using Eqns. (1.46) and (1.48) and evaluating the two- and
four-point function at vanishing external momenta, we �nd

∂tΓ
(2)
k (0, 0) = ∂tm

2
k = −1

2
λk

∫
ddq

(2π)d
Gk(q

2) ∂tRk(q
2)Gk(q

2) , (1.77)

∂tΓ
(4)
k (0, 0, 0, 0) = ∂tλk = 3λ2

k

∫
ddq

(2π)d
Gk(q

2) ∂tRk(q
2)G2

k(q
2) , (1.78)

where the full regulated propagator in momentum space reads

Gk(q
2) =

1

q2 +m2
k +Rk(q2)

. (1.79)

If we choose to use the optimised cuto�, we can evaluate the integrals on the right hand sides
explicitly. Using ∂tRk(q2) = 2 k2 θ(k2 − q2) the dimensionful beta functions become:

∂tm
2
k = −cd kd−2 λk[

1 + m2
k/k2
]2 , (1.80)

∂tλk = 6 cd k
d−4 λk[

1 + m2
k/k2
]3 , (1.81)

where for later convenience we introduce the d-dimensional volume coe�cient

cd =
1

(4π)d/2 Γ(d/2 + 1)
. (1.82)

Before searching for �xed points we now have to pass to dimensionless variables m2
k = m2

k/k2 and
λk = λk/k4−d, as we have explained above. In this variables the �ow equations assume the form

βm2
k

= ∂tm
2
k = −2m2

k −
cd λk[

1 +m2
k

]2 , (1.83)

βλk = ∂tλk = (d− 4)λk +
6 cd λk[

1 +m2
k

]3 . (1.84)

If we now set the beta functions to zero we �nd the following solutions to the �xed point equations:

G: m2 ?
k = 0 , λ? = 0 , (1.85)

WF: m2 ?
k =

d− 4

16− d
, λ? =

288

cd

d− 4

(d− 16)3
. (1.86)

The �rst solution is the familiar Gaussian �xed point (G). The second one however, is a non-trivial
�xed point, known as the Wilson-Fisher �xed point (WF), which has �rst been discovered in d = 3
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and belongs to the Ising (bi-critical) universality class. Note that the second one coincides with the
�rst one in d = 4 where only the Gaussian �xed point exists.

We can now also linearise the �ow about the �xed points to obtain critical exponents. To this
end, we �rst calculate the stability matrices:

MG =

(
−2 0
−cd d− 4

)
, (1.87)

MWF =

(
−d+2

3 −72
cd

(d−4)2

(d−16)2

−cd (d−16)2

144 4− d

)
. (1.88)

The critical exponents can then be found as the negative of the eigenvalues:

G: θ1 = 2 , θ2 = 4− d , (1.89)

WF: θ1,2 = −1

6

(
10− 4d±

√
484− 200d+ 22d2

)
. (1.90)

The local potential approximation
After having used the exact renormalisation group equation to extract the scale-dependence of two
perturbatively renormalisable couplings, we now want to study truly functional approximations of
the e�ective average action, where we study the behaviour of a large number or possibly even
in�nitely many couplings at the same time.

As we have seen in Sec. 1.1.4, one of the approximation schemes available to do this is the
derivative expansion. In particular, because of Lorentz symmetry, we can write the e�ective average
action in this approximation as a series in even powers of the space-time derivative ∂µ

Γk = Γ0,k + Γ2,k + Γ4,k +O(∂6) , (1.91)

where each of these terms has to be invariant under the transformation ϕ 7→ −ϕ by itself. We will
here study the local potential approximation (LPA)

Γk[ϕ] =

∫
ddx

[
1

2
∂µϕ∂µϕ+ Vk(ϕ)

]
, (1.92)

which corresponds to the zeroth order of the derivative expansion with the addition of a canonical
kinetic term, so that the scalar �eld can propagate. The e�ective potential Vk is allowed to be a
function of ϕ and carries implicitly in�nitely many monomials and couplings of the scalar �eld.

In the second order of the derivative expansion we would introduce a function Zk(ϕ) as a
prefactor to the kinetic term. Sometimes an intermediate approximation where Zk is a scale-depend
number only, is used. In this way one can study the running of the anomalous dimension of the
scalar �eld.

To extract the renormalisation group dependence of the e�ective potential Vk , we �rst have to
calculate the regulated inverse propagator in our approximation:

Γ
(2)
k +Rk = −∂2 +Rk(−∂2) + V ′′k , (1.93)

where primes denote derivatives with respect to the �eld ϕ. In the following chapters we will
sometimes abbreviate the combination Pk(−∂2) = −∂2 +Rk(−∂2). We can now write the �ow
equation as

∂tΓk =
1

2
Tr

[
∂tRk

−∂2 +Rk + V ′′k

]
, (1.94)
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where as before the traces includes an integration over space-time and momenta. It can be evaluate
with the following strategy: For some general function W (−∂2) we can rewrite the trace as an
integral over its Fourier-transform and integrate explicitly over the angular dependence

Tr W (−∂2) =

∫
ddx

∫
ddq

(2π)d
W̃ (q2) =

vol
(
Sd−1

)
(2π)d

∫
ddx

∫ ∞
0

dq qd−1 W̃ (q2) , (1.95)

where vol
(
Sd−1

)
= 2π

d/2

Γ(d/2) is the surface of the d dimensional sphere. It is also often times convenient
to pass to momentum squared as the integration variable z ≡ q2, such that the integration measure
becomes

dq qd−1 =
1

2
dz z

d/2−1 . (1.96)

Finally, we de�ne the so-called Q-functionals as

Qn[W ] ≡ 1

Γ(n)

∫ ∞
0

dz zn−1 W̃ (z) , (1.97)

such that the trace can be evaluated as

Tr W (−∂2) =
1

(4π)d/2

∫
ddx Qd/2[W ] . (1.98)

Now we are able to evaluate the left hand side of the exact renormalisation group equation. Note
that the right hand side contains already the scale-derivative of the e�ective potential we are
looking for, albeit integrate over space-time. To make further progress we can choose to set the
�eld con�guration constant, which truly makes the potential a function of the variable ϕ, rather
than a functional of the space-time function ϕ(x). Then the space-time volume factor cancels on
both sides of the �ow equation, and we obtain for the dimensionful beta function of the e�ective
potential

∂tVk(ϕ) =
1

2 (4π)d/2
Qd/2

[
∂tRk

−∂2 +Rk + V ′′k

]
. (1.99)

Note that the value of the Q-functional on the right hand side depends on the choice of the cuto�.
In general it is good practise to test values of �xed points and critical exponents against changes
of the cuto� pro�le. This will give a measure of the robustness and convergence of the results.
Here, however, for illustrative purposes, we will only use the optimised cuto�, since it allows the
integrals to be evaluated analytically.

In particular, for any n, l > 0 and any function Ak ∈ O(∂0), we have for the optimised cuto�

Qn

[
∂tRk

−∂2 +Rk +Ak

]
=

1

Γ(n)

∫ ∞
0

dz zn−1 2k2 θ(k2 − z) + 2k2(k2 − z) δ(k2 − z)[
z + (k2 − z) θ(k2 − z) +Ak

]l
=

1

Γ(n)

∫ ∞
0

dz zn−1 2k2[
k2 +Ak

]l
=

2

Γ(n+ 1)

k2(n−l+1)[
1 +Ak

]l , (1.100)
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where Ak = Ak/k2 is the dimensionless function. Using this result, the dimensionful beta function
of the e�ective potential assumes the simple form

∂tVk(ϕ) =
cd k

d+2

k2 + V ′′
. (1.101)

We now have to introduce dimensionless �elds ϕ = k−
d−2

2 ϕ, so that we can write the dimensionless
potential as V (ϕ) = k−dV (ϕk

d−2
2 ), and the dimensionless beta function becomes

∂tV k(ϕ) = −d V +
d− 2

2
ϕV ′ +

cd

1 + V ′′
. (1.102)

Polynomial truncations
Before attempting to solve the �xed point equation resulting from this �ow equation in full
generality, let us study a simple polynomial approximation. For this we may write the dimensionful
e�ective potential, respecting the Z2 symmetry, as

V (ϕ2) =

N∑
n=0

λ2n

(2n)!
ϕ2n . (1.103)

In this way, we can extract the beta functions for the couplings λ2n by taking derivatives of the
beta function of the potential with respect to the �eld and setting it to zero subsequently

β2n =
∂2n

∂ϕ2n
∂tVk

∣∣∣
ϕ=0

. (1.104)

We can then pass once again to dimensionless variables λ2n ≡ kd(n−1)−2nλ2n, such that the
dimensionless beta functions read

β2n =
[
d(n− 1)− 2n

]
λ2n + kd(n−1)−2n β2n . (1.105)

Using the result Eqn. (1.100) and the dimensionful beta function of the potential we obtain the
following �rst �ve beta functions for the couplings

β0 = −d λ0 +
cd

1 + λ2

, (1.106)

β2 = −2λ2 −
cd λ4(

1 + λ2

)2 , (1.107)

β4 =
(
d− 4

)
λ4 −

cd λ6(
1 + λ2

)2 +
6 cd λ

2
4(

1 + λ2

)3 , (1.108)

β6 =
(
2d− 6

)
λ6 −

cd λ8(
1 + λ2

)2 +
30 cd λ4 λ6(

1 + λ2

)3 − 90 cd λ
3
4(

1 + λ2

)4 , (1.109)

β8 =
(
3d− 8

)
λ6 −

cd λ10(
1 + λ2

)2 +
56 cd λ4 λ8(

1 + λ2

)3 +
70 cd λ

2
6(

1 + λ2

)3 − 1260 cd λ
2
4 λ6(

1 + λ2

)4 +
2520 cd λ

4
4(

1 + λ2

)5 .
(1.110)
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These equations can now in particular be used to study the Wilson-Fisher �xed point in d = 3 in
some more detail. Starting from the simplest truncation for which N = 2,

β2 = −2λ2 −
1

6π2

λ4(
1 + λ2

)2 , (1.111)

β4 = −λ4 +
1

π2

λ2
4(

1 + λ2

)3 , (1.112)

one set the beta functions to zero and �nds a non-trivial �xed point at

λ?2 = − 1

13
≈ −0.0769 , λ?4 =

1728π2

2197
≈ 7.76 . (1.113)

Again, one may linearise the �ow around this �xed point to extract the critical exponents using the
eigenvalues of the stability matrix. These yields the two critical exponents

θ1 = 1.843 , θ2 = −1.176 , (1.114)
precisely the same that we found in the “perturbative” ϕ4–analysis, cf. Eqn.(1.90). However, we may
now enlarge the system including the dimensionless coupling λ6 = λ6. Then the system becomes

β2 = −2λ2 −
1

6π2

λ4(
1 + λ2

)2 , (1.115)

β4 = −λ4 −
1

6π2

λ6(
1 + λ2

)2 +
1

π2

λ2
4(

1 + λ2

)3 , (1.116)

β6 =
5

π2

λ4 λ6(
1 + λ2

)3 − 15

π2

λ3
4(

1 + λ2

)4 . (1.117)

Again, we �nd a single non-Gaussian �xed point with the following �xed point values and critical
exponents:

λ?2 = −1

7
≈ −0.1429 , λ?4 =

432π2

343
≈ 12.43 , λ?6 =

93312π4

16807
≈ 540.8 , (1.118)

θ1 = 1.686 , θ2 = −1.133 , θ3 = −12.22 . (1.119)

Note that the �rst two critical exponents are fairly close to the previous values and that there is now
an additional irrelevant direction, which is very di�erent from its perturbative value zero. One can
now continue with this procedure by including the running of the perturbatively non-renormalisable
coupling λ8. However, starting at this order, one �nds an additional, second non-trivial solution to
the system of �xed point equations.

Solely within the polynomial truncation one cannot decide which one of these �xed points, or if
possibly both of them are physical. However, it is always possible to identify one of the solutions as
the continuation of a previously encountered �xed point. Unsurprisingly, the number of solutions
grows with the order of the polynomial, since this approximation provides a system of N equations
for N unknowns.

Polynomial truncations are very useful to quantify solutions numerically and extract critical
exponents. As an example, we show the convergence of the �rst few critical exponents, as well as
the mass critical exponent ν = 1/θ1 for polynomial truncations up to N = 10 in Fig. 1.6. However,
using these truncations we can neither prove that a true solution for the whole e�ective potential
exists, nor that the additional �xed point solutions are artefacts of the approximation.
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Figure 1.6: Convergence behaviour of the mass critical exponent ν = 1/θ1, as well as the �rst three critical
exponents θi using polynomial truncations up to order N = 10.

Scaling solutions
To address this issue, one has to study the full behaviour of the �xed point equation for the e�ective
potential

0 = −d V ? +
d− 2

2
ϕV ?′ +

cd

1 + V ?′′ . (1.120)

Since this is a second order ordinary di�erential equation, each of its solutions—called scaling
solutions—can be parametrised in terms of two boundary conditions. Since the potential contains
only even powers of the �eld variable, its �rst derivatives has to vanish at the origin, V ?′(0) = 0. If
we furthermore �x the value of the second derivative at zero V ?′′(0) = σ, the two conditions read

V ?′(0) = 0 and V ?′′(0) = σ ⇐⇒ V ?(0) =
cd

d
(
1 + σ

) . (1.121)

Since the �xed point equation is non-linear, one has to use numerical methods to solve it. In doing
so, one observes that for almost all values of σ the solution ends up in a singularity at a �nite value
of the �eld variable ϕ. To �nd a value for σ, for which a solution is de�ned for all real numbers R
instead, one proceeds as follows. First one de�nes a function Φ(d, σ), which maps the (continuous)
dimension d and the parameter σ to the maximal value of the �eld variable ϕ, for which a solution
to Eqn. (1.120) with boundary conditions (1.121) can be found. Since we are interested in solutions
which are de�ned for any value of ϕ, we have to look for divergences in Φ(d, σ). To this end one
may numerically calculate Φ(d, σ) and look for ‘spikes’ in the plot of Φ as a functions of σ, cf.
Ref. [26]. This procedure is also called shooting method. Extracting a critical value for σ in this way,
one is then able to integrate the �xed point equation to �nd a scaling solution for the e�ective
potential.

We illustrate this approach in Fig.1.7. Although this procedure may be applied to continuous,
fractal dimensions, we focus on the cases d = 4 and d = 3 here. Note that the spike at σ = −1
is due to the pole in the denominator of the last term in the �xed point equation and does not
correspond to a true solution of the system. For values σ < −1 the e�ective potential is unbounded
from below and thus physically irrelevant.
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Figure 1.7: The peaks in the spike plots reveal at which parameter value σ a global scaling solution exists. In
d = 4 there is only the Gaussian �xed point, whereas in d = 3 there also exists the non-trivial Wilson-Fisher
�xed point for σ? = −0.186064. The resulting e�ective potential as a function of ϕ is displayed in the inset.

As we have seen before, in d = 4 there is only one �xed point, the trivial Gaussian �xed point
at σ = 0, where the potential remains constant

V ? =
1

128π2
. (1.122)

In d = 3, there is however an additional spike for σ? = −0.186064, which corresponds to the
Wilson-Fisher �xed point and belongs to the bi-critical Ising universality class. The resulting
potential has two minima and is shown in the inset in Fig. 1.7.



2. Background Independence in �antum Gravity

Following Ref. [6], non-perturbative renormalization group �ows for quantum gravity have been
formulated by utilising the technical device of splitting the metric in terms of a background metric
and a �uctuation �eld—the background �eld formalism.

Physical results must however be independent of this arbitrary split, in other words should
be background independent. The background metric however is in particular used to de�ne the
e�ective cuto� scale k (via the background Laplacian). This breaks background independence at
intermediate scales k but such that background independence can be recovered in the limit k → 0
providing certain modi�ed split Ward identities (msWIs) are imposed [12, 27–36]. RG properties on
the other hand are de�ned at intermediate scales k. There is therefore the potential for con�ict in
this formulation between RG notions such as �xed points, and the requirement of background
independence.

In this chapter we want to expand on the results of Ref. [35], and study a truncated formulation
of conformally reduced gravity. In this theory, the explicit dependence on the background �eld
displays itself only in the cuto� operator, and not in the gauge �xing and ghost sector, as it would
be for the full theory of quantum gravity. This simpli�es the investigation considerably.

An unsettling conclusion from the research reported in Ref. [35] is that the requirement
of background independence in a theory of quantum gravity may actually be in con�ict with
renormalization group properties in �ows formulated as above: �xed points under changes in the
e�ective cuto� scale k, can be forbidden by the msWIs that are enforcing background independence.

In the conformally truncated gravity model investigated in Ref. [35], this happens generically
when the anomalous dimension η is non-vanishing. It can however be avoided by a careful choice
of parametrisation. On the other hand it was shown in Ref. [35] that the situation is saved in
all cases, at least in the conformally reduced gravity model, by the existence of an alternative
background-independent description. This involves in particular a background-independent notion
of scale, k̂. This background independent description exists at a deeper underlying level since in
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terms of these background-independent variables, the RG �xed points and corresponding �ows
always exist, and are manifestly independent of the choice of parametrisation.

After approximating the exact RG �ow equations and msWIs to second order in the derivative
expansion, the crucial technical insight was to notice that, just as in the scalar �eld theory model [28],
the msWIs and RG �ow equations can be combined into linear partial di�erential equations. It is the
solution of the latter equations that uncovers the background independent variables. And it is by
comparing the description in these variables with the equivalent description in the original variables,
that we see that �xed points in the original variables are in general forbidden by background
independence.

However in order to facilitate combining the RG �ow equations and msWIs when the anomalous
dimension η 6= 0, the authors of Ref. [35] were led to a particular form of cuto� pro�le Rk , namely
a power-law cuto� pro�le. We will show in this chapter that in fact this cuto� pro�le plays a rôle
that is much deeper than the convenience of this mathematical trick. To this end, we will introduce
the notion of compatibility and investigate under which assumptions �ow equation and msWIs are
in fact compatible up to O(∂2) in the derivative expansion. We will see that η = 0 is su�cient to
allow the derivative expansions of the exact RG and msWI equations to be compatible, and we will
investigate the implications of background independence to the solutions of the combined system.

But even if the msWIs are not compatible with the �ow equations, it does not immediately
follow that there are no simultaneous solution to the system of equations. However, as we argue in
sec. 2.2.4 and verify by example in sec. 2.3.2, if the msWIs are not compatible, the equations are
overconstrained and it is for this reason that it is hopeless to expect any solutions.

To investigate the combined system of the LPA �ow and msWI equations, we will both use the
trick of combining these equations into a linear partial di�erential equation, as well as studying
polynomial truncations, since it seems likely that the latter is the only way we could investigate
system using the exact non-perturbative �ow equations. Viewed from this perspective, we will see
that the problem is that if the RG �xed point equations and msWI equations are truly independent,
then they will overconstrain the solutions if carried to su�ciently high order truncation.

Our analysis suggests therefore that the full non-perturbative Ward identities would lead to
important constraints on RG properties. Unfortunately it seems very challenging to investigate
this, since we will see that the number of equations only exceeds the number of vertices for the
�rst time at the six-point level. We discuss potential con�ict for the exact non-perturbative �ow
equations further in the conclusions.

2.1 Conformally reduced gravity at order derivative-squared
In this section we give a quick resumé of the results we need and their context, from Ref. [35]. We
arrive at conformally reduced gravity (in Euclidean signature) by writing:

g̃µν = f(φ̃) ĝµν = f(χ+ ϕ̃) ĝµν and ḡµν = f(χ) ĝµν . (2.1)

Here g̃µν is the metric that is integrated over in the partition function. It is restricted to an overall
conformal factor f(φ̃) times a �ducial metric which in fact we set to �at: ĝµν = δµν .

Examples of parametrisations used previously in the literature include f(φ) = exp(2φ) [37] and
f(φ) = φ2 [32, 38]. However we leave the choice of parametrisation f unspeci�ed. It is important
to note however that f cannot depend on k since it is introduced at the bare level and has no
relation to the infrared cuto�. Later we will change to dimensionless variables using k and in these
variables it can be forced to depend on k (see especially secs. 2.2.5 and 2.3.1).



2.1 Conformally reduced gravity at order derivative-squared 31

We split the total conformal factor �eld φ̃(x) into a background conformal factor �eld χ(x) and
�uctuation conformal factor �eld ϕ̃(x). It is then the latter that is integrated over in the path integral.
This will yield the classical �uctuation �eld ϕ = 〈ϕ̃〉 and the total classical �eld φ = 〈φ̃〉 = χ+ ϕ,
respectively. Also as shown, we similarly parametrise the background metric ḡµν in terms of the
background conformal factor �eld χ.

Precisely as in the last chapter, we will introduce a cuto� operator Rk which is responsible
for suppressing momentum modes below the infrared cuto� scale k, in order to derive the non-
perturbative �ow equation. The crucial observation is that in the context of the background �eld
method in quantum gravity the cuto� operator itself depends on the background �eld χ. The
reason for this is that the cuto� operator is a function of the covariant Laplacian of the background
metric Rk

(
−∇2

)
, as it is with respect to the spectrum of −∇2 that modes are integrated out or

suppressed in the path integral, cf. [39, 40].
A remnant di�eomorphism invariance enforces this χ dependence in the approximation chosen

in Ref. [35]. By specialising to a background metric ḡµν that is slowly varying, so that space-
time derivatives of this can be neglected, we e�ectively terminate at the level of the LPA for the
background conformal factor χ. For the classical �uctuating conformal factor ϕ however, O(∂2) in
the derivative expansion approximation is fully implemented, making no other approximation. The
e�ective action thus takes its most general form at this level of truncation:

Γk[ϕ, χ] =

∫
ddx
√
ḡ

[
−1

2
K(ϕ, χ) ḡµν ∂µϕ∂νϕ+ V (ϕ, χ)

]
. (2.2)

The modi�ed split Ward identity encodes the extent to which the e�ective action violates split
symmetry:

ϕ̃(x) 7→ ϕ̃(x) + ε(x) , χ(x) 7→ χ(x)− ε(x) . (2.3)

Due to the special rôle played by χ, the infrared cuto� operator breaks this symmetry, leading to
the msWI:

1√
ḡ

(
δΓk
δχ
− δΓk

δϕ

)
=

1

2
Tr

[
1√
ḡ
√
ḡ

δ2Γk
δϕδϕ

+Rk[χ]

]−1
1√
ḡ

[
δRk[χ]

δχ
+
d

2
∂χlogf Rk[χ]

]
.

(2.4)
Exact background independence would be realised if the right hand side of the msWI was zero,
implying that the e�ective action is only a functional of the total �eld φ = χ+ ϕ. The presence of
the cuto� operator however causes the right hand side to be non-vanishing in general. It is only in
the limit k → 0 (holding physical, i.e. unscaled, momenta and �elds �xed) that the cuto� operator
drops out and background independence can be restored exactly. We note therefore that imposing
the msWI in addition to the �ow equation automatically ensures exact background independence in
the limit k → 0. The observation we further explore in this chapter is that restricting �ows to
satisfy the msWI then has consequences for the RG properties, in particular �xed point behaviour.

Computing the �ow equation and msWI in the derivative expansion (2.2), as done in Ref. [35],
results in �ow equations and modi�ed split Ward identities1, for the potential V :

∂tV (ϕ, χ) = f(χ)−
d
2

∫
dp pd−1 QpṘp , (2.5)

∂χV − ∂ϕV +
d

2
∂χlogf V = f(χ)−

d
2

∫
dp pd−1 Qp

[
∂χRp +

d

2
∂χlogf Rp

]
, (2.6)

1Although we always mean these modi�ed identities, we will sometimes refer to them simply as Ward identities.
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and for the kinetic function K :

f−1 ∂tK(ϕ, χ) = 2f−
d
2

∫
dp pd−1 Pp(ϕ, χ)Ṙp , (2.7)

f−1

[
∂χK − ∂ϕK +

d− 2

2
∂χlogf K

]
= 2f−

d
2

∫
dp pd−1 Pp(ϕ, χ)

[
∂χRp +

d

2
∂χlogf Rp

]
.

(2.8)

The p subscripts denote the momentum dependence of Qp, Pp and the cuto� Rp and as usual RG
time derivatives are denoted also by a dot on top. Qp is de�ned as

Qp =

(
∂2
ϕV − p2K

f
+Rp

)−1

, (2.9)

and Pp is given by

Pp = −1

2

∂ϕK

f
Q2
p +

∂ϕK

f

(
2∂3

ϕV −
2d+ 1

d

∂ϕK

f
p2

)
Q3
p

−
[(

4 + d

d

∂ϕK

f
p2 − ∂3

ϕV

)(
∂p2Rp −

K

f

)
+

2

d
p2 ∂2

p2Rp

(
∂ϕK

f
− ∂3

ϕV

)]
×
(
∂3
ϕV −

∂ϕK

f
p2

)
Q4
p −

4

d
p2

(
∂p2Rp −

K

f

)2(
∂3
ϕV −

∂ϕK

f
p2

)2

Q5
p . (2.10)

2.2 Compatibility of the msWI with the flow equation
Compatibility of the msWI with the �ow equation means the following. Write the msWI in the
formW = 0 and assume that this holds at some scale k. Computing Ẇ by using the �ow equation,
we say that the msWI is compatible if Ẇ = 0 then follows at scale k without further constraints.

In the �rst part of this section we brie�y outline the necessary steps to derive the �ow equation
and msWI for conformally reduced gravity. This derivation will be organised in a slightly di�erent
way from Ref. [35] and the last chapter so as to make the steps that will follow more transparent. We
then prove that they are compatible with one another. So far, this is naturally to be expected since
both are derived from the same partition function. For completeness we include it here in order to
fully understand the issues once we consider derivative expansions. (For a proof of the exact case
in a more general context see Ref. [36].) In the second part we study the notion of compatibility
for conformally reduced gravity in the truncation (2.2). Asking for compatibility in the derivative
expansion is actually non-trivial. We derive the requirements necessary to achieve it.

2.2.1 Compatibility at the exact level
The proof of compatibility of the un-truncated system consists of demonstrating that the RG time
derivative of the msWI is proportional to the msWI itself [41,42]. In analogy with references [41,42],
we expect to �nd that this RG time derivative is, more speci�cally, proportional to a second functional
derivative with respect to ϕ acting on the msWI and it is with this in mind that we proceed (see
also Ref. [36]).

We begin by considering the following Euclidean functional integral over the �uctuation �eld ϕ̃

eWk =

∫
Dϕ̃ e−S[χ+ϕ̃]−∆Sk[ϕ̃, ḡ]+Ssrc[ϕ̃, ḡ] . (2.11)
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This integral is regulated in the UV (as it must be), however we leave this regularisation implicit in
what follows. Compatibility can be shown most easily by presenting both the �ow equation and the
msWI as matrix expressions. Thus we begin by rewriting the source term using matrix notation like
so

Ssrc[ϕ̃, ḡ] =

∫
ddx

√
ḡ(x) ϕ̃(x) J(x) ≡ ϕ̃xTxyJy ≡ ϕ̃ · T · J , (2.12)

where Txy ≡ T (x, y) ≡
√
ḡ(x) δ(x−y). We will use a generalised Einstein summation convention

where repeated indices or equivalently the dot notation represent integration over position space.
Similarly, we write the cuto� action as

∆Sk[ϕ̃, ḡ] =
1

2

∫
ddx

√
ḡ(x) ϕ̃(x)Rk[ḡ] ϕ̃(x) ≡ 1

2
ϕ̃xrxyϕ̃y ≡

1

2
ϕ̃ · r · ϕ̃ , (2.13)

where

rxy ≡ r(x, y) ≡
√
ḡ(x)

√
ḡ(y)Rk(x, y) , (2.14)

and where the cuto� operator and its kernel are related according to

Rk(x, y) = Rk[ḡ(x)]
δ(x− y)√

ḡ(y)
. (2.15)

We refrain from putting a k subscript on rxy to avoid clutter with indices, but note that it still has
k-dependence. Also note that now the factors of

√
ḡ are no longer part of the integration; this is to

enable all χ-dependent quantities to be easily accounted for when acting with δ/δχ later on. With
these de�nitions in place, we may as before take the Legendre transform Γ̃k of Wk and from this
de�ne the e�ective average action Γk[ϕ, ḡ] = Γ̃k[ϕ, ḡ]−∆Sk[ϕ, ḡ]. Using similar steps as in the
last chapter, we quickly arrive at the �ow equation for the latter, which now reads

Γ̇k =
1

2
Tr
[
∆ ṙ
]
, where ∆xy ≡

[
δ2Γk
δϕxδϕy

+ rxy

]−1

. (2.16)

The msWI on the other hand is derived by applying the split symmetry transformations (2.3),
with in�nitesimal ε(x), to the functional integral (2.11). The bare action is invariant under this
shift, however the source term and cuto� action are not. It is the breaking of this symmetry that
indicates background independence has been lost. Applying these shifts to (2.11) we obtain

−δWk

δχ
· ε =

〈
ε · T · J − ϕ̃ ·

(
δT

δχ
· ε
)
· J − ε · r · ϕ̃+

1

2
ϕ̃ ·
(
δr

δχ
· ε
)
· ϕ̃
〉
. (2.17)

Under these same shifts, the Legendre transformation of Wk gives

δWk

δχ
· ε = J ·

(
δT

δχ
· ε
)
· ϕ− δΓ̃k

δχ
· ε . (2.18)

Substituting this relation into (2.17) together with Γk = Γ̃k −∆Sk, we obtain the msWI

δΓk
δχω
− δΓk
δϕω

=
1

2
∆xy

δryx
δχω

, (2.19)
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where we have used the fact that the identity must hold for arbitrary ε(ω). Note that in deriving the
msWI the contribution of the source term to the separate background �eld dependence of Γk[ϕ, χ]
drops out.

The msWI and �ow equation just derived appear at �rst sight to be in con�ict with results from
the last chapter. In particular factors of

√
ḡ seem to be missing. This is because these factors are

absorbed in a di�erent de�nition of the inverse kernel. Indeed the inverse kernel in (2.16) now
satis�es [

δ2Γk
δϕxδϕy

+ rxy

]
∆yz = δxz (2.20)

without a
√
ḡ(y) included in the integration over y.

Now that we have derived the �ow equation and msWI written in a convenient notation, we
are ready to prove that they are compatible. We begin by de�ning

Wω ≡
δΓk
δχω
− δΓk
δϕω

− 1

2
∆xy

δryx
δχω

= 0 . (2.21)

Taking the RG time derivative ofWω then gives

Ẇω =
δΓ̇k
δχω
− δΓ̇k
δϕω

+
1

2

[
∆

(
δ2Γ̇k
δϕδϕ

+ ṙ

)
∆

]
xy

δryx
δχω

− 1

2
∆xy

δṙyx
δχω

(2.22)

and upon substituting the �ow equation (2.16) into the right hand side, we have

Ẇω = −1

2
∆xz

δ3Γk
δϕzδϕz′δχω

∆z′y ṙyx +
1

2
∆xz

δ3Γk
δϕzϕz′ϕω

∆z′y ṙyx

+
1

4
∆xz

(
δ2

δϕzδϕz′
∆uu′

)
ṙu′u ∆z′y

δryx
δχω

= −1

2
(∆ṙ∆)zz′

δ2

δϕz′δϕz

(
δΓ

δχω
− δΓ

δϕω

)
+

1

4

(
δ2

δϕzδϕz′
∆uu′

)
ṙu′u ∆z′y

δryx
δχω

∆xz .

(2.23)

The �rst term in the last equality is in the form we want: a di�erential operator acting on (part of)
Wω . We now expand out the second term with the aim of also putting it into the desired form. For
the sake of neatness let us de�ne

Γ(n)
x1...xn ≡

δnΓk
δϕx1 ...δϕxn

. (2.24)

Expanding out the second term then gives(
δ2

δϕzδϕz′
∆uu′

)
ṙu′u ∆z′y

δryx
δχω

∆xz = ∆xz

(
∆uvΓ

(3)
zvs∆sv′Γ

(3)
z′v′s′∆s′u′

+ ∆uv′Γ
(3)
v′s′z′∆s′vΓ

(3)
zvs∆su′ −∆uv′Γ

(4)
v′s′zz′∆s′u′

)
ṙu′u ∆z′y

δryx
δχω

. (2.25)

Upon exchanging factors of ∆ and relabelling indices, we �nd(
δ2

δϕzδϕz′
∆uu′

)
ṙu′u

(
∆z′y

δryx
δχω

∆xz

)
= (∆ṙ∆)s′v′

δ2

δϕv′δϕs′
∆xy

δryx
δχω

, (2.26)
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p

q

p+ q
Γ

(3)
k

ṙ

Γ
(3)
k

δr
δχ
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ṙ

Γ
(4)
k

δr
δχ

Figure 2.1: The two-loop diagrams in (2.25). Their symmetry immediately implies the identity (2.26). Momentum
�ow is indicated in the case where the �uctuation �eld ϕ is then set to zero.

which now has the structure we require. Thus we have shown that the RG time derivative of the
msWI can be written as

Ẇω = −1

2
Tr

[
∆ ṙ∆

δ2

δϕδϕ

]
Wω , (2.27)

i.e. that it is proportional to the msWI itself. If Γk satis�esWω at some initial scale k0, and satis�es
the �ow equation there, it thus follows without further restriction that Ẇω|k0 = 0 since it is
proportional toWω . Thus the msWI is compatible with the �ow equation. If Γk continues to evolve
according to the �ow equation, it then follows thatWω and thus Ẇω will be zero for all k.

2.2.2 Compatibility versus derivative expansion
Recalling that ∆ is an infrared regulated full propagator, we see from (2.25) that the identity (2.26)
can be understood diagrammatically in terms of two-loop diagrams as sketched in Fig. 2.1. The
symmetry of these diagrams means that nothing changes if we exchange ṙ ↔ δr/δχ. This exchange
immediately leads to the identity (2.26).

This identity breaks down in general in the derivative expansion. If the Ward identity is
approximated by a derivative expansion, the full propagator in the one-loop term in (2.21) is also
expanded in a derivative expansion. This full propagator has loop momentum q say, and is then
expanded in powers of momenta carried by the external �uctuation �eld ϕ(p), i.e. by the external
legs. The RG time derivative of the Ward identity yields the RG time derivative of such vertices, as
can be seen from the δ2Γ̇k/δϕ

2 term in (2.22). This latter term has two internal legs given by the
explicit functional derivatives, carrying the loop momentum q and joining full internal propagators
∆, and any number of external legs contained in the vertices of Γ̇k. Substituting the �ow equation
(2.16) then gives in particular the last term in Eqn. (2.23) in which two of these external legs are now
joined to form a loop connected via ṙ. However it is momenta external to this new loop which are
Taylor expanded in the derivative expansion of the �ow equation (see also [43,44]). This is illustrated
in the diagram displayed in Fig. 2.1. In particular when the remaining external �uctuation �eld
dependence is removed by setting ϕ = 0, we have exactly the momentum dependence displayed in
the �gure. We see that a derivative expansion of the Ward identity involves Taylor expanding in
small p, while integrating over q. However a derivative expansion of the �ow equation involves
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Taylor expanding in small q, and integrating over p instead. Thus the symmetry between the two
loops is broken and the identity (2.26) no longer follows.

On the other hand we see that if ṙ and δr/δχ have the same momentum dependence then the
identity (2.26) is restored because it is no longer possible to distinguish the two loops. Returning the
placement of

√
ḡ from (2.14) to the integration measure, this in fact would give us relation (2.45)

which, as we will see, is necessary and su�cient for compatibility of the Ward identities within the
derivative expansion, and which we will now derive directly within the derivative expansion.

2.2.3 Compatibility at order derivative-squared
We now proceed to calculate the �ow of the msWI for the system truncated at O(∂2) as described
in sec. 2.1, and investigate directly under what circumstances it vanishes. Let us start by writing the
�ow equations and msWIs for both V and K in the following form so that we can study both cases
simultaneously:

Ȧ(ϕ, χ) =

∫
p
BpṘp , (2.28)

W(A) = ∂̄A− γA+

∫
p
Bp(∂χRp + γRp) = 0 , (2.29)

where A is either V or K/f such that Bp is either Qp or 2Pp respectively. Here we have also
introduced the shorthand notation∫

p
≡ f(χ)−

d
2

∫
dp pd−1 , γ ≡ d

2
∂χlogf , and ∂̄ ≡ ∂ϕ − ∂χ . (2.30)

It will also be useful to have to hand the following relations:(
∂̄ + ∂t − γ

)
V =W(V ) +

∫
q
Qq(Ṙq − ∂χRq − γRq) , (2.31)

(
∂̄ + ∂t − γ

) K
f

=W(K) + 2

∫
q
Pq(Ṙq − ∂χRq − γRq) , (2.32)

(
∂̄ + ∂t + nγ

)
Qnp = −nQn+1

p

∫
q
(∂2
ϕQq − 2 p2Pq)(Ṙq − ∂χRq − γRq)

− nQn+1
p (Ṙp − ∂χRp − γRp)− nQn+1

p (∂2
ϕW(V ) − p2W(K)). (2.33)

The �rst two relations are derived by subtracting the msWI from the �ow equation for V and K/f
respectively. The last relation is then derived by using the �rst two relations above together with
the de�nition of Qp given in (2.9).

We begin by taking the RG time derivative of (2.29). Substituting in the �ow equation for Ȧ,
and remembering the power of f(χ) hidden in the integral over p, this gives

Ẇ(A) =

∫
p
Ṙp
(
∂̄ + ∂t + γ

)
Bp −

∫
p
Ḃp

(
Ṙp − ∂χRp − γRp

)
. (2.34)

In order to proceed we have to assume a particular form of Bp so that we can compute the result of
the linear operators under the integral acting on it. A general term in Pp takes the form

B̃p =
(
∂iϕV

)a(
∂jϕ
K

f

)b (
∂kp2Rp

)c (
p2
)l
Qep , (2.35)
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where a, b, c, e, i, j, k (not to be confused with the cuto� scale), and l are non-negative integers.
From the structure of the terms in Pp one can read o� the following sum rule for the exponents:

a+ b+ c = e− 1 . (2.36)

Notice that the case Bp = Qp for the potential is also included, since a = b = c = l = 0 and e = 1
also satis�es the sum rule. Taking the term under the �rst integral of (2.34), we �nd

(
∂̄ + ∂t + γ

)
B̃p =

[
a
(
∂iϕV

)−1
∂iϕ
(
∂̄ + ∂t

)
V + b

(
∂jϕ
K

f

)−1

∂jϕ
(
∂̄ + ∂t

) K
f

+ c
(
∂kp2Rp

)−1
∂kp2 (−∂χ + ∂t)Rp + eQ−1

p

(
∂̄ + ∂t

)
Qp + γ

]
B̃p . (2.37)

Substituting equations (2.31)–(2.33) into the above expression and using the sum rule, we obtain

(
∂̄ + ∂t + γ

)
B̃p =

[
a
(
∂iϕV

)−1
∂iϕ

(
W(V ) +

∫
q
QqR̄q

)
+ b

(
∂jϕ
K

f

)−1

∂jϕ

(
W(K) + 2

∫
q
PqR̄q

)
+ c

(
∂kp2Rp

)−1
∂kp2R̄p

− eQp
∫
q

(
∂2
ϕQq − 2p2Pq

)
R̄q − eQpR̄p − eQp

(
∂2
ϕW(V ) − p2W(K)

)
R̄q

]
B̃p .

(2.38)

where we have introduced the shorthand notation

R̄p = Ṙp − ∂χRp − γRp . (2.39)

Turning our attention now to the second integral of (2.34) we take the RG time derivative of B̃p
and again substitute in the �ow equations for V and K/f . This gives

˙̃Bp =

[
a
(
∂iϕV

)−1
∂iϕ

∫
q
QqṘq + b

(
∂jϕ
K

f

)−1

∂jϕ

∫
q

2PqṘq

+ c
(
∂kp2Rp

)−1
∂kp2Ṙp − eQp

∫
q

(
∂2
ϕQq − 2p2Pq

)
Ṙq − eQpṘq

]
B̃p . (2.40)

Inserting (2.38) and (2.40) into (2.34) we obtain

Ẇ(A) =
∑
B̃p

{
a

∫
p,q
B̃p(∂

i
ϕV )−1∂iϕ

(
ṘpW(V ) +Qq[Ṙ, ∂χR+ γR]qp

)

+ b

∫
p,q
B̃p

(
∂jϕ
K

f

)−1

∂jϕ

(
ṘpW(K) + 2Pq[Ṙ, ∂χR+ γR]qp

)
(2.41)

+ c

∫
p
B̃p

(
∂kp2Rp

)−1 (
(∂χRp + γRp) ∂

k
p2Ṙp − Ṙp∂kp2 (∂χRp + γRp)

)
− e

∫
p
B̃pQpṘp

(
∂2
ϕW(V ) − p2W(K)

)
− e

∫
p,q
B̃pQp

(
∂2
ϕQq − 2p2Pq

)
[Ṙ, ∂χR+ γR]qp

}
,
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where we have introduced the commutator-like construct [A,B]qp = AqBp −BqAp.
When A = V the above expression simpli�es considerably to

Ẇ(V ) = −
∫
p
Q2
pṘp

(
∂2
ϕW(V ) − p2W(K)

)
−
∫
p,q
Q2
p

(
∂2
ϕQq − 2p2Pq

)
[Ṙ, ∂χR+ γR]qp ,

(2.42)

which we see contains only terms that contain either the Ward identities or the ‘commutator’
[Ṙ, ∂χR+ γR]qp. On the other hand for the �ow of the K/f msWI, the terms do not collect, so
that it remains separately dependent on the individual B̃p. However each term either contains the
Ward identities themselves, the ‘commutator’ [Ṙ, ∂χR+ γR]qp, or the additional commutator-like
structures:

(∂χRp + γRp) ∂
k
p2Ṙp − Ṙp∂kp2 (∂χRp + γRp) . (2.43)

These appear in the third line of (2.41), and the integer k takes values 1 and 2. For a general cuto�
Rp, these two additional commutator terms neither vanish nor combine with other terms of the
�ow.

If [Ṙ, ∂χR+ γR]qp vanishes, the �ow (2.42) of the V msWI is automatically satis�ed providing
that both the K and V msWI are also satis�ed. In this case we have by rearrangement that

(∂χRp + γRp) /Ṙp = (∂χRq + γRq) /Ṙq , (2.44)

which means that the ratio is independent of momentum. Equivalently

∂χRp + γRp = F (χ, t) Ṙp , (2.45)

where F can be a function of χ and t but not of p. However it is straightforward to see that (2.45)
also forces the additional commutators (2.43) to vanish.

We have therefore shown that all the commutator-like terms vanish if and only if Ṙp and
∂χRp + γRp have the same dependence on p, with the consequence that both the Ẇ(A) vanish,
if the Ward identitiesW(A) themselves vanish. Since for general choices of the functions, the
vanishing of the ‘commutators’ is surely necessary to achieve Ẇ(A) = 0 without further restriction,
we have thus shown that the condition (2.45) is necessary and su�cient to ensure compatibility, as
de�ned at the beginning of this section.

2.2.4 Incompatibility implies no solutions
However even if the commutators do not vanish, and thus the Ward identities are incompatible
with the �ow equations, a priori there could still be a non-empty restricted set of solutions that
both satisfy the �ow equations and Ward identities. In this case the equations are satis�ed not by
the vanishing of the commutators themselves, but by the fact that for the given solutions the sum
of all these terms vanish after performing the integration over momenta. Therefore, as well as
obeying the �ow equations and the msWIsW(A) = 0, the solutions must also separately obey two
further conditions, namely the vanishing of the right hand sides of (2.41). In the language of Dirac’s
classi�cation of constraints [45, 46], theW(A) = 0 provide the primary constraints. We have shown
that if the ‘commutators’ do not vanish, then the solutions are subject also to non-trivial secondary
constraints Ẇ(A) = 0. Given the involved form of Ẇ(K) in particular, we can be sure that the
procedure does not close and that actually there is then an in�nite tower of secondary constraints,
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∂nt W(A) = 0, ∀n > 0, all of which must be satis�ed. It would therefore seem inevitable that there
are in fact no non-trivial solutions in this case. We will con�rm this by example in sec. 2.3.2. We
conclude that the vanishing of the ‘commutators’, and hence condition (2.45), is both necessary and
su�cient for there to be any solutions to the �ows and Ward identities in the derivative expansion
approximation outlined in sec. 2.1.

The condition (2.45) was already used in Ref. [35], where however it was introduced as a
mathematical trick to help solve the coupled system of �ow equations and msWI. As we recall
below, it implies either that η = 0 or Rp is of power-law form. We now see that the requirement for
Ṙp and ∂χRp + γRp to have the same dependence on p, goes much deeper: the �ow equations
(2.5) and (2.7), and the Ward identities (2.6) and (2.8), are incompatible without this constraint, and
incompatibility forces there to be no solutions to the combined system.

2.2.5 Required form of the cuto� profile
Note that Rp must take a form that respects the scaling dimensions. Introducing dimensionless
variables for use in the next section and later, we can make these scaling dimensions explicit by
employing the RG scale k. We denote the new dimensionless quantities with a bar. We have

ϕ = kη/2ϕ, χ = kη/2χ, f(χ) = kdf f̄(χ),

V (ϕ, χ) = kdV V (ϕ, χ), K(ϕ, χ) = kdR−2+dfK(ϕ, χ), (2.46)

where

dV = d(1− df/2) and dR = dV − η , (2.47)

and thus from (2.13) and (2.1), we have by dimensions that Rp must take the form

R(p2/f) = −kdR r
(

p2

k2−df f

)
= −kdR r(p̂2) , (2.48)

where r is a dimensionless cuto� pro�le of a dimensionless argument,2 and we have introduced the
dimensionless momentum magnitude p̂ = p

√
kdf−2/f .

If Ṙp and ∂χRp + γRp have the same dependence on p, i.e. satisfy (2.45), then either η = 0 or
Rp is of power-law form [35]. To see this, note that from (2.48) and (2.30) we have

γṘp = dV [∂χRp + γRp]− η γ Rp . (2.49)

Thus (choosing F = γ/dV ) we see that (2.45) is satis�ed if η = 0, without further restriction on R.
However if η 6= 0, then (2.49) together with (2.45) implies

f
∂Rp
∂f

=
d

2

(
ηF

dV F − γ
− 1

)
Rp , (2.50)

and thus from (2.48)

p̂
d

dp̂
r(p̂2) = −d

(
ηF

dV F − γ
− 1

)
r(p̂2) . (2.51)

2The minus sign in (2.48) is necessary to work with the wrong sign kinetic term in (2.2) [35].
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Since the term in brackets does not depend on p, we see that this is only possible if in fact the term
in brackets is a constant. Setting this constant to be 2n/d for some constant n, we thus also deduce
that r ∝ p̂−2n.

An example of a cuto� that does not satisfy (2.45) if η 6= 0, and thus leads to incompatible
msWIs in this case, is the optimised cuto� [15, 47]:

r(p̂2) = (1− p̂2) θ(1− p̂2) . (2.52)

It is straight-forward to con�rm that this does not satisfy (2.45) if η 6= 0. Using (2.48) and (2.49) we
�nd

Ṙp ∝ dV
[

2

d
θ(1− p̂2) + (1− p̂2) θ(1− p̂2)

]
− η (1− p̂2) θ(1− p̂2) . (2.53)

In order for (2.52) to satisfy (2.45), the right hand side must be proportional to ∂χRp + γRp i.e. to
the term in square brackets. This is only true if η = 0.

2.3 LPA equations
We will now use the Local Potential Approximation to further investigate the restriction imposed
by the msWI on the RG �ow equation, in terms of general solutions and also on the existence
of k-�xed points (i.e. RG �xed points with respect to variations in k). We start with a very clear
example where the msWI forbids the existence of k-�xed points.

Then using the concrete example of the optimised cuto� we show explicitly that compatibility
forces η = 0 for non-power-law cuto�s. Setting η = 0 we will see that background independent
variables exist, in other words they exist whenever the msWI is compatible with the �ow. We will
also see that such k̂-�xed points coincide with the k-�xed points. The background independent
variables allow us to solve for the �xed points explicitly, uncovering a line of �xed points, consistent
with the �ndings for power-law cuto� [48].

2.3.1 Demonstration of background independence forbidding fixed points in general
We use the change to dimensionless variables (2.46) and (2.48). In the LPA we discard the �ow and
Ward identity for K , and set K = 1. The result, for general cuto� pro�le r(p̂2), is:

∂tV + dV V −
η

2
ϕ
∂V

∂ϕ
− η

2
χ
∂V

∂χ
=

∫ ∞
0

dp̂ p̂d−1 dR r −
dV
d p̂ r′

p̂2 + r − ∂2
ϕV

, (2.54)

∂V

∂χ
− ∂V

∂ϕ
+ γ V = γ

∫ ∞
0

dp̂ p̂d−1 r − 1
d p̂ r

′

p̂2 + r − ∂2
ϕV

, (2.55)

where r′ means dr/dp̂ and from the change to dimensionless variables we �nd:

γ =
d

2

∂

∂χ
log
[
f̄
(

eηt/2µη/2χ
)]

. (2.56)

Note that since f cannot depend on t (see the discussion in sec. 2.1), once we go to dimensionless (i.e.
scaled) variables, f̄ is in general forced to depend on t if χ has non-vanishing scaling dimension η. At
the (k-)�xed point we must have ∂tV = 0. We see at once why �xed points are generically forbidden
by the msWI: the �xed point potential V would have to be independent of t, but through (2.55) and
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(2.56) this is impossible in general since V is forced to be dependent on explicit t-dependence in f̄
through the Ward identity. This is true even in the case of power-law cuto� pro�le3 which as we
have seen allows (2.55) to be compatible with the �ow (2.54).

At �rst sight an escape from this problem is simply to set f to be power-law. Indeed setting
f ∝ χρ for some constant ρ, (2.56) implies

γ =
d

2

ρ

χ
, (2.57)

and thus (2.55) no longer has explicit t dependence. Recall that for power-law cuto� pro�les r, it was
indeed found that k-�xed points for V are allowed if f is chosen of power-law form [35].4 However
we have seen in sec. 2.2.5 that any other cuto� pro�le does not allow the Ward identity to be
compatible with the �ow unless η = 0. We argued in sec. 2.2.4 that incompatibility overconstrains
the equations leading to no solutions. In the next subsection, sec. 2.3.2, we will con�rm this explicitly,
choosing as a concrete example the optimised cuto� pro�le and space-time dimension d = 4.

On the other hand, if we set η = 0 then the msWI (2.55) is compatible with the �ow (2.54), for
any parametrisation f . Apparently k-�xed points are also now allowed without further restriction,
since again (2.56) loses its explicit t dependence. Opting once more for optimised cuto� pro�le and
d = 4, we will see in sec. 2.3.3 that indeed they are allowed and furthermore they coincide with
�xed points in a background independent description that we also uncover.

2.3.2 Confirmation of no solutions if the msWI is incompatible with the flow
Specialising to optimised cuto� and (for simplicity) the most interesting case of spacetime dimension
d = 4, the equations read

∂tV + dV V −
η

2
ϕ∂ϕV −

η

2
χ∂χV =

(
dR
6

+
η

12

)
1

1− ∂2
ϕV

, (2.58)

∂χV − ∂ϕV + γ V =
γ

6

1

1− ∂2
ϕV

. (2.59)

Choosing power-law f and thus (2.57) there is no explicit t dependence and apparently these
equations can work together. Combining them by eliminating their right hand sides, we get

2∂tV + η V − (η ϕ− αχ) ∂ϕV − (η + α)χ∂χV = 0 , (2.60)

where we have introduced the constant α = (dR+η/2)/ρ. This equation can be solved by the method
of characteristics (see e.g. the appendix in Ref. [35]). Parametrising the characteristic curves with t,
they are generated by the following equations:

dV

dt
= −η

2
V ,

dχ

dt
= −α+ η

2
χ ,

dϕ

dt
=
αχ− η ϕ

2
. (2.61)

Solving the second equation before the third, it is straightforward to �nd the curves:

V = V̂ e−ηt/2 , χ = χ̂ e−(η+α)t/2 , ϕ+ χ = φ̂ e−ηt/2 , (2.62)
3And indeed this issue was highlighted, but in a di�erent way in Ref. [35].
4This is true also for K̄ . However if the dimensions of f and χ do not match up, these �xed points do not agree with

the background independent k̂-�xed points and furthermore the e�ective action Γk still runs with k [35].
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in terms of initial data V̂ , φ̂, χ̂. Thus the solution to (2.60) can be written as

V = e−ηt/2 V̂ (φ̂, χ̂) = e−ηt/2 V̂
(

eηt/2[ϕ+ χ], e(η+α)t/2χ
)
, (2.63)

as can be veri�ed directly. Plugging this into either (2.58) or (2.59) gives the same equation, which
in terms of the hatted variables reads

χ̂ ∂χ̂V̂ + 2 ρ V̂ =
ρ

3

1

e−
η
2
t − ∂2

φ̂
V̂
. (2.64)

Since V̂ (φ̂, χ̂) is independent of t, we see there are no solutions unless η = 0. We saw in sec. 2.2.5
that this was also the necessary and su�cient condition for compatibility in this case.

2.3.3 Background independence at vanishing anomalous dimension
We now set η = 0. As recalled in sec. 2.2.5, the msWI is now compatible with the �ow, and
furthermore from (2.56) the explicit t dependence has dropped out. For power-law cuto� pro�les
we found that k-�xed points exist and coincide with background independent k̂-�xed points for
any form of f with any dimension df [35]. We will see that for non-power law cuto� that the same
is true. (Again we choose optimised cuto� and d = 4 as an explicit example.) We will uncover
consistent background independent variables for which the full line of �xed points is visible [48].

Since η = 0, in the equations (2.58) and (2.59), we also have dR = dV = 2(2 − df ) and
γ = 2∂χ log f̄(χ). Note that from (2.48), df = 2 is excluded otherwise the IR cuto� no longer
depends on k. Also note that since η = 0 we can drop the bars on χ and ϕ. Combining the equations
into a linear partial di�erential equation we get

∂tV +
2− df
∂χ log f̄

(
∂ϕV − ∂χV

)
= 0 , (2.65)

whose characteristic curves satisfy

dχ

dt
=

df − 2

∂χ log f̄
,

dϕ

dt
=

2− df
∂χ log f̄

,
dV

dt
= 0 . (2.66)

Solving the �rst equation gives:

t̂ = t+
log f̄

2− df
, (2.67)

where the integration constant t̂ is thus the background independent de�nition of RG time (see the
appendix to Ref. [35]). Exponentiating,

k̂ = k
[
f̄(χ)

] 1
2−df = k

2 (1−df )

2−df [f(χ)]
1

2−df , (2.68)

where the second equality follows from (2.46). The sum of the �rst two equations in (2.66) tells
us that φ = ϕ+ χ is an integration constant for the characteristics, and �nally the last equation
says that V is also constant for characteristics. Thus we learn that the change to background
independent variables is achieved by writing

V = V̂ (φ, t̂ ) . (2.69)
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It is straightforward to verify that this solves (2.65). Substituting into either (2.58) or (2.59) gives
the same �ow equation:

∂t̂V̂ + dV V̂ =
dV
6

1

1− ∂2
φV̂

, (2.70)

which is indeed now background independent, i.e. independent of χ, and indeed independent of
parametrisation f . There remains a dependence on the dimension of f through dV = 2 (2− df )

although this disappears for k̂-�xed points, and can be removed entirely by a rescaling t̂ 7→ t̂ dV
which however changes the dimension of k̂ to dV .

We also see from (2.67) and (2.69) that

∂tV = ∂t̂V̂ , (2.71)

and thus �xed points in k coincide with the background independent �xed points.
Finally, the �xed points are readily found from (2.70) similarly to Refs. [48, 49] by recognising

that
d2V̂

dφ2
= 1− 1

6V̂
(2.72)

is equivalent to Newton’s equation for acceleration with respect to ‘time’ φ of a particle of unit
mass at ‘position’ V̂ in a potential U = −V̂ + (log V̂ )/6. In this way it can be veri�ed that there is
a line of �xed points ending at the Gaussian �xed point, which is here V̂ = 1/6, in agreement with
the �ndings for power-law cuto� in [48].

2.4 Polynomial truncations
The analysis so far has used properties of conformally truncated gravity and the derivative expansion
approximation method. In order to gain insight about what might happen at the non-perturbative
level, and in full quantum gravity, we will consider how the issues would become visible in
polynomial truncations.

The generic case treated in sec. 2.3.1 will be just as clear in the sense that truncations of the
Ward identity will still force the e�ective potential (e�ective action in general) to be t dependent if
the dimensionless parametrisation (2.56) is similarly forced to be t dependent. In general therefore,
if the way the metric is parametrised forces the parametrisation to become t dependent, we can
expect that background independence excludes the possibility of �xed points, at least with respect
to t.

Consider next the situation treated in sec. 2.3.2. Expanding the dimensionless potential and the
equations in a double power series in the �uctuation and the background �eld, we write:

V (ϕ, χ) =

∞∑
n,m=0

anm ϕ
n χm . (2.73)

Substituting expression (2.57) for γ into the msWI (2.59) and multiplying through by χ, we can
read o� from this and the �ow (2.58) the zeroth level equations:

dV a00 =

(
dR
6

+
η

12

)
1

1− 2a20

, (2.74)

2ρ a00 =
ρ

3

1

1− 2a20

. (2.75)
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Figure 2.2: Coe�cients of the potential appearing on the left sides of the equations (left diagram) and in the
expansion of the propagator (right diagram).

Since ρ cannot vanish and a20 cannot diverge, combining these equations gives dV = dR + η/2
which from (2.47) implies η = 0. Thus we recover already from the zeroth order level that �xed
points are excluded unless η = 0. (Of course the real reason, namely that the equations are
incompatible, and the full consequence that there are no t-dependent solutions either, is maybe not
so easy to see this way.)

2.4.1 Counting argument
We already argued in the introduction, that generically the coe�cients become overconstained if
we consider a su�ciently high truncation. We now proceed to make a careful count and estimate
the level at which this happens.

We concentrate on �xed point solutions to the LPA system (2.54), (2.55) and (2.56) where either
η = 0 or we choose power-law f , so that explicit t dependence does not already rule out such
solutions. We introduce the short-hand notation V (n,m) = ∂nϕ∂

m
χ V (ϕ, χ). To obtain the system at

order r we have to plug the expansion of the potential (2.73) into both the �xed point equation and
msWI, act on them with operators ∂i+j

∂ϕi ∂χj
such that i+ j = r, before �nally setting the �elds to

zero. In particular, for any �xed value r? we have 2 (r? + 1) equations and hence up to order r
there are

neqn(r) =
r∑
i=0

2 (i+ 1) = r2 + 3r + 2 (2.76)

equations. To count the coe�cients appearing in these neqn(r) equations let us start with the left
hand sides. First note that

V (i,j)
∣∣∣
ϕ=χ=0

∝ aij . (2.77)

That is, for any �xed pair (i, j) the left hand side of (2.55) will contain the coe�cients aij , ai+1,j

and ai,j+1, whereas the left hand side of (2.54) will only contain aij . Up to some �xed order r there
will be thus coe�cients aij where i and j run from 0 to r + 1 and i+ j 6 r + 1{

a00, a01, . . . , a0,r+1, a10, . . . , a1,r, . . . , a2,r−1, . . . , ar+1,0

}
, (2.78)
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cf. Fig. 2.2. This adds up to the following number of coe�cients

nlhs(r) =
r+2∑
i=1

i =
1

2
r2 +

5

2
r + 3 . (2.79)

Including the coe�cients of the right hand side, we have to be careful not to double count any
coe�cients that have already been taken account of on the left hand sides. Let us suppose we have
�xed the cuto� and let us assume that for the moment γ = const. Then all additional coe�cients
on the right hand side come from the expansion of the propagator

∂i+j

∂ϕi ∂χj

(
1

1− V (2,0)

) ∣∣∣∣
ϕ=χ=0

=
∂j

∂χj

[
∂i−1

∂ϕi−1

(
V (3,0)

(1− V (2,0))2

)] ∣∣∣∣∣
ϕ=χ=0

. (2.80)

Since we can always arrange the ϕ–derivatives to act �rst, the expression in the square brackets will
involve terms V (2,0) . . . V (i+2,0). Using Eqn. (2.77), we see that the expression given in Eqn. (2.80)
will then include the following terms{

a20, a21, . . . , a2i, a30, . . . , a3i, . . . , ai+2,0, . . . , ai+2,j

}
. (2.81)

Up to any �xed order r, i and j can take values between 0 and r such that i+ j = r, and in total
we will have the following coe�cients on the right hand sides{

a20, . . . , a2,r, a30, . . . , a3,r−1, . . . , a4,r−2, . . . , ar+2,0

}
, (2.82)

cf. again Fig. 2.2. Most of these coe�cients have however already been accounted for on the left
hand sides and the only ones not counted yet are{

a2,r, a3,r−1, a4,r−2, . . . , ar+2,0

}
. (2.83)

This is displayed graphically in Fig. 2.3. They precisely add up to a further r + 1 coe�cients. We
also must include another two coe�cients, namely η and df . Finally, since γ is in general some
function of χ it is easy to see that

dr

dχr
γ ∝ dr

dχr

(
f ′

f

)
⊆
{
f, f ′, . . . , f (r+1)

}
, (2.84)

which gives us an additional (r + 2) coe�cients from the Taylor expansion of f . The total number
of coe�cients is then given by

ncoe�(r) = nlhs + (r + 1) + (r + 2) + 2 =
1

2
r2 +

9

2
r + 8 . (2.85)

From (2.76) we see that for large r the number of equations ∼ r2, while from (2.85) the number of
coe�cients only goes for large r as ∼ r2/2. There are therefore asymptotically twice as many
equations as coe�cients, as already discussed in the Introduction. Equating the number of equations
and coe�cients yields the positive solution

r = 5.3 . (2.86)
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Figure 2.3: All the coe�cients of the potential appearing on both sides of the equations.

Therefore the number of equations exceeds the number of coe�cients for the �rst time at order r = 6.
If there is to be a con�ict between the existence of (k-)�xed points and background independence
generically we would expect this to become evident at about this level. Equally, if there is no
con�ict between background independence and the existence of (k-)�xed points then from this level
onwards some equations become redundant (i.e. they provide constraints that are automatically
satis�ed once the other equations are obeyed). In the limit r →∞ fully half of the equations must
become redundant if (k-)�xed points are to be consistent with background independence.

For the convenience of the reader we summarise our �ndings of this chapter, together with
those of Ref. [35], in table 2.1.5

2.5 Towards background independence in full quantum gravity

First attempts to go beyond conformally truncated gravity and study background independence in
theories of the full metric �eld using similar ideas as the ones of this chapter have been made in
Refs. [50, 51]. For alternative approaches also see Refs. [32–34, 52–55].

In the case of full quantum gravity split symmetry takes the much more general form

ḡµν(x) 7→ ḡµν(x) + εµν(x) , hµν(x) 7→ hµν(x)− εµν(x) , (2.87)

which is a d(d+1)/2 parameter set of space-time dependent transformations.

5For power-law cuto� r(z) = z−n, df = 2− η/(n+ 2) is excluded [35], and from sec. 2.2.5 when η = 0, df = 2 is
excluded for any cuto� pro�le: in these cases the cuto� term is independent of k.
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anomalous parametrisation f cuto� pro�le r
dimension type df runs power-law not power-law

η 6= 0
not power-law any yes ��ZZFP , F̂P incompatible

power-law 6= ρη/2 yes FP 6= F̂P incompatible
(f = χρ) = ρη/2 no FP = F̂P incompatible

η = 0 any 6= 0 yes FP = F̂P
= 0 no

Table 2.1: RG properties of the derivative expansion for conformally truncated gravity with the msWI satis�ed.
F̂P indicates that a background-independent description exists, while (��ZZFP) FP indicates that k-�xed points are
(not) allowed; the (in)equality shows how these relate to the k̂-�xed points.

In addition to the cuto� operator, in theories of the full metric �eld, there is another source
of split symmetry breaking. Namely, since gravity is a gauge theory, when integrating over the
�uctuation �eld in the path integral a gauge has to be �xed in order to remove spurious gauge
con�gurations. This will generate a functional determinant in the path integral which can be
rewritten via the Faddeev-Popov procedure through the introduction of a number of auxiliary
�elds, the so-called ghosts. Since gauge �xing should remove spurious gauge con�gurations the
gauge condition has to be implied on the �uctuation �eld hµν using covariant derivatives of the
background metric, in such a way, that one necessarily has to introduce an asymmetry between
these two �elds. This is a then an additional (potential) source of split symmetry breaking.

In Ref. [50], this issue has been addressed for the �rst time using a linear split for background
and �uctuation �eld, and restricting the set of split symmetry transformations to background scale
transformations, also called background Weyl transformations6

ḡµν(x) 7→ (1 + 2ε) ḡµν(x) , (2.88)

where ε is a space-time constant. Using a linear parametrisation of the metric, background and
�uctuation �eld thus transform as

δεḡµν = +2 ε ḡµν , (2.89)
δεhµν = −2 ε hµν . (2.90)

If we additionally use the York decomposition of the �uctuation �eld (cf. App. A) and further
decompose the trace part as7

h(x) = h+ h⊥(x) (2.91)

6Here and in the following, we always adhere to the transformation conventions of Ref. [51]. The results of Ref. [50]
may then be obtained via ε 7→ −ε (and setting ε = 1).

7In the following we assume the background to be a compact manifold (such that the volume is �nite). Then h is the
zero mode of the background Laplacian −∇2.
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where h and h⊥(x) are orthogonal to each other, in such a way that 〈h, h⊥〉 ≡ h
∫

ddxh⊥ = 0,
one can the derive the following transformation laws:

δεh
⊥ = −2 ε h⊥ , (2.92)

δεh = −2 ε
(
h+ d

)
, (2.93)

δεh
T
µν = 0 . (2.94)

From this it is easy to see that the following �eld combinations are invariant under background
rescaling:

hT
µν , ḡµν ,

(
1 +

h

d

)
ḡµν . (2.95)

Having established the transformation laws of the background and the �uctuation �elds, one next
has to establish the transformation properties of the full quantum e�ective action, which will be
derived from a partition function that now reads

eWk =

∫
Dh̃µν e−S[gµν ]−∆Sk[ḡµν , h̃µν ]+Sgf [ḡµν , h̃µν ]+Sghost[ḡµν , h̃µν ]+Saux[ḡµν , h̃µν ]+Ssrc[ḡµν , h̃µν ] .

(2.96)

It includes the classical gravitational action, the cuto� operator, the gauge �xing term, the resulting
ghost action, the action of auxiliary �elds, introduced through changes of variables, as well as the
usual source terms. The strategy of Ref. [50] was to derive the �ow equation as well as the (modi�ed)
Ward identity of background scaling, and again try to combine and solve those two equations
to uncover a background (scale) independent description of the renormalisation group. Using
the linear parametrisation of the �uctuation �eld, this was possible if and only if the space-time
dimension takes the value d = 6.

The �rst term in the action we shall look at is the gauge �xing. In Ref. [50], a conventional
gauge �xing was assumed

Sgf =
1

2α

∫
ddx
√
ḡ ḡµνFµFν , (2.97)

where the gauge �xing condition Fµ is linear in hµν and only contains terms with covariant
derivatives

Fµ = ∇ρ hρµ −
β + 1

d
∇µ h = ∇ρ hTρ

µ −
β

d
∇µ h . (2.98)

One can then show that the gauge condition transforms homogeneously

δεFµ = 2 ε Fµ , (2.99)

and at least in Landau-DeWitt gauge (α = 0, β = 1), the gauge �xing is manifestly invariant under
background rescaling:

δεSgf = 0 . (2.100)

Furthermore, because of the particular form of the gauge �xing, the ghost action will always be
bilinear in the �uctuation �elds and only depend on the transformation properties of the background.
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The same is true for the auxiliary action, since it arises from functional Jacobians of �uctuations
around the background. Consequently, we can always arrange the transformations (or equivalently
the mass dimensions) of the ghost and auxiliary �elds to make their respective actions invariant
under background rescaling

δεSghost = δεSaux = 0 . (2.101)

The last part of the action to consider is the cuto� action

∆Sk =
∑
u

∫
ddx
√
ḡ uRu u , (2.102)

where we sum over all �uctuation �elds u and de�ne the cuto� operators by

Ru = Γ
(2u)
k (Pk)− Γ

(2u)
k (∆) , (2.103)

in such a way, that we e�ectively replace

∆ 7→ Pk(∆) ≡ ∆ + k2 r(∆/k2) (2.104)

in the Hessian Γ
(2)
k . Here, r(y) is a dimensionless cuto� pro�le, and ∆ = −∇2 + E is a second

order di�erential operator with endomorphism E. With this de�nitions and the transformation
properties of the various �uctuation �elds one can show that

δε
(
∆Sk

)
= 2d

∫
ddx
√
ḡ Rh h−

1

2

∫
ddx
√
ḡ
∑
u

u Ṙu u−
d− 6

2

∫
ddx
√
ḡ
∑

u=hT
µν , h

uRu u .

(2.105)

The �rst two terms in this transformation will generate an anomaly in the modi�ed Ward identity
that is proportional to the renormalisation group �ow, and it will be this contribution that enables
one to combine the Ward identity and the �ow equation. The third term however, is an additional
anomaly that only vanishes in d = 6. Moreover, one can show, that using the background �eld
method8 d = 6 is a necessary and su�cient condition for compatibility of the Ward identity and
the �ow equation. In the compatible case, one can combine the two equations as

δεΓk =
∑
u

δΓk
δu

δεu = ε Γ̇k , (2.106)

and we see that the only anomaly of background scale symmetry is given by the beta function of
the e�ective average action itself. It is then possible, by means of the method of characteristics, to
obtain solutions to the last equation of the form

Γk[ḡµν ](h) = Γ̂k̂[ĝµν ] , (2.107)

8In this approximation scheme, also called single-metric approximation, one replaces derivatives w.r.t. the �uctuation
�eld with derivatives w.r.t. background �eld and then sets the former to zero. This scheme was and is very popular to do
actual calculations and we will use it in the next chapter.
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such that the (dynamical) dependence of the �uctuation �eld h gets incorporated into new variables

k̂ =
k√

1 + h/d
, and ĝµν =

√
1 +

h

d
ḡµν , (2.108)

and the new action Γ̂ obeys a formally equivalent �ow equation as the old single-metric approximated
action. That is, solutions to the �ow equations in the latter approximation scheme respect background
scale invariance, albeit the interpretation of the renormalisation group procedure completely changed
under the light of this investigation.

The rather unsatisfactory condition of d = 6 has subsequently been weakened in Ref. [51].
There it was shown that using the exponential parametrisation of the metric �uctuation �eld (cf.
App. A) all terms proportional to (d− 6) in the transformation laws of the cuto� action disappear.
In addition, it was necessary to guarantee that no dimensionful parameters enter neither the gauge
�xing term nor the cuto� operator (the latter is known as a ‘pure’ cuto�, cf. Sec. 3.6). The former
could than be made invariant by itself, as in the case of the linear parametrisation, by using a higher
derivative gauge �xing action

Sgf =
1

2α

∫
ddx
√
ḡ ḡµν Fµ ∆

d
2
−1 Fν , (2.109)

with the gauge condition given above (for any values of the parameters α and β), or using the
unimodular gauge (cf. again App. A).
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After investigating issues of more technical nature which arose due to the use of the background
�eld method in non-perturbative RG �ows of quantum gravity, we are now ready to begin our
study of the inclusion of matter �elds in an asymptotic safe gravitational quantum �eld theory. In
this �rst chapter, we will investigate a scalar-tensor theory with NS scalar �elds which are non-
minimally coupled to the gravitational sector. We will thereby treat the metric �eld in a background
approximation, where we set the �uctuation �eld to zero, and use a derivative expansion up to terms
linear in the background Ricci scalar R̄. We will then �x the background to be a d-dimensional
sphere Sd and derive the �ow equation using heat kernel techniques. We can then look for scaling
solutions of our particular truncation and study their critical behaviour.

In the following chapters 4 and 5 we will study a similar setup, but in a truly dynamic treatment,
using a �uctuation �eld calculation. This will however force us to restrict ourselves to a minimally-
coupled theory on a �at background R4. In chapter 5 we will additionally use the msWIs in
combination with the �ow equations to investigate further the rôle of the cuto� operator in the
dynamics of the background.

In Ref. [56] �xed-functional solutions in a scalar-tensor theory with an action containing a
potential V (ϕ) and a generic non-minimal interaction −F (ϕ)R̄ for a single scalar �eld where
already discussed. It was found that in generic dimension d the �ow equations for the dimensionless
functions V̄ (ϕ) = k−dV (ϕ) and F̄ (ϕ) = k2−dF (ϕ) of the dimensionless �eld ϕ = k1−d/2ϕ admit
some simple exact solutions where V̄ = V 0 is constant and F̄ = F 0 + F 2 ϕ

2 is a quadratic
polynomial. These solutions can have interesting applications to cosmology in d = 4, [57].
Unfortunately it seems that one of these solutions, with F 0 and F 2 both non-zero, does not survive,
at least with the same mathematical structure, when one applies the ‘renormalisation group
improvement’, in which one keeps renormalisation time-derivatives of the dimensionful variables
on the right hand side of the �ow equation. Another solution, which remains unchanged under this
improvement, has F 0 = 0 but F 2 < 0, making its physical relevance questionable.
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In this chapter we will consider the case of NS scalar �elds with an O(NS)-invariant action of
the general form

Γk[gµν , ϕ
i] =

∫
ddx
√
g

[
−F (ϕ)R+

1

2

NS∑
i=1

(
∇ϕi

)2
+ V (ϕ)

]
, (3.1)

where V and F are functions of the radial degree1 scalar �eld ϕ =
√∑

i ϕ
iϕi . The remaining

NS − 1 angular degrees of freedom will be referred to as the Goldstone bosons. One of the main
results of this chapter will be to show that in the case NS > 1 there exists a previously unobserved
solution with F 0 = 0 and F 2 > 0.

The other main result will be the con�rmation of the existence of an upper bound on the
number of scalar �elds, if a �xed point with positive F is to be observed. Such bounds have been
discussed earlier in Ref. [7], but only for minimally coupled �elds. We will see that the existence of
a potential and non-minimal interactions do not change this picture substantially.

For d = 3, we will also discuss the existence of a non-trivial gravitationally dressed Wilson-
Fisher �xed point and give a speci�c solution for NS = 2. Finally we will employ an alternative
coarse-graining scheme in order to test the scheme-dependence of the analytical scaling solutions.

3.1 Flow equations

For the construction of the �ow equations we follow the same steps as in Ref. [56], which we will
brie�y recall. The calculation is based on the background �eld method, but instead of the usual
linear classical-background-plus-quantum-�uctuation split we use an exponential parametrisation
for the metric of the form gµν = ḡµρ(e

h)ρν . This has some concrete practical advantages that
will be mentioned later, but the original theoretical motivation is that it respects the non-linear
nature of the metric. The �uctuation �eld is further York decomposed into its irreducible spin-two,
spin-one and spin-zero components hTT

µν , ξµ, σ and h. Then one calculates the second variation of
the action with respect to the �elds, which appears as a central ingredient in the �ow equation. In
order to have a diagonal Hessian we de�ne new scalar �elds that involve a mixture of σ and φ. We
then choose a very simple “unimodular physical gauge” which amounts simply to suppressing the
�elds ξµ and h. We describe the steps involved in the York decomposition, the gauge �xing and
the resulting Faddeev–Popov ghost sector in app. A. Further details concerning the derivation of
the Hessian and the �ow equations may be found in app. B. We will use a type-I cuto�, which
is introduced by replacing all occurrences of −∇2 with −∇2 +Rk(−∇2), [17]. In particular, we
will use the optimised cuto� Rk(z) =

(
k2 − z

)
θ
(
k2 − z

)
, [16]. Note that this cuto� is “spectrally

adjusted”, in the sense that it depends on some running couplings, and also depends explicitly on
the background scalar �eld, in addition to the background metric. Later we shall consider other
types of cuto�s as well.

On a sphere Sd in general dimension d and for any number of scalars NS, we �nd the following

1Later on, it will sometimes prove more convenient to treat V and F as functions of the variable ρ = ϕ2/2 instead.
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�ow equations in dimensionless variables

V̇ = −d V +
1

2
(d− 2)ϕV ′ + cd

(d− 1)
(
d2 − d− 3

)
d+ 2

+ cd
(d− 2)(d+ 1)

[
2Ḟ − (d− 2)ϕF ′

]
4 (d+ 2)F

+ cd
2
(
d2 − 4

)
F + (d− 2)

(
1 + V ′′

) [
2Ḟ − 6F − (d− 2)ϕF ′

]
2 (d+ 2)

[
2(d− 1)

(
F ′
)2

+ (d− 2)F
(
1 + V ′′

)]

+ cd
4 (d− 1)F ′

[
2Ḟ
′
+ (d− 1)F ′ − (d− 2)ϕF ′′

]
2 (d+ 2)

[
2(d− 1)F ′2 + (d− 2)F

(
1 + V ′′

)] + cd
(NS − 1)ϕ

ϕ+ V ′
, (3.2)

Ḟ = (2− d)F +
1

2
(d− 2)ϕF ′ − cd

d6 − 2d5 − 15d4 − 46d3 + 38d2 + 96d− 24

12(d+ 2)(d− 1)d

− cd

(
d5 − 17d3 − 60d2 + 4d+ 48

) [
2Ḟ − (d− 2)ϕF ′

]
48 (d− 1) d (d+ 2)F

− cd
(d− 2)FF ′′ + 2F ′2

(d+ 2)F
[
2(d− 1)

(
F ′
)2

+ (d− 2)F
(
V ′′ + 1

)]2 ×
{

(d− 2)(d+ 2)F 2

+ (d− 1)F ′2
[
(d− 2)ϕF ′ − 2Ḟ

]
+ 2(d− 1)FF ′

[
(2− d)ϕF ′′ + (d+ 2)F ′ + 2Ḟ

′]}

+ cd
1

24
[
2(d− 1)

(
F ′
)2

+ (d− 2)F
(
V ′′ + 1

)] ×{F ′[(d− 2)ϕ
(

4(d− 1)F ′′

+ (d− 2)
(
V ′′ + 1

) )
− 8(d− 1)Ḟ

′]
+ 2(d− 2)

[
dFV ′′ − Ḟ

(
V ′′ + 1

)]}

− cd
d (NS − 1)ϕ

12(ϕ+ V ′)
− cd

(NS − 1)ϕF ′(ϕ)

ϕ+ V ′2
, (3.3)

where we recall that the d-dimensional volume coe�cient cd was given by

cd =
1

(4π)d/2 Γ(d/2 + 1)
.

The only di�erence between the case NS = 1 discussed in Ref. [56] and the case of general NS, is
the additional contribution of the Goldstone modes, which can easily be identi�ed by the factor
NS − 1. The ‘RG-unimproved’ or ‘one-loop’ �ow equations, where one sets the RG-time derivatives
to zero on the right hand sides, can be recovered by carrying out the replacement

Ḟ 7→ −(d− 2)F +
d− 2

2
ϕF ′ , Ḟ

′
7→ −d− 2

2
F ′ +

d− 2

2
ϕF ′′ .
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3.2 Scaling solutions
In this section we list some simple analytic solutions which exist in any and every dimension d.
Assuming an ansatz where both V and F are constant reveals a �xed point FP1. Using the simple,
unimproved equations, it has the following coordinates:

V ? = cd

[
(d− 1)(d− 2)

2 d
+
NS − 1

d

]
, (3.4)

F ? = −cd
d5 − 4d4 − 7d3 − 50d2 + 60d+ 24

24 d (d− 1) (d− 2)
− cd

(NS − 1) d

12 (d− 2)
. (3.5)

We note that the �rst fraction in F ? is positive for d < 6.17. Thus for NS = 1 this is an upper
bound on the dimension dictated by positivity of Newton’s constant. Having additional scalars
lowers this bound. The bound becomes lower than four between NS = 11 and NS = 12. Thus, the
�xed point has negative Newton’s constant when there are more than 11 scalar �elds, a result that
is in rough agreement with previous calculations [7], where a similar cuto� has been used.

If we include the RG improvement the coordinates of FP1 change to:

V ? = cd

[
(d2 − 1)(d− 2)

d (d+ 2)
+
NS − 1

d

]
, (3.6)

F ? = −cd
d6 − 2d5 − 15d4 − 46d3 + 38d2 + 96d− 24

12 d (d− 1) (d2 − 4)
− cd

(NS − 1) d

12 (d− 2)
. (3.7)

Now, for NS = 1 positivity of Newton’s constant requires d < 5.73, and the bound becomes lower
than four between NS = 14 and NS = 15. Thus, the �xed point has negative Newton’s constant
when there are more than 14 scalar �elds.

If we make an ansatz where V is constant and F is of the form F 0 + F 2 ϕ
2, there is a solution

FP2 for the unimproved �xed point equations which reads

V ? = cd

[
(d− 1)(d− 2)

2 d
+
NS − 1

d

]
, (3.8)

F ?(ϕ) = cd

[
d5 − 4d4 − 7d3 − 50d2 + 84d+ 24

24 d (d− 1) (d− 2)
− (NS − 1)(d2 − d+ 12)

12 (d− 1) (d− 2)

]
+

ϕ2

2 (d− 1)
.

(3.9)

We observe that while F 2 is always positive, F 0 becomes negative when either d or NS become too
large. For example for �xed NS = 2 this happens at d ≈ 5.8 and for �xed d = 4 this happens for
NS ≈ 5.6. The solution is probably unphysical in these cases.

The same ansatz does not yield a solution for the improved equations. We suspect that there
may be a solution with very similar properties but di�erent functional form. The search of such
generalization is beyond the scope of this chapter however.

If we make the ansatz that V is constant and F is proportional to ϕ2 (i.e. that F 0 = 0), the
�xed point equation is quadratic and admits two real solutions FP3 and FP4. They are the same for
the improved and unimproved �ow equations. The expressions for arbitrary d are quite long, so we
will only give here the formulae for d = 3

V ? =
NS

18π2
, F ? = −

9N − 80±
√

9N2
S − 264NS + 5296

96 (NS − 1)
ϕ2 , (3.10)
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and d = 4

V ? =
2 +NS

128π2
, F ? = −

6N − 41±
√

4N2
S − 100NS + 1321

48 (NS − 1)
ϕ2 , (3.11)

where the upper sign corresponds to FP3 and the lower sign corresponds to FP4. We note that FP3
has a �niteNS → 1 limit, while in the case of FP4 there is a divergence. In fact, in the case ofNS = 1
the �xed point FP3 had already been seen in Ref. [56], but FP4 does not exist in that case. Imposing
that F > 0 we �nd that FP3 is always unphysical while FP4 is acceptable for 0 < NS < 15.33 in
d = 3 and 1 < NS < 11.25 in d = 4.

3.3 Large NS limit
All solutions described in the previous section have the property that the function F ? becomes
negative if the number of scalar �elds exceeds a certain limit. In order to con�rm that this behaviour
indeed persists for larger NS as well, we will now consider the large-NS limit of the �ow. Here, it is
convenient to use the variable ρ = ϕ2/2 as the argument of the functions V and F instead of ϕ. It
is easy to see that in the large-NS limit V , F as well as ρ scale linearly in NS. In this limit the �ow
equations—in terms of already rescaled quantities—simply read

V̇ = −d V + (d− 2) ρ V ′ +
cd

1 + V ′
, (3.12)

Ḟ = −(d− 2)F +

[
(d− 2) ρ− cd(

1 + V ′
)2
]
F ′ − d

12

cd

1 + V ′
. (3.13)

The �xed point equation for the scalar potential V is the same as in �at spacetime. It has two
analytically known solutions, cf. Ref. [58], one of which is constant and one of which is not. In the
case of a constant potential the combined �xed point equations have the following solution:

V ? =
cd
d
, (3.14)

F ?(ρ) = −
(

d

12 (d− 2)
cd + 2 a

)
+ 2 a

d− 2

cd
ρ , (3.15)

where a is an arbitrary constant of integration. For d > 2, any point on this line of solutions may
be considered unphysical, since either the linear or the constant term in F will become negative.

In order to deal with the second, non-trivial solution for V , the equation is best rewritten in its
implicit form

ρ =
d cd
4

2F1

(
2, 1− d

2
; 2− d

2
; −w(ρ)

)
, (3.16)

where d is now an odd integer and w(ρ) = V ′(ρ). The Gaussian or ordinary hypergeometric
function is thereby de�ned as:

2F1(a, b; c; z) =

∞∑
n=0

(a)n(b)n
(c)n

zn

n!
. (3.17)
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The scalar sector therefore admits a Wilson-Fisher type global scaling solution as long as 2 < d < 4.
The �xed point equation for F can also be simpli�ed by rewriting it in terms of w

0 = −(d− 2) g + 2w g′ − d

12

cd
1 + w

, (3.18)

where we de�ned a new function g(w(ρ)) = F (ρ). This equation can be solved analytically and its
solution is implicitly given by

F (ρ) = − d cd
12 (d− 2)

2F1

(
1, 1− d

2
; 2− d

2
; −w(ρ)

)
, (3.19)

which is always negative for d > 2. For 2 < d < 4, such a �xed point therefore appears to lead to a
negative gravitational interactions in the large NS limit. We also note that in the asymptotic region
one has

lim
ρ→∞

F (ρ) = − 2

3d(d− 2)
ρ . (3.20)

3.4 Stability analysis
In this section we discuss the linearisation of the �ow in d = 4 around the �xed point FP1, for
which we will write V = V ? + δV and F = F ? + δF . We begin with the simpler RG-unimproved
case, which yields the following linearised equations:

0 = −(λ+ 4) δV +

[
ϕ− NS − 1

32π2 ϕ

]
δV ′ − 1

32π2
δV ′′ , (3.21)

0 = −(λ+ 2) δF +

[
ϕ− NS − 1

32π2 ϕ

]
δF ′ +

NS − 1

96π2 ϕ
δV ′ +

1

96π2
δV ′′ − 1

32π2
δF ′ . (3.22)

In this case the critical exponents are equal to their classical values:

θ1 = 4 , wt1 = (δV , δF )1 = (1, 0) ,

θ3 = 2 , wt3 = (δV , δF )3 = (0, 1) ,

θ5 = 0 , wt5 = (δV , δF )5 =

(
0, − NS

32π2
+ ϕ2

)
. (3.23)

The solution FP1 for the full �xed point equations in d = 4 has coordinates

V ? =
NS + 4

128π2
, F ? =

169− 12NS

2304π2
. (3.24)

Linearising the full �ow equations around this solution we get the eigenvalue equations for the
eigenperturbations:

0 = −(λ+ 4) δV +
72λ

169− 12NS

δF +

[
ϕ− NS − 1

32π2 ϕ

]
δV ′ +

72ϕ

12NS − 169
δF ′ − 1

32π2
δV ′′ ,

(3.25)

0 =

[
3λ (45− 4NS)

12NS − 169
− 2

]
δF +

[
3 (4NS − 45)ϕ

12NS − 169
− NS − 1

32π2 ϕ

]
δF ′ − 1

32π2
δF ′′

+
NS − 1

96π2 ϕ
δV ′ +

1

96π2
δV ′′ .

(3.26)
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We can study the spectrum of the leading eigenvalues analytically. We �nd four relevant and one
marginal direction for NS <

45
4 , while for 45

4 < NS <
169
12 there are only two relevant and one

marginal directions, since θ2 and θ4 become negative. In particular

θ1 = 4 , (δV , δF )1 = (1, 0) ,

θ2 = 2 +
68

3 (45− 4NS)
, (δV , δF )2 =

(
72

12NS − 101
, 1

)
,

θ3 = 2 , (δV , δF )3 =

(
− 29NS

544π2
+ ϕ2,

NS(169− 12NS)

3264π2

)
,

θ4 =
68

3 (45− 4NS)
, (δV , δF )4 =

(
− 3NS(48NS(3NS − 76) + 22475)

16π2(4NS − 45)(6NS − 59)(12NS − 101)

+
72

12NS − 101
ϕ2, −NS(12NS − 169)(12NS − 125)

96π2(4NS − 45)(12NS − 101)
+ ϕ2

)
,

θ5 = 0 , (δV , δF )5 =

(
29NS(NS + 2)

17408π4
− 29(NS + 2)

272π2
ϕ2 + ϕ4,

NS(NS + 2)(12NS − 227)

224π4
− (NS + 2)(12NS − 169)

1632π2
ϕ2

)
.

(3.27)

We note that the eigenvalues come in groups within which they are shifted by two. This behaviour
had already been observed and explained in Ref. [59].

3.5 Gravitationally dressed Wilson-Fisher fixed point
In Ref. [56], scaling solutions in d = 3 with a potential V resembling that of the Wilson-Fisher �xed
point were searched for. There, the unimproved equations were used and a solution for su�ciently
small ϕ whose potential is almost indistinguishable from the Wilson-Fisher potential was found.
For this solution the function F starts out positive at ϕ = 0, but has negative second derivative
such that it crosses zero at some critical value ϕ ≈ 0.92. It was therefore not possible to establish
the global existence of that solution. More importantly still, the Hessian becomes ill-de�ned at the
critical point, so that the equations themselves become unreliable. A little later, using more powerful
numerical techniques, a global solution was found for the improved RG equation in Ref. [60]. The
�xed point potential for this solution is again very similar to the Wilson-Fisher potential, but the
function F now has positive second derivative and is positive everywhere, avoiding the issues
mentioned above. With hindsight, this solution can also be found with simpler techniques, such as
the ones used in Ref. [56], e.g. Taylor expansion and the shooting method. Near the origin it has the
expansion

lim
ϕ→0

V ?(ϕ) = 0.009355− 0.029266ϕ2 + 0.003591ϕ4 + 1.14530ϕ6 + . . . , (3.28)

lim
ϕ→0

F ?(ϕ) = 0.068604 + 0.172245ϕ2 − 0.132631ϕ4 + 0.39032ϕ6 + . . . . (3.29)

We have looked for generalizations of this solution forNS > 1. TreatingNS as a continuous variable,
candidate scaling solutions can be found with the shooting method. We show, as an example, in
Fig. 3.1 the cases NS = 1 and NS = 2. A spiralling structure appears close to the �xed point which
is characterized by a very sharp relative peak.
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Figure 3.1: The maximal value of the �eld reached in the numerical evolution before encountering a singularity,
as a function of the initial conditions V ′′(ϕ = 0) and F ′′(ϕ = 0), for the case d = 3 and NS = 1 (left panel)
and NS = 2 (right panel). A clear spike can be seen in the centre of each �gure.

For NS = 2 the solution can be approximated near the origin by

lim
ϕ→0

V ?(ϕ) = 0.014669− 0.001482ϕ2 − 0.438516ϕ4 + 4.35302ϕ6 + . . . , (3.30)

lim
ϕ→0

F ?(ϕ) = 0.053294 + 0.263370ϕ2 − 0.570919ϕ4 + 1.43572ϕ6 + . . . . (3.31)

The shape of the potential V shows that this scaling solution characterises a broken phase. The
asymptotic behaviour of the solution for large ϕ is

lim
ϕ→∞

V ?(ϕ) = Aϕ6 +
23

1440π4Bϕ2
+

240π4B2(16B + 5NS − 4)− 1357A

216000π6AB2ϕ4
+ . . . , (3.32)

lim
ϕ→∞

F ?(ϕ) = Bϕ2 +
23

36π2
+

1219

25920π4Bϕ2
− 71921A+ 2160π4B2(16B + 5NS − 4)

4665600π6AB2ϕ4
+ . . . .

(3.33)

For the case NS = 2, we were able to establish a very good match between the numerical solution
obtained via shooting methods about the origin and the asymptotic behaviour given above (setting
A ' 5.149 and B ' 0.273) about ϕ ' 0.65. We consider this a good candidate for a global scaling
solution of the gravitationally dressed O(2) scalar model.

3.6 Scalar-free cuto�
So far we have only considered type-I cuto�s which in the gravitational sector has the general form
F (χi)Rk(−∇2), where again we denote the background scalar �elds with χi. The presence of
the prefactor F is useful because the e�ect of adding the cuto� results simply in the replacement
of −∇2 with Pk(∇2) = −∇2 +Rk(−∇2) in the Hessians. However, this advantage comes at a
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price: through F the cuto� will depend on running couplings and there is now an explicit breaking
of the scalar split symmetries χi 7→ χi − εi, ϕi 7→ ϕi + εi, i = 1, . . . , NS, which we discussed
in the last chapter. As shown in Ref. [28], even in pure scalar theory the presence of the scalar
background �eld in the cuto� action can lead to unphysical results. This argument casts doubts on
the use of these cuto�s, and it is therefore important to study cuto�s without such a prefactor F , as
well. In the Einstein-Hilbert truncation, where F = 1/16πGN, such cuto�s were called “pure”, [61].
Here we shall call them “scalar-free”. It is important to keep in mind that any such cuto� will still
depend on the background metric, as we discussed in the last chapter. Here we only get rid of
the χi–dependences due to the (matter) scalar �elds and have the scalar msWIs automatically
ful�lled. In particular we shall add in the diagonal entries for hTT

µν and σ′′ of the Hessian given
in Eqn. (B.17) a cuto� γ kd−2 (k2 − z) θ(k2 − z), with the same sign of the Laplacian term, to
implement the coarse-graining procedure. For all the other terms we shall use the more common
(k2 − z) θ(k2 − z).

We will not report the form of the �ow equations in arbitrary dimensions—which contain
hypergeometric functions—but rather focus on the case d = 4 here only:

V̇ = −4V + ϕV ′ − 1

8π2
−
F
[
F (V ′′ + 1) log

(
3F ′2

F (V ′′+1)
+ 1
)
− 3F ′2

]
144π2 F ′4

+
3γ
[
−γ2 + 4γF − 2γ(γ − 2F ) log

(
F
γ

)
− 3F 2

]
16π2(γ − F )3

+
(NS − 1)ϕ

32π2
(
V ′ + ϕ

) , (3.34)

Ḟ = −2F + ϕF ′ +
19

384π2
+

F

[
6F ′2(FF ′′+F ′2)
3F ′2+F(V ′′+1)

−
(
2FF ′′ + 3F ′2

)
log
(

3F ′2

F (V ′′+1)
+ 1
)]

288π2 F ′4

+
10γ(γ − 2F )(γ − F )− 5γ

(
γ2 − 3γF + 4F 2

)
log
(
F
γ

)
96π2(γ − F )3

+
γ
[
−γ + (γ − 2F ) log

(
F
γ

)
+ F

]
96π2(γ − F )2

−
(NS − 1)ϕ

(
3F ′ + V ′(ϕ) + ϕ

)
96π2

(
V ′ + ϕ

)2 . (3.35)

Unlike (3.2) and (3.3), these equations are transcendental and cannot be solved analytically. For
comparison, we will discuss scaling solution FP1 only which was de�ned via V (ϕ) = V 0 and
F (ϕ) = F 0. With this ansatz, the �xed point condition reduces to a set of algebraic equations
which can be solved numerically. The linearisation of the �ow equation around FP1 yields the
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following equations:

0 = −(λ+ 4) δV −

[
3γ
(
3F 2

0 + 5γF 0 − 2γ2
)

16π2F 0(F 0 − γ)3
+

3γ2(γ − 4F 0)

8π2(F 0 − γ)4
log

(
F 0

γ

)]
δF

+

(
ϕ− NS − 1

32π2ϕ

)
δV ′ − 1

32π2
δV ′′ (3.36)

0 = −(λ+ 2) δF +

[
γ
(
37F 2

0 − 11γF 0 + 4γ2
)

96π2F 0(F 0 − γ)3
− γF 0(2γ + 3F 0)

16π2(F 0 − γ)4
log

(
F 0

γ

)]
δF

+

(
ϕ− NS − 1

32π2ϕ

)
δF ′ +

NS − 1

96π2ϕ
δV ′ +

1

96π2
δV ′′ − 1

32π2
δF ′′ (3.37)

For NS = 1 and γ = 1 we have V 0 ? = 0.03314 and F 0 ? = 0.01552. The relevant eigenpertur-
bations around this solution may be found numerically and the corresponding eigenvalues are
given by −4, −2.272, −2, −0.272, 0. Therefore, there are four relevant and one marginal coupling.
For γ = 0.006 we have V 0 ? = 0.00353 and F 0 ? = 0.00670, which are very close to the values
found with the other cuto� in Ref. [56]. The relevant eigenperturbations around this solution have
eigenvalues −4, −2.542, −2, −0.542, 0, which are also closer to the other cuto�.

For NS = 4 and γ = 1 the �xed point values are given by V 0 ? = 0.03635 and F 0 ? = 0.01413.
The perturbative analysis around the �xed point gives the following eigenvalues: −4, −2.299, −2,
−0.299, 0. If instead we were to choose γ = 0.006, we had V 0 ? = 0.00669 and F 0 ? = 0.00549,
and the eigenvalues were −4, −2.682, −2, −0.682, 0.

Using the scalar-free cuto� scheme, it is interesting to study solutions to the �xed point
equations for FP1 in the large-NS limit as well. It is easy to see that in this limit they assume the
following values:

V 0 ? ≈
16NS − 205

512π2
, F 0 ? ≈ γ exp

55− 4NS

16
. (3.38)

We see that this behaviour is very di�erent from the one obtained previously: in particular F 0 ?

becomes exponentially small but never changes sign. Thus there is apparently no upper bound inNS

from the requirement of having a positive F 0 ?. This behaviour is induced by the interplay between
the logarithmic singularity in F 0 ? and the linear dependence in NS in the equations. This result is
probably not physically correct for the following reason: in the functional renormalisation group
one should use the Hessian de�ned as the second derivative of the e�ective average action with
respect to the quantum �eld. Instead in order to close the �ow equation, we are using the second
derivative of the e�ective average action with respect to the background �eld. Even though the
function F does not appear in the cuto�, it does appear in the denominator, where the coe�cient
of −∇2 is (F − γ)kd−2. This term is absent with the type-I cuto� and it is its presence with the
scalar-free cuto� that gives rise to the logarithmic terms in the �ow equation. In a proper bi-metric
calculation the coe�cient of −∇2 in the denominator of the functional renormalisation group
equation would be Zh − γkd−2, where Zh is the graviton wave-function renormalisation. The
argument of the logarithmic term would then be Zh/γ and the beta function of F would probably
be regular for F = 0.
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The e�ective average action of a gravitational quantum �eld theory at a �nite energy scale k
depends on both the background as well as the �uctuation �eld metric, i.e. Γk = Γk[ḡµν , hµν ], as
we have already seen in Ch. 2. This dependence is such that one cannot recombine ḡµν and hµν
to give the full metric �eld, and modi�ed split Ward identities have to be imposed additionally
to recover split symmetry. This symmetry breaking is due to two sources: the gauge �xing term,
which gauge-�xes the �uctuations with respect to the background, as well as the cuto� term, as we
have seen already in the case of conformally reduced gravity in Ch. 2.

As a consequence, couplings of background �eld operators do not share the same beta function
as the couplings of the �uctuation �eld operators. For instance, one could de�ne a Newton coupling
from the prefactor of the Einstein-Hilbert term in the e�ective action, from the momentum-squared
part of the graviton three-point function or from a graviton-matter vertex. All of these three
de�nitions of the Newton coupling obey a di�erent renormalisation group running. Modi�ed
Ward-identities govern the background-�eld dependence of the results, and have to be imposed on
the RG �ow, but using them in practical calculations is still work in its infancy. We will have a
glimpse on how to potentially subtract the background dependence due to the cuto� term by using
these Ward identities in the next chapter.

In the literature on asymptotically safe gravity, many results are obtained within a single-metric
approximation, where the di�erence between background couplings and �uctuation couplings is
ignored. There, one �nds an interacting �xed point with a �nite number of relevant couplings, i.e.
free parameters, cf. Refs. [6, 17, 62–86].

First explorations of the bi-metric structure in asymptotically safe quantum gravity have
indicated that the evidence for asymptotic safety from the single-metric approximation is still
present when resolving this approximation, cf. Refs. [32–34, 53–55, 87, 88]. One should note that
at this stage only a few couplings have been considered in a bi-metric setting, and higher-order
truncations could yield di�erent results. As discussed in Ref. [28] using the example of a scalar
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�eld, a single-metric approximation can result in spurious �xed points, and a treatment of the
full bi-metric structure is crucial. Within gravity-matter systems, a �rst step in this direction
has been done in Refs. [7, 89], where the anomalous dimension of the graviton and matter �elds
was evaluated in addition to the beta functions of the gravitational background couplings. In
Refs. [55, 88], renormalisation group �ows formulated in terms of �uctuation �eld gravitational
couplings have been investigated and lend quantitative support to the results for the pure-gravity
case in the single-metric approximation. The system has been extended to include the e�ect of
matter �uctuations on pure-gravity-couplings in Ref. [90].

In this chapter, we will make a step towards disentangling the running of the �uctuation �eld
and background �eld couplings, focusing on the matter-gravity sector. In the context of asymptotic
safety, this implies that a viable �xed point for the running of the e�ective average action must not
only exist for the gravitational interactions, but also for matter-gravity interactions and the matter
self-interactions. As the standard model by itself is most likely not asymptotically safe, the e�ect of
gravity would have to induce a combined �xed point, as conjectured in Ref. [91], cf. for instance
Refs. [92–97] for evidence in this direction.

As a step towards showing that this could indeed be the case, we investigate the �ow of a
gravity-scalar-vertex, with one external spin-2 gravitational mode and two matter scalar �elds,
and show that it admits an interacting ultraviolet �xed point. We emphasize that the �ow of this
coupling is independent from the �ow of the usual Newton coupling, de�ned with respect to
gravitational vertices only. Our result therefore constitutes non-trivial evidence for the potential
viability of asymptotic safety for a joint description of gravity and matter in our universe.

4.1 Ma�er-gravity flow setup
In this section we will summaries our setup to study the non-perturbative renormalisation group
�ow of the 1-graviton-2-scalar coupling.

4.1.1 Truncation
Our truncation consist of the usual Einstein-Hilbert term for the gravitational sector minimally
coupled to NS massless scalar �elds in the matter sector. To set it up, we start from an auxiliary
action Γ̂k given in terms of the full metric gµν , which reads

Γ̂k[ḡµν , hµν , ϕ] =

∫
d4x
√
g

[
− R

16πGN

+
1

2

NS∑
i=1

(
∇ϕi

)2]
. (4.1)

Note, that this is the same e�ective average action for d = 4 as in the previous chapter with
F = 1/16πGN and V = 0. We drop a possible volume term in our calculation, as its �uctuations do
not enter the RG �ow in our choice of gauge.

As before, we will use the exponential parametrisation of the metric �eld, employ a York
decomposition for the �uctuation �eld and use the unimodular physical gauge. We will specialise
our calculation to a �at background R4 in four dimensions. Details of all the involved steps may be
found in app. A. Since �uctuations of ξµ and h are gauged to zero, we are left with contributions of
hTT
µν and σ to the running couplings.

To calculate the �ow, we de�ne a truncation in the following way: Starting from the action
Γ̂k we expand in powers of hµν up to fourth order, and then rede�ne hµν 7→

√
32πGN hµν . In

the non-perturbative renormalisation group setting, the running of the couplings of operators at
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di�erent orders in hµν may very well di�er. This is why we introduce several di�erent “avatars” of
the Newton coupling which we denote by G3, G4, g3, g4 and g5, and de�ne our truncation to be

Γrhs
k =

√
G3

GN

Γ̂
(3, 0)
k +

G4

GN

Γ̂
(4, 0)
k +

√
g3

GN

Γ̂
(1, 2)
k +

g4

GN

Γ̂
(2, 2)
k +

(
g5

GN

)3/2

Γ̂
(3, 2)
k

+ quadratic terms . (4.2)

Here Γ̂
(n,m)
k stands for the terms of n-th order in the �uctuation �eld hµν and m-th order in the

scalar �eld. Note that the action that contains the scalar �elds is quadratic, so we only have terms
with m = 0, 2. Our rede�nition of all separate prefactors of the di�erent vertices allows us to
explicitly distinguish these avatars of the Newton coupling, instead of approximating them all byGN.
One should not expect a universal de�nition of the Newton coupling to exist in the non-perturbative
quantum gravity regime, similarly to what has been found in the perturbative regime in Ref. [98].
As replicas of Newton’s coupling, G3, G4, g3, g4 and g5 all have dimensionality 2− d. This justi�es
the di�erent powers with which they appear in the various terms in our truncation.

In detail, the di�erent terms on a �at background, where we have ḡµν = δµν , are given by:

Γ̂
(3, 0)
k = −2

√
32πGN

3!

∫
d4x

[
3

2
hµν (∂µhκλ) ∂νhκλ − 3hκλ (∂λhµν) ∂µhνκ

]
, (4.3)

Γ̂
(4, 0)
k = −64πGN

4!

∫
d4x

[
3hµν hκλ (∂µhκρ) ∂λhρν − 2hµν hκλ (∂λhνρ) ∂ρhµκ

− 3hµν hνκ (∂κhρσ)∂µhρσ + 4hµν hνκ (∂µhρσ) ∂σhρκ + hνκ hκρ (∂σhµν) ∂µhρσ

+ hµν hκλ (∂ρhµκ)∂ρhνλ − hµν hνκ (∂ρhµσ) ∂ρhκσ

]
, (4.4)

Γ̂
(1, 2)
k = −

√
32πGN

2

∫
d4x hµν

NS∑
i=1

∂µϕ
i ∂νϕ

i , (4.5)

Γ̂
(2, 2)
k =

32πGN

2

∫
d4x hµρ h ν

ρ

NS∑
i=1

∂µϕ
i ∂νϕ

i , (4.6)

Γ̂
(3, 2)
k = −(32πGN)3/2

2

∫
d4x hµρ h λ

ρ h ν
λ

NS∑
i=1

∂µϕ
i ∂νϕ

i , (4.7)

where appropriate symmetrizations are understood implicitly, as hµν = hνµ. Here, we have already
imposed the gauge h = const, and thus the trace of the �uctuation �eld can be dropped from the
vertices. This simpli�es the vertices considerably. More details of the derivations of these vertices in
the exponential parametrisation may be found in app. C.

In a slight abuse of notation, we will not distinguish between dimensionful and dimensionless
couplings in this chapter, as all our beta functions will always be expressed in terms of the
dimensionless couplings only, whereas all couplings in Eqns. (4.3)–(4.7) are still dimensionful.

By the superscript rhs in (4.2) we indicate that this action is used to de�ne the vertices and
propagators that enter the functional renormalisation group equation. In other words, these are
the �uctuation-�eld structures that induce the renormalization group �ow. In this paper we will
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not calculate the running of all these couplings, but only the beta function of g3, and the wave-
function renormalisations ZΨ, where Ψ = {TT, σ, S}. The wave-function renormalisations ZΨ

nevertheless couple into the beta-functions of the essential couplings in a non-trivial way via the
anomalous dimensions

ηΨ = −∂t logZΨ . (4.8)

The running of G3 has been calculated in Ref. [90] using a linear parametrisation of the metric
and a more conventional gauge. We �nd that the simpler structure of the gravity-matter vertex
avoids some of the issues that are encountered with multi-graviton vertices, and in any case it is of
interest to compare the results of di�erent procedures.

The coupled nature of the functional renormalisation group equation clearly prevents us from
de�ning a closed truncation, in which we can extract the �ow of all couplings that we have included
on the right-hand side; thus approximations are necessary in which some couplings contribute to
the running of others, but their running is not calculated. The remaining couplings in (4.2) can
accordingly be treated in various ways. Since they enter in the �ow equation for g3, it is better to
avoid a truncation where they are set to zero. Instead, they can be set equal to g3, or treated as free
parameters. We will discuss di�erent possible approximations with respect to these higher-order
couplings below. It is important to realize that if we were to restrict our truncation to g3, and set
all other couplings to zero, all but diagrams 4 and 5 in Fig. 4.2 would vanish. On the other hand,
the original action is di�eomorphism invariant, and accordingly a 1-graviton-2-scalar-vertex is
necessarily accompanied by a 2-graviton-2-scalar vertex etc.

To close the system of couplings, we clearly have to choose an approximation, and we will
mostly opt for the choice g3 = g4 = g5 in the following (which is dictated by dimensionality). To
check how useful this approximation is, we will keep track of all couplings separately; however, we
will not evaluate the �ows of higher-order couplings.

Note an interesting di�erence of βg3 to the running of the background Newton coupling: As
there is no closed scalar loop contributing to βg3 , its only dependence on NS arises through the
anomalous dimension ηTT.

4.1.2 Projection rules
We use the transverse traceless mode hTT

µν to de�ne the matter-gravity coupling g3. Then the
running of g3 can be extracted unambiguously on a �at background. To do this, we employ a
projection rule as follows:

∂t
√
g3 =

8

3

1√
32π

(
p1µ p2ν

δ

δhTT
µν(p3)

δ

δϕ(p1)

δ

δϕ(p2)
∂tΓ̂k

) ∣∣∣∣
(p2)2

, (4.9)

where we use the symmetric con�guration for the three momenta, such that an angle of 2π/3
lies between them, and their absolute value is |p1| = |p2| = |p3| = p. Note that the functional
derivative with respect to the TT mode generates the projector

PTT
µνκλ =

1

2
(TµκTνλ + TµλTνκ)− 1

d− 1
TµνTκλ, (4.10)

where Tµν = δµν−pµpν/p2. As we are using the transverse traceless component of the graviton for
the projection, there is no mixing with non-minimal couplings that arise from the di�eomorphism-
invariant operatorϕ2R, since the �rst variation ofR does not have a transverse traceless component
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on a �at background. Furthermore, working with a transverse traceless external graviton mode also
excludes an admixture of non-di�eomorphism invariant operators at the same order of momenta,
which might be generated by the �ow and which depend on the momenta of the graviton.

Any given vertex contains a large number of di�erent tensor structures, and these are not
necessarily all featuring the same running coupling. In particular, transverse traceless structures
and scalar structures could be expected to exhibit prominent di�erences in their running. As a �rst
step into this direction, we distinguish the wave-function renormalization for the TT mode and the
σ mode, ZTT and Zσ . On the other hand, we do not distinguish the couplings in the same fashion.

To extract the �ow of the wave-function renormalisations, we de�ne projection rules as follows:

∂tZS =
∂

∂p2

δ

δϕ(−p)
δ

δϕ(p)
∂tΓ̂k , (4.11)

∂tZTT =
∂

∂p2

PTT
µνκλ(p)

5

δ2

δhTT
µν(p) δhTT

κλ(−p)
∂tΓ̂k , (4.12)

∂tZσ = −8

3

∂

∂p2

δ

δσ(−p)
δ

δσ(p)
∂tΓ̂k , (4.13)

where the right-hand sides are evaluated at p = 0, and at vanishing external �elds hTT
µν , σ and ϕ.

4.2 Results for beta functions and anomalous dimensions
For our explicit results, we will employ a regulator shape function of the form

RΨk

(
p2
)

= ZΨk (p2 − k2) θ(k2 − p2) ,

with the appropriate wave-function renormalization for all modes, cf. Ref. [16].

4.2.1 Anomalous dimensions
To extract the running of the anomalous dimensions, we had to evaluate 18 diagrams, 7 for each of
the gravitational modes and 4 for the matter scalar. We display the types of diagrams arising for the
TT mode and for ϕ on the next page in Fig. 4.1. Actually, each diagram displayed there is the sum
of n di�erent terms, where each summand is the same diagram, except that it carries an additional
regulator, inserted in exactly one of the n propagators. We also present the analytic results for each
of these diagrams on the same page in Tab. 4.1.

Summing all contributions given in the table, we obtain the following results:

ηTT =
NS g3

24π
− G3

1728π

(
2928− 455ηTT + 35ησ

)
+

29G4

648π

(
18− 5ηTT + 2ησ

)
, (4.14)

ησ =
NS g3

48π

(
8− 3ηS

)
+

G3

108π

(
24− 25ηTT − 5ησ

)
+

11G4

648π

(
18− 5ηTT + 2ησ

)
, (4.15)

ηS =
g3

16π

(
16− ησ − ηS

)
+

g4

24π

(
18− 5ηTT + 2ησ

)
. (4.16)

Note that the sign of the matter contribution agrees for ηTT and ησ and is the opposite one from that
in the linear parametrisation and de Donder gauge, cf. Ref. [7]. Since the exponential parametrisation
and the linear parametrisation can be understood as underlying two distinct de�nitions of the
con�guration space for asymptotically safe quantum gravity, such a di�erence could possibly persist
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Figure 4.1: Diagrams which contribute to the running of the anomalous dimensions ηTT (�rst two rows) and ηS

(third row). Diagrams similar to the ones in the �rst two rows, but with external σ legs, contribute to the running
of the anomalous dimension ησ .

diagram ηTT ησ ηS

1 / 1? − 5G3

864π

(
388− 53ηTT

) 5G3

432π

(
40− 23ηTT

)
0

2 / 2? 25G3

576π

(
16− ηTT − ησ

)
− 5G3

144π

(
16− ηTT − ησ

) g3

16π

(
16− ησ − ηS

)
3 − G3

216π

(
31− 5ησ

) G3

432π

(
136− 35ησ

)
—

4 NS g3

24π

NS g3

48π

(
8− 3ηS

)
—

5 / 5? 145G4

648π

(
6− ηTT

) 55G4

648π

(
6− ηTT

) 5 g4

24π

(
6− ηTT

)
6 / 6? −29G4

324π

(
6− ησ

)
−11G4

324π

(
6− ησ

)
− g4

12π

(
6− ησ

)
7 0 0 —

Table 4.1: All individual contributions to the anomalous dimensions ηTT, ησ and ηS contributing due to the
diagrams displayed in Fig. 4.1 above.
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in extended truncations, and points towards a di�erence in the number of relevant directions in the
two settings, cf. also Ref. [99].

The two-vertex diagrams (�rst row in Fig. 4.1) enter with opposite signs in ηTT as compared
to ησ . This will imply that the two anomalous dimensions will typically have values of similar
magnitude but opposite sign. Thus, setting ησ = ηTT does not seem to be a good approximation,
if indeed this trend persists beyond our truncation. Moreover, this could suggest that even in
calculations without a York decomposition, it might be necessary to disentangle the tensor structures
of the graviton, and work with projection tensors. Comparing the anomalous dimension ηh for
the graviton (without York decomposition) in the linear parametrisation to ηTT obtained here, we
observe that it has a leading order contribution of opposite sign, cf. Eqn. (24) in Ref. [7].

There are only four diagrams contributing to the �ow of ηS, two tadpole diagrams and two
two-vertex diagrams, cf. the third row in Fig. 4.1. Overall, ηS is positive at leading order, when
g3 > 0, g4 > 0. This is the opposite behaviour as that observed in the linear parametrisation and
the de Donder gauge, cf. Ref. [7].

4.2.2 Flow of the graviton-ma�er coupling
There are 12 diagrams contributing to the �ow of the 1-graviton-2-scalar-vertex which together
with their analytical values can be found on the next page in Fig. 4.2 and Tab. 4.2, respectively.

The �ow of√g3 is driven by three types of diagrams. First of all, there are three-vertex diagrams
in which all vertices are proportional to √g3 themselves, namely diagrams 4 and 5. We do not
distinguish between the coupling of two scalars and one σ mode and the coupling of two scalars
and the TT mode, although we use only the latter to read o� the running of g3. Note that diagrams
4 and 5 do not get contributions from the TT mode; the transverse traceless mode contributes to
the running of the 1-graviton-2-scalar-vertex only at a higher order in the momenta, when our
projection prescription (4.9) is used. The leading-order contribution to the beta function coming
from these diagrams has a positive sign.

The other two types of diagrams are the tadpole diagrams 11 and 12 and the two-vertex diagrams
6–10. They contain the couplings g4 and g3/2

5 and some of them (diagrams 9–12) exclusively arise
from the kinetic term of the scalar. The two tadpole diagrams contribute at O(g

3/2
5 ) to the �ow

of g3. The two-vertex diagrams 9 and 10 contain only gravity-matter vertices and contribute at
O(
√
g3g4) to the �ow of√g3. Finally, there are two-and three-vertex diagrams (diagrams 1–3 and

6–8) which contain the vertex
√
G3, arising from the Einstein-Hilbert action.

4.2.3 Beta function for the graviton-ma�er coupling
By summing all the contributions in Tab. 4.2 we obtain the beta function for √g3, from which we
can derive the beta function of the dimensionless coupling g3:

βg3 = (2 + ηTT + 2ηS) g3 +
3

4π
g2

3 +
3

4π
g

3/2
3

√
G3 −

20

9π
g3 g4

− 2

3π

√
g3

√
G3 g4 −

19

18π
g

3/2
5

√
g3 +

(
5

108π
g4

√
G3 +

95

324π
g

3/2
5

)
√
g3 ηTT

+
(
− 1

40π
g

3/2
3 − 1

20π
g3

√
G3 +

5

36π

√
g3 g4 +

1

27π
g4

√
G3 −

19

162π
g

3/2
5

)√
g3 ησ

+

(
− 1

20π
g

3/2
3 − 1

40π
g3

√
G3 +

5

36π

√
g3 g4

)
√
g3 ηS . (4.17)
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Figure 4.2: Diagrams which contribute to the beta function of the gravity-matter coupling
√
g3.

diagram β√g3

1 0

2 0

3
√
g2

3 G3

80π

(
30− 2ησ − ηS

)
4 0

5
√
g3

3

80π

(
30− ησ − 2ηS

)
6 −5

√
g2

4 G3

216π

(
8− ηTT

)

diagram β√g3

7 0

8
√
g4G3

54π

(
8− ησ

)
9 0

10 −5
√
g3 g2

4

72π

(
16− ησ − ηS

)
11 −95

√
g3

5

648π

(
6− ηTT

)
12 19

√
g3

5

324π

(
6− ησ

)
Table 4.2: All individual contributions to the beta function of

√
g3, coming from the diagrams displayed in

Fig. 4.2 above.
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Herein, the factors ηTT g3 and 2 ηS g3 appear if the kinetic terms of both �elds are rede�ned with
a canonical prefactor, and the corresponding factors of the wave-function renormalization are
absorbed in the coupling g3.

There is a signi�cant di�erence to other possible de�nitions of a running Newton coupling: the
beta function of g3 depends only implicitly on NS, since only ηTT and ησ contain an NS dependence.
There is no pure matter-loop contributing to the beta function of g3, though, as there is for some
other de�nitions of a running Newton coupling, e.g. for the background Newton coupling in Ref. [7],
or for the pure-gravity coupling G3 in Ref. [90].

4.3 Results for the pure gravity case
Let us now analyse the �xed-point structure within various approximations. If we consider the
scalar as an external �eld, and only integrate out metric �uctuations, we can still consider g3 as
our de�nition of the running Newton coupling. In that case, the beta function of g3 is determined
by the tadpole diagrams 11 and 12, and the two-vertex diagrams 6–8 in Fig. 4.2. The anomalous
dimensions instead will only receive contributions from those diagrams in Fig. 4.1 that do not
contain matter �elds in the loops. Their values may be obtained from the general formulas simply
by putting NS = 0. Here we further put the anomalous dimension ηS to zero. If we then employ the
approximation g5 = g4 = g3, G3 = G4 = g3, we obtain:

βg3 = (2 + ηTT)g3 −
31

18π
g2

3 +
55

162π
g2

3 ηTT −
13

162π
g2

3 ησ , (4.18)

where

ηTT =
2g3(1591g3 − 55296π)

2665g2
3 − 3384πg3 + 124416π2

, (4.19)

ησ =
2g3(16195g3 + 32832π)

2665g2
3 − 3384πg3 + 124416π2

. (4.20)

We de�ne the semi-perturbative approximation by setting ηTT = ησ = ηS = 0 on the right-hand
sides of all diagrams contributing to the �ow of the anomalous dimensions. Then ηTT and ηS still
appear on the right-hand side of βg3 . This semi-perturbative approximation removes potential
poles from βg3 that are due to the non-perturbative structure of the anomalous dimensions, and
which could induce arti�cial zeros. In this approximation

βg3 = 2g3 −
47

18π
g2

3 −
223

648π
g3

3 . (4.21)

This structure—in particular the negative sign in front of the term proportional to g2
3—is similar to

that found for other de�nitions of the Newton coupling.
The interplay between the classical scaling 2g3 and the leading order term from quantum

�uctuations −g2
3 induces one real interacting �xed point as given in Tab. 4.3. The semi-perturbative

approximation features another real �xed point, which we discard as a truncation artefact, as it is
not present in the full beta function. Moreover, the perturbative approximation, in which we set all
anomalous dimensions to zero everywhere, yields a similar result, where the critical exponent is of
course set exactly by the negative dimensionality of the coupling.

The real part of the critical exponent is remarkably close to values in previous approximations,
both in the single- and bi-metric case. We emphasize that this is a rather non-trivial result. In our
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approximation g3 ? θ ηTT ησ

full 2.204 2.17 -0.62 0.50
semi-perturbative 2.203 2.17 -0.62 0.37
perturbative 3.65 2 - -

Table 4.3: Coordinates and critical exponents at an interacting �xed point for vanishing scalar �uctuations. In the
perturbative approximation we have set ηTT = ησ = 0.

approximation g3 ? θ ηTT

full 2.20 2.19 -0.67
semi-perturbative 2.26 2.12 -0.64

Table 4.4: Coordinates and critical exponents of an interacting �xed point with the approximation ησ = ηTT.

case, we de�ne a coupling g3, which is related to a gravity-scalar interaction vertex, in contrast to
previous pure-gravity de�nitions. Accordingly, the diagrams entering the beta function have a
fairly di�erent structure, as does the beta function. It is rather reassuring to note that di�erent
ways of de�ning a Newton coupling and projecting the RG �ow onto it, result in similar universal
properties.

The relatively large �xed-point value for g3 is clearly responsible for the large absolute values
of the anomalous dimensions, as they are proportional to g3 ?: For instance, if we would set g3 ? = 1
by hand, we would obtain ηTT = −0.28 and ησ = 0.20. It has been observed previously that
the exponential parametrisation features a large �xed-point value for the Newton coupling in
the single-metric approximation, cf. Ref. [56], and our de�nition of the �uctuation-�eld coupling
exhibits similar behaviour.

The large negative value for the TT anomalous dimension suggests a propagator that decays
with a higher power of the momentum in the UV, potentially suppressing the e�ect of TT quantum
�uctuations in the UV. On the other hand, the positive value for the scalar anomalous dimension
implies that the σ mode is actually enhanced in the UV. In particular, this could have very interesting
consequences for gravity-operators at the UV �xed point. Operators of more “scalar character”
would be shifted towards relevance by the positive anomalous dimension ησ , while operators with
a larger contribution to the transverse traceless sector would be shifted towards irrelevance, even
if the canonical dimension of both operators agrees. In particular, this could suggest that more
complicated tensor structures, such as, e.g. powers of the Ricci tensor or Riemann tensor could
be less relevant than their Ricci scalar counterparts. (This concurs with an observation made in
Ref. [70].)

Interestingly, the sign of ηTT is opposite to results in the linear parametrisation, cf. Refs. [7,55,87].
If we identify ησ = ηTT we obtain a �xed point with the properties listed in Tab. 4.4. We observe a
comparable value for the critical exponent θ with respect to the previous case. The anomalous
dimension for the TT mode remains essentially the same. We see that the assumption ησ = ηTT

gives the wrong sign for ησ . Since the anomalous dimensions contribute to the scaling dimensions
of operators, this is of course a serious shortcoming.
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Figure 4.3: Results for the pure gravity case NS = 0, g3 = g4 = g5 and G3 = G4: �xed point value for g3,
critical exponent θ, and the anomalous dimensions ηTT and ησ as a function of the value G3 ? at the �xed point.

To test the stability of our results with respect to extended truncations which would include
separate beta functions for G3 etc., we consider an approximation where g3 = g4 = g5. We treat
the pure-gravity coupling G3 = G4 as an external parameter, and test whether a viable �xed point
exists for values of these couplings between 0 and 6. For this case, we display the semi-perturbative
result, as it allows a clear understanding of the terms:

βg3 = 2g3 −
8

9π
g3G3 −

19

18π
g2

3 −
209

648π2
g2

3 G3 −
2

3π
g

3/2
3

√
G3 −

7

324π2
g

3/2
3 G

3/2
3 . (4.22)

When G3 increases, the �xed point for g3 decreases, cf. Fig. 4.3. We see that the �xed point that
we have observed in the approximation G3 = g3, persists for a large range of values of G3. We
interpret this as a sign of stability.

Fig. 4.3 also shows the anomalous dimensions at the �xed point as functions of G3. Note that
they vanish for G3 = 0, since, in the absence of matter self interactions, they are generated only by
diagrams proportional to G3. Note that to obtain this result, the identi�cation g5 = g3, suggested
by di�eomorphism invariance, is crucial, as it gives rise to the above structure of the beta function.
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The critical exponent θ in this approximation is not equal to the result of Tab. 4.3 at G3 = g3,
since ∂βg3/∂G3|G3=g3 contributes to the critical exponent quoted in that table. When we distinguish
g3 and G3, then ∂βg3/∂G3|G3=g3 yields an o�-diagonal contribution to the stability matrix, which
can contribute to the critical exponents if operators mix at the non-Gaussian �xed point. As we
only evaluate the diagonal entry of the stability matrix in our approximation, where G3 is treated
as an external parameter, this contribution is absent.

We now supplement our beta functions with a beta function for the background Newton
coupling G, as obtained in Ref. [56], where

βG = 2G− G2

π

(
15

8
− 5ηTT

18
+
ησ
24

)
. (4.23)

We observe that ηTT and ησ enter with opposite signs. At the �uctuation-�eld �xed point, ηTT < 0
and ησ > 0. This sign combination strengthens the gravitational �uctuation e�ects that induce a
�xed point, lending further support to the observation that all modes of the graviton act towards
asymptotic safety, cf. Refs. [39, 100].

Plugging in the �uctuation �eld �xed point-values—which are of course independent of G, as
they should—we obtain G? = 3.04 and θ = 2.

4.4 Results for the interacting ma�er-gravity system
In the following section, we will switch on the scalar �uctuations as well, which add several
diagrams to the �ow of g3 and additional contributions to βg3 , ηTT and ησ . Our main goal is to �nd
out whether the pure-gravity results discussed above can be extended to NS > 0 in a stable way, or
whether scalars have a signi�cant e�ect on the �xed point in our approximation. First, we will set
ηS = 0 by hand, while keeping the other anomalous dimensions ηTT and ησ non-zero. The reason
for this unequal treatment of �uctuation �elds will become clear below.

4.4.1 Fixed-point results without scalar anomalous dimension
As a �rst approximation, we set G3 = G4 = g3 = g5 = g5 to search for an extension of the
pure-gravity �xed point with NS > 0. Unlike the beta functions for the background Newton
coupling and the pure-gravity couplings G3 and G4, βg3 receives no correction from diagrams
containing a scalar loop in our approximation. Consequently, βg3 does not depend on NS explicitly,
if we set all anomalous dimensions to zero. It only depends on NS if we include the anomalous
dimensions ηTT and ησ . This gives rise to a beta function of the form

βg3 = 2g3 −
1

3π
g2

3

(
10− NS

8

)
+O(g3

3). (4.24)

Herein, the factor 10/3π di�ers from the factor 47/18π in Eqn. (4.21) since it includes contributions
form scalar �uctuations which do not scale with NS. In our determination of �xed points we also
take into account all higher-order terms, but the main e�ect of scalars is clear from the O(g2

3) term:
As the contribution of scalars, that scales with NS explicitly, comes with the opposite sign from the
asymptotic safety-inducing term which enters with −10g2

3/3π, scalars push the �xed-point of g3

towards larger values. This is the same e�ect that was already observed for the background-system
in Ref. [7]. Interestingly, the contribution of scalars to the running of the three-graviton coupling
features the opposite sign in the approximation used in Ref. [90]. On the other hand, the overall
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Figure 4.4: Results for ηS = 0 and g3 = g4 = g5 = G3 = G4: �xed point value for g3, critical exponent θ, and
the anomalous dimensions ηTT and ησ as a function of the number of scalars NS for both the full result and in
the semi-perturbative approximation.

�xed-point dynamics in Ref. [90] are similar, as G3 ? is also pushed towards larger values. The
destabilising e�ects of scalars show up in the momentum-independent part of the graviton two-
and three-point functions.

In our approximation, the �xed point merges with another, non-physical �xed point atNS ≈ 28,
where the �xed point disappears into the complex plane, cf. Fig. 4.4. While this could indicate the
existence of a bound on NS in asymptotically safe gravity, we note that ησ > 2 already at NS = 14,
indicating that a larger truncation is required to investigate that regime in more detail, cf. Ref. [90]
as well. In the semi-perturbative approximation, the anomalous dimensions are slightly smaller, and
the �xed-point collision accordingly occurs at larger NS.

To investigate the stability of our results, we again distinguish the pure-gravity couplings
from the gravity-matter couplings. We treat G3 = G4 as an external parameter, and investigate
the �xed point in g3 as a function of G3 and NS. In particular, at smaller G3, the value of ησ at
small NS remains smaller. We observe that larger values of G3 lead to a slower increase in the
�xed-point value for g3, and increase the value NS, at which the �xed-point annihilation occurs,
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Figure 4.5: Results for ηS = 0, g3 = g4 = g5 and G3 = G4: �xed point value for g3, critical exponent θ, and the
anomalous dimensions ηTT and ησ as a function of the number of scalars NS.

cf. Fig. 4.5. While quantitative details change, the overall e�ect of increasing NS is similar to the
previous approximation, cf. Fig. 4.5. This suggests that our results will be qualitatively stable under
extensions of the truncation including the running of the gravity-couplings as in Ref. [90]. On the
other hand, a non-trivial interplay between the gravity-matter couplings and the pure-gravity
couplings at large NS is not excluded, as the e�ect of varying g3 on G3 ? remains to be studied.

4.4.2 Fixed-point results including scalar anomalous dimension

We now set all gravitational couplings and gravity-scalar couplings equal to the Newton coupling
as de�ned from the gravity-matter interaction and include the anomalous dimension ηS for the
scalar. This yields a new contribution to βg3 , which now reads

βg3 = 2g3 + 2g3ηS −
1

6π
g2

3

(
20− NS

4
+

23

60
ηS

)
+O(g3

3) . (4.25)
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�xed point approximation g3 ? θ ηTT ησ ηS

FP1 full -13.9 3.85 3.27 -0.31 -6.50
FP1 semi-perturbative -8.67 3.42 2.34 -1.92 -4.83
FP2 full 53.4 11.7 -5.21 10.8 25.2
FP2 semi-perturbative 12.2 4.81 -3.28 2.69 6.78

Table 4.5: Coordinates and critical exponents of the interacting �xed points at NS = 1, both in semi-perturbative
and full approximations.

Using ηS = 7
4π g3 +O(g2

3), Eqn. (4.24) gets replaced by

βg3 = 2g3 +
4 +NS

24π
g2

3 +O(g3
3). (4.26)

Therefore, in this simpli�ed form, the terms of O(g2
3) in the beta function are always positive, and

by themselves would not produce a �xed point. Fixed points appear when we consider higher
non-linearities, but their properties are not very stable.

For small numbers of scalars, both in the semi-perturbative approximation and using the full
equations, we have, in addition to the Gaussian �xed point, also two non-trivial �xed points. The
�rst, which we call FP1, has negative g3 and the second, which we call FP2, has positive g3. The
�xed point FP1 cannot be immediately discarded on the basis of having a negative g3. While a
negative value of the Newton coupling in the infrared is of course incompatible with observations, a
negative ultra-violet �xed-point value is viable, as long as the RG �ow can cross to g3 > 0 towards
the infrared. As the full beta function contains terms proportional to g5 etc., which imply βg3 6= 0
at g3 = 0, this situation is realized here.

In the semi-perturbative approximation the solutions of the �xed point equation can be written
explicitly as

g3 ? =
9π
(

60 + 15NS ±
√

41904− 2008NS + 45N2
S

)
1287− 74NS

. (4.27)

The solution FP2 (which corresponds to the positive sign in front of the square root) is a growing
function of NS, which has a simple pole between NS = 17 and NS = 18, and asymptotes to
−135π/37 for large NS. The solution FP1 is a negative, smooth, monotonically increasing function
of NS that asymptotes to zero.

The solutions of the full equations are more complicated to display in closed form and are best
studied numerically. Let us start from the case NS = 1. The properties of the �xed points in the two
approximations are listed in Tab. 4.5. In the full approximation, FP2 has very large critical exponent
and anomalous dimensions, that put it far beyond the regime where our approximation is reliable.
In fact, the dependence on NS is quite di�erent in the two approximations. In the full calculation,
the �xed point value g3 ? for FP2 is initially decreasing as a function of NS, has a minimum near
NS = 30 and then increases again. The �xed point ceases to exist for NS > 95. It switches from UV
attractive to repulsive near NS = 47, and there is no value of NS for which the critical exponents
have reasonably small values. This is very di�erent from its behaviour in the semi-perturbative
approximation.
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Also FP1 in the full calculation behaves very di�erently from the semi-perturbative approxima-
tion: instead of increasing steadily to zero, it decreases monotonically and diverges to −∞ for NS

just above 46. Some of the anomalous dimensions have more reasonable values but there is no NS

for which they are all small. Thus FP1 has slightly better chances of being a true �xed point, but in
the present approximations it cannot be reliably assessed.

We observe that already in the case NS = 1 the anomalous dimensions of the graviton modes
have opposite signs compared to the case when we neglected ηS, and become rather large, as a
consequence of a rather large absolute value of g3. The critical exponent also di�ers considerably
from the pure-gravity case. As a consequence, it becomes hard to identify either of the �xed points
with the one that we found for NS = 0, when we do not set ηS to zero.

These results could lead to di�erent conclusions: the approximation G3 = g3 might not be
particularly reliable beyond small NS, or, more likely, our current estimate for the scalar anomalous
dimension needs improvement, and the results for ηS = 0 might be closer to the correct result.

The signi�cant changes in the �xed-point properties compared with the pure-gravity case
arises from the scalar anomalous dimension. Accordingly, the perturbative approximation, where
ηTT = ησ = ηS = 0 features a �xed point at g3 = 2.57 with θ = 2 for all values of NS. As ηS has
such a signi�cant e�ect on the existence and properties of �xed points, it is important to understand
whether our truncation already captures all major operators that determine ηS. Recall that metric
�uctuations induce non-vanishing momentum-dependent matter self-interactions, e.g. of the form
(gµν∂µϕ∂νϕ)2, cf. Ref. [96]. As soon as these couplings are non-zero, they yield a non-vanishing
contribution to ηS. Our current truncation does not include these e�ects. We therefore conjecture
that the results could improve once these further operators are included. By a simple count of
modes, NS = 1 should not dramatically change the results, and the case NS = 1 should still feature
a �xed point with properties similar to the pure-gravity one, just as exhibited by the approximation
ηS = 0. We tentatively suggest that the calculation with ηS = 0, which shows a destabilising e�ect
setting in at NS � 1, might capture the full dynamics more accurately than our current estimate
with ηS 6= 0.

4.4.3 Background beta functions
The background couplings can only appear on the right-hand side of beta functions through a
trivial scaling, for instance proportional to G2, since the prefactor of the curvature term in the
Einstein-Hilbert action is 1/16πG. All couplings that appear on the right-hand side from either
propagators or vertices are always �uctuation �eld couplings. Accordingly, ηTT, ησ and ηS, which
will appear on the right-hand side of the beta function ofG, depend on the �uctuation-�eld couplings
g3, g4, g5, G3, G4 only. Thus we obtain the following matter contribution to the beta function for
the background Newton coupling:

βG

∣∣∣
scalar

=
G2

24π
NS (4− ηS) . (4.28)

Following Ref. [56], we therefore �nd the following background beta function:

βG = 2G− G2

π

(
15

8
− 5ηTT

18
+
ησ
24
− NS

24
(4− ηS)

)
. (4.29)

If we set ηTT = ησ = ηS = 0, we obtain NS = 45 as the maximal number of scalars before the �xed
point in G diverges.
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Figure 4.6: Results for ηS 6= 0 and g3 = g4 = g5 = G3 = G4 in the semi-perturbative approximation: �xed
point value for g3, critical exponent θ, and the anomalous dimensions ηTT, ησ and ηS as a function of the number
of scalars NS.



78 4. Dynamics of Gravity-Ma�er Vertices

If we now use the approximation of equating all �uctuation couplings in the expressions for the
anomalous dimensions, as in Sec. 4.4.2, we obtain a �xed point atG? = 12.14, with critical exponent
θ = 2, for NS = 1 at the �xed point g? = −13.9. The location of a possible bound depends on
the assumptions for the couplings g4, g5, G3, G4. For the case g4 = g5 = 0, G3 = G4 = 0, the
continuation of the pure-gravity �xed point in the background coupling ceases to exist beyond
NS = 9. For the approximation where we set ηS = 0, we obtain a bound at NS = 12, which is close
to the bound from the �uctuation coupling, at NS = 14.

Note that �xed-point values for the background couplings are a�ected by a strong regulator
dependence: As the background metric enters the regulator function, there are contributions to all
beta functions of background couplings that are due to the regularisation only, and are unphysical
in that sense, see also Refs. [27, 28, 31, 101]. Thus, even divergences in background couplings might
turn out to be compatible with a model that is asymptotically safe in a physical sense, i.e. where all
physical quantities have a well-behaved UV limit. To understand on which couplings a �xed-point
requirement must be imposed, and which couplings may even diverge, one must investigate physical
observables. As this is clearly beyond the scope of the work presented here, we conclude that
the most conservative assumption is that all couplings must feature �xed points, and therefore
divergences in the background couplings are not acceptable, even if the �uctuation couplings
are well-behaved. Interpreted along these lines, the one-loop approximation, where we set all
anomalous dimensions to zero everywhere, and only the background Newton coupling depends on
NS, would suggest that there could be an upper limit of scalars that is compatible with a viable
�xed point.
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In the last chapter, we have begun to disentangle the di�erent renormalisation group �ows of
gravity-matter vertices on the level of �uctuating �elds. Speci�cally, in these systems, scattering
with gravitons is described by scale-dependent couplings

Gn , where n =
(
nh, nϕ, nψ, nAµ , nc . . .

)
. (5.1)

With nΨ we denote the number of �elds Ψ involved in the process (cf. notation of Ref. [102]). We
have referred to these couplings as ‘avatars’ of Newton’s constant GN. As before, we want to limit
ourselves here to gravity-scalar systems, and focus on pure-graviton and graviton-scalar couplings.
Suppressing the number of ghost �elds nc for the sake of clarity, this leaves us with couplings
carrying two indices

G(nh,nϕ) . (5.2)

At the classical level, Einstein gravity is di�eomorphism invariant, and all these couplings are
of course equal to each other. However, in the functional renormalisation group approach to
quantum gravity, we expand the e�ective average action in terms of di�eomorphism-invariant
terms and di�eomorphism-variant corrections that depend on the gauge �xing as well as the
infrared regularisation (the cuto� operator). If the latter terms were missing, the di�erent couplings
G(nh,nϕ) would be identical and a unique Newton coupling GN would be present. This property
indeed holds for the di�eomorphism-invariant e�ective action

Γ[gµν ] = Γ[ḡµν + hµν ] . (5.3)

In renormalisable theories, dimensionless couplings have a two-loop universality, i.e. the �rst two
non-vanishing coe�cients of the β functions are universal in mass-independent renormalisation
schemes. This also relates the momentum-dependence of vertices to each other.
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In gravity, however, couplings are not dimensionless and universality is missing (except for the
R2-coupling). But yet, in a di�eomorphism-invariant action the couplings would agree with each
other, which again would restricts the momentum-dependence of vertices. Supplementing the �ow
equation with the modi�ed split Ward identities, as outlined in Ch. 2, one may thus ask if it is
possible to uncover some notion of ‘e�ective universality’ based on the underlying di�eomorphism
invariance.

In this chapter we want to investigate this question. Our motivation will be two-fold. First, in
the last chapter we have noticed, that contributions to the anomalous dimensions coming from the
scalar �elds had di�erent signs with respect to an older calculation done in Ref. [7], cf. Secs. 4.2
and 4.3. This might be either due to the use of the exponential parametrisation of the metric �eld,
or due to the use of the background approximation in Ref. [7] compared to the �uctuation �eld
calculation we have done in the last chapter. This is why we want to re-do the latter calculation in
the linear parametrisation, using a di�erent gauge �xing procedure at the same time. This will also
test the robustness on the scheme-dependence of the results obtained so far. Secondly, we want to
use the msWI derived in a background �eld approximation together with the background �ow
equation to investigate whether the arti�cial background �eld contributions of the cuto� operator
can be removed and the e�ective behaviour of the �uctuation �eld couplings can be recovered.

5.1 Ma�er-gravity flow setup
In this chapter we will again compare two versions of the Newton coupling. The �rst is de�ned
through the three-graviton vertex, as in Refs. [88, 90], and we will call its dimensionless version
G(3,0) (this corresponds to G3 in the last chapter). The second coupling is de�ned through the
one-graviton-two-scalar vertex (g3 in the last chapter), and here we will denote its dimensionless
version with G(1,2).

Di�erently from the last chapter, we will use the linear parametrisation

gµν = ḡµν + hµν . (5.4)

for the metric �uctuations and we will not York–decompose the respective spin modes. Additionally,
we rescale the �uctuation �eld hµν by a dimensionful constant of mass-dimension −1, such that
hµν has a canonical dimension 1 for the bosonic �uctuation �eld hµν . If we derive all pure-graviton
and graviton-matter vertices from a di�eomorphism invariant action containing an Einstein-Hilbert
term with Newton coupling GN, then that dimensionful constant should be

√
GN. In a second step,

we then reabsorb the corresponding power of GN in the �uctuation �eld vertices.
Furthermore, we will again use a symmetric momentum con�guration, and for the analytical

results we will project onto p = 0. For the numerical results, we will employ a bi-local projection
instead, as in Refs. [88, 90]. We also compare our results with the background Newton coupling, G.
Throughout this chapter, we use a conventional gauge �xing procedure where we set the gauge
parameters to α = 0 and β = 1.

We will de�ne our truncation in a very similar manner as in the last chapter: Starting from
an auxiliary e�ective average action composed out of the Einstein-Hilbert action (including a
cosmological constant, and augmented by a gauge �xing and ghost term) and a kinetic term for the
minimally coupled NS scalar �elds

Γ̂k[ḡµν , hµν , ϕ] =

∫
d4x
√
g

[
−R− 2Λ

16πGN

+
1

2

NS∑
i=1

(
∇ϕi

)2]
, (5.5)
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we insert the linear parametrisation Eqn. (5.4). We then expand the Einstein-Hilbert term to �fth
order and the kinetic term for the scalar �elds to third order in hµν .

Once again, due to the breaking of background independence, the running of the three-graviton
vertex will di�er from the one of the four- and �ve-graviton vertex, as well as the di�erent graviton-
scalar vertices. Accordingly, we again introduce separate couplings, denoted by G(nh,nϕ) in front of
these vertices. Similarly, we will have to distinguish the di�erent avatars of the cosmological constant
by introducing the graviton mass parameter µ associated to −2Λ and the momentum-independent
part of the n-graviton vertex, λn. Thus, the e�ective average action of our truncation schematically
reads

Γk = Zh

∫
d4x hµν

(
Γ̂

(2,0)
GN

)µνκλ
hκλ + Zh µ

∫
d4x hµν

(
Γ̂

(2,0)
Λ

)µνκλ
hκλ + . . . . (5.6)

As we have pointed out before, the beta function of G(4,0) depends on G(6,0), and the one of G(5,0)

on G(6,0) and G(7,0), which we have excluded from our truncation. To close the system of beta
functions, we will use a similar strategy as in the last chapter, and leave G(4,0), G(5,0), G(2,2), G(3,2)

as well as λ4, λ5 as free parameters. These free parameters will then appear in the beta functions of
G(3,0) and G(2,1). Later, we will have the choice of either equating them to one of the lower-order
couplings, or setting them to some �xed value.

5.2 E�ective universality for the scalar contribution to the Newton coupling
We �rst focus on the beta functions for three avatars of the Newton coupling, namely the three-
graviton coupling G(3,0), the graviton-scalar coupling G(1,2) and the background Newton coupling
Ḡ. The beta functions for the �rst two depend on higher n-point functions, such as the four-
graviton coupling G(4,0). In the following, all pure-graviton couplings will be set equal to G(3,0), i.e.
G(n,0) = G(3,0), and all graviton-matter couplings will be set equal to G(1,2), i.e. G(n,m) = G(1,2)

for m > 0. We then obtain

βG(3,0)
=
(
2 + 3ηh

)
G(3,0) + βG(3,0)

∣∣∣
grav
−G1/2

(3,0)G
3/2
(1,2)NS

86 + ηS

1140π
, (5.7)

βG(1,2)
=
(
2 + ηh + 2ηS

)
G(1,2) −

2G2
(1,2)

3π

(
6− ηh

)
+

2
√
G(3,0)G

3/2
(1,2)

π

(
24− 3ηh

)
, (5.8)

3βG = 2G− 79

24π
G2 +G2 NS

24π

(
4− ηS

)
. (5.9)

The matter contribution to the background Newton coupling is the same as in Ref. [7] since the
contribution from the scalar loop is independent of the gauge. Let us �rst comment on the case of
vanishing anomalous dimensions and NS = 1. In that case,

βG(3,0)

∣∣
grav

= − 833

285π
G2

(3,0). (5.10)

We then obtain a �xed point at

G?(1,2) = 2.04 , G?(3,0) = 3.30 , G? = 2.01 . (5.11)

The set of critical exponents, de�ned as the eigenvalues of the stability matrix multiplied by an
additional sign, read

θ1 = 2.95 , θ2 = 2 , θ3 = 2 . (5.12)
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This simple approximation yields a �xed point at positive values of the Newton couplings and with
critical exponents of approximately the expected size. The agreement between θ2 and θ3 is a simple
consequence of the structure of the quadratic equations, which result in a critical exponent being
equal to the negative canonical dimension.

Our focus is now on the NS-dependent part in Eqns. (5.7)- (5.9). If we neglect that ηh can have
an NS dependence, we obtain a picture that suggests very strong violations of di�eomorphism
invariance. For simplicity we equate G(3,0) = G(1,2) = G, and obtain an NS dependence in βG(3,0)

that is proportional to −G2. On the other hand there is no NS dependence in βG(1,2)
, as there is no

closed scalar loop that contributes. Finally, the NS dependence in βG comes with +G2. Thus, in
this approximation the three avatars of the Newton coupling exhibit all three possible dependences
on NS, i.e. either no NS–dependence in βG(1,2)

, a positive NS dependence in βG(3,0)
, or a negative

one in βG.
Let us now add the graviton anomalous dimension, for which

ηh = ηh

∣∣∣
grav

+G(1,2)
NS

24π
. (5.13)

If we insert this relation into Eqns. (5.7) and (5.8), we obtain the following contribution linear in NS

βG(3,0)

∣∣∣
NS

= 3G(3,0)G(1,2)
NS

24π
−G1/2

(3,0)G
3/2
(1,2)NS

86 + ηS

1140π

= G2NS

113

2280π
≈ 0.016G2NS , (5.14)

βG(1,2)

∣∣∣
NS

= G2
(1,2)

NS

24π

≈ 0.013G2NS , (5.15)

where we have set G(1,2) = G(3,0) = G in the second lines of both equations. These two results
agree within a 16% deviation with each other. That is, allowing for a non-trivial graviton anomalous
dimension forces the two couplings to behave very similarly, as (classical) di�eomorphism invariance
would have suggested in the �rst place. Furthermore, we observe that the contribution to βG(1,2)

comes with the same sign as in the exponential parametrisation and using the physical gauge, cf.
Eqns. (4.24) and (4.26) in the last chapter.

For the background coupling, the NS coe�cient is larger by a factor of four. Nevertheless, all
three de�nitions of the coupling share the same qualitative behaviour, and their values at the �xed
point grow as a function of NS. The running of the Newton coupling thus features an e�ective
universality, i.e. di�erent de�nitions of the coupling lead to qualitatively similar behaviour in their
scale-dependence.

The agreement between the scalar contribution to di�erent versions of the �uctuation coupling
and the background result relies on the dominance of the graviton anomalous dimension in the
case of the �uctuation results, which yields an opposite sign for the NS-dependence of the �ow of
the coupling G(3,0) as compared to that of the vertex, which does not include ηh, cf. Eqn. (5.7) for
ηh = 0. In the case of the coupling G(1,2) there is no NS dependence at all in the running of the
vertex itself. The observation, that even for dimensionless couplings an important contribution to
the universal one-loop running is carried by the anomalous dimension and not the running of
the vertex, together with the potentially even higher importance of the anomalous dimension in
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Figure 5.1: Comparison of the numerical results of the �xed point values for the three avatars of Newton’s
constant and the cosmological constants. In this and the following plots, the dashed line atNS = 17 shows where
ηh(0) exceeds 2, whereas the one at NS = 45 shows where ηh(k2) exceeds 2. The latter should be viewed as an
indicator of where the range of validity of the approximation is lost.

models with momentum-dependent interactions, highlights the need to include the anomalous
dimension of the �uctuation �eld to obtain (close-to) universal results.

Let us remark that the e�ective universality is simply a fact of the beta functions that we observe,
but no mechanism for it is apparent at present. In particular, the sign of the scalar contribution to
ηh is not �xed by physical arguments, and the relative size of the contribution of scalars to ηh and
to the running of the three-point vertices is also unrestricted. Thus we do not �nd an explanation
for the emergence of e�ective universality. Therefore it remains to be clari�ed whether it persists
under extensions of our truncation or whether it might be a mere accident at the present level of
the truncation. We speculate that there is a mechanism underlying the emergence of e�ective
universality that still remains to be discovered.

5.3 Threshold e�ects

Until now, we have only considered the NS dependence of the beta functions for di�erent avatars of
the Newton coupling. However, ultimately we are interested in modelling the graviton propagator,
which includes a non-trivial denominator. Thus, we include threshold e�ects as well as full anomalous
dimensions in the beta functions and will now consider the full beta functions and evaluate �xed
points. Speci�cally, in our truncation these are limited to the background cosmological constant λ
in the background approximation versus the graviton mass parameter µ for the �uctuation �eld
approximation. All �uctuation �eld propagators appear with a dependence on µ, i.e. unlike for the
Newton coupling, this coupling has no analogue that is de�ned from a matter-gravity interaction
term.

To capture the momentum-dependence of the �ow, we will use a bi-local projection for the
�uctuation Newton couplings, and will include the anomalous dimension projected at k. Our
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projection prescriptions are

βG(3,0)
= 2G(3,0) + 3 ηh(k2)G(3,0) −

24

19

[
ηh(k2)− ηh(0)

]
λ3G(1,2)

+
64

171

(32π)2
√
G(3,0)

k

[
Flow

(hhh)
TT,G(3,0)

(k2)− Flow
(hhh)
TT,G(3,0)

(0)
]
, (5.16)

βG(1,2)
= 2G(1,2) + ηh(k2)G(1,2) + 2 ηS(k2)G(1,2)

+
32π

√
G(1,2)

8

8

3
Flow

(hϕϕ)
TT,G(1,2)

(k2) . (5.17)

Here, the subscripts TT,G(3,0) and TT,G(1,2) indicate that a projection onto the corresponding coupling
is carried out on the right hand side of the exact renormalisation group equation, cf. the procedure
of Refs. [7, 90]. Flow

(hhh)
TT,G(3,0)

(0) is the right hand side of the renormalisation group equation,
projected onto contributions with three external gravitons and evaluated at vanishing momentum.

Here, we observe a markedly di�erent behaviour in the background approximation from the
�uctuation results. Whereas the �xed point for the background Newton coupling grows as a
function of NS, if threshold e�ects are neglected, it decreases if threshold e�ects are included. This
is in contrast to the behaviour of G?(3,0), G

?
(1,2), both of which still increase as a function of NS if

threshold e�ects are taken into account, cf. Fig. 5.1.
Within a hybrid calculation with background couplings and a �uctuation anomalous dimension

in Ref. [7], a behaviour qualitatively closer to that of the �uctuation system was observed. This can
be traced back to a growth of the anomalous dimension, cf. Fig. 5.2. For anomalous dimensions
exceeding the bound η = 2 (for bosonic �elds), the UV behaviour of the regulator is altered [90].
This is a result of our choice of regulator, Rk ∼ Zh. As Zh ∼ k−ηh in the �xed-point regime,
ηh > 2 destroys the UV behaviour of the regulator that should suppress all modes in the limit
k →∞. For ηh > 4, signs of diagrams in the beta function for the Newton coupling start to �ip.
The type-I-regulator does not exhibit the same behaviour, as it features higher powers of (1− 2λ)
in the denominator, Although the case ηh > 4 necessitates a re-examination with a regulator that is
independent of Zh, it is nevertheless intriguing to observe that the hybrid background-�uctuation
system, where threshold e�ects destroy the similarity to the �uctuation system, attempts to restore
this similarity through a very large ηh.

5.4 E�ective universality
Going beyond the background �eld approximation results in the appearance of µ instead of λ on
the right hand side of the �ow equation. In contrast, the background couplings do not appear on
the right hand side of the �ow equation. Therefore the full system can be solved by �rst �nding a
�xed point solution for the �uctuation system. Inserting the �xed point values for the µ into the
background �ow then provides �xed points for the background system.

Once we only use �uctuation quantities on the right hand side, the �xed point in the Newton
coupling exhibits an e�ective universality, cf. Fig. 5.1. Both �uctuation couplings as well as the
background coupling take very similar values as a function of NS and increase as a function of
NS. In particular, all three Newton couplings are driven to larger �xed-point values when NS

is increased. Remarkably, the quantitative deviations between the three di�erent couplings are
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Figure 5.2: Numerical results for (real parts of) critical exponents, and anomalous dimensions as a function ofNS.

not even particularly large. Moreover, the behaviour is in agreement with that of g3 in the last
chapter, where we used a di�erent choice of parametrisation, gauge, and projection. This robustness
with respect to (unphysical) variations of the scheme is encouraging. As the �uctuation Newton
couplings enter the graviton anomalous dimension, ηh increases as a function of NS, cf. Fig. 5.1.
This implies that the bounds on ηh, discussed in [90], are violated at large NS. At the level of the
cosmological constant, there is no such property.

5.4.1 E�ective gravitational coupling
Ultimately, we are interested in the strength of the metric propagator, as this appears to be the
decisive quantity to determine the quantum gravity e�ects on matter [103, 104].

The �uctuation �eld of the metric hµν enters the Feynman diagrams either via a pure propagator,
or via a propagator that is dressed with a cuto� insertion ∂tRk. Accordingly, for any combination
(n,m), we can de�ne two e�ective gravitational couplings through

geff
1 ≡

G(n,m)

1 + µ
and geff

2 ≡
G(n,m)

(1 + µ)2 . (5.18)

For diagrams contributing to the �ow of vertices composed out of matter and gravitons, these are
the only two combinations of G(n,m) and µ that may appear. In the case of pure gravity, however,
diagrams feature additional factors of G(n,0) associated with the number of external gravitons
n coming from the vertices of the Feynman diagrams. Hence, the beta functions for the purely
gravitational couplings contain di�erent powers of 1/1+µ than powers of G(3,0). However, each
internal graviton line is still associated with either of the two above e�ective couplings. Since µ
stays approximately constant as NS increases, while G(3,0) increases with NS, geff, 1/2 increase as
well, cf. Fig. 5.3.

5.4.2 Large NS limit
In the limit of largeNS, all closed loops which do not feature a propagating scalar �eld are suppressed
by a factor of 1/NS. We will assume here, that this suppression is not counteracted by an implicit
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Figure 5.3: Numerical results for the �xed point values of the e�ective gravitational couplings as a function ofNS.

scaling with NS of the couplings. With this assumption, we obtain the following large NS limit
within our truncation:

βG(3,0)
= 2G(3,0) + 3G(3,0) ηh −

√
G(3,0)G

3/2
(1,2)

86NS

1140π
, (5.19)

βG(1,2)
= 2G(1,2) +G(1,2) ηh , (5.20)

ηh = G(1,2)
NS

24π
, (5.21)

ηS = 0 . (5.22)

As the system is only driven by scalar �uctuations, the increase of ηh does not pose a problem for
the choice of regulator. The system admits three �xed points

G3 ? = 0 , g3 ? = 0 , θ1,2 = −2 , (5.23)

G3 ? = −355008π

9025NS

, g3 ? = −48π

NS

, θ1,2 = 2 , (5.24)

G3 ? = 0 , g3 ? = −48π

NS

, θ1 = 2 , θ2 → −i∞ . (5.25)

Due to the presence of the Gaussian �xed point, the �xed point with negative values of G(3,0) and
G(1,2) cannot be connected to positive values of the Newton couplings in the infrared. It must thus
be regarded as unphysical.

5.5 Level-1 improvement
It is highly desirable to �nd a simple approximation of the system that ideally does not require the
calculation of background �ows and �uctuation �ows. Therefore, we study whether the background
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approximation can qualitatively or even quantitatively reproduce the behaviour of the full system.
Such an approximate agreement appears to arise at the level of pure gravity, where �xed point results
are quantitatively similar—although the structure of the threshold e�ects in the �ow equations is
di�erent. These di�erences become more pronounced as scalar matter is taken into account.

We caution that the disagreement between background �ows and �uctuation �ows might
conceivable be resolved by extended truncations that take into account higher-order operators.

In this section we want to study how to use the msWI, which we have already seen in Ch. 2, to
improve upon the background �eld approximation. Related derivations and applications in a similar
context can be found in Refs. [12, 27, 31, 52, 105–107].

5.5.1 Background field approximation and Ward identities
As we have outlined already in Sec. 2.5, in the case of full quantum gravity the msWI receives
contributions from both the cuto� action as well as the gauge sector, which includes the gauge
�xing term and the resulting ghost action. In our present application to the gravity-matter system
we will ignore the background-dependence of the scalar �elds, since we are dealing with a free
theory here and only keep track of the background dependence of the metric �eld. The msWI for
the latter then reads

δΓk
δḡµν

− δΓk
δhµν

=
1

2

1√
ḡ

Tr
δ
√
ḡRk[ḡ]

δḡµν
Gk[ḡ, h] +

〈
δSgauge[ḡ, h]

δḡµν
− δSgauge[ḡ, h]

δhµν

〉
, (5.26)

where Sgauge = Sgf + Sghost encodes both the gauge �xing as well as the ghost sector. In this
chapter we want to work within the approximation

lim
k→∞

(
δΓk
δḡµν

− δΓk
δhµν

)
' 1

2
Tr

1√
ḡ

δ
√
ḡRk[ḡ]

δḡµν
Gk[ḡ, h] , (5.27)

dropping the background-dependence due to the gauge sector. The latter accounts for the di�erence
of the wave function renormalisation of the �uctuation and the background graviton propagator.
That is, we only want to improve the background �eld approximation by removing the background-
dependence introduce through the regulator. Note however that comparing the contributions of the
cuto� term and the gauge �xing sector to the ultraviolet �ow, combinatorial arguments suggest
that the cuto� term will contribute dominantly. This is because it couples to all �uctuations modes
of the graviton, whilst the contributions of the gauge sector directly couple only to the longitudinal
modes. Strictly speaking, however, this argument applies only to quantities which are invariant
under the renormalisation group such as the Newton’s constant GN if and only if

µ
d

dµ
GN = 0 , (5.28)

where µ is the renormalisation group scale of the underlying theory.
By taking a derivative with respect to the �uctuation �eld hµν of Eqn. (5.27), we can thus derive

a modi�ed background �eld approximation for the graviton two-point function. Namely, applying
the operator δḡ + δh to Eqn. (5.27) and dropping mixed derivatives will result in

δ2Γk
δhµν δhρσ

' δ2Γk
δḡµν δḡρσ

− 1

2

(
δ

δḡρσ
+

δ

δhρσ

)
Tr

[
1√
ḡ

δ
√
ḡRk[ḡ]

δḡµν
Gk[ḡ, h]

]
. (5.29)
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In App. D we have studied a similar approximation in Yang-Mills theory, in order to derive the
universal one-loop beta function of the Yang-Mills coupling. There we have shown in particular,
that the equivalent of the �uctuation �eld derivative of the term in the square brackets on the right
hand side of (5.29) gives only sub-leading contributions. In analogy, we will assume that the same
feature holds true for gravity, and with that we arrive at the �nal approximation for the two-point
function of the metric �uctuation �eld:

δ2Γk
δhµν δhρσ

≈ δ2Γk
δḡµν δḡρσ

− 1

2

δ

δḡρσ

∫
1√
ḡ

δ
√
ḡRk

δḡµν

δΓk
δRk

. (5.30)

This approximation has been used in gravity e.g. in Refs. [52,107]. Apart from the standard two-point
function of the background �eld it contains a second, purely regulator induced term. The �ow of
this term is given by

FRG(x) =

∫ x

x0

dx′
∂Rk(x

′)

∂x′
Gk(x

′, R = 0) , (5.31)

cf. also the de�nition Eqn. (D.8) for the Yang-Mills case. Here we have to restrict ourselves to
infrared-�nite regulators. Note that FRG seem to depend on the parameter x0. However, this
dependence will drop out later, as we take a functional derivative with respect to ḡµν . For simplicity,
we will set x0 = 0 from now on.

The corrections to the background approximation Eqn. (5.31) can be computed with heat-kernel
techniques. Details of this derivation may be found in App. E. Similarly to our Yang-Mills example
of App. D we have for infrared-�nite regulators

1

2
Tr

[
1√
ḡ

δ
√
ḡ Rk(∆)

δḡµν
Gk(∆, R)

]
=

1

2
Tr

δ

δḡµν
FRG(∆) +

1

2
Tr

1√
ḡ

δ
√
ḡ

δḡµν
Rk(∆)Gk(∆, R) .

(5.32)

We further note that

δ

δḡµν
FRG(∆) =

δ

δḡµν

∫ ∆

0
dx′

∂Rk(x
′)

∂x′
Gk(x

′, R = 0) =
δRk(∆)

δḡµν
Gk(∆, R = 0) . (5.33)

In gravity the luxury of using a background �eld to ensure gauge invariance turns into the
necessity of using a background metric in the gauge �xing sector (if one insists on linear gauge
�xing in the �uctuation �eld h). In ultraviolet �ows, the cuto� operator with respect to this
background metric however gives leading contributions to �eld operators such as two-, three-, and
four-point functions. In terms of di�eomorphism invariant objects, this in�uences the running of
the cosmological constant Λ, the curvature scalar R and the curvature scalar squared R2, which is
the presumably minimal set of relevant operators in asymptotically safe quantum gravity.

In [34] the so-called bi-metric approach to quantum gravity was put forward, aiming at a
distinction of the �uctuating and the background part of the metric. For computational reasons the
following approximation was considered,

Γk[ḡ, h] = ΓEH,k[g] + ΓEH,k[ḡ] +Mk

∫
d4x
√
ḡ

(√
ḡ
√
g

)n
, (5.34)
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where ΓEH,k,ΓEH,k is the Einstein-Hilbert actions with cuto�-dependent parameters. In later
extended computations [53], the last term has been dropped,Mk = 0. Evidently, this approximation
violates the approximated msWI (5.29) and only holds if

δ

δhρσ
Tr

[
1√
ḡ

δ
√
ḡRk[ḡ]

δḡµν
Gk[ḡ, h]

]
≈ 0 , (5.35)

at least at vanishing �uctuation �eld hµν = 0.

5.5.2 Background flow equations
In this subsection we have a look at the �ow equations of the background couplings. First of all,
they are necessary to be able to directly compare results of the background �eld approximation
with the �uctuation �eld results. Furthermore, we will use them to express the �ow of the level
one �uctuation couplings with the �ow of the background quantities and the modi�ed split Ward
identities. Once again, we use a type I optimised cuto� and �x the gauge parameters to be α = β = 0.
We also specialise the background to a sphere in four dimensions.

We then obtain the following �ow equations for the background couplings

∂tG =
(
2 + ηS

)
G , (5.36)

∂tΛ = −4 Λ +
Λ

G
∂tG+ 8πG FlowΓ

∣∣∣
O(R0)

, (5.37)

ηS = 16πG FlowΓ

∣∣∣
O(R1)

, (5.38)

where

FlowΓ =

√
ḡ

32π2
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+
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R2

}

+O(R3) . (5.39)

Our result for the gravity part of the background �ows agrees with Ref. [85], and the scalar part
agrees with Ref. [7]. Details of the derivation may be found in App. E.

Note that the quantities in FlowΓ should be taken from the �uctuation two-point function. In
this case the background couplings are non-dynamical spectators. We obtain the usual background
�eld approximation by setting λ = Λ and ηh = ηS = ηc = 0.

5.5.3 Fluctuation couplings via Ward identities
We can now analyse whether the level-1 improvement leads to a closed system that reproduces
the �uctuation results more closely than the background approximation does. To that end, we
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compare the NS–dependence of the �xed points at each level of the approximation, i.e. we use the
background couplings on the right hand side of the exact renormalisation group equation for the
background approximation. Similarly, we use level-1 couplings on the right hand side to obtain the
level-1 approximation. Finally, the �uctuation system is evaluated with the �uctuation couplings on
the right hand side.

It turns out that the level-1 approximation tracks the background approximation in its qualitative
dependence onNS. On the other hand, the quantitative di�erence between the �xed point results for
the �uctuation �eld and that in the level-1 approximation is smaller than the quantitative di�erence
of the �uctuation results and the background results, cf. Fig. 5.4. Thus, the level-1 approximation
might be considered a slight improvement over the background approximation. However, given its
failure to capture the �uctuation results, a level-1 approximation seems hardly justi�ed in view of
the signi�cantly increased computational e�ort—at least based on the results in our truncation.
Details of the computation may be found in App. E.

Finally, we observe that the level-1 approximation even appears to break the e�ective universality
that was observed for the Newton coupling. When evaluated with the �uctuation couplings on the
right hand side of the �ow equation, the qualitative and quantitative dependence of G?(1,0) on NS

does not match that of the other couplings, cf. Fig. 5.5. For the ‘cosmological constants’, we make
the opposite observation: whilst the background cosmological constant deviates strongly from the
NS dependence of the graviton mass parameter, the level-1 cosmological constant approaches it
towards larger NS. For the canonically most relevant coupling in the truncation, the step from
the background coupling to the level-1 coupling is therefore a signi�cant step towards e�ective
universality.
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Figure 5.4: We show the �xed-point values as a function of NS in the background approximation (red dashed), in
the level-1 approximation (dark blue) and for the �uctuation system (light blue).
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Figure 5.5: Comparison of di�erent level-n gravitational couplings (left) and ’cosmological constants’ (right).
All couplings were evaluated with the input of the full �uctuation system on the right hand side. While the
gravitational couplings behave qualitatively similar, the level-n ’cosmological constants’ display signi�cant
di�erences in their behaviour.
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Conclusions

In this thesis we investigated the scenario of asymptotic safety in quantum gravity which may
allow for the construction a fundamental quantum �eld theory of the gravitational interactions
through the existence of an ultraviolet �xed point.

We were in particular interested in the inclusion of matter �elds and their in�uence on the
stability of gravitationally induced �xed points. This is important in order to investigate the viability
of the asymptotic safety scenario for gravity together with the standard model of particle physics.

Chapter 1
In the �rst chapter we reviewed the technical device of the functional renormalisation group
equation which was then used throughout this thesis. In particular, after inspection of Wilson’s
original idea of the renormalisation group and the introduction of smooth scale-dependent cuto�
operators in the path integral, we derived said renormalisation group equation and studied some
approximation schemes which are used in practical computations.

Using the language of the renormalisation group, we then gave an introduction to the asymptotic
safety scenario, including the notion of �xed points as well as critical behaviour. To illustrate the
tools and ideas introduced in this chapter, we concluded with the study of a Z2 invariant scalar
�eld theory. This included the investigation of the Gaussian and Wilson-Fisher �xed point in d = 4
and d = 3 in a ϕ4–approximation, as well as the local potential approximation of the derivative
expansion. We calculated the mass critical exponent ν using a polynomial truncation and studied
scaling solutions using shooting methods.

Chapter 2
In the second chapter we studied the issue of background �eld independence in quantum gravity. It
occurs when constructing the functional renormalisation group equation for gravity by introducing



94 5. E�ective Universality in �antum Gravity

a cuto� operator de�ned through a background metric. In this case, independence from the arti�cial
metric can only be achieved if the appropriate modi�ed split Ward identity is obeyed. However
even if it is obeyed, background independence is guaranteed only in the infrared limit k → 0.
Renormalisation group properties on the other hand are de�ned at intermediate scales k. There is
therefore the potential for con�ict in this formulation between renormalisation group notions such
as �xed points, and the requirement of background independence.

In this chapter we have continued an investigation of these issues in the setup of conformally
truncated gravity, which was initiated in Ref. [35]. The �rst question that needs to be addressed is
whether the Ward identity is compatible with the exact renormalisation group equation. At the
exact level, compatibility is guaranteed since both identities are derived from the same partition
function. Within the approximation of the derivative expansion, we have shown that compatibility
holds if and only if either the anomalous dimension vanishes or the cuto� pro�le is power-law.
We have also shown why precisely the derivative expansion breaks compatibility in general and
why the special cases above restore it. Moreover, we argued that if the equations are incompatible
they are overconstrained since then there is an in�nite number of secondary constraints, and thus
not even scale-dependent solutions can exist. We con�rmed this latter conclusion by an example.
Using a counting argument, we also saw that the �xed point equations and Ward identities together
generically overconstrain the system when expanded in terms of vertices beyond the six-point level.

However, even if the equations are compatible, the Ward identity can still forbid �xed points.
We have seen this explicitly in the local potential approximation. For example, we have seen that
�xed points with respect to k are forbidden for the exponential parametrisation if the �eld grows a
non-zero anomalous dimension. It is clear that the reasons for this con�ict are general and not tied
to the derivative expansion of the conformally truncated model per se.

For full quantum gravity, such con�icts between k-�xed points and background independence
may also show up clearly in a vertex expansion, but generically it may not become visible until
the six-point level. However for full quantum gravity, if we are to follow the standard procedure,
we must also �x the gauge. The original Ward identity, which formally expresses background
independence before gauge �xing, will no longer be compatible with the �ow equation. Instead we
must use the appropriate version which has contributions from the background dependence of the
gauge �xing and ghost terms as well as from cuto� terms for the ghost action itself. These issues
have been adressed in Refs. [50, 51], which we have reviewed here as well.

Chapter 3
In this third chapter we extended earlier investigations of scalar-tensor theories of gravity [56],
where we used the exponential parametrisation of the metric. The a priori motivation of this
parametrisation is that it respects the non-linear structure of the space of Riemannian metrics. It
appears a posteriori that it leads to better behaved �ows: there are no infrared singularities [56, 83]
and the equations can be made gauge-independent even o�-shell [83].

Moreover, quite generally, the use of the exponential parametrisation in conjunction with the
physical gauge leads to simpler equations. In the theory considered here, they are su�ciently
simple so that analytic scaling solutions can be found. We have given these solutions in arbitrary
space-time dimensions and for any number of scalar �elds. Relative to the earlier work Ref. [56],
the advantage of having more than one scalar �eld is that there exists now an additional scaling
solution for which the gravitational interactions remain attractive everywhere.

One interesting by-product of our analysis is the con�rmation of several upper bounds for the
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number of scalar �elds, which is dictated by the requirement of having attractive gravitational
interactions at the �xed point. These results are not con�rmed when one uses a scalar-free cuto�,
but we have argued that this is probably not physically correct.

We have also studied the large N–limit, for which we could construct exact analytic solutions.
We have shown that they are unphysical in the type-I cuto� scheme which has been used.

Moreover, we have investigated the existence of the gravitationally dressed Wilson-Fisher
scaling solution in d = 3 for various values of N . In particular, we have shown that physically
acceptable solution do exist for small N , and we have given details for the case N = 2.

Chapter 4
In this chapter, we discussed how setting up the renormalisation group �ow of a gravity-matter
system, necessitates the distinction between couplings of matter to the background metric and
couplings to �uctuations of the metric. We took a �rst step in disentangling the scale-dependence
of the di�erent couplings by studying the running of a vertex composed out of two scalar �elds
and one metric �uctuation �eld. From this vertex we de�ned an avatar of the Newton coupling,
g3. We observed that the so-de�ned Newton coupling features an interacting �xed point when
NS = 0 where only metric �uctuations contribute to the renormalisation group �ow. The universal
critical exponent at this �xed point is close to that of other approximations and de�nitions. We
consider this rather strong evidence for the asymptotic safety scenario in the pure-gravity case, that
complements previous results. We emphasize that this is the �rst evidence for asymptotic safety in
gravity-matter interactions, as all previous results are related to a Newton coupling which was
de�ned from either background or �uctuation �eld gravitational interactions.

We also investigate the anomalous dimensions for di�erent components of the graviton, and
�nd a large negative anomalous dimension ηTT for the transverse, traceless mode which is not too
far from the single-metric approximation η = −2. Such a large negative anomalous dimension
implies that propagator is strongly suppressed in the ultraviolet, p−2+ηTT . The corresponding
position space propagator is reminiscent of a lower-dimensional setting. Thus our result is in line
with other indications for some form of dynamical dimensional reduction in asymptotically safe
gravity [64, 108–111], however see also Ref. [112].

On the other hand, the σ-anomalous dimension has the opposite sign. This suggests that di�erent
tensor structures in gravity exhibit di�erent running—reminiscent of the di�erence between the
transverse and longitudinal gluons in the infrared regime in Yang-Mills theory in Landau gauge.
This result is an indication that one should also disentangle the �ow of di�erent tensor structures at
the level of the vertices. We moreover observe a di�erence with respect to results obtained in the
linear parametrisation, where the anomalous dimensions are typically smaller in absolute value.

Within functional renormalisation group �ows, it is never possible to �nd a �nite-dimensional
closed truncation, as higher-order couplings always couple back into the �ow of lower-order ones.
This makes it necessary to choose a particular approximation to close the system of �ow equations.
Typical choices in the literature include setting higher-order couplings to zero, or equating them to
lower order ones. In our results, we explicitly keep the dependence on all couplings that enter the
�ow of g3, enabling us to study the reliability of di�erent approximations: We observe that the
choice of approximation for those couplings for which no beta function is determined explicitly,
quantitatively alters the properties of the �xed point. By treating, e.g. the pure-gravity couplings
G3 and G4 as external parameters, we observe that the �xed point in g3 persists for all values of
these couplings that we have investigated, but, e.g. anomalous dimensions and the critical exponent
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change. It is reassuring that the existence of a �xed point does not depend on making speci�c
choices for couplings for which no beta function is determined, as of course all results in the
literature make speci�c choices for these couplings. On the other hand, our investigation of the
dependence of �xed-point properties on these choices highlights that quantitatively more precise
results require more elaborate truncation schemes which disentangle some of these couplings.

In the case where we include scalar �uctuations, we observe that they have a signi�cant impact
on the dynamics. We �rst worked in the approximation, where we set the anomalous dimension for
the scalar matter �eld to zero. There we observe that matter �uctuations have a destabilising e�ect
on the gravitational �xed point, and move it toward larger values. This observation is in accordance
with the general scenario discussed at the level of the background couplings in Refs. [7, 89], where
it is argued that the inclusion of dynamical matter degrees of freedom will impact the microscopic
dynamics for gravity, and an increasing number of scalars leads to a growth of the �xed point value
for the Newton coupling. In Ref. [90] a similar behaviour is found for the �uctuation coupling
G3. The increasing �xed-point value leads to an increase in the anomalous dimension for the
graviton. As our regularisation scheme requires η < 2 for all anomalous dimensions, the region of
NS ≥ 14 requires a re-investigation with a di�erent regularisation scheme and/or signi�cantly
larger truncations. We should therefore take care when interpreting our present results. Keeping in
mind this word of caution, we observe that scalar matter seems to have a signi�cant e�ect on an
interacting �xed point and could potentially destabilize it. However, it is reassuring to observe
that NS = 4, which corresponds to the number of scalar �elds in the Standard Model, admits a
gravitational �xed point in our setting, again in line with the results of Refs. [7, 89, 90].

Including a scalar anomalous dimension ηS leads to a very signi�cant change already for
NS = 1 of the �xed-point properties. Based on a mode-counting argument, we expect that this
strong e�ect of a single scalar �eld only arises within our truncation, and such signi�cant e�ects
of matter should not be expected for small NS. We also identify a mechanism through which
an extension of our truncation would potentially lead to signi�cant changes of the anomalous
dimension of the scalars: Quantum-gravity e�ects induce non-vanishing momentum-dependent
self-interactions for scalars [96] which will couple back into ηS. If we take quantum-gravity induced
matter self-interactions into account, not only ηS will change. Amongst the diagrams contributing to
the �ow of g3, there will also be one that features a closed scalar loop, and thus yields a contribution
that scales with NS. Within our present approximation, there is no such explicit contribution, and
the NS dependence only arises through the anomalous dimensions.

Chapter 5
In the last chapter we continued the study of a gravity-matter system with NS minimally coupled
scalar �elds from the previous chapter. In particular we used again the vertex expansion and the
�uctuation �eld approximation, but this time employing the linear parametrisation of the metric
�eld and a conventional gauge �xing. This was done in order to establish the origin of the sign
di�erence of the scalar contributions to the gravitational coupling G(1,2), which has be observed
with respect to the computation done in Ref. [7].

We mostly used an approximation where we set all scalar-gravity couplings to G(1,2) and all
pure gravity couplings to G(3,0). If we further neglect anomalous dimensions and restrict ourselves
to one scalar �eld NS = 1, we �nd a �xed point at positive values of the couplings and three
relevant directions. Furthermore, we studied the NS dependence of the three di�erent avatars
of Newton’s coupling in our truncation in order to establish whether quantum gravity shows
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e�ective universality, i.e. the di�erent versions of the couplings behave similarly. To do so, we
investigated two approximations. First we set the scalar contributions to the anomalous dimension
of the graviton to zero ηh = ηh|grav, for which we observed a strong violation of di�eomorphism
invariance. Allowing ηh to have a non-trivialNS–dependence on the other hand, forced the di�erent
versions of the gravitational coupling to behave quantitatively very similar up to large numbers
of scalar �elds. The physical origin of this e�ective universality, as well as the connection to the
particular approximations studied here, is however not yet fully understood, and will require
additional research.

To conclude the chapter, we tried to �nd a simply approximation of the gravity-matter system,
for which the correct �uctuation �eld behaviour could be obtained within a background �eld
approximation. Such a procedure could be of great practical bene�t to study larger truncations.
To this end, we accompanied the background �ow equations with modi�ed split Ward identities
derived from an approximation where we tracked only the background dependence of the cuto�
operator and dropped the gauge sector dependence. We can then compare the NS–dependence of
the level-1 couplings that result from the above procedure with the true �uctuation �eld couplings
and the background approximation couplings. We �nd that the level-1 Newton coupling behaves
qualitatively very similar to the one from the background approximation, although the numerical
di�erence of the �xed point values decreases with respect to the �uctuation �eld calculation. In the
case of the cosmological constant, however, the level-1 approximation seems to track the qualitative
behaviour of the graviton mass parameter of the �uctuation �eld calculation much better than the
background �eld approximation did in the �rst place. Judging from the truncation studied here, the
practical value of this procedure remains somewhat unclear.
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Appendices





A. Exponential parametrisation

In this appendix we will give some basic results concerning the exponential parametrisation of the
metric �eld. This includes basic de�nitions, York decomposition, gauge �xing and ghost sector, as
well as results for the variations of the Christo�el symbols, Ricci tensor and Ricci scalar curvature
in the exponential parametrisation.

The signature of the metric we will use throughout is given by (−, +, . . . , +).

A.1 Basic definitions

In d dimensions, any metric of given signature can be written as

gµν = θρµ θ
σ
ν ḡρσ (A.1)

where ḡρσ is a �xed metric of the same signature and θρµ is a �eld with values in the group GL(d).
One can write θ = eX , where Xρ

µ is a generic matrix. Let Yµν = ḡµρX
ρ
ν . It is possible to choose

the matrix X in such a way that Y is symmetric. Then it is easy to check that

g = exp(XT ) ḡ exp(X) = exp(Y ḡ−1) ḡ exp(ḡ−1Y )

= ḡ exp(ḡ−1Y ) exp(ḡ−1Y ) = ḡ exp(2X) . (A.2)

We therefore parametrize the metric as

gµν = ḡµρ(e
h)ρν , (A.3)

where ḡµρ is a �xed but arbitrary background and h = 2X . We will use the background metric ḡ to
raise and lower indices. Then due to the symmetry of gµν and ḡµν also the tensor hµν = ḡµρ h

ρ
ν is
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symmetric. We may then expand the metric and its inverse in powers of the tensor hµν around the
background ḡµν :

gµν = ḡµν + hµν +
1

2
hµλ h

λ
ν +

1

6
hµ

λ hν
κ hκλ +

1

24
hµ

λ hν
κ hλ

ρ hκρ +O(h5) , (A.4)

gµν = ḡµν − hµν +
1

2
hµλ hλ

ν − 1

6
hµλ hνκ hκλ +

1

24
hµλ hνκ hλ

ρ hκρ +O(h5) . (A.5)

In contrast to the usual linear split between background and �uctuation of the form gµν = ḡµν+hµν ,
here also the covariant metric is non-polynomial in the quantum �eld hµν . The linear terms above
are the same as in the linear parametrisation, but from the second order onwards, they di�er.

A.2 York decomposition

We can split the metric �uctuation �eld in its spin components as follows:

hµν = hTT
µν +∇µ ξν +∇ν ξµ +∇µ∇ν σ −

1

d
ḡµν ∇2σ +

1

d
ḡµν h , (A.6)

where hTT
µν is the transverse and traceless spin-2 �eld satisfying∇µhTT

µν = 0 and hTTµ
µ = 0, ξµ is

the transverse spin-1 �eld satisfying ∇µξµ = 0, and σ and h are the two spin-0 degrees of freedom.
The latter is the trace part of hµν , Trhµν = h, which justi�es the slight abuse of notation. The
above splitting is called York decomposition.

For later convenience we will list several quadratic expressions in hTT
µν , re-expressed in terms of

their spin components, here, which will be used to derive the Hessian of the Einstein-Hilbert action.
All these expressions hold on any Einstein manifold, in particular the sphere Sd and �at space Rd.
For the latter we have R = 0 and ∇µ = ∂µ.

∫
ddx
√
ḡ hµν∇2hµν =

∫
ddx
√
ḡ
[
hTT
µν ∇2 hTTµν − 2 ξµ

(
∇2 +

R

d

)
×
(
∇2 +

d+ 1

d(d− 1)
R

)
ξµ +

d− 1

d
σ∇2

(
∇2 +

2R

d− 1

)(
∇2 +

R

d− 1

)
σ +

1

d
h∇2 h

]
,

(A.7)∫
ddx
√
ḡ hµν∇µ∇ρhρν =

∫
ddx
√
ḡ
[
− ξµ

(
∇2 +

R

d

)2

ξµ +
(d− 1)2

d2

× σ∇2

(
∇2 +

R

d− 1

)2

σ +
2(d− 1)

d2
h∇2

(
∇2 +

R

d− 1

)
σ +

1

d2
h∇2 h

]
, (A.8)∫

ddx
√
ḡ hµν h

µν =

∫
ddx
√
ḡ
[
hTT
µν h

TTµν + 2 ξµ

(
−∇2 − R

d

)
ξµ

+
d− 1

d
σ∇2

(
∇2 +

R

d− 1

)
σ +

1

d
h2
]
. (A.9)

In order to simplify the form of the propagators for the various spin modes, and to recover the
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canonical momentum dependence, we will often use the following rede�nitions of the �elds:

ξ′µ =

√
−∇2 − R

d
ξµ , (A.10)

σ′ =

√(
−∇2

)2
+

R

d− 1
∇2 σ . (A.11)

A.3 Gauge fixing and ghost sector
As in any other gauge theory such as Yang-Mills, in gravity too we have to “factor out” spurious
�eld con�gurations which are physically equivalent, when integrating over the �uctuation �eld
hµν in the path integral. This can be done by �xing a gauge. In this section we review various
choices to do so in the case of gravity.

A.3.1 Conventional gauge fixing
The conventional way of �xing the gauge in gravity follows the same procedure as in Yang-Mills
theory, namely, one adds a term

Sgf =
1

2α

∫
ddx
√
ḡ Fµ ḡ

µν Fν , (A.12)

to the action, where

Fµ[ḡ, h] = ∇ρ hρµ −
β + 1

d
∇µ h , (A.13)

is the gauge condition, �xed on the background manifold, and α and β are gauge parameters. One
common choice of these parameters is the de Donder, or harmonic gauge:

α = 1 and β =
d

2
− 1 . (A.14)

Using the York decomposition and the �eld rede�nitions of the last section, the gauge �xing term
can also be expressed in terms of the spin components as follows:

Sgf =
1

2α

∫
ddx
√
ḡ

ξ′µ(−∇2 − R

d

)
ξ′µ +

d− 1

d

√
−∇2 − R

d− 1
σ′ +

β

d

√
−∇2 h

2  .
(A.15)

One then applies the Faddeev-Popov procedure, and exponentiates the resulting Faddeev-Popov
determinant by introducing a Grassmann-valued vector �eld Cν(x) with the following action

Sghost = −
∫

ddx
√
ḡ CµMµν C

ν , (A.16)

where Cµ is the Dirac-conjugate �eld and the inverse propagator is given by:

M [ḡ, h]µν = ḡσλ∇λ
(
gµν∇σ + gσν∇µ

)
− ḡρσ∇µ gσν∇ρ . (A.17)

One then has to integrate over ghost and anti-ghost con�guration in the partition function. This
will introduce interactions between graviton and ghost particles. Also note that when applying the
functional renormalisation group to theories gauge-�xed in this way, and additional cuto� operator
for the ghost sector will have to be introduced.
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A.3.2 Gauge transformation properties
In this section we will study the transformation properties of the metric gµν under local gauge
transformations

gµν(xµ) 7→ g′µν(xµ) (A.18)

i.e. di�eomorphisms of the space-time manifold. From these properties we will be able to infer how
to �x the gauge symmetry when integrating over the metric �eld in the path integral.

The transformation of the metric under an in�nitesimal di�eomorphism εµ, a d-dimensional
coordinate vector, is given by the Lie derivative

δεgµν = Lεgµν ≡ ερ ∂ρgµν + gµρ ∂νε
ρ + gνρ ∂µε

ρ . (A.19)

Since we are using the background �eld method, we now have to choose the transformation of the
background metric ḡµν and the �uctuation �eld hµν in such a way, that when using the exponential
parametrisation the combined transformations obey the last equation. The simplest way to do this,
is to use the background transformation, which in the following we will denote with B. If we treat
ḡµν and hµν as tensors under in�nitesimal gauge transformations, i.e.

δ(B)
ε ḡµν = Lεḡµν , (A.20)
δ(B)
ε hµν = Lεhµν , (A.21)

then it also follows that

δ(B)
ε (eh)µν = Lε(eh)µν , (A.22)

and Eqn. (A.19) is satis�ed. A more convenient choice when using the background �eld method
however, is the so-called ‘quantum’ gauge transformation Q, where the background metric ḡµν is
held �xed, and only the �uctuation �eld hµν transforms in a non-trivial way:

δ(Q)
ε ḡµν = 0 , (A.23)

ḡµρ δ
(Q)
ε (eh)ρν = Lεgµν . (A.24)

The right-hand side of the second transformation may be written as

Lεgµν =
(
Lεḡµρ

)
(eh)ρν + ḡµρ

(
Lε(eh)ρν

)
=
(
∇ρεµ +∇µερ

)
(eh)ρν + gµλ (e−h)λρ Lε(eh)ρν , (A.25)

where, in the second equation we used the properties of the Lie derivative and rewrote the
background metric in terms of the full metric and the �uctuation �eld. By contracting with the
inverse metric, we can use the last expression to re-express the �uctuation �eld transformation in
terms of hµν and the background metric only:(

e−h δ(Q)
ε eh

)µ
ν =

(
e−h Lεeh)µν + (e−h)µρ

(
∇ρεσ +∇σερ

)
(eh)σν . (A.26)

This way, we can expand the last expression in powers of hµν :

δ(Q)
ε hµν = ∇µεν +∇νεµ + Lεhµν + [Lεḡ, h]µν +O(εh2) . (A.27)
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Note that the �rst three terms coincide with the quantum transformation when using the linear
background decomposition. When using a background �eld approximation, where one eventually
sets hµν = 0, it is su�cient to evaluate the last expression at the lowest order in hµν :

δ(Q)
ε hµν = ∇µεν +∇νεµ +O(h) . (A.28)

In order to extract the transformation properties of single spin modes from this expression, we
may split the coordinate transformation εµ into its transverse part εT

µ and its longitudinal part ε as
follows

εµ = εT
µ +

∇µ√
−∇2

ε , (A.29)

∇µεT
µ = 0 , (A.30)

where we introduced the normalisation in the denominator so that εT
µ and ε have the same

dimensionality. With the above transformation of the full �uctuation �eld to lowest order and
the split of the coordinate transformation ε, one can derive the following in�nitesimal gauge
transformations for the York-decomposed �elds:

δεh
TT
µν = 0 , (A.31)

δεξµ = εT
µ , (A.32)

δεh = −2
√
−∇2 ε , (A.33)

δεσ =
2√
−∇2

ε . (A.34)

Note that the transverse, traceless mode hTT
µν as well as the combination h−∇2σ are gauge invariant

quantities. In terms of the rescaled �elds we have

δεξ
′
µ =

√
−∇2 − R

d
εT
µ , (A.35)

δεσ
′ = 2

√
−∇2 − R

d− 1
ε . (A.36)

A.3.3 Unimodular gauge
In the unimodular gauge one �xes the determinant of the (full) metric �eld to be the one of the
background �eld: g = ḡ. In conformally reduced gravity, this is done at the kinematic level. Here,
however, we want to use it to break di�eomorphism invariance of full gravity, thus introducing a
Faddeev-Popov ghost determinant. Using the formula det ehµν = eTrhµν , one sees that the above
gauge can be �xed by setting h = 0. Actually, it su�ces to demand

h = const., (A.37)

since a constant factor of the path integral can always be reabsorbed into the partition function.
Inspecting the transformation property of h in the last section we �nd that the path integral needs
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a ghost determinant det
√
−∇2, which can be obtained by introducing a real, Grassmann-valued

scalar ghost �eld C with action

S
(h)
ghost =

∫
ddx
√
ḡ C

(
−∇2

)
C . (A.38)

The above condition however does not break the subset of gauge symmetries that leave the volume
unchanged. Since these di�eomorphism are generated by the transverse part of the in�nitesimal
gauge transformation εT

µ, going back to the last section, we see that we can additionally demand

ξ′µ = 0 . (A.39)

This may be achieved by introducing a second ghost �eld, which is a real, Grassmann-valued
transverse vector �eld Cµ with action

S
(ξ′µ)

ghost =

∫
ddx
√
ḡ Cµ ḡ

µν

(
−∇2 − R

d

)
Cν . (A.40)

A.4 Variations of Christo�el symbols and curvature invariants

In this section we will list expansions for various curvature invariants in terms of the �uctuation
�eld hµν around an arbitrary background in the exponential parametrisation. These results will be
used later to derive Hessians and vertices in various scalar-tensor theories of gravity.

In our conventions, the Riemann and Ricci tensors are given by

Rαβµν = ∂µΓαβν − ∂νΓαβµ + ΓαµλΓλβν − ΓανλΓλβµ , (A.41)
Rµν = Rαµαν , (A.42)

respectively. In the following, we will denote the expansion of a quantity Q as follows:

Q = Q(0) +Q(1) +Q(2) +Q(3) +Q(4) + . . . , (A.43)

where Q(n) contains altogether n powers of hµν . In general we have Q(0) = Q, i.e. the quantity
computed from the background metric. For the Christo�el symbols we will thus write as

Γκµν = Γκµν + Γκ (1)
µν + Γκ (2)

µν + Γκ (3)
µν + Γκ (4)

µν + . . . , (A.44)
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where

Γκ (1)
µν =

1

2
ḡκρ
(
∇µ hρν +∇ν hρµ −∇ρ hµν

)
, (A.45)

Γκ (2)
µν = −1

2
hκρ

(
∇µ hρν +∇ν hρµ −∇ρ hµν

)
+

1

4

(
∇µ hνσ hσκ +∇ν hµσ hσκ −∇κ hµσ hσν

)
, (A.46)

Γκ (3)
µν =

1

12

[
3hκσ h

σρ
(
∇µ hρν +∇ν hρµ −∇ρ hµν

)
− 3hκρ

(
∇µ hρσ hσν +∇ν hρσ hσµ −∇ρ hµσ hσν

)
+∇ν hµρ hρσ hσκ +∇µ hνρ hρσ hσκ −∇κ hµρ hρσ hσν

]
, (A.47)

Γκ (4)
µν =

1

48

[
−4hκα hασ h

σρ
(
∇µ hρν +∇ν hρµ −∇ρ hµν

)
+ 6hκσ hσ

ρ
(
∇µ hαν hαρ +∇ν hµα hαρ −∇ρ hµα hαν

)
− 4hκρ

(
∇µ hνα hασ hσρ +∇ν hµα hασ hσρ −∇ρ hµσ hασ hσν

)
+∇ν hµσ hσα hαρ hρκ +∇µ hνσ hσα hαρ hρκ −∇κ hµσ hσα hαρ hρν

]
. (A.48)

In here, the covariant derivatives always act on everything to the right of them. In similar fashion,
with the de�nitions above, one �nds for the Ricci tensor:

R (1)
µν = −1

2

(
∇2 hµν −∇µ∇ρ hρν −∇ν ∇ρ hρµ +∇µ∇ν h

)
+

1

2
Rµα h

α
ν +

1

2
Rνα h

α
µ − ḡαρRρµβν hαβ , (A.49)

R (2)
µν =

1

2
∇µ
(
hαβ∇ν hαβ

)
− 1

2
∇α
(
hαβ

(
∇µ hνβ +∇ν hµβ −∇β hµν

))
− 1

4

(
∇µ hβα +∇α hβµ −∇β hαµ

)(
∇β hαν +∇ν hαβ −∇α hβν

)
+

1

4
∇ρ h

(
∇µ hρν +∇ν hρµ −∇ρ hµν

)
+

1

4
∇ρ
(
∇µ
(
hρλ hλν

)
+∇ν

(
hρλ hλµ

)
−∇ρ

(
hµλ h

λ
ν

))
− 1

4
∇µ∇ν

(
hρσ hρσ

)
, (A.50)

R (3)
µν =

1

2
∇λ
(
hλσ hρσ∇µ hρν

)
− 1

4
∇λ
(
hλσ hρσ∇ρ hµν

)
− 1

2
∇λ
(
hλσ∇µ

(
hρσ h

ρ
ν

))
+

1

4
∇λ
(
hλσ∇σ

(
hµρ h

ρ
ν

))
+

1

6
∇λ∇µ

(
hλσ h

σ
ρ h

ρ
ν

)
− 1

12
∇2
(
hµρ h

ρ
σ h

σ
ν

)
− 1

4
hρσ
(
∇µ hσν

)
∇ρ h+

1

4
hρσ
(
∇σ hµν

)
∇ρ h+

1

4
hσν
(
∇µ hρσ

)
∇ρ h

− 1

4
hµσ
(
∇ρ hσν

)
∇ρ h+

1

2
hλσ
(
∇ρ hνσ

)
∇λ hρµ −

1

2
hλσ
(
∇σ hνρ

)
∇λ hρµ

− 1

2
hσν
(
∇ρ hλσ

)
∇λ hρµ +

1

2
hσν
(
∇λ hρσ

)
∇λ hρµ , (A.51)



118 A. Exponential parametrisation

where implicit symmetrizations in µ and ν are understood on the right hand sides, and we again
use the notation Trhµν = h. For the Ricci scalar we obtain the following results

R(1) = ∇µ∇ν hµν −∇2 h−Rµν hµν , (A.52)

R(2) =
3

4
∇α hµν ∇α hµν + hµν ∇2 hµν −∇ρ hρµ∇σ hσµ +∇ρ hρµ∇µ h− 2hµν ∇µ∇ρ hρν

+ hµν ∇µ∇ν h−
1

2
∇µ hνα∇α hµν −

1

4
∇µ h∇µ h+Rαβγδ h

αγ hβδ

+
1

2
∇µ∇ν

(
hµρ hρ

ν
)
− 1

2
∇2
(
hµρ hµρ

)
− 1

2
Rµν h

µρ hρ
ν , (A.53)

R(3) = −1

6
hµρ h

ρ
σ h

σν Rµν +
1

4
hµρ h

ρν ∇2 hµν −
1

4
hµρ h

ρ
ν ∇ν ∇µ h

+
1

2
hµν
(
∇λ hλρ

)
∇µ hρν +

1

2
hµν hλρ∇λ∇µ hρν −

1

2
hµν
(
∇λ hλρ

)
∇ρ hµν

− 1

2
hµνhλρ∇λ∇ρ hµν −

1

4
hµν
(
∇ρ h

)
∇µ hρν −

1

4
hµν
(
∇ν hλρ

)
∇µ hρλ

− 1

4
hρσ
(
∇µ hσµ

)
∇ρ h+

1

4
hρσ
(
∇σ h

)
∇ρ h+

1

2
hµσ
(
∇ρ hλσ

)
∇ρ hµλ , (A.54)

where we have dropped total derivatives in the third variation.
One signi�cant di�erence between the linear and the exponential parametrisation is that, due

to the formula det ehµν = eTrhµν , only the trace of hµν enters in the de�nition of the determinant,
at all orders. In particular, the square root of the determinant appearing in integral measure of the
action has the following expansion:

√
g = e

h/2√ḡ =
√
ḡ

(
1 +

h

2
+
h2

8
+
h3

48
+

h4

384
+ . . .

)
. (A.55)

A.5 Hessian of the Einstein-Hilbert action and propagators
In this section we will use the results obtained so far to calculate the Hessian of the Einstein-Hilbert
action

SEH =

∫
ddx
√
g R (A.56)

in the exponential parametrisation. We will also calculate the resulting graviton propagators on a
�at background in the gauges we have discussed earlier. The latter will be used to evaluate Feynman
diagrams when using the vertex expansion.

A.5.1 Hessian with and without York decomposition
To derive the Hessian of the Einstein-Hilbert action, one combines the expansions of√g and of R
and integrates over spacetime. Dropping total derivatives, one can then rewrite the second order
terms in the expansion as follows:∫

ddx
√
ḡ

[
1

4
hµν ∇2 hµν − 1

2
hµν ∇µ∇ρ hρν +

1

2
h∇µ∇ν hµν −

1

4
h∇2 h

+
1

2
Rµρνσ h

µν hρσ − 1

2
Rµν h

µν h+
1

8
Rh2

]
. (A.57)
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We can then rewrite this expression in terms of the independent �elds hTT
µν , ξ′µ, σ′, and h, using the

expressions Eqns. (A.7)–(A.9):∫
ddx
√
ḡ

[
1

4
hTT
µν

(
−∇2 +

2R

d(d− 1)

)
hTTµν − (d− 1)(d− 2)

4d2
σ′
(
−∇2

)
σ′

−(d− 1)(d− 2)

2d2
h

√(
−∇2

)2
+

R

d− 1
∇2 σ′ − (d− 1)(d− 2)

4d2
h

(
−∇2 +

(d− 2)R

2(d− 1)

)
h

]
.

(A.58)

Note that this expression is independent of the vector mode ξ′µ, without �xing the gauge. Also note
the infamous ‘wrong’ sign of the kinetic terms of the scalar modes for any d > 2.

A.5.2 Propagators in the conventional gauges
Adding the conventional gauge �xing terms to the second variation of the action one obtains:∫

ddx
√
ḡ

[
1

4
hTT
µν

(
−∇2 +

2R

d(d− 1)

)
hTTµν +

1

2α
ξ′µ

(
−∇2 − R

d

)
ξ′µ

+
(d− 1)

[
2(d− 1)− α(d− 2)

]
4αd2

σ′
(
−∇2 − 2R

2(d− 1)− α(d− 2)

)
σ′

−
(d− 1)

[
α(d− 2)− 2β

]
2αd2

h

√(
−∇2

)2 − R

d− 1
σ′

−α(d− 1)(d− 2)− 2β2

4αd2
h

(
−∇2 +

α(d− 2)2R

2
[
α(d− 1)(d− 2)− 2β2

])h] . (A.59)

This shows that for this particular gauge �xing procedure the vector mode will propagate unless we
take the limit α→∞.

On a �at background R4 in four dimensions, using the de Donder gauge where α = 1 and
β = d/2− 1 = 1, the propagators of the four independent �elds thus become:[

Γ
(hTT, hTT)
k +Rh

TT

k

]−1

µνκλ
=
δµκδνλ + δµλδνκ
p2 + rk(p2)

, (A.60)[
Γ

(ξ′, ξ′)
k +Rξ

′

k

]−1

µν
=

δµν
p2 + rk(p2)

, (A.61)[
Γ

(σ′, σ′)
k +Rσ

′
k

]−1
=

8

3

1

p2 + rk(p2)
, (A.62)[

Γ
(h, h)
k +Rhk

]−1
= −8

1

p2 + rk(p2)
. (A.63)

Here we assumed the use of a type I cuto�, following the conventions in Ref. [17]. Note that the
de Donder gauge also diagonalises the Hessian. The ghost action on a �at background reads

S ghost =

∫
d4x

[
Cµ ḡ

µν
(
− ∂2

)
Cν

]
, (A.64)
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which yields the following propagator in momentum space:[
Γ

(Cµ, Cν)
k +R

Cµ
k

]−1

µν
=

1

2

δµν
p2 + rk(p2)

. (A.65)

Note that contrary to the case of the unimodular gauge (which we will see shortly), even on a �at
background the conventional gauge �xing introduces in�nitely many interaction terms amongst
ghost �elds and the gravitational modes.

A.5.3 Propagators in the unimodular gauge
In the unimodular gauge, where h = const. and ξ′µ = 0, the Hessian takes a very simple form:

∫
ddx
√
ḡ

[
1

4
hTT
µν

(
−∇2 +

2R

d(d− 1)

)
hTTµν − (d− 1)(d− 2)

4d2
σ′
(
−∇2

)
σ′

]
. (A.66)

On a �at background R4 in four dimensions the propagators for hTT
µν and σ′ with a type I cuto�

thus become [
Γ

(hTT, hTT)
k +Rh

TT

k

]−1

µνκλ
=
δµκδνλ + δµλδνκ
p2 + rk(p2)

, (A.67)[
Γ

(σ′, σ′)
k +Rσ

′
k

]−1
= −16

3

1

p2
, (A.68)

respectively. The ghost sector on a �at background simply reads

S ghost =

∫
d4x

[
C
(
− ∂2

)
C + Cµ ḡ

µν
(
− ∂2

)
Cν

]
, (A.69)

with a real, anti-commuting scalar C , and a real, anti-commuting, transverse vector ghost �eld Cµ.
Introducing an additional type I cuto� operator for each ghost, we �nd the following propagators
in momentum space: [

Γ
(Cµ, Cν)
k +R

Cµ
k

]−1

µν
=

1

2

δµν
p2 + rk(p2)

, (A.70)[
Γ

(C,C)
k +RCk

]−1
=

1

2

1

p2 + rk(p2)
. (A.71)
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In this Appendix we will derive the Hessian for the model introduced in chapter 3 in some detail,
making use of results obtained in the last appendix. We will also give an outline on how to derive
the resulting �ow equations using heat kernel techniques.

B.1 Derivation of the Hessian
We want to study the following e�ective average action

Γk[gµν , ϕ
i] =

∫
ddx
√
g

[
−F (ϕ)R+

1

2

NS∑
i=1

(
∇ϕi

)2
+ V (ϕ)

]
+ Sgf + Sghost , (B.1)

where we had previously de�nedϕ =
√
δijϕiϕi and we will use the Einstein summation convention

throughout in this appendix. We will use the background �eld method by writing

ϕi = ϕi + δϕi, i = 1, . . . , N, (B.2)
gµν = ḡµρ(e

h)ρν . (B.3)

With this de�nitions we can expand the full scalar �eld in powers of its �uctuation �eld:

ϕ = ϕ+
δij ϕ

i δϕj

ϕ
+

1

2

δij δϕ
i δϕj

ϕ
+O(δϕ3) (B.4)

and we can expand any O(N) invariant function U(ϕ) about the background con�guration as
follows

U(ϕ) = U(ϕ) + U ′(ϕ) δϕ+
1

2
U ′′(ϕ) δϕ2 +O(δϕ3) , (B.5)



122 B. Scalar-tensor theories

where U ′ = dU/dϕ. Additionally, we will de�ne the radial and perpendicular projectors with
respect to the background �eld con�guration as follows

P ijR =
ϕi ϕj

ϕ2
, (B.6)

P ij⊥ = δij − P ijR . (B.7)

Using the above expansion and these latter projectors, we can obtain the e�ective average action to
second order in the scalar �eld �uctuations

Γ
(ϕ,ϕ)
k =

∫
ddx
√
ḡ

1

2
δϕi

[ (
−∇2 + V ′′ − F ′′R

)
P ijR +

(
−∇2 +

1

ϕ

(
V ′ − F ′R

))
P ij⊥

]
δϕj ,

(B.8)

as well as the mixing between the scalar �elds and the gravitational modes

Γ
(ϕ, hµν)
k =

∫
ddx
√
ḡ δϕi

P ijR ϕj
ϕ

[
1

2
h
(
V ′ − F ′R

)
− F ′

(
∇µ∇µhµν −∇2h−Rµνhµν

)]
.

(B.9)

Here we used results for the second variation of the Einstein-Hilbert action from the previous
appendix, assuming the background to be an Einstein manifold. We also made use of the identity
ϕiδijϕj = ϕiP

ij
R ϕj .

Without loss of generality we can now separate the radial �eld component from the Goldstone
bosons by �xing the background to be

ϕi = 0, i = 1, . . . , N − 1, (B.10)
ϕN = ρ (B.11)

such that ϕ = ρ and de�ne ϕN = δϕ. Then we have

ϕi P
ij
R ϕj = δϕ2 , (B.12)

ϕi P
ij
⊥ ϕj =

N−1∑
i=1

ϕiϕi . (B.13)

With these relations, using the York decomposition and �eld rede�nitions of app. A, the mixing
between scalars and gravitational scalar modes can be rewritten as

Γ
(ϕ, hµν)
k =

∫
ddx
√
ḡ

(d− 1)

d
F ′ δϕ

[
−

√
−∇2

(
−∇2 − R

d− 1

)
σ′

+

(
−∇2 − (d− 2)R

2(d− 1)
+

d V ′

2(d− 1)F ′

)
h

]
. (B.14)

Finally, using the unimodular gauge h = const., ξ = 0 and also neglecting the residual constant
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mode of h, with the aid of results of the last appendix, we obtain the full Hessian

Γ
(2)
k =

∫
ddx
√
ḡ

[
1

4
F hTT

µν

(
−∇2 +

2R

d(d− 1)

)
hTTµν − (d− 2)(d− 1)

4d2
Fσ′(−∇2)σ′

+
1

2
δϕ
(
−∇2 + V ′′ − F ′′R

)
δϕ+

1

2

N−1∑
i=1

δϕi
(
−∇2 +

1

ρ

(
V ′ − F ′R

))
δϕi

− (d− 1)

d
F ′ δϕ

√
−∇2

(
−∇2 − R

d− 1

)
σ′

]
. (B.15)

The Hessian can then be diagonalised by the transformation

σ′′ = σ′ − 2d

d− 2

F ′

F

√
−∇2 − R

d−1

−∇2
δϕ , (B.16)

and the diagonal Hessian reads

Γ
(2)
k =

∫
ddx
√
ḡ

[
1

4
F hTT

µν

(
−∇2 +

2R̄

d(d− 1)

)
hTTµν − (d− 2)(d− 1)

4d2
F σ′′(−∇2)σ′′

+
1

2
δϕ

(
−∇2 + V ′′ − F ′′R+ 2

d− 1

d− 2

F ′2

F

(
−∇2 − R

d− 1

))
δϕ

+
1

2

N−1∑
i=1

δϕi
(
−∇2 +

1

ρ

(
V ′ − F ′R

))
δϕi

]
.

(B.17)

The ghost action induced by the unimodular gauge �xing was given by:

S ghost =

∫
ddx
√
ḡ

[
C
(
−∇2

)
C + Cµ ḡ

µν

(
−∇2 − R

d

)
Cν

]
. (B.18)

B.2 Derivation of the flow equations
To obtain the �ow equations of the functions V (ϕ) and F (ϕ), respectively, we will essentially
follow the same steps as in Sec. 1.2.2 for scalar �eld theories. We start with the Hessian given above
and de�ne cuto� operators of type I with the help of the following matrix equation

Γ
(2)
k +Rk ≡ Γ

(2)
k

∣∣∣∣
−∇2 7→Pk(−∇2)

. (B.19)

Throughout, we will employ the Litim cuto�, such that the regulated inverse propagator reads
Pk(p

2) = p2 + (k2 − p2) θ(k2 − p2). To extract the scale-dependence of the functions V (ϕ) and
F (ϕ), we �rst set the �eld con�guration ϕ to a constant such that

∂tΓk =
[
∂tV (ϕ)− ∂tF (ϕ)R

] ∫
ddx
√
ḡ . (B.20)
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With this result, we can once more use the beta function of the e�ective average action as a
generating functional for the beta functions of V (ϕ) and F (ϕ):

∂tV =
1

vol
∂tΓk

∣∣∣∣
R=0

, (B.21)

∂tF = − 1

vol

∂

∂R
∂tΓk

∣∣∣∣
R=0

, (B.22)

where we abbreviate the volume coe�cient vol ≡
∫

ddx
√
ḡ. To evaluate these expressions, we

have to calculate the functional traces on the right hand side of the �ow equation for the e�ective
average action as a power series in R. To evaluate functional traces on a d-dimensional sphere
Sd, we may use the method of heat kernels. Following Ref. [17], we can write the trace of some
operator W (∆) as

TrW (∆) =
1

(4π)d/2

[
B0(∆)Qd/2

[
W
]

+B2(∆)Qd/2−1

[
W
]

+B4(∆)Qd/2−2

[
W
]

+ . . .
]

(B.23)

where for type I cuto� we have ∆ = −∇2, and the Q-functionals are the same as de�ned in
Eqn. (1.97). The heat kernel coe�cients

Bn =

∫
ddx
√
g Trbn (B.24)

depend on the background curvature and scale as Trbn ∈ O(R n/2) in the curvature invariants. In
particular, at the lowest order O(R0) we have

TrW (−∇2) =
B0(−∇2)

(4π)d/2
Qd/2

[
W
]
. (B.25)

For all �elds Φ in Γ
(2)
k , the most general form of the Hessian we encounter here isA(Φ)

k

(
−∇2

)
+B

(Φ)
k ,

with scale-dependent coe�cients A(Φ)
k and B(Φ)

k , of which the latter may depend on R. With the
cuto� operator (B.19) we thus �nd

W̃ (Φ) =
Ṙk

Γ
(2)
k +Rk

=
(k2 − z)∂tA(Φ)

k + 2k2A
(Φ)
k

A
(Φ)
k

[
z + (k2 − z) θ(k2 − z)

]
+B

(Φ)
k

θ(k2 − z) . (B.26)

With this expression of W̃ (Φ) we can calculate Qd/2

[
W
]

analytically, and we �nd for the �ow of
the potential V

∂tV = cd k
d
∑

Φ

[
A

(Φ)
k +

∂tA
(Φ)
k

d+2

A
(Φ)
k + B

(Φ)
k /k2

Trb0
(Φ)

]
, (B.27)

where B(Φ)
k is evaluated at R = 0, and Φ =

{
hTT
µν , σ

′′, δϕ, δϕi, C, Cµ
}

. Note that the volume
coe�cient appearing on both sides cancelled. Inserting the coe�cients for the various �elds and
passing to dimensionless variables will then result in Eqn. (3.2). For the function F (ϕ) one proceeds
in a similar manner, collecting contributions to (B.23) at O(R).



C. Running of interaction vertices

In this appendix we will derive interaction vertices for the e�ective average action given in Ch. 4,
using results from app. A. We will also describe in some detail how to evaluate the Feynman
diagrams appearing in Figs. 4.1 and 4.2.

C.1 Interaction vertices
We start with the �ducial action

Γ̂k[ḡµν , hµν , ϕ] =

∫
d4x
√
g

[
− R

16πGN

+
1

2

NS∑
i=1

(
∇ϕi

)2]
, (C.1)

from which we will derive our truncation as explained in detail in Ch. 4. In particular we will
use a �at background in d = 4 and use the exponential parametrisation of the metric with the
unimodular gauge, as described in app. A.

To calculate the diagrams in Figs. 4.1 and 4.2 we need to �nd the interaction vertices of two
scalar particles interacting with one, two and three gravitons respectively, as well as the vertex
of three gravitons. We will denote the momenta of the scalars by q1 and q2 and the ones of the
gravitons by p1, p2 and p3. The direction of the momenta will always be de�ned towards the vertex,
i.e. ingoing. For the �rst class of vertices we only need to consider the kinetic term of the minimally
coupled scalar

1

2

NS∑
i=1

∫
d4x
√
g gµν ∂µϕ

i ∂νϕ
i , (C.2)

since the rest of e�ective average action given above is independent of ϕ. We can expand the metric
part of the kinetic term to third order in the graviton �eld hµν , using the expansions for the inverse
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metric and the determinant of the metric which where given in app. A. This results in

√
g gµν = δµν − κhµν +

κ2

2
hµλ hλ

ν − κ3

6
hµλ hνκ hκλ +O(h4) , (C.3)

where κ ≡
√

32πGN and we used the �eld rede�nition hµν 7→ κhµν . Then the relevant part for
the 2-scalar-1-graviton vertex V (2,1)µν =

√
g3

GN
Γ̂

(2,2)
k is given by

Γrhs
k ⊆ −

κ

2

√
g3

GN

NS∑
i=1

∫
d4x hµν ∂µϕ

i ∂νϕ
i . (C.4)

In order to disentangle the di�erent spin components, one applies the York decomposition to the
last expression. Passing to momentum space, we then �nd the following two vertices:

V (2,TT)µν =
√

32πg3 q
(µ
1 q

ν)
2 , (C.5)

V (2,σ) =
√

32πg3

[
1

4

(
q1 · q2

)
−
(
p1 · q1

)(
p1 · q1

)
||p1||2

]
, (C.6)

where parenthesis denote complete symmetrizations, and TT and σ the propagating spin-2 and
spin-0 modes, respectively. Proceeding in a similar fashion yields the following three �avours of
2-scalar-2-graviton vertices:

V (2,2TT)µνρσ = −32πg4

4

(
q

(µ
1 q

ρ)
2 δ

νσ + q
(µ
1 q

σ)
2 δ

νρ + q
(ν
1 q

ρ)
2 δ

νσ + q
(ν
1 q

σ)
2 δ

νρ
)
, (C.7)

V (2,TTσ)µν =
32πg4

4

(
q

(µ
1 q

ν)
2 +

(
p1 · q2

)
q

(µ
1 p

ν)
1

||p1||2
+

(
p1 · q1

)
q

(µ
2 p

ν)
1

||p1||2

)
, (C.8)

V (2,2σ) = −32πg4

2

((
p1 · p2

)(
q1 · p2

)(
q2 · p1

)
||p1||2 ||p2||2

+

(
p1 · p2

)(
q1 · p1

)(
q2 · p2

)
||p1||2 ||p2||2

−1

2

(
q1 · p2

)(
q2 · p2

)
||p2||2

− 1

2

(
q1 · p1

)(
q2 · p1

)
||p1||2

+

(
q1 · q2

)
8

)
(C.9)

There are another two �avours of the 2-scalar-3-graviton vertices we will need to evaluate all the
diagrams.

V (2,3TT)µνρσγδ =

(
32πg5

)3/2

12

(
q

(µ
1 q

ρ)
2 1

νσγδ + q
(µ
1 q

σ)
2 1νργδ + q

(µ
1 q

γ)
2 1νρσδ + q

(µ
1 q

δ)
2 1

νρσγ

q
(ν
1 q

ρ)
2 1

µσγδ + q
(ν
1 q

σ)
2 1µργδ + q

(ν
1 q

γ)
2 1µρσδ + q

(ν
1 q

δ)
2 1

µρσγ

q
(ρ
1 q

γ)
2 1µνσδ + q

(ρ
1 q

δ)
2 1

µνσγ + q
(σ
1 q

γ)
2 1µνρδ + q

(σ
1 q

δ)
2 1

µνργ
)
,

(C.10)
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V (2,TT 2σ)µν =

(
32πg5

)3/2

2

(
1

8
q

(µ
1 q

ν)
2 −

1

4

(
p1 · q2

)
q

(µ
1 p

ν)
1

||p1||2
− 1

4

(
p1 · q1

)
q

(µ
2 p

ν)
1

||p1||2

−1

4

(
p2 · q2

)
q

(µ
1 p

ν)
2

||p2||2
− 1

4

(
p2 · q1

)
q

(µ
2 p

ν)
2

||p2||2
+

1

3

(
q1 · p1

)(
q2 · p2

)
p

(µ
1 p

ν)
2

||p1||2 ||p2||2

+
1

3

(
q1 · p2

)(
q2 · p1

)
p

(µ
1 p

ν)
2

||p1||2 ||p2||2
+

1

3

(
p1 · p2

)(
q2 · p2

)
q

(µ
1 p

ν)
1

||p1||2 ||p2||2
+

1

3

(
p1 · p2

)(
q2 · p1

)
q

(µ
1 p

ν)
2

||p1||2 ||p2||2

+
1

3

(
p1 · p2

)(
q1 · p2

)
q

(µ
2 p

ν)
1

||p1||2 ||p2||2
+

1

3

(
p1 · p2

)(
q1 · p1

)
q

(µ
2 p

ν)
2

||p1||2 ||p2||2

)
, (C.11)

Note in particular, that the strength of the interaction is independent of the magnitude of the
graviton momenta, and only depends on the angles between the scalar and the graviton momenta.
This independence is a consequence of the minimally-coupled form of the interaction and would
hold for a truncation as the one considered in Ch. 3.

To derive the pure three- and four-graviton vertices, we �rst have to �nd the third and fourth
order expansion of the Einstein-Hilbert action. With the results of app. A, on a �at background we
�nd

√
g R

∣∣∣
O(h3

µν)
=

1

4
hµν ∂µh

ρσ ∂νhρσ −
1

4
hµν ∂µh ∂νh+

1

4
hµν ∂νh ∂ρhµ

ρ

+
1

4
hµν ∂νhµ

ρ ∂ρh+
1

8
h ∂ρh ∂

ρh− 1

4
h ∂ρh ∂σhρ

σ

− 1

2
hµν ∂νhρσ ∂

σhµ
ρ +

1

4
h ∂ρhνσ ∂

σhνρ − 1

8
h ∂σhνρ ∂

σhνρ , (C.12)
√
g R

∣∣∣
O(h4

µν)
=

1

8
hµν hρσ ∂νhσγ ∂ρhµ

γ − 1

8
hµ

ρ hµν ∂νh
σγ ∂ρhσγ +

1

8
hhνρ ∂νh

σγ ∂ρhσγ

+
1

8
hµ

ρ hµν ∂νh ∂ρh−
1

8
hhνρ ∂νh ∂ρh−

1

12
hµ

ρ hµν ∂ρh ∂σhν
σ

+
1

8
hhνρ ∂ρh ∂σhν

σ − 1

12
hµν hρσ ∂νhµρ ∂σh−

1

12
hµ

ρ hµν ∂ρhν
σ ∂σh

+
1

8
hhνρ ∂ρhν

σ ∂σh+
1

32
h2 ∂µh ∂

µh− 1

16
h2 ∂µh ∂νhµ

ν

− 1

12
hµν hρσ ∂σhνγ ∂

γhµρ +
1

24
hµν hρσ ∂γhνσ ∂

γhµρ +
1

6
hµ

ρ hµν ∂ρhσγ ∂
γhν

σ

− 1

4
hhνρ ∂ρhσγ ∂

γhν
σ +

1

24
hµ

ρ hµν ∂σhργ ∂
γhν

σ − 1

24
hµ

ρ hµν ∂γhρσ ∂
γhν

σ

+
1

16
h2 ∂σhργ ∂

γhρσ − 1

32
h2 ∂γhρσ ∂

γhρσ . (C.13)

Note that both of these expressions reduce considerably once the gauge condition h = 0 is applied.
The result of doing so yields Eqns. (4.3) and (4.4). We then have to decompose the full tensor �elds
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hµν into their spin components as before. For the 3-graviton vertices, with gauge �xing, that gives:

√
g R

∣∣∣
O(h3

TT)
=

1

4
hTTµν ∂µh

TTρσ ∂νh
TT
ρσ −

1

2
hTTµν ∂νh

TT
ρσ ∂

σhTT
µ
ρ (C.14)

√
g R

∣∣∣
O(h2

TT σ)
=

1

4
∂µh

TTρα ∂νh
TT
ρα ∂

ν∂µσ − 1

2
hTT
ρ
α ∂µh

TT
να ∂

ρ∂ν∂µσ +
1

2
hTT
ρ
α ∂ρ∂ν∂µσ ∂αh

TT
µν

− 1

2
hTT
ν
α ∂ρ∂ν∂µσ ∂αh

TT
µρ +

1

8
hTTρα ∂ν∂µ∂

µσ ∂αh
TT
νρ −

1

2
∂µh

TT
ρα ∂

ν∂µσ ∂αhTT
ν
ρ

+
1

8
∂µ∂

µσ ∂ρh
TT
να ∂

αhTTνρ − 1

16
∂µ∂

µσ ∂αh
TT
νρ ∂

αhTTνρ (C.15)
√
g R

∣∣∣
O(hTT σ2)

=
1

4
∂µ∂

α∂ρσ ∂νh
TT
ρα ∂

ν∂µσ +
1

4
∂µh

TT
ρα ∂ν∂

α∂ρσ ∂ν∂µσ

− 1

2
∂µ∂

α∂ρσ ∂ν∂µσ ∂ρh
TT
να +

1

8
hTT
να ∂

ν∂µ∂
µσ ∂ρ∂

α∂ρσ − 1

2
hTT
ρα ∂µ∂

α∂νσ ∂
ρ∂ν∂µσ

+
1

4
hTT
ρα ∂

ρ∂ν∂µσ ∂α∂ν∂µσ −
1

2
∂µh

TT
ρα ∂

ν∂µσ ∂α∂ν∂
ρσ − 3

32
hTT
να ∂

ν∂µ∂
µσ ∂α∂ρ∂

ρσ

+
1

8
∂µh

TT
να ∂

ν∂µσ ∂α∂ρ∂
ρσ +

1

8
hTT
ρα ∂

ν∂µ∂
µσ ∂α∂ρ∂νσ +

1

8
∂µ∂

µσ ∂νh
TT
ρα ∂

α∂ρ∂νσ

+
1

8
∂µ∂

µσ ∂ρh
TT
να ∂

α∂ρ∂νσ − 1

8
∂µ∂

µσ ∂αh
TT
νρ ∂

α∂ρ∂νσ (C.16)
√
g R

∣∣∣
O(σ3)

=
1

4
∂µ∂

α∂ρσ ∂ν∂α∂ρσ ∂
ν∂µσ − 3

32
∂µ∂ρ∂

ρσ ∂ν∂α∂
ασ ∂ν∂µσ

+
1

8
∂µ∂α∂

ασ ∂ν∂µσ ∂ρ∂ν∂
ρσ +

1

8
∂µ∂ν∂

ρσ ∂ν∂µσ ∂ρ∂α∂
ασ +

3

128
∂µ∂

µσ ∂ρ∂α∂
ασ ∂ρ∂ν∂

νσ

− 1

32
∂µ∂

µσ ∂ρ∂ν∂
νσ ∂α∂ρ∂

ασ − 1

32
∂µ∂

µσ ∂ρ∂ν∂
νσ ∂α∂

α∂ρσ −
1

2
∂µ∂ρ∂ασ ∂

ν∂µσ ∂α∂ν∂
ρσ

+
1

8
∂µ∂

µσ ∂ν∂α∂ρσ ∂
α∂ρ∂νσ − 1

16
∂µ∂

µσ ∂α∂ρ∂νσ ∂
α∂ρ∂νσ (C.17)

To obtain the vertices in momentum space—which will be necessary for the evaluation of Feynman
diagrams—we have to Fourier transform the last expressions and take the derivative with respect
to the three respective graviton �elds. In the case of three spin-2 modes, this can e�ectively be
achieved by replacing every term using the following rule

hTT
ab ∂ih

TT
cd ∂fh

TT
ef 7→ −p1i 1

µν
cd

[
p2j 1

ρσ
ef1

γδ
ab + p3j 1

ρσ
ab1

γδ
ef

]
− p2i 1

ρσ
cd

[
p1j 1

µν
ef 1

γδ
ab + p3j 1

µν
ab 1

γδ
ef

]
− p3i 1

γδ
cd

[
p1j 1

ρσ
ab1

µν
ef + p2j 1

ρσ
ef1

µν
ab

]
,

(C.18)

and ensuring energy conservation
∑

i pi = 0. Similar rules for the other combinations of �elds are
easy to derive and can conveniently be implemented in computer algebra software.1 For the sake of
saving space we will refrain from given the explicit expressions of the vertices in momentum space
as well as the York decomposed form of the forth variation of the Einstein-Hilbert action.

1We used Wolfram Mathematica 10.0 together with the open source extension packages xAct 1.1.2 to obtain all
variations and vertices for the calculation of Ch. 4.

http://www.xact.es/
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ϕ

∂tRk

hTT hTT

(µν) (ρσ)

p p

−p− q p+ q

−qq

Figure C.1: One of the scalar candy versions contributing to diagram 4 in Fig. 4.1. The other one is symmetric and
has the regulator insertion ∂tRk in the lower leg in the loop.

C.2 Calculating Feynman diagrams
In this section we want to illustrate how to evaluate the Feynman diagrams of Figs. 4.1 and 4.2,
using the rather simple example of the scalar ϕ candy diagram contributing to the beta function of
the wave-function renormalisation ZTT of the graviton, cf. diagram 4 in Fig. 4.1.

For the convenience of the reader, we display one of the two versions of the diagram including
some additional annotation in Fig. C.1. The second version of this diagram, which is not displayed
here, has the regulator insertion on the lower propagator in the loop and will give the same
contribution as the �rst version. The diagram D4 displayed in Fig. C.1 can be calculated as

D4 =

∫
d4q

(2π)4

[
∂tR

(ϕ)
k (q2) G

(ϕ)
k (q2) V (2,TT)µν

(
q,−p− q)

)
× G(ϕ)

k

(
(p+ q)2

)
V (2,TT) ρσ

(
p+ q,−q

) PTT
µνρσ

5

]
, (C.19)

where we recall that the projector PTT
µνκλ was given by

PTT
µνκλ =

1

2
(TµκTνλ + TµλTνκ)− 1

d− 1
TµνTκλ , (C.20)

Tµν = δµν −
pµpν
p2

. (C.21)

The latter appears because of the projection rule Eqn. (4.12), and we will have to make sure to
evaluate the diagram at O(p2). Using the expression of the vertex from the last section and the
formula for the projector above, we can evaluate the tensor contraction to be

V (2,TT)µν
(
q,−(p+ q)

)
V (2,TT) ρσ

(
p+ q,−q

) PTT
µνρσ

5
=

64π

15
g3

(
x2 − 1

)2
q4 , (C.22)

where the angular variable x is de�ne via

x ≡ pµqµ
p q

. (C.23)

Next, using the optimised cuto� and its �rst derivative

R
(ϕ)
k = ZS (k2 − q2) θ(k2 − q2) (C.24)

∂tR
(ϕ)
k , = ŻS (k2 − q2) θ(k2 − q2) + 2k2ZS θ(k

2 − q2) + 2k2ZS (k2 − q2) δ(k2 − q2) , (C.25)
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we see that upon integration we have

∂tR
(ϕ)
k (q2)G

(ϕ)
k (q2) = ZS

2k2 − ηS(k2 − q2)

k2
θ(k2 − q2) . (C.26)

The third and last contribution to the momentum integral is coming from the second propagator,
and has to be expanded up to O(p2)

G
(ϕ)
k

(
(p+ q)2

)
= G

(ϕ)
k (q2) +

1

2
G
′′(ϕ)
k (q2) p2 +O(p4)

=
1

k2
− 2x2p2q2

k6

[
2q2δ(k2 − q2) + q2(k2 − q2) δ′(k2 − q2)

]
, (C.27)

where the second equality holds upon integration, when multiplied with θ(k2 − q2).
If we now collect the contributions (C.22), (C.26) and (C.27), and integrate over the two inde-

pendent angular variables in momentum qµ, such that we replace the measure by∫
d4q

(2π)4
7→ 1

4π3

1

2

∫ 1

−1
dx
√

1− x2

∫ ∞
0

dz z , (C.28)

where z = q2, we can evaluate the integral and �nd

D4 = −g3Zk
2

24π
. (C.29)

Using the fact, that we have two diagrams for each and every of the NS scalar �elds, we �nd from
the �ow equation

∂tZTT = −ηTT Z ⊆
1

2

(
2NSD4

)
, (C.30)

that the contribution the gravitational anomalous dimension is given by

ηTT ⊆
NS g3

24π
, (C.31)

which agrees with the result listed in Tab. 4.1.



D. The msWI in Yang-Mills theory

In this appendix we brie�y want to illustrate the use of the msWI in the case of pure Yang-Mills
theory in a covariant gauge using the example of the universal one-loop beta function, cf. in
particular Ref. [106], Ch. IV C, p. 61�.

Splitting the full �eld as Aµ = Aµ + aµ, the covariant background gauge reads

Dµaµ ≡
(
∂µ + i g Aµ

)
aµ = 0 . (D.1)

The beta function of the coupling g can be read o� from that of the running of the kinetic term
TrF 2 in the background e�ective action Γk[Aµ] = Γk[Aµ, aµ = 0]. In particular, one �nds

∂tΓk[Ā]
∣∣∣
TrF 2

= −2βg SYM[A] , (D.2)

which comes about due to background gauge invariance. It turns out that regulators rk which scale
in the infrared like

p2 rk(y) ∼ k2 y−(n−1) , (D.3)

where y = p2/k2, lead to a background beta function βg = (1 + n)βg
∣∣
1−loop

, and are hence
regulator-dependent. The beta function computed from the �uctuation diagrams instead is regulator-
independent, βg = βg

∣∣
1−loop

, which re�ects the one-loop universality of the Yang-Mills beta
function.

This puzzle may be resolved as follows. Firstly, let us note that an evaluation of the �uctuation
correlation functions yields the correct one-loop beta function. Secondly, in the background �eld
approximation the kinetic term TrF 2 receives contributions from the background �eld dependence
of the regulator, too. This A–dependence triggered by the regulator should not be seen as a genuine
�eld dependence. Indeed, for k → 0 it disappears, cf. Eqn. (5.26). This is why we have to disentangle
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the regulator �eld dependence from the genuine one. This may be done by writing the e�ective
action as

Γk[A, a] = Γk,1[a] + Γk,2[A] + Γk,3[A, a] , (D.4)

where the second term originates from theA-dependence of the regulator and the last term accounts
for gauge invariance under transformations of the full �eld. We will see shortly that this term
vanishes in the present case.

To extract the regulator dependence, on simply takes a functional derivative of the last expression
with respect to the background �eld. The renormalisation group �ow of the resulting object can then
be projected onto the relevant coupling to obtain the regulator contribution of the beta function
one is interested in. The physical beta function is then given by the di�erence

β(phys) = β
∣∣
a=0
− β . (D.5)

This is why we will investigate the �ow of the background-dependence of the e�ective action
∂tδAΓk

∂t

∫
y,z

δRk(y, z)

δA(x)

δΓk
δRk(y, z)

=
1

2
Tr ∂t

(
δRk[A]

δA(x)
Gk[A, a]

)
. (D.6)

The right hand side of this equation can be rewritten as a sum of traces over the spin-0 and spin-1
Laplacians ∆0 = −D2 and ∆1 = −D2 − 2gF , respectively. These traces can then be re-expressed
as total derivatives as follows

1

2
Tr ∂t

[
δRk(∆)

δA(x)
Gk(∆)

]
=

1

2

δ

δA(x)
Tr ∂tFRG(∆) , (D.7)

where we de�ned the functional

FRG(x) =

∫ x

x0

dx′
∂Rk(x

′)

∂x′
Gk(x

′) . (D.8)

Note that the functional FRG(x) is potentially singular in the infrared, that is for x → 0. The
infrared limit of the regulators is given by (D.3), and it follows that

FRG(x→ 0) ∝ x−(n−1) , (D.9)

shows a logarithmic divergence for n = 1. Accordingly, the t-derivative in Eqn. (D.6) is required for
�niteness.

This shows how the msWI of Eqn. (5.26) can trigger contributions to logarithmically running
quantities, even at one-loop: this is because infrared-singular regulators can introduce additional
scales for background observables.

Now we want to compute the contributions to TrF 2 that come from the genuine background
�eld dependence of the e�ective action. This is done by removing the mixed contributions, TrFFRk ,
and TrFRkFRk , from the full A-dependence. Here, FRk signals the �eld strength of the regulator
�eld. To that end we �rst notice that mixed contributions to TrF 2 are not present: taking a
A-derivative of Eqn. (D.7) which hits the genuine A-dependence will lead to terms proportional to

−∂t

[
Tr

∫ x

x0

dx′
∂Rk(x

′)

∂x′
Gk(x)

δΓ
(2)
k

δA
Gk

∣∣∣∣
TrF 2

]
= 0 . (D.10)
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Note that the occurrence of G2
k leads to an infrared-�nite expressions, and hence the trace can be

evaluated before taking the t-derivative. Since we focus on �eld-dependences with dimensionless
coe�cients, the t-derivative vanishes (this is because no other scale µ is present which could lead
to log k/µ dependences).

This leaves us with the task to compute Eqn. (D.7). The right hand side of which is a trace over
a functional of ∆ = ∆0, ∆1, and can be computed with standard heat-kernel techniques. In case
we are interested in powers of TrF 2 only, the simplest way to compute the trace is by using the
identity

Trf(∆) = f(−∂τ )Tr e−τ∆

∣∣∣∣
τ=0

, (D.11)

which is valid a general function f . It is useful, since it avoids the standard Laplace transform. In
the case of a Yang-Mills theory this leads to

1

2
Tr ∂tFRG(∆)

∣∣∣∣
TrF 2

= −2nβg
∣∣
1−loop

SYM[A] . (D.12)

Subtracting this result from Eqn. (D.2) leads us to

Γ̇k[A]− 1

2
Tr ∂tFRG(∆)

∣∣∣∣
TrF 2

= −2βg
∣∣
1−loop

SYM[A] . (D.13)

which is indeed the regulator independent, universal beta function.
The above analysis of Yang-Mills theory suggests the following: When using the background

�eld approximation, one should modify second derivatives with respect to the background �eld in
order to account for the regulator dependence of the background �eld.
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E. The msWI from heat kernel techniques

In this appendix we present a detailed derivation for the corrections of the background couplings
through the use of the modi�ed split Ward identity for Ch. 5. In particular we want to evaluate the
following expression through heat kernel techniques:

I ≡ 1

2
Tr

[
1√
ḡ
Gk(∆)

δ

δḡµν

(√
ḡ Rk(∆)

)]
=

1

4
ḡµν TrGkRk +

1

2
Tr

δ

δḡµν
FRG

=
1

4
ḡµν TrGkRk +

1

2

δ

δḡµν
TrFRG −

1

2
Tr

[
1√
ḡ

(
δ

δḡµν

√
ḡ

)
FRG

]
=

1

4
ḡµν Tr

(
GkRk − FRG

)
+

1

2

δ

δḡµν
TrFRG =

1

2
ḡµν

(
I1 − I2

)
+

δ

δḡµν
I2 . (E.1)

In order to present intermediate results, we introduce the following short hand notations:

I1 =
1

2
TrGkRk , I2 =

1

2
TrFRG , I3 =

1

2
TrGkṘk , (E.2)

where the last expression is nothing but the background �ow. To calculate these functional traces,
we will once again follow Ref. [17]. In particular, we can write

I1 =
1

32π2

[
B0(∆)Q2(RkGk) +B2(∆)Q1(RkGk) +B4(∆)Q0(RkGk)

]
+O(R3) , (E.3)

where the Q–functionals and the heat kernel coe�cients were given by

Qn[W ] =
1

Γ(n)

∫
dx xn−1W (x) , (E.4)

Bn =

∫
ddx
√
ḡ tr bn . (E.5)



136 E. Modified Ward identities from heat kernel techniques

To evaluate theQ–functionals, we note that the most general argument functionW (x) we encounter
here is given by

W (x) =
rk(x)[

x+ rk(x) + a λ k2
]b , (E.6)

as we will see shortly. The constants a and b will depend on the �eld component, and we have
introduced the dimensionless cosmological constant λ. Using again the optimised cuto�, one �nds
the following results:

Q2 =
1

6

k6−2b

(1 + aλ)b
, Q1 =

1

2

k4−2b

(1 + aλ)b
, Q0 =

k2−2b

(1 + aλ)b
. (E.7)

In the limit β = 0 and α → 0, the trace of RkGk over the spin components can be evaluated
following the procedure in Ref. [85], and is given by the sum of the contributions of the four modes
hTT
µν , ξ

µ, h and σ. For the case of vanishing anomalous dimensions ηh = ηc = 0 they are given by

TrRkGk

∣∣∣∣
hTT

=
rk(x)

x+ rk(x)− 2λ k2
− 2

3
R

rk(x)(
x+ rk(x)− 2λ k2

)2 +
4

9
R2 rk(x)(

x+ rk(x)− 2λ k2
)3 ,

(E.8)

TrRkGk

∣∣∣
ξ

=
rk(x)

x+ rk(x)
+

1

4
R

rk(x)(
x+ rk(x)

)2 +
1

16
R2 rk(x)(

x+ rk(x)
)3 , (E.9)

TrRkGk

∣∣∣
h

=
rk(x)

x+ rk(x)− 4
3 λ k

2
, (E.10)

TrRkGk

∣∣∣
σ

=
rk(x)

x+ rk(x)
+

1

3
R

rk(x)(
x+ rk(x)

)2 +
1

9
R2 rk(x)(

x+ rk(x)
)3 . (E.11)

The vector (VG) and scalar ghost (SG) contributions are given by

TrRkGk

∣∣∣
VG

= −2
rk(x)

x+ rk(x)
− 1

2
R

rk(x)

(x+ rk(x))2
− 1

8
R2 rk(x)(

x+ rk(x)
)3 , (E.12)

TrRkGk

∣∣∣
SG

= −2
rk(x)

x+ rk(x)
− 2

3
R

rk(x)

(x+ rk(x))2
− 2

9
R2 rk(x)(

x+ rk(x)
)3 . (E.13)

We will now specialise the background to a four-dimensional sphere S4. Then the heat kernel
coe�cients are given by

Bn(∆) =
√
ḡ Tr bn , n = 0, 2, 4 , (E.14)

where the trace coe�cients are given in Tab. E.1. By specialising the coe�cients a and b in the
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TTT VT S

tr b0 5 3 1
tr b2 −5

6R
1
4R

1
6R

tr b4 − 1
432R

2 − 7
1440R

2 29
2160R

2

Table E.1: Heat kernel coe�cients for transverse traceless tensors (TTT), transverse vectors (VT) and scalars (S) on
a four-dimensional sphere S4.

general expression above and evaluating the sum over all spin modes, we �nd

I1 =

√
ḡ

32π2

{[
5

6

1

1− 2λ
+

1

6

1

1− 4
3λ
− 2

3

]
k4R0

+

[
− 5

9

1

(1− 2λ)2
− 5

12

1

1− 2λ
+

1

12

1

1− 4
3λ
− 7

18

]
k2R1

+

[
10

27

1

(1− 2λ)3
+

5

18

1

(1− 2λ)2
− 1

432

1

1− 2λ
+

29

2160

1

1− 4
3λ
− 169

1440

]
k0R2

}
.

(E.15)

With similar methods we can evaluate the trace I2. In particular, using the expansion Eqn. (D.11)
we may write

I2 =
1

32π2
FRG∂τ )

[
B0(∆̄s) τ

−2 +B2(∆̄s) τ
−1 +B4(∆̄s) τ

0
]∣∣∣∣
τ=0

+O(R̄3) . (E.16)

In particular, by utilising the following identities

1

τ2
=

∫ ∞
0

dx x e−τx
∣∣∣∣
τ=0

(E.17)

1

τ
=

∫ ∞
0

dx e−τx
∣∣∣∣
τ=0

(E.18)

one can evaluate the action of the di�erential operator of Eqn. (D.8):

FRG(−∂τ ) τ−2 =

∫ ∞
0

dx xFRG(x) = − 1

3

k6−2b

(1 + aλ)b
, (E.19)

FRG(−∂τ ) τ−1 =

∫ ∞
0

dx FRG(x) =− 1

2

k4−2b

(1 + aλ)b
, (E.20)

FRG(−∂τ ) τ0 = FRG(0) = 0 , (E.21)

where the last equalities respectively hold for the general function

FRG(x) =

∫ x

0
dy

r′k(y)

(y + rk(y) + a λ k2)b
= − x(

1 + aλ
)b , (x ≤ k2) , (E.22)
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using the optimised cuto� as before. Specializing the coe�cients a and b for the various spin modes
and summing the contributions we �nd up to O(R2)

I2 =

√
ḡ

32π2

{[
− 5

3

1

1− 2λ
− 1

3

1

1− 4
3λ

+
4

3

]
k4R0 +

[
5

12

1

1− 2λ
− 1

12

1

1− 4
3λ

+
5

24

]
k2R1

}
.

(E.23)

Finally, the right-hand side of the �ow equation I3 can be evaluated in the same way as I1, where
the Q–functionals now depend on another function

W̃ (x) =
ṙk(x)[

x+ rk(x) + a λ k2
]b . (E.24)

Using ṙk(x) = 2 k2 θ(k2 − x) for the optimized cuto�, we �nd

Q2[W̃ ] =
k6−2b

(1 + aλ)b
, Q1[W̃ ] =

2 k4−2b

(1 + aλ)b
, Q0[W̃ ] =

2 k2−2b

(1 + aλ)b
. (E.25)

With these relations, we �nd for the background �ow

I3 =

√
ḡ

32π2

{[
5− 5

6ηh

1− 2λ
+

1− 1
6ηh

1− 4
3λ
− 4− 2

3
ηh +

4

3
ηc

]
k4R0

+

[
− 10

3

1− 1
6ηh

(1− 2λ)2
− 5

3

1− 1
4ηh

1− 2λ
+

1

3

1− 1
4ηh

1− 4
3λ
− 23
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− 7

18
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14

18
ηc

]
k2R1

+

[
20

9

1

(1− 2λ)3
+
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9

1

(1− 2λ)2
− 1

216

1

1− 2λ
+

29

1080

1

1− 4
3λ
− 149

270

]
k0R2

}
.

(E.26)

In order to evaluate the full expression for I , we have to take �rst derivatives of the background
Ricci scalar R with respect to the background �eld. Carrying out the general variation one �nds

δR

δḡµν
= −1

d
R ḡµν + ḡαβ

δRαβ
δḡµν

, where
δRαβ
δḡµν

= ∆ρ

δΓραβ
δḡµν

−∆α

δΓρρβ
δḡµν

. (E.27)

The two right-most terms are total derivatives and will not contribute. Note that this does not hold
true any more when the derivative of R2 is evaluated. We thus have in d = 4

δ
√
ḡ

δḡµν
=

1

2

√
ḡ ḡµν ,

δ
√
ḡR

δḡµν
=

1

4

√
ḡ ḡµνR . (E.28)

Using these relations, we can �nally evaluate I to be

I =

√
ḡ ḡµν

32π2
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+
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+
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5
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1
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1
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+
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]
k0R2

}
.
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For a pure scalar �eld we �nd the following results:

Is1 =

√
ḡ

32π2

[
1

6
k4 +

1

12
k2R+

29

2160
R2

]
+O(R3) , (E.29)

Is2 =

√
ḡ

32π2

[
− 1

3
k4 − 1

12
k2R

]
+O(R3) , (E.30)

Is3 =

√
ḡ

32π2

[
k4 +

1

3
k2R+

29

1080
R2

]
+O(R3) . (E.31)

This implies

Is =

√
ḡ ḡµν

32π2

[
1

12
k4 +

1

16
k2R+

29

4320
R2

]
+O(R3) . (E.32)
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