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3-DIMENSIONAL LEFT-INVARIANT SUB-LORENTZIAN
CONTACT STRUCTURES

MAREK GROCHOWSKI, ALEXANDR MEDVEDEV, AND BEN WARHURST

ABSTRACT. We provide a classification of ts-invariant sub-Lorentzian struc-
tures on 3 dimensional contact Lie groups. Our approach is based on invariants
arising form the construction of a normal Cartan connection.

1. INTRODUCTION

1.1. Sub-Lorentzian Geometry. Let M be a smooth manifold. A sub-Lorentzian
structure (or a metric) on M is, by definition, a pair (H,g) where H is a smooth
bracket generating distribution on M and g is a smooth Lorentzian metric on H.
A triple (M, H, g) where M is a manifold endowed with a sub-Lorentzian structure
(H,g) is called a sub-Lorentzian manifold. Such a manifold is said to be contact if
the distribution H is contact.

The theory of sub-Lorentzian manifolds is a subject presently in it’s infancy but
interest is growing, see [3, [ [5] for outlines of the general theory and [12, [10 [7]
where the main emphasis was on investigating the causal structure of such manifolds
(geodesics, the structure of reachable sets, normal forms). There are also two papers
[8, 9] where the authors started the investigation of the theory of invariants for sub-
Lorentzian structures.

Sub-Lorentzian metrics which are simultaneously time and space oriented will be
called ts-oriented (see section 2 for more details). The aim of this paper is to classify
all left invariant ts-oriented sub-Lorentzian structures on 3-dimensional Lie groups.
Two basic invariants which plays fundamental role in the study were introduced
in [B]. These are: a (1,1)-tensor h = (% ) on H and a smooth function & on
M (see Section 4] for exact formulas). These invariants can be obtained from
a variety of perspectives with varying degrees of complexity. For example in [9]
a Riemannian approach is used while an approach using null lines should also be
possible. In both cases, the fact that the underlying manifold is contact plays a
significant role and so the techniques do not obviously generalize.

In this work we use the standard machinery of Cartan connections with the goal
of giving a thorough explanation of the origins of the invariants via Cartan theory.
The general approach proceeds as follows: to begin, we construct the so called first
order geometric structure corresponding to the sub-Lorentzian structure (M, H, g)
(see section B.] for the definitions). Specifically, we construct the symbol algebra
corresponding to a canonical filtration of the tangent bundle generated by H. The
symbol algebra then defines the weighted frame bundle. The first order geometric
structure is an SO;,; reduction of the bundle of weighted frames. A frame on
M is said to be adapted if it corresponds in a natural manner with a weighted
frame and the bundle over M consisting of adapted frames admits a canonical
Cartan connection. The curvature function of this connection generates the algebra
of invariants for the corresponding sub-Lorentzian structure. In particular the
invariants x and h arise in a canonical decomposition of the curvature function for
3-dimensional contact sub-Lorentzian structure.
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One can go further and obtain canonical frames using the S Ofl (R)-equivariance
This leads to the full classification of 3-dimensional
left-invariant sub-Lorentzian contact structures. In the following theorem we use
the notation of Snobl and Winternitz [I7] for 3-dimensional real Lie algebras. In
particular, L(3,1) = b3 is the Heisenberg Lie algebra; the Lie algebras L(3,2,7),
L(3,4,n) and L(3,3) are solvable with the special cases L(3,2,—1) = p;1 and
L(3,4,0) = ¢a being the Poincaré and Euclidean Lie algebras respectively; L(3,5)

of the structure function.

and L(3,6) are sl and sus respectively. Our main results is:

Theorem 1. All 3-dimensional left-invariant sub-Lorentzian contact structures up
to local ts-isometries are given by Table [, where each connected simply connected
Lie group s associated with it’s Lie algebra. Each row in the table corresponds to
a different structure. In particular

(1) If det h < 0 then the structure is completely determined by the invariants
h, k and T if T is defined.
(2) If deth > 0 then every value of £ and h admits 3 locally non-isomorphic

structures.

TABLE 1. 3D left-invariant contact sub-Lorentzian structures

h equivalent to K 7, if defined Lie Algebra
00 k=0 _ L(3,1) = by
0 0 % € R* - L(3,5) = sly
k=0 T= L(3,3)
<1 1) <1 1) k=0 7| >2 L (3,2, s Izii)
-1\t 1 k=0 7| <2 L(3,4,\/%)
% € R* - L(3,5) = sly
1 1 -1 1 k=0 TeR L(3,2,:_I_\/7— ‘Zjii)
(L)1) e - 0,5 o
0 X) | g K| < —x - L(3,6) = suz
—x o) % Il > =, || # x - L(3,5) = sl
x=+k>0, - L(3,2,-1)=p1a
Y =+ <0, - L(3,4,0) = ¢
0 k=T - 3,3
( X), x#0 X )
x 0 K> —Tx _ L (3.9 MIxzsl-vixts
T VxRV R
K< —Tx, - L <3,4, J_V_'X;_”L)
( 0 x) 20 k=T - L(3,3)
x o)X K< Ty _ L (3.9 MIxtsl=vix—x
TV IRV
K> TX - L <3,4, J_%)
x 0 _ _
(0 X),x;éo k€ER L(3,5) =sly

We outline the main similarities and differences with the sub-Riemannian case.
First of all, as a byproduct of our classification procedure, we see specific similarities
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with phenomena which arise in [I], namely that the affine group A;(R) ® R is
locally ts-isometric to SLa(R). Secondly, the scalar invariants are similar to the
sub-Riemannian case with the differences simply in sign. However, the tensor h
represents a significant difference. In particular we have 4 cases to consider: h = 0;
deth = 0,h # 0; det h > 0 and det h < 0. Finally, the case deth = 0,h # 0, Kk =0
has a non-discrete family of non-equivalent structures. We introduced the invariant
7, which is in fact the covariant derivative of h, to parametrise this family.

The paper is organized as follows. In section 2 we make precise some terminol-
ogy concerning orientation and isometries as well as provide a motivating example
comming from control theory. In section 3 we outline Cartan geometry and the
construction of canonical Cartan connections. In section 4 we apply the Cartan
methods to our specific case to produce the invariants of the sub-Lorentzian srtuc-
tures of interest. In section 5 we combine the invariants with the classsification
procedure of Snobl and Winternitz [I7] to prove our main theorem [l

2. SUB-LORENTZIAN PRELIMINARIES

2.1. Orientation. Suppose that (M, H,g) is a sub-Lorentzian manifold and let
g € M. A vector v € Hy is said to be timelike if g(v,v) < 0, null if g(v,v) = 0
and v # 0, nonspacelike if g(v,v) < 0, v # 0, and finally spacelike if g(v,v) > 0
or v = 0. A vector field on M is called timelike (nonspacelike, null) if its values
X (q) have such a property for every ¢ € M. The definition of course implies that
any timelike, nonspacelike or null vector field is horizontal in the sense that it is a
section of the bundle H — M.

If (H, g) is a sub-Lorentzian metric on M, then it can be proved that H admits
a splitting H = H~ @ H™ of sub-bunbdles such that H~ is of rank 1 and ¢ is
negative (positive) definite on H~ (H™). Any splitting with the above-mentioned
properties is called a causal decomposition for (H,g). We say that the metric
(H,g) is time-orientable (resp. space-orientable) if the bundle H~ — M (resp.
HT — M) is orientable. Consequently, by a time (space) orientation we mean a
given orientation of the bundle H= — M (H™ — M). Note that since a rank
1 bundle is orientable if and only if it is trivial, time orientability of (M, H, g) is
equivalent to the existence of a timelike vector field on M. Thus it is sometimes
more convenient to define a time orientation of (M, H,g) as a choice of a timelike
vector field X on M.

Since causal decompositions are not unique we must make it precise when two
pairs of bundles H;” — M, Hf — M and H; — M, H; — M have compatible
orientations, where H = H; @ H; and H = H, @ H; are causal decompositions.
So we say that the given orientations of H; — M, H, — M are compatible
if g(X1,X2) < 0, where X; is the section of H; — M which agrees with the
orientation of H; — M, ¢ = 1,2. On the other hand, H{ — M, Hf — M have
compatible orientations if the following condition is satisfied: for any point ¢ € M
there exists its neighbourhood U and linearly independent sections Xj 1,..., X :
U — H, rank H;" = k, such that X;1,..., X; ) agrees with the orientation of
H;" — M,i=1,2, and det (9(X1,i, X1,5)); j=1. > 0

As mentioned earlier, Sub-Lorentzian metrics which are simultaneously time and
space oriented will be called ts-oriented. If (M, H,g) is time-oriented by a vector
field X then a nonspacelike v € H, is said to be future directed if g(v, X (¢)) < 0.

2.2. Isometries. Let (M, H,g) be a sub-Lorentzian manifold. A diffeomorphism
J M — M is called an isometry if (i) dof(Hy) = Hyp(g) for every ¢ € M,
and (ii) dqf : Hy — Hyy is a linear isometry for every ¢, that is to say if
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g(dqf(v),dqf(w)) = g(v,w) for all v,w € Hy and ¢ € M. Of course, all isome-
tries of a given sub-Lorentzian manifold form a group. Let f : M — M be an
isometry and let H = H~ @ H* be a causal decomposition. Then H = H; @& H,
is also a causal decomposition, where Hli = df(H*). Suppose now that (M, H, g)
is time-oriented (resp. space-oriented). We say that f is a t-isometry (resp. s-
isometry) if the fiber bundle map df|y- : H~ — H (vesp. df|g+ : HY — H{")
is orientation preserving. In case (M, H,g) is ts-oriented, f is called a ts-isometry
if it preserves both orientations. Clearly, any ts-isometry f is characterized by the
condition dq f € SO1,1(k) for every ¢ € M.

2.3. An application. Sub-Lorentzian manifolds arise in control theory. Suppose
that (M, H,g) is a time-oriented sub-Lorentzian manifold, rank H = k + 1. Let
Xo,X1,..., X be an orthonormal basis for (H, g), defined on an open set U C M,
where X is a time orientation. An absolutely continious curve v: (a,b) — M is
said to be nonspacelike future directed, if ¥(t) € Hyy, g(7(t), Xo(v(t))) < 0 and
g(%(t),¥(t)) < 0 for almost every ¢ in (a,b). It can be proved (see [7]) that up to a
reparameterization all nonspacelike future directed curves in U can be obtained as
trajectories of the following affine control system on U:

k
(1) §=Xo+ Y uXi,
1=1

where the set of control parameters is equal to

k
C{uE]Rk; Zufgl},
i=1
i.e. to the unit ball centered at 0. Note that () is not uniquely determined by the
structure (H|v, g), it depends on the choice of an orthonormal frame Xg, X1, ..., Xj,
where Xy is a time orientation. However, any two such systems are equivalent in
the sense that they have the same set of trajectories.

Affine control systems frequently arise in various fields of mathematics and
physics (cf. [I], [I4]), so it is worth noting that our results can be used to classify
such systems in the case where M is a 3 dimensional Lie group, g is left-invariant
and k£ = 1. For more general systems, Cartan geometry applies equally well, and
so the outline given here can also be used in such cases.

3. CARTAN GEOMETRIES ASSOCIATED WITH STRUCTURES ON FILTERED
MANIFOLDS

3.1. Geometric structures on filtered manifolds. A filtered manifold is ba-
sically a manifold endowed with a filtration of the tangent bundle. A manifold
with a bracket generating distribution endowed with a (pseudo) sub-Riemannian
structure with constant symbol sits within the purview of the general theory of
geometric structures on filtered manifolds. In this section we briefly describe some
basic constructions from nilpotent differential geometry [I3]. Our aim is to illus-
trate a general strategy for the construction of canonical Cartan connections related
to geometries on filtered manifolds.

Definition 1. A filtration of the tangent bundle of a manifold M is a sequence
{F"};cz of sub-bundles of TM such that
i FY = {0},
i Fitlc FY
i Ujez F' = TM,
iv [E, F')C B, Vi je,
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where F' denotes the sheaf of germs of local sections of F*. A filtered manifold is
a smooth manifold M equipped with a filtration of the tangent bundle.

A filtration naturally arises from a smooth bracket generating distribution D.
Set F' = {0} for all i > 0 and let F ~! denote the sheaf of germs of local sections
of D. For i < 0, we inductively define a sequence of sheaves by setting I -1 —
F'+[F',E7Y). The filtration is the sequence {F"'} where each F’ is the union of
stalks F' = Upen E' |-

If gr ,T,M = F,"/F, "', then the graded tangent space is the vector space

k
grT,M = @gr_i T,M.
i=1
If X e (F~%) and Y € I'(F~7) are local sections defined on a neighborhood of p,
then we have

(X + D(F~FY), Y 4+ D(F791Y) = [X, V] + D(F~ 04+

on some neighborhood of p, and it follows that the Lie bracket of vector fields
induces a well defined Lie bracket on gr7}, M thus defining a stratified nilpotent Lie
algebra of step k. Lie algebra gr7,M is often called a symbol Lie algebra of the
filtration F' in the point p. We say that a filtered manifold is of type m if gr T, M
equipped with the induced Lie bracket is isomorphic with m as a stratified nilpotent
Lie algebra at every point p.

Definition 2. Let U be an open subset of a filtered manifold M of type m. A local
weighted frame is a map ® : U x m — grTM such that for each point p € U the
map P, : m — gr7T,M is a strata preserving Lie algebra isomorphism. The union
of germs of local weighted frames over all points of M defines an Aut(m)-principle
bundle which we refer to as the weighted frame bundle of the filtered manifold M
of type m.

Definition 3. If M is filtered of type m then a local frame {E]_l} of TM is said to
be adapted if there exists a weighted frame ® such that ®(p, e;i) = E;Z(p) +Fp_i+1
where e;* form a basis of m_;. If {w’;} C T*"M is the set of dual elements to
{E; "}, then the map e;* ® w?,;: TM — mis called an adapted coframe.

Definition 4. A first order geometric structure on a filtered manifold of type m is
a reduction of the weighted frame bundle to the subgroup Gy C Aut(m). We call a
weighted frame which belongs to the reduced bundle a weighted frame adapted to
the structure.

Consider a (pseudo) sub-Riemannian structure which is defined by a pseudo-
Riemannian metric g on the distribution H C T'M. If the distribution is bracket
generating then M is a filtered manifold and the metric g defines a metric (pseudo)
sub-Riemannian symbol (g, m) in every point. If metric symbols are equivalent for
all points we say that the corresponding structure has constant metric symbol. For
such structures the weighted frame bundle can be reduced to the structure group
Go € SO(m_1) which gives us a canonically defined first order geometric structure
on M.

3.2. Cartan geometries as a generalization of homogeneous spaces. A ho-

mogeneous space for a Lie group G is a manifold M on which the Lie group G

acts from the right both transitively and effectively. If H is the stabilizer of an

arbitrary point p € M then H is a closed Lie subgroup of G. The manifold M is

diffeomorphic to the right coset space G/H under the action (Ha)g = H(ag).
Consider the 3 natural actions which are defined for all Lie groups G:
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o left multiplication Ly(a) = ga,
e right multiplication R,(a) = ag,
e conjugation C,(a) = gag™?,
All maps above are diffeomorphisms and their differentials are denoted by L., Ry
and Ad, respectively. In particular, the tangent map

Lg—l*: TgG —T.G

is an isomorphisms of tangent spaces. The Maurer-Cartan form w: TG — g is
defined pointwise by @y = Ly-1, and satisfies the following 3 properties which will
be crucial in the definition of Cartan connection:

(1) @y: TyG — g is an isomorphism;

(2) Ryo = Ady@;

(3) for all left-invariant vector field X we have @y (X,) = X..

We introduce the commutator on forms with values in a Lie algebra g defined by

[a, BI(X,Y) = [a(X), BY)] + [B(X), (Y)].
In particular
[a(X), a(¥)] = 5la, al(X. V)
If e; is basis of g, o = >, ;@ oy and B = >, €; ® B4, then [o, f] is defined by

[Oé, /8] = Z[eia 6]] & a; N ﬂj
4,J
One of the key properties of the Maurer-Cartan form @ is that the following
structure equation holds:

1
di + 5 [@,%] = 0.

To show that structure equation holds, it is sufficient to check it for left-invariant
vector fields. Using Cartan’s formula we obtain

d3(X,Y) = X(Y) - Yo(X) — &([X,Y])
= ~5(IX,Y]) = ~[2(X),6(¥)] = ~3[5,3)(X, V),

where X and Y are left-invariant vector fields.

Cartan geometries generalize homogeneous spaces G — G/H simply by con-
sidering a general principal H-bundle G — G/H and prescribing an object on G
analogous to the Maurer Cartan form on G, where properties analogous to (2) and
(3) above are only required to hold with respect to H.

Let g and h denote the Lie algebras of the Lie groups G and H respectively.

Definition 5. A Cartan geometry of infinitesimal type (g, ) on a manifold M is a
principal H-bundle G over M together with a form @ : TG — g, called the Cartan
connection form, having the following properties:
(1) @p: T,G — g is an isomorphism;
(2) Ri@=Ady,+ @ for all h € H;
(3) @(X*) = X where X* is a fundamental vector field corresponding to X € b,
ie., X*f(p) = & f(pexp(tX))|i=o-

The Maurer-Cartan structure equation doesn’t hold for general Cartan connec-
tions. The g-valued 2-form Q € g ® A°TG* given by the formula

Q =dw+

[w, @],

N | —
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is called the curvature form. A fundamental property of the curvature is that
v, 1€, = 0 for all v, belonging to the vertical sub-bundle V = kerm,, where
m: G — M is the natural projection, see [I6] p. 187].

On the manifold M the relevant object to study is the pull back of the Cartan
connection by a section of the principle bundle G.

Definition 6. Given an arbitrary section s: M — G, the Cartan gauge correspond-
ing to s is the one form w = s*©.

Consider a change of section 5 = sh, where h: M — H. Then the Cartan gauge
changes in the following way:

(2) w=50w=Ady-1w+h'wyg = Adp,-1w + hildh,

where wy is Maurer-Cartan form on H.
The pull-back of the curvature € on the principle H-bundle G is a two form
Q) = s*Q) on the manifold M and is given by the following formula

1
Q=dw+ §[w,w].

If we change section § = sh the curvature on the manifold changes by the adjoint
action of h1:

(3) Q=50=Ad,-1 Q.

3.3. Cartan connections associated with structures on filtered manifold.
The problem of equivalence between geometric structures on manifolds is typically
solved by applying Cartan’s method of equivalence to produce a Cartan connection
and use its curvature as the natural invariant.

When the underlying manifolds are filtered, the target Lie algebra for a Cartan
connection is given by the Tanaka prolongation of the pair (m,go) where go is a
subalgebra of the strata preserving derivations of m such that Gy = exp(go), see
[19].

Consider a graded nilpotent Lie algebra m = m_; & --- d m_;. Let gg be a
subalgebra of the grading preserving derivations of m. The Tanaka prolongation
of the pair (m,go) is the graded Lie algebra g(m,go) where g;(m,go) = m; for
—k <i<0, go(m,go) = go and for each i > 0, g;(m, go) is inductively defined by

gi(m, 00) = { € @ oip(m,00) © 07, | #((X, ¥]) = [p(X), V] + [X, 0(V)] }.

p>0

The pair (m, go) is said to be of finite type if g;(m,go) = {0} for some ¢, otherwise
it is of infinite type and g(m, go) is infinite dimensional.

Consider a first order geometric structure of type m on the filtered manifold
M. Let g = g(m,go) and g+ = ®i>08;- We define a trivial H-principal bundle
G = H x M where

H = Go x explgs).

With the given first order geometric structure we associate a family of adapted
Cartan connections of type (g, h).

Definition 7. A Cartan connection w: T'G — g is called adapted if for an arbitrary
section s: M — G, the corresponding Cartan gauge w: TM — g, has the property
that the m valued part forms an adapted coframe.

To obtain invariants of the initial geometric structure we want to associate a
unique adapted Cartan connection to the structure. The construction of the desired
connection can be done using normalization of the structure function.
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Definition 8. The curvature function k: G — Hom(A%g_, g) of a Cartan connec-
tion @ is defined by the formula

E(X,Y)=Q (@ '(X),a" (V).
A built in property of the curvature function is that it is H-equivariant, i.e.,
Rik = Adp-1k.

The vector space Hom(A?g_,g) = g® /\2 m* has a natural grading. Elements in
the subspace g; ® m*; Am” ; are assigned weight w =141+ j.

Definition 9. We call a Cartan connection and underlying Cartan geometry regular
if k takes values in Hom(A%g_, g)+, where + subscript means a positive degree part
of a space.

Definition 10. A subspace N C Hom(A%g_,g), is called a normal module if:

(1) N isan H module with respect to the adjoint action of H on Hom(A?g_, g);
(2) Hom(A%g_,g)+ = N @ 0 (Hom(g_, g)+), where 9 is the Lie algebra differ-
ential.

The existence of unique Cartan connection associated with a geometric struc-
ture is a fundamental starting point in the study of equivalence problems for the
given geometric structure. For example regular parabolic geometries (i.e. with
semi-simple model group) admit a natural and uniform notion of normal Cartan
connection [2]. The general result regarding existence of normal Cartan connections
can be formulated as follows:

Theorem 2. [I3] p. 92] Consider a geometric structure with an infinitesimal model
(g,h) on a filtered manifold. Then for every normal module

N C Hom(A%g_,g)+

there exists a unique reqular Cartan connection adapted to the structure such that
the curvature function takes values in N.

In the next section we are going to construct various invariant objects associated
with sub-Lorentzian structures on a contact 3-manifold M. The main ingredients
are a normal module and the corresponding normal Cartan connection given by
Theorem[2l A canonical pullback of the Cartan connection to M induces differential
invariants for the structures at the level of M and allows us to construct canonical
frames for sub-Lorentzian contact structures.

4. INVARIANTS OF 3-DIMENSIONAL SUB-LORENTZIAN CONTACT STRUCTURES

4.1. First order geometric structures associated with 3-dimensional sub-
Lorentzian contact structures. The sub-Lorentzian contact structure is given
by a contact distribution H and a sub-Lorentzian metric g which is defined on H.
Let X7 and X5 be an orthogonal frame of H in the following sense:

g(XlaXl) - _17 g(XlaXQ) = 0) g(X23X2) =1

We choose a contact form 7 so that dn(Xy, Xs) = n([X2, X1]) = 1 and denote the
corresponding Reeb vector field by X3, i.e., X51dn = 0 and n(X3) = —1. The Lie
brackets are then given by 6 structure functions according to the following relations:

[Xl, Xg] = C%3X1 + C%gXQ
[XQ, Xg] = C%3X1 + C§3X2
[Xl, XQ] = C%2X1 —+ C%2X2 + X3.



3-DIMENSIONAL LEFT-INVARIANT SUB-LORENTZIAN CONTACT STRUCTURES 9

The coframe dual to the frame { X7, X5, X3} is an adapted coframe and denoted
{61,02,05}. Using Cartan’s formula we get following structure equations for the
adapted coframe:

df; = 0%292 N 0}393 N 05393 A 0o
d92 == 05292 A 91 + 6?393 A 91 + 63393 A 92
dfs = 05 N 01
Since d?03 = 0 we immediately get that cl5 + ¢33 = 0, hence letting c}; = ¢ and
c3, = —c we get
[Xl, Xg] = CX1 + C%gXQ
(4) [XQ; X3] = C%gXl — CX2
[Xl, XQ] = C%2X1 + C%2X2 + Xg.

d91 == 0%292 A 91 + 693 A 91 + 05393 A 92
(5) dfy = 6%292 A0 + 6%393 A 01 — clz N O

dfs =02 N 0.

If H denotes the contact distribution and g denotes the sub-Lorentzian metric
on H, then the filtration of the tangent bundle is given by
FO:{O}ﬂ F71ZH5 F72:H+[H7H]a
where gr_; TM = H. The type in such cases is given by the Heisenberg algebra.
In particular
m=m_o® m_q,

where m_; = (e1,e2), m_o = (e3) and [e, ea] = e3.
An adapted to sub-Lorentzian 3-dimensional contacts structure weighted frame
takes the form

(I)(pael) - Yi cH
q)(pv 62) - Y2 S H
®(p,e3) = [Y1,Ya] € TM/H

where ¢g(Y1,Y1) = —1, g(Y1,Y2) = 0, g(Ya,Y3) = 1. Since our interest is in ts-
isometric equivalence, we consider the SOfl(R)—principIe bundle of ts-oriented
weighted frames. It follows that adapted to the structure frame is of the form

Er(p) = a12(p) X1 + az2(p) X2,

Es(p) = a12(p) X1 + az2(p) X2,

E3(p) = b1(p) X1 + b2(p) X2 + Xs,

where (Z;Eg Ziigg) € SO, (R) and X1, Xy, X3 are as in (@).

For sub-Lorentzian structures on a contact three manifold, the pair (m, gg) con-
sists of the Heisenberg algebra m = span {e1, e2, e35 = [e1, 2]} and g is spanned by
{e4} with relations

le1, e2] = e3, [es, e1] = e, [e4, €2] = €1.

Lemma 1. The Tanaka prolongation for this structure is g(m,go) = m @ go.
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Proof. Consider an arbitrary element ¢ € go ® g*; € g_1 ® g7 5 in the first prolon-
gation. Then

0= ¢([e1,e3]) = [p(e1), es] + [e1, p(e3)] = [e1, p(es)],
0= ¢([e2,e3]) = [p(e2), €3] + [e2, p(e3)] = [e2, p(e3)].

Since p(e3) € g—1 it must be equal to 0. Let p(e1) = a1eq and p(ez) = azeq. Then
the following equality shows that ¢ = 0:

0= p(e3) = ¢(le1, e2]) = [ares, e2] + [e1, aze4] = are; — ages.
O

4.2. Normal Cartan geometry associated with 3-dimensional sub-Lorentzian
contact structures. As shown in Lemma [T the infinitesimal flat model for sub-
Lorentzian structures on contact 3—manifolds is given by the 4-dimensional graded
Lie algebra

g=9-2D9-1Dgo
with basis {e1, ea, €3, €4} satisfying the following relations:

[e1,ea] = es, [es,e1] = ea and  [eq, e2] = ey,

where g_o = span{es}, g1 = span{ej, ea} and go = span {e4}.

A Cartan connection for sub-Lorentzian contact structure on a 3-dimensional
manifold M is defined on a principle SOfl(]R)—bundle G. Since we are interested
in local equivalence, we can assume G is the trivial bundle SOII(R) x U where U
is an open subset of M.

Consider an arbitrary Cartan connection @ = » ., @e;: TG — g for sub-
Lorentzian structure on a 3-dimensional contact manifold M. The curvature of
this connection is

4
B0 =3 Y keosnag: A2TG - g,
=1 1<i<j<3

1
Q=do+ =
w+2

and the corresponding curvature function has the form
4

k= Z Z kfjel ®e; Nej: G — Hom(A%g_, g).

1=1 1<i<j<3
Proposition 1. For an arbitrary sub-Lorentzian structure there exists a unique
Cartan connection @ =Y. wie;: TG — g with the curvature function taking values
in the following 6-dimensional SOfl(R)-module N:
e1@e] Nes —ea@es Nes; e1 ®@ey Aes; ea el Aes;
e1@e;Nes+ea®@esNel; ea®e] Aes; eq @ el Nes.
Proof. In order to use Theorem 2 we need to show that N is an SOIl(R)—module
and is complementary to the image of Lie algebra differential
d: Hom(g_,g)s — Hom(A%g_,g)4.
The image of the differential 0 is generated by the following 5 elements:
e1@ejNes—eg@esNes; ea®el ANesy+e3® el Aes;
e1®ej Nes; ea®e] Nes; eg@el Ney —ea@el Nes —ep Qes Aes,
and doesn’t intersect N. The space Hom(A?g_, g)+ is 11-dimensional, therefor N
is complementary to im 0.

An element h € SOL(R) acts naturally on 2-dimensional space (e1, e2), acts by
inverse transform h~! on (e}, e}) and trivially by identity on {es,e4, €3, ej}. This
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defines and action of SOfl(R) on Hom(A?g_, g); and we can see that N is in fact
an SO, (R)-module. O

Proposition 2. Assume that the the curvature function of the Cartan connection
belongs to the module N defined in Proposition [l Then the coefficient of

e1@ejNes+ e ®es Aes

s equal to zero.
Furthermore, the coefficients of ea®e}Ae; and esRe3Nes are linear combinations
of the covariant derivatives of the coefficients of

* * * * * * * *
e1®@ej Neg —ea®ey Neg, e1@ey Neg and e ®ej Nes.

Proof. Let Q = do + 1@, @] be the curvature of the normal Cartan connection

@. The fact that curvature function k(-,-) = Q (@~1(-),@~'(-)) belongs to N is
equivalent by definition to

Q=/</’1(€1 ® w1 AWz + 2 @ W AW3) + kaler ® 01 A w3 — ea ® W A @3)+

(6) kse1 @ o A W3 + kgea ® 01 A w3 + kseq ® w01 A w3 + kgeq @ Do A 3.
The Bianchi identity [I6 p. 193] states that
(7) dQ + [@,9Q] = 0.

By (@), dQ has a trivial projection onto es. Moreover, using @ = Y . e; ® @; and
directly calculating gives

[C:J, Q] = 2]€1€3 X (:11 A C:JQ A (:13 mod <€1, €2>

and so k1 = 0.
Consider now the projection of Bianchi identity on g_1 = (e1, es). The g_;-part
of [, (] is given by

(8) [61(:)14—62(:}2, kses®w /\(I)g-‘rk664®(:)2/\(:}3] = kse101 Ao AWz — kgeato] Ao AWs3.
The formula for g_;-part of d is also straightforward:
(9) dQ = ((Xlk/’z; — ng/’g)el — (X2k4 + Xlkg)eg) w1 Awa Aws mod Wy,

where X; = &~ '(e;) € T(TG) are universal covariant differentiations defined by the

normal Cartan connection, see [16, p. 194]. Comparing ([8) and ([@) we conclude
that

ks = Xoks — X1ks, ke = Xoks + X1ko.
O

We denote by N the “essential” part of N which by Proposition [2] is the sub-
module generated by

K=e®e] Nes —ea®e5 Aes,
(10) X =€ ®e5Aes,
Y =ex®e] Aes,
Since SOfl(R) acts on e} by identity we see that actually SOfl(R) acts on K,

X andY ason e; ®e] —ea®el, e ®e;5 and ea @ e]. The later is exactly the adjoint
action of SOfl(R) on sly(R) given by A — TAT~! where

cosh(t) sinh(t
(1) K=(00%), X=(§h), Y=(98) and T=(Sn0 im0,
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4.3. Local computation of normal Cartan connection. Consider a princi-
ple SOT,(R)-bundle G = SOY(R) x U where U is an open subset of M. Let
w: TG — g be an arbitrary Cartan connection adapted to the sub-Lorentzian struc-
ture (M, H, g). For an arbitrary section s: U — G the corresponding Cartan gauge
w = s*w: TU — g adapted to the sub-Lorentzian structure has the form:

w=¢e1 Qws+ e ®ws+ e3 Qw3+ €4 wy,
where
w1 = a1101 + G1202 + a1 03,
wo = a2101 + G202 + (203,
w3 = 03,
wa = 101 + 202 + B30
and the matrix (a;;) is an element of SOT (R). Changing the section by the right

action of suitable element in SOII(R) according to formula [2] gives the following
lemma.

Lemma 2. There exists a unique section such that a Cartan gauge adapted to the
sub-Lorentzian structure has the form:
wy = 01 + a0,
wa = 03 + 203,
w3 = 03,
wy = 161 + Baba + B30s.
If w=s*Q then Q = s*Q: A2TM — g is given by Q = dw + 1[w,w] which for
our specific case takes the form:
D=1 00 +e2 @0 +e3 @03+ es4 @y,
where
N = dwi — wa N\ wy,
Qo = dws — wy A wy,
Q3 = dws — wa N wy,
Oy = dwy.

In accordance with Propositions[I] and 2] the normal Cartan connection satisfies
the conditions

Q3 =0,
Q;, =0 modws,1=1,2,4.
The first condition is :
Q3 =dws —ws Awy = aiwz A wy — aswz A wy = 0.

Therefore, &y = as = 0. The second normalization condition is €21 mod w3 = {2
mod w3 = 0. This condition gives us:

O =dwy —wa Awyg = (1 — cb)wl Aws =0 mod ws,

QQ = dWQ — w1 Nwy = (752 - cﬁ)wl N wg = 0 mod w3,

From the formulas above we obtain 81 = cl, and 82 = —c2,. The last normalization
condition is €24 mod w3 =0:

Q= dwy = (—f3 — X2(B1) + X1(B2) — Prcia — acir)wi Awz =0 mod wy
We obtain that 83 = (c25)? — (c15)? — X1(c25) — Xa(cly).
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To summarize, the coefficients of {2 have the form:

(12) Q) = — cwy Aws — (ca3 + B3)wa A ws,

(13) Qo =— (C%3 + B3)wi A ws + cwa A ws,

(14) Q25 =0,

(15) Q= (X1(B3) — X3(B1) — Bic — Bacis) w1 Aws

(16) + (X2(B3) — X3(B2) — Bichg + Bac) wa A ws.

Where 31 = C}za B2 = _6%2 and 3 = (0%2)2 - (0}2)2 - X1 (C%Q) - X2(C}2)-

4.4. Invariants of sub-Lorentzian structure. A normal Cartan connection is
a special type of absolute parallelism. The problem of equivalence of absolute par-
allelisms is a classical subject and was studied in details for example in [I8]. In
particular, local invariants of an absolute parallelism are precisely its structure func-
tion and its consecutive covariant derivatives. A finite number of these invariants
uniquely (up to local equivalence) determines the absolute parallelism.

Applied to a normal Cartan connection, this means that all local invariants
of a given Cartan connection can be derived from its structure function and con-
secutive covariant derivatives. However, due to H-equivariance of the structure
function k: G — Hom(A?g_, g), one can simplify k by introducing a canonical sec-
tion s: M — G and considering a canonical pullback k = s*k. This allows us to
obtain invariants generated by k that are defined on the manifold M instead of the
principal bundle G.

Let kny be the part of the curvature function taking values in the module N
generated by (I)). According to Proposition 2] the entire curvature function k can
be expressed through ky using covariant differentiation. Therefore we need only
focus our attention on ky: M — sla(R).

Under the adjoint action, the S Ofl(R)—module 5l2(R) has 2 irreducible submod-
ules. One is generated by the matrix

(17) m=(ﬂ»gﬁ.

and the other generated by the pair of matrices

-1 0 0 -1
(18) ﬁ(o J mﬂhQ 0)
If we write ky = kfy + afi + bfs then

1 2
Caz + C13
2

ey +c?
k=B + = (o) — (cha)? = X1(chy) = Xolef,) + 212,
a=c
b= (c33 — ci3)/2
Under the change of section 5 = Ry (s), h: M — SO7 | we get
ky = 5ky = Adp-1(s*ky) = Adp-1 (kn).

Since SOT  (R) acts on () as the identity, x doesn’t depend on the choice of section
and is an invariant. We summarize this observation in the following proposition.

Proposition 3. The following expression

19 _ C%BJFC%sf 232 _ (¢ )2 X (e20) — Xo (el
(19) ’1*53+72 = (c12)” — (c12) 1(c1a) 2(c12) +

is an invariant of time-space orientation preserving structure.

1 2
Ca3 + C13
2



14 MAREK GROCHOWSKI, ALEXANDR MEDVEDEV, AND BEN WARHURST

Consider now the submodule of sly(R) generated by

(20) (_“b _ba) .

The corresponding part of ky is

053—%3
(21) haf1+bf2<0201 2 )

13— C23 —c

and it depends on the choice of section s: M — G. To obtain an absolute invariant
of the structure we factor the expression at (2I]) by the action of SOfl(R).

Proposition 4. For every 3-dimensional contact sub-Lorentzian ts-oriented man-
ifold there exists a section s such that the invariant h has the following form at a
given point:

(1) If h =0 then:

{00 GG )

(2) If det h > 0 then:

(3) If det h < 0 then:

_(x 0
(")
Moreover if h # 0 such a section is unique.

Proof. If T' = (Z?jﬁ((:)) ::;}}118) € SOT, (R) then the adjoint action on h is given by

(22) LT — ( cosh(2t)a + sinh(2t)b sinh(2t)a + cosh(2t)b ) -

—sinh(2t)a — cosh(2t)b  — cosh(2t)a — sinh(2t)b
If det h = b? — a? > 0 then the equation
cosh(2t)a + sinh(2t)b =0

has the solution ¢t = %ln(lg;—g) and h takes the form in item (2) with

(23) X = sgn(a + b)\/b? — a?.
Similarly, if det A < 0 then the equation
sinh(2t)a + cosh(2t)b =0

has the solution ¢ = 1 In(%=2) and h takes the form in item (@) with

b+a
(24) x = sgn(a + b)va? — b2
If det h = b% — a? = 0 then
(25) B — ( a :I:a)
Fa —a
and the adjoint action of T is simply T-'hT = exp(£2t)h, which depending on
sgn(a), has exactly one of the forms in item (IJ). O

Since a = ¢ and b = (ci3 — ¢34)/2 we have the following Corollary.
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Corollary 1. Assume that det h # 0 for sub-Lorentzian contact structure. Then
the following expression is a local invariant of ts-oriented structures:

12 1 21\2
ngn<c+70232013> ‘<76232013> —c2|.

Corollary 2. If a sub-Lorentzian contact structure on a contact 3 manifold M
satisfies h # 0, then Proposition[§] defines a unique normal frame 6 = s*w_.

Proof. The change of section s — s-h, h: M — SOfl(R) for the Cartan connection
is equivalent to the change 6 — Ady(6) of associated frame 6 = s*w_ due to the
formula (2)). Therefor existence and uniqueness follows from Proposition [l (]

5. CLASSIFICATION OF LEFT-INVARIANT SUB-LORENTZIAN STRUCTURES

5.1. Classification of real 3-dimensional Lie algebras. To begin we review
the classification of real 3-dimensional Lie algebras following Snobl and Winternitz
[T7]. If g is a real 3-dimensional Lie algebra then we define g") = [g, g] and divide
into the cases : dimg(® = 0,1,2,3. The cases dim g') = 0 is the abelian algebra
and the case dim g") = 1 determines two classes, namely the Heisenberg algebra
and the affine algebra. The cases dim g(*) = 2 give rise to significantly more classes
corresponding to eigenvalues of adx | g1, where X ¢ g, Finally, in the case
g") = 3 there are only 2 non-isomorphic semi-simple Lie algebras, namely sl (R)
and suz(R)

Theorem 3. Any 3-dimensional Lie algebra is isomorphic to exactly one of the
following algebras:

dimg® =0
L(3,0): [Ey, Es) =0, [Ey, E3] =0, [Fy, B3] =0, (R?)

dimg® =1
L(3,1) : [E1, Es] = E3, [E1,E3] =0, [Es, 3] =0, (Heisenberg)
L(S, —1) : [El, EQ] - El, [El, Eg] - 0, [EQ, E3] == 0, (A+(R) &) R)
dim g™ =2
L(3,2,m) : [Er, E2] =0, [Er, B3] = E1, [E2, B3] =nkEs, 0<|n[ <1,
L(3,4,n) : [Ey, 2] =0, [Ey, B3] = nEy — Ea, [E2, B3] = By +nkEa, n € [0,00),
L(3,3) : [E1, Eo] =0, [Ey, B3] = E1, [E, B3] = By + Eo,
dimg® =3

L(3,5) : [Ey, Eo] = By, [Ey, E3] = —2Fs, [Bs, E3] = Ej3, slh(R),
L(3,6) : [En, Eo] = B3, [En, B3] = —Ea, [Eq, E3] = E1, suz(R).
We review the proof of the classification theorem as it provides the procedures

for putting a given algebra into its canonical form.

Proof. If dimg") = 0 then g is the three dimensional abelian Lie algebra L(3,0).
If dim g™") = 1 then there exists Z € g such that g") = span {Z} and so it follows
that for any basis of the form {X,Y, Z} we have

[X,Y]:OQZ, [XaZ]:OQZv [Y7Z]ZQBZ-
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Direct calculation shows that [g, [g, g]] = {0} if and only if ay = ag = 0. More-
over, if as = a3 = 0 then g is the Heisenberg algebra. Indeed, if £y = X, Ex =Y
and F3 = o1 Z then

[Er, Es) = E5, [E1,E3]=0, [E2, E3]=0.
If a3 # 0 then

1
E1 = Z, E2 = ——K E3 = a3X — a2Y +041Z
a3

is a basis with bracket relations:
(26) [E1, By = By, [E1,E3] =0, [E2 E3]=0.
Similarly, if as # 0 then

1
E1:Z, EQZ——X, Egz—a3X+a2Y—a12
Q2

is a basis with the same bracket relations as in (20]) above.

The Lie algebra defined by (28] is denoted L(3,—1) and has the decomposition
L(3,-1) = L(2,1) ® L(1,0) where L(2,1) is the subalgebra spanned by {F1, Fs}
and L(1,0) = span{Es}.

Next we assume dim g") = 2. There are only two 2-dimensional Lie algebras.
Therefor g(!) is abelian since g(!) doesn’t contain semi-simple elements (g is solv-
able). Furthermore, rank adx [;a) = 2 for any nonzero X ¢ g, We conclude that
the map adx |, is an isomorphism g(*) — g™ which doesn’t depend on X ¢ g(»).

There are three subcases to consider: adx |g<1> diagonalises in GL(g(l)), adx |g(1)
diagonalises in GL(g(l) ®@rC), adx |g<1> does not diagonalises. We get the following
classes:

L(352a77) : [ElaEQ] = Oa [ElaE3] = Ela [EQaE3] = nEQa 0< |77| < 1a
L(3,4,n) : [Ey, Eo] =0, [Ey, B3] = nEy — Ea, [Ea, B3] = By +nkEa, 1 € [0,00),
L(3,3) : [E1, Eo] =0, [Ey, B3] = E1, [E, B3] = By + Es.

Case: adx diagonalises in GL(g")). Suppose the eigen values of adx |g are
A, A2 € R, [A] > |Ao] with V3, V5 € g™ denoting corresponding linearly indepen-
dent eigen vectors. Then the basis

1
Ey=V1, Ey=Vs, EBZ*)\—X
1

satisfies the L(3,2,n) bracket relations with n = i—f, 0<n <1.
Case: adx diagonalises in GL(g™™) ®g C). In this case the eigenvalues are a
conjugate pair (A, \) and there exists a nonzero W = U + iV € g @g C such that

[X, W] =AW, If RA/IA > 0 then the basis
1
Bi=U, Ey=V. Ey=-z5X
satisfies the L(3,4,n) bracket relations with n = RA/SA. If RA/SA < 0 then
1
By=U, Ey=-V, Ey=zX
satisfies the L(3,4,7n) bracket relations with n = —RA/SA. It is known that
L(3,4,s) ~ L(3,4,t) if and only if ¢t = +s.
Case: adx does not diagonalises. In this we consider the Jordan form of ad x | g1
in particular we can choose the basis {Y, Z} so that adx is given by the matrix

Al 1
(0 )\), A= itradx.
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Then the basis
E, = %Y, Ey=2, Es—= fix
satisfies the L(3,3) bracket relations.

In the case dimg®) = 3 we use the fact that there are just 2 semi-simple real
Lie algebras of dimension 3. One can distinguish L(3,5) and L(3,6) via the Killing
form. Indeed L(3,5) = sly(R) is a split real form of sly(C) with sign-indefinite
Killing form and L(3,6) = suz(R) is a compact real form with negative negative
definite Killing form.

O

5.2. Left-invariant sub-Lorentzian contact structures in dimension 3. Now
we are going to proof Theorem [l If the sub-Lorentzian structure is a left-invariant
structure on a Lie group then all the invariants are constant. In particular for the
3-dimensional sub-Lorentzian case
c3 +cls

2

1 2
c C23—Ci3
h = 2 1 2 .
€13~ Ca3 —c
2

In order to obtain classification we consider canonical frames given by Proposition
[l and Corollary

k=—(c19)? + (c1)? +

and

5.2.1. Case h = 0. This case needs special consideration since Proposition dl and
Corollary 2 doesn’t provide canonical frame for this particular case.
We have ¢ = 0 and ¢?; = ¢33 = 7, hence the Lie brackets are

(X1, X3] = 7X2
(X2, X3] = vX,
(X1, Xo] = ¢, X1 + 2, X0 + X3
and
[X1, [X2, Xs]] + [Xo, [X3, Xu]]+[X5, [X1, Xo]] = [X5, [X1, Xo]]
= —70%2X2 - VC%QXI-

The Jacobi identity forces v = 0 or ¢}, = ¢, = 0, which lead to the following two
possible Lie algebra structures:

A: [Xl,X3] =0 B: [Xl,X3] :’7X2
[ X2, X3] =0 (1= (cfp)” — (c12)") [Xo, X3] =7X1 (r=7)
(X1, Xo] = ¢ X1 + ¢}, X2 + X3 (X1, Xo] = Xs.

If ¢, = ¢}, = v = 0, then both algebras A and B are isomorphic to the
Heisenberg algebra L(3,1). If v # 0, then v = x and B is isomorphic to sl3(R) =
L(3,5) via the isomorphism given by the following change of basis:

1 1
By =X+ Xy, Eo= EXB b3 = E(Xl — Xo).

Furthermore, the sub-Lorentzian metric is —(1/2x)K where K is the Killing form.
If ¢ly # 0 or ¢, # 0, then the algebra A is isomorphic to L(3,—1). Indeed,
according to cly # 0 or ¢35, # 0, the isomorphism is given by the corresponding
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change of basis:

c? 1 cl 1
1) E1:X1+%X2+TX3 2) Eli%Xl +X2+TX3
C12 C12 C12 C12
1 1
(27) By = —X, By = ——5X,
‘12 C12
Es = X3 By = —Xj.

Theorem 4. If k is nonzero and identical for A and B, then the sub-Lorentzian
structures are locally ts-isometric.

Proof. To show this we exploit the fact that corresponding structures are constant
curvature structures.

Definition 11. We say that sub-Lorentzian structure is a constant curvature struc-
ture if the curvature of the corresponding Cartan connection is constant on the
whole principle bundle.

One can see that sub-Lorentzian structure is a constant curvature structure
only if SOf’l(R) acts trivially (identically) on the curvature function. Otherwise
curvature function wouldn’t be constant along fibers of the principle bundle.

Any two constant curvature structures with the same curvature are isomorphic
due to the following theorem.

Theorem 5. [I5, Thm 14.18, p. 433] Let 6 and 0 be two coframes on m-dimensional
manifolds M and M, having the same constant structure functions. Then for any
pair of points p € M and q € M, there exists a unique local diffeomorphism ® :
M — M such that ¢ = ®(p) and ¢*0; = 0; fori=1,...,m.

If follows that there exists a local diffeomorphism of the corresponding principle
bundles which preserves fibers and maps one Cartan connection to the other. Since
the action of G is preserved, the projection of this diffeomorphism gives rise to the
required isometry between the underlying manifolds.

Indeed, let 71 : Gy — M; and m9: Go — Ms be principle bundles corresponding
to sub-Lorentzian manifolds M; and Ms. Let wi: TGy — g and wy: TGy — g be
Cartan connections induced by the sub-Lorentzian structure, and let ¢: G — G5 be
the local diffeomorphism such that @; = ¢*@s. Then for any section s1: M7 — Gy
with image contained in the domain of ¢, the diffeomorphism 75 o ¢ o 51 maps
the frame adapted to sub-Lorentzian structure on M; to the frame adapted to sub-
Lorentzian structure on Ms. Therefore this diffeomorphism automatically preserves
the sub-Lorentzian structure.

The last step in the proof is to check that A and B are constant curvature
structures with the same curvature function. Indeed, formulas on page shows
that curvature function for both cases is

k=r(e1@esNes+ex2®@e] Ney)
and SO (R) acts trivially on it.
O

5.2.2. Case deth =0, h # 0. In this case we have ¢ € {—1,1} and ci3 — ¢23 = £2,
and the brackets are

[Xl, Xg] = CX1 + C%BXQ
[XQ, Xg] = (C%g + 2)X1 - CX2
[Xl,XQ] = C%2X1 + C%2X2 + X3.
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The cases ¢ = 1 and ¢ = —1 can be obtained one from the other by a reversal of
the time orientation or a reversal of the space orientation (but not both simultane-
ously). The underlying transformation is isometric but not ts-isometric. However
the underlying group is unaffected and thus we only consider the case ¢ = 1.

The Jacobi identity

[Xla [XQ) X3]] + [[XQa [XgaXl]]+[X3) [Xla XQ]] == [X3) [Xla XQ]]
= —(c1z + cTa(cf5 £ 2)) X1 + (cfy — c1a633) Xo.
implies that we must also have the following equations:
cio(1+cf3(cf3 £2)) =0, and  cfy = cipciy.

There are three possible solutions:

(1) £2=-2,¢23 =1, % =cly, K =0,

(2) £2=2, ¢y = —1, 3y = —cfy, k=10,

(3) cla =0, cty =0, k = (c35 +cfs)/2.
We see that solutions (1) and (2) give rise to two families of sub-Lorentzian struc-
tures which couldn’t be distinguished by invariants x and h. Therefor we introduce
7 = c}, which is an additional invariant for these particular cases. One could check
that for solutions (1) and (2) 7 is a covariant derivative of h along X;.

In solution (1) the brackets are

(X1, X3] = X1 + Xo
(28) (X2, X3] = —(X1 + X2)
[Xl,Xg] = T(Xl + Xg) + Xg.

which implies that g() = span{X; + X5, X3} . Furthermore we have that

1
aXm |g(1) = (?l— 0)

relative to the basis { X1 + X2, X3}. The characteristic polynomial of adx, [4a) is
t2 — 7t —1 and the eigenvalues are (7 ++/72 + 4)/2. Following the classification pro-

cedure the algebra is L(3,2, i—;) = L(3,2, i—?) where A\; and Ay are the eigenvalues.

In solution (2) the brackets are
(X1, X3] = X1 — X»
(29) (X2, X3] = X1 — X»
(X1, Xo] = 7(X1 — Xo) + X5.

which implies that g(*) = span{X; — X3, X3} . Furthermore we have that

— 1
(30) aXm |g(1) = <_71- 0)

relative to the basis {X; — X», X3}. The characteristic polynomial of adx, [;a) is

t?2 + 7t + 1 and the eigenvalues are (—7 £ /72 — 4)/2. Following the classification
procedure we get the following three possibilities:

(a) If |7| = 2 then the algebra is L(3,3) since ([B0) does not diagonalises,

(b) If |7| > 2 then the algebra is L(3, 2, i—;) = L(3,2, i—f) where A\; and Ay are the
eigenvalues,

(¢) If |7] < 2 then the algebra is L(3,4, |7|/v4 — 72).
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We remark that in solutions (1) and (2)(b) we do have distinct groups. Indeed
suppose that

6%2 + (0}2)2 + 4 _0112 + (0112)2 —4

+1
6%2 - (0%2)2 +4 <_C112 Y (0112)2 - 4)

where cfj denote the structure constant in solution (1) and C’fj denote the structure
constant in solution (2)(b). Then it follows that ci, = Cfy = 0 which contradicts
|Cly| > 2.

In solution (3) the brackets are

(X1, X5 =X1+ (kF1)Xs
(X2, X3 = (k£ 1) X7 — X5
[X1, X2] = X3.
It follows that dimg(*) < 3 if and only if x = 0 which reduces to particular cases
of solutions (1) or (2). If dim g(*) = 3 the Killing form is
K = (25 F2)(x1)? — 4a120 — (265 + 2)(21)? + 2k%(23)%
and so k # 0 implies g ~ L(3,5).
5.2.3. Case deth > 0. In this case we have ¢ = 0 and c}; — c3; = 2, hence the
brackets are
[X1, X3] = cf3 X2
[X2, X5] = (cls — 2X) X3
[X1, Xa] = c1oX1 + ¢1,X2 + X3
and
(X1, [Xo, Xs]] + [X2, [ X3, Xa][+[X5, [X1, Xo]] = [X5, [ X1, Xo]]
= —c1a¢isXa — el (cfs — 2x) X1
The Jacobi identity implies that we also have the following equations:
c1pcls =0 cly(cls — 2x) = 0.

There are three possible solutions:

(1)
(2)
(3)
In solution (1) the brackets are
(X1, Xs] = (k + x) X2
[Xo, X3] = (k = X) X1
[X1, X2] = X5.

C%z =0, 0%2 =0, (k= 0%3 - X)
cla =0, cl5 —2x =0, (k = (c5)* + x)
C%s =0, 0%2 =0, (k= *(0%2)2 - X)-

We note that dim g™ = 3 if and only if k? — x? # 0. The Killing form is
K =2(k+x)(21)% = 2(k — x)(22)* + 2(k* — x*)(23)".

Hence we conclude that if K+ x < 0 and k — x > 0 then K is negative definite and
the algebra is L(3,6) otherwise if k2 — x2 # 0 the algebra is L(3,5).
If x = « then g = span{X,, X3}. Furthermore we have that

0 2
aXm |g(1) = (1 Oﬁ)
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relative to the basis { X2, X3}. The characteristic polynomial of adx, |,q) is t? — 2k.

lo
If k > 0 then the eigenvalues are +1/2x and the classification procedure implies
that the algebra is L(3,2,—1). If k < 0 then the eigenvalues are +iy/—2x and the
classification procedure implies that the algebra is L(3,4,0).

If x = —x then g = span{X;, X3}. Furthermore we have that

0 2k
aJdXz |g(1) == <_1 0)

relative to the basis {X1, X3}. The characteristic polynomial of adx, |4 is 2+ 2k.

If K > 0 then the eigenvalues are +iv/2x and the classification procedure implies
that the algebra is L(3,4,0). If k < 0 then the eigenvalues are ++/—2x and the
classification procedure implies that the algebra is L(3,2, —1).

In solution (2) the brackets are

(X1, X3] = 2x X5
[X2, X3] =0
(X1, Xo] = 1o Xo 4+ X3, ((c5)* =k — X).

and we see that g = span{ X5, X3} . Furthermore, we also have that

1 2
(31) adx, [ga) = (012 SC)

relative to the basis {X5, X3}. The characteristic polynomial of adx, |4 is t* —

c24t—2x and the eigenvalues are (c3,4/(c%5)? + 8x)/2. Following the classification

procedure we get the following three possibilities:

(a) If (c35)* = —8y then the algebra is L(3,3) since (BII) does not diagonalises.

(b) If (cf5)? > —8 then the algebra is L(3,2,4%) = L(3,2,52) where ); are the
eigenvalues.

(c) If (¢25)? < —8x then the algebra is L(3,4,c3y/1/—8x — (¢25)2).

In solution (3) the brackets are
(X1, X3 =0
(X2, X3 = —2x X3
(X1, Xo] = ci1p X1 4+ X3, ((¢12)” = =k — X).

and we see that g™ = span{X;, X3} . Furthermore, we also have that

—cl. -9
(32) adX2 |g(1) = ( fiQ OX)

relative to the basis {X1, X3}. The characteristic polynomial of adx, [gu) is t* +

ciot — 2x and the eigenvalues are (—cl, + /(cl,)? + 8x)/2. Following the classifi-

cation procedure we get the following three possibilities:

(a) If (c{4)? = —8y then the algebra is L(3,3) since ([B2) does not diagonalises.

(b) If (cl5)* > —8yx then the algebra is L(3,2, ’A\—;) = L(3,2, i—f) where \; are the
eigenvalues.

(c) If (c15)? < —8y then the algebra is L(3,4, ciy/v/—(cl5)2 — 8x).

We remark that the solutions (2)(b) and (3)(b) are distinct except when cl, =
+c2, and solutions (2)(c) and (3)(c) are distinct except when ¢y = +c2,. In fact
case (3) can be obtained from cases (2) by multiplying the metric by —1 (i.e.,
timelike becomes spacelike and vice versa).
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5.2.4. Case det h < 0. In this case we have ¢ = x and ¢33 = ¢33, hence the brackets
are

(X1, X3] = xX1 + 13 Xo
(X2, X3] = ¢f5X1 — x X2
(X1, Xo] = c}o X1 + ¢}, X0 + X3
and
(X1, [X2, Xs]] + [[Xo2, [X5, Xa]]+[X3, [X1, Xo]] = [Xs, [X1, Xo]]
= _(C}QX + 032033))(1 + (C%QX - 012053))(2-
The Jacobi identity implies that we also have the following equations:
ClaX + ¢lacl; =0 and  cfhx — cppcfs = 0.
It follows that cly =0, ¢, = 0 and x = %5, moreover the brackets are
[X1, X3] = xX1 + KXo,
[X2, X3] = kX1 — xXa,
(X1, Xo] = X5,

implying dim g(") = 3. The Killing form is
K =2k ((21)” — (22)%) — dxz122 + 2(K* 4+ X7)(23)°.

It is sign-indefinite hence the algebra is L(3,5).
The classification is complete.
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