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ABSTRACT: We find explicit solutions for giant magnons and spiky strings on the squashed
three dimensional sphere. For a special value of the squashing parameter the solutions
describe strings moving in a sector of the conifold, while for another value of the squashing
parameter we recover the known results on the round three dimensional sphere. A new
feature is that the energy and the momenta enter in the dispersion relation of the conifold
in a transcendental way.
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1. Introduction

Integrability is the key concept underlying the recent advances in understanding the
AdS/CFT correspondence in the planar limit. On the gauge theory side, the dilatation op-
erator acts on the long single trace operators as the Hamiltonian of a certain spin chain on
the states of its Hilbert space; therefore the powerful method of the algebraic Bethe ansatz



can be employed to diagonalize the matrix of the anomalous dimensions []. The insertions
of different operators in the trace are treated as impurities (magnons) in the spin chain and
integrability tells that a generic scattering process factorizes into two-magnons scatterings.
This means that the dispersion relation for a single magnon and the two-magnon S matrix
are enough to determine all the spectrum. For the main example of AdS/CFT, namely
the correspondence between type IIB string theory on AdSs x S° and ' =4 SYM, much
progress has been done in this direction and now both the dispersion relation and the S
matrix are available [J-[.

On the string side, the classical solutions corresponding to one magnon excitation are
called giant magnons: they are certain open strings moving in the compact part of the
background with finite angular amplitude. Remarkably, the dispersion relation among
their conserved charges gives the strong coupling limit of the one found from the gauge
theory analysis [I]—[I]. The finite angular amplitude of the giant magnon is identified
with the momentum p of the magnon, which is therefore periodic [[(]. The limit of small p
such that p v/ is kept fixed corresponds to the pp-wave regime [[7, while the intermediate
region with fixed p v/X is called “near-flat space” regime [ [§. Similar classical string
configurations are called single spike strings: they have a finite angular amplitude in one
direction of the sphere as the giant magnons, but they wind infinitely many times around
the orthogonal angular direction [[[J-RI]]. Their interpretation from the gauge theory side
is still unclear.

Despite the deep progress achieved in understanding the integrable structure of the
duality between type IIB string theory on AdSs x S° and N/ = 4 SYM, not many results
are available about integrability in the four dimensional AdS/CFT dualities with less sym-
metries. The example mainly explored in this direction is the 3 deformation of AdSs x S°,
whose background has been found in [PJ and the dual gauge theory is the N' =1 SCFT
obtained through the marginal deformation of the N/ = 4 [R3|. The background is ob-
tained by applying to AdSs x S° a TsT transformation (i.e. a T duality in one angle,
a shift of another isometry variable and another T duality in the first angle) containing
the deformation parameter. Giant magnons and spiky strings have been studied on this
background [24-P7]. The dispersion relation for a single magnon turns out to be the one
of the sphere with the momentum shifted by a quantity which contains the deformation
parameter linearly.!

Another very important class of AdS/CFT dualities with N/ = 1 dual gauge theories
has been obtained by considering type IIB on AdSs x M?°, where the internal M? is a
compact KEinstein-Sasaki manifold, for which the minimal supersymmetry is preserved.
The simplest example of such manifolds is M® = T%!, whose N' = 1 dual gauge theory
has been proposed in [B0]. This geometry arises from the near-horizon limit of a stack
of N D3 branes placed at the conifold singularity. After this example, infinite families of
five dimensional Einstein-Sasaki spaces [B1, B2 and their dual gauge theories [B—pf] have
been constructed. The pp-wave limit for these geometries has been considered in [B7—[E(],

! Another background whose dual gauge theory is N’ = 1 is the Maldacena-Nunez solution R, but the
integrability aspects are less studied here. For the near-flat space limit on this background, see [RY].



while their near-flat space limit has been studied in [[].

As for type IIB on AdSs x T1!, computations have been done on this background, in
order to understand the spectrum of the chiral primaries of the dual gauge theory [, ).

In this paper we find giant magnons and spiky strings solutions moving in a sector of
AdSs x T11. In particular, we consider classical spinning strings moving in the background
R x X, where t € R and ¥ is the three dimensional squashed sphere (b is the squashing
parameter). For b = 2/3, it becomes the consistent sector of R x T%! given by constant
(¢2,02) (namely we shrink to a point one of the two $?’s occurring in the metric of 7'%1);
while for b = 1 it reduces to R x S2, the well known sector of AdSs x S°. In order to
understand the differences between these two special cases, we work with generic b € (0, 1].

By writing explicitly the solutions for the giant magnons and the single spike strings on
R x ¥, we can compute the finite combinations of their energy and momenta, finding also
the dispersion relation of the giant magnons and the single spike strings on the squashed
three dimensional sphere. Then, such dispertion relations can be specialized to the sector
of AdSs x TH! we are interested in and to R x S3 C AdSs x S° as well.

For the giant magnons on the conifold, we get the following dispersion relation

V3. _cos (V3B(E—=3Tp)/2) —cos Ay
2 (£-37) = sin (V3 (€ —37y)/2)

(1.1)

where Ay is the finite angular amplitude of the giant magnons. Instead, in the limit 6 — 1,
our dispersion relation reduces to

2 Apy

(E—-T)*— T3 = 4sin 5

(1.2)
which is the known dispersion relation of the giant magnons on S° Q. The qualitative
difference between ([[.T) and ([[.9) is that on the conifold also the energy and the momenta
enter in the dispersion relation in a transcendental way, while on the sphere they occur
just quadratically. Our results could be helpful also to study the example of non-critical
eight dimensional AdS/CFT considered in [[[4], where the squashed three dimensional
sphere with b = 2/3 occurs in the compact part. Our background gives a submanifold of
AdSy x QYY1 4], therefore our results could be useful also in the context of AdSy/CFTs.

The paper is organized as follows. In the section [}, after having introduced the ansatz
for the solution on the squashed three dimensional sphere, we discuss the differential equa-
tions characterizing the problem and the boundary conditons corresponding to the giant
magnon and single spike string solution. After having written the solutions, we find the
corresponding angular amplitudes. In the section f] we focus on the giant magnon solu-
tion, finding its finite combinations of global charges and the dispersion relation occurring
among them. The limits of pointlike string (BMN, [[7]) and folded string (GKP, [i{]) of
this relation are also considered. An important special case we study is given by the “basic”
giant magnons, which correspond to the giant magnons on R x S2, originally found in [[L(].
This is done for a generic value of the squashing parameter b; therefore one can check for
every step that the limit b — 1 provides the corresponding well known result on the three
dimensional sphere. In the section { we give the finite combinations of global charges and



the dispersion relation for the single spike string while in the section ] we discuss the gauge
operator dual to the giant magnon.

In the appendix [A] we show that the squashed three dimensional sphere for the special
value of the squashing parameter b = 2/3 is a consistent sector of AdSs x T™!. In the
appendix B we briefly discuss the symmetries of 70!, In the appendix [J we show how
the main differential equation we deal with in our problem is related to the double sine-
Gordon equation and to the compound KdV equation. In the appendix D we discuss the
solution of our differential equation in two special regimes, while in the appendix [H we
explicitly write the expressions of some useful integrals occurring in the computation of
the conserved charges. In the appendix [f] we perform the large spin limit introduced in [[7]
for our background, in order to understand a possible relation between the sigma model
and a spin chain.

2. Giant magnons and single spiky strings on R x 3,

In this section we consider classical strings on R x ¥, where Y, is the squashed three
dimensional sphere. First we introduce the ansatz for the solution and write down the key
equation to solve. Then, after having discussed its boundary conditions, we explicitly find
the solutions corresponding to the giant magnons and the single spiky strings on R x Y.

In the appendix [;] we have shown that the submanifold given by either (61, ¢1) = const
or (f2,¢2) = const is a consistent sector of classical string theory on R x 7!, Here
we consider a more general situation by taking the Polyakov action and the Virasoro
constraints on R x ¥, namely with the following target space metric

ds® = —di* + 2 (b (dw — cos0do)® + do* + sin® 0 dg?) (2.1)
where t € R is the time coordinate of AdS5, while ¢ € [0,47), 6 € [0,7] and ¢ € [0, 27) are
the angular coordinates of the squashed three dimensional sphere.

The advantage of using (B-1)) is that for b = 2/3 we get the consistent sector of R x T
described in the appendix [], while for b = 1 the metric (P.]) becomes the well known
metric of R x S3. In order to compare with the previous results, in the b = 1 case it is

better to perform the following change of coordinates

0 =2n VY = o1+ 2 ¢ = 1 — P2 (2.2)

where the ranges for these angular variables are n € [0,7/2], ¢1 € [0,27) and @2 € [0,27).
The target space metric (R.1]) has three isometries corresponding to the shifts of ¢, 1)
and ¢ by independent constants. The momenta associated to these isometries read

py = —T oyt (2.3)
2

py =T bz (871/) — cos 87—(;5) (2.4)

Py = TZ ((b 00829+sin20)87¢—bCOSG8T¢> (2.5)



and the corresponding conserved charges are

E:—/dO'pt Jd,:/dO'pw J¢=/d0’p¢. (26)

In the following we mainly use &€ = E/T, Jy = Jy/T and Ty = J4/T.
In order to find classical solutions for the sigma model characterized by (R.1]), one
introduces the following ansatz

t =kt 0 = 0(y) Y = wyT + Y(y) O =weT + P(y)  (2.7)

where y = co—d T, wy and wy are constants, and 6(y), V(y) and ®(y) are the functions that
we have to find. Spinning strings on R x T! have been considered also in [i], but closed
strings configurations have been analyzed there and a simpler ansatz for the solutions has
been used.

Given the ansatz (2.7), the equation of motion for ¢ is trivially satisfied. The equations
of motion coming from the variation of the action w.r.t. ¢» and ¢, once written in terms
of y, can be integrated once, providing respectively ¥'(y) and ®'(y) in terms of 6(y) as

follows
1 4 sin? 0
= A 2 A — 2.
cQ—dQ[bsin20< ¢<cos 0+ 2 >—|— ¢cos€> dwd}] (2.8)
1 4
P = g [ T (Aypcosf+ Ay) — dw4 (2.9)

where A, and Ay are the integration constants. Then, by plugging the above expressions
for ¥’ and @’ into the Virasoro constraint ([A.J) written in terms of y, we get the following
equation for 6(y)

07 = — 2 [02”2

b@—@p | g AvertAsw) (2.10)

_ 622 (bwi—waww(b cosf + (b 00829+sin26)w3))

4 in?
<A12/} <COS29+ smb 0) +2AwA¢COS€—|—A35>:| .

~ bsin?g
It is crucial to observe that the differential equation for 6(y) coming from the equation
of motion for 6 is already encoded in (R.1(), since it can be recovered by deriving (R.1()

w.r.t. y and assuming 6’ # 0. Finally, by employing (B.§), (B.9) and (2.I0), the Virasoro
constraint ([A.9) reduces to the following algebraic relation

g2 = vt dy ;rw‘i”% . (2.11)

Thus, the differential equation we have to solve is (B.1(). Given its solution 6(y), one can
find ¥(y) and ®(y) by integrating once (R.§) and (R.9) respectively.
Introducing u = cos?(6/2), the equation (B-I0) becomes
(u)?
2

+ V() =0 with V(u) = —2(as ut +agud + g u? +agu +ag) (2.12)



where the coefficients read

(1 —b)w?

_ b

WT T @y (2.13)
A2(1 = b)wg — bwy) we

w6 = (2@ — a2)? (2.14)

U= (@ - B [ g~ (Avwy + Apwy) (2.15)

+bc2(bw12p+6bw¢w¢+(5b—4)w§)]

1 16 Ay (1 —0) Ay +bAs)  4(+d?)
X2 =71 (2 — &2)2 [_ b2 + d (Aypwy + Apwy) (2.16)
— b2 (w¢ + w¢)2]
(Ay — Ay)?

The equation (R.19) can be interpreted as the conservation of energy for the motion gov-
erned by the quartic potential V' (u). Notice that in our case ag < 0 (being 0 < b < 1) and
u(y) € [0,1]. We remark also that in the limit b — 1, where the target space reduces to
R x S3, we have that ag — 0 and therefore the potential becomes cubic.

2.1 Boundary conditions

In order to find a solution to (R.19), we have to impose the boundary conditions.

Here we require that the open string configurations reach § = w and that 6 = 7 is a
turning point, namely that 8’ =0 at 0 = 7.

From (B.§), (.9) and (2.10), we observe that the requirement of finiteness for W', @’
and ¢’ at 6 = 7 leads to

Ay = Ay (2.18)

As for the condition that § = 7 is a turning point, we expand the r.h.s. of (R.I(]) around
0 = 7 and, assuming (2.1§), we find that this condition provides the following equation

16
b2

4(c* +d?
Aé — % (w¢ + w¢) A¢ + b2c? (ww + w¢)2 =0. (2.19)
Thus, our boundary conditions are given by (R.1§) and (2.19). After having imposed them,
the r.h.s. of (R.1() is O((# — 7)?) and we have ag = 0 and az = 0 in (R.13). The solutions

of (R.19) are

b2

Ay = i d(wy + we) giant magnons (2.20)
b2 2

Ay = i c(wd,%d—i-w@ single spike strings (2.21)



and they characterize two distinct classical string configurations: the giant magnons and
the single spike strings respectively. From (R.11]), we find the corresponding values for k?

2
k= bv? <w¢T—|—w¢> giant magnons (2.22)
R o (vetes)’ ingle spike stri 2.23
=0l single spike strings. (2.23)

Since the boundary conditions (2.1§) and (R.19) imply ap = a2 = 0 and the expressions
for g and o do not contain the integration constants A, and Ay, only oy distinguishes
between the giant magnon and the spiky string solutions. Plugging (R.1§) and respec-
tively (B-20) and (R-21)) into (R.1§), one finds the expressions of a4 for the giant magnons
and the single spiky strings. Since ¢? — d? is positive for the giant magnons and negative
for the single spike strings, it is convenient to introduce v? = d?/c? for the giant magnons
and v? = ¢?/d? for the single spike strings. Then, the two expressions for a, assume the
same form

2,2
cw¢ R

1@ _apE ™ where Gy = 4(bQ—140b) — 2 *(Q +1)° (2.24)

a4 =

where 0 = wy/wg. Thus, the boundary conditions (R.1§) and (2.19) remarkably simplify
the differential equations we are dealing with. In particular, (P.13) reduces to

(u)?
2
while for (R.§) and (R.9) we get

+ V) =0 with V(u) = —2u® (agu® + agu+ as) (2.25)

1 2(2 — b)Ad) — db2w¢ 4(1 — b)A¢ — db2w¢

V= b2(c? — d?) ( 1—u B 1—u “ (2:26)
1 2A¢ — de¢ dbw¢

@/:b(CQ_d2)< — —|—1_uu> . (2.27)

The first differential equation we have to solve is (.2§), where we remind that ag < 0 and
u(y) € [0,1]. The potential has a double zero in u = 0, where 92V (0) = — 4 ay, while the
other two zeros are the roots a < o of the second order polynomial agu? + g u + uy.

The condition ay > 0. Now we require ay > 0 and we will consider this case for the
remaining part of the paper. The solution for ay < 0 and oy = 0 is briefly discussed in the
appendix [0, but it is meaningless for us, since it does not satisfy our boundary conditions.

Since ag < 0, the condition oy > 0 implies that the roots a« and «a~ are real and also
that a« < 0 < a~, where

g+ Voi—dagas  2(1—b) —bQ+b/Q>— (1—-b)v?(1+ Q)2 (2.28)
2 asg N 2(1 —b) ‘ '

> =

The differential equation in (R.13) with the potential (R.2) can be written as

4c¢%(1 — b)w?
() = ﬁ w0 — u)(u— az) (2:29)
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Figure 1: on the left, the potential V' (u) in (R.2§) with ay > 0. On the right, the region gy > 0
given by the bounds () in the case of the conifold. The horizontal green line corresponds to the

ratio (.39).

therefore when a4 > 0 the motion is limited to the range u € [0, a~], where u = 0 and
u = a~ are the turning points. Since u = cos?(/2) < 1, a physical condition for the
solution is @~ < 1. From (P.2§), one finds that a~ < 1 is equivalent? to ag + ag +
a4 < 0. Substituting the explicit expressions for ag, ag and a4, and using the boundary

conditions (m) and (£.19), we find

4A7
o b2(c2 — d2)2
where Ay is given in (P.20) and (2.21) for the cases we are considering. Thus, the condition
as < 1 is always satisfied. Notice that for v — 0, we have a~ — 1 and the string extends

ag + o+ oy = (2.30)

between § = 0 and # = 7. The potential we are dealing with is shown in the picture on
the left of the figure ], where the grey regions are physically meaningless. The condition
a4 > 0 constrains the choice of Q = wy,/wy. Assuming wy > 0, it gives the following bounds

2 —bv? — 21— 02 2 —bv?+2V1 -2
= < Q< =
bv? bv?

where v € (0,1]. Notice that the ratio

Q<

Q. (2.31)

Q= QT_b (2.32)

is the only constant value which is allowed for any v € [0,1]. When v — 0 the bound (R.31)
becomes (1 —b)/b < Q < +o0. In the picture on the right of the figure [, the region ay > 0
and the ratio (R.32) are shown in the case of the conifold (i.e. for b = 2/3).

2.2 Explicit solution

Now we discuss the solution of (R.2) with ay > 0. We are looking for u(y) defined for
y € R and such that u, v/, v — 0 as y — +oo (solitary wave solution). It is given by?3

u(y) =

g
cosh(2\/asy) — R (233)

2Notice that — 2as — ag > 0 when Wy we > 0.

3The argument of cosh can be shifted by an arbitrary constant, but here we choose the solution invariant
under y — — y, for which this constant is zero.



where

_ _2p2 2
Y= 20y _ 4092 —14b) —vb*(Q2+1) (2.30)
Vai —4aygasg 2b/Q% — (1 —b)v2(1 + Q)2
2(1—-0)—bQ
R=__ % _ 1-9-b (2.35)

VoE—dajag b/ —(1—b)o2(1+Q)2

We remark that ay > 0 guarantees both v > 0 and |R| < 1, therefore (R.3) is consistent
with v > 0 and it is also a well defined solitary wave solution. Moreover, a4 > 0 and
ag + ag+ayg < 0imply |[R+| < 1. We recall that only ay distinguishes between the giant
magnons and the single spike strings.

At this point, we find it convenient to introduce the following parameterization

R+~=—cosf g € 10,7] (2.36)
= — cosd 0 €[0,m . (2.37)

Notice that v > 0 implies § < 3. Since a4, v and R, given in (P.24), (B.34) and (P.39)
respectively, depend on ) and v only, a relation must occur among them. It reads

A 2
(e7] Y

= 2.
4(1 —b) 1 — R2 (2:38)
which can be written also in term of 3 and § as
Vay cosé—cosﬂ. (2.39)

2/1—b  sind
This relation will be useful to find the dispersion relation of the giant magnons and the
single spike strings (see the sections ] and ).
Now we find it convenient to consider also the regime of small 3, § and &4. First, one
observes that, assuming ag < 0, we have 62 = O(dy4) and 32 = O(A4). Then, the expansion
of (2.39) to the first non trivial order gives the following relation

) <5+ \)f%) = 32 (2.40)

which will be useful for BMN limit of the solution (see the subsection B.1)).

The special case of the three sphere. Taking the limit b — 1 of our solution, we can
recover the well known results on R x S3.

Denoting by (1, ¢1,¢2) the angular coordinates on S3, from the ansatz (B.7) and the
change of coordinates (B.2), we have n = n(y), o1 = w1 T + ®1(y) and g = wo T + Po(y),
where w1 = (wy + we)/2, wa = (wWy —wy)/2 and &1 = (V4 )/2, &y = (V — &)/2.

As for the explicit solution for n(y), taking w? > w3 and aulp=; > 0, from (£:39)
and (R.39) one can see that for b = 1 we have v = 2a4/|ag| > 0 and R = —1. Thus, for
b =1 the solution (R-33) reduces to

_veaflas| (2.41)
cosh (\/04_4 y)

cosn(y) =



where oy and oy are evaluated for b = 1. Notice that in this limit we have d|,—; = 0. The
other relations for the giant magnons and the single spike strings on R x S coming from
the remaining equations of motion and the Virasoro constraints are recovered in this limit
as well.

2.3 Angular amplitudes of the solution

Given the solution (2.33) with ayy > 0, it is straightforward to check that max,cr(u) =
cos?(0/2) = v/(1 — R) = a~, which corresponds to the minimum value § assumed by 6.
In other words, the solution we are considering has § < 8 < 7 and therefore their angular
amplitude A = 7 — 6 along the direction of 6 is

A = m — 2 arctan 4 1_5% . (2.42)

To compute the angular amplitudes of the solutions along the directions of ¢ and ¢, we
have to integrate (R.24) and (R.27) over y € R. Since u = u(y) is given by (2.33), the
integral of 1/(1 —wu) over y € R is divergent while the one of u/(1 —u) converges; therefore,
since the coefficients of 1/(1 — ) in (2.2§) and (R.27) do not vanish neither for (R.20) nor
for (2.21]), both Aty and A¢ are divergent quantities for general allowed values of wy, and
wg. Instead, it is useful to introduce the following combination

AP+ A /+°° v+ @
Ap= =22 170 =

dy . 2.4
5 5 (2.43)

—o
This angular amplitude is finite for the giant magnons, but it remains divergent for the
single spike strings. Notice that for b = 1, we have that Ap|,—1 = Ay becomes the angular
amplitude of the solution in the direction of the coordinates ¢; on S3.

3. Giant magnons: energy and momenta

In this section we compute the conserved charges for the giant magnon solution and we
write the corresponding dispersion relation for a generic value of the squashing parameter.
The limits of pointlike string (BMN regime [[7]) and folded string (GKP regime [A{]) are
also considered.

The giant magnon solution is characterized by the value (R.20) for Ay = A,. Choosing
the positive root for k in (£.23), the three momenta (2.3), (2:4) and (R.§) for the giant
magnon solution become

pt:_Tg( y T W) (3.1)

bOJ¢

p%} =T <Z (wy + wg) — 20— ) U@)) (3.2)

21 (Z (wy + wg) — ﬁ (20 - ) u(y)? + (b2 —2(1 - b)) u(y)>> (3.3)

— 10 —



where u(y) is given by (R.33) with v = d/c. All the three charges &, Jy and J, diverge be-
cause of the constant term occurring in the corresponding momenta. Instead, the following

linear combinations
2 2 T+ T NI
€ -7 £— s £ - % %

are finite, but only two of them are independent. By employing the integrals U; and Us,
given respectively in (E.I) and (E3) of the appendix [{], and the relation (E.4) between
them, we find that
2 bo 2
E— - = E— - = Va 3.5
b T, P m b J. 1) Qy ( )

which can be written in terms of {2 and v only. We remark that & — 27, /b depends on Q

(3.4)

and v in a transcendental way.

As for the angular amplitudes of the giant magnon solution, we have that Ay and A¢
are separately divergent, but Ay is finite for any value of Q in the allowed region (2.31).
Assuming d(wy +wg) > 0, for Ap we find?

Ap = (. (3.6)
Thus, it turns out that the macroscopic quantities € —27,,/b, € —2J,/b and Ay are related
to the microscopic quantities d, &4 and ( respectively, which can be expressed in terms of
Q2 and v only. The relation (2.39) occuring among the microscopic quantities can now be
written in terms of the conserved charges as follows

E—2Jy/b  cos (VI=b(E —27Ty/b)/b) — cos Agp
2vVI—b sin (v/I—b(E —2J,/b)/b)

providing the dispersion relation of the giant magnons. Notice that, for a generic value of

(3.7)

the squashing parameter, the finite combinations & — 2.7,/b and € — 2 J,/b enter in the
dispersion relation in a transcendental way.
On the conifold (i.e. for b = 2/3) the dispersion relation (B.7) becomes®

V3 cos (V3 (€ —3Tp)/2) — cos Ap

—(E-3Tp) = 3.8
2 ( ) sin (V3 (€ —37y)/2) (3:8)
and the transcendental dependence on £ — 3 Jy and &€ — 37, is still there.
Instead, by taking the limit b — 1 of (B.7), we get
A

(E—2T4) (E—27,) = 4sin® % (3.9)

which is the well known dispersion relation of the giant magnons on R x % [[[]

A

(€= =3 = 4sin? = (3.10)

once we use that J1 = (Jyp + Jp)|p=1 and Jo = (Jy — Jp)|p=1. Notice that in this limit
the dependence on the finite combinations of charges is not transcendental anymore, but
just quadratic.

“In this computation the integral U given in (@) occurs.
°In (E) it is assumed that the conserved charges are evaluated for b = 2/3 , while in (@) they are
evaluated for b =1 as well.
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Figure 2: The region ay > 0 for the conifold (see the picture on the right of the figure m) with some
interesting special cases. The black line shows the function Qg (v) for the “basic” giant magnons
(i.e. the solution of (B.14))), for which J; = J,. The horizontal dashed line corresponds to ag = 0
and ag < 0 above it. The v = 0 region corresponds to the folded string limit (GKP), while the
dotted line shows the region of the pointlike string limit (BMN).

3.1 The BMN and GKP regimes

Now we consider the dispersion relation (B.7) in the two limits of pointlike string
(BMN, [[[7]) and folded string (GKP, [4d]).

The BMN limit. In the BMN regime we have A¢p ~ & =27y /b~ E —27J,/b— 0. By
expanding (B.7) we find the following quadratic relation

2—b ?
<5 - Ty — j¢> = (Jy — j¢)2 + 02 A7 . (3.11)

Notice that it can be obtained also from (2.4(). In the special case of the conifold (i.e. for
b =2/3), it becomes

4
(€205 =T5)" = (T = To)" +50¢° (3.12)

In the pp-wave limit of AdS; x TV [B7-BY,® the combination” of charges H = A —
Jr/2 — JZ — JZ has been introduced to classify the string states. By identifying A = F,
Jr/2 = Jy, JE = Jy, and JZ = J,, and using the fact that for (6a, ) = (m, const) we
have Jy, = Jy, (see (B.1()), we find that in the sector we are considering H = E—2.Jy, — Jy,
which is the combination occurring in L.h.s. (B.19).

From (), one observes that it is possible either to rescale both H and J, — J3s by
the same factor or to rescale Ay in order to get the same expression occurring in this limit
for the sphere among the corresponding quantities.

6See also [@, @] for more recent results.
"Here JZ and JZ occur in H with opposite sign with respect to e.g. @] because of our opposite choice
for the signs of ¢1 and ¢2 in the metric (E)

- 12 —



081
0.6
04

021

|
|
|
|
|
|
|
|
|
|
|
|
|
1

00L
0

0.0 02 04 06 0.8 1.0
Figure 3: The basic giant magnons for the conifold (i.e. b = 2/3). On the left, the graphic
solution of the transcendental equation (B.14) for v = 0.89. On the right, the plot of §o(Q0(v),v),

from (B.14)).

The GKP limit. The GKP regime corresponds to v = 0. From (R.34) and (R.39), it is
easy to check that in this case R+~ = —cos § = 1, and therefore Ay = 3 = 7, as expected.
Moreover, from (P.43) we find A9 = 7 in this limit. The general dispersion relation (B.7)
reduces to

5—2j¢,/b:2\/1—bcot<V12b_b(5—2j¢/b)> . (3.13)

Thus, while in the pointlike string regime the dispersion relation becomes quadratic, in the
folded string limit it remains transcendantal.

3.2 The limit of “basic” giant magnons

In this subsection we consider two special limits for the giant magnon solution found above:
the case of the “basic” giant magnons, which is characterized by Jy;, = J3, and the case of

Q= (2-0)/b (see (R.32)).

The basic giant magnons. This limit is characterized by J, = J4 and this equality

(see (B.§)) means
bd(Q
oY) _ /et (3.14)
1-b
where G4(Q,v) is given in (.24), while §(Q,v) comes from (2.37) and (R.3§). The equa-
tion (B.14) provides Q = Q(v) of the basic giant magnons, which will be denoted by Qq(v).

The equation (B.14) is transcendental in terms of v and 2, therefore we will solve it

numerically. Plotting the two sides of (B.14), one observes that a unique solution exists, for
each value of v € [0, 1] (for instance, see the picture on the left of the figure f]). In this way
one finds the function Qg (v) solving (B-14), which is given by the black line in the picture
on the right of the figure fl. Once Qg (v) is known, all the other quantities become functions
of v only (for instance, see the picture on the right of the figure fJ, where do(v) = §(Qo(v),v)
is plotted in the case of the conifold).

The dispersion relation for the basic giant magnons is found by setting Jy, = J3 = J
into (B-7). The resulting relation can be written as

COS(«/l—b E—27/b Sin<\/1—b
b 2V1—b b

(&€ — 2j/b)> - (€ - 2j/b)> = cosAp  (3.15)
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Figure 4: Inversion of the dispersion relation for basic giant magnons (B.15) on the conifold (i.e.
b= 2/3). The black curve is the Lh.s. of (B.15) as a function of (€ —2 7 /b)|p—2/3, while the horizontal
lines give the r.h.s. of (B.15) for a fixed value of Ay € [0, 7] (in the pictures the red line corresponds
to Ap = m/4) and the blue one to Ap = 7. On the left, one sees that, for (€ —27/b)|,—2/3 = 0,
many solutions to () exist for a fixed value of Agp. On the right, the restriction of the same plot
to the domain of (£ —2J/b)|p—=2/3 where (B.13) is invertible and such that (£ — 2 T/0)p=2/3 — 0
when Ap — 0 (BMN limit).

sk H
T

0.5+

Ap

- )
0.5 1.0 L5 20 2.5 3.0

Figure 5: The dispersion relation for the basic giant magnons on the conifold. This plot is very
similar to the corresponding one for the giant magnons on R x $2, found in [E]

This is still a transcendental equation, therefore we can solve it in a graphical way, as done
for (B-14), in order to plot £ — 27 /b in terms of Ay. By plotting the two sides of (B.17)
in order to find £ — 2.7 /b > 0 in terms of Ay € [0, 1], one immediately observes that the
equation (B.I§) has many solutions for a fixed b € (0,1) (see the picture on the left of the
figure f]). For Ay € [0,7], there are infinite disconnected intervals where (B.If) can be
inverted. To find the right one, we require that (€ —27/b) — 0 when Ay — 0 (BMN
limit, see the subsection B.1). Thus, in the domain [0, (£ —2 7 /b)max], where (€ —2 7 /b)max
corresponds to Ay = 7, we can invert (B.15) and find £ —2 7 /b for any Ay € [0, 7] (see the
picture on the right of the figure ff). The analytic expression of H/T = (£ — 2 T /)p=2/3
in terms of Ay cannot be found, but its plot is given in the figure f] and it resembles the
corresponding plot for the giant magnons on R x S2.

It is interesting to consider the basic giant magnon in the limit of the three dimensional
sphere. In the limit b — 1, the transcendental equation (B.14) becomes

\/4 Qo‘bzl — U2(1 + QO’b:1)2

= V4Q0lb=1 — v2(1 + Qofp=1)? - (3.16)
Qolp=1
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Since dylp=1 = 4Q — v?(1 + Q)2 > 0, the solution of (B.14) is Qo|p=1 = 1 for any v € [0, 1];
therefore® wy = 0, which implies ®, = 0, as one can check from (£.24) and (£.27). This
corresponds to consider S C S3. Indeed, for the basic giant magnons, when b — 1 we
have J1 = 2 J|p=1 and Jo = 0, and (B.17) in this limit gives

A
(£ -27)? = 4sin® % (3.17)
which is the dispersion relation for R x S? found in [[L{].

The ratio 2 = (2 — b)/b. To close the discussion about the giant magnons, we briefly
consider also the special value (R-39) for Q, which corresponds to the horizontal green line
in the picture on the right in the figure [ (right) and in the figure .

From (2:2) and (P-27) specialized to the giant magnon solution (i.e. with A, given
by (R.20)), we can see that for the ratio (2.32), we get finite Ay and Ag, and also

Ay = Ap = Ap. (3.18)

Notice that, for every choice of Q constant in v and Q # (2 — b)/b, an upper bound
Umax < 1 exists on the values of v allowed by the condition a4 > 0. Instead, both the cases
of = Q(v) we have considered in this section are defined for any v € [0, 1].

4. Single spike strings: energy and momenta

In this section we compute the conserved charges for the single spike strings, as done in
the previous section for the giant magnons.

The single spike strings are given by the solution (R.33) with (2.21)) for Ag. Only oy
and k change with respect to the case of the giant magnons. Taking the positive root for

k in (B-23), now the three momenta in (2.3), (2:4) and (P.§) read respectively

pe=—T 2_bd (wy +wp) (4.1)
D Tbecw

% _ W_fﬂ)u(y) (4.2)
% _ % (2 1—b)u(y)®+ (bQ—2(1—10)) u(y)) (4.3)

where u(y) is given by (B-33) and v = ¢/d < 1. Notice that now, among the three conserved
charges &, Jy and Jg, the energy £ is the only divergent one. Moreover, for the finite
expressions of Jy and J, of the single spike strings we find that

2 bo 2

_ j — — j = d . 44

b P Viob b @ V &4 (4.4)

Differently from the giant magnons, now Ay diverges, telling us that the single spike strings

wind infinitely many times along the direction of . We can construct a finite quantity as
a linear combination of the divergent ones as follows

£

3 De=10 (4.5)

8We recall that Qlp=1 = (w1 + w2)/(w1 — w2).
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where (E.J) has been used. We remark that 27y /b, 2.7,/b and £/b — Ay for the single
spike strings play the same role respectively of £ — 27,/b, £ —27,/b and Ay for the
giant magnons, as can be seen by comparing (B.5§) with (f.4) and (B.4) with (E.5). Thus,
from (2.39) we get the following dispersion relation for the single spike strings

T cos (2v1 — b Ty /b?) — cos(E/b — Ap)

Wi VT = 7y/5) ‘ (4.6)

As done before, we check this expression by showing that it reproduces the known result

on the three dimensional sphere when b — 1. In this limit, ([.6) gives®
- A
Ty Js = sin® (%) (4.7)

which is dispersion relation of single spike strings on R x S? found in [[[{].

5. Long gauge theory operators

In this section we discuss in a qualitative way the gauge theory operators dual to the
giant magnon solution we have studied in the previous sections. We hope that quantitative
checks through gauge theory computations will be done in the future.

The gauge theory dual to type IIB on AdSs x T™! was found by Klebanov and Witten
in [BQ]. It is a N' = 1 supersymmetric theory whose gauge group is SU(N) x SU(N) and
with bifundamental chiral superfields A;, B; (i,j = 1,2) transforming respectively in the
(N,N) and (N, N) representations of the gauge group. The superpotential reads

W = el tr(A;ByA; By) (5.1)

where A. is the coupling constant. The global symmetries are SU(2) x SU(2) x U(1)gr x
U(1)p, where the SU(2)’s act on A; and B; respectively, U(1)gr is the anomaly free R
symmetry and U(1)p is the baryonic symmetry. Under the R symmetry A; and B; have
the same charge 1/2, while under the baryonic symmetry they have opposite charges. As
CFT primary operators, these fundamental fields have dimensions A = 3/4.

Hereafter we denote by A; and Bj the scalar components of the chiral superfields
just described and by A; and Bj, their complex conjugate fields. The quantum numbers
characterizing them are the conformal dimensions A, the R charge Jr and the quantum
numbers JZ and JZ for the two global SU(2)’s.19

Strings moving on T'%! should be dual to pure scalar operators of the gauge theory, not
containing fermions, covariant derivatives or gauge field strengths. Moreover, our string
solutions has large energy F and spin Jy;, which means large A and large Jg for the dual
gauge operators. Thus, the gauge invariant operators we consider are of the following form

tr(...AB...BA...AA...BB...) (5.2)

9We stress that Jylp=1 = (J1 + J2)/2 and Tp|o=1 = (J1 — T2)/2.

10We refer to tables in for a complete list of the fields with the corresponding dimensions and charges.
We stress that our definition of H is different from [@] because we have different signs for ¢; and ¢2 in
the metric.
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and they are long, i.e. there are infinitely many pairs within the trace. Each of the four
combinations in (p.2) represents a closed loop on the quiver diagram of the dual gauge
theory. In the spin chain language, the operator (f.J) is associated to a spin chain state
and each combination representing a closed loop on the quiver diagram is associated to
a site of the chain in a certain spin state. Thus, since we have four possibilities for each
combination in (p.d), there are sixteen choices for each site.

As already mentioned, the quantum numbers of the gauge theory are identified with
the conserved charges of the string theory as follows: A = E, Jr/2 = Jy, JE = Jp, and
JZ = Jy,. Moreover, in the sector of the conifold we have considered we have Jy = Jy,
(see the appendix [B), therefore we look for gauge operators having Jr/2 = J£.

First, we consider the following inequality between A and Jg

3
N (5.3)

L Once

which comes from the unitarity bound of the N’ = 1 superconformal algebra.!
written in terms of the string variables £ and .Jy, the inequality (B.9) is satisfied by both
the giant magnons (6 > 0 in the first equation of (B.H) with b = 2/3) and the single spike
strings (this case is trivial, since E is divergent while Jy, is finite).

Let us consider the following BPS operator
tr(AlBl)L (54)

with large L. Among the operators of the form (f.J), it is the only one having H = 0,
therefore we take it as the “ground state”.!? Moreover, it satisfies Jp/2 = JZ = JZ.

Then, we consider the following long operators
tr(X (A1 B1)Y) (5.5)

obtained by inserting the operator X within the trace of (f.4). Taking for X one of the
sixteen operators discussed above (of course it is assumed X # A;Bj), we find that we
have only five ways to get H = 1. The relevant bosonic operators in the BMN regime
which do not involve derivatives are A;Bs, A2Bi, A1Ay and By B [@7,13 which are
shown in the table (F.§). Notice that A;As and ByBy have A = 2, namely the free field
value, because they belong to the supermultiplet of the currents. The remaining 10 choices
have H > 1. Among the four operators with H = 1 in (.4), only A2B; and A1 Ay have
Jr/2 = JZ. Thus, if we want to excite the ground state (5.4) with an H = 1 operator
mantaining the condition Jg/2 = JQZ for any L, then we have to choose between X = Ay By
and X = A;Ay. Instead, if we require Jg/2 = J§ for (5.5) only at large L, then all the

HSee e.g. [@], where Jr denotes what we call Jy.
121f one instead considers the metric with the signs as in %], then the ground state is tr(A2Bz)" and
).

the corresponding geodesic is given by 01 = 02 = 0 (see also
BAlso X = ByAs has H = 1.

— 17 —



five X’s with H = 1 can be used.

X |AJr| JE | JZ H=A—Jg/2—-J¢ —J?

A1B1|3/2| 1] 1/2 | 1/2 0

A1By|3/2| 1] 1/2 |-1/2 1 (5.6)
AyB1|3/2| 1 |—1/2| 1/2 1

A4 210 1 0 1

BBy 20| 0 1 1

Given that Jr/2 = J§ in the sector we are considering, for the gauge operator dual to the
giant magnons is B7-BJ]

Op = Zeipl ( e (AlBl)l—l Xl (AlBl)l—i-l e ) (57)
l

where X is either AyB; or A Ay and p is the momentum of the impurity, located at the
[th site of the spin chain. The fact that we have these two candidates is expected, since it
is possible to act on our giant magnon solutions with a residual SO(2) global symmetry.
This is analogous to the presence of two possible impurities Y and Y on the spin chain'4

describing the SO(4) sector of N'=4 SYM.

6. Conclusions

In this paper we have studied the giant magnons and the single spike strings on the squashed
three dimensional sphere, which gives a sector of the conifold for a special value of the
squashing parameter. The finite combinations of the global charges occur in the disper-
sion relation in a transcendental way, which suggests that the integrable structure on the
conifold, if it exists, is more complicated than the one on the sphere.

There are many interesting ways to go beyond our work. For instance, on the string

15 or again with

theory side, one can study the giant magnons in our sector with finite size
infinite size but on the whole R x T1.

The possible presence of an integrable structure underlying the type IIB string theory
on AdSs x TH! and its dual gauge theory is an important issue which is still unclear and

deserves further studies.
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A. A sector of the conifold

In this appendix we show that the submanifold characterized by (62, ¢2) = constant (or
(61, ¢1) = constant as well) is a consistent sector.
Given the ten dimensional target space metric Gysn, the Polyakov action in the con-

formal gauge is'®
S = / drdo L = —g / drdo Gun (— 0- XMo, XN + 0, XM, xN) . (A.1)
It is supported by the Virasoro constraints, which read
Gun (0: XM, XN + 9, xM0,XN) =0 (A.2)
Gun 0- XM, xN =0. (A.3)

The momentum pj; canonically conjugate to the coordinate X is

= Z?i('—EM = T Gyn 0, XY (A.4)
where XM = 9. XM In order to simplify the problem, we want to restrict our analysis to
a consistent sector of the ten dimensional space. A submanifold is a consistent sector of
the theory when the differential equations of the classical theory (equations of motion and
Virasoro constraints) obtained by restricting the ones of the full space to the submanifold
are the same ones obtained by taking the submanifold as target space. For instance, from
the ten equations of motion coming from ([A.d]) and the two Virasoro constraints ([A.2)
and ([A.3), it is not difficult to realize that, when the target space metric is factorized like
AdSs x M?, a consistent sector is given by the submanifold R x M? obtained by setting to
constants all the coordinates of AdSs5 except for the time coordinate ¢t € R.

In this paper we consider the case of the conifold, namely M° = Tb!: therefore the
target space we start with is R x 70!, whose metric reads

ds? = —dtz—l—%(d?,Z)—cos91d¢1—00892d¢2)2+%(d9%+sin2 01d¢3 +d03 +sin® O2dp3) (A.5)

where 0 < ¢ < 47 parameterizes the U(1) fiber, 0 < 6; < 7, 0 < ¢; < 27 (i = 1,2) describe
two S%’s and t € R is the time coordinate of AdSs.

In order to find a consistent sector of ([A.H), first we write the equations of motion
coming from ([A.H). Beside the simple equation 9,0"t = — 8%t + 92t = 0 for the time
coordinate ¢, the ones coming from the remaining angular coordinates are

O (8‘% — cos 01 0" ¢y — cos b 8“@) =0 (A.6)

Oy ( % (cos 0; 0*1p — cos 01 cos O 8"%) — < % cos? 0; + %Sin2 9i> 8"@5@) =0 (A.7)

% sin 91 (2 (6“1[) — COS 9j a“qu) + cos 91 8ﬂ¢l> 8“(;5@ — 8u8“92- =0 (AS)

16We recall that the string tension T is related to the 't Hooft coupling A = g2 N as T = 2—‘/5
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where the indices i # j take the values 1 or 2.

Now, setting the fields ¢o(7,0) and 2(7,0) to constant values, we are left with the

following equations!”

Oy (0" — cos by 0*¢1) = 0 (A.9)
Oy (% cos 01 OHp — <% cos® 01 + %sim2 01> 8“(;51) =0 (A.10)
% sin 64 (2 6“1[) + cos 01 8;&51)8”@1 — @ﬁ“@l =0. (A.ll)

Now, these equations can be found also as the equations of motion coming from the
Polyakov action ([A.])) equipped with a target space metric ([A.H) reduced to the submani-
fold with constant (#2, ¢2), namely

ds? = —dt? + é(dw — cosO1d¢)” + é(d@% + sin® 01d¢7) . (A.12)

Similarly, one can check that this reduction works also for the Virasoro constraints. Thus,
the submanifold characterized by (62, ¢2) = constant is a consistent sector and, symmet-
rically, the same can be said for (61, ¢1) = const. We stress that not all the submanifolds
are consistent sectors. For instance, the submanifold (¢1, ¢2) = const is not a consistent
sector because the equations (A7) reduced to this submanifold provide also the non triv-
ial equations 0, (cos 6; 0"1)) = 0, which cannot be obtained as equations of motion of the
Polyakov action with the reduced metric.

B. Symmetries and momenta of 7!

In this appendix we discuss the infinitesimal trasformations which leave the metric of the
conifold invariant up to first order included in the infinitesimal parameters occurring in the
transformations.

The metric on 75! is

1 1
ds2,, = §(d¢ — cos 01ddy — cos Badey)” + é(def + sin® 61d¢7 + df3 + sin® 62dg3) . (B.1)
Given the following infinitesimal transformations

00; = — X sin(e;) + ) cos(e;) (B.2)
C__ _xcos(¢i) y sin(¢)
00i = —&i tan(6;) i tan(@i)

o = — Z ( x cos( +5Y Si.n(@)) +e? (B.4)

sin(6 ' sin(6;)

+e? (B.3)

where 7 = 1,2 and the seven ¢’s are the infinitesimal parameters, one can check that they
leave (B.1]) invariant up to O(e?) terms. Notice that the one form of the fibration and the
two metrics of the S?’s are separately invariant up to O(£?) terms.

"Notice that @) for i+ = 2 and (@) reduce to the same equation (@) for (62, ¢2) = constant.
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By switching on one of the infinitesimal parameters only, we can find its associated

momentum. For ¥, EZ-Z , EZ-X and EZY we get respectively

1

Py =3 (871# — cos 01 Oy ¢1 — cos By 57¢2) (B.5)
1

Do = 8 sin® 6; Or¢; — cos 0; py, (B.6)

1 . COS Q;

p;X =~% sin ¢; 0,6; — sn ZZ (p¢ + cos 0; p¢i) (B.7)
1 sin ¢;

sz = 6 cos ¢; 0-0; — Sin(gil (pw + cos b; p¢i) : (B-8)

It is useful to consider also

(8792-)2 n (pw -+ cos 92 pd)i)z
36 sin’ 6;

From (@), we observe that ; = 0 and 0; = 7 give respectively py, = —py and py, = py;

+ (p¢i)2 . (B.9)

P2 = ) + (D) + (pg,)? =

while setting ¢; to constant provides py, = — cos0; p,. In the sector we are considering we
have 65 = 7, therefore

Dy = Doy - (B.10)
Notice that the parameters £¥, ¢¥ and % can also be taken finite. The integral of their
associated momenta py, ps, and pg, over o at fixed 7 gives the conserved charges Jy,, Jy,
and Jy, respectively. The dispersion relation for the giant magnons and for the spiky strings
on the full R x 71! will involve, beside the energy E, all these conserved charges. On the

submanifold (62, ¢2) = (7, const) that we are considering, we have Jy, = Jy, (see (B.10)).

C. The relation with known equations

In this appendix we show how the main differential equation we deal with in our problem
is related to the double sine-Gordon equation and to the compound KdV equation.

C.1 The double sine-Gordon equation

First we show that, given the ansatz (R.7), the equation of motion for f(y) can be written as
a double sine-Gordon equation (see e.g. [(]). Introducing &(y) through u = - cos?(£/2),
we have {(y) € [0,7) and the differential equation (R.29) can be written as follows
2 § £ oac
(&) = —4daga cos® 3 <C082 5 £> . (C.1)

Then, assuming & # 0 and deriving this equation w.r.t. y, we get

2
¢ = agas(as —acs)siné + ag2a> sin(2¢) (C.2)

which is known as double sine-Gordon equation. By employing (2.2§) and (P.35), we can

write (C.9) also as
2a4

"o_ : 1+ R
g = — 1_ R <sm§+ s1n(2§)> . (C.3)

From this form it is evident that in the case of S®, where R = —1, ([C.3) reduces to the
sine-Gordon equation, as expected.
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V(u) V(w)
. a-
\/ = \/ =
Figure 6: Special cases of the potential in (R-2§). On the left, the potential (P-2§) with ay < 0
and 0 < a« < as < 1. On the right, the potential (P.2§) in the limit ay — 0 with ag > 0.

C.2 The compound KdV equation

Now we show how the differential equation (R.13) is related to the compound Korteweg-de
Vries (KdV) equation'® (see e.g. [F1] and references therein).
Let us consider the generalized KdV equation

Adu+ (B\—I—CA’U”) U Opu+ D Ou = 0 (C.4)
where v = u(7,0), n > 0 is an integer number. For n = 1 and C =0, the equation (€4
reduces to the well known KdV equation, while when n = 1 and C' # 0 it is called compound
KdV equation.

Introducing the ansatz u(7,0) = u(y) where y = co — d 1, and integrating once w.r.t.

y, the equation ([C.4) becomes

~ B C _
Cl—dAu+%u2+%u3+c3Du”:0 (C.5)

ral

where C1 is the integration constant. Then, assuming v’ # 0, we can multiply (C.§) by '
and integrate again w.r.t. y, obtaining
R (u/)2

— D
6 +12u +c 2

dA B
2 65 3

C'2+C1u—7u + =0 (C.6)

where C9 is another integration constant. Now, we observe that the equation ([C.4) is
exactly (B.19), after a straightforward identification between the two sets of coefficients.

The case of S3 (i.e. b= 1) corresponds to C = 0, namely to the KdV equation.

D. Two remarks on the solution

In this appendix we discuss first the solution of (R.25) with ay < 0 and then the limiting
solution for ay — 0. While the first case has no relevance for our problem, the second one
represents an interesting special case.

18We are grateful to Davide Fioravanti for having addressed our attention to the KdV equation and its
modifications.
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D.1 Explicit solution for a4 <0

Now we consider of (.24) for ay < 0. When a2 —4agay > 0and 0 < ac < as < 1 (see

the picture on the left in the figure E), the solution reads!'?
i

u(y) = D.1

@) cos(2v/|au|ly) — R (D-1)

with v and R given by (.34) and (R.3§) respectively. Assuming ag > 0, we have that

ag < 0 and ay < 0 imply R > 1; therefore v > 0 in (D.I]). Notice that this solution

oscillates at y — oo, therefore it does not satisfy the solitary wave boundary conditions.

Moreover, the solution is such that a. < u < a-, therefore it remains far from 6 = ,
namely we always have u > 0.

Thus, because of the boundary conditions of our problem, this solution is irrelevant
for our purposes.

D.2 The limit ay — 0

In this subsection we discuss the regime of a4 — 0. In this limit the ratio ) tends to one
of two curves given in (R.31)), i.e. the red and blue curves shown in the picture on the right
of the figure [] and also in the figure fl. In this limit u = 0 is a triple zero of the potential
in (E29).

Since v = 2ay4/|ag|(1 + O(as)) and R = ag/|as|(1 + O(aw)) for ay — 0, we have to
distinguish between the case R — —1 and R — 1, which correspond to ag < 0 and ag > 0
respectively. From (B.14), one observes that
2(1—-10)

b
namely ag < 0 above the horizontal dashed line in the figure f (in the case of the conifold).
Considering the solutions (P-33) and ([D-1)), for every fixed y, when ag < 0 we have u(y) =
—ay/ag + O(ay), while when ag > 0 we get

o >0 — Q< (D.2)

a6

u(y) = (D.3)

aty? — as
up to O(ay) terms. One can check that (D.d) is the solution of (R.25) with ag > 0 and
a4 = 0 (see the picture on the right in the figure [f]) which vanishes at |y| — oo with its
derivatives (solitary wave solution).

As for the angular amplitude along the direction of 6, we can take the limit ay — 0
of (R.49). For ag < 0 we have A, = 2/— ay/ag + O(ai/2), while for ag < 0 we find

_ | agtag b — (1 —-0b)
Abp|a,—0 = ™ — 2 arctan T an T 7 — 2 arctan 50 -0~ b0 (D.4)

which is finite. Thus, when a4 = 0 and ag > 0, we get a non trivial solution for b < 1,
which is present in particular on the conifold.

We remark that this feature does not occur for S? because in that case the potential
V(u) is cubic with a local maximum in u = 0, therefore only the pointlike string limit can
be performed.

9We choose the solution invariant under y — — .
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E. Useful integrals

In this appendix, we explicitly write the integrals which have been used to compute the
dispersion relations.

Given the solution (P.33) for u(y), the definite integrals occurring in the finite combi-
nations of charges are given by

+oo
U = /_OO u(y)dy = ﬁ arctan< %) (E.1)
e - 2 2R 1+ R
U = /_OO u(y)?dy = N2 — 7 arctan< m) +1 (E.2)
g [T ) g 2y arctan [ | LF B+
U_/—oo 1 —u(y) W= Vas(l = (R+7)?) t < 1_(R+7)) ' =9

As discussed in the subsection R.J, we have |R| < 1 and |R + | < 1, therefore these
expressions are well defined. Moreover, from (E.IJ) and (E.J), it is straightforward to
observe that

Uy — — 26, _ vV (E.4)

1
2 asg ag

Notice that in the limit b — 1 (for which R — —1, as discussed in the subsection R.2), U;
and Us give finite expressions.

F. The spin chain from the string sigma model

In this appendix we perform the large spin limit introduced in [i7] for the background
metric (R.1), in order to study a possible spin chain related to the sigma model we are
considering (see also [F7)).

Given the metric (R.1]), we introduce the coordinate 1 as follows [5J]

b = %le (F.1)

and we use the gauge choice t = k7. Then, we consider the following limit for the embed-
ding fields [£q*°
k — oo ko X* fixed (F.2)

which implies that 9, X* — 0. In this limit the Virasoro constraints (A.9) and (A.3) with
the background metric (R-]) reduce respectively to*!

k (011 — cos 0 0-¢) + i((ac,eﬁ +5in? 0 (9,¢)%) = 0 (F.3)
Ostp1 —cos0 0,0 = 0 (F.4)

1n (F.9), by X* we mean (¢1,6, ).
2Tn (F.q) we have employed (@)
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while for the Polyakov action ([A.1) we obtain

/dr/zﬂdab[ (0r4p1 — cos 0 Drp) — ((300)2+sin29(3g¢)2)} . (F5)

Dropping the term containing the total derivative 0;¢; and adopting ¢ = k7 and 6 =
T bk o as integration variables, we get

1 bk)\/x )\
§=-3 /dt/o de [c0s98t<zﬁ+b2 o3 ((85—9)2+sin29(85.¢)2)] . (F.6)

Now we want to recover this action as the continuum limit of a discrete sigma model.

Let us consider the SU(2) spin 1/2 chain with L sites. Applying an arbitrary SU(2)
rotation to the maximally polarized state at each site, we get the following normalized
state

|A) = cos(0/2) e ?/?|1) + sin(0/2) e~ /% |2) (F.7)

where the continuum variables § € [0,7] and ¢ € [0,27] depend on (t,5). The scalar
product for two coherent states of this form reads

(7'|n) = cos ((0 —0")/2) cos ((¢ — ¢')/2) +icos ((0+6)/2)sin((¢ — ¢')/2) . (F.8)

The action of the discrete sigma model is

S = Z/dt [Z—p ()|t + p))lp=0 — (Au(t), Augr (O Hyga [P (t), usa (8)) | (F.9)

=1

where the first term is the Wess-Zumino term and for the nearest neighbour Hamiltonian
we take
Hyp = b A (1= Pyp) - (F.10)
82 ’
The operator P ;1 is the exchange operator between the sites [ and [ + 1: given a state
|a) at the site [ and a state |3) at the site [ + 1, one has («, B|P1|a, 8) = [{a|B)[*.

Now we take the continuum limit of the discrete sigma model, namely we send the
number of sites L — oo and consider slowly varying spin configurations only, which allows
to replace finite differences between the spin variables at neighbouring sites by derivatives.
The distance 27/ L between two adjacent sites goes to zero and the hamiltonian term turns
out to be O((27/L)?). Introducing the variable o € [0, 27], for the continuum limit of ([F.9)
we obtain

2m
/dt/ do [cos98t¢+b2422 ((050)* + sin® 0 (0,0)?) (F.11)

which is exactly the expression ([F.0) obtained from the Polyakov action, once we identify
L = bk+/X and rescale the spatial variable according to the previous definition of &.
With respect to the case of the SU(2) spin chain found from the string sigma model
on R x S3 [7], the Hamiltonian (F.1() has a global factor 2. Notice that also in the BMN
limit considered in the subsection B.1] (see (B.11])) we find the same factor b? in front of
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Ap?, that we would like to interpret as p? of the spin chain magnon. Thus, it seems that
we can give a spin chain interpretation of the BMN regime of our giant magnon through
the Hamiltonian H = ZzL:1 Hj 11 with Hy 41 given by (F.10). We remark that the relation
of the dilatation operator of the N' = 1 gauge theory of [B{] with the Hamiltonian of some
spin chain, if it exists, is still unknown.
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