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Abstract 7 

We present a multiscale modelling approach to explore the effects of a non-uniform 8 

concentration of carbon nanotubes (CNTs) on the electrical conductivity of CNT-polymer 9 

composites. Realistic three-dimensional representative volume elements (RVEs) are generated 10 

from a two-dimensional CNT concentration map, obtained via microscopy techniques. The 11 

RVEs capture the measured probability density function of the CNT concentration and include 12 

a length-scale to represent the details of the spatial distribution of the concentration. The 13 

homogenised conductivity of the RVEs is computed via multiscale FE analyses for different 14 

values of such length-scale, and it is compared to measurements. The modelling strategy is 15 

then used to explore the effects of the microstructural features of these materials on their 16 

electrical conductivity. 17 
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1. Introduction  24 

Enabling conductivity in engineering polymers allows a variety of technical applications, 25 

ranging from deformation and temperature sensors to electrostatic discharge and 26 

electromagnetic shielding [1, 2]. This can be achieved employing CNTs as a filler material, 27 

which also confer good mechanical, thermal and electrical properties at low weight. Due to the 28 

high aspect ratio of carbon nanotubes, very low CNT concentrations can form conductive 29 

networks in polymeric matrices [3, 4]. 30 

The processing conditions of CNT-polymer composites deeply influence the material 31 

microstructure, in turn resulting in significant effects on the electrical conductivity and the 32 

percolation thresholds, as summarized in [5]. The variation in the percolation thresholds 33 

reported by different authors is often attributed to a non-uniform CNT dispersion due to the 34 

surface features of the CNTs [6]: their high specific surface area and waviness favour van der 35 

Waals attraction, inducing agglomeration [7]. 36 

Several methods have been proposed to quantify the dispersion of CNT-polymer composites 37 

samples; most aim to measure parameters quantifying the free spacing between agglomerates, 38 

their size, and uniformity [8-11], and exploring correlations between these parameters and 39 

physical properties. Detailed low-scale observations, based on transmission or scanning 40 

electron microscopy, are time consuming and can be inaccurate due to their 2D nature [12]; 41 

recent efforts [13] have resulted in the fast construction of maps of absolute CNT concentration 42 

via optical absorbance methods, validated by Raman spectroscopy. 43 

Experimental studies clearly show a correlation between homogeneous CNT dispersion and 44 

high electrical conductivity [14], but only a few studies analysed this numerically. Tarlton et 45 

al. [15] studied the conductivity of CNT networks generated by three-dimensional (3D) random 46 

walks, including CNT agglomerates. Gong et al. [16] analysed two-phase models comprising 47 

regions of uniformly distributed CNTs containing spherical CNT agglomerates of equal size, 48 

simplifying the real material microstructure and requiring assumptions on several parameters, 49 

such as the size and CNT concentration of the two phases. Hu et al. used a resistor network 50 

[17, 18] to investigate the detrimental effect of the size of spherical CNT aggregate on the 51 

electrical conductivity.  52 

 This paper presents a modelling strategy allowing quantification of the effects of a non-53 

uniform CNT dispersion. The multiscale predictions presented are informed exclusively by the 54 

probability density function of CNT concentration measured by Fisher and Shaffer [13] via 55 



3 

 

optical transmittance measurements, and contain a single length-scale parameter which 56 

quantifies the minimum size of the features observed in the microstructure. The simulations 57 

assume a good electrical contact of matrix and CNTs in regions of high CNT concentration.  58 

Monte Carlo FE analyses are performed at micron and mm scale: at micron scale we use a 59 

technique we recently developed [19], while the focus of this work is on the construction of a 60 

realistic RVE of non-uniform concentration at mm scale and on the corresponding numerical 61 

homogenisation. We compare the predictions to measurements and use the simulation strategy 62 

to explore the effects of different features of the microstructure upon the electrical conductivity 63 

of CNT-polymer composites. 64 

2. Generating a realistic 3D representation of the microstructure 65 

Most observations of the microstructure of CNT-polymer composites result in 2D images, 66 

such as those in Fisher and Shaffer [13]. Here we develop a procedure to obtain 3D 67 

representations of the material’s microstructure starting from the probability density function 68 

of CNT concentration in such 2D measurements.  69 

The map is discretized as a regular array of square cells of side 𝑠, taken here as the pixel size.  70 

Based on such discretization, the cumulative distribution 𝐹wt of the CNT weight fraction is 71 

computed. The concentration maps in [13] display the structure of a random multi-phase 72 

composite, comprising an array of irregular regions of different size. For a statistically-73 

isotropic microstructure, it is possible to define a feature size radius 𝑟f (i.e. the radius of the 74 

regions of approximately uniform concentration found in the map) and the corresponding non-75 

dimensional feature radius parameter 𝑅f = 𝑟f/𝑠. We note that the map in Fisher and Shaffer 76 

[13] refers to a statistically isotropic material, as it was confirmed in preliminary experiments 77 

sectioning the material along three mutually perpendicular planes. 78 

A cubic RVE is built as a regular array of 𝑁s
3 cells of equal dimensions, 𝑁s being the number 79 

of cells along each RVE edge. A random CNT concentration is attributed to each cell, 80 

consistent with the cumulative probability 𝐹wt, using inverse transform sampling (Fig. 1a). The 81 

RVE has now features of size 𝑠; to enforce a certain feature size, the CNT concentration of 82 

each 𝑗-th cell 𝜌𝑗 is filtered based on the value and distance to its near neighbours, as 83 

𝜌𝑗
* =

∑ 𝑤𝑗(𝑥⃗𝑖)𝜌𝑖𝑖∈𝑁𝑗

∑ 𝑤𝑗(𝑥⃗𝑖)𝑖∈𝑁𝑗

 (1) 
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 84 

where 𝑁𝑗 represents the neighbourhood of the 𝑗-th cell, within a radius 𝑅f (expressed in non-85 

dimensional terms, i.e. in number of cells), and 𝑤𝑗(𝑥⃗) the weight function of a cell with centre 86 

at position 𝑥⃗ (𝑥⃗ is normalised by the cell size 𝑠) with respect to the current cell 𝑗. The weight 87 

function is taken as a simple linearly decaying function 88 

𝑤𝑗(𝑥⃗𝑖) = 𝑅f − ‖𝑥𝑖⃗⃗⃗⃗ − 𝑥⃗𝑗  ‖ (2) 

 89 

where ‖ ‖ denotes the 2-norm of its argument. This procedure is used in topology 90 

optimization [20] to enforce minimum feature sizes and avoid mesh size dependency. While a 91 

constant weight function would result in more distinct features, the linear decay results in a 92 

more continuous variation of concentration, similar to the observations we aim to reproduce. 93 

The filter is applied through the boundaries of the RVE in a periodic fashion (Fig. 1b and c). 94 

Since the density distribution is stored as a 3D array, which corresponds to a regular density 95 

distribution, the neighbouring cells can be simultaneously retrieved by rolling the array along 96 

all axes. 97 

 98 

 99 

Fig. 1. Illustration of the proposed dispersion generation method: a) the initial random seed, b) changed upon filtering the CNT 100 
density and c) after the optimization procedure where both radius and distribution are respected. 101 

 102 

This filtering procedure results in a narrower distribution of CNT concentrations; to correct 103 

this we proceed to modify the density distribution to respect both the feature radius 𝑅f filter 104 

and the first four statistical moments 𝑚𝑘, here defined as: mean 𝑚1 = 𝜇𝜌 , standard deviation 105 
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𝑚2 = 𝜎𝜌, skewness 𝑚3  and kurtosis 𝑚4. To achieve this, the density array is subjected to a 106 

gradient-based constrained optimization algorithm. A conservative, convex, separable 107 

approximation with quadratic separation [21] is used, as implemented in the NLopt library [22]. 108 

This optimization problem can be summarized as 109 

minimize: 𝑓0(𝜌⃗) = ∑ 𝑀𝑘(𝜌⃗*)4
𝑘=1   

(3) subject to: 𝑀𝑘(𝜌⃗*) − 𝛿𝑘 ≤ 0,   𝑘 = 1, … ,4  

𝜌min ≤ 𝜌𝑖 ≤ 𝜌max,   𝑖 = 1, … , 𝑁𝑠
3  

 110 

where 𝑀𝑘 = (𝑚𝑘
real − 𝑚𝑘

spec
)

2
 represents the squared distance between the real 𝑚𝑘

real and 111 

specified 𝑘-th moment 𝑚𝑘
spec

, and 𝛿𝑘 a very small positive tolerance chosen (by trial and error) 112 

as 10−9, to translate the constraint condition into an inequality, while allowing convergence 113 

within reasonable time. The minimum 𝜌min and maximum 𝜌max density are taken as the extrema 114 

of the initial observation. The design variables – i.e. the CNT density of each cell – are filtered 115 

at each iteration, together with the sensitivities (or derivatives) of the objective and constraint 116 

functions. The final iteration represents a 3D RVE (Fig. 1c) in which the CNT dispersion obeys 117 

the observed probability distributions and displays the required minimum feature size. 118 

We note here that in the following numerical analysis we will construct 3D RVEs starting 119 

from a 2D dataset. However, the only quantitative information taken from the work of Fisher 120 

and Shaffer [13] is their measured probability density function of the CNT concentration, 121 

which can be reliably obtained from their 2D measurements. 122 

3. Numerical modelling (FE) 123 

The conductivity of the random RVEs is predicted by the finite element method (Abaqus 124 

Standard [23]) using steady-state heat transfer analyses, replacing all thermal properties with 125 

the appropriate electrical equivalents [24]. The cubic RVE is discretized into finite elements 126 

corresponding to the cells used in the discretisation. Different material sections are assigned to 127 

every element based on its CNT content. The corresponding conductivity is taken from the 128 

results of our micron-scale analysis of homogeneous RVEs, presented in detail in [19]; the 129 

properties of CNT and matrix, the length and aspect ratios of the CNTs and the properties of 130 

the tunnelling junctions between neighbouring CNTs will be provided below.  131 
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Electric periodic boundary conditions are enforced by constraining the electrical potential 𝑈 132 

degrees of freedom of nodes at opposing boundaries as 133 

𝑈𝑙+ − 𝑈𝑙− = 𝐸̅𝑙𝐿RVE (4) 

 134 

where (𝑙+) and (𝑙 −) correspond to the boundaries with positive and negative normal along 135 

the axis 𝑋𝑙, 𝐿RVE is the distance between these two boundaries and 𝐄̅ is the homogenized electric 136 

field. 137 

Three distinct load cases are created, enforcing a uniaxial homogenized electric field in the 3 138 

Cartesian directions. By measuring, in each case, the current that flows through the volume in 139 

all 3 directions, the full homogenized conductivity matrix 𝜅̅𝑖𝑗 is reconstructed. 140 

4. Results and discussion 141 

The proposed methodology is now compared to the measurements in [13], on CNT-polymer 142 

composites whose processing is described in [25]. 143 

The material consists of industrial grade multi-walled CNTs (NC7000, Nanocyl™) dispersed 144 

in an epoxy matrix [25]. To compute the conductivity of the composites, in the simulations we 145 

use CNT of length 𝐿CNT = 430 nm and diameter 𝐷CNT = 10 nm. A nanotube conductivity of 146 

104 S/m [26] is assumed, with a work fraction of 4.95 eV. [27]. As for the epoxy matrix, a 147 

conductivity of 10−6 S/m and relative permittivity of 3.98 are chosen. Densities of 1.9 kg/m3 148 

and 1.2 kg/m3 are used for the CNTs and matrix, respectively. We note that these parameters 149 

are not adjusted to maximise the agreement of the predictions with measurements: the density 150 

of the constituents as well as the diameter and average length of the CNTs were measured, 151 

while the CNT conductivity, work fraction and relative permittivity of the matrix (determining 152 

the tunnelling electron transport at CNT junctions) are taken from the literature. The sensitivity 153 

of the predictions to the values of these parameters was explored systematically (for the case 154 

of a uniform CNT concentration) in [28]. 155 

Considering a uniform and random dispersion, the homogenized isotropic conductivity curve 156 

is obtained using the FE approach presented in [19]. The results are obtained with 20 157 

realizations per volume fraction and with a converged RVE size of 2.0 × 𝐿CNT; the predicted 158 

conductivity is presented in Fig. 2 together with the measurements of Herceg et al. [25]. We 159 
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direct the reader to [19] for further comments on the standard deviation of these predictions 160 

and how this varies with the CNT volume fraction. 161 

 162 

 163 

Fig. 2. Homogenized electrical conductivity as function of the CNT volume fraction. Bars represent the standard deviation 164 
and the experimental measurements are reproduced from Herceg et al. [25].  165 

 166 

The assumption of homogeneous CNT dispersion clearly overestimates the measured 167 

conductivity above the percolation threshold – found around 𝑣fc
≃ 1.5% in the case of uniform 168 

CNT dispersion.  169 

To quantify the effects of the dispersion, we rely on the CNT concentration map presented 170 

by Fisher and Shaffer [13] and reproduced in Fig. 3, based on a discretization of 100x100 cells. 171 

a) 

 

b) 

 

Fig. 3. a) Measured dispersion map image; b) concentration distribution, reproduced from [13]. 172 

 173 
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According to [13], the sample was prepared with a CNT concentration of 9.1 wt%, based on 174 

initial weighing. In the concentration map in Fig. 3a however, the average measured 175 

concentration was 7.58 wt%. This discrepancy might be due to loss of CNTs (by 176 

decomposition) or to variability of the material microstructure over the length scale of 177 

observation, of approximately 1 mm2. The virtual RVEs constructed in this study are based on 178 

a slightly smaller section of the published image in Fig. 3a, to avoid editing artefacts (as 179 

softened intensity at the edges and the area covered by the legend), and corresponds to an 180 

average CNT concentration of 8.81 wt%, equivalent to a volume fraction of 𝑣f = 5.75 % 181 

(vol%). For the same concentration, Herceg et al. [25] measured a bulk conductivity in the 182 

range 15.5 − 22.0 S/m.  183 

We now construct different RVEs corresponding to the concentration distribution presented 184 

in Fig. 3b), using different feature radius parameters, to explore the sensitivity of our 185 

predictions to such length-scale. For each value of the feature radius we conduct an RVE 186 

convergence study, to ensure predictions are not sensitive to the size of the RVE analysed. For 187 

a feature radius of 𝑅f = 5, the resulting homogenized conductivity for 20 realizations is plotted 188 

in Fig. 4a) as function of the number of elements 𝑁cell, resulting in meshes with 1000 to 189 

1728000 elements. The average conductivity varies less than 1% for 𝑁cell ≥ 503, and the 190 

standard deviation is less than 2% for 𝑁s ≥ 1003. A further indication that the RVE is of 191 

sufficiently large size can be obtained by measuring the cross-terms of the conductivity matrix 192 

𝜅̅𝑖𝑗  (𝑖 ≠ 𝑗), presented in Fig. 4b): a sufficiently large RVE will be statistically isotropic and 193 

will present vanishing cross-terms. Such RVE convergence analysis was repeated for all the 194 

feature radii investigated. It showed that RVEs with 𝑁cell > 1003 provide predictions 195 

insensitive to size, and results shown in this section refer to the choice 𝑁cell = 1003, 196 

corresponding to approximately 100 million elements and 103 million degrees of freedom. 197 

It is worth noting that the observed convergence of the predictions with RVE size reinforces 198 

the notion of existence of a unique solution for a set of dispersion distribution and 199 

corresponding feature radius, an issue observed with some of the dispersion indexes, as 200 

discussed by Haslam and Raeymaekers [10]. 201 
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a) 

 

b) 

 

Fig. 4. RVE size convergence study, analysing the: a) homogenized conductivity and b) cross terms of the conductivity matrix. 202 

 203 

We now perform a study of the effect of feature radius on the predictions of bulk conductivity. 204 

We construct a parametric model with only 1 parameter (the filter radius 𝑅f), and build three-205 

dimensional RVEs accordingly, satisfying the measured PDF of Fisher and Shaffer [13]. Then, 206 

the middle section (along the 𝑧 coordinate) of RVEs with different filter radius are plotted in 207 

Fig. 5, to illustrate the morphology of the virtual microstructures investigated.  From a 208 

qualitative visual comparison of the virtual microstructures in Fig. 5 to the measured 209 

microstructure in Fig. 3a it emerges that the real material microstructure is intermediate 210 

between the virtual microstructures obtained with filter radii 3.2, 5.0 and 8.0. 211 

212 

Fig. 5. Central cross section (along the z direction) of RVEs with different feature radius.  213 

The predictions of homogenized electrical conductivity are plotted in Error! Reference 214 

source not found. for different values of feature radii (averages of 20 realizations are shown). 215 

We consider an unfiltered distribution when 𝑅f = 0.5, representing a diameter equal to the cell 216 

length (2𝑟f = 𝑠). Clearly a non-uniform CNT concentration reduces the bulk conductivity, in a 217 

greater measure for large feature radii, although the predictions seem to plateau at 218 

approximately 80 S/m, with conductivity 11% less than for the case of a homogeneous 219 

concentration. We recall that measurements on this material gave conductivity in the range 220 
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15.5 − 22.0 S/m: our simulations suggest that such low values cannot be explained by the 221 

inhomogeneous concentration. In several published papers [5, 6, 29]  a non-homogeneous CNT 222 

concentration is invoked to justify the discrepancy between the measured conductivity of these 223 

materials. Our simulations suggest that this is not entirely the case, and the reasons for such 224 

discrepancies must be sought elsewhere: for example, in the accuracy of both experimental 225 

techniques and nanoscale effects that influence the contact resistance between CNTs. 226 

Fig. 6. Influence of the feature radius on the homogenized conductivity for the CNT-concentration distribution observed 227 
experimentally. Error bars represent standard deviation based on 20 realizations. 228 

 229 

5. Sensitivity of the bulk conductivity to the details of CNT concentration 230 

In this section we explore the sensitivity of conductivity predictions to the details of the CNT 231 

concentration, to show that such sensitivity is different at different points along the percolation 232 

curve. The CNT and epoxy properties presented in the previous section are used. The CNT 233 

concentration is assumed to follow a lognormal distribution, defined by an average 𝑣f  and the 234 

ratio of standard deviation to average volume fraction (relative standard deviation RSD, 235 

𝜎𝜌/𝜇𝜌 ). The lognormal distribution was chosen, in the parametric study, due to its flexibility 236 

and capability of modelling asymmetric probability density functions; the measured 237 

distributions of CNT concentration in real materials presented in the literature (e.g. [11, 13].) 238 

are in fact skewed towards small volume fractions. An illustration of the effect of 𝜎𝜌/𝜇𝜌  on 239 

the microstructure morphology is shown in Fig. 7 in the form of absorption maps. The 240 

concentrations were translated into absorption maps using the relationship presented by [13]. 241 
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In the current section, RVEs are constructed for 3 different average CNT volume fractions, 242 

chosen to be clearly above percolation, approximately at percolation, and clearly below 243 

percolation. (Note: for CNT concentrations close and below percolation it was not always 244 

possible to construct a virtual microstructure, i.e. the optimizer was not able to find an RVE 245 

distribution that simultaneously respects the 4 statistical moments and the specified feature 246 

radius.. Hence, the corresponding results are not shown). 247 

 248 

Fig. 7. Reconstructed absorption maps of CNT concentration for different RVEs with a CNT volume fraction of 2.6% and 249 
varying RSD, for a feature radius of 𝑹f = 𝟏. 𝟑. 250 

 251 

- Above percolation (𝑣f = 6.0 %). For a volume fraction of 𝑣f = 6.0 %, clearly above 252 

the percolation threshold for the CNT-polymer composite considered, in Fig. 8 we show 253 

the effects of RSD and feature radius on the bulk conductivity. Greater feature radius 254 

and RSD values reduce the predicted conductivity. 255 

- Around percolation (𝑣f = 2.6 %). At this CNT concentration, slightly above the 256 

percolation threshold, an anomalous behaviour is observed for the case of unfiltered 257 

concentration distribution 𝑅f = 0.5, as shown in Fig. 9. In this case the conductivity 258 

increases with increasing RSD, opposite to what is observed at larger feature radii (and 259 

in every case at higher volume fractions). 260 

- Below percolation (𝑣f = 1.3 %). Results for this volume fraction are shown in Fig. 10. 261 

Again, simulations suggest that conductivity can increase with increasing RSD. This 262 

observation is coherent with the findings published by [30], where experimental 263 

measurements revealed percolation bellow the expected threshold (this second 264 

threshold is usually referred to as a second kinetic, or non-statistical percolation 265 

threshold).  266 
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 267 

Fig. 8. Influence of the relative standard deviation and filter radius on conductivity, for a volume fraction of 𝟔. 𝟎%. 268 

 269 

Fig. 9. Influence of the relative standard deviation and filter radius on the conductivity, for a volume fraction of 𝟐. 𝟔%. 270 

 271 
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 272 

Fig. 10. Influence of the relative standard deviation and filter radius on the conductivity, for a volume fraction of 1.3%. 273 

 274 

In Fig. 11 we summarise the results in this section: the inhomogeneity of CNT concentration 275 

has two obvious effects, often reported in the literature: (i) conductivity is enabled at lower 276 

volume fractions than in the uniform case, and (ii) at high CNT concentration, increasing 277 

inhomogeneity of CNT concentration reduces the conductivity. We note that with increasing 278 

CNT volume fraction the conductivity is less sensitive to the details of the heterogeneity in the 279 

distribution. 280 

 281 

Fig. 11. Effect of dispersion on the percolation curve considering a lognormal distribution for the CNT concentration. 282 

 283 
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6. Conclusions  284 

A multiscale approach to simulate the effects of a non-homogeneous CNT concentration in 285 

CNT-polymer composites was presented. We constructed realistic virtual microstructures of 286 

these composites based on measured probability density functions of CNT concentration, also 287 

including a single length-scale associated with the topology of the features observed in 2D 288 

concentration maps. We performed Monte Carlo analyses via the FE method to predict the bulk 289 

electrical conductivity of such realistic material microstructures at different values of the 290 

minimum feature size. The predictions were compared to measurements and used to determine 291 

the sensitivity of conductivity to the probability density of the CNT concentration and on the 292 

size of the geometric features observed in the microstructure. The main conclusions from the 293 

study are: 294 

- The conductivity of heterogeneous CNT-polymer composites was found, in the range 295 

explored in the study, as much as 11% smaller than the conductivity of composites with 296 

uniform CNT concentration. This reduction is substantial but not sufficiently large to 297 

justify, on its own, the discrepancy between measurements and prediction often 298 

observed in previous studies. 299 

- The size and distribution of the geometric features observed in realistic microstructures 300 

has a prominent effect in determining the conductivity of these composites. Such effect 301 

is comparable to that of the probability density function of CNT concentration. 302 

Increasing the size of these features decreases the conductivity irrespective of the 303 

average and distribution of the CNT volume fraction.  304 

- An increasing degree of variance in the CNT volume fraction reduces the conductivity 305 

at high volume fractions but may increase it at volume fractions around the statistical 306 

percolation threshold and below, depending on the size of the geometric features 307 

observed in the microstructure. 308 

- The effects of the variance in CNT volume fraction and of the feature size become less 309 

prominent with increasing average CNT concentration.  310 

The work showed the importance of performing measurements similar to those in [13] in 311 

numerical predictions the electrical response of CNT-polymer composites. Such measurements 312 

could be also used to predict the self-sensing capability of realistic CNT-polymer composites, 313 

as shown in [31] for the case of a homogeneous CNT distribution. This is left as a topic for 314 

future studies.  315 
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