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On the electrical conductivity of composites with a polymeric matrix

and a non-uniform concentration of carbon nanotubes
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Abstract

We present a multiscale modelling approach to explore the effects of a non-uniform
concentration of carbon nanotubes (CNTs) on the electrical conductivity of CNT-polymer
composites. Realistic three-dimensional representative volume elements (RVES) are generated
from a two-dimensional CNT concentration map, obtained via microscopy techniques. The
RVEs capture the measured probability density function of the CNT concentration and include
a length-scale to represent the details of the spatial distribution of the concentration. The
homogenised conductivity of the RVEs is computed via multiscale FE analyses for different
values of such length-scale, and it is compared to measurements. The modelling strategy is
then used to explore the effects of the microstructural features of these materials on their

electrical conductivity.
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1. Introduction

Enabling conductivity in engineering polymers allows a variety of technical applications,
ranging from deformation and temperature sensors to electrostatic discharge and
electromagnetic shielding [1, 2]. This can be achieved employing CNTs as a filler material,
which also confer good mechanical, thermal and electrical properties at low weight. Due to the
high aspect ratio of carbon nanotubes, very low CNT concentrations can form conductive

networks in polymeric matrices [3, 4].

The processing conditions of CNT-polymer composites deeply influence the material
microstructure, in turn resulting in significant effects on the electrical conductivity and the
percolation thresholds, as summarized in [5]. The variation in the percolation thresholds
reported by different authors is often attributed to a non-uniform CNT dispersion due to the
surface features of the CNTs [6]: their high specific surface area and waviness favour van der
Waals attraction, inducing agglomeration [7].

Several methods have been proposed to quantify the dispersion of CNT-polymer composites
samples; most aim to measure parameters quantifying the free spacing between agglomerates,
their size, and uniformity [8-11], and exploring correlations between these parameters and
physical properties. Detailed low-scale observations, based on transmission or scanning
electron microscopy, are time consuming and can be inaccurate due to their 2D nature [12];
recent efforts [13] have resulted in the fast construction of maps of absolute CNT concentration
via optical absorbance methods, validated by Raman spectroscopy.

Experimental studies clearly show a correlation between homogeneous CNT dispersion and
high electrical conductivity [14], but only a few studies analysed this numerically. Tarlton et
al. [15] studied the conductivity of CNT networks generated by three-dimensional (3D) random
walks, including CNT agglomerates. Gong et al. [16] analysed two-phase models comprising
regions of uniformly distributed CNTs containing spherical CNT agglomerates of equal size,
simplifying the real material microstructure and requiring assumptions on several parameters,
such as the size and CNT concentration of the two phases. Hu et al. used a resistor network
[17, 18] to investigate the detrimental effect of the size of spherical CNT aggregate on the

electrical conductivity.

This paper presents a modelling strategy allowing quantification of the effects of a non-
uniform CNT dispersion. The multiscale predictions presented are informed exclusively by the

probability density function of CNT concentration measured by Fisher and Shaffer [13] via
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optical transmittance measurements, and contain a single length-scale parameter which
quantifies the minimum size of the features observed in the microstructure. The simulations
assume a good electrical contact of matrix and CNTs in regions of high CNT concentration.
Monte Carlo FE analyses are performed at micron and mm scale: at micron scale we use a
technique we recently developed [19], while the focus of this work is on the construction of a
realistic RVE of non-uniform concentration at mm scale and on the corresponding numerical
homogenisation. We compare the predictions to measurements and use the simulation strategy
to explore the effects of different features of the microstructure upon the electrical conductivity

of CNT-polymer composites.

2. Generating a realistic 3D representation of the microstructure

Most observations of the microstructure of CNT-polymer composites result in 2D images,
such as those in Fisher and Shaffer [13]. Here we develop a procedure to obtain 3D
representations of the material’s microstructure starting from the probability density function

of CNT concentration in such 2D measurements.

The map is discretized as a regular array of square cells of side s, taken here as the pixel size.
Based on such discretization, the cumulative distribution F,, of the CNT weight fraction is
computed. The concentration maps in [13] display the structure of a random multi-phase
composite, comprising an array of irregular regions of different size. For a statistically-
isotropic microstructure, it is possible to define a feature size radius ¢ (i.e. the radius of the
regions of approximately uniform concentration found in the map) and the corresponding non-
dimensional feature radius parameter R; = 17/s. We note that the map in Fisher and Shaffer
[13] refers to a statistically isotropic material, as it was confirmed in preliminary experiments
sectioning the material along three mutually perpendicular planes.

A cubic RVE is built as a regular array of N2 cells of equal dimensions, N, being the number
of cells along each RVE edge. A random CNT concentration is attributed to each cell,
consistent with the cumulative probability F,,., using inverse transform sampling (Fig. 1a). The
RVE has now features of size s; to enforce a certain feature size, the CNT concentration of

each j-th cell p; is filtered based on the value and distance to its near neighbours, as

. ZieNj wj (%) p;

pj = -
g Zie]\]j Wj(xi)

1)
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where N; represents the neighbourhood of the j-th cell, within a radius R¢ (expressed in non-
dimensional terms, i.e. in number of cells), and w;(X) the weight function of a cell with centre

at position X (X is normalised by the cell size s) with respect to the current cell j. The weight

function is taken as a simple linearly decaying function

wi (%) = Re— ||, = % || )

where || || denotes the 2-norm of its argument. This procedure is used in topology
optimization [20] to enforce minimum feature sizes and avoid mesh size dependency. While a
constant weight function would result in more distinct features, the linear decay results in a
more continuous variation of concentration, similar to the observations we aim to reproduce.
The filter is applied through the boundaries of the RVE in a periodic fashion (Fig. 1b and c).
Since the density distribution is stored as a 3D array, which corresponds to a regular density
distribution, the neighbouring cells can be simultaneously retrieved by rolling the array along
all axes.

a) Initial seed b) Density filtering c) After optimization
Fo Fa /., F,
desired distribution ‘ I‘-;,,,..__“‘__khfrlltered distribution \ ’/_,,.,,..__“\c“:::nwzcc distribution

Fig. 1. lllustration of the proposed dispersion generation method: a) the initial random seed, b) changed upon filtering the CNT
density and c) after the optimization procedure where both radius and distribution are respected.

This filtering procedure results in a narrower distribution of CNT concentrations; to correct
this we proceed to modify the density distribution to respect both the feature radius R; filter

and the first four statistical moments m,, here defined as: mean m; = p, , standard deviation
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m, = ag,, skewness m; and kurtosis m,. To achieve this, the density array is subjected to a
gradient-based constrained optimization algorithm. A conservative, convex, separable
approximation with quadratic separation [21] is used, as implemented in the NLopt library [22].

This optimization problem can be summarized as

minimize:  f,(3) = Yit_y M. (5")
subjectto: M () -6, <0, k=1,..,4 (3)

— 3
pmin S pi S pmaxf L= 1, ""NS

spec

2 .
where M, = (mig® — m;”*)” represents the squared distance between the real mie®! and

specified k-th moment m;**, and &, a very small positive tolerance chosen (by trial and error)
as 1077, to translate the constraint condition into an inequality, while allowing convergence
within reasonable time. The minimum p,,,;, and maximum p,,,., density are taken as the extrema
of the initial observation. The design variables —i.e. the CNT density of each cell — are filtered
at each iteration, together with the sensitivities (or derivatives) of the objective and constraint
functions. The final iteration represents a 3D RVE (Fig. 1c) in which the CNT dispersion obeys

the observed probability distributions and displays the required minimum feature size.

We note here that in the following numerical analysis we will construct 3D RVES starting
from a 2D dataset. However, the only quantitative information taken from the work of Fisher
and Shaffer [13] is their measured probability density function of the CNT concentration,
which can be reliably obtained from their 2D measurements.

3. Numerical modelling (FE)

The conductivity of the random RVEs is predicted by the finite element method (Abaqus
Standard [23]) using steady-state heat transfer analyses, replacing all thermal properties with
the appropriate electrical equivalents [24]. The cubic RVE is discretized into finite elements
corresponding to the cells used in the discretisation. Different material sections are assigned to
every element based on its CNT content. The corresponding conductivity is taken from the
results of our micron-scale analysis of homogeneous RVESs, presented in detail in [19]; the
properties of CNT and matrix, the length and aspect ratios of the CNTs and the properties of

the tunnelling junctions between neighbouring CNTs will be provided below.
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Electric periodic boundary conditions are enforced by constraining the electrical potential U

degrees of freedom of nodes at opposing boundaries as

Ul+ - Ul_ = EZLRVE (4)

where (I+) and (I —) correspond to the boundaries with positive and negative normal along
the axis X;, Ly is the distance between these two boundaries and E is the homogenized electric
field.

Three distinct load cases are created, enforcing a uniaxial homogenized electric field in the 3
Cartesian directions. By measuring, in each case, the current that flows through the volume in

all 3 directions, the full homogenized conductivity matrix f;; is reconstructed.

4. Results and discussion

The proposed methodology is now compared to the measurements in [13], on CNT-polymer

composites whose processing is described in [25].

The material consists of industrial grade multi-walled CNTs (NC7000, Nanocyl™) dispersed
in an epoxy matrix [25]. To compute the conductivity of the composites, in the simulations we
use CNT of length Leyt = 430 nm and diameter Deyr = 10 nm. A nanotube conductivity of
10* S/m [26] is assumed, with a work fraction of 4.95 eV. [27]. As for the epoxy matrix, a
conductivity of 107¢ S/m and relative permittivity of 3.98 are chosen. Densities of 1.9 kg/m?
and 1.2 kg/m?3 are used for the CNTs and matrix, respectively. We note that these parameters
are not adjusted to maximise the agreement of the predictions with measurements: the density
of the constituents as well as the diameter and average length of the CNTs were measured,
while the CNT conductivity, work fraction and relative permittivity of the matrix (determining
the tunnelling electron transport at CNT junctions) are taken from the literature. The sensitivity
of the predictions to the values of these parameters was explored systematically (for the case
of a uniform CNT concentration) in [28].

Considering a uniform and random dispersion, the homogenized isotropic conductivity curve
is obtained using the FE approach presented in [19]. The results are obtained with 20
realizations per volume fraction and with a converged RVE size of 2.0 X Lqyt; the predicted

conductivity is presented in Fig. 2 together with the measurements of Herceg et al. [25]. We
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164 Fig. 2. Homogenized electrical conductivity as function of the CNT volume fraction. Bars represent the standard deviation
165 and the experimental measurements are reproduced from Herceg et al. [25].

166

167 The assumption of homogeneous CNT dispersion clearly overestimates the measured

168  conductivity above the percolation threshold — found around v¢, ~ 1.5% in the case of uniform

169  CNT dispersion.

170 To quantify the effects of the dispersion, we rely on the CNT concentration map presented
171 by Fisher and Shaffer [13] and reproduced in Fig. 3, based on a discretization of 100x100 cells.
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172 Fig. 3. a) Measured dispersion map image; b) concentration distribution, reproduced from [13].
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According to [13], the sample was prepared with a CNT concentration of 9.1 wt%, based on
initial weighing. In the concentration map in Fig. 3a however, the average measured
concentration was 7.58 wt%. This discrepancy might be due to loss of CNTs (by
decomposition) or to variability of the material microstructure over the length scale of
observation, of approximately 1 mm?. The virtual RVEs constructed in this study are based on
a slightly smaller section of the published image in Fig. 3a, to avoid editing artefacts (as
softened intensity at the edges and the area covered by the legend), and corresponds to an
average CNT concentration of 8.81 wt%, equivalent to a volume fraction of v; = 5.75 %
(vol%). For the same concentration, Herceg et al. [25] measured a bulk conductivity in the
range 15.5 — 22.0 S/m.

We now construct different RVEs corresponding to the concentration distribution presented
in Fig. 3b), using different feature radius parameters, to explore the sensitivity of our
predictions to such length-scale. For each value of the feature radius we conduct an RVE
convergence study, to ensure predictions are not sensitive to the size of the RVE analysed. For
a feature radius of R; = 5, the resulting homogenized conductivity for 20 realizations is plotted
in Fig. 4a) as function of the number of elements N, resulting in meshes with 1000 to
1728000 elements. The average conductivity varies less than 1% for N, = 503, and the
standard deviation is less than 2% for N, > 1003. A further indication that the RVE is of
sufficiently large size can be obtained by measuring the cross-terms of the conductivity matrix
;i (i #J), presented in Fig. 4b): a sufficiently large RVE will be statistically isotropic and
will present vanishing cross-terms. Such RVE convergence analysis was repeated for all the
feature radii investigated. It showed that RVEs with Ny > 1003 provide predictions
insensitive to size, and results shown in this section refer to the choice N, = 1003,

corresponding to approximately 100 million elements and 103 million degrees of freedom.

It is worth noting that the observed convergence of the predictions with RVE size reinforces
the notion of existence of a unique solution for a set of dispersion distribution and
corresponding feature radius, an issue observed with some of the dispersion indexes, as

discussed by Haslam and Raeymaekers [10].
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Fig. 4. RVE size convergence study, analysing the: a) homogenized conductivity and b) cross terms of the conductivity matrix.

We now perform a study of the effect of feature radius on the predictions of bulk conductivity.
We construct a parametric model with only 1 parameter (the filter radius Ry), and build three-
dimensional RVEs accordingly, satisfying the measured PDF of Fisher and Shaffer [13]. Then,
the middle section (along the z coordinate) of RVEs with different filter radius are plotted in
Fig. 5, to illustrate the morphology of the virtual microstructures investigated. From a
qualitative visual comparison of the virtual microstructures in Fig. 5 to the measured
microstructure in Fig. 3a it emerges that the real material microstructure is intermediate

between the virtual microstructures obtained with filter radii 3.2, 5.0 and 8.0.

Unfiltered

Fig. 5. Central cross section (along the z direction) of RVEs with different feature radius.

The predictions of homogenized electrical conductivity are plotted in Error! Reference
source not found. for different values of feature radii (averages of 20 realizations are shown).
We consider an unfiltered distribution when R; = 0.5, representing a diameter equal to the cell
length (277 = s). Clearly a non-uniform CNT concentration reduces the bulk conductivity, in a
greater measure for large feature radii, although the predictions seem to plateau at
approximately 80 S/m, with conductivity 11% less than for the case of a homogeneous

concentration. We recall that measurements on this material gave conductivity in the range
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15.5 — 22.0 S/m: our simulations suggest that such low values cannot be explained by the
inhomogeneous concentration. In several published papers [5, 6, 29] a non-homogeneous CNT
concentration is invoked to justify the discrepancy between the measured conductivity of these
materials. Our simulations suggest that this is not entirely the case, and the reasons for such
discrepancies must be sought elsewhere: for example, in the accuracy of both experimental

techniques and nanoscale effects that influence the contact resistance between CNTSs.
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Fig. 6. Influence of the feature radius on the homogenized conductivity for the CNT-concentration distribution observed
experimentally. Error bars represent standard deviation based on 20 realizations.

5. Sensitivity of the bulk conductivity to the details of CNT concentration

In this section we explore the sensitivity of conductivity predictions to the details of the CNT
concentration, to show that such sensitivity is different at different points along the percolation
curve. The CNT and epoxy properties presented in the previous section are used. The CNT
concentration is assumed to follow a lognormal distribution, defined by an average v¢ and the
ratio of standard deviation to average volume fraction (relative standard deviation RSD,
0,/1, ). The lognormal distribution was chosen, in the parametric study, due to its flexibility
and capability of modelling asymmetric probability density functions; the measured
distributions of CNT concentration in real materials presented in the literature (e.g. [11, 13].)
are in fact skewed towards small volume fractions. An illustration of the effect of o,,/u,, on
the microstructure morphology is shown in Fig. 7 in the form of absorption maps. The

concentrations were translated into absorption maps using the relationship presented by [13].
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In the current section, RVEs are constructed for 3 different average CNT volume fractions,

chosen to be clearly above percolation, approximately at percolation, and clearly below

percolation. (Note: for CNT concentrations close and below percolation it was not always

possible to construct a virtual microstructure, i.e. the optimizer was not able to find an RVE

distribution that simultaneously respects the 4 statistical moments and the specified feature

radius.. Hence, the corresponding results are not shown).

op/1y=10.1 o,/ 1= 0.3 0/ = 0.5 op/ 1= 1.0

Absorption (nm™")

(5]

r

Fig. 7. Reconstructed absorption maps of CNT concentration for different RVEs with a CNT volume fraction of 2.6% and
varying RSD, for a feature radius of R; = 1. 3.

Above percolation (v, = 6.0 %). For a volume fraction of v; = 6.0 %, clearly above
the percolation threshold for the CNT-polymer composite considered, in Fig. 8 we show
the effects of RSD and feature radius on the bulk conductivity. Greater feature radius
and RSD values reduce the predicted conductivity.

Around percolation (v = 2.6 %). At this CNT concentration, slightly above the

percolation threshold, an anomalous behaviour is observed for the case of unfiltered
concentration distribution R = 0.5, as shown in Fig. 9. In this case the conductivity
increases with increasing RSD, opposite to what is observed at larger feature radii (and
in every case at higher volume fractions).

Below percolation (v¢ = 1.3 %). Results for this volume fraction are shown in Fig. 10.

Again, simulations suggest that conductivity can increase with increasing RSD. This
observation is coherent with the findings published by [30], where experimental
measurements revealed percolation bellow the expected threshold (this second
threshold is usually referred to as a second kinetic, or non-statistical percolation
threshold).

11
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In Fig. 11 we summarise the results in this section: the inhomogeneity of CNT concentration
has two obvious effects, often reported in the literature: (i) conductivity is enabled at lower
volume fractions than in the uniform case, and (ii) at high CNT concentration, increasing
inhomogeneity of CNT concentration reduces the conductivity. We note that with increasing

CNT volume fraction the conductivity is less sensitive to the details of the heterogeneity in the

distribution.
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6. Conclusions

A multiscale approach to simulate the effects of a non-homogeneous CNT concentration in
CNT-polymer composites was presented. We constructed realistic virtual microstructures of
these composites based on measured probability density functions of CNT concentration, also
including a single length-scale associated with the topology of the features observed in 2D
concentration maps. We performed Monte Carlo analyses via the FE method to predict the bulk
electrical conductivity of such realistic material microstructures at different values of the
minimum feature size. The predictions were compared to measurements and used to determine
the sensitivity of conductivity to the probability density of the CNT concentration and on the
size of the geometric features observed in the microstructure. The main conclusions from the

study are:

- The conductivity of heterogeneous CNT-polymer composites was found, in the range
explored in the study, as much as 11% smaller than the conductivity of composites with
uniform CNT concentration. This reduction is substantial but not sufficiently large to
justify, on its own, the discrepancy between measurements and prediction often
observed in previous studies.

- The size and distribution of the geometric features observed in realistic microstructures
has a prominent effect in determining the conductivity of these composites. Such effect
is comparable to that of the probability density function of CNT concentration.
Increasing the size of these features decreases the conductivity irrespective of the
average and distribution of the CNT volume fraction.

- Anincreasing degree of variance in the CNT volume fraction reduces the conductivity
at high volume fractions but may increase it at volume fractions around the statistical
percolation threshold and below, depending on the size of the geometric features
observed in the microstructure.

- The effects of the variance in CNT volume fraction and of the feature size become less

prominent with increasing average CNT concentration.

The work showed the importance of performing measurements similar to those in [13] in
numerical predictions the electrical response of CNT-polymer composites. Such measurements
could be also used to predict the self-sensing capability of realistic CNT-polymer composites,
as shown in [31] for the case of a homogeneous CNT distribution. This is left as a topic for

future studies.
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