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A B S T R A C T

Optical properties of a quantum emitter are drastically modified inside a nanometer-

sized gap between two plasmonic nanostructures. At such a nanoscale gap, plasmonic

resonances confine light far beyond the diffraction limit and form a nanoscopic optical

cavity, called a plasmonic nanocavity. This thesis investigates the optical properties

of plasmonic nanocavities and highlights their ability to facilitate strong light-matter

interaction.

We first study plasmonic nanocavities by treating their resonances as leaky modes

with complex eigenfrequencies. By varying their gap morphology, several bright and

dark gap plasmonic resonances are discovered, which are essential for understanding

how a nanocavity optically influences a quantum emitter. Near-field and far-field inves-

tigations also reveal intricate multiple-mode interaction with a quantum emitter.

Next, this thesis tackles the misconception that fluorescence emission from a quantum

emitter is always quenched through non-radiative decay channels when the emitter is

placed closer than 10 nm to a plasmonic nanostructure. We demonstrate the suppres-

sion of fluorescence quenching in plasmonic nanocavities due to plasmon hybridization,

which enhances the excitation and radiation from the emitter. This enhancement is

shown to be strong enough to facilitate single-molecule strong coupling, as evident in

its dynamic Rabi oscillations.

Finally, an innovative sensing scheme is proposed, which combines immunoassay

sensing with strong coupling in plasmonic nanocavities. By chemically linking the

antibody-antigen-antibody complex with a quantum emitter label, we show that the

proposed scheme provides 1500% sensitivity enhancement compared to plasmonic sen-

sors with conventional labels. This scheme could lead to the development of plasmonic

bio-sensing for single molecules and new pathways towards room-temperature quan-

tum sensing.
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1 I N T R O D U C T I O N

Emission properties of a quantum emitter, i.e. a single-photon light source, can be

modified by placing the emitter in a structured optical environment, such as in front of

a dielectric mirror [1, 2]. When the interaction is sufficiently strong, the emitter becomes

intricately linked with its optical environment, forming hybrid states which differ from

those of the emitter or the optical system individually. This is known as strong-coupling.

In the optical regime, light-matter strong-coupling was realized first with many atoms

in 1989 [3] and later with a single atom in 1992 using a high-finesse optical cavity [4].

However, these experiments were possible only at cryogenic temperature. Light-matter

strong-coupling at room temperature had not been achieved until the recent develop-

ment of plasmonic nanocavities [5].

Plasmonics is the study of surface plasmons (SPs), coherent delocalized oscillations

of conduction electrons on a metal surface. Since its prediction in 1957 [6] and first

observation in 1960 [7], plasmonics has become a rapidly evolving field of study with

various applications including solar cells [8, 9], spectroscopy [10] and cancer treatment

[11, 12]. SPs can be excited by electromagnetic fields and have the ability to confine

the fields far beyond their diffraction limit. Such extreme field confinement enhances

light-matter interaction and gives rise to phenomena such as surface-enhanced Raman

scattering (SERS) and surface-enhanced fluorescence [13]. Through recent advances in

nanofabrication, nanoscale control over the size and shape of metal structures has been

achieved [14, 15]. SPs excited on these metal nanostructures form optical nanocavities

with unprecedented light enhancement [16, 17]. The plasmonic nanocavities indeed

provide an ideal platform for realizing light-matter strong-coupling at room temperature

[18–21].

Optical fields can be further confined and enhanced at a nanoscale spacing between

two metal nanostructures where SPs from each nanostructure hybridize [22, 23] and

16



1.1 plasmonic nanocavities 17

form an intense electromagnetic hot spot. Such unparalleled light confinement has

been shown to facilitate even single-emitter strong-coupling at room temperature, first

demonstrated by Chikkaraddy et. al. [24] using a single dye molecule placed inside a

nanoparticle on mirror (NPoM) construct. Similar demonstrations have also been made

using single semiconductor quantum dots placed inside a bow tie nanostructure [25]

and a slot nanoresonator probe [26].

Indeed, the field of nanoplasmonic strong-coupling is rapidly evolving from emitter-

ensemble toward single-emitter strong-coupling. This thesis provides a comprehensive

theoretical and numerical studies on plasmonic nanocavities and their coupling to single

quantum emitters. Several approaches, including classical, semi-classical and quantum

mechanical methods, are used to shed light on the complex interaction between light

and matter at the nanoscale.

The following sections give the overviews of plasmonic nanocavities and their ability

to accommodate strong light-matter coupling. Section 1.1 first discusses plasmonics in

metal nanoparticles and how it leads to nanoscale optical cavities. Section 1.2 introduces

light-matter interaction in an optical cavity and examines the weak- and strong-coupling

regimes. Finally, this chapter reviews important numerical methods in the field of plas-

monic light-matter coupling in Section 1.3, followed by the thesis content summary in

Section 1.4.

1.1 plasmonic nanocavities

1.1.1 Localized Surface Plasmons

There are in general two types of SPs: localized charge oscillation on a closed surface

of a small metal particle called a localized surface plasmon (LSP) and a propagating

charge oscillation on a planar metal surface called a surface plasmon polariton (SPP).

This thesis mainly focuses on LSPs and does not discuss SPPs any further.

To demonstrate the LSP, this section considers a gold nanoparticle (AuNP) with radius

R in background permittivity εB illuminated by electric field E = E0e−iωt. If the AuNP
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is much smaller than the wavelength of the incident field, the quasi-static approximation

can be assumed where the AuNP experiences the same phase and amplitude over its

entire volume. In this approximation, every part of the AuNP responds instantaneously

to the change in the incident field. Consequently, its electric and magnetic responses of

the AuNP can be separated, and the electric potential VE satisfies the Laplace equation

[13, 27]

∇2VE = 0. (1.1)

For simplicity, azimuthal symmetry is assumed where ∂VE/∂φ = 0 in the spherical co-

ordinates (r,θ,φ). The general solution to the Laplace equation is then given by

VE(r,θ) = (C1r
` +C2r

−(`+1))P`(cosθ) (1.2)

where P` is the Legendre polynomial whereas C1 and C2 are constants. By applying the

boundary conditions that VE is continuous over the optical discontinuity at the AuNP

surface (r = R) and is finite at r = 0 and r→∞, the solution for the `-th mode is given

by [28]

V`E(r,θ) =


C
(
r
R

)`
P`(cosθ), r < R

C
(
R
r

)`+1
P`(cosθ), r> R

(1.3)

where C is a normalization constant. Note that spherical symmetry also allows addi-

tional solutions to the Laplace equation with φ-dependence given by associated Legen-

dre polynomials Pm
` (cosθ) with −` 6 m 6 `. The azimuthal symmetric solution in Eq

(1.3) corresponds to the m = 0 solution, disregarding its 2`+ 1 degeneracy.

By imposing the continuity condition for the normal component of the electric dis-

placement field êr ·D = −ε∂V`E/∂r at r = R, the resonance condition is obtained for the

`-th mode

`Re[εAu(ω`)] + (`+ 1)εB = 0 (1.4)

where ω` is the resonant frequency of the `-th mode. Figure 1.1 shows the LSP resonant

frequencies of a AuNP, and the inset shows the schematics for the `= 1, 2, 3 LSP charge

distributions. For ` = 1, we obtain Re[εAu(ω1)] = −2εb which is known as the Fröhlich

condition for the dipole LSP resonance. At large mode index `, the resonant frequencies
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approach ω∞, where Re[εAu(ω∞)] = −εB. These higher-order modes at ω∞ respond

collectively to an incident field and are often referred to as a pseudo-mode [29].

Figure 1.1: Frequency ω` and wavelength λ` of the LSPs with mode indices `. Inset shows the
surface charge distributions for the LSPs with `= 1, 2 and 3.

For nanoparticles smaller than 100 nm, the quasi-static approximation is generally

adequate for even imperfect spherical shapes. For larger nanoparticles, however, retar-

dation becomes significant, and a more accurate description, beyond the quasi-static ap-

proximation, is required. Analytic treatments of simple nanoparticles are available, for

example, a spherical nanoparticle given by the Mie theory [30]. For arbitrarily shaped

nanoparticles, we resort to full-wave numerical techniques such as finite-element or

finite-difference methods.

1.1.2 Gap Plasmonic Nanocavities

When two metal nanoresonators are brought close together, forming a gap of just a

few nanometers, the LSPs of each nanoresonator hybridize and provide unprecedented

light confinement. For instance, a gap size as small as 0.2 nm in a plasmonic dimer,

shown in Fig. 1.2(a), was achieved [31], massively enhancing SERS signals [32] and re-

vealing quantum phenomena such as electron tunneling [33]. Gap plasmonic nanocav-

ities have also been investigated using various geometries, including a bowtie nanoan-

tenna [25, 34], slot nanoresonator probe [26], hemisphere dimer [35] and NPoM [36,

37].
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Figure 1.2: (a-c) Schematics of some gap plasmonic nanocavities: (a) a dimer, (b) an NPoM
and (c) a hemisphere dimer structures. (d) Schematics of first and second-order
gap resonances of a plasmonic nanocavity. Each resonance order has four types:
bonding/antibonding and symmetric/antisymmetric (even/odd) resonances.

A notable example is the NPoM structure where a metal nanoparticle is separated

from an underlying metal film by single molecular layers, such as graphene [38], Cu-

curbituril [24] and DNA-origami [39], see Fig. 1.2(b). This nanostructure offers reliable

and repeatable nanoscale gap size, determined by its molecular spacer, and leads to the

first demonstration of single-emitter strong-coupling at room temperature [24]. Hence,

the NPoM nanocavity is the main nanostructure of choice discussed in Chapters 2 and

3. Another nanostructure that this thesis investigates is a hemisphere dimer, shown in

1.2(c). Although fabricating this nanostructure with a nanometer-size gap could present

a huge technological challenge, the hemisphere dimer offers the possibility of a sensor-

on-chip application of single-emitter strong-coupling which is the main focus in Chapter

4.

Although different plasmonic nanocavities differ on physical geometries, they pos-

sess qualitatively the same gap plasmonic resonances. The first and second-order gap
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resonances are illustrated in Figure 1.2(d) where each order consists of four types: bond-

ing/antibonding and even/odd (symmetric/antisymmetric) resonances. The bonding

resonances have opposite charges on either side of the gap, which confine and enhance

electromagnetic fields. On the other hand, the antibonding resonances have the same

charges on either side of the gap, which suppress electromagnetic fields in the gap and

cannot be excited from the far-field. Hence, the antibonding resonances are irrelevant to

the discussion in this thesis.

Due to opposite charges on either side of the gap, the enhanced electric fields of the

bonding resonances dominantly align perpendicularly to the substrate. In most experi-

ments, the even bonding resonances are bright modes and can be efficiently excited by

light incident at an oblique angle [24, 39]. Hence, the first and second-order even bond-

ing modes are given special names of the bonding dipole plasmon (BDP) and bonding

quadrupole plasmon (BQP), respectively [31]. On the other hand, the odd bonding res-

onances are often considered dark modes as they couple much weaker to an external

field. However, the odd modes are not completely dark and can be excited in isolation,

for example, by a plane wave polarized parallel to the substrate or by two out-of-phase

plane waves polarized perpendicular to the substrate [40].

1.1.3 Plasmonic Nanocavities as Leaky Optical Cavities

A resonant mode of a plasmonic nanocavity can be considered as a leaky optical cavity

mode and is determined by three parameters: its resonance frequency ωa, quality factor

Q and effective mode volume Veff. The quality factor determines the ability of a cavity

mode to retain its energy and is defined as Q =ωa/2κ where κ is the dissipation rate

(half-width-at-half-maximum linewidth). On the other hand, the effective mode volume

Veff quantifies the electromagnetic field confinement in a cavity mode. For a perfect

optical cavity with Q→∞, the effective mode volume is defined by the cavity electric

field E(r) as follows

Veff =

∫
ε(r)|E(r)|2d3r

max [ε(r)|E(r)|2]
(1.5)
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where ε(r) is the cavity dielectric constant. This expression is invalid for a leaky cavity

but provides good approximations to the mode volumes of high-finesse (high-Q) cavities

such as Bragg mirrors and whispering-gallery microcavities. For low-Q cavities such as

plasmonic nanocavities, however, the generalized form of the mode volume is required

[41]. This is discussed in Chapter 2.

1.2 light-matter interaction in plasmonic nanocavities

1.2.1 Cavity Quantum Electrodynamics

When a single quantum emitter, such as a semiconductor quantum dot or a dye

molecule, is placed in close proximity to a plasmonic nanostructure, the emitter can

coherently exchange energy with plasmonic resonances. This interaction can be treated

within the cavity quantum electrodynamics (cQED) framework where the plasmonic

resonances, approximated as cavity modes, are described by bosonic operators âi and

frequency ωi. Similarly, the optical transition of the emitter with transition frequency

ωem and dipole moment µ is treated as a two-level system with a Pauli-1/2 operator

σ̂. Assuming that there is only one dominant plasmonic mode, their interaction is de-

scribed by Jaynes-Cummings Hamiltonian [42]

Ĥ=  hωemσ̂
†σ̂+  hωaâ

†â+  hg(âσ̂† + â†σ̂) (1.6)

where the coupling strength g is determined by the cavity mode’s optical properties

 hg= µ

√
 hωa

2ε0εBVeff
(1.7)

with the background permittivity εB. The coupling regime of the coupled system can

then be determined by the difference between the coupling strength g and dissipation

rate κ.
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When g < κ, the total energy in the system dissipates to the environment faster than

coherent energy interchange between the cavity mode and the emitter, and the system

is in the weak coupling regime. On the other hand, When the interaction becomes suf-

ficiently strong that the energy exchange rate exceeds the dissipation rate, i.e. g > κ,

the system reaches the strong-coupling regime and forms hybrid states which are dif-

ferent from those of its individual components. In this regime, the energy separation

between the hybrid states can be observed as splittings in the optical spectra of the sys-

tem, known as the characteristic Rabi splittings. This also appears in the time domain

as a field oscillation, called the Rabi oscillation.

If the energy exchange rate is so rapid that it becomes comparable or exceeds the

resonance frequencies of the emitter and the optical field, g ≈ωa,ωem� κ, the system

reaches the ultrastrong-coupling. In this regime, perturbation theory breaks down, and

a complete re-evaluation of the theoretical framework is required [43]. Ultrastrong-

coupling is beyond the scope of this thesis, and it will not be discussed further.

1.2.2 Light-Matter Interaction in Weak Coupling Regime

When a quantum emitter coupled weakly to its optical environment, the emitter can

be treated as a classical point-like dipole source with frequency ωem at position rem

Jem(r,t) =
dµ
dt
δ(r − rem)

= −iωemµδ(r − rem).
(1.8)

In a homogeneous environment with refractive index nB =
√
εB, the radiation power

generated by the dipole and its corresponding decay rate are given by [44]

P0(ωem) =
nBω

4
em|µ|2

12πε0c3
(1.9)

γ0(ωem) =
nBω

3
em|µ|2

3πε0 hc3
. (1.10)

In an optical environment, such as in proximity to plasmonic nanoparticles or cavity res-

onators, the emission from the emitter could reflect from the surrounding structures and
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re-excite itself, weakly perturbing its own optical properties. The re-excitation affects the

emitter by changing both its emission rate and emission frequency.

Purcell Effect

The re-excitation from the optical inhomogeneity accelerates, or in some cases decel-

erates, the emitter’s emission rate. This enhancement in the emission rate is called the

Purcell effect [1]. To study this effect, we consider the total power dissipated and the

total decay rate of the dipole that is excited by the total field E

Ptot(rem;ωem) = −
1

2

∫
Ω

Re [J∗em · E(rem)]d3r

=
ωem

2
Im [µ∗ · E(rem)]

(1.11)

γtot(rem;ωem) =
2
 h

Im [µ∗ · E(rem)] . (1.12)

The total field E is the superposition of the incident field E0 and the scattered field Es

from the environment, E = E0+Es. The Purcell enhancement factor can then be derived

as [44]

F(rem;ωem) =
Ptot(rem;ωem)

P0(ωem)
=
γtot(rem;ωem)

γ0(ωem)

=
6πεc3

nBω3em|µ|2
Im [µ∗ · E(rem)]

= 1+
6πεc3

nBω3em|µ|2
Im [µ∗ · Es(rem)]

(1.13)

where the unity emphasizes that F= 1 in a homogeneous environment with Es = 0.

In the special case that the optical environment is an optical cavity with resonant

wavelength λa, quality factor Q and mode volume Veff, the Purcell factor is reduced to

its original expression derived by Purcell in 1946 [1, 45]

F= 1+
2g2

κγ0
= 1+

3

4π2

(
λa

nB

)3
Q

Veff
(1.14)

This expression is explicitly derived in Section 2.8.1.
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Optical Lamb Shift

The re-excitation does not only enhance the emitter’s emission rate but also shift its

emission frequency. This shift is called an optical Lamb shift and has the following

expression [44]
ωLem −ωem

γ0
=

3πε0c
3

nBω3em|µ|2
Re [µ∗ · Es(rem)] (1.15)

where ωLem is the Lamb shifted transition frequency of the emitter.

Optical Local Density of States

This section has so far only discussed the classical description of a quantum emitter.

This can be linked to the quantum mechanical description by defining the optical local

density of states (LDOS)

ρd(rem;ωem) =
6ωem

πc2
Im [êµ ·G(rem,rem;ωem) · êµ] (1.16)

where êµ = µ/|µ| is the dipole moment unit vector and G is the dyadic Green’s function

which is defined by the electric field generated by the dipole source

E(r) = µ0ω2emG(r,rem;ωem) · µ. (1.17)

On the basis of Fermi’s golden rule, the total decay rate γtot of the emitter in Eq. (1.12)

can then be expressed in terms of the LDOS as [44]

γtot =
ωem

3 hε0
|µ|2ρd(rem;ωem). (1.18)

1.2.3 From Weak- to Strong-Coupling: Coupled Oscillator Model

To demonstrate the transition between the weak- and strong-coupling regimes, this

section considers a simple physical model of two coupled oscillators with masses m1

and m2. Each oscillator is attached to two springs connecting it to a fixed position

and the other oscillator, as shown in Fig. 1.3(a). These three spring with spring
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constants k1, k2 and kg can be can be represented by the resonant frequencies ω1 =√
(k1 + kg)/m1 and ω2 =

√
(k2 + kg)/m2 and the coupling frequencies g12 =

√
kg/m1

and g21 =
√
kg/m2. We can study how the system respond to an external force by

considering the case where only the first oscillator is driven by a force f= f0 exp(−iωt)

which then drives the second oscillator through their coupling. Assuming that the os-

cillators are subject to damping rate Γ1 and Γ2, the resulting equations of motion are

[]
d2x1
dt2

+ 2Γ1
dx1
dt

+ω21x1 − g
2
12x2 =

f

m1
(1.19)

d2x2
dt2

+ 2Γ2
dx2
dt

+ω22x2 − g
2
21x1 = 0 (1.20)

where x1 and x2 are the oscillators’ displacements from their equilibriums. To find the

steady state solutions, we assume x1(t) = A1 exp(−iωt) and x2(t) = A2 exp(−iωt) and

obtain

A1 =
ω22 −ω

2 − 2iΓ2ω

(ω21 −ω
2 − 2iΓ1ω)(ω22 −ω

2 − 2iΓ2ω) − g212g
2
21

· f0
m1

(1.21)

A2 =
g221

(ω21 −ω
2 − 2iΓ1ω)(ω22 −ω

2 − 2iΓ2ω) − g212g
2
21

· f0
m1

. (1.22)

The average power dissipated in the system is equal to

〈P(ω)〉= 1

2
Re
[
f∗ · dx1

dt

]
=
1

2
Re
[

−iω(ω22 −ω
2 − 2iΓ2ω)

(ω21 −ω
2 − 2iΓ1ω)(ω22 −ω

2 − 2iΓ2ω) − g212g
2
21

]
· |f0|

2

m1
.

(1.23)

The resonances of the system can be obtained from the denominator of Eq. (1.23)

(ω21 −ω
2 − 2iΓ1ω)(ω22 −ω

2 − 2iΓ2ω) − g212g
2
21 = 0. (1.24)

In the simple case where ω1 =ω2 =ω0, Γ1 = Γ2 = Γ and m1 =m2 =m, the system has

two solutions with positive frequencies

ω± =−iΓ +
√
ω20 − Γ

2 ± g2. (1.25)
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Figure 1.3: (a) A schematic for harmonic oscillators with masses m1 =m2 =m, damping Γ1 =
Γ2 = Γ and resonant frequencies ω1 = ω2 = ω0. The oscillators are coupled with
coupling strength g, and the first oscillator is driven by a force f(t). (b) Average
power spectra 〈P(ω)〉 of the oscillators with coupled strength g/g0 from 0.4 to 1.6,
where g0 =

√
Γω0. Each result is normalized by its maximum and is offset for clarity.

When g/g0 > 1., the system is in the strong-coupling regime, and energy splitting is
observed. The dashed lines indicate the resonant frequencies Re[ω±].

Assuming ω0� Γ ,g, a simple expression for the energy splitting can be derived

∆ω=ω+ −ω−

≈ g2/ω0.
(1.26)

The criterion for the strong-coupling regime is obtained when the oscillators exchange

energy at a faster rate than their energy dissipation. This is identical to the condition in

which the energy splitting is spectrally resolved ∆ω> Γ , i.e. g >
√
Γω0. This behaviour

is demonstrated in Fig. 1.3(b). For g< g0, the energy splitting is too small to be resolved,

and 〈P(ω)〉 shows only single broaden peaks. For g > g0, two peaks in 〈P(ω)〉 become

visible. This energy splitting in the system’s spectrum is called the Rabi splitting.

For general coupled systems, such as the coupling between a quantum emitter and

a plasmonic resonance, the damping Γ1 and Γ2 can be drastically different, and general

solutions can be obtained from solving Eq. (1.24). Although this section presents a

simple harmonic oscillator model, the qualitative behaviors of the weak- and strong-
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coupling regimes are a general physical phenomenon of coupled systems, including the

coupling between a quantum emitter and a plasmonic resonance.

1.3 summary of methods

Many attempts have been made to model the coupling between quantum emitters

and plasmonic nanocavities. The most simple model is the classical model where light

is modeled with Maxwell’s equations and the emitters as simple classical Lorentz oscil-

lators (i.e. a classical dipole) [46, 47]. The Lorentz oscillator model, however, fails in the

nonlinear regime and can be superseded by a semiclassical model where the emitters are

treated as two-level quantum systems [48]. The system can also be modeled quantum

mechanically by quantizing the field of the plasmonic modes in the master equation

approach with Jaynes-Cummings Hamiltonian [49, 50]. However, the quantum model is

limited by the fact that the plasmonic resonances have to be predefined and its inability

to model plasmonic nanostructures in a full-wave form. Alternatively, the system could

also be simulated with ab initio methods where the most notable is time-dependent

density functional theory (TDDFT) [51]. However, this method is limited to very small

nanostructures due to its high computational expense. All the aforementioned mod-

els predict qualitatively similar results in the weak-excitation regime and for gap sizes

larger than 1 nm [15, 52].

This thesis studies different aspects of plasmonic nanocavities and their interaction

with quantum emitters by using a collection of numerical and analytical methods, in-

cluding classical, semi-classical and quantum mechanical methods. These methods are

summarized below.

1.3.1 Classical Methods

In this thesis, the optical properties of plasmonic nanocavities are well described by

classical Maxwell’s equations, and their plasmonic resonances are mainly solved by ei-
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ther the finite-element method (FEM) [53] in Comsol Multiphysics version 5.4 or the

finite-difference time-domain (FDTD) method [54] in Lumerical FDTD version 8.18.1298.

These methods have different advantages and disadvantages. The FEM in Comsol pro-

vides a more efficient meshing scheme and, in general, more efficient computations. It

is also capable of solving both frequency-domain and time-domain problems. On the

other hand, the FDTD method in Lumerical can only solve time-domain problems but

provide more robust computations.

Both types of numerical simulations for plasmonic nanocavities require identical bound-

ary conditions and similar spatial discretization. To truncate an infinite space into

finite simulation space, plasmonic nanocavities are surrounded by perfectly matched

layers (PMLs) which absorb incident fields with minimal reflection. Since this thesis

deals with a few nanometer gap size between two much larger plasmonic structures

(nanoparticles with diameters of 40-100 nm), a uniform meshing scheme is impractical

and requires unrealistically expensive computation time. Hence, an adaptive meshing

scheme is utilized for all simulations in this thesis. For example, a NPoM with a diame-

ter of 40 nm and a gap of 1 nm requires mesh refinements of 0.25 nm at the gap and 2

nm at the nanoparticle.

In the following, several techniques based on the FEM and FDTD methods are out-

lined.

FEM: QNMEig

For general dispersive materials, their resonances (quasinormal modes) can be ob-

tained by solving non-linear eigenproblems. These problems can be converted into

linear forms by introducing auxiliary fields, as shown in Section 2.3. An open-source

program based on Comsol Multiphysics called QNMEig [55] implements such conver-

sions. This method is used in Chapter 2 to calculate for resonances (gap plasmons) of

NPoM nanocavities, including Figs. 2.2(b-e), 2.3 and 2.4.

FEM: RETOP

Once near-field profiles of a nanocavity’s resonances are found, far-field radiation

from the nanocavity can then be calculated by projecting the near-field electric and
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magnetic fields to the far-field by using an open-source program RETOP [56]. This

method uses the results from QNMEig to obtain the results in Figs. 2.5 and 2.9.

FEM: Direct Dipole Radiation

Instead of solving for resonances, the optical properties of a plasmonic nanocavity

can also be studied by directly placing an electric dipole inside the nanogap. The dipole

generates radiation which, in principle, excites all available resonances of the nanocavity.

Together with RETOP, this method is used to obtain far-field results in Fig. 2.10.

FDTD: Resonant States

Similar to QNMEig, resonances (quasinormal modes) of an optical structure could

also be found by the FDTD method. This thesis follows the technique described in

Ref. [57] to calculate resonant fields and Purcell enhancement of a NPoM nanocavity as

shown in Fig. 4.6.

FDTD: Fluorescence Emission

Fluorescence emission from a quantum emitter [14, 58] is a two-step process, namely

excitation and emission; hence, calculating fluorescence requires two separate electro-

magnetic simulations. Using the FDTD method, the excitation simulation could be car-

ried out by injecting incident waves from a total-field scattered-field (TFSF) source [54]

into the nanocavity and the emitter. The excitation rate on the emitter is then propor-

tional to electric field enhancement at the emitter’s position. For the emission simulation,

a dipole source could be placed at the emitter’s position, and the emission rate of the

emitter is then proportional to enhanced radiated power from the dipole. This technique

is used to obtain the results in Figs. 3.1(a-c), 3.2, 3.3, 3.5(b-e) and 3.6(b).

FDTD: Cross-Section

Similar to the excitation simulation for fluorescence emission, optical cross-sections of

a plasmonic nanocavity can be calculated by using a TFSF source in a FDTD simulation.

Absorption and scattering cross-sections can then be calculated from the scattered fields
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inside and outside the TFSF source, respectively [30]. This technique is used to calculate

cross-sections in Figs. 3.4(b,c), 3.9 and 4.1.

1.3.2 Semi-classical Method: Maxwell-Bloch Equations

To study energy exchange dynamics between a quantum emitter and plasmonic res-

onances, this thesis mainly employs a semi-classical description for the emitter. In

the regime, electromagnetic fields are treated classically by using Maxwell’s equations

whereas the emitter is treated quantum mechanically by using Maxwell-Bloch equations

[59]. This approach provides computational efficiency and flexibility for simulating plas-

monic nanocavities while retaining quantum mechanical information about the emitter,

such as its population inversion and coherence properties. Two variants of the Maxwell-

Bloch model, based on the FDTD framework, are used in Chapters 3 and 4.

FDTD: 1×1×1 nm3 Emitter

In Chapters 3, a quantum emitter is modeled as a 1×1×1 nm3 cube with a linewidth

of 28 meV and a dipole moment of 3.79 Debyes which is aligned perpendicularly to

the substrate of a NPoM. The emitter’s optical properties are described the standard

Maxwell-Bloch equation [59]. This method is used to obtain the results in Figs. 3.7, 3.8

and 3.9.

FDTD: Single-Yee-Cell Emitter

Chapter 4 considers a quantum emitter with a much larger dipole moment than that

in Chapter 3. If a 1×1×1 nm3 emitter model is used for an emitter with such a large

dipole moment, then the emitter experiences a significant numerical self-interaction [60].

Here, the emitter is instead modeled as a single-Yee-cell emitter placed inside the gap

of a hemisphere dimer structure. The polarization of the emitter is modified with field

corrections, as described in Ref. [60]. The emitter has a dipole moment of 20 Debyes

aligned parallel to the substrate along the gap and linewidth of 26 meV. This method is

used to obtain the results in Figs. 4.3, 4.4, 4.7, 4.8 and 4.9.
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1.3.3 Quantum Mechanical Method: Lindblad Master Equation

As described above, plasmonic resonances of plasmonic nanocavities are well de-

scribed in the classical regime. However, some phenomena such as spontaneous emis-

sion are inherently quantum mechanical. Hence, a proper calculation on emitter pho-

toluminescence requires quantizing electromagnetic fields. This thesis employs Jaynes-

Cummings Hamiltonian to describe optical interaction between the emitter and plas-

mons and then calculates their photoluminescence by solving Lindblad master equation

[42]. This method is used to obtain the results in Figs. 4.6 and 4.7.

1.4 summary of contents

This thesis investigates the optical properties of plasmonic nanocavities and their in-

teraction with single quantum emitters in the weak- and strong-coupling regimes. The

thesis is organized into five chapters, including Introduction presented here. Chap-

ter 2 explores the morphology-dependent near-field and far-field behaviours of NPoM

nanocavities, of which optical resonances are treated classically as leaky modes with

complex eigenfrequencies. Their complex coupling coefficients to single quantum emit-

ters, modeled as classical dipole sources, are then derived and used to reveal intricate

multi-modal interaction. Chapter 3 challenges the previously held assumption that fluo-

rescence emission from an emitter is always quenched when the emitter is placed a few

nanometers away from a metal surface. This chapter demonstrates that fluorescence

quenching is, in fact, suppressed inside a plasmonic nanocavity and also show that

this phenomenon enables the system to facilitate strong-coupling with a single emitter.

Based on the concept of single-emitter strong-coupling, Chapter 4 uses a combination

of semi-classical and quantum mechanical methods to propose an innovative scheme

of quantum plasmonic immunoassay sensing. In this scheme, an antibody-antigen-

antibody complex is chemically linked with a quantum emitter label which is strongly

coupled with plasmons in a hemisphere-dimer nanocavity, resulting in massively en-
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hanced sensitivity. Finally, summary and outlooks of this thesis are given in Chapter

5.



2 Q U A S I N O R M A L- M O D E A N A LY S I S O F

P L A S M O N I C N A N O C AV I T I E S

The results presented in this chapter have been published as a preprint in Ref. [61], co-

authored by A. Demetriadou, M. Horton, R. Chikkaraddy, J. J. Baumberg and O. Hess.

Some parts of this chapter are quoted verbatim from the published manuscript.

I contributed to all analytic calculations, ran the numerical simulations, performed

the data analysis and prepared all figure. All authors contributed to the discussion of
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2.1 introduction

A wide range of theoretical and experimental studies have been conducted to inves-

tigate the optical properties of NPoM nanocavities [36, 62, 63]. Several studies exam-

ine resonances of NPoMs [40, 64–67] and their influence on optical emission of single

molecules in the nanogaps [39, 68, 69]. However, most studies on the nanocavities

have so far described their optical response via a scattering method and infer their reso-

nances from resulting far-field spectral peaks. Although significant information can be

obtained from the far-field spectra, they do not reveal complete optical descriptions of

the nanocavities and commonly hide information about their dark modes. For example,

an incident field from the far-field does not couple to all available photonic modes of

the system. Resonances which are spectrally close also interfere with each other and

often merge into single broadened peaks in far-field spectra. As a result, analyses of

the far-field scattered spectra can yield inconsistency between near-field and far-field

plasmonic responses [70].

The precise morphological details of the NPoM nanogaps also dramatically modify

their optical responses [64, 71]. Once the nanoparticles are placed on substrates, they lie

34
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on their facets which can have varying widths. Previous studies of the gap morphology

of NPoMs described their gap plasmonic resonances with two sets of modes: longi-

tudinal antenna modes, excited for all facet widths, and transverse waveguide modes,

excited at large facet widths [65, 66]. Although this description sheds light upon the

asymptotic behavior of the NPoM plasmons, it provides an incomplete picture of NPoM

resonances at intermediate facet widths.

Here, the inherent resonant states of the NPoM geometry are identified and mapped

by employing the quasinormal mode (quasinormal mode (QNM)) method [72]. We

propose a simple yet comprehensive nomenclature based on spherical harmonics to

describe the resonances of NPoMs with varying morphology. A collection of spectrally

overlapping bright and dark nanogap QNMs are reported, including some photonic

modes that have not been reported elsewhere. These results imply that a quantum

emitter placed inside a NPoM nanogap couples to a collection of QNMs and experiences

a complex multi-modal interaction. By calculating the far-field emission of each QNM

using a near-to-far field transformation (NFFT) method, we predict the total emission

profile of a dipole emitter placed inside a NPoM nanogap from the QNM collective

responses. The resulting emission profiles display rich and intricate behaviors, governed

by the NPoM morphology.

2.2 qnms in nanophotonics

A general open system is non-conservative as its energy leaks to its external envi-

ronment, and its time-evolution is non-Hermitian. Consequently, its resonance can no

longer be described by a normal mode but, instead, is characterized by a QNM with

a complex eigenfrequency [73]. The QNM analysis has been a standard method to

study open and dissipative systems, of which the approximate descriptions are often

provided by a few QNMs. This approach has spanned a wide range of applications,

including gravitational waves from black holes [74] and electromagnetic waves from

nanoresonators [72].
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In nanophotonics, significant progress has been made in the past decades towards

solving QNMs for general dispersive materials. Efficient QNM solvers have been de-

veloped using a variety of techniques, including the time-domain approach [57, 75],

the pole-search approach [76–78] and auxiliary-field eigenvalue approach [55]. For

resonators with arbitrary shapes and materials, analytic solutions are not generally

available, and several numerical methods have been developed which surround the res-

onators by PMLs to approximately simulate infinite domains [55, 79].

Despite these recent developments, the widespread use of the QNM formalism in

plasmonics has yet to be achieved, and most studies in plasmonic systems still resort

to analyzing their scattering properties and assigning resonances to the corresponding

spectral peaks, see Fig. 2.1(a). The scattering approach is not at all optimal. Firstly,

some resonances may not couple with the incident field and remain undetected. Sec-

ondly, resonances which are spectrally close interfere with each other and often merge

into single broadened peaks. As a result, scattering analyses often yield inconsistent

results, depending on how the systems are excited and where their spectra are collected.

To demonstrate these problems, Fig. 2.1(d) shows the spectrum of three dummy real-

frequency resonances1 with Lorentzian lineshapes, A/(ω− (ωi − iκi))

f(ω) =

∣∣∣∣ 1.4exp(2πi)
ω− (0.5− 0.4i)

+
0.12exp(0.2πi)
ω− (1.0− 0.1i)

+
0.08exp(0.8πi)
ω− (1.5− 0.02i)

∣∣∣∣2 . (2.1)

The interference between these resonances distorts their amplitudes, shapes and peak

positions. For a plasmonic structure, its resonances often spectrally overlap and interfere

with each other, hiding individual resonances from the optical spectrum and rendering

real-frequency analysis ineffective.

Fig. 2.1(e) shows a more effective analysis by representing the resonances as QNMs

with complex frequencies

ω̃i =ωi − iκi (2.2)

where the real part ωi is the spectral position and the imaginary part κi is the linewidth,

i.e., dissipation rate. The minus sign ensures that the resonances decay with time, for

example the field amplitude A(t)∝ exp(−iω̃it) = exp(−κit)exp(−iωit).

1 The dummy resonances are for the demonstration purpose and do not belong to any optical system.



2.2 qnms in nanophotonics 37

Figure 2.1: (a) A schematic for a real frequency, ω, method. An electromagnetic resonator is
excited by an incident field E0 and produces a scattering field Es. (b) A schematic
for the complex frequency, ω̃i =ωi − iκi, QNM method. A leaky resonant mode of
the resonator is described by a field Ẽi. (c) The QNM method calculated in a finite
space with PMLs. (d) Scattering spectrum f(ω) of three dummy resonant modes
obtained by the real frequency method. (e) A complex frequency representation of
the dummy resonant modes.

For a general optical system with non-magnetic materials, its QNMs can be found

by solving the time-harmonic, ∂/∂t→ −iω, and source-free, Jext = ρext = 0, Maxwell’s

equations (A.3,A.4) [72]

 0 −iµ−10 ∇×

iε(r;ω̃i)−1∇× 0


H̃i(r)

Ẽi(r)

= ω̃i

H̃i(r)

Ẽi(r)

 , (2.3)

where H̃i and Ẽi are QNM magnetic and electric fields, respectively. These QNM fields

satisfy the Sommerfeld radiation condition for outgoing waves at |r| = r→∞. Unlike

real-frequency normal modes, the QNMs have unique properties such that their fields

diverge in space as r→∞. For example, a spherical outgoing wave of the form A(r,t)∝

exp[−iω̃i(t− r/c)]/r grows as exp[κir/c)]/r, as shown in Fig. 2.1(b). In numerical

studies, this behavior can be addressed by introducing absorbing PMLs which suppress

the diverging QNM fields in a finite computational space, as shown in Fig. 2.1(c).
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There are two main difficulties associated with solving for QNMs in dispersive sys-

tems. Firstly, Eq. (2.3) is generally a nonlinear eigenvalue problem because ε is a func-

tion of the complex eigenvalue ω̃i. Secondly, diverging behavior also causes difficulties

in normalizing QNMs and finding their orthogonality relation. This chapter discusses

both problems and their solutions below.

2.3 auxiliary-field eigenvalue approach

For dispersive materials like metals, Eq. (2.3) is, in general, a nonlinear eigenvalue

equation. However, Eq. (2.3) can be converted into a linear equation if the material

permittivities are described by the N-pole Lorentz-Drude permittivity (see Section A.2)

ε(ω) = ε∞
(
1−

N∑
k=1

ω2p,k

ω2 −ω20,k + iγkω

)
(2.4)

where ε∞ is the asymptotic permittivity at infinite frequency while ωp,k, ω0,k and γk

are the plasma frequency, resonant frequency and decay rate, respectively, of the kth

Lorentz-Drude pole. For each Lorentz-Drude pole in the summation, two auxiliary

fields can be introduced [55]

P̃i,k(r) = −
ε∞ω2p,k

ω̃2i −ω
2
0,k + iγkω̃i

Ẽi(r), (2.5)

J̃i,k(r) = −iω̃iP̃i,k(r), (2.6)

where P̃i,k and J̃i,k are auxiliary polarization and current, respectively, of the ith QNM

and the kth Lorentz-Drude pole. In the case of gold with two-pole Lorentz-Drude per-

mittivity (see Section A.2.3), Eq. (2.3) can be transformed into

Ĥψ̃i = ω̃iψ̃i, (2.7)

ψ̃i =

(
H̃i(r) Ẽi(r) P̃i,1(r) J̃i,1(r) P̃i,2(r) J̃i,2(r)

)T
(2.8)
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Ĥ =



0 −iµ−10 ∇× 0 0 0 0

iε−1∞ ∇× 0 0 −iε−1∞ 0 −iε−1∞
0 0 0 i 0 0

0 iω2p,1ε∞ −iω20,2 −iγ1 0 0

0 0 0 0 0 i

0 iω2p,2ε∞ 0 0 −iω20,2 −iγ2,


. (2.9)

This approach, in effect, converts a nonlinear problem into a linear problem in a larger

vector space.

2.4 unconjugated form of lorentz reciprocity theorem

The previous section addresses the problem of the nonlinear eigenvalue equation.

Before addressing the problems of normalizing QNMs and finding their orthogonality

relations, this section derives a prerequisite theorem which is the Lorentz reciprocity

theorem [80].

First, the time harmonic Maxwell’s equations are considered, ∂/∂t→ −iωt, where

Eqs. (A.3) and (A.4) can be rewritten as

∇× E = iωµ0H (2.10)

∇×H =−iωε(r;ω)E + Jext. (2.11)

Assuming that there are two different solutions to Maxwell’s equations (H1,E1,ω1,J1)

and (H2,E2,ω2,J2), the divergence theorem can be applied to the vector E2×H1−E1×

H2 in order to derive 2 [79, 80]

∫∫
Σ

(E2 ×H1 − E1 ×H2)d2r = i
∫∫∫
Ω

E1 · [ω1ε(r;ω1) −ω2ε(r;ω2)]E2d3r

− i

∫∫∫
Ω

µ0H1 · (ω1 −ω2)H2d3r

−

∫∫∫
Ω

(J1 · E2 − J2 · E1)d3r

(2.12)

2 This derivation requires the identity ∇ · (A×B) = (∇×A) ·B − A · (∇×B).
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where Σ is a closed surface surrounding a domain Ω. In the special case where ω1 =ω2

and Σ is infinitely large, the surface-integral terms cancel, and Eq. (2.12) reduces to

∫∫∫
Ω

(J1 · E2 − J2 · E1)d3r = 0. (2.13)

This expression is called the Rayleigh-Carson reciprocity theorem [80]. It implies that the

relationship between a current source and its resulting electromagnetic fields remains

unchanged if the source’s position is interchanged with the position where the fields

are measured. This concept shows the reversible roles of transmitting and receiving

antennas and is essential for developing antenna theory.

2.5 qnm orthogonality relation and normalization

This section uses Eq. (2.12) to derive the orthogonality relation and normalization.

Considering the ith QNM solution (H1 = H̃i,E1 = Ẽi,ω1 = ω̃i,J1 = 0) and jth QNM

solution (H2 = H̃j,E2 = Ẽj,ω2 = ω̃j,J2 = 0), the orthogonality relation can be obtained

by dividing Eq. (2.12) by ω̃j − ω̃i [72, 79]

∫∫∫
Ω

[
Ẽj ·

ω̃jε(r;ω̃j) − ω̃iε(r;ω̃i)
ω̃j − ω̃i

Ẽi − µ0H̃j · H̃i
]
d3r = 0. (2.14)

The QNM normalization can then be defined from the orthogonality relation by per-

forming Taylor expansion on the first term in the limit ω̃j→ ω̃i

∫∫∫
Ω

[
Ẽi ·

(
∂[ωε(r;ω)]

∂ω

)
i

Ẽi − µ0H̃i · H̃i
]
d3r = 1 (2.15)

where the derivative is evaluated atω= ω̃i. For non-dispersive materials, where ε(r;ω)=

ε(r), Eqs. (2.14) and (2.15) become

∫∫∫
Ω

[
ε(r)Ẽj · Ẽi − µ0H̃j · H̃i

]
d3r = δi,j. (2.16)



2.6 qnms of npoms 41

In a numerical simulation, an infinite system domain Ω can be represented as a finite

computational domain with PMLs surrounding a nanostructure. In such a simulation,

the integrations over Ω in Eqs. (2.14), (2.15) and (2.16) must include the field contribu-

tions inside the PMLs.

2.6 qnms of npoms

This chapter studies a gold NPoM structure with commonly used geometrical and

optical parameters in recent experiments [24, 64], i.e., nanoparticle diameter of 2R = 80

nm, gap thickness of d = 1 nm, refractive index ngap = 1.45 and background refractive

index nb = 1.0, as shown in Fig. 2.2(a). The permittivity of gold is modeled by a two-pole

Lorentz-Drude permittivity, given in Eq. (A.16). Real metal nanoparticles are always

faceted and lie on their facets with varying widths on a substrate [64, 71]. Since the gap

plasmonic resonances are highly sensitive to the gap morphology, the gold nanoparticles

are modeled as truncated spheres with facet widths w from 0 to 40 nm. The remaining

nanoparticle facets outside the gap region do not play any significant role.

2.6.1 QNMs of Spherical and Faceted NPoMs

To calculate the QNMs of a gold NPoM structure, we employ the above methodology

by using QNMEig, an open-source program based on COMSOL Multiphysics, which

implements an efficient finite-element solver by accounting for material dispersion with

auxiliary fields [55]. The following parameters are chosen based on recent experiments

[24, 64], with nanoparticle diameter of 2R = 80 nm, gap thickness d = 1 nm, refractive

index ngap = 1.45 and background refractive index nb = 1.0, as shown in Fig. 2.2(a).

This chapter chooses a simpler yet highly effective nomenclature based on spherical

harmonics Ym
` . Each QNM is labelled with i = (`m) where ` = 0, 1, 2, ... and −` 6

m 6 `. Inside a spherical metal nanoparticle in a homogeneous environment, spherical

harmonics form a complete set of orthogonal basis functions for its plasmonic modes
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[72, 81]. For an NPoM, the surface charges on the nanoparticle are attracted by their

image charges in the mirror and become densely distributed near the gap, forming

gap plasmons. Surprisingly, this chapter discovers that the formation of gap plasmons

preserves the labels (`m) for all facet widths even though the surface charges can no

longer be described by Ym
` .

Figure 2.2(b-c) show the real z-component of QNM fields Ez,`m = Re[Ẽ`m · êz] for the

two lowest-eigenfrequency QNMs, denoted as (10) and (11), of a spherical NPoM (w =

0 nm). At the nanogap, these QNMs exhibit large field confinement far beyond the

diffraction limit, which is the main characteristic of gap plasmons. The (10) QNM, also

known as the BDP, is symmetric (even) across the x= 0 plane whereas the (11) QNM is

antisymmetric (odd). Note that, unlike spherical harmonics with Y00 = 1/
√
4π, the (00)

QNM is not present in the calculations since it corresponds to a nanoparticle with a

non-neutral net charge.

Figure 2.2: FEM simulations using QNMEig for QNM fields. (a) Schematic diagram for a gold
nanoparticle-on-mirror (NPoM) structure with diameter 2R = 80 nm, nanogap d =
1 nm, nanogap index ngap = 1.45, background index nb = 1. The nanoparticle is
modeled as a truncated sphere with facet width w. (b,c,d,e) QNM electric fields
Ez,`m (normalized between -1 and 1) are shown on a vertical xz-plane of an NPoM
with (b,c) w= 0 and (d,e) 20 nm for (b,d) (10) and (c,e) (11) QNMs. The gray dashed
lines indicate the facet edges.

Fig. 2.3(a-e) further explores the field profiles of the first five QNMs in the spherical

NPoM nanogap where the label (`m) is assigned to each QNM according to its symme-

tries. The label ` determines the number of nodes and antinodes along the radial coordi-

nates r=
√
x2 + y2 whereas the label m directly corresponds to the number of antinode

pairs along the angular coordinate φ = arctan(y/x) with Ẽ`m(r,φ,z) ∝ exp(imφ). The
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QNMs with m = 0 have a circular symmetry and antinodes at the center r = 0. On the

other hand, the QNMs with m 6= 0 have nodes at the center which extend radially at

angles (2n+ 1)π/2m for n ∈Z+. For a given m 6= 0, each QNM with `= m has only one

node at the center, and each successive increment in ` gives one more node along r, as

shown in Fig. 2.3(b,d,e). On the other hand, the (`0) QNMs display `− 1 nodes along

r. Here, the QNMs with negative m = −|m| are omitted since they are degenerate with

those of the same ` but with positive m = +|m|. The field profile of the degenerate pair

of each QNM can be easily obtained by rotating its fields by angle π/2m over the z-axis.

Figure 2.3: FEM simulations using QNMEig for the QNM electric fields Ez,`m (normalized be-
tween -1 and 1). The fields are shown on the horizontal (xy) plane at the nanogap
center for the first five QNMs of NPoMs with (a-e) w = 0 nm and (f-j) w = 20 nm.
The real eigenfrequencies ω`m in eV are shown at the bottom of all figures.

Following this nomenclature, our calculations show that the first 20 QNMs of the

spherical NPoM (w = 0 nm), arranged in the order of ascending real eigenfrequencies,

are (lm) = (10), (11), (20), (21), (22), (30), (31), (32), (33), (40), (41), (42), (43), (50), (44),

(51), (52), (53), (60), (54), respectively. The results demonstrate two key features. Firstly,

QNMs of the same ` have higher eigenfrequencies with increasing m. Secondly, the

QNMs with different ` do not spectrally overlap for the first 13 QNMs.

However, the above features are not followed by faceted NPoMs with w > 0. As the

facet width increases, the order of QNMs with different ` become mixed, and those

with larger m tend to lie at lower eigenfrequencies. For example, the first 20 QNMs of

a faceted NPoM with w = 20 nm are (lm) = (10), (11), (22), (20), (33), (21), (30), (44),

(32), (31), (55), (40), (43), (66), (41), (42), (54), (77), (50), (51), respectively, see Table 2.1

for the full list of the QNMs of NPoMs with w = 0 - 40 nm. As facet width increases
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from 0 to 20 nm, the field confinement also becomes dispersed throughout the facet as

shown in Figs. 2.2(d,e) and 2.3(f-j) for w = 20 nm NPoM. Nonetheless, the symmetries

of these QNMs are preserved for all facet widths, validating the nomenclature used in

this chapter.

w (nm) (`m)
0 10, 11, 20, 21, 22, 30, 31, 32, 33, 40, 41, 42, 43, 50, 44, 51, 52, 53, 60, 54

5 10, 11, 20, 21, 22, 30, 31, 32, 33, 40, 41, 42, 43, 44, 51, 50, 54, 61, 52, 55

10 10, 11, 20, 22, 21, 30, 33, 31, 32, 40, 44, 41, 43, 42, 50, 55, 51, 54, 66, 52

15 10, 11, 20, 22, 21, 33, 30, 31, 44, 32, 40, 55, 41, 43, 42, 50, 66, 51, 54, 53

20 10, 11, 22, 20, 33, 21, 30, 44, 32, 31, 55, 40, 43, 66, 41, 42, 54, 77, 50, 51

25 10, 11, 22, 20, 33, 21, 44, 30, 32, 55, 31, 66, 43, 40, 54, 41, 42, 77, 50, 88

30 11, 10, 22, 20, 33, 21, 44, 32, 30, 55, 66, 43, 31, 54, 40, 42, 77, 41, 88, 65

35 11, 10, 22, 20, 33, 21, 44, 32, 30, 55, 66, 43, 31, 54, 77, 42, 40, 88, 65, 41

40 11, 10, 22, 20, 33, 21, 44, 32, 30, 55, 66, 43, 31, 54, 77, 42, 40, 88, 65, 53

Table 2.1: The list of QNMs shown in ascending order of real eigenfrequencies ω`m = Re[ω̃`m]
for NPoMs with facet widths w from 0 to 40 nm. Here, the QNMs with negative m
are neglected since QNMs with m =±n are degenerate for n ∈Z+.

The previous studies on NPoMs which were based on the scattering approach [64–

67] identified the (`0) and (`1) QNMs. The (`0) QNMs are bright and can be efficiently

excited by the vertical component of an exciting plane wave. The (`1) QNMs, though

much darker than the (`0), can be efficiently isolated by exciting an NPoM with either a

horizontally polarized plane wave or two vertically polarized out-of-phase plane waves

propagating along opposite directions [40]. On the other hand, higher QNMs with

|m| > 1, such as (22) and (33), have not been reported in the literature. These higher-

order QNMs can not be easily isolated since they are very weakly coupled to external

fields and are spectrally overlapping with each other. Hence, they have so far hidden in

combination with each other, distorting and complicating previous analyses.

2.6.2 QNM Eigenfrequencies

In order to understand the optical behaviours of gap plasmonic resonances created by

faceted NPoM cavities, it is useful to consider the high-order gap plasmonic resonances

in the infinite frequency limit ω`m →∞, i.e. λ`m → 0. In this limit, the resonances no

longer see the nanoparticle, and the system can simply be treated as a metal-insulator-
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metal (MIM) plasmonic waveguide [65, 82]. The complex eigenfrequencies of the waveg-

uide ω̃MIM =ωMIM − iκMIM can be calculated by solving the semi-analytical parametric

equation [13].

tanh
(
d
√
β2 − (ω̃MIM/c)2 εgap

)
=−

εgap
√
β2 − (ω̃MIM/c)2 εAu(ω̃MIM)

εAu(ω̃MIM)
√
β2 − (ω̃MIM/c)2 εgap

(2.17)

subject to the wavevector parameter βwhereas d= 1 nm is the gap thickness, εgap =n
2
gap

is the gap permittivity and εAu(ω̃) is the gold permittivity. We note that the MIM

plasmonic waveguide also has another set of solutions with the opposite parity to Eq.

(2.17). However, these solutions have zero Ez field components at the gap center and do

not correspond gap plasmons.

Fig. 2.4(a-c) investigates the spectral correlations between the QNMs on complex

eigenfrequency planes. We plot with a dashed line the solution of Eq. (2.17), which cor-

responds to the waveguide eigenfrequencies ω̃MIM, as well as the resonant frequencies

ω̃`m of the NPoMs. For all facet widths, all QNMs with m > 0 lie close to the dashed

line of ω̃`m. As w increases, the QNMs with m> 0 simply migrate along ω̃MIM to lower

real-eigenfrequencies. Since the imaginary eigenfrequencies κ`m represent the energy

dissipation of the QNMs, these results demonstrate that those with ω̃`m lying along

ω̃MIM are dark modes, and their energies are dissipated almost exclusively through heat

at the rate κMIM. Only the (`0) QNMs are efficiently radiative and lie significantly above

ω̃MIM because their charge distributions have non-zero electric dipole moments and are

therefore unlike the modes predicted by the MIM model. This implies that the differ-

ence between κ`0 and κMIM correspond to energy dissipation through far-field radiation

(shown as blue arrows in Fig. 2.4(a-c)).

To visualize how the QNMs evolve with varying facet width w, Fig. 2.4(d) plots

real eigenfrequencies ω`m of all QNMs of NPoMs with facet width w between 0 and

40 nm. Most QNMs red-shift with increasing w. There are a few exceptions such as

the (10) QNMs which start at w = 0 nm as the lowest eigenfrequency QNM and then

level off beyond w> 25 nm. The QNMs with larger m generally red-shift at more rapid

rates. For example, the (11) QNM appears at lower frequency than the (10) QNM for

facet sizes around w= 25 nm, and the (22) QNM becomes more energetically favorable



2.6 qnms of npoms 46

Figure 2.4: FEM simulations using QNMEig for the QNM complex eigenfrequencies ω̃`m =
ω`m − iκ`m of NPoMs with facet widths (a) w= 0 nm, (b) w= 20 nm and (c) w= 40
nm. The QNMs with m = 0, 1, 2 and 3 are shown as blue circles, red triangles, orange
squares and green inverted triangles, respectively, whereas m > 3 QNMs are shown
as black stars. The dashed lines correspond to the complex eigenfrequencies ω̃MIM
of the MIM plasmonic waveguide whereas the dash-dotted vertical lines indicate the
emitter wavelength λem = 660 nm (1.88 eV) which is considered in Figs. 2.8 and 2.9.
The blue arrows indicate the radiative (`0) QNMs. (d) The real eigenfrequencies ωi
for w= 0− 40 nm. The fitted lines connect the QNMs with the same labels.

than the (21) and (20) QNMs for facet sizes w = 10 and 15 nm, respectively. These

results demonstrate complicated spectral relations between bright and dark resonances

of NPoMs with different facet widths, leading to vastly different near- and far-field

optical behaviors.

To further explore the radiative nature of each QNM, we estimate the radiation effi-

ciency of the (`m) QNM as

η`m =
κ`m − κMIM

κ`m
= 1−

κMIM

κ`m
. (2.18)

Figure 2.5 shows the radiation efficiencies of (10), (20), (30), (40), (11), (21), (31), (41), (22)

and (33) QNMs. Overall, the (`0) QNMs are the dominant radiative channels of NPoMs,

as one would expect. The (10) QNM has the highest efficiency for a wide range w and is

only overtaken by the (20) QNM for w> 35 nm. As ` increases, the (`0) QNMs becomes

less radiative at w= 0 nm but show complex behaviors near w= 20 nm. The (`1) QNMs

also have non-negligible but small radiation efficiencies below 0.1. In fact, these (`1)

QNMs take an essential part in determining the far-field emission, as later shown in
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Figs. 2.8 and 2.9. On the other hand, the modes with m > 1 are virtually dark, and

their radiation efficiencies are close to zero. We note that the efficiencies of some QNMs,

such as the (11) and (22) QNMs, fall below zero at large facet width. This is because

the MIM plasmonic waveguide represents the NPoM system phenomenologically and,

hence, only provides an approximate description.

Figure 2.5: Radiation efficiencies η`m of (10), (20), (30), (40), (11), (21), (31), (41), (22) and (33)
QNMs of NPoMs with facet width from 0 to 40 nm. The (`0), (`1), (22) and (33)
QNMs are shown as blue, red, orange and green lines, respectively. The (`0) and (`1)
QNMs are also further distinguished by solid lines for ` = 1, dashed lines for ` = 2,
dotted lines for `= 3 and dashed-dotted lines for `= 4.

2.7 far-field emission of qnms

The previous section investigates the near-field profiles and eigenfrequencies of the

QNMs of NPoMs. We are now well positioned to examine their far-field properties.

Another open-source program RETOP [56] is used to project the electromagnetic fields

of each QNM in the near-field zone, (Ẽ`m,H̃`m), to the far-field, (Ẽff
`m,H̃ff

`m)exp(ikiRu)

where ki =ω`m/c, on the upper hemisphere of radius Ru above the NPoMs. The time-

average Poynting flux of each QNM, 〈S`m〉 = Re[(Ẽff
`m)
∗ × H̃ff

`m]/2, is then evaluated and

shown in Fig. 2.6. The bright (`0) QNMs show ring-shaped emission patterns with

emission peaks near angle θ= 60
◦ while the darker (`1) QNMs show spot-shaped emis-

sion, peaked at θ = 0
◦. These results are consistent with the far-field results reported
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in Ref. [83] for a cuboid NPoM structure, see Fig. 2.7. The (22) QNMs in Fig. 2.6(e,h)

shows far-field emission with four emission peaks, having the same symmetry as their

near-field profiles in Fig. 2.3(e,h). On the other hand, the (33) QNM in Fig. 2.6(j) shows

spot-shaped emission, similar to those of the (`1) QNMs.

Figure 2.6: FEM simulations using QNMEig and RETOP for the Poynting fluxes 〈S`m〉 (normal-
ized between 0 and 1). The results for the first five QNMs are shown on the top
hemisphere above NPoMs with (a-e) w= 0 nm and (f-j) w= 20 nm.

Figure 2.7: Surface charge distributions (left) and far-field emission profiles (right) from the even
(s02) and odd (s11) resonances of a cuboid NPoM, adapted with permission from Ref.
[83]. Copyright (2017) American Chemical Society.

2.8 qnm coupling to an emitter

Although it is indeed essential to understand how each QNM radiates to the far-

field, individual QNMs are rarely excited in isolation. Hence, accurate far-field analysis

of an NPoM must involve recombining QNM far-field emission. In this section, the
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coupling coefficients of an electric dipole emitter placed inside an NPoM to the QNMs

are evaluated and used to calculate the total far-field emission of the dipole emitter.

For a single emitter with a transition frequency ω placed at position rem in close

proximity to a plasmonic structure, the electromagnetic fields (E,H) radiated by the

emitter can be expanded to a small set of QNMs [79]

E(r) =
∑
i

αi(rem;ω)Ẽi(r). (2.19)

where αi(rem;ω) is the modal excitation coefficient. Inserting the fields from the dipole

(H1 =H,E1 = E,ω1 =ω,J1 =−iωµδ(r− rem)) and themth QNM solution (H2 = H̃i,E2 =

Ẽi,ω2 = ω̃i,J2 = 0) into Eq. (2.12), we obtain

∑
j

Bi,j(ω)αj(rem;ω) = −ωµ · Ẽi(rem) (2.20)

Bi,j(ω) =

∫∫∫ {
Ẽj · [ωε(r;ω) − ω̃iε(r;ω̃i)]Ẽi − µ0H̃j · (ω− ω̃i)H̃i

}
dr3 (2.21)

where µ is the dipole moment. The QNM excitation coefficients αi can be found by

finding the inverse of the QNM dipole coupling operator Bi,j

αi(rem;ω) = −ω
∑
j

B−1
i,j (ω)µ · Ẽj(rem). (2.22)

In the special case where the i-th QNM is spectrally isolated from other QNMs and

ω≈ωi, Eqs. (2.21), (2.22) and (2.19) can be simplified as

Bii(ω)≈ω− ω̃i (2.23)

αi(rem;ω)≈−
ωµ · Ẽi(rem)

ω− ω̃i
(2.24)

E(r)≈−
ωµ · Ẽi(rem)

ω− ω̃i
Ẽi(r). (2.25)

For a plasmonic structure, this result shows how a plasmonic QNM is excited by a

dipole. However, the QNM excited by the dipole can in turn re-excite the dipole which
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then further excites the QNM. This interaction between light and matter is discussed in

the next section.

2.8.1 Purcell Enhancement

The Purcell factor can also be evaluated using the QNM method presented in the

previous section. By expressing the total field E as a linear combination of normalized

QNM fields Ẽi(r) as in Eq. (2.19) and inserting it into Eq. (1.12), the enhanced decay

rate is given as

γtot(rem,ω) =
2
 h

Im

[
µ∗ ·
∑
i

αi(rem;ω)Ẽi(r)

]
. (2.26)

In the case where the emitter’s frequency is close to the i-th QNM’s frequency ω≈ωi,

Eq. (2.25) can be used to derive Purcell factor of the i-th QNM [79]

Vi(rem) =
1

2ε0εB[Ẽi(rem) · êµ]2
(2.27)

Fi(rem;ω) =
3

4π2

(
λi
nB

)3
Im
[

Q

Vi(rem)

ω2iκi

ω2(ω̃i −ω)

]
(2.28)

where êµ = µ/|µ| is the dipole moment unit vector and Q=ωi/2κi is the quality factor.

Vi is the local mode volume which defines the field confinement locally experienced by

the emitter. At ω=ωi, ω2iκi/ω
2(ω̃i −ω) = i, and the expression reduces to

Fi(rem;ωi) =
3

4π2

(
λi
nB

)3
Re
[

Q

Vi(rem)

]
. (2.29)

For a closed cavity with −Im[ω̃i] = κi→ 0, the mode volume becomes a real number

Vi = Re[Vi]. The Purcell factor can then be simplified into its original expression derived

by Purcell in Eq. (1.14)

Fi(rem;ωi) =
3

4π2

(
λi
nB

)3
Q

Vi(rem)
(2.30)

where the total Purcell factor is F= 1+ Fi.



2.9 optical emission from an npom nanogap 51

2.9 optical emission from an npom nanogap

Here, a methylene blue with transition wavelength of λem = 660 nm is chosen as a

quantum emitter of choice since it is a typical dye molecule experimentally used inside

an NPoM [24]. By placing the emitter with µ = |µ|êz at position xem in the gap of an

NPoM, its coupling to the NPoM’s QNMs in Eq. (2.22) can be simplified to

α`m(xem;ωem)/|µ|=−ωem
∑
` ′m ′

B−1
`m,` ′m ′(ωem)Ẽz,` ′m ′(xem) (2.31)

where Ẽz,i = êz · Ẽi, ωem = 2πc/λem, and only the first 20 QNMs are included in the

calculations, see Table 2.1. The coupling coefficient magnitude |α`m| to different (`m)

QNMs are shown in Fig. 2.8. Four QNMs with even m, Fig. 2.8(a,c), are separated from

those with odd m, Fig. 2.8(b,d), as they have symmetric and antisymmetric field profiles

across the x= 0 nm plane, respectively. For w= 0 nm, the emitter’s resonance lies spec-

trally close to the (10), (11) and (20), see Fig. 2.4(a). In 2.8(a,b), the coupling magnitudes

of these three QNMs indeed dominate the coupling with the emitter. The coupling mag-

nitudes of different QNMs change drastically when the facet width increases to w =

20 nm. The emitter instead lies spectrally close to (11), (22), (20), (33) and (21) see Fig.

2.4(b), which become dominant QNMs coupling to the emitter, as shown in Fig. 2.8(c,d).

The relative magnitudes of |α`m| are crucial in understanding the total far-field emission.

The total far-field emission (Ẽff,H̃ff) from the emitter placed inside an NPoM can then

be evaluated by recombining the far-field QNM fields (Ẽff
`m,H̃ff

`m) with complex coupling

coefficient α`m

(Ẽff(xem;ωem),H̃ff(xem;ωem)) =
∑
`m

α`m(xem;ωem)(Ẽff
`m,H̃ff

`m). (2.32)

Fig. 2.9 shows the total time-average Poynting flux 〈S〉 = Re[(Ẽff)∗ × H̃ff]/2 from the

emitter placed at lateral position xem = 0, 5, 10 and 15 nm inside NPoMs with facet

width w = 0 and 20 nm. For w = 0 nm, Fig. 2.9(a-d), the emission has a ring-shaped

pattern at xem = 0 nm as the emitter is dominantly coupled to the (10) and (20) QNMs.

As xem increases, the emitter couples less efficiently to the (10) and (20) QNMs while
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Figure 2.8: Coupling coefficient α`m of an emitter with dipole moment µ and transition wave-
length λem = 660 nm to (a,c) the first four symmetric and (b,d) first four antisymmet-
ric QNMs of NPoMs with facet widths (a,b) w = 0 nm and (c,d) w = 20 nm. The
vertical dashed lines indicate the facet edges.

becoming more efficiently coupled to the (11). The spot-shaped emission from the (11)

QNM also has a phase variation over the angular coordinate φ. At xem = 5 nm, the

distorted ring-shaped emission in Fig. 2.9(b) is the result of this phase variation, giving

destructive interference for −π/2 < φ < π/2 and constructive interference for π/2 < φ <

3π/2 with the ring-shaped emission from the (10) and (20). For large xem > 10 nm, the

antisymmetric (11) QNM dominates the coupling with the emitter, and the emission

becomes offset spot-shaped patterns.

For w= 20 nm, the emission also starts as a ring-shaped pattern at xem = 0 nm as the

emitter couples mainly to the (20) QNM, as shown in Fig. 2.9(e). In a similar manner to

Fig. 2.9(b), the emission at xem = 5 nm in Fig. 2.9(f) then becomes a distorted ring-shaped

pattern as the emitter couples more efficiently to the (11) and (21) QNMs. However, the

emission from the emitter changes drastically for xem = 10 nm as the emission flips 180
◦,

as shown in Fig. 2.9(g). This flip results from the changes in the complex coefficients

α`m of different QNMs which, instead, interferes constructively for −π/2 < φ < π/2

and destructively for π/2 < φ < 3π/2. Unlike Fig. 2.9(d), the emission at xem > 15 in

2.9(h) resumes the ring-shaped patterns as the emitter, instead, dominantly couples the

symmetric (20) and (22) QNMs.
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Figure 2.9: FEM simulations using QNMEig and RETOP for the Poynting fluxes 〈S〉 (normal-
ized between 0 and 1). The results of the dipole emission are shown on the top
hemispheres above NPoMs. Single emitters with transition wavelength λem = 660
nm are placed in the nanogap with facet width (a-d) 0 nm and (e-h) 20 nm at po-
sition (a, e) xem = 0 nm, (b, f) xem = 5 nm, (c, g) xem = 10 nm and (d, h) xem = 15
nm.

Figure 2.10: FEM simulations using the direct dipole method and RETOP for the Poynting fluxes
〈S〉 (normalized between 0 and 1). The results of the dipole emission are shown on
the top hemispheres above NPoMs. All parameters are the same as those in Fig.
2.9.

The results in Fig. 2.9 are confirmed by almost identical results in Fig. 2.10. In-

stead of decomposing and recombining the QNMs, an electric dipole emitter is placed

at the same lateral positions inside NPoMs with the same facet widths as in Fig. 2.9,

and its near-field (E,H) is then projected to the far-field (Eff,Hff) by RETOP. It can

be seen that 〈S〉 in Fig. 2.10(a,b,c,e,f,h) are virtually indistinguishable from those in

Fig. 2.9(a,b,c,e,f,h). On the other hand, small differences can be observed between Figs.
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2.9(d,g) and 2.10(d,g) which can be attributed to the termination at the first 20 QNMs in

the calculations. Although the results obtained from the direct electric dipole method

are indeed more accurate, those obtained from the QNM decomposition and recombi-

nation provide valuable information about the optical nature of an NPoM and aid our

understanding on its complicated multi-modal interaction with a quantum emitter.

2.10 conclusions

In recent years, the NPoM geometry has become a prominent nanostructure in nanoplas-

monics due to its extreme light confinement properties. However, a comprehensive

modal analysis of the structure had not been available, and most studies to date infer its

resonances from its optical scattering. This chapter uses the QNM approach to analyze

the morphology-dependent plasmonic resonances of an NPoM structure. A collection

of bright and dark resonances are revealed, of which some had not been previously

reported in the literature. The near-field and far-field optical behaviors of NPoMs with

varying facet widths are reported, which clarifies the inconsistency in the previous near-

field and far-field analyses. This study also unveils rich and intricate multi-modal inter-

action with a single quantum emitter and has the potential to aid forthcoming designs

in quantum plasmonic experiments.



3 S U P P R E S S E D F L U O R E S C E N C E

Q U E N C H I N G A N D S T R O N G - C O U P L I N G

The results presented in this chapter have been published in Ref. [68] and Ref. [69],

co-authored by A. Demetriadou, R. Chikkaraddy, F. Benz, V. A. Turek, U. F. Keyser, J.

J. Baumberg and O. Hess. Some parts of this chapter are quoted verbatim from the

published manuscripts.

I ran all of the numerical simulations and contributed to all of the figures. A. Demetri-

adou performed the analytic calculations in Fig. 3.1(d). R. Chikkaraddy conducted the

measurements in Fig. 3.6 whereas V. A. Turek prepared the samples for the measure-

ments. All authors contributed to the discussion of the content in this chapter.

3.1 introduction

The lifetime of an excited atomic state is determined by the properties of the atom and

its environment, first theoretically suggested by Purcell [1] and followed by experimen-

tal demonstration by Goy, Haimond, Gross, and Haroche [84]. Subsequent experiments

further verified this by placing atomic emitters within various optical-field-enhancing

geometries [2, 85–87]. Plasmonic structures have the ability to massively enhance elec-

tromagnetic fields, and therefore dramatically alter the excitation rate of an emitter [14].

However, it is well known that, placing an emitter close to an isolated plasmonic nanos-

tructure (< 10 nm), quenches its fluorescence [88–95]. Analysis by Anger, Bharadwaj,

and Novotny [14] showed this is due to the coupling of the emitter to non-radiative

higher-order plasmonic modes that dissipate its energy. This ‘zone of fluorescence inac-

tivity’ was previously believed to quench all quantum emitters.

However, recent advancements have shown that an emitter’s emission rate can be

enhanced with plasmonic nano-antennas [96–103], which efficiently convert far-field ra-

55
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diation into a localized field and vice versa. As first theoretically explained by Jun,

Kekatpure, White, and Brongersma [104], a single emitter placed into near-contact with

a plasmonic nano-antenna can efficiently couple with the antenna’s plasmonic modes

and overcomes quenching [105, 106]. This was experimentally demonstrated by Hoang,

Akselrod, and Mikkelsen [103] who showed that a quantum dot in a 12 nm nano-gap

exhibits ultra-fast spontaneous emission. What however remains unclear is if this en-

hanced emission is strong enough to allow for single emitter strong-coupling with plas-

mons.

This chapter demonstrates and explains why fluorescence quenching is substantially

suppressed in plasmonic nanocavities, to such a degree that can indeed facilitate light-

matter strong-coupling of a single-molecule at room temperature as it was recently

demonstrated experimentally [24, 25]. This is due to: (i) the dramatic increase in the

emitter excitation (similar to plasmonic antennas), and (ii) the changed nature of higher-

order modes that acquire a radiative component, and therefore increase the quantum

yield of the system. Modes in plasmonic nanocavities are not simple superpositions

of modes from isolated structuresi9, but instead are hybrid-plasmonic states [107–111].

Hence, higher-order modes that are dark for an isolated spherical nanoparticle, radi-

ate efficiently for tightly-coupled plasmonic structures [82, 83], significantly enhancing

the radiative decay and suppressing fluorescence quenching. By comparing an isolated

nanoparticle with an NPoM nanocavity with and without facets, this chapter quanti-

fies their different radiative and non-radiative channels, explaining the mechanism that

leads to suppression of quenching in plasmonic nanocavities. Our theoretical predic-

tions are then experimentally verified by our collaborators from University of Cam-

bridge using DNA-origami to control the position of a single emitter in the nanogap

[68]. A full time-domain Maxwell-Bloch approach finally allows us to directly contrast

through 3D Finite-Difference Time-Domain (FDTD) simulations the (spatiotemporal) dy-

namics of single quantum emitters in both the nanoparticle and NPoM cases and in

weak- and strong-coupling.
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3.2 fluorescence enhancement and quenching

3.2.1 Fluorescence Enhancement

Fluorescence emission of a quantum emitter is a two-step process involving its exci-

tation and relaxation decay. This chapter assumes that the excitation rate γexc of the

emitter is much slower than its total decay rate γtot. In this weak excitation regime,

the excited emitter decays to its ground state before the next excitation event, and the

fluorescence emission is limited by the excitation rate. However, not all of the excita-

tion events are converted into the far-field fluorescence emission due to the emitter’s

internal and external dissipative processes. The conversion efficiency from excitation to

fluorescence emission is defined by the quantum yield η, and, therefore, the fluorescence

emission rate is given by [14]

γem = γexcη. (3.1)

For an emitter located at position rem with transition dipole moment µ and transition

frequency ωem, its excitation rate γexc is determined by the local electric field E(rem) in

the direction of µ, γexc ∝ |µ · E(rem)|2. In a vacuum, the emitter can only experience the

incident field E0(rem) whereas, in non-vacuum, the emitter experiences the local field

E(rem) which is the combination of E0(rem) and its secondary field reflected from the

environment. Let us represent the excitation enhancement through the normalized rate

γ̃exc =
γexc

γ0exc
=

∣∣∣∣ µ · E(rem)

µ · E0(rem)

∣∣∣∣2 (3.2)

where γ0exc is the excitation rate of the emitter in vacuum.

Each decay event either channels energy into far-field radiation or is dissipated in

the environment. The quantum yield η = γrad/γtot provides a measure of this behavior

and is defined as the ratio between the far-field radiative decay rate γrad and the total

decay rate γtot of the emitter. For a quantum emitter in vacuum, the radiative decay rate

corresponds to the vacuum spontaneous decay rate γrad = γ0, and the only dissipative
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channel is the emitter’s own internal loss γint. Hence, the vacuum quantum yield is

defined as

η0 =
γ0

γ0 + γint
. (3.3)

When the emitter is placed in an optical environment, a decay event could also be

absorbed by the surrounding environment. In the case of a plasmonic environment, the

non-radiative decay rate γnr is predominantly determined by Ohmic losses [44]

γnr ∝
∫
Ω

Re {Jem(r) · E∗em(r)}dr3 (3.4)

where Jem is the induced current density within the volume Ω and Eem is the field

emitted by the emitter. The quantum yield can then be defined by the total decay rate

γtot = γrad + γnr + γint as follows

η=
γrad

γtot
=

γrad

γrad + γnr + γint
. (3.5)

We define the radiative and non-radiative decay enhancements as the emitter’s decay

rates normalized to its decay rate in vacuum γ0 as γ̃rad = γrad/γ0 and γ̃nr = γnr/γ0

respectively. The fluorescence enhancement is similarly defined as

γ̃em =
γem

γ0em
= γ̃exc

η

η0
, (3.6)

where γ0em = γ0excη
0 is the fluorescence rate of the emitter in vacuum.

3.2.2 Fluorescence Quenching

Eq. (3.6) implies that fluorescence emission of an emitter could either be enhanced or

quenched by its environment depending on γ̃exc, η and η0. In a plasmonic environment,

for example, excitation γ̃exc on an emitter could be drastically enhanced by intense plas-

monic fields, but fluorescence emission could still be quenched through non-radiative

decay channels.
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Before we could continue with the discussion about fluorescence quenching, it is im-

portant to first define precisely what ‘quenching’ means. The term ‘quenching’ has

several definitions in the literature. For example, Refs. [112, 113] define quenching as

a reduction in the quantum yield (η) whereas Refs. [58, 114, 115] define quenching as

non-radiative decay processes. However, this chapter defines ‘fluorescence quenching’

as ‘a reduction in the fluorescence rate, with respect to the unperturbed emitter’. We

also define that ‘fluorescence is quenched’ when the fluorescence enhancement γ̃em ap-

proaches zero, and ‘suppressing quenching’ refers to any process that prevents γ̃em from

approaching zero.

There are also several fluorescence quenching processes, including chemical and elec-

tromagnetic quenching. Chemical quenching arise from molecular interaction such as

molecular collision (dynamic quenching) [116, 117], ground-state complex formation

(static quenching) [118], heating [119], electron transfer [120] and resonant energy trans-

fer [91, 121]. These processes could be approximately described by the phenomeno-

logical internal loss γint. On the other hand, electromagnetic quenching arises from

processes that could be described by Maxwell’s equations, such as quenching through

dark modes of a plasmonic structure.

This chapter mainly focuses electromagnetic quenching and neglects chemical quench-

ing. In the following, unless otherwise stated, this chapter assumes that the emitter has

no internal loss, γint = 0, γtot = γrad + γnr and η0 = 1. The rates γexc, γrad and γtot

are calculated directly from FDTD simulations whereas γnr is evaluated indirectly from

γnr = γtot − γrad.

3.3 fluorescence quenching in plasmonics

A plasmonic nanostructure provides an ideal environment for fluorescence enhance-

ment as it substantially amplifies both γexc and γtot of an emitter by confining light

to a sub-wavelength volume and therefore substantially amplifying the electromagnetic

LDOS. However, the emitter in a plasmonic environment also experiences a large γnr
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due to Ohmic losses, which reduces η. Because of these competing factors, a specific

plasmonic nanostructure can either potentially enhance or quench fluorescence.

In the case of an isolated spherical nanoparticle, only its first-order dipolar mode is

radiative (i.e. bright) and couples to the far-field whereas all higher-order modes are

non-radiative (i.e. dark) and dissipate their energy through Ohmic losses [28]. When a

quantum emitter is placed at a large distance (z > 100 nm) from the nanoparticle, it cou-

ples dominantly to the first-order plasmonic mode. As it approaches the nanoparticle, it

couples more strongly to the first-order mode and fluorescence rate becomes drastically

enhanced, as shown in Fig. 3.1(a). However as the emitter approaches closer than 10 nm

from the nanoparticle, it couples increasingly to the dark higher-order modes, and its

fluorescence is instead quenched via Ohmic losses. The results in Fig. 3.1(a) agree with

previously reported results in Ref. [14] which suggests a zone of fluorescence inactiv-

ity at distance below 10 nm from a plasmonic nanostructure. However, this chapter will

demonstrate that fluorescence quenching is not a general phenomenon in plasmonics, in

contrast to the previously held belief, and can be suppressed in a plasmonic nanocavity.

3.4 suppressed quenching in spherical nanocavities

Similar calculations for the NPoM nanocavity with the emitter always in the center

of the nanocavity, Fig. 3.1(b), reveal that the emission rate increases by several orders

of magnitude (note the log-scale). As z decreases, the gap between nanoparticle and

mirror reduces, and both plasmonic surfaces approach the emitter, but γ̃em dramatically

increases. Since the emission rate is a product of the excitation and radiative rates, they

are presented separately in Fig. 3.1(c) and Fig. 3.2 for both an isolated nanoparticle and

the nanocavity. As the emitter is progressively confined within the nanocavity, its exci-

tation rate is enhanced, due to the very high confinement of the plasmon modes within

the gap. Additionally, although the quantum yield (η) of the nanocavity still decreases,

it out-performs that of the isolated nanoparticle by more than an order of magnitude as

the gap decreases below 2 nm. While nonlocal effects can affect the quantitative rates
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Figure 3.1: FDTD simulations for the fluorescence rate γ̃em of an emitter with transition wave-
length λem = 650 nm placed at distance z from (a) an isolated nanoparticle and (b) in-
side the NPoM nanocavity, for sphere diameters 2R= 40, 60, 80 and 100 nm and with
background permittivity εD = 1.96. (c) The excitation rate γ̃exc (red), quantum yield
η (blue) and 1− η (green) for an isolated nanoparticle (dashed lines) and a nanocav-
ity (solid lines) of nanoparticle diameter 80 nm. (d) Coupling contributions to the
excitation rate (red) and quantum yield (blue) when truncating the hybridization
terms at lc = 2, 3, 5 and 10. Reproduced with permission from Ref. [68]. Copyright
(2017) American Chemical Society.

of emission, excitation, and quantum yield of both structures at sub-nm spacings, no

qualitative change is expected on their behavior [122–124].

To illuminate the origin of these different behaviors, the analytical description of cou-

pled plasmon modes [107, 108] is adapted. Isolated spherical nanoparticles are well

described by Mie theory, but the problem of two coupled plasmonic nanoparticles is

analytically more complex to determine. It has been solved in the quasi-static limit us-

ing several techniques, such as transformation optic [125–127] and multipole expansion

[109–111, 128]. However, it is more appropriate to formulate the problem as the cou-

pling of the bare plasmonic modes from the two structures. Adapting this description
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for the NPoM (by approximating the mirror as a large sphere of radius rm = 1 µm), the

field enhancement in the middle of the nanocavity gap is given by [107]

E(r= 0)

E0
' αNP

(
R

R+ z

)3
+αm

[
1+

∞∑
l=2

√
ω1ωl

ωl −ω− iγ/2

(
l+ 1

2

)2
R(2l+1)

(R+ z)(l+2) rl−1m

]
(3.7)

where R is the radius of the nanoparticle, 2z is the gap size assuming the emitter is in the

middle of the gap, and ωl =ωp
√
l/(2l+ 1) is the resonant frequency of mode l, with

ωp and γ the metal plasmon frequency and damping. The nanoparticle quasi-static po-

larizability αNP = 2
(εAu−1)
(εAu+1)

, while the mirror polarizability αm is given by Mie scattering

(beyond the quasi-static limit) in [129]. The first term provides the field enhancement

contribution of the nanoparticle dipole mode, the first term in square brackets is the mir-

ror dipole mode, and the second term in square brackets is the coupling of the mirror

to the higher-order modes of the nanoparticle (l> 2).

Figure 3.1(d) plots this latter contribution of the coupling terms in equation (3.7) to

the excitation rate (red lines) which converges at an increasing truncated number of

modes (lc). As the nanocavity gets smaller (z ↓), higher-order mode hybridization is

needed to account for the dramatic increase of the NPoM excitation rate, as seen in Fig.

3.1(c). By following the method described in Ref. [108], radiative and non-radiative

powers of the system can be calculated and then used to evaluate the quantum yield.

Similar to the excitation rate, the quantum yield increases with increasingly higher-order

hybridization between the two structures. Both of these observations demonstrate that

the mode hybridization of the coupled plasmonic structures forming the nanocavity

alter the fluorescence rate of an emitter in a way that suppresses quenching.

To further explore the suppression of quenching, Fig. 3.2(a) shows the excitation and

quantum yield for an emitter placed 06 z6 25 nm from an isolated nanoparticle and the

NPoM nano-cavity. Note that as z decreases, the gap of the NPoM becomes smaller and

both metal surfaces approach the emitter. Fig. 3.2(a) shows more clearly than Fig. 1(c)

the different behavior of the two structures for small values of z. Fig. 3.2(b) shows the

excitation rate γ̃exc, and the radiative γ̃rad and non-radiative γ̃nr decay rates for the two

structures. For the isolated nanoparticle, γ̃nr exponentially increases as one approaches

the metal surface and actually overtakes γ̃rad at z ∼ 10 nm. Hence, even though the
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excitation continues to increase for z < 10 nm, most of the emitter’s energy is coupled

into non-radiative channels, quenching it. For the NPoM both γ̃rad and γ̃nr dramatically

increase, and although γ̃nr increases more rapidly, it reaches comparable values to γ̃rad

for z < 1.5 nm. This means that an emitter’s energy and its enhanced excitation is

coupled equally into both radiative and non-radiative channels. These are in fact the

perfect conditions to facilitate the strong-coupling of the emitter with the plasmons.
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Figure 3.2: FDTD simulations for (a) the excitation rate γ̃exc (red) and quantum yield η (blue) for
an isolated nanoparticle (dotted lines) and a nanocavity (solid lines) of nanoparticle
diameter 80 nm and an emitter placed at 0 6 z 6 25 nm. (b) The radiative γ̃rad
and non-radiative decay rates γ̃nr, and excitation rate γ̃exc (red) for both an isolated
nanoparticle and the NPoM. Reproduced with permission from Ref. [68]. Copyright
(2017) American Chemical Society.

The spectral dependence of the radiative, total, and excitation rates for both the

isolated nanoparticle and the nanocavity, varying the nanoparticle diameter from 20

nm to 100 nm, show strongly contrasting behavior in Fig. 3.3. Again, the emitter is

0.5 nm from the Au surfaces or at the center of the 1 nm gap. Isolated quasi-static

nanoparticles (with 2R < 100 nm) possess diameter-independent modes as shown in Fig.

3.3(a,c,e). However, Fig. 3.3(b,d,f) shows that the resonant wavelengths of the nanocav-

ity modes are highly dependent on the system geometry [65, 82]. The NPoM radiative

decay rate γ̃rad = γrad/γ0, normalized to the vacuum decay rate γ0, is three orders of

magnitude larger than for the isolated NP, with the NPoM dipole (l = 1) mode signifi-

cantly red-shifting for larger nanoparticles. Additionally the quadrupole NPoM mode

(l = 2) strongly radiates and for larger nanoparticles has comparable radiative rates to

the dipole (l = 1) mode, in contrast with the isolated NP. These large γ̃rad suppress

quenching and allow strong-coupling dynamics to be radiated into the far-field.
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Figure 3.3: FDTD simulations for spectra of a vertically-oriented emitter placed (a,c,e) 0.5 nm
below an isolated NP, and (b,d,f) inside a 1 nm-wide NPoM nanocavity. (a,b) Nor-
malized radiative decay rate γ̃r, (c,d) Normalized total decay rate γ̃tot (Purcell factor),
and (e,f) Normalized excitation rate γ̃exc (using the same incident light as Fig. 3.1).
Reproduced with permission from Ref. [68]. Copyright (2017) American Chemical
Society.

The Purcell factor (normalized total decay rate γ̃tot = γtot/γ0) for both plasmonic

structures shows a diameter-independent broad peak at λpm ' 510 nm in Fig. 3.3(c,d),

which corresponds to the superposition of multiple high-order plasmonic modes, re-

cently referred to as a ‘pseudo-mode’ [112, 125]. However, the negligible γ̃rad at λpm

shows the large γ̃tot comes from emission coupled to the pseudo-mode decaying via

non-radiative channels (γ̃tot = γ̃rad + γ̃nr). In contrast to recent proposals [125], this sug-

gests the nanocavity pseudo-mode quenches emission almost entirely via non-radiative

channels, as it does for isolated nanoparticles, suppressing any way to observe possible

strong-coupling dynamics. At the NPoM dipole and quadrupole resonant wavelengths,

γ̃rad ∼ γ̃tot/2, and therefore information of the coherent energy exchange between the

emitter and the plasmon modes are carried to the far-field and thus allows tracking of

the hybrid states.
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Additionally, the excitation rate γ̃exc of an emitter next to an isolated nanoparticle is

two orders of magnitude smaller than for a 1 nm nanocavity, see Fig. 3.3(e,f). Hence

for an isolated nanoparticle where γ̃rad� γ̃tot, an emitter is weakly excited and heavily

quenched by higher-order modes. On the other hand, the NPoM nanocavity strongly

excites the emitter with the dipole/quadrupole modes, with γ̃exc increasing for larger

nanoparticles, but also significant energy is both radiated (γ̃rad ∼ γ̃tot/2) and exchanged

between the emitter and plasmons. Due to the mode hybridization and radiative behav-

ior of higher-order modes for the NPoM, its γem is dramatically increased and hence

allows the room-temperature strong-coupling of a single emitter in plasmonic nanocav-

ities to be experimentally measured [24].

3.5 suppressed quenching in faceted nanocavities

The previous section assumes that the nanoparticles are perfectly spherical. How-

ever, SEM images and experimental results [64, 82] show that nanoparticles are always

faceted, see Chapter 2. So far, the emitters have also been placed at the NPoMs’ gap

centers for varying gap sizes. Although these analyses give intuitive understanding on

the phenomenon of suppressed quenching, it is challenging to realize such analyses in

experimental setting.

This section investigates the fluorescence emission of an emitter inside a faceted

NPoM nanocavity formed by a gold nanoparticle with diameter 2R = 80 nm and facet

widths w = 0, 10 and 20 nm atop a dielectric spacer with thickness d = 5 nm and a

gold mirror, see Fig. 3.4(a). Such a nanocavity can be fabricated using DNA origami

(refractive index n = 2.1) to precisely control the positions of emitters in the nanocavity.

The bonding SPs of the NPoM nanocavity provide a large field enhancement |E|/|E0|

in the gap region. The electric field distribution of the lowest-order bonding plasmon,

the BDP, is shown in Fig. 3.4(b) for an NPoM with w = 20 nm. The spectral positions

of the BDPs for NPoM nanocavities with w = 0, 10 and 20 nm are summarized in Fig.

3.4(c) in the form of scattering cross-sections σscat. The dominant peaks σscat correspond
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Figure 3.4: FDTD simulations fluorescence emission in faceted NPoMs. (a) Schematic diagram
of a nanoparticle-on-mirror (NPoM) nanocavity with diameter 2R = 80 nm, facet
width w and gap size d = 5 nm. (b) The field enhancement distribution |E|/|E0| of
the bonding dipole plasmon (BDP) of the NPoM with w= 20 nm (c) Scattering cross-
section σscat for the NPoM with w= 0, 10 and 20 nm and for nanoparticles (NPs) on
plain dielectric substrates with w= 0 and 20 nm. Reproduced with permission from
Ref. [69]. Copyright (2018) EDP Sciences.

to the BDPs, which red-shift from 690 to 730 nm as facet widths increase. The peaks

around 570 nm correspond to second-order BQP, and they are spectrally less affected

by the facet widths. For comparison, σscat for nanoparticles placed on plain dielectric

substrates are also shown in Fig. 3.4(c) and also exhibit first-order localized surface

plasmons at ∼570 nm.

When a quantum emitter is placed in an NPoM nanocavity, the large field enhance-

ment of the BDP massively enhances the excitation rate γ̃exc. Fig. 3.5 shows the rate

enhancements γ̃rad, γ̃nr, γ̃exc and γ̃em computed by placing a classical dipole emitter

at 2.5 nm below the nanoparticles for faceted NPoM nanocavities and nanoparticles on

dielectric substrates. The results for each nanostructure are evaluated at the resonance

frequency of the nanostructure’s dominant plasmon modes, as shown in Fig. 3.4(c).

As the facet width increases, the nanoparticles experience the lightning rod effect at

their sharp facet edges, and, consequently, the rate enhancements of the emitters reach

maxima near the facet edges, as seen in Fig. 3.5(b-e), dashed and dash-dotted lines. By
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contrast, the rate enhancements for the NPoM nanocavities are maximum at the center of

the nanocavity for all facet widths. This is due to the nature of the BDPs which spatially

confines the light field at the nanocavities’ center. The NPoM nanocavities with larger

facet widths also confine light less efficiently and possess larger effective mode volumes.

Hence, the rate enhancements of the emitters spatially broaden with increasing facet

width.

(a)

0

2250

4500

γ̃
ra

d

×10

×10

(b)
w = 0 nm, NPoM
w = 10 nm, NPoM
w = 20 nm, NPoM

0

3900

7800

γ̃
n

r

(c)
w = 0 nm, NP
w = 20 nm, NP

0

1400

2800

γ̃
ex

c

×4
×10

(d)

0 5 10 15 20
x (nm)

0

600

1200

γ̃
em ×80

×200

(e)

Figure 3.5: FDTD simulations for (a) the radiative decay γ̃rad, (b) non-radiative decay γ̃nr, (c)
excitation γ̃exc and (d) fluorescence enhancements γ̃em for the NPoM nanocavities
with facet width w = 0, 10 and 20 nm and the nanoparticles on dielectric substrates
with w = 0 and 20 nm. For clarity, γ̃rad, γ̃exc and γ̃em for the nanoparticles are
multiplied by the indicated factors. Reproduced with permission from Ref. [69].
Copyright (2018) EDP Sciences.

Unlike Fig. 3.1(a), γ̃em of the emitter below a nanoparticle with w = 0 nm is not

completely quenched due to the presence of the dielectric substrate which increases the

emitter’s radiation efficiency, as shown in Fig. 3.5(e). For w= 20 nm, γ̃em of the emitter
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is quenched as γ̃nr dominates γ̃rad and gives a diminishing quantum yield η < 0.03. On

the other hand, plasmon hybridization in the NPoM nanocavities provides sufficiently

large γ̃rad and significant reductions in γ̃nr, giving η ≈ 0.4 − 0.5 at the center of the

nanocavity for all facet widths. The NPoM nanocavities provide more than two orders

of magnitude increase in γ̃em, drastically enhancing fluorescence of the emitter with

w= 0 nm and suppressing fluorescence quenching of the emitters w= 20 nm, compared

to the nanoparticles without the mirror. Hence, a NPoM nanocavity with w 6 20 nm

retains the ability to suppress quenching and drastically enhance fluorescence.

3.6 experimental confirmation of suppressed quench-

ing

In collaboration with University of Cambridge where the device was fabricated and

experimentally measured, we show in this section the experimental confirmation of

the above theoretical findings [68]. A single Cy5 molecule was placed within NPoM

nanocavities formed by 80 nm diameter nanoparticles. DNA-origami [33, 39] is used to

create a 5 nm-thick spacer and to control the emitter position at nm lateral and verti-

cal accuracies relative to the gold-nanoparticle, see Fig. 3.6(a). A 2-layer DNA-origami

plate (55× 45 nm) is attached to a gold substrate via thiol-modified staple strands. This

is followed by hybridizing ssDNA-functionalized gold nanoparticles with complemen-

tary overhang staple strands onto the top of the origami [33]. The position of the dye

molecules with respect to the nanoparticle is varied by folding the origami with specific

Cy5-modified staples at predefined positions from the center of the nanoparticle attach-

ment groups. The nanocavity is illuminated with a high numerical aperture (NA 0.8)

objective, filling the back focal plane of the aperture with 633 nm laser light. To calculate

fluorescence enhancement, the emission intensities of the molecules are extracted from

their luminescence at 690 nm from > 300 individual NPoM cavities. These intensities

are normalized to a control dye molecule on a glass substrate. Note that the sub-ps

emission timescales here preclude any direct measurement of emission rates, for any po-
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sition of the dye molecule, since current state-of-the-art equipment cannot resolve such

fast decays.
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Figure 3.6: FDTD simulations and experiment results for suppressed fluorescence quenching. (a)
Schematic diagram of the experimental setup where the Cy5 molecule is represented
as a red arrow embedded within the DNA-origami, represented in blue. (b) Exper-
imental (black) and numerical (red) emission intensities of a single Cy5 molecule
inside a DNA-origami structure with 5 nm nanocavity gap and 80 nm diameter. The
molecule, aligned at angle 0

◦ and 45
◦, is laterally displaced by x from the center of

nanocavity and excited by a 633 nm laser. Reproduced with permission from Ref.
[68]. Copyright (2017) American Chemical Society.

In Fig. 3.6(b), the normalized intensities of the molecules at different lateral positions

(black points) quantitatively match the numerically-calculated emission rates for dipoles

oriented along the z-axis (θ = 0◦) and at θ = 45◦, as indicated. These results, showing

γ̃em(|x|), combine both positive and negative x, which are identical, placing the x=0

particle center within an experimental error of ±2 nm. Different DNA-origami foldings

result in slightly different dipole orientations, and partial melting of the double-stranded

DNA together with slight imprecision in nanoparticle placement yields the uncertainty

in the emitter position. These small variations lead to different emission intensities in

different NPoMs, shown as vertical error bars in the experimental data of Fig. 3.6(b). It

is however evident that an emitter in a plasmonic nanocavity does not quench, even if

it is placed in the vicinity (< 10 nm) of metal nanostructures, but, instead, its emission

rate enhances.

In order to compare the numerical calculations with the experimental results, the flu-

orescence enhancement factor in Eq. (3.6) must be modified to take into account the
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detector collection angle, the molecule’s internal dissipation and the molecule’s orienta-

tion [103]

γ̃em(rem,θ) =
σ(θ)

σ0(θ)

γexc(rem,θ)
γ0exc(θ)

η(rem,θ)
η0(θ)

(3.8)

where σ is the collection efficiency, γexc is the excitation rate and η is the quantum yield

of the Cy5 molecule placed at position r from the center of the nanocavity and is aligned

at angle θ to the vertical axis. On the other hand, σ0 , γ0exc and η0 are the corresponding

parameters for the Cy5 molecule embedded in DNA-origami deposited on the glass

substrate. Using an objective lens of NA = 0.8, the collection efficiencies of the emitter in

the nanocavity are estimated to be σ≈ 0.45 while the efficiencies for the emitter on glass

substrate are σ0(0◦)≈ 0.16 and σ0(45◦)≈ 0.19. The quantum yield of the Cy5 molecule

on a glass substrate is η0 ≈ 0.25. The excitation rate enhancement γexc(rem,θ)/γ0exc(θ)

and the quantum yield η(r,θ) of the emitter in the NPoM nanocavity are then evaluated

with FDTD calculation.

3.7 maxwell-bloch equations

The dramatically enhanced γem for NPoM is the reason that the strong-coupling dy-

namics can be measured at room temperature. While the classical calculations presented

so far provide useful insight into the radiative and non-radiative decay channels of these

differing plasmonic systems, they cannot reveal the spatio-temporal dynamics of an

emitter coupling to the plasmons. This chapter thus now uses a dynamic semi-classical

Maxwell-Bloch description [59] for the emitter.

In the Maxwell-Bloch model, a quantum emitter is treated as a two-level system inter-

acting with a classical electromagnetic field. The emitters can be either in the ground

state |1〉 or excited state |2〉. Its state can be represented as a wavefunction or a density

matrix

|ψ〉= c1 |1〉+ c2 |2〉 , (3.9)

%̂= |ψ〉〈ψ|=

 |c1|
2 c1c

∗
2

c∗1c2 |c2|
2

=

 %11 %12

%21 %22

 . (3.10)
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The interaction between the quantum emitter and classical light can be described by the

semi-classical form of Jaynes-Cummings Hamiltonian in Eq. (1.6) [59]

Ĥ=  hωemσ̂
†σ̂− µ̂ · E

=  hωemσ̂
†σ̂− µ · E

(
σ̂+ σ̂†

)
=

 0 −µ · E

−µ · E  hωem


(3.11)

where µ = 〈2| µ̂ |1〉, σ̂ = |1〉〈2| and σ̂†σ̂ = |2〉〈2|. In most systems, the quantum emitter is

not only coupled with the electromagnetic field of interest but is also exposed to external

reservoirs. The time dynamic of the emitters can be obtained by solving the Lindblad

master equation for a open quantum system [42]

∂%̂

∂t
=

−i
 h

[
Ĥ, %̂

]
+
γ

2
(2σ̂%̂σ̂† − σ̂†σ̂%̂− %̂σ̂†σ̂) +

γp

2
(σ̂z%̂σ̂z − %̂). (3.12)

where σ̂z = |2〉〈2| − |1〉〈1|. The first term on the right hand side is the standard von

Neumann equation which describes the Hamiltonian evolution of a closed quantum

system. The second term describes incoherent relaxation of the emitter with a decay

rate γ, and the third term describes pure dephasing with a rate γp. They can be written

in the matrix form as

−i
 h

[
Ĥ, %̂

]
=

−i
 h

 −µ · E(%21 − %12) −µ · E(%22 − %11) −  hωem %12

µ · E(%22 − %11) +  hωem %21 µ · E(%21 − %12)


(3.13)

γ

2
(2σ̂%̂σ̂† − σ̂†σ̂%̂− %̂σ̂†σ̂) =

 γ %22 −γ2 %12

−γ2 %21 −γ %22

 (3.14)

γp

2
(σ̂z%̂σ̂z − %̂) =

 0 −γp %12

−γp %21 0

 . (3.15)

Solving Eq. (3.12) leads to the renowned Maxwell-Bloch equations

∂ %12
∂t

=
∂ %∗21
∂t

=−(Γ − iωem) %12 +
i
 h
µ · E(%22 − %11) (3.16)
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∂ %22
∂t

=−
∂ %11
∂t

=−γ %22 −
2
 h
µ · E Im(%12) (3.17)

where Γ = γp + γ/2 is the total dephasing rate. The macroscopic polarization can then

be calculated using the relation below

P =NdTr(% µ̂)

=NdTr


 %11 %12

%21 %22


 0 µ

µ 0




=Ndµ(%12 + %21)

= 2Ndµ Re[%12]

(3.18)

where Nd is the density of electrons involved in the electronic transition |1〉 → |2〉. Simi-

larly, macroscopic ground and excited state populations are defined as N1 =Nd %11 and

N2 =Nd %22, respectively. Eqs. (3.17) and (3.16) can then be rewritten as follows

∂2P
∂t2

+ 2Γ
∂P
∂t

+ (Γ2 +ω2em)P =−
2ωem

 h
µ2(N2 −N1)E(t). (3.19)

∂N2
∂t

=−
∂N1
∂t

=−γN2 +
1

 hωem

(
∂P
∂t

+ ΓP
)
· E(t). (3.20)

The coherent interaction between the emitter and its surrounding optical environment is

well described within the Maxwell-Bloch model. However, this model is semi-classical

by nature and does not take into account spontaneous emission, which is inherently a

quantum phenomenon. The relaxation decay term −γN2 only incoherently reduces the

emitter’s population inversion and does not generate any electromagnetic field to the

environment. As a result, the relaxation rate is also not modified by the Purcell effect.

In the following section, the interaction dynamics between the quantum emitter and

its optical environment is rigorously studied by using Eqs. (3.19) and (3.20) together

with the FDTD method, as shown in Section A.4. The electric field E from the environ-

ment is calculated by the FDTD method and is used to calculate the polarization field

P in the Maxwell-Bloch equations. P, in turn, couples back to the environment in a

self-consistent way through Eq. (A.18).
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3.8 strong-coupling dynamics in plasmonic nanocavities

Here, a Maxwell-Bloch emitter is considered with realistic parameters: µ = 3.79 De-

byes (D), γ = 0.66 µeV and 2Γ = 28 meV [24]. The emitter is represented the numerical

simulations as a cube with dimension 1×1×1 nm3 and electron density Nd = 1027 m−3,

assuming that there is only one electron involved in the optical transition.

By dynamically coupling the Maxwell-Bloch model with the full-wave FDTD method,

Fig. 3.7 shows realistic energy-exchange dynamics between the emitter and the plas-

monic structure, of which all possible plasmonic resonances are included. Fig. 3.7(a)

plots the near-field Ez(r= 0) time evolution after a broadband pulsed excitation with-

out (Ecav
z , red) and with (Eem

z , blue) an emitter placed 0.5 nm from a nanoparticle of

diameter 40 nm. The population of the excited state N2 is also plotted on the same

time-scale, which peaks at ∼ 20fs. A qualitatively similar behavior is observed for the

NPoM in Fig. 3.7(b) but with 4 times stronger field enhancement and 200 times larger

excited state population. To clearly demonstrate the induced E-field from the emitter

Eind
em = Eem

z − Ecav
z , we separate the field due to emitter-plasmon coupling Eem

z from the

field due to direct plasmon excitation Ecav
z . Fig. 3.7(c,d) plots Eind

em for emitters placed at

various lateral positions away from closest proximity to both the isolated nanoparticle

and the NPoM. For emitters at x < 5 nm from the isolated NP, Eind
em reduces, despite the

stronger field enhancement. This shows that energy from the emitter is quenched due

to coupling with non-radiative higher-order modes that are confined to the vicinity of

the isolated NP. For the NPoM, as the emitter approaches the nanocavity Eind
em is instead

increasingly enhanced.

Similar behavior is observed from the excited state population dynamics as shown

in Fig. 3.7(e,f). For x < 2.5 nm from the isolated NP, the population of the excited

state is truncated by decay into the non-radiative channels, reducing it below that for

an emitter at x = 5 nm, a behavior not present for the NPoM cavity. This behavior

of extreme plasmonic nanocavities facilitates the strong-coupling of a single emitter at

room temperature.
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Figure 3.7: FDTD simulations using Maxwell-Bloch equations for the energy exchange dynamics.
The field Ez and excited state population N2 dynamics are shown for (a,c,e) isolated
nanoparticle and (b,d,f) 1 nm-wide NPoM of diameter 40 nm for a two-level emitter
placed 0.5 nm below the nanoparticle. (a,b) Ez (red, blue) and N2 (black) dynamics
for the structures without (red) and with (blue) the presence of the emitter at x = 0.
(c,d) The corresponding induced E-fields from the emitter Eind

em = Eem
z − Ecav

z and (e,f)
the excited state population N2 of the emitter, laterally displaced at x= 0, 1.25, 2.5, 5

and 10 nm. The emitters’ transition wavelengths are λem = 550 and 700 nm, tuned to
the dipole plasmonic mode of each system. Reproduced with permission from Ref.
[68]. Copyright (2017) American Chemical Society.

In fact, Rabi-oscillations can be observed long after the excitation pulse is turned off at

∼100 fs for the NPoM while almost entirely absent for the isolated nanoparticle as clearly

shown on the envelope dynamics of Eind
em at x = 0 in Fig. 3.8. Therefore, for t > 100 fs,

the energy exchange between the plasmon and an emitter is observed. Due to the very

dissipative nature of plasmons and the absence of continuous plasmon excitation, the
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Rabi oscillations are only visible on a log-scale as shown in Fig. 3.8(c) with period of

∼80 fs, which corresponds to the Rabi energy of ∼50 meV.
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Figure 3.8: FDTD simulations using Maxwell-Bloch equations for the normalized induced field
from an emitter Ẽind

em = (Eem
z − Ecav

z )/|E0|. The results are shown for (a) an isolated
nanoparticle (×10) and (b) the NPoM when the emitter is placed 0.5 nm below the
nanoparticle. (c) The envelope dynamics of the induced field on log-scale, which
demonstrates the Rabi oscillations. Reproduced with permission from Ref. [68].
Copyright (2017) American Chemical Society.

While Fig. 3.8 demonstrates the Rabi oscillations observed in the near-field from an

emitter, to explore the far-field behavior, Fig. 3.9(a,b) plots the scattering cross-sections

for an emitter placed at lateral positions x = 0, 2.5, and 20 nm for both the isolated

nanoparticle and NPoM. Scattering spectra of an isolated nanoparticle show no depen-

dence on the emitter’s position. This indicates that the far-field remains oblivious to

the emitter as it mainly couples with the dark higher-order modes, and all its energy is

channeled in Ohmic losses. However, for the NPoM nanocavity, the Rabi-splitting is ob-

served when the emitter is well within the nanocavity which carries the characteristics

of the energy exchange dynamics shown in Fig. 3.8(c). The maximum splitting at x = 0

corresponds to the Rabi energy of 66 meV, in comparison with ∼50 meV predicted by

Fig. 3.8(c).
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Figure 3.9: FDTD simulations using Maxwell-Bloch equations for scattering cross-sections. The
results are shown for (a) an isolated nanoparticle and (b) NPoM, with the two-level
quantum emitter placed placed 0.5 nm below the nanoparticle and laterally at x=0,
2.5, and 20 nm. Reproduced with permission from Ref. [68]. Copyright (2017)
American Chemical Society.

3.9 conclusion

In conclusion, this chapter demonstrates analytically, numerically, and experimentally

that fluorescence emission from an emitter placed within a plasmonic nanocavity does

not quench, despite being in very close proximity to metal. This is due to (i) the en-

hanced excitation which is always present near plasmonic nanostructures and (ii) the

acquired radiative nature of higher-order modes for extremely small gaps. The combi-

nation of the two effects both suppresses the emitter’s decay into non-radiative channels

and facilitates the re-emission of its energy. This chapter also investigates how the

gap morphology of an NPoM nanocavity affects its interaction with a quantum emit-

ter, showing that faceted NPoMs retain their ability to suppress fluorescence quenching.

Indeed, plasmonic nanocavities, with or without facets, do not quench emitters and in-

stead provides the necessary conditions to achieve and observe single-molecule strong-

coupling with plasmons at room temperature, and many other related light-matter inter-

actions. Using semi-classical 3D full-wave time-domain Maxwell-Bloch simulations, this

chapter uncovers the strong-coupling dynamics of single emitters in plasmonic nanocav-

ities being fundamentally different from isolated nanoparticles and plasmonic nano-

antennas with tens of nanometer gaps. We envisage numerous applications, including

fast-emitting single-photon sources, nonlinear optics, quantum chemistry and quantum

technologies.



4 Q U A N T U M P L A S M O N I C I M M U N OA S S AY

S E N S I N G

The results presented in this chapter have been published in Ref. [130], co-authored

by X. Xiong, P. Bai, J. B. You, C. E. Png, L. Wu and O. Hess. Some parts of this chapter

are quoted verbatim from the published manuscript.

I ran all of the numerical simulations and contributed to all of the figures. X. Xiong

performed data analysis in Fig. 4.4(b,d). All authors contributed to the discussion of the

content in this chapter.

4.1 introduction

An immunoassay is a biochemical test that measures the presence or concentration of

specific molecules in a solution using antibodies [131]. A molecule detected in an im-

munoassay is often referred to as an “analyte”. Clearly, the ultimate goal of immunoas-

say sensing is to detect a single analyte enabling, for example, diagnosis of early-stage

cancer. However, due to the size mismatch between typical analytes (typically <10 nm)

and the optical wavelength (400−700 nm), single-analyte sensing has remained elusive.

Hence, most immunoassays rely on specific detectable labels that are chemically linked

with antibodies.

In a plasmonic immunoassay, the sensing signal can be further enhanced as plas-

monic structures can efficiently squeeze light into tiny, sub-wavelength volumes that

are comparable to the size of the analyte. Various types of labels that are chemically

linked to antibodies, can further enhance the sensing signals via their interactions with

plasmon-polaritons. For example, a dielectric label has been used to induce changes

in the refractive index, shifting the plasmonic resonance [132, 133]. In addition to the

refractive index change, a metallic nanoparticle label can also induce hybridization of

77
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plasmonic modes with the surrounding structure [134–137]. Fluorophores have also

been proposed as sensing labels in surface-plasmon field-enhanced fluorescence spec-

troscopy [138–140] where the photoluminescence (PL) is enhanced due to the Purcell

effect of the plasmonic resonance. In spite of this significant enhancement through a

suitable nanoplasmonic environment, the sensing process – interactions between vari-

ous types of labels and plasmon-polaritons in modern plasmonic immunoassays – have

to date not yet explored the strong-coupling quantum regime.

This chapter proposes a new scheme that embeds and utilizes strong-coupling be-

tween quantum emitter label(s) and plasmon-polaritons to achieve a drastically en-

hanced sensitivity, down to a single-analyte quantum plasmonic immunoassay. It is

from this single-analyte perspective that this chapter shall in the following starts its dis-

cussion before subsequently moving to the experimentally more common multi-analyte

(ensemble) case. In each case, the ultra-sensitivity is achieved via the characteristic spec-

tral signature of Rabi splitting which is effectively a bi-directional shift. Compared to

label-free plasmonic sensing, the presence of quantum emitter labels enhance the sensi-

tivity by a factor of 14.2, while solitary dielectric and AuNP labels enhance the sensitivity

by only factors of 2.62 and 2.73, respectively.

Our statistical studies on multi-analyte detection demonstrate that the proposed proto-

col also works well in the weak coupling regime (just as conventional plasmonic sensors

do) when the emitter labels are displaced from the plasmonic hotspot. In the case of mul-

tiple randomly positioned analytes, the optical spectrum of the composite system is not

necessarily associated with a Lorentzian line-shape and, consequently, a figure of merit

(FoM) is introduced as the integral of the spectral changes. The immunoassay-FoM in

the weak coupling (or classical) regime decreases rapidly with decreasing number of an-

alytes. In contrast, the immunoassay-FoM in the strong coupling (or quantum) regime

remains approximately constant, independent of the concentration of emitter labels. In-

deed, it retains this value also for a single emitter label.
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4.2 strong-coupling immunoassay

The principle and set-up of the proposed quantum plasmonic immunoassay sensing

protocol are schematically illustrated in Fig. 4.1a. It functionally involves four main

parts: (i) a plasmonic nano-dimer cavity (here formed by two gold hemispheres), (ii) an

antigen as the “analyte” to be detected, (iii) a sensing label (which is used to enhance

the sensitivity in either a classical or quantum regime), and (iv) two antibodies which

are paired with the target antigen and chemically linked with the sensing label, respec-

tively. For the strong-coupling immunoassay, a quantum emitter (such as a quantum

dot) is used as the sensing label, and the term “strong-coupling" refers to the strong-

coupling between the emitter label and the plasmonic field in the cavity. The sensing

label can, however, also be a dielectric or plasmonic nanoparticle resulting in a conven-

tional (classical) plasmonic immunoassay. The immunoassay is assumed to take place

in a liquid environment, such as water or serum, with refractive index 1.33. Dielectric

spacers are introduced between the plasmonic hemispheres and the substrate to provide

an adjustable vertical position of the hotspot, e.g., to coincide with the sensing label. Fig-

ure 4.1b shows the side-view for a representative strong-coupling immunoassay system.

The dimer gap between the two nanoplasmonic hemispheres is denoted as d. All the

simulations are performed on the basis of a 3D full-wave spatio-temporal simulation

method based on a FDTD scheme.

To appreciate the functionality of the various components, let us first establish the op-

tical response of an empty hemisphere dimer. Figure 4.1c shows the normalized electric

field distribution of a dimer with a gap d = 2 nm resulting in a plasmonic resonance at

1.89 eV. The characteristic plasmonic hotspot is clearly seen inside the nanogap, with a

field enhancement by a factor of 195 at the gap center. It is this enhancement that gen-

erally forms the foundation for plasmonic sensing with high sensitivity in an ambient

environment. Now to demonstrate the sensitivity of the strong-coupling immunoassay,

Fig. 4.1d compares its extinction spectrum (solid red curve) to the spectra of label-free

(dotted black curve), dielectric-labeled (dashed blue curve) and AuNP-labeled (dash-

dotted green curve) immunoassays. All cases in this study use the same gold hemi-
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Figure 4.1: FDTD simulations for plasmonic immunoassay. (a) The schematic illustration of the
strong-coupling immunoassay setup. A gold hemisphere nano-dimer cavity captures
an immunoassay complex in the proximity of the plasmonic hotspot. (b) Side-view
of a representative system with a 20nm-radius hemisphere placed on top of the
dielectric spacer with a thickness of 7 nm, which matches the thickness of antibody-
antigen-antibody complex. (c) Illustration of normalized electric field hotspot located
between the distribution inside the dimer. (d) Performance comparisons of different
plasmonic sensors: empty dimer (only bottom antibody), label-free (antigen and
bottom antibody), dielectric-label, AuNP-label and emitter-label (a Maxwell-Bloch
emitter). The extinction cross-sections are normalized by the geometric cross-section
of the hemisphere πR2. Reproduced with permission from Ref. [130]. Copyright
(2019) American Chemical Society.

Figure 4.2: (a) The schematic illustration of an antibody-antigen-antibody-label complex. (b)
The model of the antibody-antigen-antibody complex (label free). The antibodies
are modeled as cylinders with height 3 nm, diameter 2 nm and refractive index 1.5
whereas the antigen is modeled as a cylinder with height 1 nm, diameter 2 nm and
refractive index 1.4. (c) The models of the three different labels: (i) dielectric-label as
a cylinder with radius 1 nm, height 2 nm and refractive index 1.8, (ii) AuNP-label as
a gold sphere with diameter 1 nm and refractive index n =

√
εAu (iii) emitter-label

as a single-Yee-cell Maxwell-Bloch emitter with dipole moment 20 Debyes aligned
along the x-axis and linewidth 2Γ = 26 meV.
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sphere dimer and dielectric spacers but vary the different sensing complexes inside the

gap.

In the label-free case, only one antibody and one antigen are placed inside the gap, ad-

justing the height of the antibody such that the antigen is close to the plasmonic hotspot,

while in the case of the labeled complexes the geometry is adjusted such that the label

resides close to the plasmonic hotspot. The dielectric label itself is approximated as a

simple nano-cylinder (radius of 1 nm and height of 2 nm) with a refractive index of

1.8, whereas the AuNP label is modeled as a gold nano-sphere (with the diameter of 1

nm), see Fig. 4.2(c)(i, ii). This chapter uses a full-wave spatio-temporal Maxwell-Bloch

model to take into account the energy exchange dynamics between the two-level quan-

tum emitters (dipole moment 20 Debye and linewidth of 26 meV, see Fig. 4.2(c)(iii)) and

the plasmonic field, revealing the dynamics in both weak- and strong-coupling regimes.

Compared to conventional sensing protocols that have a characteristic shift of the opti-

cal resonance, the strong-coupling immunoassay exhibits the characteristic signature of

strong-coupling, i.e., the two Rabi peaks, as indicated in Fig. 4.1d. This is in effect a

bi-directional shift with higher sensitivity than those of conventional immunoassays.

4.3 quantum emitter model and numerical correction

In this chapter, quantum emitter labels are modeled as two-level systems under the

Maxwell-Bloch description, presented in Section 3.7. Unlike the emitters with dipole

moment 3.79D used in Chapter 3, the emitter labels considered in this chapter has sig-

nificantly higher dipole moment of 5 - 20 Debyes (D). Such a quantum emitter with large

dipole moment presents a numerical problem in a FDTD simulation.

The field generated by a point-like dipole propagates outwards and only re-excites

the dipole once the field is reflected from an inhomogeneity. For a quantum emitter in

a FDTD simulation, however, the field P is injected to the FDTD grid at the emitter’s

position and re-excite the emitter even without any reflection. This leads us to the second

problem of a numerical self-interaction problem which causes spurious frequency shift.
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This chapter follows the method presented in Ref. [141] where a quantum emitter is

modeled as a point-like source in a FDTD simulation. For a simulation with mesh size

∆x, the emitter occupies only a single Yee cell and is assigned density Nd = 1/∆x3. The

total electric fields E in Eqs. (3.20) and (3.19) are then corrected by the divergent field

E→ E − Ediv

Ediv =−(1+ f(∆x))P/3ε0εB, (4.1)

f(∆x) = −(3/4π)2/3(1.15ωem∆x
3√εB/c)2. (4.2)

4.4 optical lamb shifts of emitter labels

Before presenting the principles of the strong-coupling immunoassay, it is important

to first discuss how optical properties of the quantum emitter is affected by its plasmonic

environment. In close proximity to a plasmonic structure, the field generated by the

emitter excites plasmonic modes which in turn generate secondary waves which re-

excite the emitter. This re-excitation does not only enhance its emission rate but also

shift its emission frequency, called Optical Lamb shift (see 1.2.2).

This effect is elaborated by placing a single emitter (dipole moment 20 Debyes) at dif-

ferent positions 1, 2 and 3 (black, red and blue dots in Fig. 4.3a), with the coordinates r1

= (0, 0, 0) nm, r2 = (42, 0, 0) nm, and r3 = (21, 21, 0) nm. The emitter’s polarization is set

along the x-axis with transition frequency ωem = 2.03 eV. The electric field distribution

of the bare hemisphere dimer is plotted in Fig. 4.3b. It shows that the electric field is

the strongest at position 1 and the weakest at position 3.

Figure 4.3c shows the spectra of the emitter at each position, which are the Fourier

transforms F[P] =
∫
P(t)exp(−iωt)dt of the emitter’s polarization density P(t). At posi-

tions 2 and 3 (red and blue curves), the coupling between the emitter and the plasmonic

environment leads to the red-shifted emitter frequency (major peaks) compared to ωem

= 2.03 eV. Stronger electric field results in a larger Lamb shift. Note that, the minor peaks

at 1.89 eV represent for the plasmonic resonance. At position 1 where the electric field is

the strongest, the emitter resonance experiences the largest red-shift and reaches values



4.4 optical lamb shifts of emitter labels 83

-40 -20 0 20 40
x (nm)

-20

0

20

y
(n

m
)

0 200|E|/|E0|

a

b

c

Figure 4.3: FDTD simulations using Maxwell-Bloch equations for optical Lamb shift of a single
emitter with dipole moment 20 Debyes due to the interaction with gap plasmons.
(a) The top-view schematic diagram of the single emitter’s position near the hemi-
sphere dimer. The black, red and blue dots indicate the position of the emitter r =
r1, r2 and r3, respectively. (b) The xy-plane electric field distribution at ω = 1.89 eV
for an empty hemisphere dimer, where |E(r1)|/|E0| = 194.8, |E(r2)|/|E0| = 11.9 and
|E(r3)|/|E0| = 8.79. (c) The Fourier transforms of the emitter’s polarization densities
|F[P]| at positions r1 (black), r2 (red) and r3 (blue). |F[P]| of an emitter in a homo-
geneous background is also shown as a gray line. The dashed line at ω = 2.03 eV
denotes the emitter’s transition frequency ωem, and the dash-dotted line at ω = 1.89

eV denotes the gap plasmonic resonance ωa. Reproduced with permission from Ref.
[130]. Copyright (2019) American Chemical Society.

around the plasmonic resonance ωa = 1.89 eV. Meanwhile, the emitter and plasmon-

polaritons enter into the strong-coupling regime, where the Rabi splitting results in two

comparable peaks centered at 1.89 eV. In other words, the optical Lamb shift changes

the emitter resonance from ωem = 2.03 eV to ωLem = 1.89 eV. It is important to note that

a large optical Lamb shift of 0.14 eV is observed here because the emitter has a large

dipole moment of 20 Debyes.

In order to obtain maximum sensing sensitivity, it is crucial to precisely tune plas-

monic resonance to an emitter’s Lamb-shifted resonance. In an experiment where an

emitter cannot be easily changed, plasmonic resonance is often adjusted by changing the

size and shape of a plasmonic structure. For simplicity, however, this chapter instead

tunes the emitter’s transition frequency to the plasmonic resonances of the hemisphere

dimer with different gap sizes.



4.5 anti-crossing of strong-coupling 84

4.5 anti-crossing of strong-coupling

For an emitter coupled with a plasmonic resonance, the system-Hamiltonian can be

written as [142]

Ĥ=  h

ωL(g)em − iγ g

g ωa − iκ

 (4.3)

where ωLem(g) is the Lamb shifted resonance of the emitter (which is a function of the

coupling strength g) and ωa is the resonance of the plasmon-polaritons whereas γ and

κ are their decay rates, respectively. The coupled system has two new eigenfrequencies

expressed as [142]

ω±(∆d) =
ωLem +ωa

2
±Re

[√
1

4
(∆d − i(γ− κ))2 + g2

]
(4.4)

where ∆d = ωLem −ωa is the detuning which can be adjusted to control the optical

responses ω± of the coupled system. When the coupling rate is slower than the decay

processes g < |γ− κ|/2, the coupled system is in the weak coupling regime where the

emitter’s emission rate is enhanced by plasmon-polaritons due to the Purcell effect. The

system reaches the strong-coupling regime when the coupling exceeds the decay g> |γ−

κ|/2, at which the emitter and the plasmon-polaritons become hybridized and coherently

exchange energy. In this regime, the hybridized system frequencies ω+ and ω− reveal a

clear anti-crossing pattern as the emitter’s (original) resonance ωem is swept across the

plasmonic resonance ωa. As shown in Fig. 4.4a, the numerically calculated extinction

spectra of coupled system show clearly two branches, when the hemisphere dimer with

ωa = 1.89 eV is coupled to emitters with different frequencies ωem = 1.8 - 2.3 eV. In the

following, this type of spectral signature is used to characterize the performance of our

strong-coupling immunoassay scheme.
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Figure 4.4: FDTD simulations using Maxwell-Bloch equations for (a) spectra of extinction cross-
sections σext with emitter resonance of ωem = 1.8 - 2.3 eV, and plasmonic resonance
fixed atωa = 1.89 eV. Two dashed curves denoted as branchesω+ andω− are plotted
for the guidance of Rabi splitting. (b) Sensitivity enhancement ΓS as a function of
the emitter resonance ωem, with transition dipole moment µ = 20 Debyes. Inset:
comparison of sensitivity enhancement ΓS for plasmonic sensors with different types
of labels. (c) Spectrum of extinction cross-sections σext for dimers with d = 2–6

nm, with transition dipole moment µ = 20 Debyes. As the dimer gap d increases,
the plasmonic resonance (black dashed lines) shifts, so the emitter resonance is also
tuned accordingly. Inset: zoom-in view of the gap region, with the distance between
the emitter label and the hemisphere on the right fixed at 1 nm. (d) Sensitivity
enhancement ΓS as a function of the gap size d, with transition dipole moment µ =
5, 10, 20 Debyes (D), respectively. The spectra in (a) and (c) are shifted upward in
steps of 15 for clarity. Reproduced with permission from Ref. [130]. Copyright (2019)
American Chemical Society.

4.6 sensitivity

For conventional shifting-type plasmonic sensors (e.g., the dotted black, dashed blue,

and dash-dotted green curves in Fig. 4.1d), the (sensing) sensitivity is generally de-

fined as the ratio of the change in sensor output (e.g., resonance shift δω) relative to
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the change in the quantity to be measured (e.g., concentration of the analyte δc) [143].

However, while δc is a good measure in the case of appreciable analyte concentrations,

measuring concentrations is clearly no longer well-applicable in the context of few- or

single-analyte detection. Thus, the number of analytes N is adopted (where N = 1, 2, 3,

...) as quantifying descriptor to define sensitivity as

Sshift
N =

δω

N
, (4.5)

to be used here to characterize the shifting-type plasmonic sensors for few- or single-

analyte detection, an example of which is indicated by the blue arrow in Fig. 4.1d. On

the other hand, for the strong-coupling immunoassay (splitting-type), there are dou-

ble shifts toward both directions, as illustrated by the red arrows in Fig. 4.1d. The

measurable frequency splitting between the peaks ∆ω= |ω+ −ω−| can be (analytically)

expressed as

∆ω= Re[
√

(∆d − i(γ− κ))2 + 4g2]. (4.6)

Compared to the original resonance detuning |∆d|, the system response is modified by

∆ω− |∆d| due to the coupling between the emitter(s) and the plasmon-polaritons. There-

fore, the sensitivity of the strong-coupling (or splitting-type) immunoassay is defined as

S
split
N =

∆ω− |∆d|

N
. (4.7)

Note that in principle, when the emitter and plasmons are on resonance (∆d = 0), the

frequency difference ∆ω =
√
4g2 − (γ− κ)2 corresponds to the Rabi splitting, and the

sensitivity Ssplit
N should thus reach its maximum. For the off-resonance cases (|∆d| > 0),

the sensitivity Ssplit
N is expected to drop. In the context of single-analyte detection (N= 1),

the sensitivity is purely relevant to the resonance shift for shifting-type sensors (Sshift
N=1 =

δω) or to the resonance splitting for strong-coupling sensors (Ssplit
N=1 = ∆ω− |∆d|).

To directly compare various different types of sensors, the sensitivities are normalized

to that of the label-free sensor, denoting the normalized sensitivity as ΓS =S
label
N /Slabel−free

N ,

which characterizes the sensitivity enhancement induced by the sensing labels. The inset
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of Fig. 4.4b shows the sensitivity enhancement (extracted from the spectra in Fig. 4.1d)

for different labels. A clear enhancement of ∼15-fold (ΓS = 14.2) is observed in strong-

coupling immunoassay sensing, making it a competitive candidate for next-generation

sensors. The sensitivity enhancement is also extracted for the strong-coupling immunoas-

say from Fig. 4.4a, which is dependent on the emitter resonance ωem as shown in Fig.

4.4b. Clearly, there exists an optimal ΓS as the emitter resonance is swept. However, due

to the optical Lamb shift experienced by the emitter label, this optimal ΓS does not occur

at ωa = 1.89 eV when the emitter and the plasmon-polaritons are on resonance. This

suggests that the ideal emitter label should be slightly detuned from the plasmonic cav-

ity resonance in order to maximize the sensitivity. In practice, however, it might be more

convenient to design a suitably detuned plasmonic cavity for any pre-selected emitter

label in a plasmonic immunoassay system.

When seeking to optimize the sensitivity of the immunoassay system, geometrical

parameters can be varied such as the gap width d, or a particular emitter label can be

chosen with a characteristic transition dipole moment µ. Determining the dependence

of the sensitivity enhancement ΓS on the dimer gap d, we first focus on the spectral

response of empty hemisphere dimers of variable gap width d = 2–6 nm as shown in

Fig. 4.4c (black dashed lines). As the dimer gap d decreases, the plasmonic resonance

is red-shifted, thus the emitter resonance must be tuned for each gap d according to

the similar optimization procedure illustrated in Fig. 4.4b. The corresponding extinc-

tion spectra with optimized ωem and maximized ΓS are obtained for various dimer gaps

as shown in Fig. 4.4c (red solid lines). For smaller dimer gap d, the Rabi splitting of

the coupled system becomes more prominent, indicating stronger coupling strength be-

tween the emitter and the plasmon-polaritons. Similarly, the sensitivity enhancement ΓS

is extracted from these extinction spectra. As shown in Fig. 4.4d, ΓS increases drastically

as the dimer gap d decreases. Note that, for this gap size study, the emitter is displaced

from the gap center and stays 1 nm away from one of the hemisphere’s surface, as

illustrated in the inset of Fig. 4.4c. This position is optimized to provide the highest sen-

sitivity enhancement. If the transition dipole moment µ is varied, Fig. 4.4d shows that,

as expected, ΓS increases for larger µ. Typical emitters that are used for strong-coupling

include methylene blue (ωem ∼ 1.878 eV, µ ∼ 4D) [24, 144], J-aggregates (ωem ∼ 2.145 eV,
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µ ∼ 30D) [21, 145], and rhodamine (ωem ∼ 1.741 eV, µ ∼ 5D) [146, 147]. Moreover, some III-

V quantum dots (e.g., InAs and GaAs) [148] and defects in two-dimensional materials

(e.g., WS2 and graphene) [149] have also been used, with their µ ranging from 10 to 10

Debyes. Note that the previously mentioned 15-fold sensitivity enhancement is achieved

using a conservative value of µ = 20D. Of course, even higher sensitivity enhancement

ΓS may be anticipated with a larger dipole moment µ. Besides, this study also clearly

confirms the preferred choice of dimers with small gaps for improved sensitivity.

4.7 cqed for photoluminescence spectra

Although the semi-classical model based on the Maxwell-Bloch approach in the pre-

vious sections is robust for studying an emitter in a plasmonic environment. The model

is not suitable for predicting the spontaneous decay emission of the emitter which is

inherently quantum mechanical. In order to study emission from the emitter and its

PL spectra, the interaction between an emitter and its optical cavity is treated within

the cQED framework. We assume that the 1st-order gap plasmonic mode can be well

approximated as a single cavity mode with a bosonic operator a and frequency ωa. The

emitter label is treated as a two-level system with a Pauli-1/2 operator σ and (Lamb

shifted) frequency ωLem. To consider the emitter’s frequency as the detuning from the

cavity frequency ωLem −ωa, the Jaynes-Cummings Hamiltonian in Eq. (1.6) can be trans-

formed with the unitary operator U= exp
(
−iωaâ

†ât
)

into

Ĥ=  h(ωLem −ωa)σ̂
†σ̂+  hg(âσ̂† + â†σ̂) (4.8)

where g =
√
Fi=1(rem;ωa)γ0κ/2 is the coupling strength [45], and Fi=1(rem;ωa) is the

local Purcell factor of the 1st-oder (m = 1) gap plasmon mode at the emitter’s location

rem.

The PL spectra can be calculated from the steady-state number of photons 〈â†â〉 in the

system, subject to the decoherence from an external reservoir. The steady-state solution
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Figure 4.5: A schematic of a cQED representation for plasmon-exciton polaritons. The Plas-
monic mode is treated as leaky cavity modes with a pumping rate Λa and a decay
rate κ. The excitonic mode is treated as a two-level system with a pumping rate Λσ,
a decay rate γ and a dephasing rate Γ . The excitonic and plasmonic modes couple
with a coupling strength g.

can be found by solving the Lindblad master equation ∂%̂/∂t = L%̂ = 0. The Lindblad

operator is defined as [150]

L%̂=−
i
 h
[Ĥ, %̂] +

κ

2
(2â%̂â† − â†â%̂− %̂â†â)

+
γnr

2
(2σ̂%̂σ̂† − σ̂†σ̂%̂− %̂σ̂†σ̂)

+
Λ

2
(2σ̂†%̂σ̂− σ̂σ̂†%̂− %̂σ̂σ̂†) +

Γ

2
(σ̂z%̂σ̂z − %̂)

(4.9)

where κ=−Im[ω̃1] is the cavity decay rate, Γ = 13 meV is the dephasing rate, and Λ = 1

meV is the incoherent pumping rate, which is sufficiently weak so that 〈â†â〉 � 1. The

relaxation rate γnr is defined as the decay rate enhanced by higher-order non-radiative

plasmonic modes, which behave collectively as a single pseudomode [39, 112]

γnr(rem;ω) = Fi>1(rem;ω)γ0(ω) (4.10)

where Fi>1(rem;ωLem) is the Purcell factor of the higher-order modes, which is estimated

as Fi>1 = Ftot − Fi=1 where Ftot is the total Purcell factor. Figure 4.6 shows Fi=1, Fi>1

and Ftot for the hemisphere dimer with gap size d = 2–6 nm, where the dipole source

and emitter are placed at position rem.
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Figure 4.6: FDTD simulations for multi-mode Purcell factors of the hemisphere dimer. (a)-(e)
The total Purcell factor Ftot calculated by using a dipole source (blue lines), the Purcell
factor of the 1st-order QNM Fi=1 (red lines) and higher-order QNMs Fi>1 (black
dashed lines) for an emitter placed at position re in the dimer with gap size d =
2–6 nm. Reproduced with permission from Ref. [130]. Copyright (2019) American
Chemical Society.

Finally, the PL spectra are calculated from the Wiener-Khintchine theorem and the

quantum regression theorem [151]

σPL(ω)∝−Re{Tr[â†(L− i(ω−ωa)I)
−1â%̂0]} (4.11)

where %̂0 is the steady-state solution to Eq. (4.9) and I is the identity matrix.

4.8 strong-coupling photoluminescence spectra

In typical strong-coupling experiments, the extinction spectrum is usually obtained by

measuring the amount of radiation transmitted through the coupled system as a func-

tion of the wavelength of the incident light. However, the “splitting” feature manifested

in the extinction spectrum is not a sufficient condition to determine the occurrence of

strong-coupling between one or more emitters and plasmon-polaritons. In fact, such

splitting may also originate from absorption or interference [152]. To rigorously con-

firm that strong-coupling is achieved, the PL spectrum of the emitter is calculated in the
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strong-coupling immunoassay system. Experimentally, this PL spectrum can be mea-

sured by exciting the emitter with a pump laser and collecting the luminescence from

the coupled system [26, 153]. Fundamentally, both extinction and PL spectra describe

the dynamic interactions of the coupled system. However, they originate from different

processes: extinction spectra reflect stimulated absorption and emission processes of the

coupled system (whose signal interferes with the background excitation light), whereas

the PL reveals the spontaneous emission of the coupled system without the background

excitation light.

Figure 4.7a shows in direct comparison both the PL and extinction spectra for strong-

coupling immunoassay systems with d = 2–6 nm. It is for a (large) gap size of d = 6

nm, where the discrepancy between the PL and extinction spectra becomes most notice-

able. Although the extinction spectrum has two splitting resonance peaks, the single

peak in the PL spectrum indicates that the emitter and plasmon-polaritons are, in fact,

in the weak coupling regime. The splitting peaks in the extinction spectrum emerge

simply due to the interference between the emitter and plasmon-polaritons [152]. As

the gap size decreases (d 6 4 nm), both the PL and extinction spectra have two split

peaks, unambiguously indicating the strong-coupling between the emitter and plasmon-

polaritons. The occurrence of strong-coupling is perhaps most strongly manifested in

the dynamics of the polarization P(t) of the quantum emitter and its dependence on

different gap sizes. Figures 4.7b and 4.7c show P(t) normalized by the incident field

amplitude ε0|E0| in linear and logarithmic presentations, respectively. Fig. 4.7b shows

a second wave packet for a small gap d = 2 nm as direct evidence of the revival of the

emitter [154] which occurs thanks to its interaction with the plasmon-polaritons in the

strong-coupling regime. Such dynamics then emerge in the logarithmic presentation as

ripples for small dimer gaps (d < 5 nm).

The PL spectrum and time-dependent analysis reveal more underlying physics than

just the extinction spectrum. However, due to complex energy transfer and recombina-

tion processes of the vibrational and defect states [153] involved, it is also experimentally

more challenging to observe Rabi splitting in the PL spectrum than in the extinction

spectrum.
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Figure 4.7: (a) Spectrum of PL σPL calculated from the Lindblad master equation for dimers
with d = 2–6 nm and transition dipole moment µ = 20 Debyes. Red dashed lines
are the corresponding spectra of extinction cross-sections σext calculated from FDTD
simulations using Maxwell-Bloch equations. (b) The temporal dynamics of the emit-
ter polarization P(t) for dimers with d = 2–6 nm and transition dipole moment µ =
20 Debyes. (c) The temporal dynamics of polarization |P(t)| (gray curves) and the
corresponding envelopes (black curves) in the logarithmic presentation. The curves
are shifted upward in steps of (a) 1 for PL and 15 for extinction, (b) 3×105, or (c) 6

for clarity. Reproduced with permission from Ref. [130]. Copyright (2019) American
Chemical Society.

It is not less challenging to calculate within a cQED framework the combined PL spec-

trum of an ensemble of analyte-emitter complexes. As the emitters at different locations

experience e.g., different amounts of optical Lamb shifts and Purcell enhancements, the

emitters cannot be considered indistinguishable. Indeed, even if they are of the same

type the retardations and interactions between different emitters must also be consid-

ered. Hence, the computation within the cQED framework would increase exponentially

with the emitter number. To analyze the sensing properties of a randomly-distributed

analyte ensemble, this chapter models the spatio-temporal strong-coupling dynamics

in terms of a full-wave Maxwell-Bloch approach [68] adapted to the immunoassay con-

figuration. Adopting an experimentally relevant set-up, this chapter focuses on the

extinction spectrum which is of course accurate enough in terms of spectroscopically

characterizing the sensing performance through comparisons before and after the ad-

sorption of analyte-emitter complexes.
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4.9 statistics and figure of merit (fom)

In a typical immunoassay set-up, there are a number of analytes dissolved in a liq-

uid. To realistically model experiments with this set-up in our in silico experiment, we

now focus on an ensemble of analyte-complexes (each including a quantum emitter),

which are randomly distributed in the vicinity of the nano-dimer and subject to an av-

erage surface density. This random distribution reflects the consequence of many com-

plex physical and chemical processes such as transport and molecular inter-interaction

which indeed merit consideration in future studies. As illustrated in Fig. 4.8a, most

of the analyte-complexes will in a typical situation be randomly distributed around the

two nano-dimer hemispheres, but there is also the chance to find one or more of the

complexes in the gap between the hemispheres. Indeed, with increasing surface density

of analyte-emitter complexes the probability to find an analyte-emitter in the center of

the dimer gap increases. This reflects the fact that, just like in an in vitro experiment,

every emitter experiences a different nano-plasmonic environment. Hence, even if all

the quantum emitters have resonant frequencies at ωem = 2.03 eV, they exhibits different

degrees of the optical Lamb shifts.

The random analyte-emitter complexes are obtained by assigning them on a 2D hexag-

onal lattice with the center-to-center distance between adjacent hexagons being a = 2

nm, which ensures non-overlapping distribution of the analyte-emitter complexes and

corresponds to a surface density of lattice sites (2/
√
3)a−2 = 0.289 nm−2. A random

number generator was used to determine whether a given lattice site is occupied by

an analyte-emitter complex subject to occurrence probabilities of 0.1, 0.2, 0.3, 0.4, 0.5

and 0.6, which correspond to the average surface densities of emitters S = 0.029, 0.058,

0.087, 0.115, 0.144, and 0.173 nm−2, respectively. In order to find the average numbers of

analyte-emitter complexes surrounding the plasmonic nanocavity, the cavity mode area

is defined as the region where the electric field intensity |E|2 exceeds 10% of its maxi-

mum as |E(x,y,0)|2 > 0.1|E(x,y,0)|2max. This definition gives a cavity mode area of 35.75

nm2 when d = 2 nm (Fig. 1c), which contains 10.3 lattice sites for analyte-emitter com-

plexes. In this case, the average surface density of emitters and the number of emitters
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Figure 4.8: (a) Sketch of FDTD simulations using Maxwell-Bloch equations for the multiple
analyte-emitter complexes randomly distributed surrounding the hemisphere dimer.
The emitter label inside the gap center shall be strongly coupled with plasmonic
resonance, while the others remain weakly coupled. (b) Representative spectra of ex-
tinction cross-sections σext in classical and quantum regimes, with different surface
densities of analyte-emitter complexes. (c) The figure of merit (FoM) as a function
of the surface density of analyte-emitter complexes. The hollow triangles represent
the FoMs of each simulation sample, and the sphere symbols are the mean values at
each surface density. The arrows indicate the change of FoM as the surface density of
analyte-emitter complexes decreases. Reproduced with permission from Ref. [130].
Copyright (2019) American Chemical Society.

at each occurrence probability are summarized in Table 4.1. Note that, the number of

emitters that practically participate in the coupling with plasmon-polaritons varies for

each simulation sample. The number of emitters summarized here is only an average

value.

A statistical study is performed in the case of multiple analyte-emitter complexes,

and obtain the extinction spectra of 30 samples for each surface density. From the large

simulation sample space, several representative spectra are selected and classified into

two groups, as shown in Fig. 4.8b. For the first group (top row of Fig. 4.8b), the spectra
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Occurrence probability Average surface density (nm−2) Average emitter number
0.1 0.029 1.03

0.2 0.058 2.06

0.3 0.087 3.10

0.4 0.115 4.13

0.5 0.144 5.16

0.6 0.173 6.19

Table 4.1: Average surface densities and average numbers of analyte-emitter complexes. The
analyte-emitter complexes are randomly distributed with occurrence probabilities
from 0.1 to 0.6 on a 2D hexagonal lattice with lattice constant a = 2 nm. The aver-
age emitter numbers are determined from the numbers of lattice sites within the area
where |E(x,y,0)|2 > 0.1|E(x,y,0)|2max.

(solid blue curves) exhibit a major peak shifted from the original plasmonic resonance

(dashed black curves), accompanied by some minor peaks, especially when the surface

density increases. For these spectra with one major peak, the interaction between the

emitter label and plasmon-polaritons is still in the weak coupling regime, i.e., none of

the emitters is in the center of the dimer gap. In contrast, for the second group (bottom

row of Fig. 4.8b), the spectra (solid red curves) have two major peaks, each of which

may possess their own splitting sub-peaks. This “splitting” indicates that the strong-

coupling occurs because of a “random” emitter located in the center of the dimer gap.

Accordingly, the first group (or the shifting-type) and the second group (or the splitting-

type) are defined as the classical and quantum sensors, respectively.

It is worth noting that, as the surface density of analyte-emitter complexes increases,

the spectrum in the quantum regime no longer consists of well-defined (or Lorentz-

shape) peaks at distinct frequencies. Therefore, a figure of merit (FoM) is defined to

characterize the performance of multi-analyte detection as

FoM =

∫
|σext − σ

0
ext|dω∫

σ0extdω
(4.12)

in which the change of extinction cross-section is integrated over the whole spectral

range and normalize it to the extinction cross-section σ0ext of the empty dimer. This FoM

effectively quantifies the optical change before and after the adsorption of the analyte-

emitter complexes. The statistics on FoM for different surface densities of analyte-

emitter complexes are summarized in Fig. 4.8c, where the hollow triangles represent

the samples (30 samples for each surface density). The solid lines show the average
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FoMs of classical and quantum sensors at each surface density, and the dotted line at

FoM = 0.3 is used to differentiate classical and quantum regimes.

Fig. 4.8c shows that for a large surface density of analyte-emitter complexes, there

is no clear boundary between the FoMs of classical and quantum regimes. As the sur-

face density decreases, FoM in the classical regime drops drastically from 0.226 to 0.093.

However, the FoM in quantum regime remains almost constant (∼ 0.360), because it

dominantly results from the single emitter located at the plasmonic hotspot. The fre-

quency histogram of the FoMs is also shown in Fig. 4.9. The two sensing regimes are

clearly observed, where the samples have either FoM < 0.3 or FoM > 0.3 depending

on whether an analyte-emitter complex is located near the plasmonic hotspot. However,

the boundary between the two regimes gradually vanishes at higher surface density, as

the analytes tend to occupy all the vacancies on the substrate.
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Figure 4.9: Statistics on the figure of merit with different surface densities of analyte-emitter
complexes. Histogram of FoM in Fig. 4c with surface density S = 0.029, 0.058,
0.087, 0.115, 0.144 and 0.173 nm−2. The histogram is classified into two colors for
the classical regime (blue, FoM < 0.3) and quantum regime (red, FoM > 0.3), with
dashed lines denoting the boundary. Reproduced with permission from Ref. [130].
Copyright (2019) American Chemical Society.

The results prove that, toward single-analyte detection, the strong-coupling immunoas-

say protocol unambiguously outperforms the shifting-type sensors. Note an increased

fluctuation in FoM for quantum sensors with increasing surface density. A larger num-

ber of quantum emitters randomly scattered near the plasmonic hotspot introduces un-
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certainty in the coupling strength due to complex many-body interactions between the

emitters and plasmon-polaritons.

So far, this chapter has presented a simple nanostructure with a few-nm gap to demon-

strate splitting-type sensing. Such a small size of this gap is clearly not without practical

challenges. For example, fabrication of a nanogap must be sufficiently pristine in order

to accommodate an antibody, and the steric effect could be significant in such a small

gap and prevent a complex from binding at the narrowest (optimal) location. How-

ever, our analysis with many different random distributions shows that an analyte does

not necessarily have to be at this most narrow point to achieve quantum plasmonic

immunoassay sensing. In fact, strong-coupling could be achieved at a larger gap size

using a quantum emitter with a larger dipole moment. Alternatively, an open cavity

using a plasmonic nanocube [145] could also provide sufficient field confinement at its

corners and is certainly more accessible for biomolecules. Another alternative could be

detecting a small antigen without a much larger antibody by using artificial proteins to

capture the antigen between a plasmonic dimer [155–157].

4.10 conclusion

In summary, this chapter proposes and demonstrates the effectiveness of an innova-

tive immunoassay sensing protocol by employing quantum emitters as sensing labels

of antibody-antigen-antibody complexes which in (hemispherical) nanoplasmonic open

cavities facilitate room-temperature strong coupling. The proposed splitting-type sens-

ing approach demonstrates a nearly 15-fold sensitivity enhancement over conventional

shifting-type label-free plasmonic sensors. The underlying mechanism of the gigantic

sensitivity enhancement is attributed to the splitting of the original resonance, which

is equivalent to a bi-directional resonance shifting. Using quantum emitter labels with

realistically strong transition dipole moments µ, extensive numerical experiments with

varying nanogap widths allow us to suggest that nanogaps below 5 nm would be ideal

systems for strong coupling conditions and also suggest slight detuning from the plas-

monic resonance. Moreover, using randomly distributed multi-analyte systems with
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variable random analyte distributions as realistic model systems for biological experi-

ments reveals that our proposed immunoassay protocol is able to perform both classical

and quantum sensing. A new figure of merit (FoM) is defined to quantify the spectral

difference before and after the adsorption of the analyte-emitter complexes in this multi-

analyte study. This chapter shows that with decreasing concentration of analytes, the

FoM of classical sensors degrades rapidly from 0.226 to 0.093, yet quantum sensors are

able to maintain a stable (around 0.360), concentration-independent FoM. This demon-

strates a genuine potential for experiments based on our quantum plasmonic immunoas-

say sensing protocol to finally reach the single-analyte detection limit. While the current

proposal engages a quantum phenomenon (i.e., strong coupling with a quantum emit-

ter) to detect a classical object (i.e., antigen) the approach can conceivably be extended

to detect a quantum object such as an electronic spin in nanodiamonds [158–160]. This

opens up a new pathway toward plasmonics-enabled room-temperature quantum sens-

ing [161, 162].



5 C O N C L U S I O N A N D O U T LO O K

Recent experiments in nanoplasmonics have demonstrated strong-coupling at room

temperature by placing single quantum emitters at the gaps between metal nanostruc-

tures, [24–26]. At such nanogaps, plasmonic resonances of each nanostructure hybridize,

forming plasmonic nanocavities with extreme electromagnetic field confinement far be-

low the diffraction limit. The achievements of these gap plasmonic nanocavities have

attracted significant interest due to their potentials to facilitate quantum technologies

at room temperature. This thesis employs a variety of theoretical and numerical tech-

niques to investigate the optical properties of gap plasmonic nanocavities and study

their interaction with quantum emitters in the weak- and strong-coupling regimes.

To date, most studies on gap plasmonic nanocavities, such as the NPoM geometry,

are based on the simple, but ineffective, scattering method. Chapter 2 fills this gap

in the literature by employing modal analyses based on the complex-frequency QNM

approach. This thesis investigates the optical properties of NPoM nanocavities with

different facet widths and their couplings to single dipole sources. Near-field and far-

field optical studies of the NPoMs reveal rich interaction involving multiple resonances

which reconcile previous experimental inconsistencies [70].

Chapter 3 undermines the previously held belief that fluorescence emission is al-

ways quenched when the emitter is placed too close to a plasmonic structure. This

chapter demonstrates analytically, numerically, and experimentally that fluorescence

quenching is indeed suppressed inside an NPoM nanocavity due to enhanced in- and

out-coupling efficiencies of the emitter. This phenomenon implies that a plasmonic

nanocavity provides an ideal environment to accommodate and observe light-matter

strong-coupling. This is supported by the full-wave FDTD simulations based on the

semi-classical Maxwell-Bloch approach.

99
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Finally, the concept of single-emitter strong-coupling in a plasmonic nanocavity is ap-

plied in Chapter 4. This chapter proposes an innovative scheme of immunoassay sens-

ing where a quantum emitter label, chemically linked to an antibody-antigen-antibody

complex, couples strongly with a hemisphere-dimer plasmonic nanocavity. In contrast

to conventional shifting-type plasmonic sensing, the proposed protocol exhibits a bi-

directional resonance shifting, based on the Rabi energy splitting, which massively en-

hances the sensitivity. In order to generalize the proposed protocol, this chapter also

conducts statistical studies of strong-coupling plasmonic immunoassay with multiple

analyte complexes where classical and quantum sensing regimes are observed. While

the classical sensing degraded dramatically with decreasing analyte concentration, the

quantum sensing remains stable down to the single-analyte limit.

These results provide comprehensive analyses on singe-emitter coupling in plasmonic

nanocavities. However, the work presented here is still imperfect, and it is important to

note its limitations. Firstly, the emitters in this thesis are treated as simple two-level sys-

tems, neglecting their chemical properties such as vibrational substructures [163] and

dark optical transitions [26]. Secondly, metal nanoparticles are approximated as trun-

cated spheres although they have been shown to be faceted spheroids [71]. A more

realistic model such as an icosahedron could be used to represent a nanoparticle to take

into account plasmonic hot spots at the facet edges and tips. Thirdly, this thesis neglects

the non-local responses of conduction electrons [164] since the non-locality has been

shown not to qualitatively affect optical properties of plasmonic nanocavities with gap

size larger than 1 nm [122–124]. Employing non-local methods, such as the hydrody-

namical Drude model [165, 166] or the generalized non-local optical response theory

[167], in the analyses in this thesis would yield more accurate quantitative results. Most

importantly, future work should explore plasmonic nanocavities as potential realizations

of room-temperature quantum technologies [168–172], such as quantum sensors [161],

and various functional devices operating at the single-photon level [171, 173, 174].
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A A P P E N D I C E S

a.1 electromagnetics of metals

Macroscopic electromagnetic waves inside any material can be described by the stan-

dard Maxwell’s equations in the following form [13]

∇ ·D = ρext (A.1)

∇ ·B = 0 (A.2)

∇× E =−
∂B
∂t

(A.3)

∇×H = Jext +
∂D
∂t

. (A.4)

These equations describe the dynamics of the electric displacement field D, electric field

E, magnetic flux density B and magnetic field H with external charge density ρext and

external current density Jext. This thesis follows the convention in Ref. [13] which

distinguishes between internal (ρ,J) and external (ρext,Jext) charge and current densities

such that the total ρtot = ρ + ρext and Jtot = J + Jext. This separation is made in order

to link internal electromagnetic responses of materials to the macroscopic polarization

field P (electric dipole moment p per unit volume) and magnetization field M (magnetic

dipole moment m per unit volume). P is directly related to ρ via

ρ=−∇ · P. (A.5)

Following the charge conversation ∇ · J =−∂ρ/∂t, the relationship between J and P can

be derived as

J =
∂P
∂t

. (A.6)
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P, in turns, is related to Maxwell’s equations via the constitutive equations

D = ε0E + P (A.7)

B = µ0(H + M) (A.8)

where ε0 and µ0 are vacuum permittivity and vacuum permeability, respectively. This

thesis only considers non-magnetic materials and neglect the magnetization field M = 0.
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a.2 permittivity models for metals

The previous subsection discusses the theory of electromagnetics in general macro-

scopic materials. This section proceeds with the optical properties of metals. The optical

response of metal is attributed to its conduction and valence electrons. Here, conduction

electrons are treated as nearly free electron gas using Drude theory, while valence elec-

trons are treated as damped harmonic oscillators using Lorentz-Drude theory. These

theories are then applied to gold since it is the only metal considered in this thesis.

a.2.1 Drude Model for Conduction Electrons

Macroscopically, conduction electrons behave as plasma where electrons move and

bounce off immobile positive ions. The motion of conduction electrons is damped via

collisions with positive ions at characteristic collision frequency γ which is in the order

of 100 THz at room temperature [13]. In this treatment, the electron-electron interaction

is not directly taken into account but implicitly included in electron effective mass m.

When the conduction electrons are driven by an external electric field E, their equation

of motion is

m
d2

dt2
r(t) +mγ

d

dt
r(t) = −eE(t) (A.9)

where e is the elementary charge constant. E drives electrons from their equilibrium

positions which causes macroscopic polarization P = −NdeE. The equation of motion

can be rewritten as
d2

dt2
P(t) + γ

d

dt
P(t) =Nd

e2

m
E. (A.10)

By considering the Fourier transforms P(ω) =
∫

P(t)exp(−iωt)dt and E(ω) =∫
E(t)exp(−iωt)dt, the above expression can be simplified to

P(ω) = −ε0
ω2p

ω2 + iγω
E(ω) (A.11)
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where ω2p = Nde
2/ε0m is the plasma frequency of the electron gas. Inserting this ex-

pression into Eq. (A.7) yields

ε(ω) = ε0

(
1−

ω2p

ω2 + iγω

)
. (A.12)

a.2.2 Lorentz-Drude Model for Valence Electrons

Unlike conduction electrons, valence electrons are bound to positive ions. These elec-

trons can be excited by electromagnetic waves with a frequency close to their electronic

transition frequency ω0. They can be treated as damped harmonic oscillators, and

the equation of motion in Eq. (A.9) needs an extra term to describe a restoring force

−mω20r(t)

m
d2

dt2
r(t) +mγ

d

dt
r(t) +mω20r(t) = −eE(t). (A.13)

By following the same procedure for deriving Drude permittivity, the Lorentz-Drude

permittivity can be rewritten as

ε(ω) = ε0

(
1−

ω2p

ω2 −ω20 + iγω

)
. (A.14)

This expression can be easily reduced to the Drude permittivity, Eq. (A.12), by setting

ω0 = 0.

Real metals, especially noble metals such as gold and silver, contain electrons in sev-

eral orbitals with different transition frequencies and different effective masses. The op-

tical properties of real metals cannot be accurately described by either a single Drude or

Lorent-Drude permittivity. Hence, an accurate macroscopic description of a real metal

requires a combination of the two models, called the N-pole Lorentz-Drude permittivity

ε(ω) = ε∞
(
1−

N∑
i=1

ω2p,i

ω2 −ω20,i + iγiω

)
(A.15)



a.2 permittivity models for metals 124

where ε∞ is the asymptotic permittivity at infinite frequency. The second term in the

bracket describes the sum of N Lorentz-Drude permittivities for conduction and valence

electrons.

a.2.3 Permittivity Model for Gold

For gold, its permittivity in the visible range of electromagnetic waves can be accu-

rately described by two-pole Lorentz-Drude model [55]

εAu(ω) = ε∞
(
1−

ω2p,1

ω2 + iγ1ω
−

ω2p,2

ω2 −ω20,2 + iγ2ω

)
(A.16)

with ε∞ = 6ε0, ωp,1 = 5.37× 1015 rad/s, γ1 = 6.216× 1013 rad/s, ωp,2 = 2.2636× 1015

rad/s, ω0,2 = 4.572× 1015 rad/s and γ2 = 1.332× 1015 rad/s. Figure A.1 compares this

model with the experimental measurement of gold permittivity [175].

Figure A.1: (a) Real and (b) imaginary parts of two-pole Lorentz-Drude permittivity for gold
εAu are given as solid lines. Data points correspond to experimental results for gold
permittivity [175].
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a.3 finite-difference time-domain method

The FDTD method is a numerical method for solving full wave Maxwell Equations in

space and time. It was first invented by Kane S. Yee 1966 [176] and was popularized by

Allen Taflove in 1980 [177]. The FDTD method has since been widely used in photonics

and plasmonics communities because of its ability to simulate both temporal and spatial

electromagnetic responses in arbitrary media. Hence, the method can naturally be used

to study active and non-linear devices.

First, the Maxwell equations in Eqs. (A.3) and (A.4) are rewritten as

∂

∂t
H =−

1

µ0
∇× E (A.17)

∂

∂t
E =

1

ε0
∇×H −

1

ε0

∂

∂t
P (A.18)

where the system is assumed to be non-magnetic B = µ0H. Yee’s seminal paper [176]

proposed a method to discretize a simulation space into grid cells, called Yee cell. On

a given cell, the components of E and H are stored in different locations such that each

component of E is located midway between components of H, and vice versa, as shown

in Figure A.2. Yee also proposed a leapfrog method to calculate E and H at different

times where H is calculated midway between two time steps that calculate E.

Figure A.2: A schmeatic of a Yee cell used for discretizing the time-dependent Maxwell’s equa-
tions in the FDTD method. For a Yell cell at position (i, j,k), electric field components
Ex,Ey and Ez are stored at positions (i + 1/2, j,k), (i, j + 1/2,k) and (i, j,k + 1/2),
respectively. Similarly, magetic field compenents Hx,Hy and Hz are stored at
(i, j+ 1/2,k+ 1/2), (i+ 1/2, j,k+ 1/2) and (i+ 1/2, j+ 1/2,k), respectively.
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For example, a Yee cell at position r = (i∆x, j∆y,k∆z) and at time step t= n∆t has the

x-component of the electric field Ex at position (i+ 1/2, j,k) is denoted by Ex|ni+1/2,j,k.

Similarly, this Yee cell also contains other field components: Ey|ni,j+1/2,k, Ez|ni,j,k+1/2,

Hx|
n+1/2
i,j+1/2,k+1/2, Hy|

n+1/2
i+1/2,j,k+1/2 and Hz|

n+1/2
i+1/2,j+1/2,k. The fields at a given time step

can be calculated from those at the previous time step. To demonstrate how the fields

are calculated, here, the update equations for Ex and Hz at time steps t= (n+ 1)∆t and

t= (n+ 1/2)∆t, respectively, are given as

Ex|
n+1
i+ 1

2 ,j,k
= Ex|

n
i+ 1

2 ,j,k −
1

ε0

(
Px|
n+1
i+ 1

2 ,j,k
− Px|

n
i+ 1

2 ,j,k

)
+

∆t

ε0∆y

(
Hz|

n+ 1
2

i+ 1
2 ,j+ 1

2 ,k
−Hz|

n+ 1
2

i+ 1
2 ,j− 1

2 ,k

)
−

∆t

ε0∆z

(
Hy|

n+ 1
2

i+ 1
2 ,j,k+ 1

2

−Hy|
n+ 1

2

i+ 1
2 ,j,k− 1

2

) (A.19)

Hz|
n+ 1

2

i+ 1
2 ,j+ 1

2 ,k
= Hz|

n− 1
2

i+ 1
2 ,j+ 1

2 ,k

+
∆t

µ0∆y

(
Ex|

n
i+ 1

2 ,j+1,k − Ex|
n
i+ 1

2 ,j,k

)
−

∆t

µ0∆x

(
Ey|

n
i+1,j+ 1

2 ,k − Ey|
n
i,j+ 1

2 ,k

) (A.20)

where the update equations for other field components can be obtained in the same

manner. It is important to note here that the calculation for P in the above equation

is not included within the FDTD framework alone. Hence, the FDTD must be used

in combination with a specific material model to obtain P. For example, P of a semi-

classical emitter can be given by the Maxwell-Bloch equations.



a.4 discretization of maxwell-bloch equations 127

a.4 discretization of maxwell-bloch equations

In order to simulate a quantum emitter in FDTD simulations, the Maxwell-Bloch

equations must be converted into their discretized forms which directly couple with

Eq. (A.19). Similar to the update equations in the FDTD method, the Maxwell-Bloch

equations are updated in the leapfrog manner where P is updated at the same time step

t = n∆t as E while N2 is updated at the same time step t = (n+ 1/2)∆t as H. Here, a

time-dependent variable A(t) is discretized as follows

t= n∆t t= (n+ 1/2)∆t

A(t) An (An+1 +An)/2
∂A(t)/∂t (An+1 −An−1)/2∆t (An+1 −An)/∆t
∂2A(t)/∂t2 (An+1 − 2An +An−1)/∆t2 -

Consequently, Eqs. (3.19) and (3.20) can be expressed as [178]

Pn+1 − 2Pn + Pn−1

∆t2
+ 2Γ

Pn+1 − Pn−1

2∆t
+ (Γ2 +ω2em)Pn =−

2ωem
 h

(Nn2 −Nn1 )E
n (A.21)

Nn+12 −Nn2
∆t

=− γ
Nn+12 +Nn2

2

+
1

 hωem

(
Pn+1 − Pn

∆t
+ Γ

Pn+1 + Pn

2

)
· En+1 + En

2

(A.22)

Nn+12 and Pn+1 can then be obtained by the following update equations

Pn+1 =
[
2− (ω2em + Γ2)∆t2

Γ∆t+ 1

]
Pn +

[
Γ∆t− 1

Γ∆t+ 1

]
Pn−1

+

[
−2ωemNd∆t

2/ h

Γ∆t+ 1

]
(2
Nn2
Nd

− 1)En
(A.23)

Nn+12 =

[
2− γ∆t

2+ γ∆t

]
Nn2 +

(2+ Γ∆t)Pn+1 + (−2+ Γ∆t)Pn

(2+ γ∆t) hωem
· En+1 + En

2
(A.24)

where Nn1 +Nn2 =Nd.
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