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Networks of nonlinear resonators offer intriguing perspectives as quantum simulators for nonequili-
brium many-body phases of driven-dissipative systems. Here, we employ photon correlation measurements
to study the radiation fields emitted from a system of two superconducting resonators in a driven-
dissipative regime, coupled nonlinearly by a superconducting quantum interference device, with cross-Kerr
interactions dominating over on-site Kerr interactions. We apply a parametrically modulated magnetic flux
to control the linear photon hopping rate between the two resonators and its ratio with the cross-Kerr rate.
When increasing the hopping rate, we observe a crossover from an ordered to a delocalized state of
photons. The presented coupling scheme is intrinsically robust to frequency disorder and may therefore
prove useful for realizing larger-scale resonator arrays.
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Engineering optical nonlinearities that are appreciable
on the single photon level and lead to nonclassical light
fields has been a central objective for the study of light-
matter interaction in quantum optics [1-3]. While such
nonlinearities have first been realized in individual optical
cavities [4,5] and with Rydberg atoms [6,7], more recently
superconducting circuit quantum electrodynamics (QED)
[8] has proven to be a powerful platform for the study of
nonclassical light fields. Circuit QED systems facilitate
strong effective interactions between individual photons
[9,10], long coherence times [11], as well as precise control
of drive fields [12,13] within a large variety of possible
design implementations. Particularly, in situ tunable or
nonlinear couplers have been explored more recently for
superconducting elements [14-21].

Well-controllable engineered quantum systems offer
interesting perspectives to study interacting many-body
systems with photons [22-24]. Interacting photons are
typically explored in a nonequilibrium regime, in which
continuous driving compensates for excitation loss and
yields stationary states of light fields [25].

Nonequilibrium coupled resonator systems have been
investigated experimentally, both in a semiclassical and in a
quantum regime. Macroscopic self-trapping of exciton
polaritons has been observed in a dimer of coupled
Bragg stack microcavities [26], vacuum squeezing was
demonstrated in a dimer of superconducting resonators
[27], the unconventional photon blockade has been
observed in the microwave and the optical domain
[28,29], and signatures of bistability have been found in
a chain of superconducting resonators [30]. Moreover, a
transition from a classical to a quantum regime has been
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observed in the decay dynamics of a resonator dimer [31],
chiral currents of one or two photons have been generated
in a three qubit ring [32], and spectral signatures of many-
body localization [33] as well as a Mott insulator of
photons [34] have been observed in a qubit chain.

In this Letter, we explore the interaction between indi-
vidual photons in a driven-dissipative system of two non-
linearly coupled superconducting resonators [see Fig. 1(a)].
The nonlinear coupler mediates a cross-Kerr interaction V,
on-site Kerr interactions U, and U}, and an effective linear
hopping interaction with in situ tunable rate J,.. Our experi-
ment provides a realization of a steady state quantum system,
in which cross-Kerr interactions exceed local Kerr inter-
actions, meaning that the force between particles grows as
they are separated and only starts to decay once the separation
(2)
a

exceeds the lattice constant. We measure the on-site gy, :=

gﬁfa) (r = 0) and cross correlations at zero time delay g(z) =

gfb) (z = 0) between the emitted field from both resonators.

In the limit of small J,./V, a photon trapped in one resonator
blocks the excitation of the neighboring resonator and vice
versa, leading to a spontaneous self-ordering of microwave
photons [35,36]. Such an intersite photon blockade regime
has been predicted for resonator arrays with nonlinear
couplers [37,38]. When increasing J,./V, however, a delo-
calization of photons and a simultaneous occupation of
both resonators becomes favorable, leading to a change in
the photon statistics.

For this experiment we utilize an on-chip superconducting
circuit consisting of two lumped element resonators with
characteristicimpedance Z = 80 Q [see Figs. 1(b),1(c)]. The
aforementioned nonlinear coupling circuit, interconnecting
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FIG. 1. (a) Sketch of an optical analogue of the setup,
consisting of two resonator modes a and b with Kerr non-
linearities U, and U, coupled via a cross-Kerr interaction V and
a tunable linear hopping rate J,.. (b) Equivalent circuit diagram
and (c) false-colored micrograph of the sample, featuring two
lumped-element LC resonators a, b (blue, red), coupled via a
nonlinear coupling element composed of a capacitor and a
SQUID (inset). The resonators are accessed via two symmetric
sets of weakly coupled input lines (yellow, ports 3 and 4) and
output lines (green, ports 1 and 2). A flux modulation tone is
applied via a dedicated T-shaped flux line (purple, port 5).

the two resonators, consists of a capacitively shunted super-
conducting quantum interference device (SQUID) with
capacitance C; = 95 fF and Josephson energy ET™/h =
80 GHz, with the Planck constant 4. We use a super-
conducting coil and an on-chip flux drive line (port 5) to
ensure full dc and ac control of the magnetic flux threading
the SQUID loop. Each resonator is weakly coupled to an
input port (3 and 4), through which we drive the system,
and to an output port (I and 2) into which approximately
50% of the intracavity field is emitted and measured using a
linear detection chain. The total decay rates are measured to
be (x4, k5)/2x = (2.8,2.4) MHz.

First, we characterize the sample by measuring the trans-
mitted amplitude |S,;| as a function of external magnetic
flux ®g4.. At each flux bias point we observe two resonances
corresponding to the two eigenmodes of the system, see
Fig. 2(a). The flux dependence of the measured eigenfre-
quencies is well explained by a linear circuit impedance
model comprising a tunable effective Josephson energy,
which allows us to determine the aforementioned circuit
parameters. From a normal mode model we extract the tuning
range of the corresponding linear hopping rate J. /27 =
—0.8...0.8 GHz [Fig. 2(b)]. The tunability of J 4. results from
an interplay between the capacitive and the flux-dependent
inductive coupling between the two resonators. As these
carry opposite signs, we are able to cancel both contributions
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FIG. 2. (a) Measured transmission amplitude |S,,| vs magnetic

flux @4, and fit of the resonance frequencies to a linear circuit
impedance model (thin orange line). The working point J4. = 0
is indicated by a dashed orange line. (b) Linear hopping rate J 4.
vs @, calculated using a normal mode model based on the
circuit parameters extracted from (a). (c),(d) Reflection coeffi-
cient measurements of bare cavity modes at @4, =~ —0.370,
(J4e =~ 0) with fit to a Lorentzian (solid filling).

achieving approximately zero net static linear coupling
Jee =0 at a dc flux bias point of @Dy, =~ —0.37 D,
where ®y = h/2e is the magnetic flux quantum. At this
bias point the two measured resonances (w,,w,)/2rx =
(6.802,7.164) GHz are separated by the bare detuning
A/2x = (w, — w,) /27 = 362 MHz and correspond closely
to the local modes of the system [Figs. 2(c),2(d)]. As aresult,
the radiation of each mode (a, b) is collected in its respective
output line at port (1, 2). Notably, the finite detuning A
between the bare cavity modes suppresses undesired non-
linear interactions, which would otherwise give rise to pair
hopping and correlated hopping and disrupt the scope of the
experiment (see Supplemental Material [39]).

In order to recover a well-controllable linear hopping rate
despite the finite cavity detuning, we implement a para-
metric coupling scheme [14,19,43]. Here, we apply an
ac modulated flux drive to the SQUID with a variable
amplitude ®,. and a modulation frequency w,. which
equals the resonator detuning w,. = A. For ®,. =0 we
recover the uncoupled resonator modes when probing the
transmission spectra |S3| and |S,4| [see Fig. 3(a)]. However,
as we increase ®,., we observe a simultaneous frequency
splitting of both modes, which scales linearly with @,
and which we interpret as the result of a parametrically
induced photon hopping with rate J,./2z = 0...40 MHz
(see Supplemental Material [39]).

In an appropriate doubly rotating frame, where each
mode rotates at its resonance frequency, our system is well
described by an effective Hamiltonian
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FIG. 3. (a) Measured transmission amplitude |[Si3| (|Sy4])
through resonator a (b) for varying flux modulation amplitude
@, applied to port 5. Linear fits to the resonance frequencies of
the J,.-hybridized modes are shown as black dashed lines.
(b) Energy level diagram for vanishing (gray box) and finite
linear hopping rate J,. via parametric modulation at the frequency
difference A = w, — @,. (c) Energy levels of resonator b in the
first (purple) and second (orange) excitation manifold vs J,.
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with the drive detuning §; = wg;ye; — ®; (i € {a,b}) and
the drive rates Q;. The on-site and the cross-Kerr interaction
rates at zero coupling bias are (U,,U,,V)/2n =
—(3.1+£0.3,2.7+0.2,7.0 £ 0.3) MHz, which  have
been extracted from a spectroscopic measurement (see
Supplemental Material [39]). In the absence of a para-
metric modulation the eigenstates of this Hamiltonian
correspond to the photon number states |n,n;) in the local
basis [compare Fig. 3(b)]. The second order transitions are
redshifted by the corresponding Kerr rates. For finite /. the
eigenstates hybridize in both the one- and two-photon
manifold.

We focus on a parameter regime in which |V| and J,,
as well as k; and €;, are comparable in magnitude, featuring
a competition between nonlinear interaction and linear
hopping, as well as between drive and dissipation. In our
system we additionally have |U;| ~ k;. Both Q, = Q, = Q,
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FIG. 4.
correlator gflzb) (gifj) as a function of the linear hopping rate J,.
and the drive rate Q; the black dotted (dashed) line indicates the
linearly interpolated contour for ¢@ = 0.7 (¢® = 1.3). (b),(d)
Corresponding results from numerical simulations. (¢) ¢ vs J,
cut for Q/27 = 0.76 MHz (see white dashed line; measured data
are shown with markers, numerical simulations with dashed
lines). (f) g(2> vs Q, cut for J,./27 = 0 MHz (see white dash-
dotted line).

(a),(c) Measured cross (on-site) second order photon

setting the average number of excitations in the system,
and J,, setting the rate at which the resonators exchange
excitations, are utilized as tunable control parameters,
while V, U;, and k; are constant. In the experiment we
keep the drive frequencies, and thus 6; = 0, fixed. We
eliminate influences of the phase of J,. on the measured
results by averaging over multiple randomized phase
configurations.

We characterize the quantum states of the uniformly and
continuously driven two-resonator system by measuring
the second order cross gazb) and on-site correlation g, of
the emitted radiation as a function of J,. and Q [see
Figs. 4(a),4(c)]. To this aim, we linearly amplify and
digitize the radiation fields at both output ports in order
to obtain the second order photon correlations [27,44,45].
To enhance the signal-to-noise ratio, we use a quantum-
limited Josephson parametric amplifier [27] operated in a
phase-sensitive mode (see Supplemental Material [39] for
details about the detection process). The measured g(?)
correlations are compared with the results of a numerical
master equation simulation [46] [see Figs. 4(b),4(d)].
As confirmed by this simulation, the average resonator
occupations remain at or below the single photon level for
all the data presented in Fig. 4.
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In the regime of small J,. and low Q we measure the
radiation to be antibunched, see Fig. 4. In this limit, the
cross-Kerr interaction effectively shifts the transition
frequency of one cavity when a photon is present in the
other and thus detunes the (|01),|10) «» [11)) transition
from the drive tones. This inhibits simultaneous occupation
of both cavities, leading to a dynamic self-ordered photon
state manifested as antibunching in the photon cross
statistics. We thus observe the finite lattice size version
of the spontaneous breaking of the symmetry between the
two cases of only even or only odd lattice sites being
occupied [37,47]. Equivalently, the on-site Kerr interaction
prevents each mode from being doubly excited, leading to
antibunched on-site correlations.

Increasing the hopping rate J,. results in a hybridization
of the modes in both the one- and two-excitation manifold;
see Fig. 3(c) for a level diagram as a function of J,.. When
Ja. becomes comparable to the Kerr rate |U;|, the tran-
sitions to the single photon manifold become detuned from
the drive frequency, while the two-photon transition to the
symmetric |02 + 20 + 11) branch becomes resonant with
the drive. This leads to a more efficient drive into the
second excitation manifold compared to the originally
dominant single photon states and to an admixture of
simultaneous cavity occupations (|11), |20), and |02)). This
causes a crossover from antibunched to bunched statistics

in both the measured gElzb) and 92262 , see Fig. 4(e). Interestingly,

we find a regime in which the on-site correlation 95,252 is
already close to unity, while the cross-correlation gfb) is still
antibunched. We attribute this effect to |V| being larger than
|U;|. Whereas the observed anticorrelated ¢'? functions are
expected to persist for larger lattices, the bunching at large
linear coupling is a finite size effect as no spectrally dense
single excitation band forms for two resonators.

Studying the dependence on the drive rate 2, we find that
gifa) approaches unity when Q exceeds |U;| [Fig. 4(f)],
which we explain by the breakdown of the photon block-
ade. This effect is found to be largely independent of J,..
We observe a similar behavior for the cross-correlations.
In this case, however, the measured g((lzl,) approaches one-
half in the limit of large drive rate Q, which is in good
agreement with the result obtained from the numerical
simulations.

In conclusion, we have realized a coupled cavity system,
featuring a tunable ratio between linear hopping and cross-
Kerr interaction rate and observed the crossover from
photon ordering to delocalization. Inspired by the proposals
by Jin et al. [37,38], we interpret the measured cross
correlations as an order parameter in a (J/,., €2)-dependent
phase diagram of the system. The observed crossover
closely resembles the onset of a driven-dissipative photon
ordering phase transition, from a fully ordered crystalline
phase dominated by spontaneous symmetry breaking
towards a uniform delocalized steady-state phase [48,49].

As such, we demonstrated the feasibility to measure and
control nonequilibrium quantum many-body phenomena
using interacting photons in engineered quantum systems
[50]. Such strongly correlated photonic systems may prove
particularly useful as a tool for analog quantum simulation
[51-54], where the active control of extended quantum
gases may be used to emulate other less accessible quantum
systems, with the prospect of complementing theoretical
and numerical studies in gaining insights on exotic quan-
tum phenomena [55-59].

We expect the demonstrated coupling mechanism to be
well extendable towards larger resonator arrays. Resilience
to disorder in electrical parameters [60] and suppression of
potential crosstalk can be achieved by frequency staggering
of neighboring cavities along with the adjustability of
the parametric modulation frequencies. Additionally, the
employed lumped element structures excel in this scenario
thanks to a compact footprint and high design versatility.

The presented system and variations thereof could be used
to explore regimes in which intersite interactions exceed
on-site interactions [61,62]. Additionally, the controllability
of the phase of the hopping rate could be employed to create
artificial gauge fields in plaquette systems and to study
nonreciprocal dynamics with photons [32]. Furthermore, the
variability of flux modulation frequencies could enable
the controllable activation of additional interaction terms
such as a parametric coupling between neighboring reso-
nators [63] or pair hopping [64], e.g., for the study of
supersolid phases [65,60].
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