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1. Motivation

The notion of a Courant algebroid as a central structure in generalized geometry is defined
through a set of axioms [1, 2, 3, 4, 5, 6]. Its original characterization in Ref. [2] is in terms of five
axioms, however only three out of them form a minimal set that sufficiently quantifies a Courant
algebroid [7]. These properties are basically those of the objects comprising the algebroid structure,
namely its bracket, its bilinear form and the anchor map to the tangent bundle of the underlying
smooth manifold. Twistings of the properties of the Courant algebroid have been studied and they
were found to lead to relaxed structures, such as pre-Courant algebroids [8, 9].

On the other hand, double field theory (DFT) is a T-duality covariant reformulation of super-
gravity. As its name suggests, the theory is constructed on a doubled geometry [10, 11, 12, 13, 14,
15]. Therefore, a strong constraint or at times known as a section condition becomes an intrinsic
feature of the theory. Only upon the imposition of the strong constraint, which effectively amounts
to eliminating half of the dependence of the fields in the theory on the doubled spacetime, the theory
reduces to supergravity on the physical space. From the perspective of a mathematical structure,
the gauge structure of DFT results in a Courant algebroid after imposing the strong constraint [13].

Our goal in this contribution is twofold. First, to determine what is the underlying mathemat-
ical structure of the doubled geometry before the strong constraint is solved, and how it is related
to geometric structures obtained upon relaxing some of the Courant algebroid axioms. Second, to
examine whether such a structure not only gives rise to a Courant algebroid upon solving the strong
constraint, but also originates in some precise sense from a large Courant algebroid on a doubled
space.

There exist several proposals in this regard [16, 17, 18, 19, 20, 21]. For instance, DFT formu-
lated in the supermanifold language in the works of [17, 18], utilizes the correspondence between
Courant algebroids and QP-manifolds [22]. The present contribution is based on [23], where we
found that the standard Courant algebroid language of formulation accomodates a larger class of
structures en route to DFT.

2. Courant algebroid

In this section we outline the definition of a Courant algebroid and its properties. Let E →M
be a vector bundle. For our purposes it is enough to make the simplifying assumption that E =

T M⊕T ∗M, where M is a d-dimensional manifold, which is locally true always. Sections of the
generalized bundle E are generalized vectors A = AV +AF ∈ Γ(E), where AV ∈ Γ(T M) is a vector
field and AF ∈ Γ(T ∗M) is a one-form.

An anti-symmetric bracket can be defined for the sections of the bundle, [·, ·]E : Γ(E)⊗Γ(E)→
Γ(E). In addition, there is a non-degenerate symmetric bilinear form, 〈·, ·〉E : Γ(E)⊗ Γ(E)→
C∞(M) which takes as input two sections of the bundle and gives a scalar output. Lastly, there is
an anchor map, ρ : E→ T M. This quadruple (E, [·, ·]E ,〈·, ·〉E ,ρ) defines a Courant algebroid [2].

The notion of a Courant algebroid allows for two types of binary operations, the anti-symmetric
Courant bracket or the non-anti-symmetric Dorfman bracket [3]. Anti-symmetrizing the Dorfman
bracket yields the Courant bracket, and the corresponding definitions of a Courant algebroid are
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equivalent. We will be working with the standard Courant bracket, which is given by

[A,B]sE = [AV ,BV ]+LAV BF −LBV AF − 1
2 d(ιAV BF − ιBV AF) . (2.1)

The Courant bracket extends from the first term, which is the usual Lie bracket of vector fields,
to include one-form contributions. It can be further twisted by an additional one-form H(AV ,BV ),
where H is a closed three-form. On the other hand, the Dorfman bracket or Dorfman derivative is

A◦B = LAB = [AV ,BV ]+LAV BF − ιBV dAF , (2.2)

which is clearly a generalization of the Lie derivative. For the symmetric pairing

〈A,B〉sE = 1
2(ιAV BF + ιBV AF) , (2.3)

the O(d,d) symmetry is inherent in the structure as

〈A,B〉sE = 1
2

(
AV AF

)( 0 1d

1d 0

)(
BV

BF

)
, (2.4)

with
(

0 1d

1d 0

)
being the O(d,d) metric which we denote by ηIJ , I,J being 2d-dimensional indices.

Therefore, the pairing is O(d,d) invariant.
There are five main properties that the above structures satisfy. First is the (modified) Jacobi

identity for the Courant bracket1,

[[A,B],C]+ cyclic = 1
3 D〈[A,B],C〉+ cyclic , (2.5)

where the differential operator D : C∞(M)→ Γ(E) is defined by

〈D f ,A〉= 1
2 ρ(A) f , (2.6)

for any A,B,C ∈ Γ(E) and f ∈ C∞(M). Note that for the Dorfman bracket the exact term on
the right-hand side of (2.5) is absent; the corresponding Jacobi identity is in Leibniz-Loday form
however, since the operation is not anti-symmetric. Next property is the (modified) Leibniz rule

[A, f B] = f [A,B]+
(
ρ(A) f

)
B−〈A,B〉D f . (2.7)

Once more, the last term is absent in the Dorfman formulation and the rule acquires the familiar
form of the Leibniz rule for the Lie bracket. However, this is true only for functions in the second
slot; due to the non-anti-symmetric nature of the operation, when the function is in the first slot,
i.e. [ f A,B], the Leibniz rule is still modified. Next, the map ρ is a homomorphism,

ρ[A,B] = [ρ(A),ρ(B)] . (2.8)

The fourth property states that the image of the derivation D is in the kernel of the anchor map,

ρ ◦D = 0 , which is equivalent to 〈D f ,Dg〉= 0 . (2.9)

1From here onwards we remove the subscript sE as we will only discuss the standard Courant algebroid case.
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As we will see in the next section, this condition translates into the strong constraint in DFT. The
final property is the compatibility between the Courant bracket and the symmetric pairing,

ρ(C)〈A,B〉= 〈[C,A]+D〈C,A〉,B〉+ 〈A, [C,B]+D〈C,B〉〉 . (2.10)

For a minimal set of axioms, one only requires the Jacobi identity, compatibility and any one of the
remainder.

To the above five abstract properties, let us introduce a local basis for the sections of E, eI

where I = 1, . . . ,2d. The bilinear form of two basis elements gives the O(d,d) metric,

〈eI,eJ〉= 1
2

η
IJ , (2.11)

while their Courant bracket yields

[eI,eJ] = η
IK

η
JLTKLMeM , (2.12)

with a generalized three-form TKLM. For operations involving the anchor and the derivation, we use
the local coordinate expressions

ρ(eI) f = η
IJ

ρ
i
J∂i f , (2.13)

D f = DI f eI = ρ
i
I∂i f eI , (2.14)

where the components of the anchor ρ are (ρ i
J) = (ρ i

j,ρ
i j) for i = 1, . . . ,d. Substituting the local

basis in the five abstract properties where we expand A = AIeI , the Courant algebroid properties
that we can derive in local coordinates are (see also [24])

η
IJ

ρ
i
I ρ

j
J = 0 , (2.15)

ρ
i
I ∂iρ

j
J−ρ

i
J ∂iρ

j
I−η

KL
ρ

j
K TLIJ = 0 , (2.16)

4ρ
i
[L ∂iTIJK]+3η

MN TM[IJ TKL]N = 0 . (2.17)

[....] denotes anti-symmetrization with weight 1. Interestingly, the five properties result in only
three local coordinate conditions, which is another way to see that only three of them are indepen-
dent. From a physical point of view, the three-form TKLM can be identified with the four types of
fluxes (Hi jk, f i

jk,Q
i j
k ,R

i jk) of a general supergravity compactification [25]. In particular, the second
equation gives the flux expressions in terms of gauge potentials identified with the components of
ρ , and the third equation is identical to their Bianchi identities.

Let us briefly discuss the correspondence between a Courant algebroid and a QP2-manifold. A
QP2-manifold is defined by a triplet (M = T ∗[2]T [1]M,ω,Q). On the manifold, the degree of the
cotangent bundle is shifted by two and the degree of the tangent bundle is shifted by one. There are
a P-structure ω , which is a degree two symplectic structure and a Q-structure Q, which is a degree
one vector field. These structures satisfy the compatibility condition, LQω = 0. The Q-structure
gives rise to a degree three Hamiltonian function Θ, Q = {Θ, ·} with a Poisson bracket of degree
−2. It is cohomological when Q2 = 0, thus implying the Cartan structure equation

{Θ,Θ}= 0 , (2.18)
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which gives (2.15) - (2.17) in local coordinates when

Θ = ρ
i
I(x)Fi AI− 1

3! TIJK(x)AI AJ AK , (2.19)

where Fi, AI and x are coordinates on M of degree two, one and zero, respectively. Therefore this
establishes the correspondence to a canonical Courant algebroid (E, [·, ·]E ,〈·, ·〉E ,ρ) [22].

3. An algebroid for double field theory

Having laid out the properties of a standard Courant algebroid in the previous section, we now
examine the structures of DFT, and whether the above properties are preserved or modified in this
case. In order to make connections from a Courant algebroid to DFT, naturally we would need to
double the target space of the canonical Courant algebroid.

As a local model, we consider the target space T ∗M with local coordinates

X= (XI) = (Xi,Xi) =: (X i, X̃i) . (3.1)

The vector bundle over this doubled target space T ∗M is

E = T(T ∗M) := T (T ∗M)⊕T ∗(T ∗M) . (3.2)

Local sections of the bundle are (AÎ) = (AI, ÃI) = (Ai,Ai, Ãi, Ãi), where Î = 1, . . . ,4d. Similarly,
the generalized vector is composed of a vector and one-form, A = AV +AF := AI ∂I + ÃI dXI ,
where the basis vectors on T ∗M are (∂I) = (∂/∂X i,∂/∂ X̃i) =: (∂i, ∂̃

i) and the basis forms on
T ∗M are (dXI) := (dX i,dX̃i). Previously in the canonical case, the components of the anchor
were ρ i

J . By doubling the target space, indices get doubled accordingly, so the anchor becomes
ρ I

Ĵ = (ρ I
J, ρ̃

IJ). With this, we define a large Courant algebroid (E, [ · , · ],〈 · , · 〉,ρ). It is simply a
canonical Courant algebroid defined over a doubled target space.

Next, we introduce a decomposition on the generalized vector and anchor such that

AI
± = 1

2

(
AI±η

IJ ÃJ
)
, e±I = ∂I±ηIJ dXJ , (3.3)

and

(ρ±)
I
J = ρ

I
J±ηJK ρ̃

IK . (3.4)

The O(d,d) metric η is used, relating their standard and dual parts. The generalized tangent bundle
is thus decomposed as

E = T (T ∗M)⊕T ∗(T ∗M) = L+⊕L− , (3.5)

where L± is the bundle whose space of sections is spanned locally by e±I . The associated general-
ized vector is

A= AI
+ e+I +AI

− e−I . (3.6)

We would like to recover the DFT structures, namely the DFT vector, C-bracket of the DFT
vectors, and the generalized Lie derivative in the theory. In DFT, one observes that the indices of
the fields are 2d-dimensional. The generalized vector AÎ with a 4d-dimensional index Î in the large
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Courant algebroid is clearly unfit. Therefore, we need to implement projections. We introduce a
projection to the subbundle L+ of E through the bundle map

p+ : E −→ L+ , (AV ,AF) 7−→ A+ := A . (3.7)

Under the projection, the components AI
− in the generalized vector (3.6) simply vanish, and we

rename AI
+ = AI . This leads to a special generalized vector

A = Ai
(
dX i + ∂̃

i)+Ai (dX̃i +∂i
)
, (3.8)

which is a DFT vector [17]. Turning to the binary operations, it is useful to define an inclusion map

ι : L+ ↪→ E (3.9)

so that elements of L+ can be treated as elements of E. The inclusion map may be composed with
the projection,

a := ι ◦p+ : E −→ E . (3.10)

Applying the projection to the standard Courant bracket for elements of E obtained by the action
of the map a,

p+
(
[a(A),a(B)]E

)
= (AK

∂KBJ− 1
2 AK

∂
JBK−{A↔ B})e+J (3.11)

:= [[A,B]]L+ , (3.12)

we obtain the C-bracket of DFT vectors. Similarly, projecting the Dorfman bracket,

p+
(
La(A)a(B)

)
= (AI

∂IBJ−BI
∂IAJ +BI ∂

JAI)e+J (3.13)

:= LAB , (3.14)

we obtain the generalized Lie derivative of DFT. Recall that for the gauge transformations to close,

[LC,LA] = L[[C,A]]L+
(3.15)

has to hold, that is the Lie bracket of the DFT generalized Lie derivatives equals the DFT general-
ized Lie derivative along the respective C-bracket. This is obtained at the expense of imposing the
strong constraint,

η
IJ

∂I f ∂Jg = 0 (3.16)

for all fields f ,g of DFT. In the case of a Courant algebroid, this strong constraint is not needed,
as the Dorfman derivative immediately satisfies such a condition as (3.15). Finally, the projection
p+ leads naturally from the O(2d,2d) metric η̂ÎĴ and the corresponding bilinear form to the correct
O(d,d) structure of DFT, according to

〈p+(A),p+(B)〉L+ := 〈a(A),a(B)〉E . (3.17)

Now we are ready to outline the definition of an algebroid for DFT. Let L+ be a vector bundle
of rank 2d over T ∗M. There is a skew-symmetric C-bracket, [[ · , · ]]L+ : Γ(L+)⊗Γ(L+)→ Γ(L+),
and a non-degenerate symmetric form 〈 · , · 〉L+ : Γ(L+)⊗ Γ(L+)→ C∞(T ∗M). Lastly a smooth
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bundle map ρ+ : L+→ T (T ∗M). To summarize, the quadruple (L+, [[ · , · ]]L+ ,〈 · , · 〉L+ ,ρ+) defines
a double field theory algebroid.

The DFT algebroid satisfies three properties. The first is related to the strong constraint,

〈D+ f ,D+g〉L+ =
1
4
〈d f ,dg〉L+ , (3.18)

for functions f ,g ∈C∞(T ∗M). The derivative D+ : C∞(T ∗M)→ Γ(L+) is defined through

〈D+ f ,A〉L+ = 1
2 ρ+(A) f . (3.19)

Here there is a non-vanishing contribution on the right-hand side of (3.18), unlike the case of a
Courant algebroid where 〈D f ,Dg〉= 0. The second property is the compatibility condition for the
C-bracket and the symmetric pairing,

ρ+(C)〈A,B〉L+ = 〈[[C,A]]L+ +D+〈C,A〉L+ ,B〉L+ + 〈A, [[C,B]]L+ +D+〈C,B〉L+〉L+ (3.20)

for A,B,C ∈ Γ(L+). The third property is the Leibniz rule,

[[A, f B]]L+ = f [[A,B]]L+ +
(
ρ+(A) f

)
B−〈A,B〉L+ D+ f . (3.21)

In comparison with the corresponding Courant algebroid properties, we observe that the condition
related to the strong constraint is modified in DFT, while the general form of the compatibility
and Leibniz properties is not altered. This also teaches us that once the first property of a Courant
algebroid (modified Jacobi identity) is relaxed, then the previously trivial properties should be
examined anew and they indeed do not follow directly.

More specifically, the homomorphism property gets modified in DFT. The modification is
controlled by the strong constraint,

ρ+[[A,B]]L+ = [ρ+(A),ρ+(B)]+SCρ(A,B) , (3.22)

where
SCρ(A,B) =

(
ρL[I ∂

K
ρ

L
J] A

I BJ + 1
2 (A

I
∂

KBI−BI
∂

KAI)
)

∂K . (3.23)

The SCρ term vanishes upon imposing the strong constraint, ∂ K(. . .)∂K(. . .) = 0. Similarly the
Jacobi identity is satisfied only up to the strong constraint,

[[[[A,B]]L+ ,C]]L+ + cyclic = D+N+(A,B,C)+Z (A,B,C)+SCJac(A,B,C) , (3.24)

where
N+(A,B,C) = 1

3 〈[[A,B]]L+ ,C〉L+ + cyclic , (3.25)

ZIJKL = 4ρ
M
[L ∂MTIJK]+3η

MN TM[IJ TKL]N , (3.26)

and

SCJac(A,B,C)L = −1
2

(
AI

∂JBI ∂
JCL−BI

∂JAI ∂
JCL)

−ρI[J ∂Mρ
I
N]

(
AJ BN

∂
MCL

− 1
2 CJ AK

∂
MBK η

NL + 1
2 CJ BK

∂
MAK η

NL)
+cyclic . (3.27)
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The SCJac term vanishes after imposing the strong constraint. Here we have also relaxed the Jacobi
identity by including a four-form ZIJKL. It however also vanishes under the strong constraint.

Let us introduce a local basis for the sections of L+, eI where I = 1, . . . ,2d, with the following
operations

[eI,eJ] = T M
IJ eM , 〈eI,eJ〉= ηIJ , (3.28)

ρ(eI) f = ρ
L

I ∂L f , D f = D I f eI =
1
2 ρ

K
L ∂K f η

LJ eJ , (3.29)

where the components of the anchor ρ are (ρ I
J) = (ρ i

j,ρ
i j,ρ j

i ,ρi j) for i = 1, . . . ,d. The pairing
carries the signature of the O(d,d) metric ηIJ . Let us show the first DFT property which is related
to the strong constraint in local coordinates,

〈D f ,Dg〉L+ = 1
4(ρ

K
I η

IJ
ρ

L
J)∂K f ∂Lg = 1

4 η
KL

∂K f ∂Lg , (3.30)

where we have used the fact that
ρ

K
I η

IJ
ρ

L
J = η

KL . (3.31)

Imposing the vanishing of (3.30), we regain the Courant algebroid structure. Overall, the DFT
properties in local coordinates are

η
IJ

ρ
K

I ρ
L

J = η
KL , (3.32)

2ρ
L
[I ∂Lρ

K
J]−η

MN
ρ

K
M T̂NIJ = ρL[I ∂

K
ρ

L
J] , (3.33)

4ρ
M
[L ∂MT̂IJK]+3η

MN T̂M[IJ T̂KL]N = ZIJKL , (3.34)

where the three-form T̂IJK gives the fluxes in DFT [26, 27, 28, 29], given the components of the
anchor as

ρ
I
J =

(
δ i

j β i j

Bi j δi
j +β jk Bki

)
. (3.35)

β i j and Bi j are respectively a two-vector and a two-form. The twist in the C-bracket of DFT T̂ is
related to the twist in the Courant bracket T by T̂ (A,B) = 1

2 T (A,B). Thus we observe that there
are once more three conditions, modified with respect to the Courant algebroid ones. Identifying
the anchor components with gauge potentials and the twist with the fluxes renders the second
expression equivalent to the general fluxes of DFT and the third equation to their Bianchi identities.

To conclude, in our approach double field theory is a projection from the large Courant alge-
broid (that is, a Courant algebroid on a doubled target space). As we have verified based on its
properties, the DFT structure indeed reduces to the canonical Courant algebroid under the strong
constraint. The DFT algebroid is later formulated in the graded symplectic geometry in [30].

4. Intermediate structures

In this section we would like to highlight some additional structures. Their appearance is a
result of the relaxation of the Courant algebroid axioms. Here we show the chain of structures:

Courant algebroid (CA)�
��Jacobi−→ Pre-CA((

((((Homomorphism−→ Ante-CA(
((((〈D f ,Dg〉=0−→ Pre-DFT algebroid .

7
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When one of the five properties of Courant algebroid, namely the Jacobi identity is violated, one
gets a structure called pre-Courant algebroid, described originally in [8]. A pre-Courant algebroid
is a quadruple (E, [·, ·],〈·, ·〉,ρ) which satisfies the properties of a Courant algebroid except for
Jacobi. It is essentially a Courant algebroid twisted by a closed four-form [9], [31]. In the su-
permanifold formulation, the structure is called symplectic almost Lie 2-algeboid [32], where the
classical master equation {Θ,Θ}= 0 is not satisfied and in fact is relaxed to

{{Θ,Θ}, f}= 0 , (4.1)

for any function f ∈C∞(M), and the degree-three Hamiltonian function

Θ = ρ
M

I(x)FM AI− 1
3! TIJK(x)AI AJ AK . (4.2)

In the Hamiltonian, ρM
I and TIJK are respectively the anchor component and three-form flux that

we know of, while FM is a degree-two auxiliary field and AI is a degree-one DFT vector. The
breaking of the Jacobi identity is quantified in {{{{Θ,Θ},A},B},C} for sections of the bundle
A,B,C.

Similar statements hold for the other structures in the chain. They are defined by a quadruple
(E, [·, ·],〈·, ·〉,ρ), but satisfying different properties. An ante-Courant algebroid arises by breaking
the Jacobi and homomorphism properties in the Courant algebroid. In [32], the failure of homo-
morphism is given by {{{{Θ,Θ}, f},A},B} in the supermanifold formalism. Finally, by relaxing
the three properties which are the Jacobi, homomorphism and the strong-constraint-related condi-
tion, preserving only the Leibniz and compatibility condition, we obtain a pre-DFT algebroid. This
structure is known as a symplectic nearly Lie 2-algebroid correspondingly in the supermanifold
description [32]. On the other hand, assuming that the Dorfman bracket is equal to the Courant
bracket plus a total derivative,

A◦B = [A,B]+D〈A,B〉 , (4.3)

a pre-DFT algebroid is equivalent to a metric algebroid defined originally in [33]. The properties
of a metric algebroid are the Leibniz rule

A◦ ( f B) = f (A◦B)+(ρ(A) f )B , (4.4)

the compatibility condition

ρ(C)〈A,B〉= 〈C ◦A,B〉+ 〈A,C ◦B〉 , (4.5)

and the strong-constraint-related condition

A◦A = D〈A,A〉 . (4.6)

The bracket in the metric algebroid (E, · ◦ ·,〈·, ·〉,ρ) is the Dorfman bracket rather than the anti-
symmetric Courant bracket. Therefore this is not an ante-Courant algebroid. Introducing the
Courant bracket as in (4.3) into the metric algebroid, a pre-DFT algebroid is obtained.

Double field theory is indeed an example of a pre-DFT algebroid, where the properties are
violated simultaneously and in a particular way, see (3.31) and thereof, where the homomorphism
and Jacobi get modified in a strong-constraint-controlled way. Therefore, when imposing the strong
constraint, that is, ρK

I η IJ ρL
J = 0, DFT reduces directly to Courant algebroid without encountering

any other structures:

8
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Double field theory
〈D f ,Dg〉=0−→ Courant algebroid .

This reduction has also been understood geometrically in [34] as a compatibility condition of Dirac
structures in a metric algebroid.
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