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Abstract

We study initial boundary value problems for linear evolution partial differential equations
(PDEs) posed on a time-dependent interval I;(t) < z < l2(t), 0 < t < T, where I, (¢) and l2(t) are
given, real, differentiable functions, and T is an arbitrary constant. For such problems, we show
how to characterise the unknown boundary values in terms of the given initial and boundary
conditions. As illustrative examples we consider the heat equation and the linear Schrodinger
equation. In the first case, the unknown Neumann boundary values are expressed in terms of the
Dirichlet boundary values and of the initial value through the unique solution of a system of two
linear integral equations with explicit kernels. In the second case, a similar result can only be
proved but only for a more restrictive class of boundary curves.
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1 Introduction

We study linear evolution PDEs posed on a time-dependent interval. Specifically, we consider linear

evolution PDEs on a t-dependent domain €(¢) of the form
Q(t) = {(z,s): li(s) <z <ly(s), 0<s<t}CR (1.1)

where {lj(t)}? are given, real, continuously differentiable functions, such that l1(s) < l2(s) for all
s>0and [1(0) =0, [5(0) =L > 0.
We first present some results for a general linear evolution PDE, and then concentrate on two

illustrative examples, namely the heat equation and the linear Schrodinger (LS) equation:

(heat) qt — qua =0, (1.2)
(LS> iQt + Quz = 0. (1'3)

For a given constant 7' > 0, we consider the above PDEs in the domain Q(7) and assume that

the following initial and Dirichlet boundary conditions are prescribed:

q(z,0) = go(z) € CH0,L]), 0<z<L, (1.4)
q(li(t),t) = fo(t) € C'[0,T], q(la(t),t) = go(t) € C'[0,T], 0<t<T. (1.5)

We will develop our analysis in this general case, but for the particular example of the LS equation,
we will need to restrict the class of boundary functions [y (t), l2(t).

To obtain an effective representation of the solution g(x,t), for ¢ < T, one needs to determine
the unknown Neumann boundary values {qx(lj(t),t)}?, in terms of the given initial and Dirichlet
boundary data {qo(x), fo(t),g0(t)}, i.e. to characterise the so-called Dirichlet to Neumann map.

The main result of this paper is the characterisation of the Dirichlet to Neumann map for equations
(1.2) and (1.3) through the unique solution of a system of two linear Volterra integral equations.

The results presented here provide a generalization of the results of [4] (see also [5], [6] and [7]),
where the analogous problem formulated on [(t) < x < oo was analysed. There are two important
differences between that case and the results presented here. Firstly, we must characterise two, rather
than one, unknown boundary value, and hence even in the case of second order linear equations the
solution is given in terms of the solution of a system of Volterra linear integral equations. Secondly,
the kernel of the integral equations that characterise the unknown Neumann boundary value may be
strongly singular. Hence to obtain a rigorous existence result this kernel must be regularised.

The main results of this paper for the two equations (1.2) and (1.3) are Theorem 1 and Theorem

2, which use the following formal representation results:



Proposition 1 (Heat equation) Let q(x,t) be the solution of the heat equation (1.2) satisfying the
initial and Dirichlet boundary conditions (1.4) and (1.5). Denote by f1(t) and g1(t) the unknown

Neumann boundary values q,(x,t) evaluated at x = 11(t) and at x = lo(t):

fl(t) = Q:v(ll(t)at)’ gl(t) = Qm(ZQ(t)vt)7 0<t<T. (1'6)

The functions f1(t) and g1(t) can be expressed in terms of the given initial and boundary data as the

solution of the following system of coupled linear integral equations:

7Tf1 / KH t,s f1 ds—/ K12 t,s g1 )dS, 0<t< T7 (1.7&)
71 () = Na(t) — /0 Kot 8)g1(s)ds + /O Ko (t,s)fi(s)ds, 0<t<T, (1.7b)

where the known functions N;(t), j = 1,2, are given by

(1) =11 (s)? (1 () —1a(s))?
N0 @l <t))2 \d t [G_Wf, ) e A9 /( ]d (1.8)
; x)dxr — —fo(8§) = ————=9p(s) |ds ¢, .
J \/’/ ( /0 \/m 0( \/m 90 )

and the kernels K (t,s), j,m = 1,2, are given by

(G (O)=lm(s))?
L(t) =1 T (s
Vrli(t) = lnls) e , 0<s<t<T, j=1,2. (1.9)
2 t—s Vt—s

ij(t, 8) =

Proposition 2 (Linear Schrédinger equation) Let q(z,t) be the solution of the linear Schrédinger
equation (1.3) satisfying the initial and Dirichlet boundary conditions (1.4) and (1.5). Let fi(t) and
g1(t) denote the unknown Neumann boundary values as given in expression (1.6). The unknown
boundary values f1(t) and g1(t) can be expressed in terms of the given initial and boundary data as

the solution of the following system of coupled linear integral equations:

t
mf1(t) Ku t,s)fi(s)ds — lin% Kio(t, s,e)g1(s)ds, 0<t<T, (1.10a)
E— 0

t
wg1(t) = No(t) + ii_r)r(l)/() Ko (t,s,e) fi(s)ds — /0 Koo(t,s)g1(s)ds, 0<t<T, (1.10b)

where the functions N;(t), j = 1,2, are given by

(1-i)var
2

. i1 (1) —11(s))? i1 ()=l (s)?
N;(t) = {

1 L i@—1;()? , e At=s) , e =9 ,
\/Z/o e 4 %(w)dfv—/o [ﬁfo(s)—ﬁgo(s)}ds :
(1.11)



The singular integral kernels Kj;(t,s) are given by
1—i)V2rl(t) — 1 =9
Z) 7”(35 i(s)e - , €>0, 0<s<t<T, (1.12)
—s Vt—s

and the integral kernels Kjm(t, s,€), j,m = 1,2, j # m are given by

Kjj(t,s) = (

(1 () —lm (5))*

(1 — Z) V 27 lj(t) — lm(s) e 4(t—s—ie)
4 t—s—ic t—s—ic

The representations above are formal, and it is not immediately clear that they actually define

Kjm(t,5,¢) = (1.13)

e>0, 0<s<t<T.

any function, let alone the boundary values of the given problem. In particular, in Proposition 2, we
need to guarantee that the limits as ¢ exist, and that the Volterra integral equations are well posed
and admit a unique solution.

Our main result for the heat equation is obtained by invoking classical theory for Volterra integral

equations.

Theorem 1 For given functions qo(z), fo(t) and go(t) as in (1.4)-(1.5), the system of Volterra
integral equations (1.7) admits a unique solution (f1(t),g1(t)) € C0,T) x C[0,T).

For the LS equation, we need to prove that the limits as € — 0 appearing (1.10) yield a regular

kernel, and only then it will be possible to invoke classical theory.

Theorem 2 Assume the the boundary functions 11(t), la(t) are twice differentiable in [0,T], and
satisfy

() <0, I](t) > 0; Ih(t) >0, 15(t) <O0. (1.14)
For given functions qo(x), fo(t) and go(t) as in (1.4)-(1.5), the limit system (1.10) is a system of
Volterra integral equations (1.10) which admits a unique solution (f1(t), g1(t)) € C[0,T) x C0,T).

The paper is organized as follows. In section 2, we derive formally a representation of ¢(x,t) for
a general evolution PDE formulated in (7), as well as the associated global relation. In section 3,
we derive the formal representations of Propositions 1 and 2. Finally, in section 4 we prove Theorem
1 and Theorem 2. In the case of the linear Schrodinger equation, we also remark on the important

special case of linear boundaries.

2 A formal integral representation for a general evolution PDE

We consider the general linear evolution PDE

(at +iY aj(—z‘ax)i) g(z,8) =0, (2,1) € QT), (2.1)



where oy, # 0 and all a;’s are constants, and the domain Q(T') is described by (1.1).
Let

A) = ZajAJ', (2.2)
(z,t,)) Za] —i0, )T+ A(=i0, )Y 2 4+ N g(, ). (2.3)

The PDE (2.1) can be written in the following divergence form:

(efi)\eriw()\)tq(x’t))t _ (efi)\ochiw()\)tQ(x’t? )\))x' (2.4)

Using the two-dimensional Green’s theorem in the domain (), we obtain
]{ (e_i)‘z“‘”()‘)sq(x, s)dx + e_i)‘x+iw(’\)8Q(x, s, A)ds) =0, 0<t<T, (2.5)
o0(t)

where 0€)(t) denotes the oriented boundary of the domain (), such that () lies to the left-hand

side of the increasing direction. Equation (2.5) yields the relation
L , L)
/ e~ (x,0)dx — e"”(’\)t/ e Mg (x, t)dx
0 ll(t)
t
= [ e (14 (s), )5 (5) + Qs (55, ) s (26)

0

t
+ / e~ M2(DFWNS (g(1y(s), )l5(s) + Q(l2(s),5,A)) ds =0, N€C, 0<t<T.
0

Let
L .
do(\) = / e_”\xq(x, 0)d (2.7a)
0
@)
(t, \) :/ e Aq(x, t)dz, (2.7b)
li(t)
t . .
Q1(t,\) = / e~ MEFWNS (g(1(s), 5)11(s) + QU1 (5), 5,\)) ds, (2.7¢)
0
t . .
Oa(t, ) = /0 e~ PN (g(1,(s), 5)I(s) + QUla(s), 5, \)) ds. (2.7d)
Equation (2.6) can be rewritten in the form of the following global relation:
G(t,N) = e Migo(A) — e NVIQ (1, A) + e NIQy(t, ), AeC, 0<t<T. (2.8)

Equation (2.8) can be viewed either as the formal representation of the solution, or as the starting

point for determining the unknown boundary values. Indeed, the term §(¢, A) in (2.8) is the Fourier



transform of ¢(z, t) on the finite interval {1 (t) < z < l2(t). Inverting this Fourier transform for ¢(x, t),
we obtain the following formal representation of the solution:
1 [ . . .
a(@.) = 5= / gha—iw(\t [(jo(/\) —Q1(t,\) + Ot A)}dx, (z,) € Q(T). (2.9)
™ — 0o

Assuming that ¢(x,t) = 0 for x < [1(t) and for = > l3(t), equation (2.9) is also formally valid at
x = 11(t) and at = = l»(t), which in turn yields

q(l1(t),t) = % / ()it [(jo()\) —Q1(t,\) + Qaft, A)}dx, (2.10)
and
q(la(t),t) = % / T () i\t [qo(A) — O1(t,\) + O, A)}dA. (2.11)

We note that in the paper [9] it is shown that if there exist sufficiently regular functions

{ao(x), fo(t), go(t), f1(t), 91(t)}

which satisfy the global relation, then there exists a unique regular solution ¢(z,t) of the PDE such
that

q(z,0) = qo(z), q(l1(?),t) = fo(t), q(la(t),t) = go(t),
81:Q(l1(t)’t) = fl(t)v azQ(ZQ(t)’t) = gl(t)'

Therefore if the Dirichlet to Neumann map is constructed starting from the assumption that the

(2.12)

global relation holds, its solution does indeed provide the unique solution of the boundary value

problem.

3 The integral equations - formal derivation

3.1 The heat equation

We consider the heat equation (1.2) formulated in the time-dependent domain (1.1), with the given
initial value (1.4) and Dirichlet boundary conditions (1.5). The functions fi(¢) and g¢1(¢), as in (1.6),
denote the unknown Neumann boundary values at = = [1(¢) and = = l3(t) respectively.

Our aim is to determine the unknown boundary values fi(¢) and ¢;(¢) in terms of the given
functions qo(x), fo(t) and go(t), hence to characterise the Dirichlet to Neumann map. In order to
determine this map, we solve the global relation for the unknown boundary values, fi(t) and gi(t).

In the case of heat equation, in the notation of the previous section we have

wA) = =X, Q(z,t) = qu(x,t) + irg(z, t). (3.1)



Then the global relation (2.8) becomes

t
W) = (e — [ O[3 1(5))alta(5),9) + aulia(5).5)] ds
0 (3.2)

t .
+/ =N (s) 2% [(z)\ + Z’Q(s))q(lg(s), s) + qz(l2(s), s)} ds=0, NeC, 0<t<T,
0

where §o(A) and ¢(t, \) are defined by (2.7a) and (2.7b).

In order to derive a representation of g, (z,t), we follow [4] and first multiply (3.2) by i\. For the
terms involving the unknown boundary functions, integration by parts yields the following identity,
with j = 1,2:

t t
/ TN (A2 (5) ) all (5), 5)ds = a(0,0) =X =M O (1 (1), 1)+ / NN g (1y(s), 5)ds.

0 0
(3.3)
Using the formulae (3.3), equation (3.2) can be written as
. . L)
e MM g(ly(t), ) — e Mg (14(2), ) + i)\/ e A (x, t)dx
ll(t)
== (iAdo() — 4(0,0) + e Eg(L,0))
(3.4)

t
_ e—/\zt/ e—i)\ll(s)+>\25 [q/(ll(S),S) +Z)\qx(ll(8),8)] ds
0

t
+ e_’\zt/ e~ N2(s)+A%s [q’(lg(s), s) + 1Az (l2(s), s)] ds.
0

Using the definitions (1.4), (1.5), (1.6), and the identities

) ) La(t) Ia(t)
e (ly (), 1) — e MWD g(11(8), 1) + i /Z . e Mgz, t)dr = /l . e M (x, t)de,  (3.5a)
1 1

L
Mo () — ¢(0,0) + e~ Pog(L, 0) = /0 Mg () da, (3.5b)

equation (3.4) can be written in the form

la(t) L t
/ e~ (2, t)dz = et / el (z)dz — e N1 / AN (F1(s) +idfa(s)) ds
! 0 0

10 (3.6)

t
e / e NN (gh(5) + iAga (s)) ds.

The term on the left hand side of (3.6) is the Fourier transform of g, (z,t) on the finite interval

l1(t) < x < la(t). Inverting this Fourier transform, we obtain
1 oo iIAT—A2t L —iXE ! —iXl1(8)+A2s ( g/ .
wlet) =g [ e T e @de— | e (F3(s) + iAfi(s)) ds

—0o0

t (3.7)
+/ e~ M2V (g1 (5) 1 iAgy (s)) ds}dA, (z,1) € QT).
0



Assuming that ¢, (z,t) = 0 for < l1(¢) and for x > ls(t), equation (3.7) is also formally valid at

x =11(t) and at & = l2(t). Hence, we obtain

+oo ) L ) t ) 9
Aty = 1 [ e[ [T dgeag - e (i) 1 infi(s)) s

e t (3.8)
N / NN (gl () +iAgi(5)) ds]d,
0
and
_ l ee iN2(t) =A%t L —iX L (EVdE — ! —iXl1(8)+A2s (g1 i\ d
g1(t) = — € e " qp(§)dg e (fols) +iXfi(s)) ds
—00 0 . 0 (39)
+/ g5} A% (go(s) +iAgi(s)) ds} d\.
0
Let
Ej(Mt,x) = e MO=0=2t 05— q 9 (3.10a)
Ejm(A t,5) = eAGOIn()=20=s) 5 — 1 9, (3.10Db)
We rewrite equations (3.8) and (3.9) as
[ee] t
TR = Ny(t) —i / A [ / (Bvi (Mt ) f1(5) — Bra(\ 4, s)gl(s))ds} dx, (3.11a)
—0o0 0
00 t
g1 (t) = Ng(t) — l/ A I:/ (E21(>\,t, s)fl(s) - EQQ()\,t, 3)91 (8)) ds] d/\, (3.11b)
—00 0

where

N (t) :/_Z

Claim 1 The functions N;(t), j = 1,2, are given by (1.8).

L t
/0 E;(\t, 1:)q6(33)d:c — /0 (Ejl()\,t, s)fé(s) — Eja(A t, s)gé(s)) ds] d\, j=1,2.(3.12)

Interchanging the order of integration in (3.12), we find

N,(8) :/OL (/_Z Ej()\,t,w)d)\> q0(z)dw (3.13)

- /Ot K/Z Eji(At, S)dA> fo(s) = (/Z Ejp(\ t, s)d)\> g()(s):| ds, j=1,2.

The A-integrals appearing in (3.13) can be evaluated explicitly:

0 (m=1;(1))2
/ Ej(\t,z)d\ = VAR . j=1,2, (3.14a)
oo Vit
00 VT _GO-tm)?
Eim(\t,8)d\ = s jm=1,2. 3.14b
/—oo Jm( S) me J,m ( )

Substituting the above expressions into (3.13), we immediately obtain the formulae (1.8).



Claim 2 For a given function h(s) € C[0,T], the following identities hold:

o] t
—i/ )\/ Ejj(\t,s)h(s)dsd\ = / ii(t,s) ds, (3.15)
—00 0

where K;j(t,s), j = 1,2, as given by (1.9), is a weakly singular kernel;

t
—2/ / im (A, t, 8)h(s)dsdA :/ Kjm(t,s)h(s)ds, (3.16)
0
where Kjm(t,s) are the non-singular integral kernels given by (1.9) when j # m.

To show both claims, we formally interchange the order of double integration in the left hand
side of (3.15) and (3.16). We will justify the validity of this procedure by showing that all integrands
are integrable.

This yields

o) t
—i / A / Ejm(\t,5)h(s)ds d\ = / / =)+ AL O () () ds dA
—00 0

(3.17)

_ /0 Kj(t, $)h(s)ds,

where

Kjm(t, 5) = —i / A (0l (3)) g (3.18)

The integral (3.18) can be computed explicitly. Indeed, we have

Kom(ts) == / > (3e—A?(t—s+a>+z'A(lj(t)—lm(s») D)
2(t =) J_oo \OA (3.19)
l](t) - lm(s) /oo 6,)\2(t75)+i)\(lj(t)flm(s))dA j,m=1,2.
2(t — s) . T ’

The first integral of the right hand side of the above equation vanishes, whereas the second integral

can be computed explicitly (see (3.14b)). Hence

L(t) — 1 _(H)—lm()?
Kim(e,t,s) = i) = lnls) VT S L jom=1,2, (3.20)

which is (1.9).
Collecting the results of these claims, equations (3.12) yield the system (1.7).
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3.2 The linear Schrodinger equation

We consider the linear Schrodinger equation (1.3). A for the case of the heat equation considered
in the previous section, to determine the unknown Neumann boundary values f;(¢) and g1 () given
in (1.6) in terms of the given functions qo(z), fo(t) and go(t) we solve the global relation for the
unknown boundary values f(t) and g;(¢).

In the case of linear Schrodinger equation, we have
W(A) = )‘21 Q(I'?t) = iQm(xat) - )‘Q($7t)' (321)

Hence the global relation (2.8) becomes

do(N) — eXtg(t, \) — /0 e*Wl(S”NS[(l’l(s)—A)q(ll(sm)+iqx(h(8)78) . 5.22)

t
+ / eI (s) +iA%s [(z;(s) . A)q(lg(s), s) + igu(I2(s), s)} ds=0, A\eC, 0<t<T.
0

In analogy to the case of heat equation, in order to obtain a representation of ¢, (x,t), we multiply

(3.22) by i\ and then employ integration by parts for the terms involving the known functions
q(li(t),t) and q(l2(t), ). In this way, equation (3.22) yields the equation
l2(2)

e—i)\lz(t)q(ZQ(t)’ t) — e""\ll(t)q(ll(t), t) + i)\/ e~ q(z, t)dx
()

== (o) — a(0,0) + e~q(L,0))

N N (3.23)
o 671)\ t/ efz)\ll(s)+z)\ s [q/(ll(S),S) _ )\qx(ll(S),S)] ds
0
t
+ ei)\Qt/ 677;)\12(5)+’L')\2s [q/(ZQ(S),S) - )\qg;(ZQ(S),S)] ds.
0
Employing the identities (3.5), equation (3.23) can be written in the form
la(t)
/ e~ (x,t)dx
l(¢)
—iX2¢ g —iAE —iA%¢ ‘ —iX1(s)+irZs [/ 3.24
=e / e "qy(&)dE —e / e "M [d'(li(s), 8) — Agz(l1(s), s)] ds (3.24)
0 0

t
L / e NEIHINS (0115 (5, 5) — Agu(la(s), 5)] ds.
0

The term on the left hand side of (3.24) is the Fourier transform of ¢, (z,t). Inverting this Fourier
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transform of ¢, (z,t) and evaluating it at = [;(¢), j = 1,2, we arrive at

qyc(lj (t), t)
/OO oM () | —ir%t /L el (z)dx — oIt /t oA ()F+iA%s (q'(ll(8)78) — /\qx(ll(s),s)>d8
; A (3.25)

1
T

t
+ e‘mt/ e~ M2()+iA%s <q’(l2(s), s) = Aqa(l2(s), 8))ds] ax, j=1,2.
0

Setting

Ei(\ t,z) = eAEO=2) =Nt g o (3.26a)
Eim(A t,5) = MO =N (E=s) = 5y — 7 9 (3.26b)

and using (1.4), (1.5) and (1.6), we write equation (3.25) in the form

7Tf1(t) = N1 (t) + /oo A [/Ot (811()\,15, s)fl(s) - 512(/\,t, s)gl(s)) ds] d/\, (3.27&)

ng(t) = Ng(t) + / A |:/Ot (521()\, t, S)fl (S) - 522()\, t, S)gl (S)) d8:| d)\, (32712))

—00

where, for j =1, 2,

') L t
Ny(t) = /_ [ /O £\ b, @)l () dr — /0 (Ejl()\,t,x)f{)(s)—5j2()\,t,x)g{)(s))ds]d)\. (3.28)

We want to rewrite (3.27) in the form (1.10).
Claim 3 The functions N;(t), j = 1,2, are given by (1.11).

Interchanging the order of integration in (3.28), we find

Ny(t) = / : ( / b Q(A,t,x)dA) g (@)de

(3.29)
/ {(/ Eit(At s)d/\> fo(s (/ Eja(At s)d)\> g5(s )] ds, j=1,2.
The A-integrals appearing in (3.29) can be evaluated explicitly:
/ &0t 2)dr = L _2?[\/% e Y (3.30a)
/ EmNt, )\ = (12?/;)%/?” s o Y (3.30b)

Substituting (3.30) into (3.29) we immediately obtain the formulae (1.11).
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Claim 4 For a given function h(s) € C[0,T], the following identities hold:

/ / £\t $)h(s)dsd\ — /0 Kt $)h(s)ds, (3.31)

00 t t
/ )\/ Eim (A t,s)h(s)dsd\ = lir% Kjm(t,s,e)h(s)ds, (3.32)
-0 JO e=%Jo

where Kj;(t,s), Kjm(s,t,e) j,m = 1,2, are the integral kernels given by (1.12) and (1.13) respec-
tively.

If we interchange the order of double integration in the left hand side of (3.31), we obtain an
integrable functions of s. However, for the case j # m of (3.32), we obtain a function that is not
integrable with respect to s. Thus, before interchanging the order of the integration we must first
regularise the relevant A-integral. Therefore, we write

o0 t
/ / AEjm(\, t, s)h(s)dsd\ = / A [ lim e NG O-1()) b (5)dsd

o e—0t

— lim / / —eX2—iA2(t—s)+iN(l;(t)— ll(s))h(s)ds d\,

e—0t

(3.33)

where the last identity follows from the dominated convergence theorem, thanks to the exponential

decay of the term e—eN

(3.33) is equal to

. Now we can interchange the order of integration, hence the expression in

t 0
lim Kjm(t,s,e)h(s)ds, Kjmn(t, s,e)= / )\e*i)ﬁ(t*S*iE)Jri)\(lj(t)*lm(S))d)\,
e—=0t Jo oo

m=12 7#m. (3.34)

The M-integral (3.34) can be evaluated explicitly. Indeed, the A-derivative of the exponent of the

exponential appearing in (3.34) is given by the expression:
[—2iA\(t — s —ie) + i (1;(t) — Ln(s))] e~ iA (t—s—ie)+iA(l; (t)—lm(s))

Hence, we can rewrite Ky, (t,s,¢) in the form

| B -1 /09 —iA2(t—s—ie)+iA(lj () —lm(s))
ij(t,S,E) _QZ(t_S_Zg) /OO (8)\6 ] d>\
A (3.35)
Q(t)—lMs)/ eV (t=s—ie HALOTn(D gy jm = 1,2
Q(t — ZE) N ) ’ 5 L

The first integral of the right hand side of the above equation vanishes, because of to the large A

decay of the term e~>¢, whereas the second integral can be computed explicitly (see (3.30b). This

yields the expression

1i(t) —lm(s) (1 —1d)V2r QM

K‘ t — 4(t—s—ie) ] =1.2 1 . 336
Jm(737€) Q(t—8—1€)2m y J,m ) 7j7ém ( )
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In summary, using (3.33)-(3.35), we find

. (Q-iwer ELi(t) = ln(s)  a0-tmC)?
/ /\Sjm()\,t,s)h(s)ds_4al_1>%1+/0 me 21 T h(s)ds, (3.37)

—0o0

yielding the conclusion of Proposition 2.

4 Proof of the main theorems

We now sketch the step needed to prove that the representation derived in the previous section yield
Volterra integral equations that admit a unique solution. The only new ingredient in this section is
the analysis of the ¢ — 0 limit of the integrals appearing in the representation given by Proposition
2.

After proving that these limits yield a well defined system of Volterra integral equations, possibly
weakly singular, the proof is analogous to the proof given in [4] for the problem formulated on
I(t) < x < co. We refer to these papers for details, and concentrate on showing that the integral
equations derived in the previous section are of a type that can be treated using classical results.

We note that for both the case of the heat equation and the linear Schrodinger equation, the case
that j = m yields a weakly singular kernel.

1

Indeed, in this case, the singularity at s =t due to the term ;= is removable, as

. ] —
Ly 2(t — s)

5O =) _ 1,
().

Hence the kernel Kj; has the weak, integrable singularity ﬁ

However, if j # m, this is not the case. We consider the two theorems separately.

4.1 Theorem 1

1 77 is removable as it is cancelled by

For the kernel given by expression (3.20), the singularity (=

() =lm(s)?
the zero of the exponential term e 4t=s) . Therefore the kernel Kj,,, j # m, is regular at s = ¢.

Under our regularity assumptions on the known data, it follows that the system of Volterra
integral equations (1.7) admits a unique solution. The proof is identical to the proof given in [4] and

relies on general results for Volterra integral equations with weakly singular kernels, given e.g. in [8].

4.2 Theorem 2

Next we consider the kernel given by expression (3.36). For £ > 0, this kernel has no singularity,

hence invoking again the general results of [4, 8] we can deduce that the vector Volterra integral
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equation

( () ) _ ( Ni(t) ) +/t( Ku(t,s) —Ki(t,s,e) ) ( fi(s) )ds 1)
9i(t) Na(t) o \ Kat,s,e) —Konlt,s) gi(s)
admits a unique solution (ff,¢7) € C[0,T") x C[0,T) for every € > 0.

The last step in the proof is the consideration of the ¢ — 07 limit in the expression above. It
must be shown that this limit exists. To avoid technicalities and focus on the essential issue of the
€ — 0 limit, we show this for the analogous scalar case - the extension to the case of the vector
integral equation (4.1) is immediate.

We first consider the e-dependent kernel Ki2. Recall that, for a function h(s) : [0,t] — R bounded

and sufficiently regular,

t ,ﬁg ¢ - z(z (t)~l3(s))?
/ Kia(t, s,6)h(s)ds = T / () = 1) SHEEEEE . (4.2)
0

t—s—ze)3/2

We now consider the exponential appearing in the integrand

i1y () =13())?
512(t’ S, 6) —=e 4(t—s—ie)

Differentiating F with respect to s, and rearranging, we can write the integrand in (4.2) as

ll(t) — ZQ(S) . . (t — S — i€)1/2 8512
s —iepprobse) = A S T i — s —e) 05
Hence
t (t — s —ig)l/? 012
/0 Klg(t, s,e)h(s)d Z + 1 \/7/ ll ) — 2[/( )(t E— 'Lg) s h(s)ds

Integration by parts yields

(z+11>¢%/0 Kia(t, 5,€)h(s)ds =

(—ig)/? (t — ie)\/2
(1) = l2(t) + 205(t)ie 11(t) — 15(0) — 215(0)(t — ie)
/ E1a(t, s,6) { 2 s (=5 =) PH() (4 — s = ie)2h(s) + ly(s) — 20 (5) (¢ — 5 — i)

L(t) —lo(s) — 21(s)(t — s —ie) (11(t) = la(s) = 214(s)(t — s — i€))? ds-

h(t)&E12(t, t,e) — h(0)&12(t,0,¢)

We now need to take the limit as € — 0; in order to pass to the limit inside the integral on the right
hand side using the dominated convergence theorem, we must show that the integrand is dominated
by an integrable function.

Let

Hi(t,s) = li(t) — I2(s) — 2l5(s)(t — 5). (4.3)



If Hi(t,s) # 0 for all s € [0,¢t], then the integrand can be dominated by g(s) =

C

Vit—s’

and
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this

function is integrable in|[0, ¢]. Therefore, under this assumption, that we will return to below, we can

pass to limit under the integral and we find

1 t
lim ——— Kio(t,s,e)h(s)ds = —
e—0 (i—i—l)ﬂQﬂ'/o 12( ) ( ) ll(t) — 1y

£1/2

(0) — 2115(0)

$)/2h(s) + 1(s)

— 21"(s)(

h(0)&12(t,0,0)

h(s) 4 (t _ S)I/Qh/(s) B
5 2(t—5)172 o
t/gut 0{ h(t) = la(s) = 205(s)(t = s)

£1/2

S h(t) -

/ 512 t S, 0)(l1()

12(0) — 2t15(0)
l5(s) = 2l5(s)(t — s)

(L(?)

h(0)&12(t,0,0)

ds

l2(s) — 2l4(s)(t — 5))°

(-

—la(s) — 2l5(s)(t — s)

3)1/2

t (t— 8)1/2
ﬁﬂ&“””{uw—uﬂ—%w

Thus this limit has the form

N S - t :
B s J, Kot e = it et 5 [

—la(s) — 2l4(s

=) } h'(s)ds.

¢ o,
—i—/o Era(t, s)(t — s)Y/? i S)h (s)ds

with

Mys(t) = —E12(1,0,0)t1/2

we find the integral equation

H1t0

ft) = Ni(t) - (Z‘i‘l\ﬁMlz

where Nj(t) is given by (1.11).

t); 5) } ds

/512755 [15(s) — 20(s) (¢ — )]Hl(is) ds

and Hi(t,s) given by (4.3). Hence for f(t) = lim._,o f¢(¢), g(t) = lim._,0 ¢°(¢), using equation (4.1)

/K11t$

e s))2 } h(s)ds

(4.4)
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An analogous computation for the kernel Ks; yields

o) = Na(t) G+ Va0~ [ Ko (t, $)g(s)ds

. — [ [ 1 1 1
- ('L + 1) 27 {/0 821(t,8) HQ(t7 8) |:2(t . 8)1/2 - (t - 3)1/2 HQ(t, S) f<3>d8
t 1 ,
+ /0 Ean(t,s)(t — 3)1/2mf (s)ds} , (4.5)

with Na(t) given by (1.11),

ila () =1y (s))?
Ea (t, S, 8) = e 4lt-s—ic)

1 ! / " 1
My (t) = —521(t,0,0)t1/2mh(0) +/0 Ea1(t,5,0) [15(s) — 215 (s)(t — 5)] st
and

Hy(t,8) = la(t) — l1(s) — 205 (s)(t — s).

We claim that the two equations (4.4)-(4.5) above are a system of a generalised Volterra integral
equation of the second kind with a weakly integral kernel.

We first note that these equations are not in the usual form of a Volterra integral equation for
the functions f(t), g(t), since the right hand side contains not only the functions but also their first
derivative. A modification of the iterative proof of existence of a solution for the usual Volterra case
also works in this generalised case, see [1].

It remains to prove that the kernels appearing in the two integral on the right hand side of (4.4)-
(4.5) are weakly singular. This is clearly the case provided Hj(t,s) and Hz(t,s) do not vanish for
any s € [0,1].

For H;(t,s) the condition is that

I1(t) —la(s) = 2l5(s)(t —8) #0, VO<s<t.
Since 11 (t) < lo(t), if we assume that lo(t) satisfies the condition (1.14) we have
() — Ia(s) — ()t — 5) < () — Ia(s) — A'(5)(t — 5) = (£ — $){Iy(0) — 2'(5)] <0, s<o <t
Similarly, for Ha(t, s) the condition is
lo(t) —l1(s) — 2l (s)(t —s) #0, V0<s<t.
and if [;(¢) satisfies the condition (1.14) we have
ba(t) — La(s) — 20()(t — 5) > b1 (£) — ba(s) — 2(s) (¢ — 5) > 0.

Hence under the assumption (1.14), the regularity condition is satisfied for both K9 and Ko;. This

completes the proof of the theorem.
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Remark 1 (Linear boundaries) The case that boundaries are linear is often of interest in appli-
cations. In this case, we can extend the validity of theorem beyond the assumption (1.14). Assume

that the boundary curves are of the form
l1(s) = as, la(s) = Bs+ L, 0<s<t, O0<2a<pf, L>0. (4.6)

For Hy(t,s) the non-zero condition becomes

260 — « L
3 t—l—ﬁ.

Since s < t, this always holds if f > « > 0. For Hs(t,s), under the assumption (4.6), the non-zero

(0 =20)t+PBs—L#0<=s#

condition is

(B=2a)t+as+L#0

which is always true if all terms are positive, i.e. if 8 > 2a > 0.
Therefore, Theorem (2) is valid for linear boundaries of the form (4.6).

5 Conclusions

We have shown how to give a solution representation for boundary value problems for linear evolution
equation in one spatial variable, posed between two time-dependent boundaries, issuing from the
common point set at the origin of the (z,t) plane.

For the specific example of the heat equation, the solution is obtained as the unique solution of
a system of Volterra integral equations (1.7), valid for any choice of differentiable boundary curves
not intersecting for positive times.

For the case of the linear Schrodinger equation, the solution is again given as the unique solution
of the system of generalised Volterra integral equations (4.4)-(4.5), but only for a more restricted

class of boundaries, satisfying condition (1.14) or (4.6).
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