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Abstract

This paper provides a new general method for establishing a finite-time singu-
larity formation for moving interface problems involving the incompressible Euler
equations in the plane. This methodology is applied to two different problems.
The first problem considered is the two-phase vortex sheet problem with surface
tension, for which, under suitable assumptions of smallness of the initial height of
the heaviest phase and velocity fields, is proved the finite-time singularity of the
natural norm of the problem. This is in striking contrast with the case of finite-time
splash and splat singularity formation for the one-phase Euler equations of [4] and
[8], for which the natural norm (in the one-phase fluid) stays finite all the way until
contact. The second problem considered involves the presence of a heavier rigid
body moving in the inviscid fluid. For a very general set of geometries (essentially
the contact zone being a graph) we first establish that the rigid body will hit the
bottom of the fluid domain in finite time. Compared to the previous paper [20] for
the rigid body case, the present paper allows for small square integrable vortic-
ity and provides a characterization of acceleration at contact. A surface energy is
shown to blow up and acceleration at contact is shown to oppose the motion: it is
either strictly positive and finite if the contact zone is of non zero length, or infinite
otherwise.

1. Introduction

Finite-time singularity formation in moving boundary problems has been an
active field of research for at least the past 10 years. Historically the first cases
studied were contact problems for a symmetric rigid body moving in a fluid (see [11-
15,25] for the viscous fluid case and [16,20] for the inviscid case), which present the
simplification at the level of the analysis of having a constant shape for the inclusion.
More recently the case of one-phase and two-phase Euler interface problems have
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started to be considered. The present paper presents a new methodology addressing
finite-time singularity formation for any type of problems when the fluid equations
are the incompressible Euler equations and the physical law of the included phase
provides spatial control of the position of the interface.

The first problem considered in this paper is the formation of finite-time sin-
gularity for the two-phase moving interface Euler equations with surface tension.
This problem is known to be locally in time well-posed for a natural norm N (t)
encoding the Sobolev regularity of the velocity field in each phase and the regularity
of the moving interface (see [2,3] for the irrotational case, and [5,22,23] for the
case with vorticity).

The one-phase water waves problem is known to be locally in time well-posed
in Sobolev spaces, as the pressure condition holding in this situation avoids any
Rayleigh-Taylor instability ([1,18,27,28] for the case without vorticity and [6,7,
19,21,29] for the case with vorticity). The first type of singularity formation in finite
time for this problem in Sobolev spaces was established by CASTRO et al. in [4] by
introducing the notion of splash and splat singularity, which is the self-intersection
of the moving free boundary while the curve remains smooth (but is no longer
locally on one side of its boundary at contact). This result was generalised in 3-D
and with vorticity by COUTAND and SHKOLLER [8] by a very different approach.
Our approach can be easily applied to many one-phase hyperbolic free boundary
problems. It is to be noted that this type of splash singularity is purely restricted to
a loss of injectivity, since the natural norm of the problem stays bounded until the
time of contact.

A natural question that then arose was about what happens when we extend this
type of self-contact along a smooth curve in the two-phase context (with surface
tension to make the problem locally well-posed in Sobolev spaces). With different
methods, FEFFERMAN, IoNEscU and LIE [10] and COUTAND and SHKOLLER [9],
established that the two-phase vortex sheet problem with surface tension does not
have finite-time formation of a splash or splat singularity so long as the natural
norm of the problem for the velocity field in one phase stays bounded. The results
of [9] and [10] however do not exclude such a loss of injectivity; if it was to occur,
it would involve blow-up of the natural norm of the problem in both phases.

The present paper introduces a new methodology, based upon studying the
motion of the center of gravity of one of the two phases, which provides a differential
inequality for a surface energy introduced in the present paper. We here establish
that under some symmetry assumptions at time zero, and with gravity effects, there
will either be a loss of injectivity or a natural norm of the problem for local in
time existence will blow-up in finite time. In both cases of this alternative, we
show a natural norm of the problem blows up. This result is in striking contrast
with splash and splat singularity formation for the one-phase water-waves problem
introduced in [4], and treated with different methods in a more general context in
[8], where the natural norm N (¢) stays finite. This was essential in the analysis of
these papers in order to establish the finite-time contact, as this ensures that the
magnitude of the relative velocity between two parts of an almost self-intersecting
curve coming towards each other will be in magnitude greater than some strictly
positive quantity. Such an approach would be impossible here, as in the two-phase
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problem, any contact would involve the formation of a cusp, which would make
impossible high order elliptic estimates.

We next turn our attention to the case of the rigid body. This is a simpler problem
given that the shape of the interface stays constant for all time, which removes
some considerable level of difficulty from the previous problem. The interest of
this problem resides in allowing a more precise description of the behaviour at the
time of singularity than for the case with deformable interface.

Recently, GLASS and SUEUR [17] proved that the motion of a rigid body in an
inviscid fluid in a domain in the plane is globally in time well posed so long as no
contact occurs between the moving rigid body and the boundary. The qualitative
question of whether contact singularity formation in finite-time is possible in the
natural case where # - n = 0 on 052 arises then naturally.

The first results for finite-time contact for the rigid body case with zero vorticity
in the inviscid fluid were obtained by Houot and MUNNIER [16] for the case of
the disk in the half plane, and generalized by MUNNIER and RAMDANI [20], where
they establish for the flat bottom case with the symmetric rigid body being a graph
of the type xo = C|x; |1+°‘ (¢ > 0), that finite-time contact occurs, with a rigid
body velocity which is shown to be either zero or non zero depending on «. Other
cases involving discussions on concavity of domains are also treated in [20]. It is
to be noted that their methods, purely elliptic in nature in some rescaled infinite
strip, require the zero vorticity assumption of their paper, as the rescaling of any
non zero vorticity in this infinite strip would be problematic. By contrast, we never
do any rescaling on some infinite strip in this paper, and allow for (small square
integrable) vorticity.

For this problem of the rigid inclusion (where the shape of the inclusion does not
change), our new methodology based on a differential inequality for a surface energy
that we identify (which is a completely different approach from the methodology of
[20], where no differential inequality appeared) allows us to consider small square
integrable vorticity, and allows us to obtain a characterization of acceleration at the
time of contact, which remarkably depends only on the size of the contact zone.
We first establish here the question of finite-time contact at Tr,x > 0 when gravity
effects are taken into account (in particular the rigid body is assumed of higher
density than the fluid phase). We then establish a set of blow-up properties satisfied
by the fluid velocity and pressure fields and acceleration as t — Tax, Which are
new for this kind of problems:

e First, although the solid velocity stays bounded for all time of existence, the
present paper establishes the fluid has a radically different behaviour, as the
L?(3£2) norm of the fluid velocity approaches oo near contact. This happens
in a neighborhood of the contact zone, whereas away from the contact zone,
the fluid velocity stays bounded.

e Second, this work also establishes that the acceleration of the rigid body be-
comes infinite in the upward direction at the time of contact, except for the case
where the contact zone contains a curve of non zero length, in which case the
acceleration remains strictly positive and bounded close to the time of contact.
This behaviour is strikingly different from the behaviour of a material point
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falling in void (the basic question of elementary Newtonian mechanics), for
which the motion has constant negative acceleration —g.

The plan of this paper is as follows: in Sections 2 and 3, we remind the vortex
sheet problem with surface tension, precise notations, and our type of initial data.
In the essential Section 4, we derive an equation linked to the motion of the cen-
ter of mass of the included phase, using in particular the formulation (20) for the
incompressible Euler equations (which allows us to replace the pressure on 952 by
an equivalent expression in terms of velocity and acceleration in the fluid, by inte-
gration of the tangential component of the Euler equations). This equation, where
appears a signed surface energy (depending on the sign of the vertical component of
the normal vector on the boundary), does not depend on the choice of constitutive
relation in the included phase. In Section 5, we deduce from the equation obtained
from the previous section a differential inequality for a surface energy. This differ-
ential inequality structure appears by some elliptic estimates away from the heavier
phase (corresponding to parts of d£2 where the sign of the vertical component of the
normal is opposite to where contact may occur). The elliptic estimates performed
(based on conservation of rotational and on a priori control of the L? norm of veloc-
ity) allow to establish the velocity field is smooth (at least for the energy appearing
in the differential inequality) away from the interface. The differential inequality
obtained appears in a way quite natural to the problem of a moving Euler phase,
and is also quite different from the pioneering works of SIDERIS [24] and XIN [26]
for compressible Euler and Navier—Stokes equations. We then use this differential
inequality to establish the first theorem on finite-time singularity formation for the
Euler vortex sheet problem with surface tension and gravity effects:

Theorem 1. Let 2 C R? be a bounded domain of class H % which is symmetric
with respect to x| = 0 and satisfies the assumptions of Section 3 (in particular the
bottom of 352 is a general graph, see Fig. 1 in Section 3), and let 2+ C §2 be a
domain of same regularity whose center of gravity is at altitude h at time zero, and
which is symmetric with respect to x;1 = 0. Let 2~ = 2N 2+, With ua—L being
our initial velocity field in each phase and wy, = curl u, let us assume that

lug |l 20+ + log 20—y + 7+ 18827

is small enough (satisfying (22) and (80) stated later), and that p*™ > p~. We also
assume our initial velocity field satisfying u(jf e H3(Q2%) with (ua' —ug)-n=0
on 2% and uy -n = 0on ds2 (where n is the exterior unit normal to 952~ ). Then,
for some Tnax € (0, 00), any solution of (4) satisfies that:

1) either limt—>TnTax N(t) = oo, where

N@ = llu" g3y + 1 g3 @ e + I Taspes)

where n~ denote the Lagrangian flow map associated to u™;

2) or there is either a self-intersection of the interface 32V (Tnax) with itself, or
contact of 321 (Tax) with 82 at Tmax;

3)or [y™ [iolu~>dldt = oco.
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Remark 1. We can substitute in this Theorem any norm N (¢) for which the problem
has a local in time existence. This particular norm was chosen due to our result of
local in time existence in [5].

Remark 2. If we were to assume the density of the material initially inside 27 to
be strictly smaller than the density of the material initially in £27, similar theorems
would hold, assuming the top of 92 to be under the form of a graph.

The cases 1) and 3) obviously involve a blow-up of N. We now show in Sec-
tion 6.1 that the second case (corresponding to a loss of injectivity) leads to the
blow-up of the following norm:

Theorem 2. If the case 2) of Theorem 1 is satisfied then

t
lim [[Vetli~@ata) + ) / Vil oo )] = 00, (1)
:t 0

t— Trax
where T denotes the unit tangent on 327 (t).

Remark 3. If we assume our initial data to have a smoother curl in both phases:
curlu(j)E e H 3 (£27F), local in time existence can be carried in a similar way as in
[5], this time in the norm (of the same type as our earlier work [7])
N() = N(t + -
) =N+l oAl o
for which Theorem 1 applies similarly. We prove in Section 6.2 that if we have the
blow-up (1) of Theorem 2, then

lim sup N (1) = oo. ()

t— Trax

We therefore have proved that with this higher regularity for the initial curl of
velocity in each phase, the natural norm N (¢) blows up in finite time for all situations
of Theorem 1.

We next consider the case of the rigid body in an inviscid fluid, governed by
(92). For this problem we show a small curl guarantees a monotone fall simply by
conservation of energy, whereas in the vortex sheet problem with surface tension,
there is no guarantee that the fall even occurs (locally in time when the solution is
smooth, it can be guaranteed, but not as the singularity forms). In Section 7, the
problem is reminded, and in Section 8 is precised our initial data (which is more
general than for the vortex sheet problem). In particular, since for this problem the
contact area is precisely known in advance (vertical fall of a rigid body), we just
require this time each part of d§2 where contact occurs to be under the form of
a graph (in particular at the same horizontal coordinate, there could be different
connected components of the contact zone). In Section 9, are provided elliptic
estimates showing the velocity remains smooth away from contact (similarly as the
one proved in Section 5 for the vortex sheet problem away from contact) and the
velocity is shown to be strictly non zero before contact. In Section 10, finite-time
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contact is established (this is a generalization of the results of [20] with a very
different approach), again by using our fundamental relation (34) established in
Lemma 1.

Theorem 3. Let 2 and 2° be C? bounded domains satisfying the assumptions of
Section 8 (essentially each connected component of 352 where contact potentially
occurs satisfies ny < 0 ). Let us assume that v*(0) = (0, v3), with v; < 0, and
that p? < p°. Let us furthermore assume that the odd (with respect to x1) vorticity
satisfies

. m,
lwoll?,, s, < min —v3(0) )2,
LX) o/ Dg

(my —pf|m|>g)

207 (CDg + C) ©

with Cg, being the standard Poincaré constant in HOl (82), given by (107), D¢ being
given by (112) and C being given by (100).

Then there exists Tmax € (0, 00) such that the rigid body will touch 952 at time
Tmax with a finite velocity v3(Tnax) < 0.

Unlike in the case of the vortex sheet problem, there is no restriction on how
far from the boundary the rigid body has to be initially. This is due to our use of
the velocity of the rigid body being of constant sign in our set up of a differential
inequality (which is done differently than in the vortex sheet problem) from our
fundamental relation (34).

The next sections are for w = 0, and establish a characterization of the accelera-
tion of the rigid body at contact. In Section 11, is established an essential comparison
of various norms of the velocity in the fluid by elliptic techniques proper to this
problem. In Section 12, we provide the essential and simpler (than (34)) formula
for acceleration (128) in Lemma 5. This formula shows straightforwardly that if
the L%(3£2) norm of u/ blows up at the time of contact, and the velocity of the
rigid body at the time of contact is nonzero, then the acceleration becomes infinite
upwards (implying in particular a blow-up of the pressure, due to the definition
(92e) of acceleration of the rigid body). In Section 13 is established the blow-up of
the L2(9£2) norm (which is entirely new for this particular problem), which is an
essential step in characterizing acceleration at contact. In Section 14 is proved the
positive or infinite character of acceleration at contact depending on the size of the
contact zone. Note that for the fall of a rigid body in the Navier—Stokes context, a
different type of blow-up property is established in [15], with very different meth-
ods. The characterization of acceleration at contact presented hereafter is entirely
new for this type of contact problem.

Theorem 4. Let us assume furthermore that wy = 0. Then, with Tmax obtained in
Theorem 3, we have the following properties for the solution of (92):

D) im uf 200, = 0o;

2)

max

lizn

Tmax

. dvj
pndl| = lim —= = oo,
9925 (1) T A7
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except for the case where the contact zone between 352 and 9 2° (Tynax ) contains
a curve of nonzero length, in which case we have

V3 V5
0 < liminf —2 < limsup —2 < oo.
T O Tinax

Remark 4. Point 2) shows a drastic difference between the problem of the rigid
body in an inviscid fluid and the basic problem of Newtonian mechanics in void
(without fluid), since in the case with void, the acceleration remains constant (= —g)
for all time even at contact. It shows that the rigid body does feel the imminence of
contact by the presence of the fluid and tries to avoid it by an upward acceleration
(finite or infinite according to the size of the contact zone) opposing the fall. We
also note that point 2) establishes indirectly that the L' (92%(¢)) norm of pressure
at contact becomes infinite for the case where the contact zone is of zero length,
although the present paper only keeps the fluid velocity and acceleration as its
variables (by integrating the tangential component of the Euler equations along the
boundary).

Remark 5. Any physical model for £27(¢) such that 32 (¢) can be shown to stay
away from the part of 62 where ny = 0 (typically the lateral sides and the top
of 9£2) would be suitable for this theory (for Theorem 1). Standard models of
nonlinear elastodynamics (such as the quasilinear Saint-Venant Kirchhoff model)
for the included phase £2 would be suitable.

2. Preliminaries on the Vortex Sheet Problem with Surface Tension

2.1. Formulation of the Vortex Sheet Problem with Surface Tension

The vortex sheet problem with surface tension is a moving interface problem
locally in time well-posed from [2,3] for the irrotational case, and [5,22,23] for the
case with vorticity.

Here, £2 C R? is a smooth bounded domain of class H %, and 217 C 2 is also
a smooth bounded domain of class H % and such that 2T C £2. We consider the
incompressible Euler equations for the motion of two fluids of densities o~ and p™
that are at time zero in 2 N 27 = 2~ and 07, with surface tension and gravity
effects:

Py +u™ - Vi) + Vp* = —pTger, in 27(1) (4a)
divu® =0, in 2% (1), (4b)
(p~—pHn=—-0V(r), ona2* (), (4c)

u -n=ut-n, ond27(@), (4d)

u -n=0, onods2, (4e)

%0 = 27, (4f)

ut(x,0) = uF, in 2%, (4g)
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where the material interface 952 (t) moves with speed u™ -n = u™ - n, where n is
the outward unit normal to £27 (¢), 7 is the unit tangent, and e is the unit vertical
vector pointing upward. Also the surface tension coefficient o is classically assumed
strictly positive.

If »* denote the Lagrangian flow map associated to u*, defined by

nEe, 0 =utEx, 0,0, ¥ e 2%, 120,
nt(x,0) = x,

we showed in [5] that the problem has a local in time solution defined in the norm:

N@) = 0" llgsaer + e lms@-o) + 14" Tz @+oy- ®)

We also define the Lagrangian velocity vE(x, 1) = ui(ni(x, 1),1).
We will show this problem has a finite-time singularity formation provided
some assumptions are made on the initial domain and data and that

+ —

o> p.

To this end, we will establish that if N () stays finite for all time, then either a finite
in time contact occurs (either self intersection of 327 (¢) or between 921 (7) and
d£2) or a surface energy blows up. In case of contact, we will show that this leads
to the blow-up (1).

2.2. Global Vector Field in 2 Extending the Normal

We will need later on a smooth vector field extending the normal to 92 into £2.
We denote by n the outward unit normal to £2, and by 7 the smooth solution of
the elliptic problem:

Afi =0, in 2, (6a)
n, on dgQ. (6b)

By the maximum and minimum principles we have that for each component of 7,
1] < 1. (7

Given the regularity of 952, we have by elliptic regularity that n € H 32 c
C! (£2). Therefore,
[ Vitll L) = Ba < oo. ®)

We then define the vector field T = (72, —i1) € H3(£2), which extends the
tangent to 952 inside 2.
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2.3. Notations

Wehaven = (ny, ny) denote the outer unitnormalto 2~ (¢),and t = (11, 7o) =
(na2, —n1) denote the unit tangent vector field.

The euclidean norm of a vector will be denoted as | - |.

For a smooth domain A C R? we denote by |A| its area and by |d A| the length
of its boundary.

Due to incompressibility, we have for all time of existence 2% ()| = |2F].

We also use the Einstein convention of summation with respect to repeated
indices or exponents.

) ou . . .
For a given vector a € R?, we denote V,u = a; PP Of particular interest will
Xi

1
be the case when either a = 7(x), or a = n(x). In that case the divergence of a
vector field u written in the (7 (x), n(x)) basis instead of the (e, e>) basis reads as

divu = (Veou) - 7(x) + (Vypoyu) - n(x), 9
while the curl reads as
w =curlu = (Vyyu) - n(x) — (Vyou) - 7(x). (10)

Another context in which these derivatives will be encountered is integration
along closed curves. For instance, if 6 is a smooth 1— periodic parameterization of
a closed curve y, we have the following properties that will be used extensively:

26

T(0(s) = 7o (s), (11)
|5

duob)  06; du

as T 9s Ox;

U1 3wo6) |06
Veudl = _|%|—as P
v 0 ds

a6
00 = ‘a—‘(vzu)(Q(S)), 12)
N

ds = [uo06]) = 0. (13)

=d!

2.4. Conservation of Energy

For all time of existence it is classical that the quantity

1 :I:/ + 2 + + +
=) .p [u™(x,D)7dx+ » p~g ny dx + o027 ()],
Zgz 2+ ; o+

is independent of time. Now given that

/ nzidxzf xp dx, / x2+f xzdx=/ xp dx,
* Q%) 2-() 221(1) 2
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we then infer from this conservation that the total energy,

+
1% —
E(r>=§ T/i ut P dx + (pT —p )gf+()xzdx+o|asz+<t>|
t

—Z / =0 D dx+ (pF = p7) g 0127+ 01027 (],
N— —
20 >0

(14)

is constant in time for all time of existence of a smooth solution (namely so long
as no eventual collision with the boundary occurs, or that no self-intersection of
9827 (¢) occurs, and so long as the norm (5) stays finite) and where we defined

xt) = ! xdx = ! ntdx (15)
[27F] Jo+@ |£27]

as the center of gravity of £27 (¢). Tracking the motion of this center of gravity will
prove a powerful tool in establishing our finite in time singularity formation result
(since any pointwise estimate would be hopeless in a two-phase problem as a cusp
forms in £27 (¢) at the time of contact).

We then have for the velocity of the center of mass that

vt = ut dx, (16)

|!2+| |9+| 2+
and for the acceleration that

1 dv+d 1
——dx =
[27F] Jo+ dt 2% Jo+a)

at@t) = wf +ut-vutde.  (17)

Due to (14) and our definition (16), we have by Cauchy—Schwarz that

2E(0
/ P de < 229 (18)
*(t) m+

t

wherem . = pT|£27T|, which establishes the uniform in time control of this velocity.

2.5. Conservation of Curl in Each Phase

We have in each phase o + u® - Vot = 0, which implies, with n* being
the flow map associated to u™, that we have similarly as for a problem on a fixed
domain

@ () (x, 1) = 0" (x,0) = wp. (19)

This implies conservation of the L? norm of the curl of u~ in the £27(¢) phase,
which will be useful for elliptic estimates in Sections 5 and 9.

We will use in a crucial way the following equivalent formulation of the incom-
pressible Euler equations.
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0N Ie

0,0
F1C{n2 g(—a(>3<0}c(9!2

Fig. 1. In our convention, n is always exterior to £2 7 (¢)

2.6. An Equivalent Formulation of the Problem

First, using the definition of the curl, we see that

JOuy | duy _ dwy o duy 1> _ _
U, — +uy, — =u, — +u, —— —w U, = — —w u,.
U9 2 9xy U9 2 9x; 272 dx 2
Similarly,
_8u2_+ _duy _8u1_+ _8u2_+ o 13|u_|2+ o
u, —— —_— = _— —_— u = — .
1 0x1 "2 0x2 i 0x2 "2 0x) @t 2 oxy @
Therefore, the Euler equations in £27 (#) can be written as
_ plu _ o
p u, +V T+p =—p gex—w (—uy,up). (20)

3. Choice of Initial Data

We denote by £2 a bounded domain of class H %, which is symmetric with
respect to the vertical axis x; = 0 and whose boundary 052 is connected. This
domain is of height H > 0 along the vertical axis x; = 0, with the bottom point
on the vertical axis being (0, 0). We also assume that §2 has a part of its boundary
I, centered at the origin, with —L < x; £ L (L > 0), under the form of a graph
x2 = f(x1) and thus satisfying

ny < —agp <0, onI7. 21

We then choose £27 such that 2+ C £ to be an equally symmetric domain
with respect to the vertical axis x; = 0, which is of the same regularity class as £2.
We then define the initial fluid domain 2~ = 2 N (21)°.
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We choose ut(0) € H3(227) and u~(0) € H>(£27) divergence free velocity
fields such that their horizontal component is odd whereas their vertical one is even
and satisfying at time 0, (4d) and (4e). At time 0, the center of gravity of 27 is
located at x+(0) = (0, h). Given the symmetry of the initial data with respect to the
xl = (0 axis, we have that for all time ofex1stenceu (=x1,x2, ) = —uj (xl, X2, ),

i( X1, X2, ) = U5 (x1 X2, +). This implies for the center of gravity of 27 (¢) that

() =0=1 F(¢). This can be seen by setting the fixed-point approach of [5] in
a symmetrlc settlng.

We moreover assume

EQ LEO (5 5) 22)
ot —poglet o T\a )

and L H
{(M,Xz); X1€[ 7 2} fx) = x éE}CQ- (23)
‘We also assume
. H
I ﬂa.QC(a.Qﬂ{|x1|§L})U<8.Qﬁ{xQEED, 24)

where I} was defined earlier in this Section. The first condition can be satisfied by
taking the dimensions of the container domain £2 large relative to 27 and the initial
x7(0), and small square integrable velocities, whereas the second and third ones
are conditions on the shape of 952 (if £2 is for instance of essentially rectangular
shape, with four smoothed corners, all these conditions are satisfied).

The conservation of (14) states that

+
Z p_/m( : w2 dx + (o1 — p)gx (12T + 0132 (1) = E0). (25)
t

First, (25) shows that
EO H
x5 (1) < % <5 (26)
(pT —p7)gle2r] 8
where we used (22) to obtain the second inequality. This shows that the center of
gravity of 27 (¢) stays away from the top of 9£2. Also (25) shows that

+
3 p—/ W2 dx < E(0). 27)
¥ 2 .Qi(l)

Now, we prove 27 () stays away from the top of 352 and from the lateral sides
of £2. Using (25) again, we have, since x; (t) = 0, that

eto) < EQ < min (5, 5) , 28)
o 8 4

by using our assumption (22). Now, let x!(¢) be a point of lowest altitude of 2 (¢)
and x" (1) be a point of highest altitude of £27(¢). Then, since the straight line from
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these two points is shorter than any of the two paths along 927 (¢) between them,
we have

9t _ H

x2(6) = xh(0) £ X"y — X ()] £ —— <1 (29)

where we used (28). Thus,

H H
h [
NN = E+00 = ¢ + x5 (1),
which, with (26), provides
H H H
h

HE —+ — < —. 30
xz()_16+8<4 (30)

By introducing at most on the left point xZ(¢) and at most on the right point
xR (1) of 2% (1), we have, similarly, that

2 (1) = xf (1) —x{ (1) £ ——— <

92+ ®| _ L
2 8’

where we used (28). Thus,

L

0<xf() £ —. (31a)
16

L

Propositions (30), (31a) and (31b) then show that for all the time of existence,

L L H
2t c {(m,m); x| € [_B’ E} P f) Sx = Z} C £, (32)

with our assumption (23). Therefore, due to our assumption (24), for all the time
of existence,

H 15L
d(21(t),92 N TIY) = D =min <Z F) > 0, (33)
where I'7 C 052 was defined earlier in this Section as the bottom part of 952 under
the form of a graph.

4. Evolution of the Center of Gravity of the Moving Fluid Bubble 227 (¢)

The present section is crucial in obtaining an ODE linked to the motion of the
center of mass of the inclusion. This ODE will be shown later to lead to finite-time
blow-up for a differential inequality. These calculations are quite general and only
require £27 () to be governed by the incompressible Euler equations. In particular
they are true for both problems considered in this paper. Our aim is to establish
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Lemma 1. The vertical motion of the center of mass of 27 (t) satisfies the relation

dvzr /‘ lu~|? d
my —==p- nadl —p~— uy dx — (my — p~12%g
+ dr FYe) 2 dr 2-@1) 2 +

d

- — B ~.rdl. 34
ar foo P T (34)

Proof. We have the fundamental equation for the center of mass

W= ot / W nd
my —(©@) = —(x, X
T P o Tdr

:p"'f u;"+u+~Vu+dx

Q@

= —/ VpT +ptgerdx
(1)

= / ptndl(t) —myge, (35)
92+ (1)

where we remind 7 is the outer unit normal to £2 ™~ (¢), pointing inside £27 (), which
explains the sign in the boundary integral in (35). Using our boundary condition
(4c), this provides

dvt

me S = / (™ n+ Ve (D) di(t) — myges
t 902+(1)

= / p~ ndl(t) —myges, (36)
92+ (1)

where we used

/ Vi(zr)dl =0
3R+

for any closed smooth curve such as 3§27 (¢) (so long as the smooth solution exists).
By integrating by parts in £27(¢), we have

/ fodxz/A pfndl(t)—i—/ p~ ndl.
£27(1) 82+ (1) ko]

This provides, by substitution in (36)

dv™ _ _
my — = — p~ ndl + Vp~dx —m4gey,
dr 12 2=
which with the Euler equations provides
dvt _ _ o _
my — = — p ndl—p u, +u -Vu~ +gerdx —myges,
dr 02 -

d
—/ p ndl—p  — u - dx —(my +p |27 |)ge2. (37)
202 dr Jo-
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Next, we notice that on 952, thanks to (20), we have

o _ P _ o _
put~f+Vr<p to ——)=-rsatte u -n =—pger
=0 on 382
(38)

We now denote by 6 : [0, 1] — 9£2 a l-periodic smooth parameterization of 92
with 6(0) = (0, H). We integrate (38) along 952 between 6(0) and 0 (s) to get

—2 N s
[(P +o |u2| )(9(-)71)} = —/ (p~ger-t+p u; -1)(0(@), 1) 0" ()| de,
0 0 ————

=dl

which implies, by integrating (in the s variable) along 92, that

_ P .
— p ndl=p ndl—[p~ +p (0(0), 1) ndl
992 g 2 2 00

1 s
+/O /0 p(gertu; ) - T(@(@), )]0 (@) da n(0(s)) 16" (s)| ds.

Since 052 is a closed curve, fa on d! = 0, and thus the previous relation becomes

_ _f P
— p ndl=p ndl
a0 a2 2

1 s
+/O /0 p(gertu; ) - T(O(@), 1)|0" (@) da n(6(s)) |6'(s)| ds.

(39)
We now substitute (39) into (37), leading to
dvt d -2
my — =—p — u_dx—(m++p_|.(2_|)ge2+p_/ | ndl
dt dr -0 a2

1 ps
+ / / (pge2-t4p u; - )(0(@), NIY (@) da n(6(s)) 16’ (s)| ds.
0 Jo
(40)
We now write in a much simpler way the fourth term on the right-hand side of this

equation. In order to do so, we define f(x) = xp,s0thatVf =eyand V, f = e5-7.
Therefore,

N

F@(s) = f(©(0) +f e 7(0()) |0 ()| da . (41)
) —— ——

Ve f(6() di

Next, since

/ezdx=/ Vfdx:/ fndl, (42)
2 2 2
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substituting (41) into (42) provides, (using f(6(0)) f 90 ndl = 0), that

1 ps
/ erdx = / / er - T(0(a)]6 (o) da n(6(s5)) 16’ (5)| ds. 43)
2 0 Jo

Using (43) in (40) then yields

dvt
"4
—12
d
zp‘/ U na—p S [ war -t 1271 - pIRDge
2 dr Jo-q

a2
1 K
+/O /0 pu; - T(O(@))]6' (@) da n(0(s)) [6'(s)| ds

o P _d - .
=P ndl—p —_ u dx_(m+_p |Q |)ge2
o2 2 dt Jo-@
d 1 s
+ 5/ / p u” - T(0()]0 ()| da n(0(s)) |6'(s)| ds. (44)
0o Jo
Defining

1 K
F(1) :/o /0 p u” - T(0(@)|0 (@) da n(6(s)) |6'(s)| ds, (45)

we next rewrite its vertical component F> in a simpler way.
First, since np = 11, we have

1 K
k(1) = /0 /0 p u” - T(0@)|0' (@) da T1(0(s)) 16" (s)| ds,

which by integration by parts provides

1 K
Fy() = — /0 P T (O())0 ()] /0 1(60@) 19/ @)]dads.  (46)

Note here that we used the fact that fa o T1dl =0.
Moreover, in the same way as we obtained (41), this time for f(x) = xy, so
that V f = e and therefore V; f = e; - T, we have

fO(s) = f(©0)) + / er - 7(0() |0 ()| da, (47)
0 ————— ———

Ve f(0()) dl

which by substitution in (46) provides

1
B(t) = —/O pu” - T(@O()IO'($)] (B1(s) — 61(0)) ds.
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Using 61 (0) = 0, this yields
1
R0 == [ o7 eI 6)1 61(5) ds
0

_ f pxru - zdl. (48)
982

Substituting (48) in the vertical component of (44) proves (34). 0O

We have by integrating (34) in time the corollary

— p7/ xiu~ (-, t)-tdl
082

-t
= m+v2+(t) + p_/ uy dx — '0—/ / lu™ |*ny di dt
- 2 Jo Jag
+ (T —p7) 127 gt
[ —

>0

—p~ f xi(ug)a - Tdl —myvf (0) = p~ f (ug)adx. (49)
082 22~

Co

Remark 6. We notice the computations leading to (34) and (49) came purely from
using the incompressible Euler equations with gravity in £27 (¢) in the relation (36),
and are valid for any law governing the phase 27 (¢), including the case of the rigid
body considered later in this paper.

5. Finite-Time Singularity Formation for the Vortex Sheet Problem with
Surface Tension

We note that from our energy conservation (25) and (18), the first and second
terms on the right-hand side of (49) are controlled for all the time of existence by
a constant independent of time, while the fourth term is linear in time. We now
address the question of the third term, which is not sign definite across 952, due to
the presence of n;.

We remind that our assumptions from Section 3 imply that we can split 92 into
the graph I, centered on the vertical axis x; = 0, below the (potentially) falling
moving body in the fluid, and where ny £ —a g < 0 and its complementary, where
we will show the integral is small relative to the fourth term of (49).

From (49) and (48) we infer that

t
Fy(t) 2 myvy (1) +p*/ u, dx — p*/ /
2-@) 0 Na

- Cf ol +_ —yvioF
+p agf/ drdr + (p* — p) |27 18t + Co
0 I 2 T
>

-2
lu”|

npdl dt
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§m+v2+(t)+p_/ uy dxdx + Co
(1)

! Ju~|? Loy
—p // nydlde 4+ —(p™ — p7)|27|gt
g 2 4

t -2
_ |u™| 3 _
+p Olg/ / 5 dldt—i—Z(,O+—,O )27 |gt. (50)
0 JI

We will prove later on that for initial height 4 and initial velocities satisfying
(80) stated later, that

t
p_// lu~|?dl dr
0 Jrenae

Using the property (51), we have by 082 = I't U (I'f N 3£2) that

TP lu= |2
070!9/ t_pIRtigt = p asz/ / didt,
0 JI 2

(1+ag) < —(pt—p)RT|gt. (51)

1
4

and thus
! - 2
prag [ [ * — o2 lgr 2 ag/f L arar.
0oJr 2 02
(52)
Using (51) again, we also have
t |M7|2 1
—p*/ / nadldr + —(p* — p7)|R2%|gt = 0. (53)
g 2 4
Using (52) and (53) in (50), we infer that
|u 2
Fo(t) =2 myv, Tt +p” uy, dx + p " ag dl dr
2-()
ot —
+ T|Q+|gt + Co. (54)

On the other hand, given (48) for F», we have the existence of Co>0 (depending
on §£2) such that

R0 = 59,0_/ ™[, 1) dl. (55)
02

Using (55) in (54), we obtain
Can™ [ wicnnal
¥,

>m+v2(t)+p/ uy dx +p~ ozg//
-

ot —
+ —|9+|gf — |Col. (56)
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By Cauchy—Schwarz, this implies
Cop~ / u=1C. 0 dl
a2

> m vy (1) +p—f uy dx — |Col
20

_ 2
p e ! - Ly 1O+
di dr = - 27 gt. 57
+2z|a.<2| </O /mlu | ) 507 —p)I27 g 7

Using our energy bounds (27) and (18) in (57), we have

- 2E(0 2E0
CQ,O_f |G 0dl =2 —my | © —-p #x/lﬂ‘l — |Col
092 m4 P

_ 2
P ae t - Lo+ o+

d/ dr — — 27| gt.

+2z|3:2| </0 /mlu | ) +2(p PR g

(58)

t
f(t):// lu~|di dr. (59)
0 Jog

From (58), we have that with

B 4
g2ttt —p7)

Let

(V2EQms +V2E@p 1271 +1Col)  (60)

for all r 2 19, (58) implies

=~ _ pag _
C "(t) = 27%|gt > 0.
Qp f()—zz|39|f + - (p —p )27 gt >
Therefore, for all ¢ > 1y, f(t) > 0 and
ffy  ag

> "% 61
f2 21002|Cot )

which by integration from 7y to ¢ = #y provides

1\

1 1 a0 <l‘)
— + —In|— ).
f@® - fo) 21082|Cq )

Therefore,

1 1 t
0< < e — In (—) ,
f@ — f@o) 20R|Cq )
2102|Cqo
which shows that for ¢ = #y e “2/@) | we have
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QN TIe

0,0
F1C{TL2 §<—Oé(>g<0}caﬁ

Fig. 2. 271 (1) stays below ry fora > %

which is an obvious impossibility. Therefore, the maximal time of existence of a
smooth solution T, > O satisfies

20102|Co
Tinax = 9 e @2/, (62)

We now have to turn back to proving our missing estimate (51) (provided our
initial data satisfy (80)), which controls the velocity on I'f" (that we are sure the
moving bubble £27 (¢) stays away from, given (33)). Here the difficulty is to get the
precise bound given by (51) and not just a generic constant, or a constant greater than
the majorant of (51), and it calls for subtle observations of elliptic and geometric
natures.

Our starting point is the fact that u™ being divergence free

u” =Vite,in 27©), (63)

with
¢ =0,0n082, (64)

(we will not need the condition V¢ -n = u™ - n on 327 (r)) and
Ap=w . in 27(1). (65)
We will also need the fact that
E(0)

2 _ -2
”v¢”L2(Q’(1)) - ”u ”Lz(.Q*(t)) é 279 (66)

due to(27). We now define, for any o > %,
27 ={x € 2; x2 2a}, 67)

and
Iy ={xe2; x, =0} (68)
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From our relation (32), we know that for o > %, £25 does not intersect 1@
for all time of existence, and we will work with such values of « in what follows.

Taking 72 as being our global vector field extending » into £2 defined in Section 2,
we now take |71|2V;¢ as test function for (65) and integrate the relation in £25.

We first notice that for any unit vector a, if b = at, we have
_ 9%¢ *¢
w = Ad) =aaj iDj .
ax,' 8x.,~ 3)6,'3)6./

Therefore, for any vector a, if b = at,

32 82
laPw™ = |al*A¢ = a;a; e bib; Ly
3xiax]' axiax]'

We now simply use this expansion of A in the orthogonal (7 (x), 72(x)) system at
each point x € 27 (1), to get
2 32

9
()™ = |i(x)[2Ap = fi(x)fj(x)ﬁi(x’ B+ (R (%) 5
i0Xj ter

(x,1).

(69)
Integration by parts in 25 C £27(¢) (and remembering that the normal exterior
vector to I} is —e; and to 92 is n = n) provides us with

9? 9? 9
f |l7l|2a)_Vﬁ¢dx = / <fifj ¢ + 10 ¢ )ﬁk—¢dx
oo feX} 0x;0x; 0x;0x; Xy

2

3¢ d(ETi5L) 3¢ (it jiix 5
=— — ——dx — — ———dx
24 dx; ox; ferd ox; ox;
I I
d ad ap 0
—/ —¢~2fjﬁk— +flzﬁ]ﬁk——¢dx1
re 0x; 7 0xk
d d a 9
+/ 2 i fjﬁk—¢ + 2 i ﬁjﬁki’ dl.
024N 3Xj — Xk ij — Xk
=0 =1 on 3%2
Thus,
0p ... 0 _ _ _ 03¢ 3¢
I I = — 7 P i — —
1+ 12 /an ox; 2Tk ™ + nanjng 9, It

+ / Vo dl — / P Vig dx. (70)
0029N02 o

a
2
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‘We next rewrite /; and ;. From the definition,

12:/ it 3(]5 3(nkBXk) x+/ 3(ﬁiﬁj)3_¢ ¢

ny— dx
8xj 0x; ox; 0x; = Oxx
1 d|Vip|? A ;) 0 B]
:—f n; Vil dx+/ (i n]) ¢n —¢dx
2 Qg ox; Qo 0x;  0x; Oxg

i |Vil? Vigl* Vigl?
:_/ ani |Vagl” +/ A2 |Vid| dl—/ flz' 91"
2 oxi 2 020NI2 = 2 2“ 2

=1 on 052

d(ninj) d¢p . ¢
A E S P S | 71
+/a 3)6,' 3)Cjnk3xk ( )
‘We next move to I:
g 0? d(TiT;nx) 3¢
I =/ Tk — ¢ ¢ dx—i—/ —(Tlrlnk)—d)—(bd
0o 0x;j dxpdx; a ox;  0x; Ox
_ap 0GR L 9 9% 99
= Tj—ng dx — Tj— dx
ol 0x;j Xy i 8x] Bxk Bx,
Wy
I 0x; 0x;j 0x
ik 9| Vep|® . 3¢ _ 0T 3¢
= ————dx — Tj—nj——dx
24 2 Oxg < Bx] 8xk 0Xx;
” ) 90 00
ol 0x; 0x;j 0x
Ak |Vzo|? 2 Z
— [ VR | 9 ar - [ Ziviera
oy 0xp 2 082 2 —— rg 2
=0 on 082
0 ot; 0 0 ¢ 9
_/ 7. ¢nki—¢d / (T’r/nk)_d)_(pd (72)
o ox; = dxy 0x; o ox;  0x; 0xk

By gathering (70), (71) and (72), we obtain

vV, o2 1 on 1
/ Vud| dl:——/ V91 dx——/ 2| Ve oy
e 2 2 Jag Ix 2 Jrg

_/ _ 3¢ _ 0% 3¢ x+/ 0@ Tjie) 3¢ 99

En Eax, ax; dx; dxy
1 on; -
——/ O 1902 ——/ IVl dx,
2 Jog 0x; re

d(iiiij) 0 . 0
+f (ing) 99 ; —¢dx+/ i~ Vi dx
o dx; Oxj Bxk o

op . . . ¢ - e 8¢> ¢
+ —DTilg— + Ny —— —— dxq. 73
/2 ; ToT ik o fiaf jfig 5~ dxy (73)



Finite-Time Blow-Up for Incompressible Euler Moving Interfaces

In what follows, C; is a generic constant which does not depend on our initial
velocity and height /. Due to (7), (8) and (27), we have that

o(ninj) o ad
/ ) 20 2 dn| < €4 -
o 0x; 8xj Bxk

Hiz(f)_(t)) § CQE(O), (74)

with similar estimates for each of the integrals on §25' appearing on the right-hand
side of (73). With (73) and (74) and (19), we then obtain

/ Vgl dl S CEQ) + 10 o)+ Co [ 1P dn,
{(x2=a}Nof2 ry
Remembering that u - n = V;¢ = 0 on 952, we deduce that for any o = %,

/ ™ P dl £ C3(E0) + llwg 1172 o-) + Ca / lu™*dxr.  (75)
{(xo=a}Nof re

2

Mo

Remembering that from (32) we can take for o any value between to 5 2 , we get,
by integrating (75) for x; between & T and & 7 (keeping in mind that

H H _n _n
Ya € lu=|7dl = lu~|“dl),
472 o >alnae > 4nae

H C3H
= = 2dl < 3—M0+C4/ lu~? dx
4 Jmztnoe 4 Q- N2 <)
C3
< = Mo+ Call™ 72—y, S CsMo.
Therefore,
/ lu~)?dl < CeMy. (76)
{x2 5 N2
We now define
={xe2; x1 2a}, (77)
and
={xe2; xy =a} (78)

From our relation (32), we know that for o > %, £2¢ does not intersect 1@
for all time of existence, and we will work with such values of « in what follows.
By proceeding as for £25 we obtain in a verbatim way that

f lu~|?dl < C7My. (79)
(x1=> }ma.@

Due to our symmetry in xp, the same estimate holds for fm < Lo 7 |2 dl.
=77
Using now our assumption (24) on §2, we infer from (79) and (76) that

f lu=1>dl < CoMy.
re
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Taking / and the L? norm of velocities as well as the L norm of the initial vorticity
small enough so that

_ 1 pt—p-
Co (EO) + llog I ) < gl (80)

“4p(l+ag)
then provides the desired estimate (51), which concludes our proof of finite in time
singularity formation.

Therefore for Th,x estimated by (62), we have established that so long as a
smooth non self-intersecting and non contacting with 9£2 solution exists, blow-up
of f will occur at Ty,x, namely we proved Theorem 1. O

6. Blow-Up of Norms if Finite-Time Self-Contact or Contact with 92

We first establish that the finite-time contact cases 2) of Theorem 1 lead to
blow-up of a lower norm.

6.1. Blow-Up of a Lower Norm if Finite-Time Self-Contact or Contact with 052

Proof. Wejust provide the proof of the more difficult case of self-contact of 32T (¢)
with itself at Tpyax, the other case having a similar proof. Assume that 327 (¢) self-
intersects at Ty, and that there exists Co > 0 finite so that

t
Vi € [0, Thax)s IVeTlliepo+a) + Z/ ||Vui||L°<>(.Qi(z)) < Co. (81
— Jo

From the fact that the length of the interface and the L> norm of the velocities
uT are bounded, it is not difficult to infer from (81) that there exists C; > 0 such
that

t
Vi € [0, T, / Il e < Ci. (82)
0

From (82) we can define by continuity in time as t — Tpax

TmaX
ni(xsTmax):x“r/ vi(x,t)dt,
0

since v* has the same L norm as u™. The self intersection assumption 2) simply
means that there exists xo # x1 points of 3§27 such that

N~ (x0, Tmax) = 1~ (X1, Tmax). (83)

In [9] we proved there can only be a finite number of additional points x; € 927
such that n™ (x;, Tmax) = 1~ (x0, Tmax)- Note that although the assumptions about
regularity in [9] are stronger than the ones involved here, in order to prove this
statement (and the other statements we will make after), it is only the fact that the
length of I"(¢) stays bounded, as well as the uniform bounds (81) and (82), which
are needed.
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Remark 7. The present work does not exclude the possibility that the velocity field
in one phase would remain smooth all the way until contact. This exclusion was
done in [9]. In order to exclude this situation, which corresponds to the case of
a splash singularity (in order to have an analogous of the one-phase problem, all
relevant norms in one of the phases are assumed bounded), the extra regularity in
the framework of [9] are needed.

From (81) we see that the tangent vector at 1(xo, ?) is a continuous function of
space (due to the control of V;7) and time (due to the control of Vu ™). Given the
fact the curve first self-intersect at time Tpax We have that the tangent vector on
92T (Tmax) at each n(x;, Tmax) is the same, and we call it e (it is not necessarily
horizontal).

By proceeding in a way similar to Section 6 of [9] (assuming contact occurs with
£27 (t) being pinched), we have by the fundamental theorem of calculus applied in
a path orthogonal to e; that (™ (xg, 1), ™ (z(¢), 1)) C §27 (¢), and a path alongside
the interface between n~ (z(¢), t) and n~ (x1, t) (figure 4 of [9]) that

d _ _ _ _
a(n (x0, 1) =0~ (x1, D) = |u"(n (x0,1), 1)) —u (n (x1,1),1)]
S CollVu |l ooy In~ (o, 1) — 1~ (x1, 1)

Remark 8. The key to adapt Section 6 of [9] is simply to notice that the Claim
1 (before (6.20) of [9]) becomes in the present context 1, (x1,1) — n, (z(2), 1) =
o(D)(ny (x1, 1) —ny (x0, 1)), with lianTax o(1) = 0 (if 1 denote the coordinate along
e1 and 2 the coordinate along the direction orthogonal to ey). This shows the length
of each path involved is less than 2|n~ (xg, 1) — n~ (x1, t)|, for ¢ close enough to

Tmax, and C> can be chosen as 2 if 7 is close enough to Tax.

Therefore,

d _ _ _ _ _
d—tln (x0. 1) =0~ (1, D 2 =2C | Vi || oo - I~ (xo, 1) — 0~ (x1, D12,

which provides, by integration, that

0 = 7700 Tna) =0~ (1, TP Sy 708 19 g
In~(x0,0) = n~(x1, 0> =

and thus

Tmax
/ Vi |l Lo (- dt = oo,
0

which is in contradiction with (81). If contact had occured with 2% (¢) being
pinched, we would have had the same identity with Vu™ and 27 (¢). This es-
tablishes Theorem 2. 0O
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6.2. Blow-Up of a Natural Norm of Local in Time Existence if Finite-Time
Self-Intersection or Contact with the Boundary

We now assume our initial data to have a smoother curl in both phases: curluaE €

H?2(£2%). Local in time existence can be carried in a similar way as in [5] in the

7 _ + _ . .
norm N(t) = N(t) + ||In ||H% o+ + |In ||H% 2 for which Theorem 1 applies

similarly. We now prove that if we have the blow-up (1) of Theorem 2, then (2)
holds.

Proof. For the sake of contradiction, let us assume (1) holds and that there is
constant C > 0 such that

Vi € (0, Tmax), N(@1) < C. (84)

We have as a consequence of this bound (and the Sobolev embeddings in the
initial smooth domains £2% and £27) that

Y I lles@s £ € (85)
_l'_’_

where we take the convention C is a generic positive constant independent of ¢
approaching Tax.

Moreover due to the Sobolev embeddings in the initial smooth domains £
and £27, we have that for the Lagrangian velocities

v llorgm S ClvEllgs s (86)
Due to v = u o n and (84) and (85) we have
105 3 @%) < C- (87)
Therefore, (87) and (86) imply
Wl gz < C. (88)
Next we have from u = v o n~! (in each phase, interface included) that
Vu=Voin H Vi =vVum™) (VT = Vo) (Cofvip (7 h,

where we used det(Vn) = 1 in the last equality. Therefore, from (85) and (88) we
have
IVul Loy < C- (89)

We now look at curvature on the interface and show (84) implies it stays finite as
well. If 6 denote a smooth parameterization from [0, 1] of the initial I (in particular
|%| stays by some «; > 0 away from 0), we have

1 9%(nob)

3(1709)' 952
[ =551

k| = -n(no6)|. (90)
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From this expression and (85), we just need to ensure that |%| stays bounded
from below. Let us show this now. From

d(nob)

|8s

a6
I =1V @ 1] Z a1|(Ven)(©)],
1= det(Ven, Vam)| < [Venl|[Van| = C| Ve

0 0
(where we used (85)), we infer (7780 )‘ > %. Therefore, curvature stays
s
bounded independently of time:
lcllzooray = C, (C2Y)

where we remind readers that C > 0is a generic constant independent of time. From
(91) and (89) we have a contradiction with (1), which shows that (2)
holds. O

7. Equations of the Rigid Body Moving Inside an Inviscid Fluid, Stream
Function and Conservation of Energy

We now consider a rigid body moving in the inviscid fluid. The rigid body
dynamics is described by the following unknowns:

The position of the center of the rigid body at time 7: x*(¢).
The angular velocity of rigid body at time ¢: r(¢).
The velocity field in the rigid body £2°(¢) = £2°(0) + (x*(¢) — x*(0)):

W (e, 1) = 00 + () = 2 @), (1, x0) "t = (—x, x0).
e The fluid phase is described by the incompressible Euler equations in 27 (1) =

2N 828 (t)c, with unknown velocity field ul (x, 1) and pressure field p(x, t).
This classical interacting fluid-rigid solid system is written as

pr] +ul - vuly+vp= —prger in 27(), (92a)
divu = 0 in 27@), (92b)
ul n= u'-n on 92°(t), (92¢)
ul n= 0 on 32, (92d)
d N
mg v / pndl —mgg e, (92e)
dt 9025 (1)
dr ¢ n
I,— = px—x"()" -ndl, (92f)
dt 325 (1)
ul (0) = uo in 27, (92¢)

x*(0) =x3, v*(0) =wvp, r(0)=ro, (92h)
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where n is the exterior unit normal to 2/ (¢), pointing inside £2°(¢), and e; is
the unit vertical vector pointing upwards. Also, my = p*|£2%| is the mass of
the rigid body, and I the inertial moment. In this paper we assume that

Ps > Pf- 93)

The existence and uniqueness of this system (if the initial data satisfies u({ n =

(v‘(‘) + ro(x — xg)J-) -non d82° and ug -n = 0 on 052) was established by GLASS

and SUEUR in [17], which shows the existence and uniqueness of a solution to this
problem so long as d£2° () does not touch 952.

We next establish the boundary condition satisfied on the boundary of the solid
body by the stream function and remind the conservation of energy.

7.1. Stream Function

Since u”/ is divergence free we have ul = quﬁ = (—g—g, g—)‘f’l), with ¢ the
solution of the elliptic system

AP, 1) = w(-, 1) = curlu’ (-, 1), in 27 (1), (94a)
$(,1) =0, ondf, (94b)
¢ (x,1) = v3(r)x;, on d2°(¢). (94c¢)

Since V;¢ = u’/ - n we then have V¢ = 0 on 352 which ensures we can
choose ¢ = 0 on the connected 2. On the other hand, we have on 0£2,(¢) that

Vigp = v;(t)n2 = v;(t)fl = vi(t)V,xl,

which provides ¢ (x, 1) = v3(t)x; + c(¢). Next, by the fundamental theorem of
calculus, if we denote by r; the distance from the centre of gravity to the lowest
point on x; = 0 (which is not necessarily the lowest point of the rigid body, just
the lowest on the vertical axis of symmetry), then

x2(t)—r2 A
¢ 0, x2(t) —r2,-) = ¢(0,0,) +/ 8_(0’ X2, ) dxp
0 X2

x2(t)—r2 s
:_/ uy (0, x2,-)dxa =0,
0

due to the fact u{ is odd. This in turn provides us with c(¢#) = 0 and (94c).

7.2. Energy Conservation

For all the time of existence it is classical that the quantity

1 1 . . )
—mg|v*[*(1) + = p’ / w01 dx + mggx3 (0 + o7 g f n) dx (95)
2 2 240 Qf
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is independent of time. Similarly as to establishing (14), this shows that the total
energy

1 ) 1
E(t)= Emsm?(t) + Epf/

! (x, 01> dx + mysgx3 (1) — p’ gx5(1)]$2°]
27 @)

1 ) 1
= Emsm?(t) + Epf/

! (x, 1> dx + (p* — p') gx3(1)12°] (96)
27 @1) ——

>0

is constant in time for all the time of existence of a smooth solution (namely from
[17] so long as no eventual collision with the boundary occurs).
Thus,

1 1
Ems|vs|2(t) + E,Of /

! (x, D> dx + (p° — p)gxs (1)|2°] = E(0). (97)
7@

Moreover, since xé > 0, we also have from (97) the control of the kinetic energy:

1 ) 1
5m5|v5|2<t)+ zpf/

lul (x, )> dx < E(0). (98)
2 @)

8. Choice of Initial Data

We denote by £2 a bounded domain of class C2, which is symmetric with respect
to the axis x; = 0.

We then choose £2° such that 25 C £2 to be an equally symmetric connected
domain with respect to the vertical axis x; = 0, which is of the same regularity
class as £2.

We then define the initial fluid domain 2/ = £ N (2%)°.

We choose
v*(0) = (0, v3(0)), with v3(0) < 0, (99a)
u’ (0) divergence free with u/ (0) odd, u] (0) even,and,  (99b)
v5(0)ny = u’ (0) - n on 3£2°, (99¢)
r(0) =0, (99d)
x*(0) = (0, h), (99)

with 2 > 0 such that 25 C Q.

Given the symmetry of £2 and £2° with respect to the x; = 0 axis, as well
as the symmetry of the initial data with respect to this axis, we then have that
for all time of existence u/ and u® are symmetric with respect to the vertical
axis x; = O: u{(—xl,xz) = —u{(xl,xz) and u{(—xl,xg) = u2f(x1,x2) and
vi(t) = 0, r(t) = 0 for all time of existence. Therefore, the rigid solid falls in
a vertical translation (at a speed dependent of time) and there is no rotation. The
argument is simply to use the construction of solutions of [17] pp. 937-942, set up
with r = 0 in the functional framework.
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As we will see later on, the assumption (99a) together with a small square
integrable vorticity ensures that if the rigid body falls from its initial position, then
the rigid body keeps falling for all time of existence.

Here, since we know in advance where contact would occur (vertical fall of a
body keeping its shape), we just need contact to occur on a strict subset of

I ={ny = —ag <0},

(for some a; € (0, 1)) with I'7 being not necessarily required to be connected
(unlike in the case of the deformable interface). The vertically falling rigid body
then stays away from 0£2 N I'f by a strictly positive distance.

9. Elliptic Estimate Away from the Contact Zone and Non zero Velocity for
the Vertically Falling Rigid Body

Our starting point is (34) which is valid for this problem as well, since it was
established from (36) which is satisfied for this problem as well.

Due to the nature of the vertical fall of a rigid body not rotating, any point of
082 N I'Y will stay away from §2°(¢) by a positive distance D > 0 for all time in
[0, Tax)s Tmax being the maximal time of existence of a smooth solution (that we
do not assume finite or not here). In a manner similar to that in which we proved
the boundary estimate (75) for the vortex sheet problem (for which we used the
conservation of curl (19) in £2~(¢), which holds in £2/(¢) for the problem with a
rigid body), we have by using £2(x)V, (xo)® (x, 1) (where & is a cut-off function in
a neighborhood of xo € I'f) as a test function in the same elliptic system (94)

Lemma 2. For all the time of existence of a smooth solution,

“uf“iz(i)ﬂﬁf‘lc) § C (“uf“iZ(Qf(t)) + ”wOHiZ(Qj)) ’ (100)
where C > 0 is independent of time.

Remark 9. Of course the energy estimate implies that [|u/ || L2(2/ (1)) 18 bounded
uniformly in time, implying that the right-hand side of (100) can be replaced by
just a constant C independent of time. Although having just C is enough for most
of our purposes, it turns out that the more precise form (100) is used in Section 10
in a crucial way.

In a similar way we also have, for I}’ (¢) being the vertical projection of I'; on
082°(2),

Lemma 3. For all the time of existence of a smooth solution,
||uf ||L2((1“ls(z))cmam(,)) =C, (101)

where C > 0 is independent of time.
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We next establish that the rigid body keeps falling for all time of existence of a
smooth solution with our small square integrable curl assumption.

Lemma 4. With our choice of initial data in Section 8, for all time t > 0 of existence
of a smooth solution, we have v3(t) < 0.

Proof. Since v;(0) < 0, we know that for some time 7 > 0 we will have v3(z) < 0
forall t+ < T. Now let us assume that there exists a first value of 7o > 0 such that

vy (to) = 0, (102)
while there is no contact with 02 at ¢, with
vVt €10, 1p), v3(t) <O (103)

(namely the rigid body is with zero speed at #(, and does not touch 952, and was
before that time falling at a negative vertical speed). From the start of this Section,
we have u/ = V1¢ satisfying (94).

From the elliptic system (94) we immediately have by Green’s theorem that

/ luf > dx = —/ wpdx + vg(r)/ Vo x1 dl
2 @) 27 @) 9025(1)

= —/ w¢ dx — vg(r)/ ul o7 oxpdi. (104)
27 (@1) 9825(1)

Therefore,

2 K
||“f||L2(Qf(,)) = ||¢||L2(_Qf(t))||w0||L2(_Qf) + |U£(f)|

/ uf-rxl dl'.
3825 (1)

(105)

We now need to establish a Poincaré inequality for ¢ (independent of how close to
contact we are), in order to control [[¢|| ;25 (4))- To do so we simply notice that if

we define ¢ as
P, 1) = 1os ) (P () + I (D) (1)1, (106)

we have, due to the continuity (94c), that q_b e HY(£), and due to (94b), that
q’_> € HO1 (£2). Note here that this is done for any 7 such that 9£2°(¢) and 952 do not
intersect.

By the standard Poincaré inequality for ¢ in £2, we then have (independently
of any ¢ such that 9£2°(¢) and 952 do not intersect)

/ $>dx < CQ/ [Vp|>dx = Co </ |Vo|? dx + vj(t)2|.{25(t)|) )
Q Q 5@

(107)
From (105) and (107) we infer successively, that

. [ C
2 L2271 (1) 2 2 s
||Lt ||L2(Qf(t)) = 2Cq + ) ||w0||L2(Qf) + |v2(t)|

/ ul TX] dl‘
9525(1)
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1 2 1 2 CQ 2
g EHV(p”Lz(.Qf(t)) + Evi(t) |Qs| + 7||w0||L2(Qf)

+ [v3 (1) / ul T x dl'.
0825 (1)

Therefore,

1l 13201 ) S VBO12° ]+ Callwoll?s g + 21030

/ ul ot X1 dl‘ .
2925 (1)
(108)

We will need later on to replace the integral set on 9£2°(¢) by an integral set on
a52. This is done in the following way:

/ xiul tdl = / X1 (u{.nz — ug'nl) dl. (109)
325(1) 3825(1)

Now, by integration by parts in 27 (1) for the right-hand side of (109), we have

f f
d(xqu; o(xju:

f )C]uf.-[dlz_/ xl(“{”Z_u{nl)dl—Ff (x1 1)_ (x1 z)dx

3925(1) EY?) f@ 0x2 0x

:—/ xluf-rdl—/ x1w+u2fdx
a0 27 @)
0
=—/ xluf-rdl—f x1w+—¢dx
IR 2/ ) 0x1

—/ xluf-rdl—/ xiwdx — v3(1) xyny dl,
90 /(1) 9925(t)
(110)

where we used (94b), (94c) and integration by parts to obtain the last term above.
Therefore using (110) in (108) we obtain

1t/ 132070y S V3O (12°] + 2diam(29)[982°]) + Cellwol 2 g 1,

/ xjwdx
Qf @)

Using Young’s inequality for the last term of the right-hand side, we obtain

+ 2[v3 )]

/ ul T x dl‘ + 2[v3(0)]
a0

lluf ||§2(Qf(m < v3(1)2(192°] 4 2diam(£2°)[92°| + diam(£2)?)

/ uf-txldl’
02

< Do (W5()* + |v3(®)| ‘/ ul T x dl‘ +llwoll7agr)s (111
982

+ (Ca + 127 Dlwoll7 g ) + 21050
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with
Do = max(|2°] 4+ 2diam(£2°)|32°| + diam(£2)%, 2, Co + |27]).  (112)
Thus, if v3(tp) = 0, we infer from (111) that
1l 1721y < P2llonllfz gy (113)

Therefore, the total energy satisfies

Do . .
E) = =T lenlga g, + (0" = pDgx3 )1 2°]. (114)

Now, from (103) we infer that
vt € [0, t9), x5(t) > x5(to). (115)

With our assumption (3) of smallness of wy relative to v3(0), (114) and (115) lead
to

E(to) < %w;(onz + (p* — p/)gx3(0) = E(0),

which is in contradiction with the conservation of energy. Therefore, for all time
t such that £2%(¢) does not intersect 2, we have v3(t) < 0, which proves the
lemma. 0O

We can now prove our general finite-time contact Theorem 3.

10. Finite-Time Contact for the Rigid Body Vertically Falling Over a Contact
Zone Locally Under the Form of a Graph

Proof. We now assume that the rigid body does not touch 952 at any finite # > 0.
From [17], we then know the maximal time of existence of a smooth solution
satisfies

Tax = 00. (116)
From Lemma 4, we infer
t
Vi 20, x;(t) =h —/ [v5(s)] ds,
0
which shows that
o0
/ [v5(s)|ds < h. 17
0

We now integrate (34) from O to ¢:

s s f ! |Mf|2 f s
ms (v3(t) —v3(0)) = p / / 3 nodidt — (mg — p’ |2°)gt
0 Jog
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—pf/ xluf(-,t)ordl—i-pf/ xiul (-,0) - Tdl
082 082

—pf/ u{(-,r)dx+pf/ wl(,0)dx.  (118)
/() f

We now write

|ul |2 |ul 2 |ul |2
/ nydl = / npdi +/ (—oo + (n2 +ag))dl,
2 2 n 2 renge 2

(119)

which, thanks to I} C {ny £ —ap < 0},0 < ap < 1, provides us with

e e
/ ju’l n2dl§—a9/ ju’] dl+/ ul P di. (120)
0 2 e 2 renae

Using our elliptic estimate (100) away from the contact zone, together with the
other elliptic estimate (111), we infer that

/ /12 1y dl <—a9/ idl+CDQ(||wO|| +u(1)?
e 2 - a2 2 L@l T 72

+ [v5(0)] /m ul T xi dl‘) + Cllwoll32 o,

A

W 4 (€D + Olwnl?
—QaQ 90 ) +( .Q+ )|||w0||L2(_Qf)

+CDg (v%(t)2 + |v3(7)|diam(§2)+/]982| / luf - r|2dl> )
a2

Integrating this in time and using Young for ¢ > 0 for the last term, we get

|uf|2 uf|?
ngdldt<—ag —dldt+(CD_Q+C)||a)0||L2(_Qf)t

t
1+ CDallvSll=o / 3] di
0

C Dodiam(£2)?
+
de

t
vs ()% dt
0
t
+CD98|8!2|// lul |?dl dr. (121)
0 Jog
Noticing that due to (117),

ro ! ) 2E(0)
/ ()2 dr < IIUEIILOC(()J)/ 3 ()| dr = hl[vylize,) < p” h,
0 0

N
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aQ
4CDg|382|’

|uf 2 u” |2
nodide < —ap ——dldt + (CDg + C)IIa)olle(_Qf) t

CDg|d2|diam(£2)> [2E(0
+ CDg(1 + SRR diam(2)7) [2E©), (5
[0 %0 Mg

we infer from (121) that for ¢ =

Reporting (122) in (118) we obtain

n n n t
pf/ xlu-f(-,t)~rdl§—p~fa9//
082 0 082

+p/ C(Da+Ditllwoll}a o, —(0° = p))I2°181+C1,
(123)

where we also used the conservation of energy to have an estimate uniform in
time for the terms not explicitly reported in (123) and controlled by some C; > 0
independent of time. Therefore, remembering our small curl assumption (3),

ol Ix1 L2 /a ! |-, 1) dl
A YEol
_“‘”’ // ! Pdiae + L= P28 p)| 8, _c,.

Proceeding in an identical manner as to the one in which we obtain (62) from (58)
we infer that the maximal time of existence Tp.x of a smooth solution is finite,
which is in contradiction with our assumption that it was infinite. Therefore,

Tiax < 00. (124)
From [17], the rigid body will then touch 02 at Tpax. O

From now on we assume that wg = 0.

11. Equivalence of Norms for the Velocity Field when v = 0

We have by integration by parts that

0 =/ Aul - uf dx
Q7@)

= —/ |Vu!|? dx +/ Vou! -ul dl.
7 @) 0827 (1)

Therefore, expanding in the (z, n) basis,

OZ—/ |Vuf|2dx+/ Voul nul n+ vl cul rdl,
27 () /@)
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and using the divergence and curl relations on the boundary integral,
O:—f |Vuf|2dx+/ —Voul tul n4 (Veu nyu Tl
25w 32f (1)
Rearranging the last term of the boundary integral, this identity yields

0=—/ |Vuf|2dx—/ Veu! -t ul ndl
7@ 921 (1)

+ / (Ve -n)y —ul - Venyul - rdl. (125)
0027 (1)
By integrating by parts the first integral set on 352/ (1), (125) becomes
/ |Vuf|2dx:/ ufoVTqu~n+uforV,(ufon)dl
27 (1) 3R/ (1)
+/ V,(uf'n)ufw—ufoVTnuf-rdl
927 (1)
=/ Kuf~nuf-n—{—uf~IVr (uf~n)dl
02/ (1)
+/ Vew! mu -t +xul zul ordl,  (126)
a2s ()

where we used V; 7 = k nand V; n = —k1 on 927 (t) (we remind n points
outside 27 (¢)). Using the boundary conditions ul -n = vg(r) - non 2%(r) and
ul -n = 0on 32, we obtain from (126) that

/ |Vuf|2dx=/ K(vs~n)2+2uf~tvs~V,n+/<(uf~t)2dl
27(@1) 0825 (1)
+/ K (u! - )*dl. (127)
02
12. A Formula for Acceleration at Time of Contact for the Case Without
Vorticity

Our aim is to establish the following formula for the case without vorticity,
which will be crucial to characterize the acceleration at contact later:

Lemma 5.

E0) + (o) — p*)gx5]82°| dv} jul 2
) 2 _2=_pf/ nydl + (of — p*)g|82°].
982

(v3)? dr

>0 by (135) seen after
(128)
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Proof. Using (104) we obtain that

/ _ lul > dx = —vi(t)/ ul -7 oxpdi.
/@ 325(1)

Using u/ = V for some potential v (since in this Section u/ is curl free), this
provides

/ lul > dx = —vg(t)f Ve xpdl
27 @) 9825(1)

= (1) ¥ Vexpdl
0825(t)

= v5(1) ¥ dl
305 (1)

= v(1) ¥ npdl. (129)
3825(1)

We will also need the following simple identity:

d
/ u{ dx = / —1// dx
2f @) 2f@) 0x2

:/ 1//n2dl+f v npdl. (130)
982 082 (1)

From (34), we obtain that

duvs . fi2 d )
m, 32 :p.f/ Ll nzdl—p/—/ uf dx — (s — p'|2,Dg
2 _Qf([)

dr FYe) dr
f' d
+ 0o’ — ¥ nadi, (131)
dt a0
where we used f ul - Tx 1dl = — Yny dl which is established similarly as
982 082
in the proof of (129). Using (130) in (131) yields
dvg luf? d
mg —2 = pf/ nydl —(my—p'12,)g—p! — Y npdl. (132)
dr FYe) 2 dr 325 (1)

Using (129) in (132) yields

2
dvy ul? d (Il ll520r
‘ =p/ dl — (m, — ol 12,Ng — o/ — @@ )
oy TP /(,9 5 madl — (s — pl182:D)g — p7 vg

(133)
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From our conservation of energy, (133) becomes

dvs |Mf|2
ms—zzpf/ nadl — (ps — p!)|%2%lg
dt a2 2

Cdr

d <2E<0) —my(v9)> +2(pf — pf)gx;m)
v ’

and thus by noticing that the second term in the time derivative on the right hand
. . . dvs .
side of this relation equals m %, we obtain

d <2E(0> +2(p7 — p*)gx312°]

0=P/’/‘ wr nadl —(p* —p!)|8251g——
FYe) 2 2 518 dt U;

(134)
The quotient rule for the last derivative of the right hand side of (134) then yields
the desired (128). O

As a corollary of Lemma 5 we notice the following to define velocity at time
of contact: since np < —ag on I, we have that /Tmﬂx |uf|2n2 dldt is well
defined in [—o0, 0]. Since u/ is bounded away frorr? contacl:t1 in LZ(FI" Nas2) we
also have that /0 e / - u/ 2y didt is well defined in R. Therefore (134)

o

shows that
i 2E© +2007 — pYgxy (0] 2°)
1= T vy (1)

€ [—00, 00).

Since the coefficient
2E0) 4 2(p7 — p)gxs(1)12°] 2 mylvs(0))> 4+ 2 (0° — p) g (h — x5(1)) |2°]
e s

>0 >0
> Cy>0 (135)

is positive this provides that the following limit is well-defined:

U;(Tmax) = lim Ui(t) € (—o00,0],

t— Tiax

which allows us to speak of a velocity at contact.

13. Blow-Up of the L%(3527 (1)) Norm of the Velocity Field in the Fluid in the
Case Without Vorticity

13.1. Blow-Up of the L>(382/ (t)) Norm of u’ as t — T ax Jor the Case
U;(Tmax) =0

Integrating (134) from O to Tjhax and using (135) we infer

Tmax
/ / |uf|2n2 dl = —o0.
0 082
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Fig. 3. »f (t) =fluid region between blue, red and purple curves

13.2. Blow-Up of the L>*(327 (t)) Norm of u! ast — T ax Jor the Case
Ué(Tmax) <0

Proof. In this case we have the existence of @ > 0 such that

2E(0)

mg

Vi € [0, Tmax), —

S < —a <.

Let us now assume that we have the existence of 8 > 0 such that for a sequence
of points #, converging to Tiyax, We have

f ! (t,)1*dl < B. (136)
0827 (t)

In what follows we work exclusively with this sequence of points, that we denote
r.

Let us denote by xo € 952 a point where intersection occurs at Tmax. By as-
sumption our normal vector satisfies

na(xg) = —agp < 0.

We also know that at the intersection, the direction of the normal vector to 9 £2° (Tax)
at xo will be the same as n(xp). We now for ¢ > 0 small consider the curve y, C 952
centered at xg, and with length . For 7 close to Tinax, we then call y,(¢) the pro-
jection of y, on 9£2°(t) parallel to n(xp). Namely, for ¢ close to Tjhax and € > 0
small, these two curves are almost like segments of length ¢ which are orthogonal
to n(xp).

Remark 10. y¢(¢) and y. do not need to be locally on one side of the tangent at
xo(t) and xg, respectively.
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Since our curves are of class CZ we have the existence of C > 0 such that the
area A between y; and the tangent line passing through xg satisfies
|A;] < Cé3. (137)

Next we remember that since the fall of the rigid body is purely vertical, the vertical
projection of xg onto d£2°(¢), that we call xo(¢) satisfies

n(xo(1)) = —n(xo), (138)

as well as xo(t) € y,(¢) if t is close enough to Tinax. Then, similarly, by increasing
C if necessary, the area A, (¢) between the tangent line passing though xo(#) (which
is perpendicular to n(xp)) and y, (¢) satisfies

A2 ()] £ CéP. (139)

Next the distance between between xq and xq () satisfies (since x¢(Tmax) = X0)

2E(0)

lxo — xo (1) = (Tmax — 7). (140)

N
——
Co

If we denote by w, (¢) the region comprised between y, y; (t), and the two segments
parallel to n(xg) and starting at an extremity point of y,, we have

e (D] £ 1AL + [A2(1)] + £lxo — x0(1)] S 2CE” + Co(Tmax — e (141)

Now, by integration by parts,

/ Vatoytt! - n(xo) dx =/ ul - n(xp) n(xp) - ndl. (142)
we (1) YeUye(t)

Thus, with (127) and our assumption (136) we obtain by Cauchy—Schwarz that

/ ul . n(xg) n(xg) - n dl' < CV et (1)] (143)
YeUye (1)

for some C > 0 independent of # and ¢. We next have on y, that
In(x0) —n| < max|k|lye| < Ce (144)

for some C > 0 independent of ¢ and ¢. Taking ¢ > 0 and Typax — ¢ > 0 small
enough, we have
lye ()] = 2e. (145)

Due to xo(t) € y,(t) for ¢ close enough to Tpnax and (145),
Vx € ye(t), |x —xo(t)] = 2e.
Therefore the distance on y,(¢) satisfies (for € > 0 small enough) that

Vx € ve (1), dy,(n(x, x0(1)) = 3e.
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Therefore,

Vx € ye (1), In(xo(1), 1) — n(x, )| < max |k |maxy, @ dy, @ (x, %)) = Ce
(146)
for some C > 0 independent of # and £. We now write for y, that

ul -n(xg)n(xg)-n = ul (n(xg) —n)n(xp) n+ul -n(n(xp) —n) n+ul nnn,
=1

while for y, (1),

uf~n(xo)n(x0)~n = uf~(n(x0)+n)n(xo)~n—uf-n(n(x0)+n)~n+uf-nu.
=1

Using these two equations in (143), (144) and (146), we infer that for some C > 0
independent of # and ¢,

/ ul ndil §C\/|a)€(t)|+C8/ lul|dl
Ve (1)

Ve (DUye
<CVIw O]+ Ce(/1vel + VIveODIul I 22r iy (147)
Using the boundary condition uf - n = viny on 9£2°(¢) and our estimate (141)
as well as our crucial assumption (136) we then obtain from (147) that for some
C > 0 independent of ¢ and ¢,

v; (1) ny dl‘ S CVed 4 e(Tmax — 1) + Cen/e. (148)

Ve (1)

Therefore, since for ¢ > 0 small enough and ¢ close enough to Tax, 72 0n Y (t) is
close to —n(xq), which satisfies n (xg) < —a; we then infer from (148) that

[0S (1) |age < 2Cve3 4 e(Tmax — 1) + 2Ce /5.

Letting (with ¢ > 0 fixed) r converge to Trax We then have
|U§(Tmax)|olﬂ < 2C«/§+ ZC\/E.

This identity being true for any ¢ > 0 small enough leads us to obtain that
v3(Tmax) = 0, which is in contradiction with our assumption that v (Tmax) < O.
Therefore our assumption (136) has to be rejected, which means we proved 1) of
Theorem 4:

im 201 — 00 (149)

1= Tmax

O

Remark 11. Away from the contact points at time Ty, the velocity field in the
fluid stays smooth by elliptic regularity (by (100) and (101)), so it is indeed at the
contact points that the blow-up is localized.
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We now establish that contact occurs with an infinite upward acceleration for
the solid, except for the case where the contact zone at T, contains a curve of
non-zero length, in which case the acceleration becomes strictly positive as contact
nears, while staying bounded.

The blow-up (149) shows that the first term in the expression of acceleration in
(34), established in Lemma 1, will tend to —oo (since n> < 0 in the contact zone).
This term indeed contributes oppositely to the announced result. It is the detailed
treatment of the last term of (34) for the case without vorticity which allows us to
rewrite this term and obtain (128) in Lemma 5. In turn, (128) shows in the next
section that the acceleration of the rigid body is either positive finite or infinite at
contact, establishing a repelling effect of the boundary at contact.

14. Positive or Infinite Upward Solid Acceleration at Time of Contact for the
Case Without Vorticity

From (128) in Lemma 5 we immediately have

EO) + (pf — p*)gx3|2°] dvs d§ '
L EO) + (p! — p*)gx3|$2°] dv) 2pfa9/ 1 41y (o — gl
082

(v3)? dr 2

; !
—p / (2 +ag)dl,  (150)
aenre 2

bounded by ( 100)

where we used in (150) the fact that np < —a on I7.

We can now conclude on our acceleration. We will have to distinguish three
cases. The first case is when the velocity at contact is nonzero. The next case is
when the velocity at contact is zero, and contact occurs on a set of zero length,
which has the same conclusion with an infinite upward acceleration. The final case
considered is when contact occurs on a set containing a connected component with
non zero length, for which we establish that the velocity at contact is zero, and the
acceleration remains finite and stays away from zero.

Case 1. v5(Tiax) <0
From (135), we infer from (150), the fact that the velocity stays away from zero,
and our blow-up (149) that

) dvy
lim —=(t) = oo. (151)
t— Tiax

From (151) and (92e), we immediately have

lim pndl = oo, (152)
t—Tmax J 9825 (1)

which establishes the blow-up of the normalized (to zero on top of 92 on x; = 0)
pressure on 9£2°(¢) as we approach contact.
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We now get back to (150). From the fact that the velocity stays away from zero

as t — T, (from our assumption v5(Tmax) < 0) we then infer that vsl(t) stays
2
_ d(v$)! 1 dv .. .
bounded as t — T, . Therefore, from (128) and —3— = _Wd_’z’ this implies

that
Tmax 2
A nwmywmdt<ux

Case 2. v (Tmax) = 0. The calculations in this part are for any contact zone covered
in Theorem 4, with v} (Tinax) = 0, until (161) included. After this relation, they are
for a contact zone of zero length. Here

lim v3(t) =0 (153)
1= Tmax
simply translates into
lim (v3(r))~" = —o0. (154)
t— Tinax

By integrating (128) from 0 to Tiy,x We then obtain

Tmax
f /’mwnmm=—m. (155)
0 082

By conservation of total energy, we have by (135) that

p’ / . u [*dx — 2(E(0) — (p* — p/)g|2°|x2(Tiax)) > 0, as 1 — T
27

(156)
Using (129), we obtain

2
/ ¢na dx vy (1) = —(E(0) — (p* — p)g12° |x2(Tmax)), ast — Ty
9925(1) P

(157)
Using (130) in (157) then yields

2 .
/m ¢ny dx vy(1) — —p—f(E(O) —(p° — p))gl2° |x2(Timax)), ast — T

(158)
where we also used the fact that u/ is bounded in L>(£2/ (¢)). By reasoning similar
to that used to obtain (129), this is equivalent to

. 2 .
/8 xS0 = (B ) = (0 = 00512 2T, 581 = T

Co>0
(159)
Using Cauchy—Schwarz in the integral on the left hand side of (159), this then
provides some C > 0 such that for 7 close enough to Tiyax,

Ci
H2dr > . 160
/39 A= e (160)
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Reporting (160) in (150) yields

dvz( > PC1ae ,ofclag
5E(0)

for any ¢ close enough to Tpyax, Which again shows a positive upward acceleration
for the rigid body as contact nears, opposing the fall.

We now prove that for the case when the part of 92 intersecting 9§2* (Tax) iS
of zero measure and v%(Tmax) = 0, we have an infinite upward acceleration for the
solid at the time of contact.

From now on C denotes a generic positive constant independent of r < Tiax.

Let us now fix ¢ > 0.

Using our assumption that the intersecting part of d£2 is of zero length, we
write

=ay>0 (161)

IR =T, U NIR), (162)

where I is a union of curves containing the contact points at Ty, and whose
total length is less than . By Cauchy—Schwarz applied on I and that which is
complementary to it, we have

/ ul - Tx) dl‘ < cﬁ\/—f n2|uf-t|2dl+C\// luf - 7|2dl, (163)
02 I renae

since np £ —ag < 0 on the contact part of 952.
Due to our control of u/ away from the contact zone by (100), we have from
(163) that

/ ul Ty dl‘ < cﬁ\/—/ naluf - t12dl + C;, (164)
382 I

where C, isindependent of  (butblows upas e — 0). With (159), (164) provides for
t close enough to Tax (With & > 0 fixed, and remembering that limt%Tn?ax vy (1) =
0, and C is generic) such that

(E) — (p° — p/)g|251x5 (Trmax))

< cﬁ\/—f maluf - 7)2dl.  (165)
r.

pd vy ()
Therefore,
E(0 — ph)g|2%|x3(T,
(/Of)zvs (n%C%e 92
Using (166) in (150) then yields, for ¢ close, that enough to T, that
d_vi(t) - (EO) —(p* — 07) 81215 (Tinax)) %2
dr '~ 5pfC? e
which, given the arbitrary nature of ¢ > 0, provides
) dvj
lim —=(¢) = oo. (167)

t— Trax
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Case 3. When the contact zone is of non zero length.

We now treat the remaining case where the contact zone contains a curve I, C
I' N 982° (Tmax) of non zero length. We will first prove the velocity of the rigid body
at contact is zero (therefore allowing the inequality (161)), and that the acceleration
remains bounded.

Since ny < —a on I'1, we have the existence of f smooth such that I is the
graph of a function f for x; € U;j¢/[a;, Bi] for some a; < B;. In a neighborhood
of the region of the rigid body which intersects I at Tmax, we also have that
082° (Thax) is the graph of a function g, which equals f on the contact zone. We
have that f = g forx; € Ujeyla;, bi]1(J C I and [a;, b;] C [«;, Bi]) and fore > 0
small, we have the existence of ¢, > 0 small such that

Vx €lai —ce.bi +cel, f(x1) S g(x1) S flx) +e. (168)

We now define for ¢ < Ty« the distance in the vertical direction between the two
curves at time ¢:

m(t) = /[ v3(s)ds > 0. (169)
We denote this by (dropping the i index)
Sape =101, fx))ixi € la—ce, b+ cel} C I,
Sy (1) = {1, f(x) +15()); x1 € [a',b'] C [a, b]},
2, ,,E(t) ={(x1,x2);x1 € [a —ce, b+ cel; x2 € (f(x1), g(x1) + m5(1)},
Q) () = (1. x2)ix1 € [a' 0] C [a, blixa € (). f@x1) +n3O)).
Since the fall is vertical with velocity constant in space, we have that

el,mcel, mcalo,
Sy, (1) C 2 ().

For o € [0, ]%] we now denote this by

_of !
£24(1) = Qa+a,a+3b%“+ot(t) C 27 (). (170)
From the divergence theorem, f 924 (1) ul - ndl = 0, which provides, if we denote

Sall) = ST 1 zia 1y C 2,

v3 (1) no di :f u{ dxs —/ ulf dxs.
Su (1) 324 (HN{x1=a+a} 32 (DN{x1=a+325% +a)
(171)
Integrating (171) with respect to « (variable x1) between 0 and == b ¢ yields

v2(t)/ [ npdldx; = / u{ dx —f ulf dx.
(1) S2 0 2 0}

ba b—a
T a+3=7%.b
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Fig. 4. Here, the blue and red curves are translated vertically from each other. Contact at

time Tmax does not occur along the black curves. £2 L{ p.e (1) s defined as £2 af 5 () with the
green vertical lines replacing the purple ones

Therefore, by Cauchy—Schwarz applied to the right-hand side of this identity,

b—a
K 4 f f
|v2(t)|‘/0 /Sa(t)nzdldxl <212/, Ol 201 )

which provides us (since u’ is bounded in L2(£27 (¢)) and |.Q({;h(t)| = () x
(b — a) ) with the existence of C > 0 independent of t < Ty« such that

(D] = C/my (). 172)

Remark 12. This inequality uses in a crucial way the fact contact occurs on a zone
containing a curve of non-zero length. It also establishes that the contact velocity
is zero whenever a curve of non-zero length is part of the contact zone.

Remark 13. After completion of this work, the author was informed that in the
Navier—Stokes context, Starovoitov in [25] previously defined similar geometric
sets as the various sets appearing in the previous page. The present paper obtains
the inequality before (172) in the same way as the original inequality (11) of [25].
The rest of the present proof (in particular to obtain (179), as well as the type
of conclusions reached) and the analysis of [25] however differ significantly. For
instance, [25] establishes the estimate (12) from (11) by means of a Sobolev in-
equality in £2 (domain without cusp), which is allowed since the velocity field for a
viscous problem is in HO1 (£2) (unlike in the inviscid case where there is tangential
discontinuity).
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We define the vertical distance between the two graphs at time ¢ at x; as follows

d(xi, 1) = g(x1) — f(x1) +n3(0),

and we define for any x| € [a — c¢, b + c.] the vertical average of u{ as:

1 g(xp)+n3(1) 7
uy (x1, x2,1) dx.

iy 0 =
. 1) d(x1, ) Jrap

Due to u/ = V¢ with ¢ = 0 on 382 and ¢ = v5(r)x; on 3§2°(r), we have

v; ()X

up(xg, t) = —d(x] l‘)'

(173)

Next since u1(x1, t) is a value taken by u{ on the vertical segment {x1} x [ f(x1),
g(x1) + n3(1)], we have the existence of a(x1, 1) € [f(x1), g(x1) + n5(#)] such

that i) (x1, 1) = u] (x1, @(x1, 1), 1), which leads to

P ) G 3u{"
ul ey £ 1) — iy (1, 1) = / M ek dr. (174)

a(ri,n) 0X2
This implies by Cauchy—Schwarz that

g +n3 (@) Bu{‘ 2
—(x1,x2,1)

(u{(m,f(m),t)—ﬁl(X1,t))2 Sd(xi, 1) 3
x2

d)C2.

S

(175)

We now multiply (175) by the length element /1 + f/2(x;) on 352 and integrate

the resulting relation with respect to x; € [a — ¢¢, b + c-]. Remembering that c,
was chosen so that (168) was satisfied, we then obtain

f 2
9
/ uf — i 2dl < Cle + n50)) U xyx0,0] dr. (176)
a,be (1) .bes(t) a)CZ
Using the triangular inequality we infer from (176) and (173) that
f s 2

v, (1
/ ] 2dl £ C(e + Uz(t))/ |—1 Zdx + C%, (177)

e (1) e X2 (1)

where we remind the reader C is a generic constant independent of time. Since by
our assumption on I';, np £ —agp < 0, and since u/ -n=0o0n S, b WE have

that |u{ | > C|uf| on I'| for some C > 0 independent of time. Therefore, we infer
from (177) that (we remind the reader C is generic)

f S (¢ 2
/ u/ P dl < C(e~|—n2(t))/ 1287 2 g 4 02 ))2 .78
ae e 0%2 (1)
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We now work with ¢ close enough to Tipax so that 73 (7) < ¢. Therefore, with our
generic constant C, (178) becomes

. ou' ()2
/ jul |2 dl < Csf 2 g O (199
Sape® 2l .0 9x2 15 (1)

Summing over all regions of the type S, , .(¢) in case contact occurs on a non—
connected set, we then have from (179) that

9 f S(t 2
/ |uf|2dl§C8/ 2 2 g 4 02 )l tc., (180)
a0 Qf@ 0x2 n5 (1)

with C, being a constant independent of time (and becoming large as ¢ is small).
Due to (127), this inequality implies that

K} 2
/ luf?dl < CS/ lul >dl + CM + C,.
= N s 2 &€

90 32/ @) n5(1)

By choosing ¢ > 0 small enough, this inequality implies (we remind readers C > 0
is generic and 27 (1) = 82°(t) U 9£2)

. ) S(t 2
/ qu|2d1§c3/ |uf|2dz+c(”§( )1 + Ce. (181)
992 9525(1) 1> (t)

Next we notice that since np < —ag on I'], we have n; = ap > 0 in the region
of 2%(¢) near 352. Since u/ is bounded away from the contact zone, we have

. 1 .
/ lul |>dl < —/ lul |>ny dl + C. (182)
0825(1) a0 Joas(r)

By integration by parts in £2/ (1),

oul
/ |Mf|2n2 dl = —f |uf|2n2 d/ +2/ ou uf do
9825(1) 982 250 dx2
Thus, for § > 0 small (to be made precised later), we have
X 1 i
/ jul 2 dl éf jul 12 i +8f IVl | dx + —/ lu/ 2 dx
9825(t) 902 /@) 8 Jarw

c
g[ |uf|2dl+8/ \Vu! > dx + —
IR 2f @0 )

C
g/ |uf|2dl+C8/ luf ?dl + =, (183)
302 32/ (1) 8

where we used (127). By using (182) we then see that for C§ < ”‘7‘? we have, from

(183),
/ lul Prydl < c/ lul|>dl + C.
0825(t) 082
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From (182), (and remembering that C is generic)
/ lul > dl < c/ luf?dl + C. (184)
325(1) 30

Therefore, by picking ¢ > 0 small enough, (184) used in (181) implies

s 2
/89|uf|2dl gc%Jrc. (185)

Using (185) in our formula for acceleration (128), we obtain

dvy _ (@s)*

< Cvs(1)>.
@ = oz TR

dvj
Using (172) in the previous inequality provides d_t2 < C, and therefore with (161),

dvs dvs
0 < ag < liminf —2(7) < limsup —2(¢) < o0,
t— Tinax t— Trax t

which finishes the proof of Theorem 4. O
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